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ABSTRACT. We study the regularity with respect to parameters
of the invariant manifolds associated to non-resonant subspaces
obtained in the previous article [1].

1. INTRODUCTION AND STATEMENTS OF RESULTS

This article is devoted to establish the regularity on parameters version of the re-
sults obtained in [1] on existence and uniqueness of invariant manifolds associated
to non-resonant subspaces. We refer to [1] for the motivation, properties, nota-
tion, and references concerning such manifolds.

In the theory of dynamical systems, maps or equations usually appear de-
pending on one or several parameters. It is then important to know the smooth
dependence of dynamical objects with respect to the parameters. Moreover, re-
sults on regularity with respect to parameters are often needed when carrying out
perturbation theories or transversality arguments.

The main results of this paper are Theorems 1.1 and 1.2, which are the pa-
rameter versions of Theorems 1.1 and 1.2 of [1], respectively.

Throughout this paper we represent functions G defined in subsets of Banach
spaces Ag X X1, or of Ag X X, by Ga(x) = G(A, x). Therefore, we write G, G, or
Ga(x) according to the context. In particular, in formulas involving composition
in the x variable, where A acts as a parameter, we write Gj o Hy for G(A, H(A, -)).

Theorem 1.1. Ler X be a real or complex Banach space, U an open set of X,
0 € U, let A be an open subset of a Banach space Ao, and let F : AXU C Agx X — X,
which we will write as FA(X). Assume that FA(0) = 0 and F € C"(A x U, X) for
somer € NU {00, w}, i.e., F is jointly C* in its two arguments.
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Let Ay = DyFa(0), Na(x) = Fa(x) — Aax, and X = X1 © X, be a direct
sum decomposition into closed subspaces independent of N. Denote by 11\, Tty the
corresponding projections.

Assume that, uniformly for all A € A :

(0) Fa is a local diffeomorphism. In particular, Ay is invertible.
(1) The space X is invariant under Ax. That is,

Ax X1 C X;.

Let A1) = T ANx,, Aon = AN x, and By = T Axlx,. Hence, we have A\ =
Ain B . .. .
o AL ) with respect to the decomposition above. Assume:
2,A

(2) Spec(A1p) c{zeCllz| <1}.
(3) 0 ¢ Spec(Azp).

Let L = 1 be an integer independent of A such that
(1.1) (Spec(A1 ) ! Spec(Ay!) c {ze C |z < 1},

and assume that:

(4) (Spec(A12))" N Spec(Axp) = D for every integer i with 2 < i < L (in case that
L=>2).
5) L+1<r7.

Then, we can find a map Ry : X1 — X1 which is a polynomial in x of degree not
larger than L with

(1.2) RA(0) =0, DxRa(0) = Ajp,

and a map Ky : Uy C X1 — X, where Uy is an open neighborhood of 0, such that
(1.3) Fy oKy = Ky o Ry

holds in Uy, and

(1.4) K, (0) =0,
(1.5) mDxKr(0) =1d, mD,KA(0) = 0.

Moreover, K is C* L= and R is C"~L jointly in their two arguments.

Note that (1.2)-(1.5) guarantee that K3 (U;) is an invariant manifold under
Fa, tangent to X, at the origin. We also recall that in [1] we already proved the
existence, for every fixed A, of the polynomial Ry and of the map K). We also
established that Kj is C” in the x variable.
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Remark 1. When v = o (that is, F is C* with respect to both variables),
Theorem 1.1 gives that the invariant manifold is also C* with respect to both
variables. We will prove this result using the finite differentiability result of Theo-
rem 1.1. The detailed proof is given in next section, following Lemma 2.2.

If F is in the class C® of analytic maps with respect to both variables, then the
invariant manifold is also analytic with respect to both variables. The proof in this
case is much simpler than the finite differentiability result of Theorem 1.1. It can
be obtained from an application of the implicit function theorem; see Remark 3.

Remark 2. 1n (1) of the previous theorem, the assumption that the invariant
subspace X of Aj does not depend on A is not a serious restriction. If the invariant
subspace X;x depends smoothly on A, one can make a change of coordinates in
such a way that X; A becomes independent of A, and then one can apply Theorem
1.1 to the transformed family of maps. Note that in case that Xy ® X, is a
spectral decomposition, then the smooth dependence of X A on A is a consequence
of the spectral theorem.

As in the corresponding theorems of [1], the following result is stronger than
Theorem 1.1, in the sense that hypothesis (1.6) below is weaker than (1.1). The
differences in the conclusions of both results are the differentiability of R and that,
in the following theorem, R; is no longer a polynomial in x.

Theorem 1.2. Assume hypotheses (0)-(5) of Theorem 1.1 hold uniformly for all
A € A, except thar (1.1) is replaced by

(1.6) (Spec(A1 )"+ Spec(A;)) c {zeCllzl <1}, L=1.

Then, we can find maps Ky and Ry which are C" L1 jointly in their two argu-
ments, satisfy (1.3),

Ka(0) =0, mKy=1d, mDxKa(0) =0,

and
RA(0) =0, DxRA(0) = Aja.

We refer to [1] for uniqueness statements and for further properties of the
maps K and R; in the two previous theorems.

Theorems 1.1 and 1.2 will follow from sharper regularity results, Theorems
2.1 and 3.1 below, that provide optimal regularity in a certain class—given by
Definition 1.3—of differentiable maps of two Banach space variables. We will
prove that, in such a class, the parameterization K has the same regularity as the
map F (that is, no derivative is lost). Since these classes include C" maps, we will
deduce the two previous theorems.

Recall that the starting point of our proofs consists of finding maps Ry and
K3 which are polynomials in x of degree L, and satisty the functional equation
Fj o Kj = Kj o Ry up to order L at the origin. We then write

K =K;5 +K” =K5 + K3
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and we study the functional equation (1.3) for K~.

Remark 3. 1f we try to use the implicit function theorem to solve (1.3) for
K>,
Fro (K3 +K”) = (K5 +K”) o Ry,

we are led to consider the operator defined by
(1.7) P(AK™) =FAO(K)%+K>)—(K§+K>)OR;\.

By [1] we already know that under the hypotheses of Theorem 1.1, for each Ag
there exists K;O such that P(A, K;O) =0.

Here we are interested in the regularity of K with respect to A. The following
technical difficulty appears. The map (A,K”) — K~ o Rj, where K* = K~ (x)
is a function of x alone, cannot be differentiable from A x C"(X;) to C"(X})
for any ¥ € N. Indeed, the derivative of this map with respect to A should be
K> — DK”> o R\DaRj, which maps C” into C"~!, but not into C". Therefore, it
is not possible to apply the implicit function theorem in a straightforward way.

The situation changes if it happens that R does not depend on A. For instance,
this is the case when A = A; does not depend on A (that is, only the nonlinear
terms depend on A) and the non-resonance assumptions

(Spec(A1))! N Spec(A;) = @  for every integer i with 2 < i < L,

of Theorem 1.1 in [1], are satisfied. In such case, R can be taken to be equal to
A; (in particular, to be independent of A), and one can obtain regularity results
very quickly using the implicit function theorem. However, the results obtained
applying the implicit function theorem to P in (1.7) are always one derivative
short from optimal. The use of the implicit function theorem is presented in an
expository way in one of the sections of [2].

If F is analytic, then the map P in (1.7) is differentiable in the appropriate
spaces of analytic functions for K~ considered in [1]. This holds in the general
case when R depends on A. From this, one can deduce the analytic dependence
on A of the solution K~ of P = 0; see [2] for more details.

The method of proof of Theorem 1.1 follows closely the one of optimal reg-
ularity in Theorem 1.1 of [1]. That is, we study the functional equation for K~
as a fixed point problem, and we show that the corresponding operator T is a
contraction in a suitable class of differentiable functions. In this way, we obtain a
map K~ which has almost optimal regularity with respect to the variables (A, x).
Then, studying an equation satisfied by the derivative DxK~, we get the optimal
regularity for K~ stated in Theorem 1.1 (see Section 2).

This kind of proof does not work for Theorem 1.2, since the parameter ver-
sion of the fixed point operator M corresponding to Theorem 1.2 is not a con-
traction in the usual norms of spaces of differentiable functions.
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The proof of Theorem 1.2 follows a different route. We inductively prove that
the derivatives in the parameter and in the variable x exist and are continuous and
bounded, provided that derivatives of “lower order” exist and are continuous and
bounded. In the beginning of Section 3 we describe the proof and then, in the
same section, we present all its details.

In both Theorems 1.1 and 1.2, the precise definition of derivatives of lower
order is somewhat intricate (they are derivatives in two variables, so the ordering
has to involve two indices) and will be motivated by the induction proof and the
structure of the operators, which involve composition in the x variable. That is,
we will define a suitable order on the sets of indices of derivatives for functions
of two variables, in such a way that we can use the functional equation to express
derivatives of a certain index in terms of derivatives with indices that are smaller
in the indicated order.

We now present the classes of differentiable functions that we will use. We
consider functions f : A x U — Y, where A and U are open sets in two Banach
spaces, and Y is another Banach space.

We say that f is Ctm when D;i\Df;f(?\, x) exist, are continuous and bounded
for0 <i<¥,0 =< j=<m. We consider the space of such functions endowed with
the topology given by the supremum of all the derivatives above.

We say that f is jointly C" when it is a C" mapping from A X U — Y with
bounded derivatives up to order ¥. This is equivalent to the existence, continuity
and boundedness of DiD% f(A,x) for0 <i+j <.

More generally, if £ C (Z*)? is such that (i,j) € £and 7 < i, J < j implies
(1,7) € =, we denote by C* the set of functions f for which D} D% f exists, is
continuous and bounded for every (i, j) € . We consider C* endowed with the
norm

I fllc=s) = sup IDID%f (A, x)I,
(i,j)€Z, (A,x)eB

which makes it a Banach space. When the set B is understood from the context,
we will suppress it from the notation.

It is clear that if 3’ C 3, then C* ¢ C¥'. In particular, C¢*" c Ctr, C"" ¢
Cr, ct+1r ¢ ¢t and Ctr*+! ¢ €T, Moreover, except for trivial cases, these
inclusions are strict.

Now we turn to the definition of derivatives of “lower order”. The operators
7 and M involve compositions. If fi and gj are families of maps, when taking
derivatives of order i of the composition hy = fa o ga = fa(A, ga(A, -)) with
respect to parameters, we are forced to take the same number i of derivatives of
Sa with respect to the variable x, and not only with respect to the parameter.
Quantitative versions of this fact are made precise in Lemmas 2.3 and 3.6 below.

The previous consideration leads naturally to the following class of differen-
tiable functions. It will be well adapted to the study of regularity with respect to
parameters.
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Definition 1.3. Given (i, j) € (Z*)?%, we define
Sij={(a,b) € (Z")?|a+b<i+janda <i}.

We say that the derivative D%Dﬁ is of lower order than the derivative D}‘\Dg( if
(a, b) S Zi,j.

It is easy to verify that being of “lower order than” is a partial order relation.
Note also that C>7.0 = (7,

2. PROOF OF THEOREM 1.1

The following is the main result of this section. It is formulated in the classes C i
which generalize the C" class.

We assume that j > L + 1 and that F has derivatives DgD)b(F for each (a,b)
in the set Z; ;. We establish that the parameterization K given by Theorem 1.1 of
[1] has derivatives D?DféK for each (a, b) in the same set X; j. We point out that
here we do not assume F to be jointly C” in its two arguments. We will see that
Theorem 1.1 follows easily from this result.

Theorem 2.1. Let Ao and X be Banach spaces, A an open set of Ao, and U an
open set of X with0 € U. Let F : AX U — X be a map such that:
(1) Forsome (i, j) € (Z*)3,
FeC™iJ,

where X is the set introduced in Definition 1.3, and Cid denotes the set of
Sfunctions which have all the derivatives of orders in 3; j defined, continuwous and
bounded.

(2) Conditions (0)-(4) of Theorem 1.1 are satisfied.

(3) L+1<j.

Then, we can find maps K € C*J and R € C™ C C™i satisfying all the properties

stated in Theorem 1.1.

To prove the previous result, and also Theorem 1.1, we start by studying the
regularity with respect to A of the polynomial maps K5 and Ry. This is a simple
task. Indeed, we follow the proof of Lemma 3.1 in [1]. We find polynomials

= = Zﬁnzl Ky and R = zgn:l R, with Ky, and Ry, satisfying (see [1] for the
notation)

(2.1) (La, = Lmaaid) Ky — R = =T, — BKZ,,
(2.2) (Layy — Lmoan i) K = —Th,

making the same choice (for all the values of A) on which terms of equations
(2.1) and (2.2) are eliminated. In this way we get that, under the assumptions of
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Theorem 2.1, K5 and R, are polynomials in x of degree L, and of class C with
respect to A.

To justify the previous statement, note that the mappings that to A;, Az
associate L 4, 5,4,, are analytic (in fact, polynomial). Therefore, if Aja, Az are
Ctin A, then

£A1,A! £A2,A’ Lm,AL;\,A;’}\’ and £m,A1,A,Ai1A

are also C' as maps from A to L(My,,My,). Therefore, if the right hand sides of
(2.1) and (2.2) are C? in A, then K}, K2, and R,y are also C' in A.

For further reference, we summarize the previous argument in the following
result.

Lemma 2.2. Assume that F € C™J for some j = L, and that hypotheses (0),

(1), (3), and (4) of Theorem 1.1 are satisfied uniformly in A. Then,

(a) We can find polynomials in x, K5 = Sk _i Km and Ry = Sk _| R, of degree
not larger than L, where Ky and Ry, are homogeneous polynomials of degree m,
satisfying

Fa o K5 (x) = K5 o Ra(x) + o(Ix|"),

and (1.2), (1.4), (1.5), i.e., RA(0) = 0, DxRA(0) = Ajp, K/\g(O) =0, and
DxK5 (0) = (1d, 0).
(b) Ifwe further assume that

(2.3) (Spec(A1 1)) N Spec(A1x) = @ for some j with 2 < j < L,

then we can choose Rj = 0.
(c) The maps K= and R belong to C>°. That is, K5 and Ry are polynomials in x of
class Ct with respect to A.

For every given A € A, the parameterization K3 given by Theorem 1.1 of [1]
is the fixed point of the operator T, defined by

(2.4) TAK; = Sy Hy = > A% Vi, o R,
k=0

where, for K3 given, Hj is defined by

(2.5) Hy = —Ny o (K5 +K3) — A\K + K5 o Ry,

and K3 and R are the polynomials of degree L given by Lemma 2.2.
To prove Theorem 2.1, we scale F with respect to both variables. More pre-
cisely, given Ag € A, we consider the family

(2.6) Fr(x) = 6 'Fay 450 (8x),
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where 6 > 0. The same expression (2.6) holds with F replaced by Nj, the nonlin-
ear part of the map Fy. Recall that N3 (0) = DxN(0) = 0 for every A € A. Hence
we also have DANA(0) = 0 for every A € A. In particular, N, DxN and DyN all
vanish at the point (Ao, 0). Therefore, using Taylor's Theorem in the expression
(2.6) for N, taking 6 small (and renaming the corresponding N by N), we can
assume that

2.7) IINIICZ 1K= —Idllciiaxp,), and IR = Aiallciiaxs,)

Lf (AxBy)’

are as small as we need.

Proof of Theorem 1.1. We first consider the case ¥ € N. We assume that F is
C" jointly in its two arguments, and that ¥ = L + 1. Since F € C" C C¥r-LL,
Lemma 2.2 applied with i = ¥ — L and j = L gives that R € C" 1, and
hence R is C" L jointly in its two variables. Regarding the parameterization K,
note that F € C" C C*-L-LL+1_ Applying Theorem 2.1, we conclude that
K € C*r-L-1,L+1 ¢ Ccr-L-1,

The case when ¥ = o follows from the finite differentiability case. The ar-
gument is very similar to the corresponding one in [1]. The key point is to show
that when the function F is C®, all the finite differentiable solutions obtained by
applying Theorem 2.1 agree.

This is not completely obvious since the proof of Theorem 2.1 depends on
scaling the initial problem and the scaling depends on the degree of differentia-
bility required—recall (2.6) and condition (2.7). So that, even if a direct appli-
cation of Theorem 2.1 provides uniqueness in a small neighborhood for each fi-
nite regularity—they are based on a contraction mapping principle—we will need
to discuss the possibility that the neighborhoods shrink to just the origin as the
regularity increases. Indeed, we recall that this phenomenon happens for center
manifolds.

There are several observations that allow us to obtain the desired uniqueness
and, therefore, the case ¥ = o from the finite differentiable cases.

First, we note that, once we fix 7, all the non-resonance conditions up to
order ¥ hold uniformly for A € A. In particular, once we fix the procedure to
choose the K= and the R, we can assume that the K= and R are uniformly regular
and that, since they are polynomials of degree L determined by the jets, they are
independent of ¥ provided that» > L. We can also assume that R} is a contraction
in Uy uniformly in A € A.

Second, we observe that, as in the proof of the corresponding theorem in [1],
if we fix A, the functional equation (1.3), Fx o Ky = Kj © Ry, leads to

(2.8) Ky = F;j oKy o Rg\' for every j > 1.

Therefore, since Ry is a uniform contraction, equation (2.8) (used with j large)
allows to recover K, in U; from K restricted to any smaller neighborhood of the
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origin in Xj. In particular, if we fix A, two K, that solve the equation (1.3) and
agree in a open neighborhood of the origin in X;, will also agree in U;.

Now, for Ag € A, we consider the scaled family (2.6). By choosing ¢ small
enough—depending on ¥—we can ensure that the smallness conditions (2.7) are
satisfied. Therefore, we obtain a K defined on B,(Ag) X B,(0). The positive
numbers p and p could depend on 7. We will denote them as p(v), u(r) to
emphasize this fact.

If we now consider the solution for another " > ¥, we know that they have
to agree on B, 1) (Ag) X Byu)(0). Now, as we mentioned above, using equation
(2.8) we obtain that they agree on B,y (Ag) X Uj.

Since Ay is arbitrary, we obtain that any solution that is C* in A X U; must be
C"" as well. This finishes the proof of the 7 = oo case. O

Remark 4. Note that using equation (1.3) to improve the domain of unique-
ness of the parameterization K is the step that is missing in the case of center
manifolds.

Notice also that the uniqueness holds only once we have specified the algo-
rithm to obtain the K= and the R. In this case, the uniqueness and the differen-
tiablity is clear since K= and R are polynomials that are obtained from the L-jet of
F by applying a finite number of operations that clearly yield smoothness.

The scheme of the proof of Theorem 2.1 is the same as in the proofs of ex-
istence and sharp regularity of K in [1]. The main difference is that here we will
work in the following spaces of differentiable functions of two Banach space vari-

ables.
For s = ¥, let

2.9 IHlr,,

<|D§D,€HA <x>|)}

:=max{ max ||D¢DYH| coaxp,), max  sup x|

(a,b)eZi’S 0<a<i (A,x)EAXB;

and

(2.10) Tip={H:AXB CAgxX| — Y |H e CTis(AxBy),
DSDLHA(0) =0if0<a<iand0<b <¥, |Hlr, , < .

The norm | - I, ¢ p makes Iy a Banach space. Note also that the terms

SUP (A x)eAXB, (IDfDﬁHA(x) |/1x]) included in the definition of the norm || - ||ri’5‘{,

are relevant only when s = £, in the sense that we could omit them when s > ¢
and still get an equivalent norm (since DYDY H, (0) = 0).
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Note that if H € Iy and (a,b) € X, using Taylor’s theorem and the
definition of || - ”rijﬁ’ we have

a 1
|D)\ )%HA(XH = W

D ,||H||riS€|x|(€‘b+1)+, (A, x) € A X By.
+- S5

To describe in some detail the structure of the expression for the derivatives
of the composition in terms of the derivatives of the functions, we introduce the
following auxiliary sets of indices, closely related to ; j:

sfy=1{a,b) € (Z") la+b<i, b=1}U{(i0)},

2.11
210 Sfi={a,b)e @) la+b<i+ja<ibx=1} ifj=1,
and
$i0=1{ab) e (@) a+b<i},
(2.12) N T
Zi,jZZ;‘jj lfJ21.

2.1. Solution of the fixed point problem. The following three lemmas will
prove the existence of a solution K~ with almost optimal regularity, more precisely
a solution K> € C*ii-1,

Lemma 2.3. With the notation above, assuming that H € CJ, R € C'J and
A € CH®, we have that

DiD4[A, **VHy o R

is a polynomial expression that involves only derivatives DX”AX(kH) with indices 0 <
m < i, derivatives DYDYHy evaluated at RY with (a,b) € S j, and derivatives
DYDERY with0 < x < i, 0 < B < j, except for (x, B) = (0,0).

Moreover, for each term in the polynomial expression there exist indices 0 < m <
i, (a,b) eii,j witha <m, and (ip, jp) withji + -+ jp=j, i1+ ---+ip =
m —a and (ig, jy) # (0,0) for 1 <€ < b, such that the given term contains:
o the factor DALY,
o the factor (D$DYHy) o RY = D¢DLH, o RY, and
o the factor DYDY RX - .. DY DIPRX.

Proof. We start by computing the m'™ derivative of Hy o R¥ with respect

to A.
Let Ty = DY'[H}j © R’)f]. It is easily checked by induction that

(2.13) Tm= > > CD${D:H,oREDYRK--- DR,

(a,b)€Zy o T15eensib
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where the second sum runs over i; + - -+ + i = M — a, and C is a coefficient
which dependson a, b, i1, ..., ip.

Then, we differentiate the expression (2.13) j times with respect to x. It is
also easy to see by induction that

2.14) DiT,= S S CDYDYHy o RKDUDIRK. .. D DIPRK,

(a,b)€Zy ; iaftsmenrlbajb

where the second sum runsover iy + - -+ip=m-—a, j; +---+ jp = j,and C
is a combinatorial coefficient depending on the indices.
Finally, by Leibnitz formula,

. i . .
(2.15) DiDLAY MV Hy o RKT = ST DI ™A % VDL T

m=0
Substituting (2.14) into (2.15), the resulting expression contains derivatives

D{D2H, of orders (a,b) € 3F ,USf; U--- USF, = 5% =5 ;if j > 0, or

{(a,b) la+b<i}=S;9ifj=0. O

Lemma 2.4. Let R be the map obtained in Lemma 2.2. Assuming that R €
Ch>®, Ay € Cv and that j > L, then S : Tiji — Tij1 defined by (SH)x =
AAH) — Hp o Ry is an invertible operator, and || S™|| can be bounded by a constant
independent of the scaling parameter.

Proof. The formal expression for S7! is the parameter version of the one we

have obtained in [1]:

(2.16) (S7ma = > A% iy o RK
k=0

We will show that the series (2.16) converges in the norm of I j 1, and that
ad —(k+1) k
H Z AA nA ° RR‘HE’,,J’,L = CHn”r”L
k=0
We begin by showing that if n € Ij j 1 and (a, b) € X j, then the series

(2.17) > DEDE[A % o RET(x)
k=0

converges absolutely. As in [1] we will use the notation (t); = max(t,0).
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It is not hard to prove that

(2.18) IDP ALKV < Con (k + 1)™ | AL K¥
and that
(2.19) ID;”DﬁRk(xH < Cro(lALAll + e)K|x| 10+

(these bounds are established in page 574 of [3]). By Lemma 2.3 every term in
the sum (2.17) is bounded by a sum of terms of the form

2200 CIDE ™A% V) DEDENA(RX(x) [IDI DL R (x)| - - - 1D DERE (x) |
withOsmsa,((x,B)eim,b,il+---+i3:m—o<andj1+---+jt;:b.

Hence, every term in the sum (2.17) is bounded by

Clk + D™ AT 5 Il IRE GO 10 (| Ayl + €)B|x| B0

< Clnlie, (k + DANA T QLA A+ ©)FEFDw e [ BB D (| Ay || + £)XF || 1)+
< Clinlir,;, (k+ DAUA T AALAL + )F K x| Eb+D
with C independent of k. We have used that
A=+ + A =j2)s+--+A=Jjpls =2 (B-(1+---+]jp))s =(B-D)s,
(L-B+1); +B=L+1,
L-B+Ds+B-b)y=2z(L-b+1),

which hold because the function () is subadditive.
Since

> k
> (k+ DI (ALl + &)L
k=1

converges, we deduce that (2.17) converges absolutely in A X By.
Hence, in the same way as in Lemma 3.3 in [1], we conclude that the expres-

sion (2.16) defines a function H in C>j which satisfies SH = 1. Moreover,
IDEDL(S™ ' m)a(x)| < Clinllr,, 1x] =20+,

and then, clearly, IIS’lnllri’j‘L < Clinllr,, - O

Lemma 2.5. Under the hypotheses of Theorem 2.1 and assuming that the norm
IINIICzi,J. is sufficiently small in the ball of radius 3, we have thar T : Tjj_11 —

. =j—1 . . . .
Ti,j—1, sends the closed unit ball B{"" of Ty j_11 into itself and it is a contraction
there.
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Proof. As pointed out before, we can assume by scaling that the polynomial
K= is arbitrarily close to the identity in the unit ball of X, and that the polynomial
R is arbitrarily close to A A, uniformly in A € A.

As we did in the proof of Lemma 3.4 in [1], we first show that 7 maps the
unit ball of I} j_1 1 into itself. Recall that the operators T and H were defined in
(2.4) and (2.5), respectively. Let K> € B{_l. We claim that ||ﬁ||ri,j,1,L can be made
arbitrarily small, by taking [IN IICzi’ ; sufficiently small (which can be obtained by
scaling). As a consequence, using also Lemma 2.4 and 7 = § ~1f1, we deduce that
1T (K)o, < 1.

To prove the claim, we already know that for every A € A, DZH,(0) = 0 for
0 < b < L, and hence D?D,b(I-NI;\(O) =0for0<a<1i,0<b < L. Next we bound
D¢DLH) (x) for (a,b) € 3 ;.

In the case b < L, by Taylor’s Theorem we have

ID$DLH)(x)| < CIDSDEH | colx |72,
We decompose Hy as Hy = I—NI}\ + ﬁ)z\’ with

g
H/\

—Nai OK/\S —A)\Kf —i-K/\s o Ra

and

H} = —Nx o (K5 + K}) + Na o K5.

Using the previous expressions and that R is a polynomial of degree L in x, we
have

(2.21) ID$DLH} (x)| < [DEDE[-Ny o K5 + (K5 —Id) o Ralllco x|

and

1
~ d -
(2.22) DYDLH} = - JO a{DﬁD,L([NA o (K5 + sK;)]} ds
1

— | D4YDL[DxNy o (K§ + sK3)K5 1ds.
0
In the case b > L, we write

(2.23) DEDLH) = DEDE[-Ny o (K5 + K3) + (K5 —1d) o Ry 1.

The smallness assumptions on N and K= — Id together with the fact that K> €
Iij-1,1 give that (2.21), (2.22) and (2.23) are small and hence ID;"\lDfZﬁ;\(xH and
sup(y ) IDSDLH) (x) 1/ |x] are also small.



342 X. CABRE, E. FONTICH ¢ R. DE LA LLAVE
To compute the Lipschitz constant of T, we write
(2.24) (T(K”+A)—T(K”))a

1
= —J STIDyNa o (K5 + K; + sA)) Ay ds.
0

Taking the D;‘\‘D)l@ derivative of the previous expression with indices (a,b) in
3 j—1, we easily see that

IDSDELT (K™ +A) = T (K™)1llco < CISTHIHNDANI ez jon 1A e o1 -

When b = L, note that the Df\lD,b( derivative of DN, o (K5 + K3 + SAA) Ay is a
sum of terms, each one having a derivative of A with respect to x of order g < L,
which is bounded by C|x|-=#+1. Then the supremum of the D¢DY derivative
divided by [x| is less than C[DxN| = -, -

We conclude that, by the smallness requirement on N, the map 7 can be
made a contraction in B - O

As a consequence of Lemma 2.5, 7 has a unique fixed point K~ in the unit
ball of I, j_1,z. Since, for every A € A fixed, the Ky obtained in Lemma 2.5
belongs to the closed unit ball of Tj j_1, 1, by uniqueness it must coincide with the
K3 obtained in [1].

2.2, Sharp regularity. Here we improve the differentiability conclusions of

the previous section from K> € C¥ii-1 to K> € i/,

We follow essentially the same arguments of Section 3 in [1], but we pay
attention to the dependence on parameters. We have that DxK~ satisfies the
following equation, which is the parameter version of the analogous equation for
DK~ in [1]:

(2.25)  AxDxK3; — DxK3 o RADxR\
= — DxNy o (K5 + K3)(DxK5 + DxK3) — AADxK5 + DyxK5 o R\DxRy.

This equation can be rewritten as
SDxK3 = T DxK3 + Ua,
where

(SG)a = AxGa — Ga o RADxRa,
(TG)a = —DxNa o (K5 + K3)Ga,
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and
U = —DxNy o (K5 + K3)DxKS — AxDcK5 + DxK5 o R\DxRy,
with K~ being the function obtained in Lemma 2.5, which belongs to I j_1,1. We

consider S and T~ acting on the space I 5,1 -1 defined in (2.10) with Y = £(X, X).

Lemma 2.6. Under the assumptions of Theorem 2.1 and under the smallness
assumptions arranged by scaling, if s € Nand L —1 < s < j—1 then S and
T are bounded linear operators from Ui 511 into itself. Moreover, taking ”N”CZij

sufficiently small, S is invertible and || S~ || IITII < 1.
Proof. We start studying the operator T. LetG e lisi-1 and (a,b) € 3 ;.

Using the Faa di Bruno’s formula and the same arguments in the proof of Lemma
2.3, we have that

(2.26) DYDE[DyNy o (K5 + K3 )Gal
= > CD{DI'[DyNy o (K5 + K3)ID$!DL™G,
0<f<a,
0<m<b
and

DD [DxNy o (K5 +K3)]
- 3 D CDSDEDLNy o (K5 +K3)

(«,B)exy],, ir+--+ipg=t—a,
Jite+jp=m

DYDY (K5 + K3) - DYDY (K5 + K7,

where C denotes combinatorial constants which are different in each term. There-
fore, each term in (2.26) has a derivative DYDXN with (o, y) € Sap+1 C Zisi1 C

3 j, and a derivative Dﬁ‘DgG with0<ax<a,0<pB<bh.
Note that

1

DYDEGA(x)| < ——=— |Gy, L=,
IDSDEGA ()| = 1G]

Therefore,
|[DEDE[DxNy o (K5 +K)Gal(x) ] < CINI 5 NG lIr x| L-b+m

and in particular

ID{DY ' [DxNa o (K5 + K3)Galllr,,, ., < CINI =i 1Glri - 1x]-
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We conclude that T is bognded and || ?II is as small as we need.
Next we check that || S| is bounded. It is clear that the series

Z Ax(k+1)nA ° RIA<DXRIA<
k=0
provides the formal solution of SH = n. We will show that
(2.27) S IAY* V0 o REDYRXIr,, ., < Clinllr,,,,
k=0

for some constant C.
For (a,b) € X, we have

(2.28) D$DEIA, % V0 o REDLRK]

a
= > DAV IDI DL 0 o REDRK].

m=0
Using the Faa di Bruno formula, (2.18), (2.19), and
IDSDENA(RE(x))| < Clinllr,.,, IRK(x)| LB,
we deduce that the sum in (2.28) is bounded by
Clinlirs,, (k + DIA LA AN + g)Lthk,

When b = L —-1,if B < L -1, then IRI)f(x)I(L_B)+ provides a factor |x|.
Otherwise B > L — 1 and then, since j; + --- + jg = b = L — 1 in the Faa
di Bruno formula, at least one index j of {ji,...,jg} must be zero and then

o ig j )
D;\I i‘R’)f .. -DAB DY R’)f provides a factor |x|. We conclude that

IDEDE 1A, " o REDRY] (x)|
x|
< Clnlir,,-, (k + DIAAR LA AL+ )FHE.

The proof of Lemma 2.6 is now complete. )

To finish the proof of Theorem 2.1, that is, to prove that K> € C Zi,J’, we
use Lemma 2.6 exactly in the same way as we used Lemma 3.6 in [1] to prove
Proposition 3.5 in [1].
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3. PROOF OF THEOREM 1.2

The following is the main result of this section. It is a sharp regularity result, in

3. . . ;
thze sense that we assume F € C~%J and we obtain a manifold in the same class
C~iJ. Here we do not assume F to be jointly C".

Theorem 3.1. Let F : A x U — X be a map such that:
(1) For some (i, j) € (Z+)?,
F e CZiJ,

where 3, j is the set introduced in Definition 1.3, and C™5J denotes the set of
Sfunctions which have all the derivatives of indices in 3, j defined, continuous and
bounded.

(2) Conditions (0)-(4) of Theorem 1.2 are satisfied.

3) L+1<j.

Then, we can find maps K € C*J and R € Cbi satisfying all the properties stated
in Theorem 1.2.

We recall that in the previous theorem—and throughout this section—we
write the invariant manifold as a graph, and hence the parameterization K is of
the form

K = (K',K?) = (Id,w)

where, to simplify notation, we have renamed by w the second component K? of
K. It follows that

(3.1 R=F'oK.

The proof of Theorem 1.2 using Theorem 3.1 is immediate. It uses (3.1)
together with the same argument in the proof of Theorem 1.1 using Theorem 2.1
(see the previous section).

The next lemma corresponds to Lemma 2.2. It follows from the arguments
explained before the statement of Lemma 2.2.

Lemma 3.2. Assume that F € CJ for some j = L, and that hypotheses (0),
(1), (3), and (4) of Theorem 1.2 are satisfied uniformly in A. Then, for every A there

exists a unique polynomial W5 of degree L such that

(3.2) wi(x) = N(wi)(x) +ol(lxh),
(3.3) w;(0) =0, Dyw;(0)=0.

Moreover, w= € CY* and, with a suitable scaling of Fx, we can get W5 as small as

needed.
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Regarding the operator N in (3.2), we recall (see [1]) that, in the present
setting, the functional equation F o K = K o R has become w = N (w), where

(3.4) (N (w))a = A \wa © Yoy, — A3 N2 © (Id, W),
Ww, = Aia + Nipo (Id, wa) + Bawa;

we will write g5 for Y, , to simplify notation. We also write wa = wy + wy,
where w5 is the polynomial in x given by Lemma 3.2, and then equation (3.4)
becomes

w” =Mw”),

where, consistent with our notation of denoting the parameter as a subindex, we
will write

(3.5) (Mw”))a = (N(w= +w”))) —w;i = Na(wy +wy) — wy.

The starting point of the proof of Theorem 3.1 is the following result from
the previous paper [1]. Under the hypotheses of Theorem 3.1, we have that for
every A, Fy is a C**J function of x. Hence, from the results of [1], we know that
the sequence of iterates

w,, = M"(0)

(which starts with wg = 0) converges uniformly in By, together with all its deriva-
tives in X up to order i + j — 1, to the solution wg produced in that paper.
In particular, since all estimates are uniform in A, we have that w;; and Dyw,;
converge uniformly in A X By to wg and Dxwg,, respectively.

The proof of Theorem 3.1 proceeds by expressing, for every function w~, the

derivative D;Di.’M(w>) as
DiDIM(w>) = A(w”)DiDiw” + B(w>),

where A (w>) is a linear operator, and B(w~) is an expression that involves only
derivatives of lower order. We will show that A, := A(w; ) is a contractive
operator. From this it will follow that, when Dl)foé.’M” (0) converge uniformly on
compact sets as 1 — oo for all (k, ¥) of lower order than (i, j), then DiDi.’M”(O)
also converges uniformly on compact sets.

From the finite increment formula for the derivatives of the form D}leiwﬁ
;i1 . .. c e
or D{D{ "w;, we will recover the finite increment formula for their limits as

n — oo. This will give us that the limit of Di{D{w;; as n tends to infinity is
indeed a true derivative.

We will encounter the difficulty that in infinite dimensions, continuity on
compact sets does not imply continuity and boundedness on a ball, and we will
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need to use an extra argument. We will show that the derivative which we have ob-
tained as a limit satisfies a certain functional equation. By studying this equation,
it will be possible to show that, when the derivatives of lower order are continuous
and bounded, then the limit of D}'\Di.’M”(O) is also continuous and bounded.

Next we start with the precise results that will lead to Theorem 3.1. Through
this section, we use the notation D; = Dy, and D; = Dy, for derivatives with
respect to the variables in X; and in X5, respectively.

Proposition 3.3. Assume that F and w> belong ro C i, Then, the Jollowing
Jormula holds:

(3.6) [DiDIM(w™)], = A;ADLDIW; o wa (Dxwn)®
+ A\ [Dxwa o a(DaN1 o (Id, wa) + Ba) — DaNaa o (Id, wy)|DiDw;
+Vij(wy),

where Vi j is a multilinear operator in D§D£w> with (a,b) € %ij — {(i,))},
whose coefficients are derivatives of N of orders in X j, or derivatives of Ay or Ba
with respect to A of orders in {0, ...,1}.

This proposition is an immediate consequence of the following three lemmas,
which provide a quite detailed structure of the derivatives of the composition.

As in the previous section, here we see that the rules for computing higher
order derivatives with respect to parameters of a composition suggest the intro-
duction of special sets of indices.

We introduce two more auxiliary sets of indices fori € N, j > I:

S5y =1{(a,b,0) € (Z*)’ la+b<i, b=1} U {(i,0,0)},
S ={(a,b,c) e (@) |la+b+c<i+j,a<i,c<j b=1}
In the rest of the section, C means a generic constant which depends only on

the map F, and which is independent of the functions w and w~. Hence, the
same letter may denote different constants in different places.

Lemma 3.4. Under the hypotheses of Proposition 3.3, we have that M(w~) €
C™id, and that D\D%[M(w>)] is an expression of the form

A E CcD?% . . ; i
( . ) 2'}\ Z D?\D)waA ° uj/\D)l\l g(l Yr- - ?\h Xbuj/\
(u,h)ezl*l_ i+ +ip=i—a, D.,’D
it gp=g

+ C(DAAZ VDS DA [wa o wal + « - - + C(DYA ) DS [wa o ]

AL > 2. CD{DSDYNp o (1d, w))
(a,b,c)ezz‘*. il+---+ip=i—a,
T jie e jp=i-c

o P )
-DY! Dilwy - - - DAbDih w) — continued on next page
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— C(DAA; D} ' DE[IN>p o (Id, wa)] = -+ - = C(D{A; DX [N o (1d, wa)]
— DiDjw;.
This lemma follows directly from the next two lemmas.

Lemma 3.5. Let w € C7ui and W € CW. Then the derivatives of wy o
Ya(x) = w(A, @ (A, x)) have the form

Dﬁ\Di[wA o Yal

i1 J ip ~J
= > > CD{DYwy 0wy - DYDY W - - DY DY g,
(a,b)exf; i1+---+ip=i-a,
T i+ ip=]

where C is a combinatorial coefficient which depends on a, b, i1, ..., ip, ji, ..., jb
and 37 ; is defined by (2.11).

Proof. The proof of this lemma is contained in the proof of Lemma 2.3 when
one identifies w and @ with H and R¥ of that lemma, respectively. O

Lemma 3.6. Let N € CYivdo and w € C¥iodo. Then, we have that Ny o
(Id, wy) € C™iowo, and for (i, j) € Zj, j,

(3.8) DiD]INy o (Id, w)]

= Y > CD{D$DENa o (Id, wa) Dy DL wy - - - DY DX w,

(u,b,c)ezzu*j ST PR 120 1

whereiy + - +ip=1—a, ji+- -+ jp = J—C, and C is a coefficient depending
on the indices. The only term in the sum (3.8) that contains D}'\Diw;\ is DoNj o
(Id, wa) D D wi.

Proof. We begin by computing the i*? derivative of Ny o (Id, wa) with respect
to A, which we denote by T; = D;'\ [N o (Id, wy)]. We have

DNy e (d,wy)] = 3 3 CD{DINy o (d, wn) Dy wa -+~ DV wy,
(a,b)esi,

where the second sum is taken for iy + -+ - + i, = i — a, and C is a coefficient
which depends on a, b, iy, ..., ip. This follows from Lemma 3.5 identifying
Na(x, -) with wy, and w) with ;.

Note that DL T; = D}'\Di [Nao (Id, wa)]. The rest of the proof is by induction
in j. When j = 0, formula (3.8) holds. The induction step incrementing j
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corresponds to taking one more derivative with respect to x. Assuming that (3.8)
is true for j,

= Y > C|D{DSTIDEN, o (1d,w))

(u,b,c)ezf}‘- 115000 Jb

+ DED{DY Ny o (1d, wa) Dywy | [ DY DL w - - - DY DY wy |

+ CDYDEDY Ny, o (Id, wr) Dy | DV DI wy - - - D2 DI, |.
A2 A A

(a,b,c)ezz‘j. U1, J15eipsJb

From the previous formula we see that taking one more derivative has the
effect that each term labeled with indices (a, b, c) generates three new terms la-
beled with indices (a,b,c), (a,b + 1,c) and (a,b,c + 1), except for the term
with b = 0 which only appears when j = 0 and it must have indices (i, 0,0).
Such term only generates two terms with indices (i + 1,0,0) and (i, 1,0).

. _NO ~ ~ -
For j > 0 we decompose Z;kj* =3 ;U UZZ"BU e UZij,Where
S ={(m,b,c) | b+c<i+j-m,c<j b=1}

In this way, it is easy to see that the symbolic process

(a,b,c) - (a,b,c) + (a,b+1,c) +(a,b,c +1)
is exhaustive from i’f’ to i’f’ .- For the case j = 0 the same argument works, but
one has to consider the term (i, 0,0) separately.

We note that the highest derivative of w, namely D}\Diw, appears multiplied
by DN (this meansa =c =0, b = 1). O

As we already mentioned, Lemma 3.4 follows directly from Lemmas 3.5 and
3.6, while Proposition 3.3 is an immediate consequence of Lemmas 3.4, 3.5 and
3.6.

Now we show inductively the existence of derivatives, assuming that all the
lower order ones are defined.

Given a subset S C A X By, we introduce the space

[7(8) = {v € COUS, LI (Ap; LY (X15X2))) | sup
(A,x)€S, x+0

lva(x)| oo}

x| @+ D)+

i — (L—j+1) . .
with ||v||ri*’j(5) = SUP(x x)es, x20 VA |/ [x |77+ D+ Given a set of indices X,

we also define the space

IDEDbw; (x)|
rEs) - fwecs) | sup B

<o, VY(a,b) e Z}
(A,x)€S, x#0
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with [[wlrss) = max sup  [D§DEwa(x)|/ x| EbHD+
(a,b)eX (A,x)€S, x#0

Proposition 3.7. Assume that F € CZioo (A X By), with jo = L+ 1, and that
N has small enough C>:jo norm. Let (i, j) € S, jo, and consider

=2 = {00}
Letwy, be the sequence of families of functions defined by
(3.9) w, = M"(0).

Assume that:

(1) wZ € C7id (A X By).

(2) For every compact set G C A X By, Wy, converges to W, in F(Z;J, G).

Then,

(a) w; € C7i (A X By).

(b) For every compact set G C A X By, D}‘\Diw; converges to DiDiw; n l"[fj (@),
and therefore wy, converges to wg, inT (2 j, G).

At the end of this section we will see that Theorem 3.1 follows easily from the
previous proposition.

To prove Proposition 3.7, we first introduce some notation and we establish
some preliminary lemmas.

First we remark that, since jo = 1, if F € CZiOvJO, then N = F — D,F(0) €
CZioo, We write (3.9) in inductive form,

(3.10) w, . =Muw,;),neZ", w;=0.
We introduce the notation
Wy = W= +w,
and
(B.11) wan(x) = Aiax + Nia(x, wan(x)) + Bawan(x), mezZ’u{ew}.
Differentiating in (3.10), we have
(3.12) DiD{w3 ., = DiDEIMw3,)].

By Proposition 3.3 and Lemmas 3.4 to 3.6, we can expand the right hand side
of (3.12) as a sum of derivatives of different orders. We define a linear operator
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Ay in such a way that ﬂnD}\Diwﬁ contains the terms in such expansion with

DiDjw;;. We take B, as the sum of all the remaining terms of the expansion.
We allow 1 to be o, meaning the limit.
More explicitly, for n € Z* U {0}, we define

(3.13) [Apv]a = Az_}\UA o WA,n(waA,n)®j

+Aj) [waA,n o Wan(DaNip o (Id, wan) + Ba) — D2Nz o (1d, w?\,n)]vA

and ‘ '
Bn = DD [M(w;;)] — AnD{Diw,.

We have that B, is the multilinear expression in the derivatives D¢D2w;; for
(a,b) € Z;’J-, (a,b) # (0,0), which contains all terms in the expansion of the

right hand side of (3.8) except for the two only ones which contain DiDjw;.
Note that A, and By, actually depend on i and j, but for typographical
reasons we suppress these indices from the notation.

To study the convergence of the sequence D{D{w;; on compact sets, it will
be useful to associate to each compact set G C A X By, the larger compact set

G* = U Qw001 (Ax) €G} cAxB.

neNu{w}, fez+

We have that G* is compact since Yan — WYa,o as 1 — oo, and since Yi , are
uniform contractions. The set G* has the important property of being invariant
by (1Ta, Yan) for every n € N U {0}, where ma (A, x) = A.

Lemma 3.8. Assume the hypotheses of Proposition 3.7. Let n € 7% U {0},

Then:

(a) Given a compact set G C A X By, Ap : FiTJ(G*) — Fifj(G*) is a well-defined
linear bounded operator and, denoting by Y = L(l"ifj(G*), l"fj(G*)), its norm
satisfies | Anlly <y < 1, for some constant y independent of n and of the
compact set G.

(b) B, € l"{fj(G*) and ”B"”ri*,j(c*) < M for some constant M > O independent of
N (but possibly dependent on G).

(c) Forn € Nand (A, x) € A X By, ID}'\Diwin(X)l < M jIx| T+ for some
constant My j independent of n.

(d) Bn converges uniformly on compact sets t0 Beo.

Proof. As we mentioned in the beginning of this section, we already know
that w;; converges to wg in I'(Zg,1,A X By). Using also hypotheses (1) and (2)
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of Proposition 3.7 together with expressions (3.11) and (3.8), we deduce that, for
nez uUf{wtand (A, x) € AX By,

(3.14) [Wan ()] < (JA1All + &) x|,
(3.15) [DyxWan(x)| < |A1All + &,

with € as small as needed. We also get that, for every compact subset of A x By,
(3.16) |D§\l([,l/\,n(x)| <Clx|, a<iifj=1l,ora<i-1ifj=0,

where C is a constant independent of n (but depending on the compact set).

(a) Ay is a linear operator. We estimate its norm:

Anv
A IIrifj(G*)

1 B .
= sup WHAZ}\H {“}A((,UA,n(X)H [Dx@amn(x)]’
(Ax)eG*

+ [ IDxwan (Wan ()] [D2N1 2 (X, wan (X)) + Byl

- |D2N2,A<x,wA,n(x>>|]|m<x)|}

B |(pAn(X)|(ij+1)+ )
< su ||A1||{||v||.*. e |Dsctyan ()17
B M IV (60 T e P A
+ [IDxwan (Wan(x)] IDaN1 A (X, wan (X)) + By
+ [D2NoA (x, wan () ] ||v||r;j<G*>}
<

I Al + &) + €] lvlley o)

by (3.14), (3.15) and the fact that [[N|lc1 + [|Ba|l is as small as we want.

(b) By the previous lemmas, we know that, if F € C Ziojo, then N € Ciouos if
w € Cii, then Nj o (Id, wp) € C¥id; and if w> € CiJ, then M(w>) € C™iii .
From the way that N was constructed, we have

[DLM(0)1a(0) = DLL(N (w=)r —wi1(0) =0, 0<¥<L.

Then
[D4DEM(0)]a(0) =0, O<a<i, 0<b<lIL,
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and therefore
(3.17) M(0) €T(Sij,A X By).
To prove that | By, (A, x)| < M|x|L=7*D+ for (A, x) € G*, we write By, as:
DiD},M(0) + DiDL[M(w}) — M(0)] - A,DiDiw;.
Next, we study the terms in the formula for
DiDL[M(w;;) - M(0)]

given by Lemma 3.4, and we see that all of them contain the factor |x|E=/*D+

and are bounded uniformly in n. Since M(0) = M(wy), we study the more
general expression

(3.18) DiDL[M(w) - M(w},)] — ApDiDiw; + AmDiDiw;,,
to be able to use the conclusions in the case m = .

Every term that appears in the decomposition of (3.18) given by Lemma 3.4
is the product of a bounded quantity times a factor of one of the following forms:

(3.19) Ty = [D{DSDIN, A o (Id, wh ) — DIDEDEN, A o (Id, wam) ]
- DUDIwam - - DD wam

with(a,b,c)ez;'f;‘ andij+---+ip=i—-k—-a,0<k<i-a,ji+ - +jp=

j-c
(3.20) Top = DEDSDYNy A o (Id, wan) - [DEDLway - - - DY D wa
~ DID{wam - - 'D/i\hDibw/\,m]

with(a,b,c)ezzjandi1+---+ib=i—k—a,05ksi—a,j1+---+jb=

Jj-c

(3.21) T30(x) = DiDE W (x) — DID%Wam(x)
withT<i,7<j, @,) + (i,));

(3.22) Tua = [D§DEwan © Wan — DIDLWAm © Yam]

i1~ ip /b
- Dy'Dx' WYam - - - Dy Dx’ Wam
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with (a,b) €% j i+ - +ip =i-k-a,0<k<i-aandji+---+jp = J;
(3.23) Tsa = DIDRwy, o Wan

i [D;:\IDJ;IWA,‘I’L .. .D)i\bDib(le’n —D;IDJCI (,UA,‘WL t 'D;bDibWA’m]
with (a,b) €3 ;i1 +---+ip=i-k-a,0<k<i-a,andji+ - +jp=j.

Before finishing the proof of Lemma 3.8, we state and prove the following
lemma, which estimates the terms Ty above.

Lemma 3.9. Assume the hypotheses of Lemma 3.8. Then, for every compact
subset G of A X By there exists a constant C independent on n such that, for x € G
we have:

Ty (x)] < Clx|E+1,
| Ty (x)| < Clx| T+
T3 (x)| < Clax|L-T+D+

[T4a(x)| < Clx| L7+« in case that m = 0, and

| TsA(x)] < Clx| 7D,

Proof- For (3.19) we distinguish two cases. When a + b + ¢ < i + jo, then
we use the mean value theorem and we bound T; by

IDEDSDE T Ny All o [wan (X) =wam () [ |DY DE wa g (x) - - - DY DX wi m (x)],
and we recall that

[wan (X) = wam ()] = [y, (x) = wg,, (%) < |w; —w;lllr(z;j,c*)lxl“l.

In the second case, when a + b + ¢ = ip + jg, sincea + b + ¢ < i+ j then
J=iy+jo—1=jo=L+1andthus (L—j+ 1) = 0. Hence it is enough to see
that T is bounded, which follows immediately from hypothesis (2) of Proposition
3.7.

To bound T, we decompose the differences of (3.20) in telescopic form. Each
difference will have a factor of the form

(3.24) IDY DX wan(x) —DyD¥wam(x)| < IIwn—wmllnz’ij,c*)IXI(L’”“)*,

with jp < j. The factor (3.24) is bounded by C|x|=7+D+ because j; < j.
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For T3, we write

DiDiWan = DiDiWam = 2 >.

(u,b,c)ezf*j* ir+e-+ip=1-a,
Jite+jp=j-c

C[DEDSDEN A o (1d, wan) - DY DEwam - - - DY D wiy

— DIDSDYN: & o (Id, wam) DY D wam - - - DY DR wy m |
T ~ ~ ~ ~
+ Y CD{B\[ DY ! Diwan - DY Dkwam].
£=0
We deduce the bound for T3 claimed in Lemma 3.9 by applying the bounds for
Ty and T, with i = Tand j = J (with N, replaced by Ny).

To establish the bound for T4, we take into account that 1 = 0 and hence
wo = wg. Note that wy is a polynomial and, therefore, it is sufficient to bound
the first factor in the definition of T4. For this we add and substract the term
D{DEwa g © Yan(x), and we use that wan — wao = Wan — wy = wy,. We
obtain the bound

IDﬁ'\‘Dzwin o Wan(X)| + 1DEDEwx g o Wan(x) — DEDEwg o Pao(x)]
< ||D§D,lzwﬁ||r(z;J.,G*)|l,UJ\,n(9C)|(L_b+1)+ + [IDEDE  woll co lWan (x) — Wap(x)]

=< (Al + 8)“‘“”*IIDKDEWZIIr(z;j,G*)IXI(L‘b“)* + Clx |,

where we have used the previous bound for T3.

o o ‘
Moreover, the second factor of Ty, D;\IDJQ WYm -+ -DAhDib Wm, is such that
Jj1+ -+ -+ jp = j and hence it must have at least (b — j), derivatives with index

Je¢ = 0. Therefore by (3.15) this factor is bounded by Clx| -9+,
For Ts, decomposing the difference
DyDL @y - DY Dy — DYDY W - - DY D
in a telescopic sum, each term will have a factor
IDYDE wan () — DY D wam(x)]
which is bounded by C|x|E=JetD+ < C|x|L=7+D+ by the bounds for Tj. O

Proof of Lemma 3.8 (continued). Using the estimates of Lemma 3.9 and (3.17),
one easily checks that B, € l"i”fj (G*) and that there exists a constant M indepen-

dent on 7 such that |
|Bn (A, x)| < M|x|LI+D+
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The same estimates work in the case n = .
To establish (c) of Lemma 3.8, from the definition of A, and B, we write

DiDjw;,, = A.DiDiw; + B,.
Then

||D}\D3chﬁ+1||ri*j(c*) < ||J4n||Y||D§\Dgcwﬁ||ri*j(G*) + ||an||rl.*j(G*)-

Iterating this inequality, using that || A, | and [|By|l are uniformly bounded, and
ARl <y < 1, we conclude that (c) holds with M; j = M/(1 — y).

Next we prove (d) of Lemma 3.8. Given a compact set G of A X B;, we need
to prove that By, — B uniformly on G. For this, we consider the differences
(3.18) with m = oo in the larger compact set G*. Examining the terms T; to
Ts in the analogous way as in Lemma 3.9, we see that all terms are bounded by
factors which are estimated uniformly in #, times one of the following terms:

(3.25) lwy, - w%”r(z;j,c*)’

(3.26) |D{DSDEN; o (x, wan(x)) — DIDSDEN; o (x, w00 (X)),

(327) ||D§D£WA,00 oWPrn — Dg\[Dgw/\,oo o (I")\,oo”y

and

(3-28) ||D§D)léw7\,n oWPrn — DKDQWA,OO o W?\,n”-

The terms (3.26), (3.27) and (3.28) go to zero since D?DfD%’Nj and D{D2w.,
are continuous, and since the sets {(A,x,wre(x)) | (A,x) € G*} and
A, Pam(x)) | (A,x) € G*, m € Z* U {0} } are compact. O

Proof of Proposition 3.7. If we denote
Up = DRD,jcw;,
using (3.12) and the definitions of w;;, A, and By, we have

vy = 0,
Vni1 = ApVn +Bn, mn=0.

Hence we can write Vj+1 = Bun+AnBn-1+- -+ A, Ap_1 - - A1Bo. We claim
that vy, converges to

Voo = Boo + ABoo + AL Boo + + - -
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uniformly on compact sets. Indeed

ApAn-1- - AniBn-k-1 — A1 B,
= ApAn-1- -  Ank(Bnk-1—Bew) + ApAn_1 - An_kBew — AKH B,
= Jqndlzln—l et anfk(:Bn—k—l - Bm)

k
+ > An o Api1(An-i — A) AN 1B + (Ay — Au) AL B
i=1

and, since given g defined on A X Bj, Ayg — Awg uniformly on compact sets
G* of A X By, then
ApAn-1- - Ap-kBn-k-1— -AlgoHBoo

uniformly on compact sets.
For k < n we have

Un+1(X) = (Bp(x) + ApBu-_1(x) + -+ + ApAp_1- -+ ApkBp-k-1(x))
=AnAn1- - Ank-1Bux2(x) + -+ ApAn_1-- - A1 Bo(x)

and we can bound

[Vns1(x) = (Bu(x) + ApBu_1(x) + -+ + ApAp_1 - - Ap—kBn-k-1(x))|

n-k
< DY Bkl oy 1] ET
=2 J
Y e
= 570 sup Bl 60
Y 0<f<n-k J

Taking the limit n — oo, we obtain

[Veo (X) = (Boo (X) + ABoo (x) + -+ - + A B (x))]
k+2

< ly M| x|E=i+D+ sup Bellry . 6=)-
- £>0 J
Then DiDiwﬁ converges to
(329) Vo = Boo + -/,Zloo:Boo + J,qgoBoo + o

uniformly on compact sets G* as well as with the norm || - ”ri*j(G*)'
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Note that, since A is a contraction in Fifj(G*) and B is in l"[fj (G*), then
the resulting function v is in l“ifj(G* ). Moreover, B is continuous. Then vV is
the only solution of

U=AuU + B,

and hence v, is continuous.

For1 < j < iy — i+ jo, we now show that the D, derivative of DRD)JC w,,
converges uniformly to Ve on compact sets of A X Bj.

Indeed, for every n we have

. i . P 1 . :
DiD{ w3, (v) - DiD{ w3, (x) = JO dt D\D{ws , (x + t(y — x)) (¥ — x).

Passing to the limit, using that D D{w;; converges to U, in the compact set G*
with G = {x + t(y —x) | t € [0, 1]}, we get

DD Wy L (x) - L(x) = jdtmm(mt(y X))y - x).

Finally, using that v is continuous, we conclude that v, is indeed DRDiw?

If j = 0and i = 1, we show that the D, derivative of D;i\_lDiw; converges
uniformly to Ve on compact sets of A X Bj.
Indeed, from the identity

D{ 'D{w; , (x) - D{'Diw3 , (x) = J At DYDIWS, 2y () (1 = A,

we pass to the limit to obtain

D () = DI DIw}  (x) = [dtku Moo () (1 = ),

and the argument finishes as before. This ends the proof of Proposition 3.7. O

Now, we are in a position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Since F € C %i,j for fixed A, as a function of x we have
that Fa(-) € Ci*J,

From Proposition 4.3 in [1] (applied with 7 replaced by i + j), we know that
wy = limy, M"(0), where the limit is obtained with A fixed and in the topology
given in the space I3, -1,z used in [1], and that this limit is C**/ as a function of
x. Moreover, the limits are uniform in A.
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As a consequence, for every k < i+ j — 1 we have that

IDXwy , (x) — DXwg ()|
IXI (L—j+1)+

sup
AXB;

>
< Clwiy —wyeln, oy —0

as 1 tends to co.

We are now in position to apply Proposition 3.7 repeatedly. We first apply it
with ip = 0 and jo = i + j. We then apply it repeatedly from ip = 1 to iy = 1,
where for each iy we apply the proposition starting with jo = 0 and then up to
Jo=1+]j—1o. =
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