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ABSTRACT. Let f be a modular eigenform of even weight & > 2 and new at a prime p

dividing exactly the level with respect to an indefinite quaternion algebra. The theory of

Fontaine-Mazur allows to attach to f a monodromy module D? M and an L-invariant E? M

The first goal of this paper is building a suitable p-adic integration theory that allows us to
construct a new monodromy module Dy and L-invariant Ly, in the spirit of Darmon. The
two monodromy modules are isomorphic, and in particular the two L-invariants are equal.

Let K be a real quadratic field and assume the sign of the functional equation of the
L-series of f over K is —1. The Bloch-Beilinson conjectures suggest that there should be a
supply of elements in the Selmer group of the motive attached to f over the tower of narrow
ring class fields of K. Generalizing work of Darmon for £ = 2, we give a construction of
local cohomology classes which we expect to arise from global classes and satisfy an explicit
reciprocity law, accounting for the above prediction.
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Let X/Q denote the canonical model of the smooth projective Shimura curve attached to an
Eichler order R in an indefinite quaternion algebra B over Q. When B ~ My (Q) (respectively
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B is a division algebra), X is the coarse moduli space parametrizing generalized elliptic curves
(resp. abelian surfaces with multiplication by a maximal order in B) together with a I'p-level
structure.

Let k > 2 be an even integer and let n := k — 2 and m := n/2. As explained in [Ja], [Sc]
for B >~ M2(Q) and in [IS, 10.1] when B is division, there exists a Chow motive M,, over
Q attached to the space Si(X) of cusp forms of weight k£ on X. Attached to any eigenform
f € Sip(X), there exists a Grothendieck motive M,, y over Q with coefficients over the field
Ly :=Q({ae(f)}) generated by the eigenvalues of f under the action of the Hecke operators
Ty for all prime ¢, which is constructed as the f-isotypical factor of M,, in the category of
Grothendieck motives (cf. [Sc, Thm. 1.2.4]).

Fix a prime p and let Hy(M,,) denote the p-adic étale realization of M,, obtained as the
(m + 1)-th Tate twist of the p-adic étale cohomology of a suitable Kuga-Sato variety. It is
a finite dimensional continuous representation of Gg = Gal (Q/Q) over Qp, endowed with a
compatible action of a Hecke algebra. Similarly, for any eigenform f € Si(X) let V,,(f) denote
the p-adic realization of M,, ¢, a two-dimensional representation over Ly, := Ly ® Q).

Assume now that p divides exactly the level of R. Let T denote the maximal quotient of the
algebra generated by the Hecke operators acting on S, (X)P~"" and let V,, := H,(M,, )P~
denote the p-new quotient of H,(M,,).

The restriction of V}, to a decomposition subgroup D, ~ Gal (Qp /Qp) is a semistable repre-
sentation and the filtered (¢, N)-module D™ = D (V,) attached by Fontaine and Mazur to
V), is a two-dimensional monodromy T ® Q,-module over @, in the sense of [IS, Definition 2.2].
An important invariant of its isomorphism class is the L-invariant £F'M := £(DFM) ¢ T®Q,
that one may associate to it. We refer the reader to [Ma] and [IS, §2] (and to Proposition
4.6 below) for details. Similarly, let D]}? M and E? M ¢ Ly, respectively denote the two-
dimensional monodromy module over Ly, and L-invariant associated with f.

An illustrative explicit example arises when k = 2, since then n = 0 and Mg can simply
be interpreted as the Jacobian J of X. Then Mg s = Ay is the abelian variety attached to
f by Shimura (cf. [Sh1]). As is well-known, if f is an eigenform in Si(X)P~"¢" then As has
purely toric reduction at p and Tate-Morikawa’s theory allows to attach to it an L-invariant
L(Af) € Ly, purely in terms of the p-adic rigid analytic description of this variety. When
E = Ay is an elliptic curve, for instance, this L-invariant is simply

log(q)
ord,(q)’

L(E) =

where g = ¢(F) is the Tate period of E.

Thanks to the work of several authors (Greenberg-Stevens, Kato-Kurihara-Tsuji, Coleman-
Iovita, Colmez) we now know that ,lef M = £(Ay). The importance of this invariant partly
relies on the fact that, when a, = 1, it accounts for the discrepancy between the special values
of the classical L-series L(f, s) and the p-adic L-function L,(f,s) at s = 1. This phenomenon
was predicted by Mazur, Tate and Teitelbaum as the exceptional zero conjecture and was first
proved by Greenberg and Stevens.

For higher weights & > 4 similar phenomena occur, and several a priori different L-invariants
attached to a p-new eigenform f were defined by several authors (Teitelbaum, Coleman,
Darmon and Orton, Breuil) besides the aforementioned Fontaine-Mazur EJ}Z M Let us stress
that the definition of all these invariants is not always available in the general setting of
this introduction. However, we again know now, thanks to the previously mentioned works
together with [Br], [BDI] and [IS], that all these invariants are equal whenever they are defined.
See the above references for a detailed account of the theory.

The L-invariant EJ’? introduced by Darmon in the foundational work [Dar| (and generalized
by Orton in [Or] and Greenberg in [Gr]) is the one that is most germane to this article (cf.
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also é6). Darmon’s L-invariant is only available when B ~ M3(Q) and when B is an indefinite
quaternion algebra but & = 2. Note that when B ~ My(Q) its construction heavily relies on
the theory of modular symbols, which in turn is based on the presence of cuspidal points on
the modular curve X. This feature is simply absent when B is a division algebra.

The first goal of this paper is providing a construction of an L-invariant £ attached to the
space of p-new cusp forms for all quaternion algebras B in the spirit of Darmon, Greenberg
and Orton even in the case k& > 2. This is achieved in 3.2 as a culmination of the results
gathered in 2 and 3, which show the existence of a suitable p-adic integration theory and form
the technical core of this paper. One of the main results of this first part of the article is
Theorem 3.5, which the reader may find of independent interest. It is an avatar of the classical
Amice-Velu-Vishik theorem and the comparison theorem of Stevens in [St]. The proof exploits
the modular representations of the quaternion algebra B studied intensively by Teitelbaum
and others (cf. 2 below for details).

In view of the above discussion it is natural to expect that our invariant £ equals
this has been proved by the second author in [Se2]: cf. Theorem 4.7 for the precise statement.
In 4.2 we construct a monodromy module D out of the L-invariant £ which is shown to be
isomorphic to DFM,

Let us now describe the second goal and main motivation of this article, to which 5 is
devoted as an application of the material in 2, 3 and 4.

Let K be a number field, which for simplicity we assume to be unramified over p. As in
[BK] and [Ne2], for every place v of K define H}(K,,V}) to be the kernel of

FM.
L5

HY(K" V) ifvfp

1 HY(K,,V,) — .
) (Ko V) {Hl(Kv,Bst@)Qpn,) if v | p

where K™ is the maximal unramified extension of K, and By stands for Fontaine’s ring
(cf.loc. cit.). Define the (semistable) Selmer group of the representation V), as

H(K,, V)

1 L 1 [1ress
(2) Hy (K, Vp) :=ker (H'(K,V;) ~— HU m)

For any motive M over a field x and any integer j, let CH? (M) denote the Chow group of
cycles on M of codimension j with rational coefficients and let CH? (M) denote its subgroup
of null-homologous cycles. By the work of Nekovar (cf. [IS, 7] for precise statements in our gen-
eral quaternionic setting), the classical p-adic étale Abel-Jacobi map induces a commutative
diagram:

m—+1
0,K

CH"™ ' (Mp@ K)o =  Hi(K,V,)
m—+1

3
( )
CH™ 1(Mn®liv)0 60791} lislt(liv, Lp)

J res,

for any place v of K over p. Note that in this situation we have CH™T1(M,,)g = CH™ 1 (M,,),
as proved in [IS, Lemma 10.1]. Composing with the natural projection V,—V,(f), we obtain a

g £ ()

map CH™ ™ (M, @ K)o = HL(K,V,(f)). As a generalization of the conjecture of Birch
and Swinnerton-Dyer, the conjectures of Bloch and Beilinson (cf. [Ne, 4]) predict that

4) At ©Qp, : CH™ (M, @ K)o ® QPN—?>Hslt(K, Vp) is an isomorphism
and

?
(5) ranky, (clf'H(f)) = orde—p o L(f © K, 5).



4 VICTOR ROTGER, MARCO ADAMO SEVESO

Let N™ = disc(B) > 1 denote the reduced discriminant of B and let pNT denote the level
of R. We have (N~,pN™T) =1 and, as we already mentioned, pt NT.

Assume now that K is quadratic, either real or imaginary, satisfying the following Heegner
hypothesis:
The discriminant Dg of K is coprime to N := pNTN .
All prime factors of N~ remain inert in K.
All prime factors of N split in K.
p splits (remains inert) in K, if K is imaginary (real, respectively).

Thanks to the first condition, the sign of the functional equation of L(f ® K, s) is simply
(%) The last three conditions imply that this sign is —1. In particular, L(f ® K, k/2) = 0.
Let now ¢ > 1 be a positive integer and let H./K denote the narrow ring class field of
conductor ¢, whose Galois group G. := Gal(H./K) is canonically isomorphic via Artin’s
reciprocity map to the narrow Picard group Pic(O.) of the order O. C K of conductor c.
Assuming (¢, N) = 1, for any character x : G.—C* the root number of the twisted L-series
L(f ® K, x, s) continues to be —1 and the L-series of f ® H. admits the factorisation

L(f® He,s) = [] L(f @ K, x,5).
xX€GY

It follows that
Ords:k/QL(f ® H, ‘9) > h(oc) = |GC‘

and the Bloch-Beilinson conjecture (5) predicts that ranky, fyp(clgﬁl( f)) > h(O,). In crude
terms, there should be a systematic way of producing a collection of nontrivial elements

(6) {sc € H(He, Vy(f))}

in the Selmer group of f with coefficients on the tower of class fields H./K for ¢ > 1,(¢, N) = 1.

When K is imaginary, and N~ = 1, Nekovai [Ne|] was able to construct these sought-
after elements as images by the p-adic étale Abel-Jacobi map clg‘;gl( f) of certain Heegner
cycles on M,, whose construction exploits, as in the classical case k = 2, the theory of
complex multiplication on elliptic curves. This construction was later extended to arbitrary
discriminants N~ > 1 by Besser (cf. [IS, §8] for a review).

Assume for the rest of the article that K is a real quadratic field. The aim of 5 is exploiting
the p-adic integration theory established in 3 in order to propose a conjectural construction
of suitable analogues of Heegner cycles for real quadratic fields.

Namely, our construction yields local cohomology classes s. € HL (K, V,) that we expect
to arise from global cohomology classes in HY (H.,V,). Notice that this makes sense, as H.
naturally embeds in K, because p is inert in K.

More precisely, we produce local cohomology classes sy € HL(K,,V),) for every oriented
optimal embedding ¥ : O, <— R. We expect them to be global over H, and we conjecture that
they satisfy a reciprocity law that describes the Galois action of G. on them. In addition, one
further expects these classes to be related, via a Gross-Zagier formula, to the first derivative
of L(f ® K,s) at s = k/2. See §5 for precise statements. This provides a higher weight
generalization of the theory of points due to Darmon [Dar| and continued in [Das|, [Gr], [DG],
[LRV] and [LRVZ2].

A fundamental difference of this construction when compared with Nekovai’s approach is
that these cohomology classes are not defined (at least not a priori) as the image of any cycles
on CH™" (M, ® K,)o.

Instead, letting P, denote the space of polynomials of degree < n in K, the role of the
Chow group in our setting is played by the module H;(I',Div(H,)(K,) ® P,). The choice
of this module is motivated by the fact that one can naturally attach a 1-cycle yg to each
optimal embedding V¥, in a manner that is reminiscent of the p-adic construction of Heegner
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points for imaginary quadratic fields, and is a straightforward generalization of the points
defined by M. Greenberg in [Gr] (cf.also [LRV2]). For this reason, the cycles yg may be
called Stark-Heegner cycles (following loc. cit.) or also, as we suggest here, Darmon cycles.

Here, I' C (B ® Qp)* is a group whose definition is recalled in 2 and already makes its
appearance in classical works of Thara and in [Dar]. The module Div(H,)(K)) is the subgroup
of divisors with coefficients on H,(K,) := K, \ Q, that are invariant under the action of the
Galois group Gal (K,/K}).

We define sy as the image of yg by a composition of morphisms

oal DK, DM g K,

where the first map is introduced in (56) and should be regarded as an analogue of the p-adic
Abel-Jacobi map; the second map is the isomorphism given by Theorem 4.7; the last map is
the isomorphism provided by Bloch-Kato’s exponential. Cf.5.2 for more details.

The last section of this manuscript is devoted to the particular cases £k = 2 in 6.1 and
N~ =11in 6.2. For k = 2 we quickly review the work of [Gr| and [LRV], comparing it to
our constructions. For N~ = 1 we rephrase the theory in the convenient language of modular
symbols. This formulation is employed in [Se], where Conjecture 5.7 (iii) and Conjecture 5.8
are proved for suitable genus characters of K.

Acknowledgements. 1t is a pleasure to thank Michael Spiess for his wise comments and ad-
vice at delicate stages of this project. The authors also thank Stefano Vigni for his comments,
that helped to improve the exposition of our results, and the Centre de Recerca Matematica
(Bellaterra, Spain) for its warm hospitality in Winter 2010, when part of this research was car-
ried out. Finally, we heartily thank the anonymous referee for his/her numerous suggestions
that helped us to improve the exposition.

2. MODULAR REPRESENTATIONS OF QUATERNION ALGEBRAS

2.1. Quaternion algebras and Hecke modules. Let B be a quaternion algebra over Q and
let N~ > 1 denote its reduced discriminant. Let b — b denote the canonical anti-involution
of B and write Tr(b) = b + b, n(b) = bb for the reduced trace and norm of elements of 3.

Assume B is indefinite, that is, N~ is the square-free product of an even number of primes.
Equivalently, there is an isomorphism o, : B ® R ~ My(R), that we fix for the rest of the
article.

For any primes ¢, write B, = B ® Qg and fix isomorphisms ¢y : By ~ My(Qy) for £ N~
and By ~ H, for ¢ | N~. Here, Hy stands for a fixed choice of a division quaternion algebra
over Qg, which is unique up to isomorphism. Throughout, for each place | < oo of Q we shall
regard B as embedded in My(Qy) or Hj via the above fixed isomorphisms.

Let Nt > 1 be a positive integer coprime to N~ and fix a prime p t NTN~. Write
N =pNTtN~ and let Ro(pN*t) C Ro(NT) be Eichler orders in B of level pNT and N*t. Let
To(pNT) (resp.To(NT)) denote the subgroup of Ro(pN*1)* (resp. Ro(NT)*) of elements of
reduced norm 1. Choose an element w, € Ro(pN™") of reduced norm p normalizing T'o(pN ")
and set f‘o(]\”) = wpI‘o(Nﬂw;l. In order to lighten the notation, there is no reference to
the discriminant N~ in the symbols chosen to denote these orders and groups; this should
cause no confusion, as the quaternion algebra B will always be fixed in our discussion.

Both To(pN™) and Ty(NT) are naturally embedded in SLy(R) and act discretely and dis-
continuously on Poincaré’s upper half-plane H through Mobius transformations, with compact
quotient if and only if N~ > 1. Let X3 (pN*), resp. X}V (N*), denote Shimura’s canonical
model over Q of (the cuspidal compactification of, if N~ = 1) these quotients (cf. [Sh1, 9.2]).

For reasons that will become clear later, it will also be convenient to consider the Eichler
Z[1/pl-order R := Ro(NT)[1/p]. Similarly as above, let I denote the subgroup of elements of
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reduced norm 1 of R*. This group was first studied by Thara and also makes an appearance
in the works [Dar], [Das], [Gr] and [LRV].

If A is a module endowed with an action of BX and @ is either [o(pNT), To(N1), To(N 1)
or T, the homology and cohomology groups H;(G,A) and H(G, A) are naturally modules
over a Hecke algebra

H(G):==Z[Ty: LY Ng;Up : £ | NG, W, 0| N~ , W, W),

where N = pNT for G = To(pNT),I' and N} = NT otherwise, and Ng = NIN—. If
A1 —Ajs is a morphism of B*-modules, the corresponding maps

(8) HY(G, A)—HY(G,Ay)

are then morphisms of H(G)-modules. Cf.e.g. [AS, §1], [Gr, §3] and [LRV, §2] for details.

Choose an element w, € Ro(pN ™) (resp.wso) of reduced norm p (resp. —1) that normalizes
Ro(pN™T); such elements exist and are unique up to multiplication by elements of T'o(pN ™).
The operators W, and W, mentioned above are the (Atkin-Lehner) involutions defined as
the double-coset operators attached to w, and w, respectively. For any Z[W.]-module A
and sign € € {+1} we set A := A/(W, — €). Up to 2-torsion, A ~ AT @ A~.

For any element v in GL2(Q,) or GL2(R), write 4 := wpvwljl. For any subgroup G of
GLy(Q,) or GLy(R), write G = {§, g € G}. Note that T'o(pN+t) = To(pN+), I = I, whereas
Do(NT) # To(NT). In fact,

9) I'= FO(N+) *To(pN+) 1qO(NJr)
is the amalgamated product of [o(NT) with [o(N*) over [g(pN*t) = To(N1) N To(NT).

2.2. The Bruhat-Tits tree. Let 7 denote Bruhat-Tits’ tree attached to PGL2(Q)), whose
set V of vertices is the set of homothety classes of rank two Z,-submodules of QIQ). Write &
for the set of oriented edges of the tree. Given e € &, write s(e) and t(e) for the source and
target of the edge, and € for the edge in & such that s(€) = t(e) and t(e) = s(e). Cf.e.g.[DT,
§1.3.1] for more details.

Write v, 0, for the vertices associated with the standard lattice L, := Z, x Z, and the
lattice L, := Zy, X pZy, respectively. Note that w, acts on 7, mapping v, to 0. In general,
for any vertex v € V, write ¥ := wy(v).

Let e, be the edge with source s(ex) = v and t(es) = 4. Let V1 (resp.V ™) denote the
subset of vertices v € V which lie at even (resp. odd) distance from v,. Similarly, write £
(resp. £7) for the subset of edges e in € such that s(e) € VT (resp. V7).

Let G be a subgroup of GL2(Q,) (as the ones already introduced in the previous section)
and let A be any left G-module. For any set S, e.g.S =V or &, write C(S, A) for the group
of functions on S with values in A.

Let also Cy(€, A) be the subgroup of functions ¢ in C(€, A) such that c(e) = —c(e) for all
e €&, and

Char(A) ={c € Co(£,A) + Y cle) =0 YveV}
s(e)=v
be the subgroup of A-valued harmonic cocycles. These groups are naturally endowed with a
left action of G' by the rule ("c)(e) := v(c(y~le)) and it is easy to see that they sit in the
exact sequences (cf. [Gr, Lemma 24] for the first one):

0 = Char(4) — Co(E,4) 5  CWV,A) = 0

(10) PQ)(v) = Ee=ocle);
(11) 0 =+ A = cwa & Co(¢,4) -0

(07¢)(e)
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2.3. Rational representations. In this section we recall a construction of a rational repre-
sentation V,, of B* for each even integer n > 0 that already appears in [BDIS, §1.2] and [IS,
§5]. Its relevance will be apparent in the next section, as according to the Eichler-Shimura
isomorphism (cf. (15) below) the cohomology groups of V,, provide a natural rational structure
for the spaces of holomorphic modular forms with respect to the arithmetic subgroups of B*.

Let By = {b € B,Tr(b) = 0} C B, endowed with a right action of B* by the rule
b-f5:=B7tbp for f € BX and b € By. The pairing

(12) (b, bo) 1= %Tr(bl o)

is non-degenerate and symmetric on By, and allows to identify By with its own dual, whence
to regard By as a left B*-module.

For any r > 0, the r-th symmetric power Sym"(Bp) of By is naturally a left B*-module
endowed with the pairing induced by (12), that we continue to denote (—, —). For r > 2, the
Laplace operator

Ap: Sym"(Bp) — Sym"*(Bo)
attached to (—, —) is defined by the rule

~

Ap(by oo be) = iy (binby) by e oo i by by

The Laplace operator A, is a morphism of B* -modules because, as one checks, (b1 - 3, bs -
ﬁ> = <b1,b2> for all 5 € B*, by,bs € By.

Definition 2.1. Let Vo = Q, Vy = By and, for any even integer n > 4, let m := n/2 and
V, := ker A,,.

If R is a commutative Q-algebra, write V,,(R) :=V,, ® R. For n =0, Vy = Q is endowed
simply with the trivial action of B*. For arbitrary n, we may regard the spaces V,, both as
right and left B*-modules, the pairing (—, —) identifying one with another (cf. [BDIS, 1.2]).
As such, the general theory reviewed in 2.1 and 2.2 applies in particular to these modules.

Over a base field K/Q that splits B, the modules V,,(K) admit a much simpler and classical
description, that we now review. For any even integer n > 0 let P, denote the Q-vector space
of polynomials of degree at most n with rational coefficients, and write P,,(R) := P,, ® R for
any algebra R as above. It can be endowed with a right action of GLy(R) by the rule

cx+d)" ar+b a b
Plz)-y = ((flet(—if;)")/2 ' (cac—l—i—_d)’ 7= <c d) , P € Pu(R).

This way, V,(R) = P)Y(R) := Homg(P,(R), R), the dual of P,,(R), inherits a left GLa(R)-
action, that actually descends to PGLa(R).

Let K be a field of characteristic 0 such that B ®g K ~ Ms(K), and identify these two
algebras by fixing an isomorphism between them. The function

By ®g K — Py (K)
b =t (7 — )
' 1 -z
is an isomorphism of right B*-modules. Identifying By with its own dual via (12), it induces

an isomorphism of left B*-modules (we omit the details; cf. [BDIS, 1.2], where the definitions
of the pairings and actions are the same as the ones taken here, and [IS, 5], [JL, 2]):

(13) Vo (K) ~ Vo (K).

Notice that we already fixed in 2.1 isomorphisms ¢y : B ® Qg ~ M2(Qy) for places | < oo,
[+ N~. Accordingly, in the sequel we shall freely identify V,,(Qg) with V,,(Qy).
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2.4. Modular forms and the Eichler-Shimura isomorphism. For any even integer n > 0
set k=n+2=2(m+1). Let G denote To(pNT), To(N*1), To(NT) or T

Definition 2.2. Let M be a H(G)-module and fix a prime ¢ { Ng. We say that M admits
an (- Eisenstein/Cuspidal decomposition (of weight k) whenever there exists a decomposition
of H(G)-modules M = M @ M¢ such that t, := Ty — £¥~1 — 1 vanishes on M™ and is
invertible on M°.

Remark 2.3. If such decomposition exists, it is easy to check that it is unique.

Furthermore, let M;, i = 1,2, be H(G;)-modules, where G1, G9 is any choice of groups in
either the set {To(pNT),T} or the set {To(N*),To(N*T)}. Let f : M;—M; be a morphism
that is equivariant for the action of the good Hecke operators of H(G1) and H(G2). If both
M; and M> admit an ¢-Eisenstein/Cuspidal decomposition for some ¢ t Ng, Ng,, then f
decomposes accordingly as f = f¥° @ f¢. In particular, ker(f) and coker(f) also admit an
(-Eisenstein/Cuspidal decomposition.

Finally, if

0— My — Mo— Mz— My— Mg—0

is a Hecke equivariant exact sequence of Hecke modules such that My, Mo, My and M5 admit
an ¢(-Eisenstein/Cuspidal decomposition for a given prime ¢, then so does Ms3.

In all the instances of H(G)-modules M we shall be considering, the ¢-Eisenstein/Cuspidal
decomposition is in fact independent of the choice of the prime ¢ { Ng, and we shall simply
refer to it as the Eisenstein/Cuspidal decomposition of M, dropping the prime ¢ from the
notations.

Let now G denote either To(pN*t) or To(NT). Let My(G) denote the C-vector space
of weight k& holomorphic modular forms with respect to G and Si(G) denote its cuspidal
subspace. Let T¢ (resp. Tg) be the maximal quotient of the Hecke algebra H(G) ® Q that
acts faithfully on Si(G) (resp.on My(QG)).

As a basic example, M = M (G) admits an Eisenstein/Cuspidal decomposition with M¢ =
S,(G) and MP*® = E,(G), the space of modular forms generated by the Eisenstein series.
These series are only defined for N~ = 1; in order to have uniform notations, we set this
space to be {0} when N™ > 1.

By [Sh1, Theorem 3.51] and the Jacquet-Langlands correspondence,

(14) dimg S;(G) = dimg T
and in fact Sk(G) is a free module of rank one over Tg ® C.

The Eichler-Shimura isomorphism yields an identification of exact sequences (see [Hi, Ch.
6] and [Fr, Ch. III))

0 — Sk(G) ®r C — (Sk(G) RRrR (C) ) Ek(G) — Ek(G) — 0
(15) I I ‘ 3
0 — HL.(G,V,(C) — HY(G,V,(C)) = HL(G,V,(C) — 0,
where Hi. (G, V,,(C)) is the image of the restriction map
t
(16) HY(G,V,(C))— P H' (Gs,, Va(C)).
i=1

Here, Cg = {s1, ..., st} denotes a set of representatives for the cusps of G and for any s € Cg,
G, denotes the stabilizer of s in G.

Thanks to (13) and to the theorem of Universal Coefficients, there is an isomorphism of
Hecke modules

(17) HY(G,V,(C)) ~ HY(G,V,)®C.
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Note that the map (16) can in fact be viewed as the base change to C of the natural
restriction map

(18) HY(G,V,) — P H' (G, V)
=1

As a point of caution, the reader may notice that when N~ > 1 the cohomology groups
appearing in (18) make no sense if we replace the module of coefficients V,, by V,,. The
kernel and image of (18) can thus be taken as the definition of H', .(G,V,) and Hy (G, V,),

par

respectively. Their direct sum yields an Eisenstein/Cuspidal decomposition of H(G,V,,).

Remark 2.4. Tt thus follows from (14), (15) and (17) that H'(G,V,)¢ is a free module of
rank two over Tg. More precisely, since n(we) = —1, it follows from the work [Sh3] that the
Atkin-Lehner involution W, acts on H!(G, V,,(C))¢ as complex conjugation. Hence, for each
choice of sign € € {+1}, H'(G,V,,)%¢ is a module of rank one over Tg.

Remark 2.5. If f € Sp(G) is a primitive normalized eigenform for the action of T¢, it corre-
sponds via the Eichler-Shimura isomorphism to an element ¢y € H'(G,V,(Ly))¢ , where Ly
is the number field generated over QQ by the eigenvalues of f. This is a consequence of mul-
tiplicity one and the fact that H'(G,V,)¢ is a rational structure for Si(G) that is preserved
by the action of the Hecke algebra. Hence, if K is a field that contains all the eigenvalues for
the action of the Hecke operators, then H'(G,V,,(K))¢ admits a basis of eigenvectors for this
action.

Remark 2.6. For all i > 0, the spaces H'(G,V,) also admit an Eisenstein/Cuspidal decom-
position. For ¢ = 1 this is the content of the above discussion. For ¢ > 2, these groups vanish
because the cohomological dimension of G is 2.

For i = 0: if n > 0, H°(G,Vy) = {0} by [Hi, p. 162, Prop. 1; p. 165, Lemma 2] and there
is nothing to prove; if n = 0, the action of the Hecke operators T, for ¢ { N¢ is given by
multiplication by ¢ + 1 and therefore

(19) H°(G,Vo)* = {0}.

For i = 2: H*(G,V,) ~ HY(G,V,)" by Poincaré duality and the paragraph above applies.
Here, the latter group stands for the cohomology group with compact support of G with
coefficients on V,,. See e.g.[Fr, Ch.III] and [MS] for more details.

Definition 2.7. Let
cor: HY(To(pNT),V,) — Hl(ljo(Nﬂ,Vn)
cor: HY(To(pNT),V,) — HYTo(NT),V,)
denote the corestriction maps induced by the inclusions To(pNT) C To(NT),To(NT) and let
HY(To(pNT),V,)P~" .= Ker(cor @ cor).
Similarly, we may define H!(I'g(pN*), V,,)P~9%¢ .= Im(res +1és)¢, where

H'To(N), V) & HY(To(N*),V,) "5 BTy (pNt), V,,)

is the sum of the natural restriction maps.

Obviously, over C the above corestriction maps admit a parallel description purely in terms
of modular forms and degeneracy maps, via (15). Via the above identifications, the Peters-
son inner product induces on H'(T'o(pN*), V,,(C))¢ a perfect pairing with respect to which
H'(To(pNT), V,(C))P~°< is the orthogonal complement of H'(I'g(pNT), V,,(C))P—mewe,
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2.5. The cohomology of T'. Besides the relationship between H'(I'o(pN*),V,,) and mod-
ular forms provided by the Eichler-Shimura isomorphism, these groups can also be related to
the cohomology of the group I' introduced in 2.1 with values in the modules of functions on
Bruhat-Tits’s tree 7,, as we now review.

The long exact sequence in cohomology arising from (10) with A = V,, gives rise to an
exact sequence of H(I')-modules (cf.2.1)

(20)  —=HT,C(V,V,)) = H T, Cphar(Vy)) > HY (T, Co(E,V,)) — HYT,C(V,V,)).
By Shapiro’s lemma, for all ¢ > 0 there are isomorphisms

Sy HY(,C(V,V,)) H{To(N1),V,)2,

(21) Fe o HIT,Co(E,V,)) - Hi(To(pN*), Vo),

where throughout, by a slight abuse of notation, by H!(I'g(N1),V,)? we actually mean
HYTo(NT),V,) @ H(I'o(N*),V,). Note that conjugation by w, induces a canonical iso-
morphism

(22) H (Io(N*1),V,) ~ H(Io(N*),V,)

that we will sometimes use in order to identify these two spaces without further comment.

These isomorphisms are Hecke-equivariant in the following sense: for every prime ¢ {
pNTN~, Tyo A = A oTy and Ty o e = S o T;. Although we are using the same
symbol for the Hecke operator at ¢ acting on the two cohomology groups, note that they lie
in the two different Hecke algebras H(T') and H(Tg(N ™)) (resp., H(To(pNT))). The compat-
ibility with the isomorphism .# follows from the key fact that 7y can be defined in H(G) for
G = To(pN*t),To(NT),T" as a double-coset operator by means of the same choices of local
representatives. Cf. [Das, Prop. A.1], [LRV, §2.3] for more details.

Remark 2.3 and the isomorphisms of (21) can be used to define an Eisenstein/Cuspidal
decomposition on H(T', Cy(E,V,,)), HY(T,C(V,V,,)) and H* (T, Char(Vy,)) by transporting it

from H(G,V,,), where G = To(pN*), To(NT) or To(NT).
Lemma 2.8. There is a Hecke equivariant isomorphism
HYT, Char (V)¢ = HY (Do (pN'T), V,,)Pnewe,

Proof. Composing the map s in (20) with Shapiro’s isomorphism .%¢ in (21), we obtain a map

(23) HY(T, Char (V) 255 H (To(pN*), V,0),

that we already argued to be Hecke equivariant. By Definition 2.7 and (21), ¢ o s maps
surjectively onto HY(To(pNT),V,)P~"w By [Hi, p.165], the To(pNT)-module V,,(C) is
irreducible for n > 0. Hence VE"(”N” = 0 by (13); since Do(pNt) € To(NT),[o(N1), the
proposition now follows for n > 0 from the exactness of (20), and (21).

When n = 0, the action of B* on V,, is trivial, whence VEO(”W) =V,. Since H(G,V,)¢ =
{0} both for G =To(NT) and T'o(N*) by (19), the proposition follows as before. O

The long exact sequence in cohomology arising from (11) with A = V,,(K}) is
d,
— HY(To(NT), Vi (Kp))? = HY (To(pN™), Vin(Kp)) =
(24)
0
= H*(D, Vio(Kp)) = H*(Co(NT), Vi (K}))® = H*(Do(pN ™), Vi (K3)),
once we apply the isomorphisms of (21). Exactly as in (20), all maps in (24) are Hecke
equivariant and admit an Eisentein/Cuspidal decomposition.
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Lemma 2.9. The boundary map 6¢ restricts to an isomorphism

~

6¢: HY (To(pN™), Vo (Kp))P "¢ 5 HA(T, V,(K,))".

Proof. We have H?(T'o(NT), V,(K},))¢ = 0 by the remarks following (19). Remark 2.3 implies
that taking cuspidal parts in an exact functor. It thus follows from (24) that there is an exact
sequence

(25)  (H'(To(NT), V()9 = H (To(pN™), Va(K))® 5 HA(T, V,(K,))° — 0.

The lemma now follows from the canonical decomposition
H? (To (pN"')’ Vn(Kp))C — H! (To (p]\[-l—)7 V, (Kp))p—old,c @ H! (To (pN+), vV, (Kp))p—new,c'
O

2.6. Morita-Teitelbaum’s integral representations. Recall the PGLy-module P,, and
note that it admits as a natural Z-structure the free Z-module P, 7 of polynomials of degree
at most n with integer coefficients. For any Z-algebra R, P, (R) := P, z® R is endowed with a
right PGL2(R)-action by the same formula. This way, V,,(R) = P)/(R) := Homg(P,(R), R),
the dual of P, (R), inherits a left PGLa(R)-action.

For any vertex v € V, choose any element v, € GL2(Q),) such that ~,(v) = v, and set

Vn,v(Zp) = 7;1 ’ Vn(Zp) - Vn(@p)
Notice that this definition does not depend on the choice of ~,,, because the stabilizer of v,
in PGLy(Q,) is PGL2(Z,), which leaves V,,(Z,) invariant. Define
CM WV, V,(Qy) = {c € C(V, Vi(Qy)) : ¢(v) € Vi, Vo € V).
Similarly, for any oriented edge e = (v,v") € &, set Vi, o(Zy) = V3 0(Zp) NV (Zy) C
V,,(Qp) and define
C(E,Va(Qy) :={c € C(E,Va(@Qy)) : c(e) € Vye(Zy) Ve € EY,

that is naturally a Z,-module. Introduce also the Z,-modules

Cént(ga Vi (Qp)) := Cmt(ga Vn(Qp)) NCo(E, Vin(Qyp))
and
Chin (€, Via(Qp)) 1= C"™(E, V(@) N Char(Vin(Qp))-

The next result of Teitelbaum should be regarded as a refinement of (10).

Proposition 2.10. [Te2, p.564-566] For every even integer n > 0 the natural sequence
(26) 0= Chiar(Va(@p)) = G5 (€, Vi (Q@p)) = C™(V, Vin(Qy)) = 0

har

is an exact sequence of PGL2(Q))-modules.

In particular we may regard the above sequence as an exact sequence of I'-modules by
means of the identification ¢, : B, =~ M2(Q)). As a piece of notation, by extended norm on a
space A we mean a function || - || : A—»R> U {400} satisfying the usual properties of a norm,
extended in a natural way to the semigroup of values R>¢ U {+0o0}.

Let K,/Q, be a finite field extension, with ring of integers R,, that we fix for the remainder
of this article.

Let |-[ denote the absolute value of Kj. Let |-|; and ||z be two norms on Py(K,). We

require the first one to be GL(L.) = GL2(Z,)-invariant and the second one to be GL(L,)-
invariant (cf.2.2 for notations). Choose also a GL(Ly) N GL(Ls)-invariant norm |-[;, 7 on

P, (K,). We may choose for example |- = |-| to be the supremum of the absolute

L*7E* = ’|L* :

values of the coefficients of a polynomial and set |-| 7= ‘w; . By duality we can consider

L]
L*
the corresponding norms on V,,(Kp).
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Define extended norms on C(V*, V,,(K,)), CV~,V,(K,)) and Cy(E, V,,(K})) by the rules

HCH+ = SupyEV*’va : C(”)‘Lw

el = supyey- |7y - €(v)] L.

lell == supeeg+ |ve - e(e)-

Here, 7, (resp.?.) is any element in GL2(Q,) such that ~,(v) = v, (resp.v.(e) = ex). The
invariance properties of the above norms imply that the above definitions do not depend on
the choice of the sets {v,} and {v.}. Use ||-|| . and []-][_ to define a norm on C(V, V,,(K}))
as the max. of the two.

Let C(K)) denote either C(V, V,,(K,)) := C(VT, V,(K,))BC(V™, V,(Kp)), Co(E, Vu(Ky))
or Char(Vn(Kp)) and write CP(K,) := {c € C(K}) : |c|| < oo}. The restriction of ||-|| to
C®(K,) is a norm with respect to which C®(K,) is a Banach space over K.

Lemma 2.11. (i) C*(K,) = C*(Q,) 0K,
(i) C*(Qp) = C"™(Qp) @z, Qp-

Proof. We sketch a proof only for V, as the remaining cases work similarly. For (i) we first
invoke the following general fact: suppose that L/F is a finite Galois extension and that V' is
a L-module on which G/ acts semilinearly, i.e., o (\v) = o (\) o (v) for all 0 € Gp/p, A €
L, v € V. Then for every subgroup H C Gp,/p the map

(27) LA op (VOur) 5 VE 1w

is an isomorphism. For the trivial subgroup H = {1} this is [Mi, Prop. 16.14], and for
arbitrary H it follows from that statement by taking H-invariants.

To derive (i) from this, let L, D K, be a field extension such that L,/Q, is Galois and
let H = G/, C Gpr,/q,- Endow C(Lp) with the action of G /g, given by the rule
(oc¢) (s) :== o (c(s)). This action is easily checked to be well-defined and semilinear; moreover
C(LP)GLP/@P = C(Qp), C(Lp) = C(K,). Note also that, since o (7,) = v, € GL2 (Q,),

locll = sup, |[ys0 (¢ (s))] = sup, |o (vs¢(s)] = supy [yse ()] = el -

It follows that G, acts semilinearly on C®(L,) and that Cb(Lp)GLp/@p = C%Qy), CO(Ly)H =
C®(K,). We can apply now (27) to V = C®(L,), which shows (i).

As for (ii), the inclusion C™™(Q,) ®z, Q, C C*(Q,) is obvious: given ¢ € C™(Qy), [|c|| =
sup,, |7, - ¢(v)| is bounded because v, - c¢(v) € V,(Z,). As for the opposite inclusion, let
c € C(Qp) be such that ||c|| = B < oo. Then ¢ can be replaced by a scalar multiple of it such
in a way that ||c|| = sup, |7, - ¢(v)| < 1. This implies that ¢ € C*"™(Q,). O

The next corollary now follows from Proposition 2.10 and Lemma 2.11.
Corollary 2.12. For every even integer n > 0 the natural sequence
(28) 0= Char(Vi(Kp)) = CY(E, Vin(I)) = C*(V, Vi (K;p)) =0
is an exact sequence of PGL2(Q)p)-modules.

Again we may regard the above sequence as an exact sequence of I'-modules by means of
the identification ¢, : B, ~ M2(Q)).
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3. p-ADIC INTEGRATION AND AN L-INVARIANT

3.1. The cohomology of distributions and harmonic cocyles. Let H, denote the p-adic
upper half-plane over Q). It is a rigid analytic variety over Q, such that H,(K,) = K, \ Q,.
Let Oy, denote the ring of entire functions on H,, that is a Fréchet space over Q, (cf. [DT,
Prop.1.2.6]). For any even integer k > 2, write Oy, (k) for the ring Oy, equipped with a
right action of GL2(Q,) given by

det()*/2 b
fly = (Cez(_z)d)k-f('yz), for v = (Z d) f €O,

Let #}" denote the formal scheme over Z, introduced by Mumford in [Mu] (cf. also [Te2,
p.567]). The rigid analytic space associated with its generic fiber is 7,. The dual graph of
its special fiber is the tree 7, (cf. [DT] and [Te2] for a detailed discussion).

Let wz, denote the sheaf on ’H;”t introduced in [Te2, Def. 10], such that wz, ® Q, is the

sheaf w of rigid analytic differential forms on #,. The map f(z) ~ f(2)dz*/? induces an
isomorphism of PGL(Q,)-modules between Oy, (k) and H°(H,,,wk/?). Set

Oh (k) = HO(HI™ wy/?) - d= ™% @5, @, C O, (k).

Recall that n := k —2 > 0. As follows from e.g. [DT, §2.2.4] or [Te2, Theorem 15], the
residue map on Oy, (k) yields an epimorphism of PGL2(Q,)-modules

(29) Res : Oy, (k) = Char(Va(Qp)).
The following deep result is proved in [Te2, p. 569-574], and will be crucial for our purposes.

Proposition 3.1. The map Res restricts to an isomorphism of PGL2(Q))-modules
(30) Res : O} (k) “=Clap (Va(Qyp)).

Definition 3.2. Let A,(P'(Q,), K,) be the space of K,-valued locally analytic functions on
P1(Q,) with a pole of order at most n at co. More precisely, an element f € A, is a locally
analytic function f : Q,— K, for which there exists an integer N such that f is locally analytic
on {z € Q, : ordy(z) > N} and admits a convergent expansion

f(z) =apz"+ an_12""1+ ... 4 ag+ Z a_pz "
r>1
on {z € Q, :ordy(z) < N}.
The space A, (P}(Q,), K,) carries a right action of GL2(Q,) defined by the rule
_ (cx+a)” ax +b
for any f € A,(P'(Qp),K,) and v = (¢%) € GLy2(Q,). Note that P, (Kp,) is a natural
GL2(Qp)-submodule of it.

Definition 3.3. Write D,,(P*(Q,), K,) and DY (P*(Q,), K,) for the strong continuous dual of
A, (P1(Q,), Kp) and of its quotient by P,,(K},), respectively.

These modules of distributions inherit from A, (P*(Q,), K,) a left action of GLa(Q,). As
explained in [DT, §2.1.1], D%(P(Q,), K,) is a Fréchet space over K, and D%(P1(Q,), K,) =
Dy (PH(Qp), Qp) K.

Morita’s (or sometimes also called Schneider-Teitelbaum) duality, yields an isomorphism
DY (P1(Qp), Qp)— Oy, (k) that induces an isomorphism

(31) I:DY(PY(Qp), Kp) —O0xn, (k)R K).
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We refer the reader to [DT, §2.2] for more details; in the sequel, we shall freely identify
these two spaces. Define

D) (PH(Qy), Kp)" = [71(03{,7(]“)@}(17) C D) (PH(Qy), Kp)-

Remark 3.4. As a consequence of a variant of the theorem of Amice-Velu-Vishik (cf.e.g. [DT,
Theorem 2.3.2]), the space DO (P}(Q,), K,)" can alternatively be described as the subspace of
distributions p € DY (PY(Q,), Kp) for which there is a constant A such that, for i >0, j > 0,
and a € Zj,

(2~ )y iz, )| < A1),

A distribution u satisfying the above condition is then completely determined.
The composition of (29) with (31) and the natural identification Char (Vi (Kp)) = Char (Vi (Qp)) R K,
yields an epimorphism of GL2(Qj)-modules
L Dg(Pl (Qp), Kp) = Char(Vn(Kp))
that can be described purely in terms of distributions by the rule

) OP) = [ POdu) = ulPx)

e

Here U, C P}(Q,) is the open compact subset of P*(Q,) corresponding to the ends leaving
from the oriented edge e, and Xy, stands for its characteristic function.
By Proposition 3.1 and Lemma 2.11, the map r restricts to an isomorphism

(32) . Dg(Pl(Qp)’ Kp)b — CZar(Vn(Kp))’

which by abuse of notation we denote with the same symbol r. The same abuse will be made
for the several maps that r induces in cohomology below.

The following theorem is the basic piece that shall allow us to introduce a p-adic integration
theory on indefinite quaternion algebras.

Theorem 3.5. There is a commutative diagram of morphisms of Hecke-modules
H'(T,D)(PY(Qp), Kp)") — HY(T, DY(PH(Qp), )
1

HYT,Cp,, (Va(Kp)))  — HY(T, Char(Vin(K5)))

such that the composition r : H(T, DY (PY(Qp), Kp)?)——H' (T, Char(Vi(K)p))) is an isomor-
phism.

In the statement, by Hecke-modules we mean modules over the Hecke algebra H(I") intro-
duced in 2.1. Since r and the natural inclusions

Dp(PH(Q))" = Dp(PH(Qp)),  Char(Vi(Kp)) = Char(Vi(Kp))

are morphisms of GL2(Qj)-modules, it follows from the discussion around (8) that there indeed
exists a commutative diagram as above, where the maps are morphisms of H(I')-modules.
Notice that, by (32), it suffices to show that the inclusion C?_ (V,(Kp)) C Char(Vi(Kp))
induces an isomorphism

(33) H'(T, Cpop(Vin(Ep))) = H' (T, Char (Vi (Kp)))-

We devote the rest of the section to prove this statement. In order to prove (33) we need
a further preliminary discussion. Quite generally, let S be a set on which I' acts transitively.
Fix an element s, € S and let I'g C I' denote its stabilizer in I', that we assume to be finitely
generated. Let {v,}ses be a set of representatives for the coset space I'g\I' such that v, =1
and y,s = s, for all s € S. Let A be I' -module endowed with a I'g-invariant non-archimedean
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norm |-| with values in K. On the group of functions C(S, A), define an extended norm by
the rule

lell := sup |y5(c(s))] = sup |("=c)(s)] -
sES seS

As before, let C*(S,A) = {c € O(S,A) : ||| < oo}. It is a T-submodule of C(S, A) and
the restriction of norm || - || to C%(S, A) turns out to be T-invariant, as can be easily checked.
Note that the subspace C®(S, A) does not depend on the choice of the set {v,}.

Lemma 3.6. Let G be a finitely generated group and let M be a G-module endowed with a
G-invariant non-archimedean norm [-] with values in K,. Then

[[c]] := suple(g)]
geG

defines a norm on Z1(G, M).

Proof. Let {g; :i € I} be a set of generators of G with #I < oo. Given an element ¢ €
ZYG, B) define K, := sup{[c(gi)], [c(g;")] € Rso. Let g € G be any element. Then g =

g;, ---g;F for some i; € I and ¢; € {£1}. Let us show by induction on k that [c(g)] < K.

When & = 1 this is clear. When k > 1, the cocyle relation c¢(g) = c(g5}) + g5 c(g57--9;F),
together with the G-invariance of [-], imply that

e(9)] < max {[e(gf)]s [95) elog? 9501 } =
= max {[e(g] )], [e(o2 0] | < Ko
O
Proposition 3.7. Fori = 0,1 the inclusion ¢ : C*(S, A) C C(S, A) induces an isomorphism
v HY(D,C%(S, A) = HY(T,C(S, A)).

Proof. Let i = 0. We wish to show that every I'-invariant element of C(S,A) has bounded
norm. By Shapiro’s lemma there is an isomorphism .# : C(S, A)¥ = AT whose inverse is
given explicitly by the map a +— ¢,, where c4(s) = 75 'a. One checks from this description
that .7 is an isometry. Since |-| is a norm on A'® C A, the proposition follows.

Assume now ¢ = 1. Again by Shapiro’s lemma, the natural map

7 : ZYT,C(S, A)) — ZHTo, A)

induces an isomorphism [r] : HY(T',C(S, A)) ~ H'(T'g, A). Let us first construct an explicit
section

7: ZYTy, A) — ZY(T,C(S, A))

of 7 with values in the submodule Z*(T', C?(S, A)) of ZY(T, C(S, A)).

Given a cocyle ¢ € Z'(T'g, A) define a chain 7.(7v,s) := 75 'c(gys), where v,y = gy.574+
with g,s € I'p and s € S. An elementary verification shows that 7. € Z1(I',C(S, A)) is
well-defined and that w7 = Id. Moreover, the morphism [r] : H*(Tg, A) — HY(T,C(S, A))
that 7 induces in cohomology is an explicit inverse of the isomorphism [r].

Let us prove that 7. € Z}(T, C%(S, A)). Since Iy is finitely generated and the norm |- is
Ip-invariant, it follows from Lemma 3.6 applied to (G, M, []) = (I'o, 4, |-|) that there exists a
constant K. > 0 such that

le(g)| < K. for all g € Ty.
It then follows that for all v € T':
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—1
I7e(v, )l = suplys-Te(v,8)l = sup  |ve75 clgy,s)| =
seS seS
YsV=9~,s7 s
= sup  |e(gy,s)| < sup [e(g)] < K.
seES g€lo
YsV=3Gv,sVs!

We can now easily prove that ¢ is surjective. Indeed, let [¢] denote the class of a cocycle ¢ €
ZUT',C(S, A)). Set ¢ := n(¢) € Z'(I'p, A). By the above discussion, 7(c) € Z}(T', C%(S, A))
and [¢] = [u(7(c))].

In order to prove that ¢ is injective, let [¢] € H'(I',C®(S, A)). Note that Lemma 3.6 applied
to (G, M,[]) = (I',C*(S, A), ||-||) yields the existence of a constant Kz > 0 such that

(34) sup||é(y)l = sup [v,é(y,s)| < Ke.
vyel vyel';seS
Suppose that the class of ¢ vanishes in H'(I',C(S, A)), that is, there exists C € C(S, A)
such that ¢(y) = C' —~C for all vy € T'. Equivalently, for all s € S we have

&(y,8) = C(s) =71C(y7's).

If C were not bounded, there would exist a sequence {s,} C S such that |y, C(s,)| = oco.
Thus for n > 0 we would have [C(s)| < |v,,C(sn)| and by the non-archimedean property of
|| we would conclude that

Ve, €075 80)l = 15, Cs0) = C(5:)] = |75, Clsn)| = 0.
Now (34) yields a contradiction. O

We are now ready to prove Theorem 3.5, which we already reduced to proving (33).

Proof of Theorem 3.5. By Corollary 2.12 we can consider the following commutative dia-
gram, with exact rows:

0 = Cp(Va(Kp) — CUE Va(Ky) — C'(V,V,(K,) — 0
N N N
0 = Char(Va(K,) — ColE,Va(K,) — CV,Vu(K,) — 0

The respective long exact sequences in cohomology induce the following commutative dia-
gram, with exact rows.

e COOV VL (K — HYT,CP, (Va(Ky)) — HYT,CHE, Va(Kp)) — ...

{ { 4
= COV VR (Kp)Y = HYD,Char(Va(Ky))) — HYT,Co(E, Va(Kp)))

Proposition 3.7, applied to S = V and €T, shows that the first and third vertical arrows
are isomorphisms. The same applies to the two vertical maps arising just before and after in
the long exact sequence, that we do not draw. By the five lemma the middle vertical arrow
is an isomorphism too, which is what we needed to prove. O

3.2. Higher p-adic Abel-Jacobi maps. The object of this section is introducing certain
integration maps which will lead us to the definition of a map that will play the role of the
p-adic Abel-Jacobi map in our context.

Since the choice of the finite field extension K,/Q, is fixed throughout, we shall drop it
from the notation and simply write P,, = P, (K}), V,, = V,(K}), A, (Qp) = An(Qp, K)p),
D (P(Qp)) = Dn(P'(Qp), Kp) and Dp(P1(Q,)) = Dp(P1(Qp), Kp). Let ky/Q, denote the
maximal unramified sub-extension of K,/Q,.
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Definition 3.8. Define integration maps
Jw'os . DivO(H,)(ky) ® P, @ DY(PHQp)) — K,
(7—2—7_1)®P®,U/ — fT2Pw10g

[word: Divl(H,)(kp) @ P, @ DY(PHQ,) — Ky
(Teo—T1)@P®@u — fiipwzrd
where for any 71, 70 € Hp, P € P, and p € Dg(]}»l(@p)):

72 Pule = / log,, (i::) P(t)du(t)

P1(Qp)

I e A = PO DI R 0]

P1(Qp) erred(T1)—red(T2) U.

and

where the last equality follows from [BDG, Lemma 2.5], as explained e.g. in the proof of
[Se3, Prop. 5.2].

Several comments are in order concerning the definitions above. Recall that Div®(H,,)(k,)
stands for the module of degree zero divisors of H,,(Q}") = Q,"\Q, that are fixed by the action
of the Galois group Gal(Q}"/k,). We shall regard Div¥(H,)(ky) ® Py, as a right GLa(Q,)-
module by the rule

(r2=7T1)@P) - v:=(y 2=y 1) @ (P-7).

Note that the definition of the first integration map depends on the choice of a branch of
a p-adic logarithm log, : K} — K); we do not specify a priori any such choice.

Finally, note that in the definition of the second integration map, the fact that k,/Q, is
unramified implies that the reduction of any 7 € k, \ Q, is a vertez (and not an edge) of

the tree 7. The sum is taken over the edges of the path joining the two vertices red(71) and
red(7s).

Lemma 3.9. The map
DiVO(Hp)(kp) @P, — An(Qp)/Py

t_
(ra—T1)@P logp< T2>P(t)
t—11

is GL2(Qp)-equivariant.

Proof. Write 0,,_,, () := =22, A direct computation shows that (t—7)-y = det (v) "% (a — ¢7)-

t—71
(t — 57), for all v = <Z Z) € GLy(Qp). Here we write 4 := det(y)y~!. It follows that

Ory—ri (t) v = 4=cr* - 0575—57, (1) and hence

08, 07y, (1) - P()] -7 = logy(— =) - (PY)(t) + 108, 057,57, (1) - (PY)(2).

The claim follows, as v~ '7 = 77 for every v € GL(Q,) and log,(4=22)(Py)(t) € Py. O

a—cT1

a — CT9

From now on, thanks to Theorem 3.5, we shall make the identification
(35) H(K,) = H' (I, D) (PY(Qy))") = H' (T, Char (V).
The natural inclusion DI (P1(Q,))® € DY(P!(Q,)) induces a map
H'(T, D;(P'(Qy))") — H'(T, Dy (PY(Qy)))
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that is a monomorphism thanks to Theorem 3.5. Together with Lemma 3.9 and the cap
product, the above pairings induce maps

(36) Qlog word . 7 (T, DivO(H,) (ky) @ P) — H(Kp)Y.
Lemma 3.10. H(T,V,,) = 0.

Proof. The exact sequence (11) and the identifications (21) provided by Shapiro’s lemma
induce the long exact sequence

(37) 0 — HYT,V,) = H'(To(N1), V,))2 — HO(To(pNt), V) >

% HY(T, V) S HY (To(NT), V)2 S HY(Ty(pN ™), V,,) —

Notice first that ¢ is a monomorphism. Indeed, if n = 0, V,, = K, is trivial as I'-module.
Thus H°(I,V,,) = HTo(NT),V,) = H(To(pN"),V,) = K,. The exactness of (37)
implies our claim. If n > 0, H*(To(pN™"), V,,) = 0 by [Hi, pag. 165 Lemma 2] and we again
deduce that ker(e) = 0.

It thus remains left to show that Ker(0*) = 0. Let us first show that Ker(9*)¢ = 0. The map
0* can be composed with the degeneracy map 0, : H'(To(pN*1),V,) — H(To(N1),V,)?

given by 0, = (corll:ggjvz\n), corll:ggz\;rl)). The reader may wish to recall the natural identifica-

tions already made in (22).
A computation now shows that the endomorphism 9, o 9* of H*(To(NT), V,,)? is

p+1 p ™,
(p_mTp p+1 ) '

Fix an embedding of K, into the field C of complex numbers. By Deligne’s bound, the com-
plex absolute value of the eigenvalues of the Hecke operator T}, acting on H(I'o(N ), V,,(C))¢
are bounded above by 24/p*~1 = 2p™, /p. It thus follows that , - 0* restricts to a linear au-
tomorphism of the cuspidal part of H*(To(N1), V,(C)), and thus (0*)¢ is injective.

In order to conclude, let us now show that Ker(9*)®* = 0 when N~ = 1. Let Cro(n+) =
{s1,...,8¢} be a set of representatives for the cusps of I'o(N*). One then can check that
Cron+) = {8i == wpsi} and Cpypn+) = {si,8i} are systems of representatives for the cusps
of Dg(N*) and To(pN ™), respectively.

It follows from (15) and the discussion around it that for our purposes it suffices to show
that for each ¢ = 1,...,¢ the natural map

H'(To(N*)s,, Va(C)) L5 HY (To(pNT)s,, Va(C))

induced by 0* by restriction is a monomorphism (and analogously for o (NT) and §;). But

. . _ To(N1)s,
this is clear because 0* is the restriction map resFZEp Nl;l
Sq

as before: the composition with the corresponding corestriction map is multiplication by the
index [Co(NT)s, : To(pN™T)s,], which is finite as it divides [[o(NT) : To(pNT)] =p+1. O

, which is injective by a similar reason

Consider the exact sequence of I'-modules
(38) 0 — DivP(H,)(kp) — Div(H,)(kp) — Z — 0.

Taking the tensor product with P, and forming the long exact sequence in homology yields
a connecting map

(39) Hy(T,P,) B Hy(T, DivO(H,) (k) ® ).

Recall from 2.4 and 2.5 that the cuspidal part H(K,)¢ of H(K)) is naturally identified with
the p-new space of cuspidal modular forms of level pN* on the quaternion algebra B. Let
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pr. : H(K,)Y—(H(K,)¢)" denote the natural projection. We shall use the same symbol pr,
for the map pr, @ pr..

Theorem 3.11. For every n > 0 the morphism

pro o U0 0y : Hy(I, P,,) — (H(K,)°)"
s surjective and induces an isomorphism

(T 0 9y)¢ : Hy(T, P,,)° = (H(K,))".

Proof. Let us rewrite the homomorphism W' as a composition of several natural maps. First,
consider the following commutative diagram with exact rows:

0 — Divo(H)(ky) @ P, — Div(Hpy)(kp) ®P, — P, — 0
(40) red®1 ] red®1 ] I

0o - DiWvV)eP, — DivV)eP, — P, — 0.
The long exact sequence in homology yields a commutative diagram
Hy(T,P,) B Hy(T,Div’(H,)(ky) ® Py)
Oy
N\ 10
Hy(T,DivP(V) ® P,,).

Second, let Div(€) be the quotient of Div(€) obtained by imposing the relation € + e = 0
for all e € £. Note that the morphisms
path : Div'(V) —  Div(€)
v —v2 Ze:vlavg €

(41)

0: Div() —  DivY(V)
e = s(e) —t(e)
are mutually inverse and identify the two I'-modules. In particular we obtain from path the
commutative diagram

Hy(T,P,) & H(I,Di(V)®P,)

(42) N R
Hi(T,Div(€) © P,,).

where the morphism Jg is obtained from the second row of (40) and the identification
Div?(V) = Div(€).

Third, consider the exact sequence obtained from (11) with A = V,,:
(43) 0=V, = COV, V) 5 Co(€,V,) — 0.

The dual exact sequence of (43) is canonically identified with the exact sequence obtained
from the second row of (40) and the identification Div®(V) = Div(&):

(44) 0 — Div(€) @ P, 224 Div(y) @ P,, — P, — 0.

More precisely the duality between (43) and (44) is induced by the evaluation pairings:

(= —)p: Div(V)@P,@CV,V,) — K,
v®@P®c = c(v, P)

(—,—)e: Div(&)@P,Co(E,V,) — K,
e®@P®c —  c(e, P).
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By cap product, these pairings yield the following commutative diagram:

Hy(T,Pr) % Hy(D,Div(€) @ Py)
(45) ! 10,
\2
HA(T, V)Y 5 HYT,Co(E,Va))".
The Universal Coefficients theorem guarantees that the above vertical arrows are isomor-
phisms. With these notations the morphism ¥°™ is obtained as follows. Let ¥4 be the dual
of the morphism

H(K,) = H'(T', Char (Vi) = H' (I, Co(E, V).
Then we have
PO — @y 0 Uy 0 Uyo Uy,

Hence the morphism pr, o U°' is obtained by further composition with the morphism pr,
dual to the inclusion ¢ : H(K,)¢ C H(K)):

prco\Ilordoag:prco\114o\1130\1120\111.

From the commutativity of diagrams (41), (42) and (45 ), we obtain the commutative
diagram

Hy(I,P,) % Hi(D,Div'(H,) © Py)
1 J W30Wy0 Wy
4
HXT,V,)Y & HYT,Co(E, V)Y (H(K,)").

As already mentioned, the left vertical arrow is an isomorphism. To prove the second
statement of the theorem, it remains to prove that pr.o W4 0§ restricts to an isomorphism
on the cuspidal parts; the first statement about surjectivity will then follow from Remark 2.3.

Equivalently, since the composition pr.o ¥, is dual to the morphism

H(K,) Cc H(K,) — H'(T,Co(£,Vy,)),

prﬂ)\h

we need to show that the morphism
H(Kp) = H'(D, Char (Vi) = H' (L, Co(€, Vi) = H*(L, Vyy) = Hy(T', Py)”

induces an isomorphism when restricted to the cuspidal parts. This is the content of Lemmas
2.8 and 2.9. O

Remark 3.12. When n > 0 and N~ > 1 we have pr, = Id. Furthermore Hy(I',P,)¢ =
Hy(T,P,,), H(K,)¢ = H(K},) and the morphism ®°'¢ is an isomorphism.

Let T := T’I'Zg& ?ﬂ) denote the maximal quotient of the Hecke algebra H(I'o(pN7T)) ® Q

acting on Si(Lo(pNT))P~"" and put T, = T Qg Qp, Tk, = T ®q Kp.
Corollary 3.13. There exists a unique endomorphism L € EndTKp((H(Kp)C)V) such that
(46) pr.o W% o dy = Lo pr.o W o dy: Hy(T,P,) — (H(K,))".

Proof. Let i : (H(K,)¢)V 5 Hy(T,P,)¢ be the inverse of the isomorphism (¥°'4 0 95)¢ of The-
orem 3.11 and define £ = (U8 0 35)¢ 0 i. Since i o ¥4 o 9y is the natural projection
Hy(T',P,) — Hy(I',P,)° it is clear that (46) holds true with this choice of £. As for
the uniqueness, let £ € EndTQp((H(Kp)C)V) be any endomorphism satisfying (46) and let
L = LF @ L€ denote its Eisenstein/cuspidal decomposition (cf. Remark 2.3). Since the Eisen-
stein subspace of (H(K,)¢)V is trivial, it follows that £ = 0. Hence £ = £ and, by Theorem
3.11, £¢ = L is necessarily the endomorphism defined above. O
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Definition 3.14. The L-invariant of the space Si(To(pN1))P~"¢¥ of p-new modular forms
is the endomorphism

Le EndTKp((H(Kp)C)V)

appearing in the above corollary.

By Remark 2.4, (H(K,)°)" is a free rank one Tg,-module. Hence £ € Tg,. But we can
even claim that £ € T, because our construction of the L-invariant is valid for any finite field
extension K,/Q, and it is clear from Corollary 3.13 that it is invariant under base change.

4. MONODROMY MODULES

4.1. Fontaine-Mazur theory. As in 3.2, let k,/Q, denote the maximal unramified sub-
extension of K,/Q,. Write o € Aut(k,) for the absolute Frobenius of k,. Throughout this
section, k > 2 is a fixed positive even integer.

Let T, be a finite dimensional commutative Q) -algebra and write Ty, = T, ® k, and
Tk, =T, ® Kp. Set oTy, = Id ®c on T,.

Definition 4.1. A two-dimensional monodromy T,-module over K, is a 4-tuple (D, ¢, N, F")
where D is a Ty, -module, ¢ : D — D is o-linear endomorphism (i.e. p(azx) = o(a)x for all
a € kp,v € D) and N : D—D is a Ty, -linear endomorphism such that

(a) F" is a filtration on the K)-vector space D @y, K of the form
DoK,=F'>F' = . =F1oF=0

where FF=1 is a free T'k,-module of rank one;

(b) D® K, = F*' & Nk, (D ® K) as a Tg,-module, with Ng, : F*~1 — N (D ® Kp)
a Tg,-module isomorphism.

(c) Noyp=pypoN and, for any T' € Ty,, oo T = o, (T) o .

The integer kp := k appearing in (a) is called the weight of the monodromy T,-module D.
See [CI], [IS, §2] and [Ma, §9, p.12] for related but slightly different notions, and for proofs
of some of the claims below.

Let D = (D, ¢, N, F") be a two-dimensional monodromy T, -module over K, that by an
abuse of notation sometimes will be denoted simply as D. When we forget the Tp-structure,
it is customary to call D a filtered Frobenius monodromy module, or simply a (¢, NV)-module
over K. Write MFg, (¢, V) for the category of such objects, in which a morphism is a
homomorphism of kp,-modules preserving the filtrations and commuting with ¢ and N. As
an illustrative example, multiplication by a scalar a € k, on D is an endomorphism of vector
spaces over k, that is a morphism in MFg, (¢, N) if and only if a € Q,. The category
MFk, (¢, N) is an additive tensor category admitting kernels and cokernels.

Remark 4.2. If K;‘ 2 K, is a complete field extension of Q, containing K, then the maximal
unramified sub-extension k; of Kp+ /Q, contains k,, and there is a natural obvious notion of
base change of monodromy modules: Doy = (D @, k,f Pryp ® Ot 11> Niey ® ki, Fr @ K)) is
a two-dimensional monodromy T),-module over K;,L .

In our applications in 4.2, we shall be working with monodromy modules over the quadratic

unramified extension Q2 of @, that in fact can be obtained as the base change of a monodromy
module over . Consider the slope decomposition

D= @aGQ D

where for « =r/s, r,s € Z, s > 0, (r,s) = 1, D* C D is the largest k,-vector subspace of D
that has an Oy, -stable lattice Dy with ©*(Dg) = p" Dy.
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Since N # 0 by (b) and N(D**!) C D% by (c), it is an exercise in commutative algebra to
show that there exists A € Q such that D* DM =£ 0 are free T},-modules of rank 1 and the

map N : DM — D is non-zero. It then follows that D is free of rank two over T, and we
deduce that such a A is unique; we call it the slope of D. It is easy to check that

(47) D =D ¢ D!, D)=kerN = N(D),
(48) with D' ~ Ty, for i = A\, A+ 1.

Definition 4.3. The L-invariant Lp of D = (D, ¢, N, F") is defined to be the unique element
Lp € Tk, such that

r— LpNk,(x) € F 1 for every x € DM ® K,,.
The existence and uniqueness of Lp € Tk, are again easy to check.

Lemma 4.4. T, ~ EndMFKp(cp,N)(D)'

Proof. Tt follows from (a)-(c) that there is a natural map T,—» EHdMF(kd (o,N) (D). The alge-
p ’

bra Tk, preserves F k=1 and it follows from (a) that the above map induces an isomorphism
Ende(Fk_l) = Tk, . In particular n is injective. As for surjectivity, let f € EndMFKp(%N)(D).
Since f commutes with ¢, it preserves the slope decomposition (47). For i € {\, A+ 1}, let
t € Ty, be such that fip: =t} € Endy, (D).

Since N : D1 D> is an isomorphism of T,-modules by (47), we may write DM = Tk,-e,
D* =Ty, N(e) for some e € DA, Since t?‘HN(e) = Nt?“(e) = Nf(e) = fN(e) = t}N(e)
we deduce that ¢ := t?“ = t}.

Finally, since ¢ must commute with the o-linear automorphism ¢, it follows that ¢t € T,,. O

Along with L£p, one may also attach to D the following invariant. The notation is as in the
previous proof.

Definition 4.5. Let U = Up € Ty, be the element such that pN(e) = UN(e).

Notice that U exists and is well-defined, because D* is preserved by ¢ and D* = Tk, - N(e).

The reader may check that U does not depend on the choice of the generator e of DM,

As a final remark in this short review of monodromy modules, we notice that the invariants
Up, Lp and kp of a two-dimensional monodromy Tp,-module D over K, completely determine
it up to isomorphism. More precisely, we can prove the following statement:

Proposition 4.6. For any integer k € Z and any pair of elements U € Ty, and L € Tk,
there exists a two-dimensional monodromy Tp-module Dy c . over Ky such that Up, , = U,
Lp,, =L and kp = k. Moreover, for any two-dimensional monodromy Ty,-module D,

(49) D ~ Dy if and only if Up =U, Lp = L and kp = k.

This will be useful for our purposes in 4.2. As we were not able to find an explicit proof of
this fact in the literature, let us sketch the details.

Proof. Fix k,U, L as in the statement and define
Dy := Tk, ® Ty,

endowed with:
e afiltration Dy @K, =F° 2> Fl=... = F¥1 D F¥ =0, where forall 1 < j < k—1,

Fl={(-Lz,2):2 € Tk, } ;
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e a Frobenius operator ¢ » ;. given by the rule

PU,L.k (LE, y) = (UTkp ($)U, b UTkp (y)U)7

e a monodromy operator Ny defined by the rule

Ny x(z,y) = (y,0).

One immediately checks that Dy 1 is a two-dimensional monodromy T,-module over K,
satisfying conditions (a), (b), (c) as required. It also follows from the definitions that kp,, . , =
k‘, ‘CDU,ﬁ,k = L and UDU,L,k: =U.

In order to prove the converse, let now D = (D, ¢, N, F") be any two-dimensional mon-
odromy T,-module over K, say of slope A, such that Up = U, Lp = £ and kp = k. As in
the proof of Lemma 4.4, we can write D = D @ DM = Tx,N(e) ® Tg,e and this allows
us to fix the isomorphism of Ty -modules p: D ~ Dy o = Ty, © Ty, given by u(e) = (0,1),
u(N(e)) = (1,0).

Let us show that p is also an isomorphism of monodromy T)-modules over K,,. It is obvious
from the construction that both have the same filtration and that p intertwines the action of
N. It also follows immediately from Definition 4.3 and the equality Lp = £ that u preserves
the filtration. Finally, u commutes with ¢ thanks to the defining property of U, condition (c)
of Definition 4.1 and the fact that N‘DAJrl : DM1 5 DA is an isomorphism. O

Fix an algebraic closure Q of Q and choose an algebraic closure Qp of Q, containing
K,. Choose also a prime ideal { of Q over p, that we may use to fix an embedding of
Go, = Gal(Q,/Qy) into Gg := Gal (Q/Q).

For a p-adic representation V' of G, over Q, one defines Dy (V') := (V ® Bst)GKp, where
By is Fontaine’s ring defined in [Fo] and from which Dg (V') inherits the structure of a filtered
(¢, N)-module over K. A p-adic representation V of G, is called semistable if the canonical
monomorphism Dy (V) ®g, Bss—V ®q, Bst is an isomorphism. A filtered (¢, N)-module D
over K, is called admissible if D ~ Dy (V') for some semistable representation V. It can be
shown that the modules arising from Proposition 4.6 are admissible if and only if the slope is
(k—2)/2.

The full subcategory MF%’ZP(@,N ) of MFg,(¢, N) of admissible two-dimensional mon-
odromy T,-modules over K, is an abelian tensor category such that exact sequences remain
exact in MF Kp(go, N). The functor Dg; establishes an equivalence of categories between that

of semistable continuous representations of G, over Q, and MFﬁ(dp(cp, N).

Let T = T?;&%’Jﬂ ® Q and put T) := T ® Q,. As recalled in the introduction, let V}, :=
H,(M;,)P7"" denote the p-new quotient of the p-adic étale realization of the motive M,,
attached to the space of p-new cusp forms of weight k& with respect to T'o(pN*). Let us regard
V), as a representation of Gal (@p /Qp), by restricting the action of Gg to the decomposition
subgroup of the fixed prime @ above. As is well-known to the experts, V,, is semistable (cf. [C]
and [CI]). Crucial for this is the fact that the Shimura curve X' (pN7*) has semistable

reduction at p.
The admissible filtered (¢, N)-module

(50) DM .= Dy (V,)

attached by Fontaine and Mazur to V) is in a natural way a two-dimensional monodromy
T,-module over @, in the sense of Definition 4.1, for which Uprm = U, is the usual Hecke
operator at p and the slope is m; cf. again [C] and [CI]. Let

LM .- Lpru € Tp
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denote the L-invariant of DfM; note that, as follows from the definitions, LDf{]M = LM ¢ T,
p

is stable under base change to K.

4.2. A monodromy module arising from p-adic integration. The aim of this section is
to explain how the theory developed above allows us to construct a monodromy module at-
tached to the space of p-new modular forms Sy (To(pNT))P~"** and the invariant £ introduced
in Definition 3.14.

As before, let T = T?g& CX,”JF) ® Q and put T, := T ® Q,. For any field extension L/Q, set

(51) H(L) := H'(T, Char (Vo (L)));

recalling the identification V(L) = V, (L) of (13) whenever L splits B, this notation is in
consonance with (35).

Fix a choice of a sign we, € {£1}. Since H(Q,)*""“> is a free module of rank 1 over T, by
Remark 2.4, we can fix a generator and identify H(Q,)>""">~ ~ T,. Exactly as in the proof
of Proposition 4.6, we can attach now to Up, £ € T, a monodromy module

(52) D = DUp,l: e H(@p)c’\/’ww @ H(Qp)C,\/,woo

endowed with the filtration, Frobenius and monodromy operators described in loc. cit. In
parallel to the preparation of this note, the second author has proved the equality of the
L-invariants of the two monodromy modules just introduced in (50) and (52):

Theorem 4.7. [Se2] Lp = Lprum.

In Theorem 4.7, note that the definition of both monodromy modules depends on the choice
of a branch of the p-adic logarithm. We assume that the same choice has been made for both
D and DM,

In view of Proposition 4.6, Theorem 4.7 is equivalent to saying that there is an isomorphism
D ~ DM of two-dimensional monodromy T,-modules over Q, (as Up = Upru). Let
Dy, = (H(ky)V"> @ H(k,)>V">, 0 @ 0y /g,, N @ kp, " @ Kp) denote the base change to
K, of D in the sense of Remark 4.2. Let
(53) W= 08 @ uord: g (T, Div0(H,)(k,) ® Pu(K,)) — H(K,)" @ H(K,)"
where W'°¢ and ¥ are the integration maps introduced in (36), and set
(54) ® = —9'8 @ . H (T, DivP(H,)(k,) @ Pn(K,)) - D® K,
for the natural composition of the above map(s) onto H(K),)% "=,
By definition of ®, the free Tk, ,-submodule of rank one

Fl=.=F"=._.=F""1={(-Lz,2): 2 € H(K,)> ">}
of D® K, is Im(® o 0y).
As it will be useful for our purposes later in the construction of Darmon cycles, let us recall

at this point that, thanks to Lemma 3.10, there is a natural isomorphism
Hy (T, DiVO(Hp) ® P (Kp))

Im 0y ’
Definition 4.8. The p-adic Abel-Jacobi maps are the morphisms
H(K,)" @ H(K))"

ImW¥o 82

(55) H,(T',Div(H,) @ P (Kp)) =~

UM Hy (D, Div(H,) @ Pp(K,)) —

and
(56) M = pr o A . H (T, Div(H,) ® P,(K,)) — D ® K,/F™.
induced by ¥ and ®, respectively, together with the isomorphism (55).
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4.3. An Eichler-Shimura construction. Let T be a finite dimensional semisimple commu-
tative algebra over Q. For any algebraic extension L/Q, set X7(L) := Homgq.a15(T, L). By an
L -valued system of eigenvalues we shall mean an element A € Xp(L).

Let H be a Q-vector space endowed with a linear action of T. Given A\ € Xp(L), a
A—eigenvector in H is a non-zero element f € H ®qg L such that T'- f = X\(T') f for all T' € T;
write Hy (L) for the subspace of H ®q L spanned by such elements. When Hy(L) # 0, we say
that A occurs in H ®q L. If T C Endg(H), all A € Ap(L) occur.

The Galois group Gg acts on Xp(Q) by composition. Given A € X1(Q), we write [A] for
the orbit of A under this action. Note that ker(\;) = ker(\2) if and only if [A1] = [A2].

Set Ly := A(T) so that A € Xp(Ly), and Liy = [Tyepi Ly C Q; Lpy/Q is a Galois
extension. Set Hy(Lpy) = ©yepHy(Ly); an easy descent argument shows that there
exists a T-submodule H{yj C H over Q such that Hy (L) = Hpy ®qg Ly

Define Ijy) by the exact sequence

(57) 0— Iy — T3 Ly —0.

Given A € X(Q), let ¢ : Hyy C H be the natural inclusion and let (HY)* = HY /Ijy - HY
denote the maximal quotient of HY on which T acts through X. Then there is a canonical
commutative diagram of T-modules with exact rows

0 — IynHY) - HY — (HY)* = 0
(58) Y
HY = Hy — 0

Let now T = T{, "V, ® Q and let H*"> = H'(T, Cpar(Va(Q)))**> be the module intro-

duced in (51); note that End(H%">~) = T by Remark 2.4. By Remark 2.5, Lemma 2.8, the
Jacquet-Langlands correspondence and the g-expansion principle, dimy,, (H{"> (Ly)) = 1 for

all A € Xp(Q).
Given a non-zero eigenvector f, write Ay for the corresponding system of eigenvalues and

P _ C,Woo __ C,Woo
put Ly := LAf, Im = I[/\f] and H[f] = H[)\f] .

Since the category of admissible filtered Frobenius modules over QQ, is an abelian category
and the elements of Ijy act on D, we can introduce the module D5 € MFg, (¢, N) as the
one sitting in the exact sequence

A
0—>I[f]D%D—f>D[f] — 0.

Tensoring (57) with Q, over Q yields an exact sequence

A
0— I[)\],p — Tp = L)“p — 0.
Since T), C EndMF@d (o, (D), we have Dy = D/I}5),D and it follows that Dy is canoni-
cally a two—dimension;l monodromy Ly ,-module over K. Its L-invariant is
(59) Ligy = App(L) € Lyp
and its U-invariant is A7, (Up) = ap(f) = £p™. In the notation of Proposition 4.6,
(60) Dyj) =D, 5,21

Explicitly, Dy} can be described as the filtered Frobenius monodromy module over Q,
whose underlying vector space is

(61) Dyj = (HO=Y(Qp))N @ (H>Y (Qp))V =~ H[c}q]uoo’v((@p) b Hfﬁ%v(@p)y
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where the latter isomorphism arises from (58). The filtration F] (7] is given as in Definition 4.1,
where

(62) Fip = {<—£{f1wvx> z € Hi~" (Qp)}
Let Dy g, denote the base change to K, of D[y in the sense of Remark 4.2. As in (54)
and (56), we can introduce the map
A
(63) By : Hi(T,DivO(H,) ® P,) 2 D @ K, = Dy ® K,
and the Abel-Jacobi map

AJ )\f
(64) oA - Hy(I, Div(#H,) © Py) 5 D@ K,/F™ = Dig .,/ Fi-

Of course the monodromy module D) canonically decomposes according to Ly, = EBplp Ly,
where Ly, denotes the completion of Ly at the prime p above p:

Dy = Dy, Disp-

In the notation of Proposition 4.6, Dy, = Dy ()2 .

of Ly). We can further consider @[y, as well as @f}j]

where L), denotes the p-component

5. DARMON CYCLES

5.1. Construction of Darmon homology classes. The aim of this section is to introduce
what we call Darmon cycles, that should be regarded as analogues of the classical Heegner
cycles attached to imaginary quadratic fields and weight & > 4 modular forms by Nekovar
(c.f. [Ne], [IS]) and of Stark-Heegner points (also called Darmon points in [LRV2]) attached
to real quadratic fields and weight 2 modular forms (cf. [Dar], [Gr], [LRV], [LRV2]).

As in the previous sections, fix an even integer k > 2 and let n = k — 2, m = n/2. Let p be
a prime and let N be a positive integer such that p | N, p?{ N. Let K/Q be a real quadratic
field in which p remains inert. Assume for simplicity that the discriminant Dy of K is prime
to N. This induces a factorization of N as N = pN*TN~ where (N*, N~) =1 and all prime
factors of N1 (respectively N~) split (resp.remain inert) in K.

Crucial for our construction is the following Heegner hypothesis (see also our general dis-
cussion in the introduction), that we assume for the rest of this section.

Assumption. N~ is the square-free product of an even number of primes.

In consonance with the notations introduced in §2, let K, denote the completion of K at p,
a quadratic unramified extension of Q. Since this field shall be fixed throughout this section
and the maximal unramified subextension of K, is k, = K, itself, we shall simply write #,,
Div(H,) and P, instead of H,(K}), Div(H,)(Kp) and P ( »), respectively.

Let B be the indefinite quaternion algebra of discriminant N~ over Q, R be a Z[1/p]-Eichler
order of level N in B and I" be the subgroup of R* of elements of reduced norm 1.

As in §1, fix an embedding B* — GL2(Q)), that allows us to regard I' as a subgroup of
SL2(Qyp). Choose also embeddings

0x: K —Rando,: K = K,
that we use to regard K as a subfield both of R and of Kj,. In particular we have D}_(% € K.

Let us denote by Emb(K, B) the set of Q-algebra embeddings of K into B. Let O C K be
a Z[1/p]-order of conductor ¢ > 1, (¢, N) = 1, and let

Emb(O,R) :={¥: O < R suchthat ¥(K)N'R = ¥(O)}

be the set of Z[1/p]-optimal embeddings of O into R. Attached to an embedding ¥ €
Emb(O, R) there is the following data:
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e the two fixed points 7y,7y € H, N K for the action of W(K ‘) on H, N K, labelled in
such a way that the action of K* on the tangent space at Ty is given by the character
z v 2)Z;

e the unique vertex vy € V which is fixed for the action of W(K) on V; we have
vy = red(7y) = red(Ty);

e the unique polynomial up to sign Pg in P, that is fixed by the action of ¥ (pr) on
P, and satisfies (Py, P\p>P2 = —Dg /4. We single out one by

X -Xx?
Py = Tr(\I/(\/DK/2) 1 _X ) € Po;
e the stabilizer I'y of W in I, that is,
Iy =U(K*)NT =9(0))

where O; := {y € O*,n(y) = 1};
e the generator vy := U(u) of I'y /{£1} ~ Z, where u € OF is the unique generator of
O7 /{£1} such that o (u) > 1.
For each 7 € H,, we say that 7 has positive orientation at p if red(r) € V. We write
’H; to denote the set of positive oriented elements in H,. We say that ¥ € Emb(O,R) has
positive orientation whenever vy € VT, ie. Ty, Ty € 7-[;‘ N K. Put

Emb(O,R) = Emb,(O,R) UEmb_(O,R)

with the obvious meaning. The group I' acts on Emb(O, R) by conjugation, preserving ori-
entations.

The T'y-module K, - (r4 ® D™/*) P € Div(H,) @ P,, is endowed with the trivial I'g-
action (see the computation (65) below). Hence, the choice of the generator vy for the cyclic
group I'y allow us to fix an identification K, = Hi(I'y, K - 79 ® D;(mﬂP&,”). The inclusion

K, t¢® D]_(m/2P\’I;” C Div(#H,) ® Py, then induces the cycle class map
cly : Kp = Hi(Ty, K, - 79 ® D™ PPy — Hy(T, Div(H,) @ Py).

The group H;(I', Div(H,) @ P;,) should be regarded as a substitute of the local Chow group
in our real quadratic setting. See 1 for more on this analogy. With this in mind we make the
following definition.

Definition 5.1. The Darmon cycle attached to an embedding ¥ € Emb(O,R) is
Yy = Cl\y(l) c Hy (F,DIV(HP) ® Pn)

Note that the Darmon cycle yg is represented by v¢ @ Ty ® D;m/ 2P$.

Lemma 5.2. The homology class yy € H1(T',Div(H,) ® P,,) does not depend on the choice
of W in its conjugacy class of optimal embeddings for the action of I

Proof. Let v € T'. The assignation ¥ — (7y, Py, vy ) behaves under conjugation by -~ as
(65) (7'7\1;771, 'y\Ify*l’py'y\Iw*l) = (77_\1/7 yPy = P‘I”Y_la 77\1/7_1)'
from what it follows that

m/2

cdy(1) =74 @ DZ"PPE @ [ygl =7 - Tu ® v - D™’ PP & [yyey Y] = clyyy-1(1).

As a consequence of Lemma 5.2, there is a well-defined morphism

y : I\Emb(O,R) — H(I',Div(H,) ® P,)
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attaching a Darmon cycle y[y] := yy to any conjugacy class [¥] of optimal embeddings. Invoke
now the Abel-Jacobi map

AJ
H,(T,Div(H,) ®P,) & DK, /F"
introduced in (56).

Definition 5.3. The Darmon cohomology class attached to [¥] € T\Emb(O,R) is spg) :=
M (yg)) € D ® K, /F™.

Remark 5.4. This construction can also be formulated from a different (but equivalent) point
of view, which reinforces the analogy with the classical case of imaginary quadratic fields.
Namely, let Hz? ={r € Hy, : 7 = 7y for some ¥ € Emb(O,R)}. Note that there is a
well-defined action of I' on Hz? . With this notation, the above formalism yields a map

TE}‘I’

(66)  d:T\HC [\Emb(0, R) - Hy (T, Div(H,) ® P,) 25D @ K,/ F™.

Remark 5.5. For every prime £ | pNTN~, let wy € Ro(NT') be an element of reduced norm ¢
lying in the normalizator of I'. Conjugation by wy induces an involution Wy on I'\Emb(O, R)
given by Wy(¥) = wg\Ilonl.

Besides, conjugation by wy also induces an involution W, both on H;(I', Div(H,) ®P,,) and
on D® K,/F™, as already mentioned in 2.1. It follows as in the proof of Lemma 5.2 and the
Hecke equivariance of ®*7 that there are commutative diagrams

d:T\Emb(O,R) — Hi([,Div(H,)®P,) *5 DK,/ F"
Wy 1 Wy LW

d:T\Emb(O,R) — Hi([,Div(H,)®P,) %5 DK,/ Fm.

Recall that an orientation on the Eichler order R (resp.on the quadratic order O) is the
choice, for each ¢ | NTN~, of a ring homomorphism R — ks (resp. O — ky), where k; = Fp2
(resp. kg = Fy) for £ | N~ (resp.£| N7T).

Fix orientations both on O and on R. An optimal embedding ¥ : O—R is oriented if, for
all £ | NTN~, ¥ ® k, commutes with the chosen local orientations on O ® ky; and R ® ky,

e
respectively. Write Emb, (O, R) C Emby(O,R) for the set of oriented positive optimal

—
embeddings. The action of I' on Emb (O, R) leaves Emb (O, R) stable and thus induces a
well-defined action on it.

By Eichler’s theory of optimal embeddings, Emb (O, R) is not empty and the quotient

MEmb, (O, R) is endowed with a free transitive action of the narrow class group Pic(O) of
the Z[:]-order O (cf.e.g. [Vi, Ch.III, §5C]). Denote this action by

1
P
e
([a],[¥]) + [axT], for [a] € Pic(O),¥ € Emb; (O, R).
Artin’s reciprocity map of global class field theory provides an isomorphism

rec : Pic(0) = Gal (Ho/K),

where Hp stands for the narrow ring class field attached to O. In order to state our conjectures
it is convenient to introduce the following linear combinations of Darmon cycles.

Definition 5.6. Let x : Gal (Hp/K) — C* be a character. The Darmon cycle attached to
the character y is

Yx = deGal (Ho /K) Xﬁl(g)y[recfl(a)*\ll] € Hl(rv DiV<Hp) ® Pn) ® Kp(X)v
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where [¥] is any choice of a class of optimal embeddings in I'\Emb, (O, R) and K,(yx) is the
field generated by the (algebraic) values of x over K,. Write

sy = @M (y,) € D@ Kp(x)/F™ @ Ky(x).

5.2. A conjecture on the global rationality of Darmon cycles. Keep the notations and
hypotheses of 5.1. As in §1 and §4.1, let V,, := H,(M,,)P7"", that we regard this time as
a semistable continuous representation of Gk, by restricting the action of Gx C G to the
decomposition subgroup of a prime @ of Q over p.

In this section we show how Theorem 4.7 allows us to attach to each Darmon cycle yy a
class sy in the group HL(K,,V,) of local semistable cohomology classes. Cf. (1), or rather
[Ne2], for the definition of this group.

In [BK], Bloch and Kato introduced an exponential map which, in the case that concerns
us here, induces an isomorphism

DFM ®Kp

(67) exp : Fil" (DFY & K,)

= Hy(Kp, V3),

as follows from [IS, Lemma 2.1].

Keeping the notation of §4, assume Conjecture 4.7 and fix an isomorphism DfM ~ D of
two-dimensional monodromy Tp-modules over Q,. The choice of this isomorphism induces an
identification

D® K, ~ DI'MgK,
Fil'"(DfM @ K,)  Fil™(D® K,)

In view of (67) and (68), we may regard the Darmon cohomology classes introduced above

as cocycles

(69) Sy € Hslt(Km Vb), sy € Hslt(KP(X)a Vi),

for any optimal embedding ¥ € Emb(O,R) and any character y : Gal (Hp/K) — C*,
respectively.

The prime p splits completely in the narrow ring class field Hp. Choose and fix once and
for all an embedding ¢, : Ho — K. This choice induces a restriction morphism

_ D"MgK, = D®K,
T FiM(DFM @ K,) ~ Fil"(D® K,)

(68)

resp : Hslt(HO7 ‘/17)_>Hé,1t(va Vi)

DK,
Film™ (DeK,)
By Lemma 4.4 every automorphism of D acts on D/ Fil™ D by multiplication by an element

in T,. It follows that the image of H(Hp,V)) in %
of the isomorphism D ~ DM,

as in (3). The image of the global Selmer group HZ (Hop,V}) is a T,-submodule of

does not depend on the choice

Conjecture 5.7. (i) For any optimal embedding ¥ € Emb(O,R) there is a global coho-
mology class sy € HY(Ho,V,) such that

sy = res, (sg)
—
(ii) For any ¥ € Emb, (O, R) and any ideal class a € Pic(O),

res,(78y) = Saxys

where o = rec(a) ! € Gal (Hp/K).

(iii) For any character x : Gal (Ho/K) — C*, s, =resp(s,) for some s, € HYL(Hy, V)X,
where H, /K is the abelian sub-extension of Ho/K cut out by x, and HY(Hy, V,)X
stands for its x-isotypical subspace.



30 VICTOR ROTGER, MARCO ADAMO SEVESO

Notice that (iii) is an immediate consequence of (1) and (2) above.

In light of (4), one can go still further and conjecture that for any optimal embedding
¥ € Emb(O,R) there exists an algebraic cycle Zi, € CH™ ™ (M,, ® Hp)o ® Q, such that
d"(Z%) = sy and hence res, (I (Z5)) = sy, satisfying a Galois reciprocity law as in
(ii). We leave to the reader the task of rephrasing the two conjectures below in terms of
algebraic cycles, in the same spirit as above.

Let f € Sk(To(pN™))P~"% be a p-new eigenform. By means of the p-adic Abel-Jacobi map
@G‘]] introduced in (64), we can specialize the above constructions to the f -eigencomponent

Vp(f) of V,,. Conjecture 5.7 then predicts the existence of global cohomology classes
(70) sy.; € (Ho, Vy(f)) and s} € Hy(Hy, Vy ()X,

such that resy(sy f) = sw.f, resp(§3§) = sy ; and satisfying an explicit reciprocity law as in
Conjecture 5.7 (2). The p-adic representation V,(f) canonically decomposes according to
Ly, = ®P|P L¢,, where Ly, denotes the completion of Ly at the prime p above p:

Vo) = By Ve (-

Write §3§p for the corresponding conjectural cohomology class and write s}‘p for the one ob-
tained from the Darmon cohomology class 835 (that can be directly defined by means of @f}‘]] p).

In light of the results achieved in [Ko] and [Ne] for classical Heegner points and cycles in the
imaginary quadratic setting, it seems reasonable to formulate the following conjecture.

Conjecture 5.8. Assume s}, # 0. Then

Hg (Hy, Vo(£))X = Lypsy,-

Note that Conjecture 5.8 predicts that, although the map res, above may not be injective,
the global cohomology class §3§ is determined by s}‘ whenever s}‘ # 0. In particular, res, would
induce an isomorphism

Hslt(HX> Ve(F)X = Lf7p§>;,p = Lfyps}c,p‘

It is also possible to formulate Gross-Zagier type conjectures for these cycles, although a
proof of them seems to be a long way off, as even their counterparts for classical Heegner
cycles remain completely open.

Conjecture 5.9.

§3”<,p #0 <~ L/(f/KaXvk/Q) #0
and in particular

S}C,P #0 = L'(f/K,x,k/2)#0.

Note that the second statement in the above conjecture makes sense even when it is not
known that there exists a global cohomology class §3§ inducing 535 as predicted by Conjecture
5.7. See [LRV2] for a proof of an avatar of this formula for Darmon points, where k = 2,
s}‘ is replaced by its image on a suitable group of connected components and L'(f/K, x,1) is
replaced by the (comparatively much simpler) special value L(fy/K, x, 1) of the L-function of
an eigenform fo € S2(To(NT)).

6. PARTICULAR CASES

The circle of ideas in this manuscript specialize, in the particular cases of k =2 or N~ =1,
to scenarios that can be tackled by means of finer, simpler methods, as we now describe.

For k = 2 and any N~ > 1, the p-adic integration theory of §3 admits a much finer
multiplicative version, that allows to introduce p-adic Darmon points on Jacobians of Shimura
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curves, as envisaged by first time by Darmon in [Dar], and completed later in [Das], [Gr], [DG],
[LRV] and [LRV2]. We briefly recall these results in §6.1 below.

For N= =1 and any k£ > 2, the presence of cuspidal points on the classical modular curve
Xo(pNT) allows for a re-interpretation of the whole theory in terms of modular symbols. This
was again first visioned by Darmon in [Dar|, for k£ = 2.

In §6.2 we develop the theory for £ > 2 in the language of modular symbols, in a way that
shall be employed in the forthcoming work [Se]. From this point of view, the p-adic integration
theory may be viewed as a lift of Orton’s integration theory [Or]. By means of this approach,
the work [Se] of the second author offers a nontrivial partial result towards the conjectures
posed in §5.2 for N~ = 1.

Below, we treat separately the cases k = 2 and N~ = 1. For the sake of simplicity in the
exposition, we leave aside the overlapping case N~ = 1, k = 2: this is the setting considered
in the original paper [Dar| of Darmon, where both methods converge.

6.1. The case N~ > 1 and k = 2. Assume, only for this section, that N~ > 1 and k = 2.
Thus m = n = 0. We proved in Theorem 3.11 that there is a surjective homomorphism

pr,o U0 8y 1 Hy(T, K,) — (H®)Y

that yields an isomorphism when restricted to Ha(I', K,)¢. Notice that, since k = 2, HF is
not trivial (take Eisenstein parts of (20)). However, since N~ > 1, it follows from (15) and
Lemma 2.8 that H® ~ HY(To(pN ™), K,)P~"e®.

The theory developed in [Gr], [DG] and [LRV] shows that there is a multiplicative refinement
of the above, as we now briefly recall. Setting

T*(Kp) == Hom(H;(Do(pN™), Z)P 7", K ),
it is shown in [LRV, §5] that there is a Hecke-equivariant multiplicative integration map
3% . Hy(T,DivY(H,)) — T*(K,)

such that ®°4 = ord o®° and ®'°8 = log o®", up to extending scalars from Z to K,,. Similarly
as in (39), let

3 . Hy(T,Z) — Hy (T, DivP(H,))
denote the boundary morphism such that 9, = 98 ®7, K, and one may define
Lo :=Tm(®% 0 09) C T*(K,)

It is shown in [LRV, §6] that Ly is a lattice in T7*(Q)); hence, one may define the rigid

analytic torus J := %ﬁo@p) over Q,. There is a natural action of the involution Wy, on

J which allows to split the torus J ~ J* x J~ up to an isogeny of 2-power degree. The
two factors J* and J~ are in fact isogenous and the main results of [DG] and [LRV] show
that J* admits a Hecke-equivariant isogeny with Jac(X™ (pN*))P~"¢% over the quadratic
unramified extension K, of Q,. This is achieved by proving that the £-invariants of J* and
of Jac(X{" (pNT))P~"¢%  in the sense of Tate-Morikawa’s uniformization theory, are equal.
This is a particular instance of Theorem 4.7 above.

Let now K be a real quadratic field in which p is inert, so that K, is isomorphic to the
completion of K at p. Using the above results, it is possible to attach a Darmon point
yy € Jac(X (pNT))P~"%(K),) to each optimal embedding ¥ : O < R as in §5.1; see [Gr,
§10], [DG] and [LRV2, §3] for full details and for the precise statement of the conjecture that
is the analogue of Conjecture 5.7.
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6.2. The case N~ =1 and k > 2. Let A := DivP!(Q) and A := Div’ P}(Q) be respectively
the space of divisors and degree zero divisors supported to the cusps with coefficients in K,
so that

(71) 0—A" - A— K,—0.

For any Kj,-vector space A endowed with an action by G C GL2(Q) set BS(A) := Hom(A, A)
and MS(A) := Hom(A", A), endowed with the natural induced actions. Then there is a
canonical exact sequence

(72) 0= A = BS(A) — MS(A) — 0.

We also write BSg(A) := BS(A)Y and MSg(A) := MS(A)Y to denote the G-invariants.

When A = DY(PYHQ,), K,)® and A = Char(Vn(K,)), the corresponding exact sequences
are connected by the morphisms induced by the morphism r introduced in §3.1. Taking the
long exact sequences induced in I'-cohomology we find:

Proposition 6.1. There is a commutative diagram

é
MSr (D5 (PH(Qy), Kp)*) = H'Y(T, D (PY(Qy), Kp)")
(73) Tl ir
é
MSF(Char (Vn(Kp))) - Hl(r’ Char (Vn (Kp)))
where both vertical maps r and the cuspidal part 6¢ of the lower horizontal map are isomor-
phisms.

Proof. By Theorem 3.5, the right vertical arrow is an isomorphism. Exploiting the isomor-
phisms

MSEr(Char (Vi (Kp))) — MSr(Co(€, Vi(Ky)))

(74) R I
MSr,(pn+) (Vi (Kp))P— e — MSEry(pn+) (Vi (Kp))

provided by Shapiro’s lemma as in (21), a similar but simpler argument shows that the left
vertical arrow is also an isomorphism (see [Se, Proposition 2.8] for details). As for the lower
horizontal arrow, the Eichler-Shimura isomorphism factors as the composition

(75) ES : Sy(To(pN*)) @5 C 5 MSpypon+)(Va(C))° S HY(To(pNT), V).

Here the morphism § appearing in (75) is obtained from (72) with A = V,,(C) and G =
To(pNT). It follows from this description that the morphism §¢ obtained from ¢ in (73) is
identified with the morphism obtained from §¢ in (75) by taking the p-new parts. Since ES is
an isomorphism, §¢ in (75) is an isomorphism and the p-new parts of the source and the target
are identified by the Hecke equivariance of §¢ for this reason the lower ¢ in (73) induces an
isomorphism between the cuspidal parts.

Finally, the commutativity of the diagram follows from a rather tedious but elementary
diagram-chasing computation. O

Set MS(K,) := MSr(Char(Vn(K}))). Since the boundary morphisms ¢ in Proposition

6.1 are Hecke equivariant, they induce an isomorphism §¢ : MS(K,)¢ = H(K,)¢ between the
cuspidal parts. There is a commutative diagram

Hy(T,Po(K,) B3 HiT,D(H,) (k) @ Pu(K,)) 2% H(K,)

p
(76) I 1 | Lo
H\(T,AY® P, (K,) % (A @DvO(H,)(ky) © Pu(E,)r S5 MS(K,).
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Here, the morphisms W!°2 ¥ in the top row are the ones introduced in Section 3.2.
Similarly, the corresponding maps \I»'i‘\)fs, V¥ s in the lower row are obtained by performing
the obvious formal modifications in the definition of the pairings in Definition 3.8 and in (36).

The connecting map 0; arises from the long exact sequence in homology associated to (38),
tensored with A°®@P,,(K,). Quite similarly, the first (second) vertical arrow is the connecting
map arising in the long exact sequence induced by the short exact sequence (71) tensored with
P, (K,) (respectively, tensored with Div®(H,)(k,) @ P, (K})).

By Theorem 3.11, (¥ 0 85)¢ : Ho(T, P, (K,))¢ —(H(K,))" is an isomorphism. The
same circle of ideas appearing in the proof of this theorem, paying care to the Eisenstein
subspaces, shows that

(77) (U5 001)¢: Hi(D, A" @ P (K))¢ — (MS(K,)°)"

is also an isomorphism.

It then follows from the isomorphism ¢ : MS(K,)¢ = H(K}) that the left vertical arrow
also induces an isomorphism Ha (T, P, (K,))¢ ~ Hy(I', A°®P,,(K,))¢. This is helpful, because
it allows to construct an L-invariant £, as the one already introduced in Definition 3.14, purely
in terms of modular symbols, as we now explain.

Let as before pr, : MS(K,)"—(MS(K,)°)" denote the natural projection and write
P = pr.o ¥ s for either x = log or ord. In light of (77) and reasoning exactly as in
the proof of Corollary 3.13, there exists a unique endomorphism £Laqs € Endr, (MS(Q,)%)")
such that

(78) D00y = Las 0 DX 001 Hi(T, A @ Py (K,)) — (MS(K,)).

The invariants £ and Lqs are equal, as follows from (76), (77) and the definition of the L-
invariants. On the f-isotypic component £as specializes to the Orton L-invariant (see [Or]).
Hence they induce isomorphic monodromy modules. Indeed, let ws, € {£1} be a choice of a
sign and define a monodromy module

(79) Dus = D%IOOS = MS(Qp)CN,woo D 1\/{8(@1?)c,v,w0O

over Q, as in (52), providing it with a structure of filtered Frobenius module by formally
replacing H by MS, and £ by Las. It follows from the discussion above and the explicit
description of both monodromy modules that the isomorphism §¢ : MS® = H€ induces an
isomorphism

(80) D—=D ys.

Finally, we conclude this section by showing how the Darmon cycles that were introduced
in §5.1 can also be recovered by means of the theory of modular symbols when N~ = 1; this
point of view is of fundamental importance in [Se]. As in (54), set

Pums = _(I)l/c\)/%s ® (I)ﬁ)\r/lds : (AO ® DiVO(Hp) ® Pn(Kp))r—Dms(Kp).

As in Definition 4.8 and in (56), we would like to be able to use s to construct a
morphism ®41s : (A ® Div(Hp)(kp) ® Pr(K,))r —Daas/F™. There is however a slight
complication here, as (A? @ P, (K,))r is not trivial. The reader may like to compare this
situation with the one encountered in §4.2, where the counterpart of (A @ P, (K,))r is
H'(T', V,,), that is trivial by Lemma 3.10. This motivates the following definition.

Definition 6.2. A p-adic Abel-Jacobi map with respect to ® o5 is a morphism
(81) P45 : (A" ® Div(H,) (kp) ® Pr(K,))r—Dps @ Kp/F™
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such that the natural diagram
(A% ® Divo(’Hp) @ Py (Kp)r 2ug D ms(Kp)
1 3
(DAJ
(A" @ Div(Hy)(kp) @ Pu(Kp))r 25 Dums(Kp)/F™
is commutative.

Such morphisms exist, but they are not unique. Using now the notation introduced in §5.1,
there is a diagram

PAT

M\Emb(O,R) %  H(T,Div(H,)(k)) @ Pn(K,)) =  D®K,/F™
(82) YMms XS . s
(A @ Div(H,) @ Pa(K,))r 45 Ds @ K,/ F™.

Here yps (V) is defined to be the class of ygz—2®@7yg ®D;{m/2 o » Where an arbitrary choice

of x € P! (Q) has beeen fixed. The map ys is indeed well defined, as easily follows by arguing
as in Lemma 5.2. Thus, along with the Darmon cohomology classes sy attached to V] €
I"\Emb(O, R) introduced in Definition 5.3, we can also define sys([¥]) := @315 (yms (V) €
D MS & Kp / m,

Although the triangle in (82) is commutative, we warn the reader that the square in (82)
may not be. This is due to the fact that an arbitrary choice of a p-adic Abel-Jacobi map (I)f{;t] S
has been made. Fortunately, it can be shown that the image of ¥ in D ys ® K, /F™ does not
depend on the choice of @ﬁ/f s see [Se, Proposition 2.22] for more details, where it is proved
that although the square in (82) may not be commutative, one still has

AJ AlJ
(83) 2™ (yw) = Pris(yms(¥)).
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