Act as del VII Encuentr o de Oto ño de Geometr ía Diferencial y Aplica ciones Valencia, España (1998) Publica ciones de la RSME, Vol 1 (2000), 81–94.

Variational principles in mec hanics: geometric asp ects

Xavier Gr àcia^1, Jes ús Mar ín-Solano^2 and Miguel-C. Mu ñoz-Lecand a^1

1 Departament de Matem`atica Aplicada i Telemàtica Universitat Politècnica de Catalunya Campus Nord UPC, edifici C3, C. Jordi Girona 1 08034 Barcelona, Spain

2 Departament de Matem`atica Econòmica, Financ era i Actuarial Universitat de Barcelona Av. Diagonal 690 08034 Barcelona, Spain

emails: xgracia@mat.upc.es, jmarin@eco.ub.es, matmcml@mat.upc.es

Abstract

A geometric description of variational principles in mechanics is given, with special atten tion to constrained systems. The equations of motion for the case of nonholonomic constrain ts are obtained in both the vakonomic and nonholonomic formalisms from a variational principle. Both formalisms are compared and it is proved that they coincide when the constrain ts are integrable. As an example of vakonomic mechanics, a formulation of the theory of optimal control is describ ed.

1 Intro duction

To describ e the motion of mechanical systems there is a variety of mathematical models which are based on differen t principles. Most of the physical models are obtained using an appropriate variational principle in a certain evolution space. But variational principles are not only importan t in physics, but also in many branches of engineering [11] or economics [8], where one is interested in optimizing a given functional, possibly subject to some restrictions. In fact, constrain ts are ubiquitous in many mechanical systems and much more differen t situations.

In this paper we are going to study Lagrangian systems, i.e., dynamical systems in which the equations of motion are obtained by finding the critical paths of a functional ∫_{t2}

t_1

L dt ,

where L is a function defined on the tangen t bundle TQ of a given differen tiable manifold Q, the configuration space. We will not consider arbitrary variations, but only variations satisfying certain conditions. These conditions arise from some given constrain ts on the dynamics of the system. We will analize the case when the constrain ts are defined by a certain submanifold C of the tangen t bundle TQ. Such constrain ts are usually called nonholonomic.

There are two differen t approac hes when dealing with constrain ts. The first one is based on the idea of understanding the constrain ts as constrain t forces. This point of view, that seems very natural in a physical context, gives rise to the classical d’Alembert-Lagrange principle. Mechanics of Lagrangian systems with nonholonomic constrain ts based on this principle is called nonholonomic mechanics [2], [7], [10]. But there is another differen t point of view, that seems more natural when one is interested in optimizing a given functional defined as above when there are constrain ts. For example, if we wish to change the state of a given system minimizing a cost functional (a typical problem in engineering or economics), it is not natural to understand the constrain ts as forces acting on the system. In this case one is interested in minimizing the functional considering only the variations allowed by the constrain ts. Mechanics of Lagrangian systems with nonholonomic constrain ts based on this idea is often called vakonomic mechanics (mechanics of variational axiomatic kind [2]). For example, optimal control theory is a typical example of vakonomic mechanics. It is interesting to notice that both mechanics do not coincide in general, but they agree when the constrain ts are integrable. Several references on these topics are [2], [3], [6] and [9].

The paper is organized as follows. In section 2 we give a generalized notion of a variational problem. Section 3 is devoted to study vakonomic mechanics from a geometric point of view, with special atten tion to admissible variations and the equations of motion. In section 4 we do the same for nonholonomic mechanics. Both mechanics are understo od as generalized variational problems. In section 5 it is proved that, when the constrain ts are integrable, vakonomic and nonholonomic mechanics coincide. Finally, in section 6, as an example of vakonomic mechanics, a geometric formulation of optimal control theory is studied.

Basic knowledge of differen tial geometric structures is assumed. The interested reader may consult the bibliograph y for more specific topics as the vertical lift, the fibre derivative and the canonical involution [1], or the Euler- Lagrange operator [5].

2 Variational problems

2.1 Elemen ts of a variational problem

First, we are going to define what we mean by a variational problem. A variational problem consists of the data (Q, L, C,C,W) where:

• Q is a n-dimensional differen tiable manifold, the configuration space.

• L is the lagrangian function defined on the tangen t bundle, L:TQ → R.

• C is the constraint submanifold, and it is a submanifold of TQ.

• C is the family of admissible paths. Given two points q_1,q_2 ∈ Q and a compact interval I = [t_1,t_2], we will say that a path γ:I → Q of class C^2 is admissible if γ(t_1) = q_1, γ(t_2) = q_2 and γ̇(t) ∈ C, for all t ∈ I.

• W are the admissible variation fields (or infinitesimal variations). For a given admissible path γ, W_γ consists on a certain set of vector fields along γ.

Now, we are ready to define the variational problem associated to the data (Q, L, C,C,W). The action of L along a path γ is the functional S:C −→ R given by the integral

S[γ] = ∫ I L(γ̇(t)) dt . (2.1)

A variational problem consists in finding the critical admissible paths of the functional S, in a sense that will be precised later.

If γ:I → Q, γ(t_1) = q_1, γ(t_2) = q_2 is an admissible path, a variation of γ is a C^2 function Γ: (− δ,δ) × I −→ Q such that:

1. Γ_ε = Γ(ε, ·) is a one-parameter family of paths defined on I with fixed end-points, Γ(ε, t_i) = q_i, ∀ε ∈ (− δ,δ), i = 1,2, and

2. Γ(0,t) = γ(t), ∀t ∈ I (if there is no variation, ε = 0, we obtain the original path γ).

Being Γ(ε, t) a function of two real variables, we will denote its derivatives with respect to ε and t as Γ^′ and Γ̇, respectively. Both Γ^′ and Γ̇ are vector fields along Γ.

Given a variation Γ(ε, t) of an admissible path γ, the variation field of Γ is the vector field w along γ defined by

w(t) = Γ^′(0,t) .

Notice that w(t_1) = 0 and w(t_2) = 0 since the Γ_ε have fixed end-points.

Therefore, given a family of variations of γ, we can associate to them a family of variation vector fields along γ. We will say that a variation Γ of γ is admissible if its associated variation vector field along γ, w(t) = Γ^′(0,t), is an admissible variation field of γ, i.e., w ∈ W_γ.

For any w vector field along γ and any function λ:I → R, we have the following property, whose proof is straighforw ard in local coordinates.

s ∘ (λw). = (Dλ) vl(γ̇,w) + λ s ∘ ẇ . (2.2)

Notice that, if w is a vector field along γ, then ẇ is a vector field along w and s ∘ ẇ is a vector field along γ̇. The function λ:I → R denotes a function of time, and it is clear that λw is another vector field along γ. D is the usual derivative with respect to the time. The map vl denotes the vertical lift vl:TQ ×_Q TQ → T(T Q). Its local expression is vl(q,v,u) = (q,v;0,u). Finally, s:T(T Q) → T(T Q) denotes the canonical involution, which is an isomorphism between the two vector bundle structures of T(T Q). Its local expression is s(q,v;u, a) = (q,u;v,a).

2.2 Critical admissible paths

An admissible path γ is said to be critical if, for each admissible variation Γ_ε, the first variation of S[Γ_ε] is zero, i.e., d dε S[Γ_ε] | | ε=0 = 0 .

Now, suppose that Γ(ε, t) is a variation of a path γ. Let us consider Γ̇:(− δ,δ) × I → TQ. Derivation of Γ̇ with respect to ε and t yields (Γ̇)′ and

(Γ̇)., which are now vector fields along Γ̇. Taking ε = 0 yields two vector fields along γ̇, which are s ∘ ẇ and γ̈. Then, if f :TQ → R is a function, we have ∂ ∂ε | | |_{ε=0} f (

Γ̇(ε, t)) = ⟨df (γ̇(t)),s(ẇ(t))⟩ . (2.3)

(Notice that ẇ is a vector field along w, and s∘ẇ is a vector field along γ̇, so the contraction makes sense.)

Using (2.3) in (2.1), we obtain d dε S[Γ_ε] | | |_{ε=0} = ∫ I ⟨dL(γ̇(t)),s(ẇ(t))⟩ dt .

Therefore, given a variational problem (Q, L, C,C,W), an admissible path γ is critical if and only if ∫ I ⟨dL(γ̇(t)),s(ẇ(t))⟩ dt = 0 , (2.4)

for each admissible vector field w ∈ W_γ. Observe that this condition does not depend on the full variation Γ(ε, t), but only on its variation field (see also [4]).

To obtain a more manageable condition of criticit y, it is convenient to perform an integration by parts. First, we can define the Euler-Lagrange operator associated with a function L : TQ −→ R as a mapping E_L:T^2Q → T^∗Q characterized by the relation

⟨E_L ∘ γ̈,w⟩ = ⟨dL ∘ γ̇,s ∘ ẇ⟩ − D⟨DL ∘ γ̇,w⟩ , (2.5)

for any path γ:I → Q and vector field w along γ.

Here, the map DL:TQ → T^∗Q is the fibre derivative of L. Recall that, given a vector bundle E → B, if f :E → R is a function, then the derivatives of the restrictions of f to the fibres define the fibre derivative of f , which is a map Df :E → E^∗. Its local expression is Df (b;a) = (b;∂f /∂a).

It is easy to check (in coordinates) that the Euler-Lagrange operator is well-defined by this relation. The expression in local coordinates of E_L is the usual one,

E_L = ( ∂L ∂q − d dt ( ∂L ∂v ) ) dq ,

where d/dt is the total time-deriv ative operator. The Euler-Lagrange operator can be extended in the same way to a time dependent Lagrangian.

Using (2.5), we obtain that ∫ I ⟨dL(γ̇(t)),s(ẇ(t))⟩ dt = ∫ I ⟨E_L(γ̈(t)),w(t)⟩ dt + [ ⟨DL(γ̇(t)),w(t)⟩

]_{t2}

t_1 .

Since w is a variation field, the last term vanishes (w(t_1) = 0, w(t_2) = 0). Therefore, using (2.4), we conclude that an admissible path γ is critical if and only if ∫ I ⟨E_L(γ̈(t)),w(t)⟩ dt = 0 , (2.6)

for each admissible variation field w ∈ W_γ.

For the case when there are no constrain ts, C = TQ and W_γ is the set of all the vector fields along γ, we obtain the well-known Euler-Lagrange equation ,

E_L ∘ γ̈ = 0 .

In this paper we will be interested in variational problems when C ⊆ TQ, C ≠ TQ. Hence, given a set of admissible paths, it is necessary to select a set of admissible variation fields (or infinitesimal variations) along the admissible paths. We will consider two differen t approac hes to this problem. The first one is vakononomic mechanics, which can be considered as a strictly variational approac h. The second one is nonholonomic mechanics, which is variational in our generalized sense, but not in the classical one. Nonholonomic mechanics is the usual way to describ e the dynamics of a mechanical system with constrain ts. In the next two sections we will describ e the dynamical equations obtained in each case. It is interesting to remark that both approac hes are equivalent when the constrain ts are integrable (holonomic constrain ts).

We finish this section with a useful property of the Euler-Lagrange operator that will be used in many calculations in the following. For any f :TQ → R and μ:I → R (a function of time),

E_{μf} = μ E_f − (Dμ)Df ∘ τ^2_1 , (2.7)

where τ^2_1:T^2Q → TQ is the canonical projection.

3 Vakonomic mec hanics

Roughly speaking, vakonomic mechanics is the result of variational calculus when the variations are restricted by some constrain ts on the positions and also the velocities.

Our initial setting is therefore a submanifold C ⊂ TQ of codimension m < n; let us denote by j the inclusion of C in TQ. A constraint is any function ϕ vanishing on C. Locally C is defined by the vanishing of some constrain ts ϕ^i:TQ → R (i = 1,...,m) whose differen tials dϕ^i are linearly independent at each point of C.

We will assume that the composition τ_Q ∘ j:C −→ Q is a submersion . This is equivalent to say that the constrain ts ϕ^i can be chosen such that their fibre derivatives Dϕ^i are linearly independent at every point of C. In local coordinates, this means that ∂ϕ^i/∂v^k has maximal rank. That is, the constrain ts restrict the velocities, not the positions.

With the assumptions above, the image (τ_Q ∘ j)(C) ⊂ Q is open, so we may assume that the projection C → Q is a surjective submersion. Then there exists the vertical subbundle V(C) ⊂ T(C), which has rank n − m (the dimension of the fibres of the submersion). Indeed, at each v_q ∈ C we have V_{vq} (C) = T_{vq} (C) ∩ V_{vq} (TQ).

To obtain the equations of motion of vakonomic mechanics, we need first to describ e which are the admissible variations.

We remember that an admissible path is a mapping γ:I → Q such that γ̇ takes its values in the submanifold C ⊂ TQ. Let Γ be a variation of an admissible path γ. The variation Γ is called a strongly admissible variation of γ if every path Γ_ε is admissible.

If Γ is a strongly admissible variation, then ϕ(Γ̇(ε, t)) = 0, for any constrain t ϕ. Taking the derivative with respect to ε at ε = 0 and using (2.3) we have ⟨dϕ ∘ γ̇,s ∘ ẇ⟩ = 0 (3.1)

for every constrain t ϕ. This can also be expressed as

s(ẇ(t)) ∈ T_{γ̇(t)}(C) (3.2)

for each t ∈ I.

A variation field w of an admissible path γ satisfying (3.1) or (3.2) is called an admissible variation field (for vakonomic mechanics).

It is importan t to remark that an admissible path may not have any nontrivial strongly admissible variation, and so an admissible variation field may not arise from a strongly admissible variation. One may say that the variations having admissible variation fields are the variations that preserve the constrain ts up to first order in ε. These variations may be called weakly admissible variations , and can always be constructed from an admissible variation field.

Next, we are going to give a more detailed description of admissible variation fields. Among all the vector fields w along γ, we consider a particular submodule. Take the subbundle

L^C_γ ⊂ γ^∗T(Q) = I ×_γ T(Q) whose sections are the vector fields w along γ of class C^1 whose vertical lifts vl(γ̇,w) are tangen t to C. Using this subbundle we can express the admissible variation fields in a more manageable way. First, notice that, since I is an interval, both L^C_γ and γ^∗T(Q) are trivializable. Therefore there exists a global frame for γ^∗T(Q), (w_k) (k = 1,...,n). Since L^C_γ is a subbundle of rank n − m, we can assume that the last n − m of the w_k span this subbundle.

Any vector field along γ can be thus uniquely written w =

∑_n k=1 λ^kw_k, where λ^k are functions of time. Then w is a variation field if and only if the coefficien ts λ^k vanish at the end-points of I. Moreover, according to (3.1), w is an admissible variation field if it is a variation field and ⟨dϕ^i ∘γ̇,s∘ẇ⟩ = 0, for i = 1,...,m. Taking into account (2.2), this condition can be written n∑ k=1 ⟨Dϕ^i ∘ γ̇,w_k⟩Dλ^k + n∑ k=1 ⟨dϕ^i ∘ γ̇,s ∘ ẇ_k⟩λ^k = 0 . (3.3)

Notice that, since the fibre derivatives Dϕ^i are linearly independent at each point, the matrix with entries ⟨Dϕ^i ∘ γ̇,w_k⟩ has maximal rank, m. By the special choice of the w_k, the last n − m of them vanish under the Dϕ^i, and hence the square matrix A = (⟨Dϕ^i ∘γ̇,w_j ⟩)_{i,j =1 ,...,m} is invertible. So, writing the equation as_m ∑ j =1

A^i_j Dλ^j + n∑ k=1 B^i_k λ^k = 0 , (3.4)

we can isolate the Dλ^j (j = 1,...,m) linearly in terms of all the λ^k (k = 1,...,n). This determines uniquely λ^j due to the initial condition λ^j (t_1) = 0. In conclusion, if the coefficien ts λ^k satisfy the relations given by (3.4) leaving the λ^{m+1} ,...,λ^n free, then w =

∑_n k=1 λ^kw_k is an admissible variation field.

We will suppose that variation fields exist and are of this kind.

Now, we are going to obtain the equation of motion of vakonomic mechanics. As we have shown, a critical path of the action with constrain ts is an admissible path γ such that ∫ I ⟨E_L(γ̈(t)),w(t)⟩ dt vanishes for each admissible

variation field w (2.6).

If we consider the action ∫ γ̇ Ldt along γ, whatev er the functions μ_i(t) are, the action is also ∫ γ̇ (L − m∑ i=1 μ_iϕ^i) dt . (3.5)

In principle, since the variations may not be strongly admissible, it is not clear that the variations of both actions yield the same result. However, using

(2.6) and (2.5), the difference of the first-order variations of the actions is ∫ I ⟨ E^∑ m_{i=1 μi ϕ}i ∘ γ̈,w ⟩ dt = m∑ i=1 ∫ I μ_i ⟨ dϕ^i ∘γ̇,s∘ẇ ⟩ dt− m∑ i=1 ∫ I D ⟨ μ_i(Dϕ^i ∘γ̇),w ⟩ dt, and both terms vanish whenever w is an admissible variation field. Therefore, the variations of the two actions coincide when w is an admissible variation field.

Notice that the μ_i can be chosen such that

⟨E_{L−}^∑ m_{i=1 μi ϕ}i ∘ γ̈,w_j ⟩ = 0 (3.6)

for j = 1,...,m. Indeed, by relation (2.7) this equation can be written as

⟨E_L ∘ γ̈,w_j ⟩ − m∑ i=1 μ_i ⟨E_ϕi ∘ γ̈,w_j ⟩ + m∑ i=1 Dμ_i ⟨Dϕ^i ∘ γ̇,w_j ⟩ = 0

for each j = 1,...,m. That is, we have (Dμ_i) A^i_j − μ_i C^i_j + D_j = 0, where A is the invertible matrix we have used previously. So again we have a linear differen tial equation that determines the functions μ_i (up to initial conditions).

Now, let us apply the variational principle: ∫ I ⟨E_L ∘ γ̈,w⟩ dt must vanish for each admissible variation field w =

∑_n k=1 λ^kw_k. As we have said, instead of L we can use L −

∑_m i=1 μ_iϕ^i.

So we have_n ∑ k=1 ∫ I ⟨E_{L−}^∑ m_{i=1 μi ϕ}i ∘ γ̈,w_k⟩λ^k dt = 0

for each set of functions λ^k yielding an admissible variation field.

If we choose the functions μ_i satisfying (3.6), then the sum is only from m + 1 to n:_n ∑ j = m+1 ∫ I ⟨E_{L−}^∑ m_{i=1 μi ϕ}i ∘ γ̈,w_j ⟩λ^j dt = 0 .

This must hold for any choice of the functions λ^{m+1} ,...,λ^n , which vanish at the end-points of I but are otherwise arbitrary . So we conclude that

⟨E_{L−}^∑ m_{i=1 μi ϕ}i ∘ γ̈,w_j ⟩ = 0

for each j = m + 1,...,n. Combining this with (3.6) we conclude that

E_{L−}^∑ m_{i=1 μi ϕ}i ∘ γ̈ = 0 , (3.7) which is the equation of motion of vakonomic mechanics .

Conversely, if γ satisfies (3.7) for a certain set of μ_i(t), then it is straigh t-

forward to show that ∫ I ⟨E_L ∘ γ̈,w⟩ vanishes for each admissible variation field,

and thus γ is a critical path of the action with constrain ts.

Notice that, using (2.7), the equation of motion may also be written as

E_L ∘ γ̈ = m∑ i=1 ( μ_i E_ϕi ∘ γ̈ − (Dμ_i) Dϕ^i ∘ γ̇ ) . (3.8)

4 The variations and equations of motion of nonholonomic mec hanics

In this section we are going to show that nonholonomic mechanics may be understo od as a variational problem.

Our initial setting is also the submanifold C ⊂ TQ, which may be locally defined by the vanishing of the constrain ts ϕ^i. An admissible path is still a path γ:I → Q such that γ̇ takes its values in C.

A variation field w of an admissible path γ is called an admissible variation field (in nonholonomic mechanics) if it is a section of the subbundle L^C_γ ⊂ γ^∗TQ. That is, vl(γ̇(t),w(t)) ∈ T_{γ̇(t)}(C) . (4.1) Using the constrain ts, equivalent statemen ts are

⟨dϕ ∘ γ̇,vl(γ̇,w)⟩ = 0 , (4.2) or ⟨Dϕ ∘ γ̇,w⟩ = 0 , (4.3) for each constrain t ϕ.

Notice the key difference with respect to vakonomic mechanics: now the admissibilit y is a C^1(I)-linear condition on w. This linearit y makes things easier. Next, we obtain the equation of motion of nonholonomic mechanics.

A critical path for nonholonomic mechanics is an admissible path γ such that the first-order variation of the action, ∫ I ⟨E_L(γ̈(t)),w(t)⟩ dt, vanishes for

each admissible variation field w. By equation (4.3), this means that E_L(γ̈(t)) is a linear combination of the Dϕ^i ∘ γ̇. Therefore, an admissible path γ is critical if and only if there exist functions μ_j , j = 1,...m, such that

E_L ∘ γ̈ = m∑ i=1 μ_i Dϕ^i ∘ γ̇ . (4.4)

5 The case of integrable constrain ts

Given a differen tiable manifold Q and a Lagrangian function L : TQ −→ R, a holonomic problem is a variational problem where the constrain t submanifold is given by a submanifold P ⊂ Q, thus C = TP . Admissible paths are paths γ : I −→ P ⊂ Q. Variation fields w along γ are admissible if they are tangen t to P .

Notice that, from any admissible variation field along an admissible path γ, one may construct a variation Γ contained in P . Therefore, it is clear that the problem with holonomic constrain ts is equivalent to the unconstrained variational problem defined on P by taking the restriction of the Lagrangian L to TP ⊂ TQ.

Now, consider the cases of both vakonomic and nonholonomic mechanics when the constrain ts are defined by an integrable subbundle C ⊂ TQ. In this situation, both vakonomic and nonholonomic mechanics coincide, and they are equivalent to a holonomic constrained problem on each integral submanifold of C.

To show this, first notice that, in both cases, a path γ : I −→ Q is admissible (i.e., γ̇ is in C) if and only if it is contained in an integral submanifold P ⊂ Q of C. Recall that T_q(P ) = C_q, for each point in P .

Let w be a variation field of γ. We know that w is admissible in the nonholonomic framework if vl(γ̇(t),w(t)) ∈ T_{γ̇(t)}(C) (see (4.1)). Since the vertical lift restricts naturally to subbundles, this is equivalent to say that vl(γ̇(t),w(t)) ∈ V_{γ̇(t)}C ⊂ V_{γ̇(t)}(TQ), that is, w(t) ∈ C_{γ(t)} or, what is the same, w(t) ∈ T_{γ(t)}P . And this last condition says that w is admissible for the holonomic problem. Therefore, we have proved that a nonholonomic problem with integrable constrain ts is equivalent to a holonomic problem on each integral submanifold of C.

Now, we show the equivalence with the vakonomic problem. Since C is an integrable subbundle of TQ, it is known that the integral submanifolds of C can be locally describ ed as ψ = constan t, for some independent functions ψ on Q. This implies that the constrain t submanifold C can be locally describ ed by ϕ = d̃ψ = 0. Here, d̃ψ : TQ −→ R is the differen tial dψ of ψ : Q −→ R considered as a function on the tangen t bundle.

Let w be a variation field of γ, in the sense of vakonomic mechanics. Then, for any ϕ = d̃ψ, we have

0 = ⟨dϕ ∘ γ̇,s ∘ ẇ⟩ = d̃d̃ψ ∘ s ∘ ẇ .

Using the property d̃d̃ψ = d̃d̃ψ ∘ s, we obtain

0 = d̃d̃ψ ∘ ẇ = ⟨dd̃ψ ∘ w,ẇ⟩ = ⟨dϕ ∘ w,ẇ⟩ = D(ϕ ∘ w) = D⟨dψ ∘ γ,w⟩ .

Thus, w is an admissible variation field in vakonomic mechanics if and only if ⟨dψ ∘γ,w⟩ is constan t. Since w(t_1) = 0, this constan t is zero, ⟨dψ ∘γ,w⟩ = 0, which means that w is tangen t to P . Therefore, w is admissible for the vakonomic problem if and only if it is admissible for the holonomic problem on P .

6 An example: optimal con trol and vakonomic mechanics

A problem of optimal control may be given by the following data: a configuration space B describing the state variables, a fibre bundle π:M −→ B whose fibres describ e the control variables, a vector field Y along the projection of the bundle, Y:M −→ TB, and a “Lagrangian function” L:M −→ R. For a path γ:I → M where π ∘ γ (not γ!) has fixed end-points, the problem is to find an extrem um of the action ∫ γ L(γ(t)) dt

when γ satisfies the differen tial equation

(π ∘ γ). = Y ∘ γ (6.1)

that rules the evolution of the state variables.

It is easy to show that this is indeed a vakonomic problem on the manifold M, in which the Lagrangian L is very singular, since it does not depend on the velocities. The constrain t submanifold C ⊂ TM, given by the differen tial equation above, is

C = {w_u ∈ TM | Tπ(w_u) = Y(u)} . (6.2)

In this way, a path γ is admissible if and only if it is a solution of the differen tial equation (6.1) or, equivalently, if it takes values in the affine subbundle C of TM. Notice that for this vakonomic problem the constrain ts are very particular:

they express the velocities of the state variables in terms of the state and control variables. In coordinates, if x^i, i = 1,...m, are local coordinates in

B and (x^i,u^α ), i = 1,...m, α = 1,...,n − m are local coordinates in M the action is given by ∫_{t2}

t_1

L(x^i,u^α ) dt

and the constrain ts are given by a set of first order differen tial equations

ẋ^i = f^i(x, u) , i = 1,...,m,

with boundary conditions x^i_1 = x^i(t_1) to x^i_2 = x^i(t_2) (there are no boundary conditions on the control variables).

References

[1] R. Abraham and J.E. Marsden , Foundations of Mechanics (2nd ed.), Addison-W esley, Reading (1978).

[2] V.I. Arnold, V.V. Kozlo v and A.I. Neisht adt , Mathematic al Aspects of Classical and Celestial Mechanics. Dynamical Systems III, Springer-Verlag, Berlin (1988).

[3] G.A. Bliss , Lectures on the calculus of variations , University of Chicago Press, Chicago (1980).

[4] J.F. Cari ñena and C. López , Geometric study of Hamilton’s variational principle , Rev. Math. Phys. 3, 379–401 (1991).

[5] J.F. Cari ñena, C. López and E. Mar tínez, Sections along a map applied to higher-order Lagrangian mechanics. Noether’s theorem, Acta Appl. Math. 25, 127–151 (1991).

[6] L. Elsgol ts , Differ ential equations and the calculus of variations , Mir Publishers, Moscow (1970).

[7] F. Gantma cher , Lectures in analytic al mechanics , Mir Publishers, Moscow (1975).

[8] M.D. Intriliga tor , Mathematic al optimization and economic theory, Pren tice-Hall, Inc., Englewood Cliffs (1971).

[9] A.D. Lewis , Aspects of Geometric Mechanics and Contr ol of Mechanical Systems, Ph. D. thesis, California Institute of Technology, Pasadena (1995).

[10] A.M. Vershik , Classical and nonclassic al dynamics with constraints , in Lecture Notes in Mathematics, vol. 1108, pp. 278–301, Springer-Verlag, Berlin (1984).

[11] M. Žefran , Continuous Methods for Motion Planning , Ph. D. thesis, University of Pennsylvania (1996).