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@ Choose odd Artin representations
01,02 Gg — GLa(L), det(o1) = det(g2)™

@ Define o := p1 ® o2 : Ggp — Gal(H/Q) — GL4(L)

@ There are g € My(N, x),
he Mi(N,x): o0g~o01®Lp, on=02® Lp.

e Example: g=h= o=1®ad(g)
@ Example: Let K be a real or imaginary quadratic field.
@ 1, 1o : Gk — L* finite order characters

o o1 = Indf(¢1), 02 = Indf(¢2)

o Assume det(o1) = det(o2) . Then 1112 and ¥y, are
self-dual.

® g="0(1), h=0(z2)
° 0= 01 ® 0z = IndS(¢112) @ Indf (¥11)35).
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@ Let E/Q be an elliptic curve and fix p { cond(E) - cond(p).
@ Choose ordinary p-stabilizations g,, h, in level Np.

@ Let g = {gx} be a Hida family passing through g,
@ Let h = {hy} be a Hida family passing through h,.

@ It is possible to construct a p-adic family of global
cohomology classes

{ ’%(E7 gX7 hX) }
which for k(x) = 2 are the image under reg,, of elements in

CH?(X;(Np®)%)q if g, h are cuspidal
K1(X;(Np®)?) if g cuspidal, h Eisenstein
Ka(X1(Np®)) if g, h are Eisenstein
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@ For k(x) >2, k(E,gx, h) lies in Bloch-Kato’s H} (Q, —).
@ At k(x) = 1 such that gx = g, and hy = h,,

K(E, g o) € H'(Q, Vi ® Vg @ Vi) = H(Q, Vp(E) ® Vp(0))

@ But x(E, g., h,) does not necessarily lie in
Selo(Eyn)? = Hom(Vp(o), H} (H, Vi(E))),
which in turn contains

E(H)? = Hom(Vp(0), E(H) ® Lp)
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@ Theorem: L(E,0,1) =0 = k(E, ga, ha) € Selp(E/p)°

@ This reciprocity law is proved by showing that the Bloch-Kato logarithms
of k(E, gx, hx) for k(x) > 2 recover the p-adic L-function Ly(f, g, h).

@ Assume L(E, 0,1) = 080 Kaa = K(E, ga, ha) € Selp(E/H)°.

@ One checks that Sign(E, o) = +1, hence L'(E, 0,1) = 0.

o Conjecture: L"(E, 0,1) # 0 & kqa # 0in Selp(Ejp)°

Victor Rotger When the L-value vanishes



A conjectural description of k,  := K(E, 9a, ha)

@ Assume L(E,0,1) =0, L'(E,0,1) =0, L"(E,0,1) # 0.
@ Fix two independent P, Q: V(o) — E(H)y,

@ Fix a vector v = V,q € Vp(0), Frobp(v) = agap - v

@ Set  Paa = P(Vaa);, Qoa = Q(Vaa) € E(H)y,

@ Define likewise  v,3, Pag, Qg ...

@ Conjecture: The class k4, € Hom(Vp(0), E(H) ® Lp) is

Ro,a = Qp : ( IOg(Q,B/B) P — Iog(Pﬁﬁ) ’ Q)
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Example 1

°g€S1(N7X)7 h:g®X_17 L(f,g,h,S):
L(E7 S)' L(E,Ad(g),S)

@ Assume r,, E(Q) =2, r.n(E, Ad(g)) = 0.
@ Fix abasis E(Q) = (P, Q) up to torsion.
® agfp=agfyx '(p) =1

® r(f,ga, hg)(Vsa) = 10g(Q)- P —log(P)- Q€ E(Q)® Qp
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Example 2

@ g =0(1), h = 0(¢2) for iy, 4o : Gk — L.

° L(faga ha S) = L(E/K>¢1¢2a S) ' L(E/Ka¢1¢/273)
@ Assume ordgs—1L(f, g, h,s) =2.

@ Assume in fact r (E x, v142) = r (Ejk, 11ps) = 1.
@ Fix

Vo(e) — Ind(¢1¢2) C

V(o) — Ind(yyeps) € E(H).

Qss) - Psp — 109(Psp) - Qap € E(H) @ Lp.
Qua) - Pap — 109(Paa) - Qup € E(H) ® Lp.
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@ Theorem (Darmon-R):

If L3(f,g,h)(1,1) # O then k, o and kg are linearly
independent in Selp(E,1)?
It suffices to show that

l0g Kaa(Vas) |09Haa(VBa)> B ( 0 Lg(f,g,h)(171)>
log kas(Vas) 109 Kas(Vsa) L3(f,g,h)(1,1) 0

Sketck of proof of the formula for the off-diagonal terms:
L3(f.g,h)(1,1) = lim,_,1 Lp(f, g, h)(x,X)

= IimX—>1 AJ,O(A[f? gX’ hX])(wa/gxwhx)

= Iimx—>1,k(x):2 Ing AJet(A[f, gx, hx])(wrng,wh, )

= Qp - 109, Kaa(Vsa) for some period .
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Numerical verification of the conjecture: we can not
compute the class k.., itself, but we can compute its logarithm.
Namely, with A. Lauder we can check to high p-adic precision
that:

1 . log,(Psg) 109,(Psa)
o (og, o)

[ aa\Vga) = T~
0g Kaa (Vsa) 09, logy(Qss)  logp(Qsa)

for a specific Stark unit u.
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Our class in the computer

Eszp:y2+xy+y=x3—7x+5 ~ f € S5(57).
K =Q(V-23), x = (53), Gal(H/K) = {1,0,0%}
S1(28, x) spanned by g = 6(¢), ¢ : Gal(H/K)—L*.
°o Voo Vy=VyaLaeL(x)

rank E(H)¥ = 2, rank E(Q) = rank E(K)X =0

Heegner points are useless here! Using descent:
P = (98°—4a+17,—452°+20a—80), Q = (&°+3,28°+2),

where a € H satisfies a® — a2 + 2a— 1 = 0.
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Our class in the computer

@ Points

pt.=2P—P°—pP°° P =P P
Qr=20-@-Q°, Q=Q@-Q

span the two copies of V,;, in E(H),.
@ Take p=19 and H — Cqg so that P, Q € E(Q19).

@ Take g, € S1(3 - 23, x) with Uz-eigenvalue (3.

log(P*)log(Q~) — log(P~) log(Q")
|ng/<c=/af-g= \-logu

= —25103076413984358720047537708218 mod 19%°.
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Stark-Heegner points for real quadratic fields

@E: 2 rxy+y=x3-x2-x-14 ~ e S(17).
@ 1, = quartic char of K = Q(v/5) ramified at A, N()\) = 29.
® g=0(1o) € S1(5-29,x), h=0(o) € S1(5-29, %),

with fourier coefficients in L = Q(/).

° Voo V=L L(xs)® Vy,
¥ = 1o/y is a dihedral character of K of conductor 29.
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Stark-Heegner points for real quadratic fields

@ ords_1L(E/K,Ss) = ords_1L(E/K,1,8) = 1.
o E(K) = (Px), Pyx= (32, 1995472185

@ H/K = extension cut out by ¢, Gal(H/Q) = Ds.
H=M(3), M=Q(V5v29), o= =243
@ E(H) is spanned by linear combinations of conjugates of

P = (—220777—17703\/145 214977+17703+/145 + 28584525+3803103+/5+1645605/29+2364771/145 V3)
H= 5800 ’ 11600 290000

which was computed using Darmon-Pollack’s algorithm.
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Stark-Heegner points for real quadratic fields

@ By applying the ordinary projection algorithms of A. Lauder
to a space of ordinary overconvergent 17-adic modular
forms of weight one and level 5 - 29

1 log(Pk) log(Py)
log, kK = f-h= .
% 0o 3-17 log(uk)

= 1259389260500681328 x 17 mod 176

@ Hence we find a recipe for Py € E(H) (mod torsion) as
317 -log,(uk)
Py =exp P : / f-h
&P ( loge p(Pk) g+
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Putting Kato in the computer

@ E:y2+xy+y=x3+x>-4x+5 ~ f € Sp(42).
@ x = even cubic Dirichlet character of conductor 19.
@ Field cutoutby x is H = Q(a), a®—a? —6a+7=0.
° E@) =0, r(E(H),x)=r(E(H).0)=1.
o E(HX=(Py), Py,=P+x(c®)P° +x(c)P"

where Gal(H/Q) = {1,0,0°},

P = (262 4 3a — 8,402 + 6 — 10).
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Putting Kato in the computer

@ c=(=2), so x-cisoddsextic. Takep=7.

@ g=CFEisi(1,e "'x7"), h=Eisi(x,e) € M;(3-19).

® 0=0g®op=x+ete  +x

| B 64 loge 7(Py) - loge 7(Px)
0gp Kk = f-h= :
e 7-9 log; (uye) + log; (uge)

= —1264003828062411821439581 mod 7°6.

Victor Rotger When the L-value vanishes



