BEILINSON-FLACH ELEMENTS, STARK UNITS AND p-ADIC
ITERATED INTEGRALS

OSCAR RIVERO AND VICTOR ROTGER

ABSTRACT. We study weight one specializations of the Euler system of Beilinson—Flach el-
ements introduced by Kings, Loeffler and Zerbes [KLZ], with a view towards the main con-
jecture formulated by Darmon, Lauder and Rotger [DLR2] relating logarithms of units in
suitable number fields to special values of the Hida—Rankin p-adic L-function. We show how
the latter conjecture follows from expected properties of Beilinson—Flach elements, and prove
the analogue of the main theorem of [CaHs| in our setting.
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1. INTRODUCTION

In the last decade there has been substantial progress in the theory of Euler systems of
Garrett—Rankin type associated to triples (f, g, h) of modular forms. This framework includes
the original scenario of Kato’s Euler system [Ka] and also encompasses the Euler systems of
Beilinson—Flach elements and diagonal cycles. When f is a weight two cusp form, associated
say to an elliptic curve E/Q, and (g, h) is a pair of modular forms of weight 1, this approach
yielded new results on the Birch and Swinnerton-Dyer conjecture for twists of E by an Artin
representation (see [BDR2], [DR1], [DR2] and [KLZ]).

These results, together with extensive numerical computations performed with the algo-
rithm [Lau| of A. Lauder, led to the formulation of the elliptic Stark conjecture in [DLRI],
relating the value of a p-adic iterated integral (that may be also recast as a special value of

a triple-product p-adic L-function at a point lying outside the region of interpolation) to a
regulator defined in terms of logarithms of global points on E. The authors of loc. cit. proved
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their conjecture in the case where g, h are theta series attached to an imaginary quadratic
field in which the prime p splits, but the general case remains open.

While no Euler systems are invoked at all in [DLR1], it was clear that they were behind the
scenes, and the connection was made explicit in [DR3|], where it was proved how the elliptic
Stark conjecture of [DLR1] is implied by a precise (but so far unproved at the time of writing
this note) recipe for the weight (2,1, 1) specializations of the Euler system of diagonal cycles
of [DR2], [DR4].

There is a parallel story when one replaces the cusp form f and its associated abelian variety
with an Eisenstein series and the multiplicative group G,,. The article [DLR2] proposed a
conjecture of the same flavor as the elliptic Stark conjecture of [DLRI], where the entries of
the regulator are p-adic logarithms of Stark units in the number field cut out by the Artin
representations associated to g and h. As in loc. cit., this conjecture was proved when g and
h are theta series attached to an imaginary quadratic field in which the prime p splits.

One of the aims of the present article is to describe the connection between the Euler system
of Beilinson—Flach elements and the arithmetic of unit groups of number fields, showing how
expected properties of the former imply the main conjecture of [DLR2].

In order to state more precisely our results, let

9=> ang" € Si(Ng,Xg); h = bug" € S1(Nn, xn)
n>1 n>1

be two normalized newforms, and let V; and V}, denote the Artin representations attached to
them by Serre and Deligne, with coefficients in a finite extension L/Q.

Consider also the tensor product Vg, := V, ® V},, and let H be the smallest number field
cut out by this representation.

Fix a prime number p which does not divide N,Nj, and label the roots of the p-th Hecke
polynomial of g and h as

X2 = ap(9)X + xg(p) = (X —ag)(X = fBg) X = ap(h)X + xn(p) = (X — an)(X — Bp).
Let
9a(q) = 9(q0) — Byg(d’),  halq) = h(q) — Buh(q”)
denote the p-stabilization of ¢ (resp. h) on which the Hecke operator U, acts with eigenvalue
ag (resp. ap).
Let ¢* denote the twist of g by the inverse of its nebentype, i.e., ¢* == g ® X!;l. Note that
the Uy,-eigenvalues of ¢* are 1/ and 1/, and (gq)* = gi‘/ﬁ.

By enlarging it if necessary, assume throughout that L contains both the Fourier coefficients
of g and h and the roots of their p-th Hecke polynomials. Define

Upn = 05 @ L, Upl1/p] = Oul1/o)* & L.

In order to lighten notation, assume that the prime p splits completely in L/Q, so that L is
equipped with an embedding into Q,, which will be fixed from now on.
We assume throughout that

(H1) The reduction of V; and V3, mod p are irreducible;

(H2) g and h are both p-distinguished, i.e. oy # B4 (mod p) and ay, # B, (mod p);

(H3) Vj is not induced from a character of a real quadratic field in which p splits;

(H1) ho # 67,5

Assumption (H4) splits naturally into two different settings, namely the case where h # g*
and the case where h = g* and oy, = 1/ag. Case hy = gi‘/ﬁ, excluded in this note, presents

remarkable differences and we refer to [RiRo] for a throughout study of this scenario.
The results of [KLZ] imply that there exists a Beilinson—Flach class

K(gas ha) € Hl(Qv Vo ® Qp(1))
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that can be identified, via Kummer theory, with an element of
Homeg, (Voh ® Qp, Ugn[1/7]) = (Ugn[L/p] © Vg @ Qp) 2.

With a slight abuse of notation, we shall still denote x(gq, ho) the projection of the coho-
mology class to the space (Ugp[1/p]/p? ® Vg\;L ® Q,)%2. Note that there also exist three other
classes K(ga, hg), k(98, ha) and k(gg, hg) attached to the different p-stabilizations of g and h.

As in [DLR2], we impose throughout the following:

Assumption 1.1. dimp, (Uy[1/p]/p? @ Vth)G@ =92,

When h # g* this amounts to asking that none of the Frobenius eigenvalues of Vy, is equal
to 1, that is to say:

QgQp, QgBh, ByQn, Bybh # 1.
Under this assumption, [DLR2l Lemma 1.1] also implies that
dimy, (Ugn ® Vyy,)“ = dimp, (Ugn[1/p] © V)2 = 2.

When hq = g} Ja the regularity assumption (H2) directly grants Assumption and we

have
dimp (Ug, ® Vyp) 9 =1, dimp (Uga[1/p] © V) = 3.

In either case, fix elements {u,v} of (Ugy[l/p] ® Vg\g ® Qp)“e such that they project to a
basis of the two-dimensional space (Uyp[1/p]/p” @ ngh ® Qp)¥e. When h, = g /o WE impose
the additional condition that u spans the line (Uy, ® Vg\;L ® QP)G@.

Fix a prime ideal p of H lying above p, thus determining an embedding H C H, C Q, of
H into its completion H), at p, and an arithmetic Frobenius Fr, € Gal (H,/Q,). Thanks to
(H2), the Gal (H),/Q,)-modules V, V}, decompose as

Vy=VeaVl, Vi=Veav),
where Fr), acts on V;* with eigenvalue oy, and similarly for the remaining summands. The
tensor product Vg, decomposes then as Gg,-module as the direct sum of four different lines
;fla = Vgag ® Vha h Vﬁlﬁ . After choosing a basis, we may write this decomposition as
Vih =L €aa ®L-eag®L-ego®L-egq,
where
Fry(exy) = Ap-exy, forany A€ {ay, By}, 1 € {an, B}
We denote by {e~q, €5, €54, €55} the dual basis of Vi = Hom(Vyp, L), where

QU
Frp(ena) = Xgn (0)BgBh - €oa s -+ Frp(efs) = Xgn (P)agan - €.
Restriction to the decomposition group at p allows us to regard u and v as elements in
H'(Qp, Vor © Qy(1)) = (H) ® Vg\;L ® Q,)“@, and as such we may decompose u and v as
(1) U= Uga @ €4y + Uaf @ €hp +Usa @ €y +Ugp @ €3,
V= Vg & exa + Vo ® eZIB + V80 ® e\éa + s ® e\éﬁ,

where uqao € H) ® Q, satisfies Frp(taa) = agap, - uaq and similarly for the other terms.
Define the regulator

(2) Regga(‘/gh) = Ing(U55) : Ing(Ulga) - logp(uﬁa) ' lng(Ugﬁ).

In the body of the paper we introduce a p-adic avatar of the second derivative of L(g® h, s)
at s = 1, denoted by .2,%*(g, h) and which can be defined in terms of special values of the
Hida—Rankin p-adic L-function; alternatively, it can also be recast as a Coleman p-adic iterated
integral. The non-vanishing of £,9*(g, h) implies the non-vanishing of Reg, (Vyn).
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The following result is proved in Section [3.2l Recall that we are identifying cohomology
classes with their projection to the space (Ugpn[1/p]/p? ® ngh ® Qp)%e.

Theorem 1.2. We have
(3) (gas ha) = 2 (10g,(v35) - u — log, (ugs) - v)
for some Q € H,,. Moreover, if £,9* # 0, then k(ga, ha) # 0. In this case, if we additionally
impose that h # g*, the two cohomology classes
H(gouha), "i(gonhﬁ)
span the whole group (Ug, ® V% ® Qp)%e.
The computations of [DLR2] suggest the following refinement of Theorem which is

discussed in Section Let ug, be the Stark unit attached to g,, as defined in [DLRI]. The
choice of a basis for V), determines elements

_ 1
Frp=ay,

) Qha S Hp )

which are properly defined in [DR3l (Eq.8)] and which we later recall. From now on, we
denote with the symbol = equality up to an element in L*.

= Fr,=8, '
Zg. € Hp

Conjecture A. The Beilinson—Flach class k(ga, ha) satisfies

1 1
4)  K(ga ha) = = :
e Ego - Qn,  logy(ug,

) . (10gp(2155) SU— logp(uﬁﬁ) ~v) (mod LX).

Theorem 1.3. Conjecture A implies the main conjecture of [DLR2]. If we further assume
that Reg, (Vyn) # 0, the converse also holds.

As an application of our results, we are able to prove the analogue of the main theorem of
Castella and Hsieh [CaHs, Theorem 1] in the setting of units in number fields and Beilinson—
Flach elements. Assume now that hy, = g7 Ja and recall the four global cohomology classes

(5) k(9o 91/a)» 598, 91/5)s 5(9ar G5 5)s K985 97 1) € H'(Q, Vogr © Qp(1))

arising from the various p-stabilizations of g and g*.

Again, since these classes are unramified at primes ¢ # p, they belong to the subspace
which is identified with (Ugg«[1/p] ® V. ® Qp)“e under the Kummer map.

It follows from |[RiRo, Proposition 3.12] that (g, gf/ﬁ) = (93, gf/a) = 0. It is thus natural
to wonder whether one can determine the remaining two classes £ (ga, 9] /a) and x(gg, 9] / B)'

Theorem 1.4. Assume that Reg, (Vyg<) # 0. Then, ﬁ(ga,gi‘/a) and ﬁ(gg,gf/ﬂ) are non-zero
and Conjecture A holds for them. Moreover,

(K9, 9170)) = (K(98, 97 /5))-

Remark 1.5. When ¢ is the theta series attached to an imaginary quadratic field where p
splits or to a real quadratic field where p remains inert, we prove that Regga(Vgg*) # 0 and
hence the above statement holds unconditionally.

The organization of the paper is as follows. In Section 2, we recover the formulation of
the main conjecture of [DLR2], both in terms of iterated integrals and of the Hida—Rankin p-
adic L-function. Section 3 is devoted to prove Theorem [I.2] and Theorem exploring some
properties of Beilinson—Flach classes. Section 4 provides the proof of the analogue of the main
theorem of Castella and Hsieh in the setting of Beilinson—Flach elements. Finally, Section 5
analyzes some particular cases where the representation Vj, is reducible, in connection with
the more classical Euler systems of circular and elliptic units.



BEILINSON-FLACH ELEMENTS, STARK UNITS AND p-ADIC ITERATED INTEGRALS 5

Acknowledgements. We sincerely thank the anonymous referees, whose comments no-
tably contributed to improve the exposition of this note. Both authors were supported by
Grant MTM2015-63829-P. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No 682152). The first author has also received financial support through
“la Caixa” Fellowship Grant for Doctoral Studies (grant LCF/BQ/ES17/11600010).

2. THE MAIN CONJECTURE OF DARMON, LAUDER AND ROTGER

The aim of this section is to recall briefly the elliptic Stark conjecture formulated in [DLR2]
for units in number fields. We keep the same notations and assumptions of the introduction.
Throughout this section we further assume

h#g",
which in particular implies, as recalled above, that
(6) QgQh, agﬁh’ ﬂgaha ﬁgﬁh # 1.
We leave the self-dual case hy = g} Ja for §5.

Let
fi=BEa(1,x,) € Ma(N, x,)

be the weight two Eisenstein series for the character X;hl, and consider also
F=d'f = EJ (1 0),

the overconvergent Eisenstein series of weight zero attached to the pair (Xg_hl» 1) of Dirichlet
characters.

As shown in [DLRI], the above hypothesis ensure that any generalized overconvergent
modular form associated to g, is simply a multiple of go. We denote by e,q Hida’s ordi-
nary projection on the space of overconvergent modular forms of weight one and by ey« the
Hecke equivariant projection to the generalized eigenspace attached to the system of Hecke
eigenvalues for the dual form ¢}, of gq.

We attach to g, a two-dimensional subspace of the representation Vg, namely

B ._
Vi = V) @ V.
Remark 2.1. In the Eisenstein case the conjecture also makes sense, as it is emphasized in
[DLR2]. In this case, if ¢ = E1(x™,x7), the classicality assumption asserts that x*(p) =

X~ (p) and the role of the two dimensional space th is played by W ® V},, where W is any
line in V, which is not stable under Gg.

Recall the unit ug, in OF ® L attached to the p-stabilized eigenform g, as it is defined in
[DLRI, 1.2]. It belongs to the Ad®(g)-isotypic part of O} ® L and is an eigenvector for Fr,
with eigenvalue §,/ay. For a Dirichlet character of conductor m, we can consider

(7) a(0) = >_x " Ha)e” e,
a=1

the usual Gauss sum, on which Gg acts through x and thus Fr, acts with eigenvalue x g4 (p).
Since gq is new at level Np, the L-dual space (S1(Np, Xgl)z[g;])v is one-dimensional and

we may fix a basis, say 7.. As before, we consider a regulator given in terms of the p-units u

and v, defined at the Introduction and which admits a Frobenius decomposition as in :

Reg,, (Vgn) = logp(umg) . logp(vga) - logp(u5a) . logp(vlgﬂ).

The following question is the main conjecture of [DLR2].
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Conjecture 2.2. It holds that
1%6gg(I (Vgh)
8(xgn) - log, (ug,)

We can reformulate the previous conjecture in the language of special values of p-adic
L-functions. Let g € Ag[[¢]] and h € Ay[[¢]] be Hida families through g, and h, with
coefficients in finite flat extensions Ag, Ap of the Iwasawa algebra A = Z,[[Z]], respectively.
Write W = Spf(A), Wg = Spf(Ag) and Wy, = Spf(Ap) for the associated weight spaces. Let
yo and zg be weight one points of Wy and W}, such that g,, = g, and h,, = h,. Associated to
the two cuspidal Hida families g and h, Hida constructed in [Hil] and [Hi2] a three-variable
p-adic Rankin L-function Ly(g,h) on Wegp := W x Wy x W interpolating the algebraic
parts of the critical values L(gy, hz, s). See [RiRol, §2.2] for more details on the notations and
normalizations we adopt. The next result follows from [DLR2 Lemma 4.2].

(8) 7a(€g(§eord(Fh)) = (mod LX)

Proposition 2.3. Up to multiplication by a scalar in L™, we have
(9) Lyp(g,h)(yo, 20, 1) = 8(Xgn) X Ya(egzCora(F'h))-

Hence, as pointed out already in [DLR2], the above conjecture may be recast as

(10) Ly(g.h)(y0, 20.1) = W (mod L*).

3. BEILINSON-FLACH ELEMENTS AND THE MAIN CONJECTURE

3.1. The Euler system of Beilinson—Flach elements. We begin this section with a quick
review of the main results of [KLZ|, which are crucially used to study the conjecture we have
discussed along the previous section. We also refer the reader to [RiRo, §2.1, §3.1] for a
expanded description of the results of [KLZ| with the same notations and normalizations
adopted here.

Let

g € Ag[lgl], h € Ayl[g]]

be Hida families of tame level NV and tame characters xg and xp respectively, and let Agp, :=
Ag®AR®A. Let also g denote the A-adic cyclotomic character. Let Vg and Vy, stand for the
A-adic representations attached to g and h, respectively, endowed with the filtration described
in [DR3, §2],
0= Vi = Vg Vo =0,

and similarly for h. We also consider the canonical differentials 7z and wg as introduced in
[Oh] and [KLZ, §10.1], and denote by g, , wy, the corresponding specializations at weight
y. As it has been extensively discussed in loc. cit. and recalled in [RiRol §2.1], this induces
homomorphisms of Agp-modules given by the pairings with these differentials; these pairings
are denoted as (-,-). Finally, let ay and §, stand for the roots of the p-th Hecke polynomial
of g, ordered in such a way that ord,(ay) < ordy(5,). We also consider the same objects for
the family h.

We say that a weight y € Wy is crystalline when there exists an eigenform gy, of level N such
that g, is the ordinary p-stabilization of gy. We denote by Wy (resp. Wy, Wg),) the set of
crystalline points of Wg (resp. Wh, Wegn). A point in the latter space is identified with a triple
(y, 2, s), where the weights are referred to as (¢,m, s). Note that for a matter of simplicity we
are just assuming that the points corresponding to the third variable have trivial nebentype.

The following result establishes the existence of a Perrin-Riou map (also referred in the liter-
ature as big regulator) interpolating both the Bloch—Kato logarithm and the dual exponential
map. Its relevance will be clear throughout the text.
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Proposition 3.1. There exists an injective homomorphism of Agn-modules

Lyf HY(Qp, Vg OV @A (ecyetoye)) = Agh

Scyc

satisfying the following interpolation property: for every (y,z,s) € W;h, set g := g, and

h = hZ. Then, the specialization of E;J at (y, z,s) is the homomorphism
E;}T(y, z,5) 1 HY(Qp, V, @Vl -s) = C,p

given by

Loy, 2, ) = (1- pS—lozglﬁ}:l)(l - aﬁlﬁh) {m x (loggi, Mg @ wr) ifs<m
gh )~y -

(1= p=SagBy)(1—p~lag ' By)

where loggy is the Bloch-Kato logarithm and expyy, the dual exponential map (see [BK] for
proper definitions of these morphisms).

(s —m)! X (exppk,Ng ®wp)  if s >m,

Proof. This follows from [KLZ, Theorem 8.2.8, Proposition 10.1.1] and the relations

O

We can now formulate the main results of [KLZ], which assert that there exists a family of
cohomology classes indexed by points of Wgp and whose image under the previous Perrin-Riou
map agrees with the Hida—Rankin p-adic L-function.

Theorem 3.2. Fix an integer ¢ > 1 relatively prime to 6pN. Then, there exists a global
cohomology class

(g, h) € H'(Q, Vg@Vin@A(eeyeeeye))
such that:
(1) The projection of the local class resy(cr(g,h)) to H'(Qp, Vg &Vp(ecyeesye)) lands in
H' (Qp, Vg ®Vﬁ (5CYC§;)110))'

(2) Letting cm;*(g,h) denote the local cohomology class in the above space, we have

- (=1)° -
Lo o (g, 0)) = 15 (€2 =) Ly g )
where A\g denotes the pseudo-eigenvalue of g, an Iwasawa function interpolating the
pseudo-eigenvalue at N of the crystalline classical specializations of g.

Proof. The global cohomology class .x(g,h) is introduced in [KLZ, Definition 8.1.1]. The
first part of the result is just [KLZ, Proposition 8.1.7], while the second part is Theorem B of
KLZ). 0

Since c is fixed throughout, we may sometimes drop it from the notation. The constant
does make an appearance in fudge factors accounting for the interpolation properties satisfied
by the Euler system, but in the case we are interested in these fudge factors do not vanish.
We typically refer to this class as the Beilinson—Flach class or the Beilinson—Flach element
attached to g and h.
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3.2. An explicit description of the cohomology classes. From now on, we retain the
setting of §2, where g € S1(IV, x4) and h € S1(NN, x5,) are two cuspidal eigenforms satisfying
hypotheses (H1)-(H3) and h # g*. Let L, denote the completion of L in @, under the
embedding L ¢ Q — @p fixed at the outset. Under our running hypothesis, we actually have
L, = Q,, although recall this was only assumed for simplicity of exposition.

Definition 3.3. Let g and h be Hida families passing through p-stabilizations g, ho of g, h
at some point (yo, 20) € Wg x Wy, of weights (1,1). Define

K(ga, ha) = (g, 1) (Y0, 20,0) € H'(Q, Vgn ® Qy(1))
as the specialization of k(g,h) at the point (yo, 20, 0).

This procedure yields four a priori different global cohomology classes:

(11) ’f(gaahoc)y H(gcwhﬁ)a H(gﬁ,ha), H(gg,hg),
one for each choice of pair of roots of the p-th Hecke polynomials of g and h.
Let H}(Q, V5, ® Qp(1)) denote the finite Bloch-Kato Selmer group, which is the subspace

of HY(Q, V5, ®Q,(1)) which consists on those classes which are crystalline at p and unramifed
atall £ £ p

Proposition 3.4. The cohomology classes in belong in fact to H} (Q, Vy, @ Qp(1)).

Proof. The two cohomology spaces H} (Qp, Vyr @ Qu(1)) and H(Qp, Vyn ® Qp(1)) are equal
according to the discussion in [DR4, §1.4] combined with the results of [Bel, 2.8 and 2.21].
Then, the restrictions to Qy, for £ # p, are unramified because of the results established in
[Nekl 2.4]. O

By standard results in Kummer theory (see for example [Bel, Prop.2.12]), there exists an
isomorphism between H{ (Q, Vyy, ® Q,(1)) and (Uy, ® V;}Vh ® Qp)%e.
As we have already mentioned, the units u,v € (Ug, ® ngh ® Qp)“ introduced in §1 can be

also identified with elements in Hom(Vy, ® Qp, Ugh)GQ. In the lemma below, we regard the
local class £p(ga; ha) as a homomorphism in Hom(Vg, ® Qp, Hy ® L)%e.

Lemma 3.5. £,(ga,ha)(egs) = 0.

Proof. This follows after specializing the content of [KLZ, Proposition 8.1.7] (also rephrased
here in the first part of Theorem , at the point (yo, z0,0). It asserts that the component
of the Beilinson-Flach class corresponding to the projection in the quotient Vg ®V}: vanishes.
Combining the natural dualities with the above referred identifications between the spaces of
homomorphisms and the cohomology groups, the result follows. O

Consider again the special p-adic L-value 2,7 = L,(g,h)(yo, 20, 1). Recall that this value
is the same if h is chosen to be the Hida family through hg. This value can be understood as
a p-adic avatar of the second derivative of the classical Hida—Rankin L-function, because of
the following result.

Proposition 3.6. The order of vanishing of L(Vyn,s) at s =1 is two.
Proof. According to [Dasl, §3.2], we know that
OrdszoL(th, S) =2— dimL(Vgh)G@,

and the order of vanishing at s = 1 can be derived via a functional equation relating the
values at s = 0 and s = 1, where some gamma factors arise.

Besides, the assumptions we have fixed imply that dimL(Vgh)G@ = 0, and since the func-
tional equation introduces no extra zero or pole at s = 1 (see [Das2]), we conclude that the
order of vanishing at s = 1 is also 2. O
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The following result was stated in the Introduction as Theorem
Theorem 3.7. There exists a period §) € H,, such that

K(Gas ha) = - (logp(vlgg) Su— logp(uw) - v).
Moreover, if £, # 0, then k(ga, ha) # 0 and the two global classes

’i(gou hoz)a /{(gaa hﬁ)
are linearly independent in the Selmer group H'(Q, Vy, ® Qp(1)).

Proof. The running assumptions imply that ayay # 1 and then H(Q,, Vit ® Qp(1)) is one-
dimensional. Observe that Vgojf‘ ~ Qp(agap) as Gg,-modules, where the latter stands for the
unramified character sending Fr, to agap. Hence, the Bloch-Kato logarithm associated to
this p-adic representation gives rise to an isomorphism

logpx : Hy (Qp, V5" @ Qp(1)) = H,y,.
Since {u,v} forms a basis of H'(Q, Vy, ® Qp(1)), we may write
K(9Ja, o) = Au + pv,
with A, 4 € Qp. The preceding lemma implies that
0:)\-u55®6\ﬂ/ﬁ+/¢‘055®6\éﬂ,
and taking logarithms, we conclude that (A, 11) is a scalar multiple of (log,(vss), — log,(ugs))-
In particular,
’Q(gou ha) =Q- (logp(vﬂﬁ) U= logp(uﬁﬂ) ’ U)?

for some ) € H,,.

For the second part of the statement, observe that since kp(gqa, ha) and kp(ga, hg) may be

regarded as elements in Hom(Vy, ® Qy, Ugh)G@7 it suffices to prove that the action over two
different vectors of Vj, gives rise to an invertible matrix. By Lemma [3.5 we have

< Kp(gas ha)(epp)  Kp(gas ha)(€pa) ) _ < 0 7 )

fip(Jas hs)(ess)  Kp(gas hp)(esa) 70

and hence we must show that the two entries off the diagonal are non-zero. Combining the
injectivity of the Perrin-Riou map introduced in Proposition with the reciprocity law for
the Beilinson—Flach classes as recalled in the second part of Theorem this is equivalent
to the non-vanishing of £,9*(g, h), as claimed. O

Remark 3.8. The assumption h # ¢g* is necessary, since we need to guarantee that the Euler-
like factors at p appearing in the description of the Perrin-Riou map of [KLZ, Theorem 10.2.2]
do not vanish. In fact, when hq = g7,5 we have £(ga, g7,5) = 0 (see [RiRol §3.2]). Similarly,

if hg = gf/a then ﬁ(ga,gf/a) = 0.
3.3. A conjecture in terms of Beilinson—Flach elements. We now come back to the
main question of [DLR2].

Fix eigenbasis {ey, 65 } and {ef, eg} of V,; and V}, respectively, which are compatible with
the choice of the basis for Vi, i.e.,

Caa = €y @ €, eagzeg‘@)ei, eﬁa:eg(@eﬁ, 6532658)65.

As before, let 1y, € (H,® Vf )% and wy,, € (H, ® V,ZO‘)GQP stand for the canonical periods
arising as the weight one specialization of the A-adic periods ng and wy,.
Frp:oégl

_p—1
We can now follow [DR3] and define p-adic periods Z,, € ngp =% and Qp,, € Hy
by setting
Ega ® eg = nga’ thx ® e% = whcx'
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Hence, we have that
Ega - Qp, ® €8a = Ngo & Why, -
We now apply the Perrin-Riou big logarithm described in Proposition to the local

cohomology class p(ga, ha € HH(Qp, Von @ Qy(1)) ~ (H) @ Vi @ Qp) Y.
Indeed, let

log ™ : HE(Qp, Vi ® Qp(1)) 2 HY(Q,, V5 © Q(1)) £5 @,

where here £~ must be understood as the composition of the map of [KLZ, Theorem 8.2.8]
specialized at (yo, 20,0) with the pairing with the differentials 7y, ® wp,, .

Under the identification of H} (Q,, Vg(;‘f ®Qp(1)) 2 Hy ® e[vga, the map £~ corresponds to
the usual p-adic logarithm in H,, followed by the pairing with =, Q,, ® eg,. Alternatively,
and via the identification of H} (Qp, Vg ® Qp(1)) with Homgg, (Vyh @ Qp, Hy ® L), the map
log™ " is ¢ = Zy, - Qp, - 10g,(¢(esa)). Then, combining the reciprocity law of Theorem
with Theorem we have that

(12) Lp(g7 h) (y07 20, 1) =Q- ‘Ega : Qha : (logp(vﬁ,ﬁ) ’ logp(uﬁa) - Ing(UIBﬁ) : logp(vﬁa))'
Hence, Conjecture in the form given in suggests that

1 1
13 0= :
( ) ‘:'ga : Qha logp(uga)

(mod L™).

Moreover, if we assume [DR3, Conjecture 2.1] this reduces to

1
14 Q=— d L™).
(14) o o, (med 1)

o

Remark 3.9. These periods we have described are completely non-canonical and depend on the
choice of an L-basis. It is possible to formulate an analogue conjecture to [DR3, Conjecture
3.12], which only involves the so-called enhanced regulator as well as the differentials wg, , wp,, ,
and the Beilinson—Flach class. This formulation has the advantage that it overcomes the
period dependence by giving an equality in D(V3®) @ (Ug, ® Vgp @ Qp)“ up to multiplication
in L*; in particular, it would state that

(15) WooWhe @ K(Gas ha) = (log(vgs) - u —log(ugg) - v) ® €ae  (mod L).

This conjecture itself is not directly equivalent to the main conjecture of [DLR2|] and also
relies on [DR3, Conjecture 2.1].

In any case, and under the assumptions of the introduction on g and h, we can formulate
the following conjecture (Conjecture A at the Introduction).

Conjecture 3.10. The Belinson-Flach element k(ga,ha) satisfies the following equality in
(Ugh @ V5, ® Qp)Ce.
1 1

16 K(Ga, ha) = = . - ( log,(vgg) - u —log,(ugg) - v mod L™).
(16 rlgasha) =z o (o) p(ug5)-v)  (mod L¥)

Under a quite general non-vanishing assumption, it turns out that the previous conjecture
is equivalent to Conjecture The following is what we anticipated as Theorem

Proposition 3.11. Conjecture implies Conjecture . If we assume that Reg, (Vyn) #
0, then the converse also holds.
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Proof. As before, let

-+ —+
log ™ : H'(Qp, Vo ® Qp(1)) 2 HY(Q,, VS © Qy(1)) £5 Q.
Applying this map to both sides of and using the reciprocity law which relates the
Beilinson-Flach class with the Hida—Rankin p-adic L-function, as recalled in Theorem we
get the main result of [DLR2| as stated in (10)).
Conversely, assuming Conjecture and using again the reciprocity law presented as The-
orem we have that

. 10g,(vgp) - log, (uga) —log,(ugp) - 1og,(v5a)
logp (uga )

10g_+(/€p(9aa ha)) (mod LX).

The class

. 1
Ko = =

. N loe (vea) - u — loe. (wea) - v mod L~
Ego - Q. log,(ug,) ( gp(vss) gp(usp) > ( )

satisfies
1og™ " (Kp(ga, ha)) = log™F (resp (ko))
We may write the cohomology class k(ga, ha) as a linear combination
K(Jo, ho) = Ko +a-u+b-v,

+

where a,b € Q,. Since kp(ga, ha) — resp(ko) lies in the kernel of log™ ", one must have

(17) a-log,(uga) + b log,(vga) = 0.
Consider also the map

logpk

log™ : Hl(Qpa Von @ Qp(1)) LN Hl(Qp’ Vgofaa ® Q1) — Q.

The class kp(ga, ha) — resp(ko) is also in the kernel of this map according to the first part of
Theorem [3.2] and hence

(18) a- logp(ugg) +b- logp(vgg) =0.
However, if both and are satisfied and (a,b) # (0,0), then Reg, (V) is zero,
contradicting the hypothesis. O

Remark 3.12. We expect that the non-vanishing of the regulator Reg, (V) could follow from
results on transcendental number theory.

4. THE SELF-DUAL CASE

Throughout this section we assume that h = g* and o, = 1/ay, which amounts to saying
that h, = gf/a.
As usual, there exist four global cohomology classes, that we denote

19) (9o Gi/a)s  K(98:91/5)s  K(Gar91/p)s  K(95: 1 /a) € H'(Q, Vogr @ Qp(1)).

It was proved in [RiRol §3.2] that m(ga,gf/ﬁ) = m(gﬁ,gik/a) = 0, using an argument involving
the exceptional vanishing of some Euler factors. The aim of this section is to describe the two
remaining classes.
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4.1. An explicit description of the cohomology classes. Under our running assump-
tions, (Ugg- @ V) ©Q,)“@ has dimension 1, while (Ugg«[1/p] © V7 - ®Q,)5? is a 3-dimensional
space. Fix now a basis {u,v,p} of the latter, with the element u spanning the line (U, ®
Vgé* & Qp)G@. Write the Frobenius decomposition of these units as

(20) U = U1/ @ ey 1/pF Uaija @ €t/ T UBLE D515 T US /0 ® €
(21) V= Ui/ & 6;/,1/5 t Va,1/a & 6Z,1/a +v81/8® 6%,1/5 tU81/a ® eg,l/a-

Observe that the above cohomology classes are no longer crystalline at p, and according
to the discussion of Proposition they belong to Hf{p((@, Vg ® Qp(1)), the subspace of

HY(Q, Vyg» @ Qp(1)) formed by those classes which are unramified at any prime ¢ # p and de
Rham at p. The one-dimensional subspace H{ (Q, Vyg+ ® Q,(1)) is spanned by the unit w.
The representation V;;* is no longer irreducible, as

Voo a0V
(22) Voo~ ad(V)Y) @ 1d,

where ado(Vq) stands for the adjoint representation of g and Id for the trivial representation.
The isomorphism can be explicitly described as follows: fixing a basis {e}, e} 18 eg /a}

of ad’(V,”) and also a basis {e},} for Id, it is given by the rule
Catja T €515 (0sela)s €ni/a —€p1/p > (€1, 0),
Ca,1/8 (62/5,0), €8,1/a F* (6,\6’//a’0)'
Considering the decomposition
(24) H{ ,(Q, Vyye ® Qp(1)) = Hy ,(Q,ad’ (V) © Qy(1)) @ Hy ,(Q, Qy(1)),

we observe that according to [Bel, Prop. 2.12], the space Hf{p((@, Qp(1)) ~ (Z[1/p]*) ® Q) has
dimension 1 and it is spanned by p, while there is a canonical identification

(25) H{ ,(Q,ad”(V,) @ Qp(1)) = (Uga[1/p] ® ad’(V,’) ® Q,)“.
Since u,v € (Ugg+[1/p] ® adO(ng))G@, it follows from the first equation of that

(23)

Ua,1/a " UB1/8 = Va,1/a " V1/5 = 1.

Set u1 = Uq1/a = ug}l/ﬂ and vy = Vg0 = v/g’ll/ﬁ. Making a slight abuse of no-
tation, we still denote by r(ga,9; /a) the projection of the cohomology class to the space
a;,(Q, ad’ (V') /p* ® Qp(1)). The following result corresponds to Theorem when h, =
g;/a'

Proposition 4.1. There exists a period £} € Hy, such that the equality

(26) K(9as 9170) = - (logy(u1) - v —log,(v1) - u)  (mod L*)
holds in Hy ,(Q,ad’(V,')/p” ® Qy(1)). Moreover, if
0= 1 1

—_

Ege 'ng/a log,,(ug/a)’
Conjecture is true, and under the assumption that Regg, (Vgg=) # 0 the converse also
holds.
Proof. The first part of the statement follows the same argument used in the proof of Theorem
Now, we may write

K(gar 91 /a) = AU+ po + vp
for some p-adic scalars A, u and v. Next, we project to H'(Q,, Vi ® qul*/ “ ® Qp(1)), which
is no longer one-dimensional, but isomorphic to the two-dimensional space H 1((@p, Qp(1)) ~
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(@; ®Qp ~ Q, ® Qp. This amounts to saying that both the p-adic valuation and p-adic
logarithm are zero. In particular,

Alogy,(u1) + plogy,(v1) =0,
and the equality in follows.
In the same way, Proposition [3.11] is equally valid once we have considered the quotient

by the trivial representation and we can write the cohomology class as a combination of the
units v and v. O

Remark 4.2. We have previously proven that when h # ¢*, the non-vanishing of the special
value Z,% allows us to conclude that the classes k(gq, ha) and £(ga, hg) are linearly indepen-
dent. The same argument implies that, under the same non-vanishing hypothesis, the class
K(Gas 95 /a) and the derived class #'(ga, 9] / B) constructed in [RiRo] are linearly independent.

Assuming again that we know that the regulator does not vanish, we can prove that 2 # 0
in and can provide a formula for Q in H /L*. Furthermore, it clearly follows from
Proposition H that the two classes x(gq, g} /a) and r(gg, 97 / B) are linearly dependent.

4.2. Proof of Theorem We now move to the proof of Theorem of the introduc-
tion. Although we stated the result in terms of the unit group (Ugp[1/p]/p? ® V%)G@, the
identifications of Kummer theory allow us to consider an equivalent formulation in terms of
cohomology groups.

Proposition 4.3. If we assume that Regga(Vgg*) # 0, the following equalities hold in the
space Hf{p((@,ado(%v)/pz ® Qp(1)), modulo L*:

1 log,,(u1) - v —log,(v1) - u

(27) ’{(gaag* a) = — : L L ;
1/ Zga ng/a logp(uﬁ/a)

1 log,,(u1) - v —log,(v1) - u

(28) k(95,91 /5) = — P .
vel = E 0, log, (1)

Proof. According to Proposition this is equivalent to Conjecture 2.2] concerning the
value of L,(g,h) at (y0,y0,1). However, observe that this value does not depend on the
p-stablization of h, and hence this follows from [RiRol, Theorem A], where it was proved that

. logp(ul) ‘U= logp(vl) U

Lp(g7h)(y07y07 1) = lOg (U/g/ ) (mod LX)
D a

O

In particular, the non-vanishing of the regulator implies that these classes are non-zero, since
the vanishing of both log,(u1) and log,(v1) would automatically imply that Reg, (Vgg+) = 0.
Furthermore, it is clear from this description that the two classes span a one-dimensional
subspace, as asserted in Theorem

4.3. Theta series of quadratic fields. When g is the theta series of an imaginary quadratic
field where p splits, or the theta series of a real quadratic field where p remains inert, we can
give a more explicit description of the classes. Furthermore, in these cases we know that the
regulator does not vanish.

Quadratic imaginary case, with p split. Let ) : Gx — C* be a ring class character
of conductor prime to p, and write pOx = pp splits in K. Set o := 9(p) and B := ¢(p). Let
g and h be the weight 1 theta series of ¢ and 1!, respectively.

In this case,

Vg ~ Ind% Ytriv D Ind% 2,
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where 9,4y stands for the trivial character of K. The theory of elliptic units allows us to
attach a canonical unit w2 (resp. w,-2) to the character ¢? (resp. 1~2), where Fr,, acts with
eigenvalue o/ (resp. f/c). Let u = uy2 ® ex/ﬂ + Uy—2 ®@ eg/a.

Let hg denote the class number of K, and write v, € K* for any p-unit satisfying (vy) =
piE. Let v =1, ®ey.

From the description of v and v we see that u; = 0 and hence we have that

(29) H(gongr/a) = Ql - u, K’(gﬂagf/ﬁ) = QQ - u,

where Q, Qs € H,. We must prove that these numbers are both non-zero. Projecting to the
(B, )-component of Vg, and applying the Perrin-Riou map described in Proposition the
explicit reciprocity law in the form of Theorem [3.2] gives that

log™ " (K(ga, 91/a)) = 1 - log(uy—2) = Ly(g,h)(y0,50,1) (mod L*).

Although L,(g,h)(yo,y0,1) depends on the chosen of a p-stabilization for g, this is not the
case for h. Moreover, according to [Theorem 4.2, DLR2],

log,(vp) - log, (1y—2)
L g>h)(y01y071 = 2 £
a ) log,, (ty—2)

= log,(vp) (mod L*),

and in particular

1 log,,(vp) - 1 log,,(vp)

Egs 'ng/ﬁ log,, (uy2)

Ega 'ng/a log,, (ty-2)’

(mod L™).

Real quadratic case, with p inert. In this case, u is the fundamental unit ex attached
to K and v is a p-unit in the field H cut out by the character. Writing v+ for the norm of v
and keeping the same notations as in the previous case, we get that the periods Q; and
are given by

+ +
Ql = — 1 . logp(v )7 Qg = — 1 . logp(v ) (mod LX)
Ega 'QQT/Q log,(ex) Egg -Qg;/ﬁ log,(ex)

As a consequence of this discussion, the following theorem is proved.

Theorem 4.4. Let g be a theta series of an imaginary (resp. real) quadratic field K where
p splits (remains inert). Then, the cohomology classes of (19) span a line in the space
Hfldv((@,ado(‘/'g\/)/pZ ® Qp(1)). To be more precise, n(ga,g’l"/ﬂ) = n(gﬁ,gi‘/a) = 0, and the
remaining classes can be described as follows:

(a) In the imaginary quadratic case, with p a prime which splits in K,

1 log,,(vp) 1 log,,(vy) .

t(9ar 91/a) = = : u, k(98,91 8) = = : (mod L*).
wIfel T g Qg . log,, (1,-2) /B B, Qg log,, (uy2)
(b) In the real quadratic case, with p an inert prime,
1 log,(v") 1 log, (v")
K(Gar 91 /0) = = . cu, k(98,971 /5) = = . -u  (mod L™).
@Il T g, Qgr, - 1ogy(ex) #9178 Bgs - gy, 10gy(ex)

Remark 4.5. The proof of our result is ostensibly easier than that of Castella and Hsieh. The
main reason is that, while the order of vanishing of the theta element © /(T is unknown,
we do know that the Katz’s two-variable p-adic L-function LgatZ(K ) attached to the trivial
character vanishes at order zero at s = 0. To overcome this difficulty, Castella and Hsieh use
a bound for this order of vanishing coming from Iwasawa theory and later develop the theory
of derived heights in the case of elliptic curves. Although this treatment would make sense
here, it would not yield to any new result.
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5. PARTICULAR CASES OF THE CONJECTURE

In this section we discuss in more detail some of the reducible cases that are considered in
[DLR2]. These are scenarios where the Beilinson—Flach classes appearing in the main body of
the paper can be recast in terms of circular units, elliptic units or Beilinson—Kato elements,
and our statements admit an ostensibly simpler formulation.

As in and to ease the exposition, we assume that h # g* throughout this section.

5.1. Eisenstein series and circular units. Let

9=Ei(x}.x;), h=E(x)

denote two Eisenstein series attached to pairs of Dirichlet characters, with the assumption
that X:{ is even and x is odd, and likewise for X;T and x, . In the Eisenstein case, as discussed
in [DLRI], the classicality hypothesis on g reads as

Xg (p) = x, (p).

Let x4 = X;XQ and yp = X;J{X;:- The representation V;, decomposes as a direct sum of
four one-dimensional characters,

Vah = Xgn' ® Xgn ® Xgn ® Xgn -
Given an even character x factoring through a finite abelian extension H, of Q and taking
values in L, denote by u(x) € L ® Oﬁx the fundamental unit in the y-eigenspace for the
Gg-action (this could be seen as the circular unit attached to y, following the terminology of
[DLR2) §3]). The pair (X:{, X;) corresponds to a genus character v, of the imaginary quadratic
field K cut out by the odd Dirichlet character x4 := X;X_q_' The weight one Eiseinstein series

E1(xg, Xy ) is equal to the theta series 0 (1)), and hence the modular form g admits three
natural ordinary deformations, since

Ei(xy . x5) = Ei(xy,xg) = 0k (thg).

Let g (resp. h) denote the cuspidal family passing through the p-stabilization of g (resp. h).
Instead of going through all the possible cases we just focus on the generic situation where
X;_}j_ and Xgn are both non-trivial and x3j # 1 for e, 0 € {£}.

Then, [DLR2l Theorem 3.1] asserts that

log, (u(x 1)) log, (u(x
(30)  Ly(g, h)(y0, 20, 1) = log ™ (sip(gas ha)) = gp( (xizg))(uggp)( (X )

(mod L™).

From here, we see that
K(Gas ho) = €-u  (mod L™),
where u is the unit u = u(x,, ) ® ej, + u(X;th) ® ey, Whose (3, a)-component agrees with

u(Xg_h_), and € is an explicit constant in terms of the periods we have previously defined,
namely

1 log,, (u(xg;"))

Ege - P log,(u(ga))

(31) = (mod L™).
Remark 5.1. When some of the characters X;r}:“ O X1, is trivial, the regulator also involves

the fundamental p-units in the y-eigenspace for the Galois action, for an appropriate y. See
Case 2 and Case 3 of [DLR2, Section 3] for more details.
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5.2. Theta series attached to imaginary quadratic fields and elliptic units. Let

g =0y, € M1(Ng,xxXg), h="0y, € Mi(Nn, XKXn)
be the theta series associated to two arbitrary finite order characters 14, 1, of the imaginary
quadratic field K. Let 11 = g1, and 1o = g0}, where ¢ denote the character given by

V(o) = ¢(aoaaal), for any choice of g € Gg\Gk. Let V; = Ind%(wg) and V, = Ind%(d)h)
denote the two-dimensional induced representations of ¢, and . Then,

Vogh = Vg, @ Vi, = Vi, @ Vi,

For any character 1), we define u,, as the corresponding elliptic unit attached to it, as recalled
in [DLR2, Section 4].
Following the same argument as in [RiRol Theorem 6.2], we have that for any s € Z,,

- 1 Katz/,,—1 Katz/,,—1 X
(32) LP(97 h, 8) - m ’ Lp (¢gh ) S) ’ Lp (wth S) (mOd L )a

where g, = Vg - Yn, Yoy = g - Y1y, and Lgatz(q/}, s) stands for the evaluation of the two-
variable Katz p-adic L-function attached to 1 at the character N°. In particular,

log. (u,, ) 1og, (.,
(33) log_+(/i(ga,ha)) - gp(lov,bgl)(uggp)( 1/)2)

As we have done before, we can express k(ga, ho) as an explicit constant multiplied by the
elliptic unit u := uy, ® exﬂ + Uy ® e\ﬁ/a, making use of the periods we have introduced before,
as

(mod L™).

1 lo Uy
/i(gouha) = = gp( ¢1)

. -4 (mod L*
‘:ga : Qha logp(uga) ( )

5.3. Eisenstein series and Beilinson—Kato elements. In the case where exactly one of
the modular forms is Eisenstein, the representation Vg, also decomposes as a sum of two
irreducible representations of dimension two. Let g € S1(Ng, xg) and h = El(x;f, X}, ); then,

Vo = Va(xih) @ Vy(x;3,)s

which gives via Artin formalism a decomposition

L(le]hvs) = L(g,X;’;,S) ' L(gvxgvs)a

where L(g, x},s) is the L-function attached to g twisted by the finite order character x}.

Let L,(g, E1 (XZ,X;)) denote the two-variable p-adic L-function of [BDRI) Section 2.2.2]
(when the second modular form does not vary in a Hida family it is allowed to be Eisenstein).
The following theorem is a weak analogue of [RiR0, eq.(62)] in this setting. Let x be a Dirichlet
character, and consider L,(g, x), the two-variable Mazur-Kitagawa p-adic L-function attached
to g and . With the notations of [BDJ, let A*(¢) € C,, stand for the canonical periods involved
in the construction of the Mazur—Kitagawa p-adic L-function. We adopt as in loc.cit. the
normalization

sl X(p)ﬁgé’

Ly(g. x)(y,8) = X5(0) (1 - X&)ag") ' <1 T ) x L9y, X, 5),

where L*(gy, X, s) is the algebraic part of L(gy, X, s), defined in [BD), eq.(22)].

Theorem 5.2. There ezists a rigid analytic function f(y,s) such that the following equality
holds in Ag @ A

(34) Ly(g: B1 () X3 ) (0, 8) = 1y, 5) - Lp(8: x3) (4: 5) - Lp(8: X5, ) (4 5)-



BEILINSON-FLACH ELEMENTS, STARK UNITS AND p-ADIC ITERATED INTEGRALS 17

Here, (y, s) = (ng»(;)c; E(gy) - E*(gy) - AT(0)- A= (€))L, being ng,xﬁf,xg an explicit non-zero

algebraic number and
_ 2 * o 2 14
5(9?;) =1- Bg;p ) g <9y) =1- ngp .

Proof. In the range of classical interpolation we have an equality of the corresponding L-values.
The result follows after gathering together the different factors appearing in the interpolation
process, combined with the observation that ng c” Q;y c= 4772<g;, g,) O

It may be instructive to compare this result with [BD, Theorem 3.4]: there, a two-variable p-
adic L-function attached to a cuspidal Hida family and an Eisenstein family which interpolates
central critical points is expressed as the product of two Mazur—Kitagawa p-adic L-functions.
Unfortunately, our result is not as useful as one would expect: specialization at weights
(y0, 1) establishes a connection between the Hida—Rankin p-adic L-function and the product
of Ly(g, X;, 1) with Ly(g, X}, ,1), but up to multiplication by the quantity f(yo,1). Recall that
a similar question arises at [DR4, Proposition 2.6], since the factor f(y,s) is essentially (up
to multiplication by some explicit factors) the function %,(Sym?(g))(y). This multiplier is
expected to be related with the logarithm of the Gross-Stark unit ug,. Further, this also
connects with [DR3| Conjecture 2.1], since we hope A" (1) to be eventually related with Q,
and A~ (1) with E;al.

As it is proved in [Och], there exists a two-variable Euler system (usually referred to as
Beilinson-Kato Euler system), x(g, x), satisfying that L,(g, x) is the image under a suitable
Perrin-Riou map of (g, x). This allows us to obtain a connection between Beilinson—Flach
and Beilinson—-Kato elements, and also an expression for the regulator involving special values
of the Mazur—Kitagawa p-adic L-function. Observe that this is the counterpart of [DLRI
Sections 6,7], where this same situation was considered in the case of rational points over
elliptic curves.
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