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Abstract

A dynamic simulator based on the dynamic robotic
equations applied to articulated structures is pre-
sented. The correct trajectories are obtained using a
motion capture equipment (exported in biovision for-
mat). Motion is reproduced from these trajectories
with a mixed kinematic and dynamic model. Posi-
tion and orientation of each link of the virtual skeleton
are described using Denavit-Hartenberg coordinates.
The inverse and direct dynamic problems are solved
with Newton-Euler and generalized D'Alembert for-
mulations. Warping technique is also implemented in
order to obtain more complex movements from simple
captured ones.
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1 Introdution

A dynamic simulator of an articulated structure can
be an useful tool for di�erent application �elds. On
an animation context, it can be used as a generator of
motion for a virtual humanoid [12], [19]. It can be used
also in the design of actual industrial robots because
one can obtain the forces and torques acting in the
joints of the structure [7],[13]. This information can
be used also in biomedicine to compute the stress at
the joints of the legs and arms of a patient [6],[1].
The complexity of the movements of a human being

forces to work with trajectories obtained using cap-
ture motion equipment and the subsequent reproduc-
tion from a dynamic point of view. On carrying out
a dynamic simulation of articulated chains, motion is
produced as a result of a series of applied forces, among
them: Gravity, the pair produced by a motor (at the
joints),as well as inertias, Coriolis and friction forces.

The assembly of all these forces describes the physical
behavior of the motion of the articulated chain in the
real space.
Our simulator can be used to animate scenes where

there are articulated rigid solids, such as biped skele-
tons or robotics arms, from trajectories previously cap-
tured. Moreover, dynamic information can be obtained
and used in case of a deeper study is needed.

2 Mathematical models

In order to make a dynamic simulation of a articulated
chain as the one considered in this paper, we need to
solve two di�erent dynamic problems, the inverse and
the direct problem. The last one is known as simu-
lation. The pairs which are the forces obtained as
solutions of the inverse problem, are used to obtain
the �nal motion resulting from the direct problem.
The dynamics of an articulated chain is solved us-

ing the mathematical formulations of the equations of
the motion of a robotic arm. These are an assembly of
second order di�erentials equations that describe the
dynamic behavior. In order to place and to orient each
element of the skeleton in the 3D space the represen-
tation of Denavit-Hartenberg [9] is used.

For the inverse problem we use the improved
Newton-Euler (N-E)formulation ([9]) since it is more
eÆcient computationally speaking. This formulation
consists of an assembly of recursive equations divided
in two iterations. One ahead iteration, from the �rst
element to the last one of the chain, where the kine-
matics information is propagated, and one backwards
iteration, where forces and pairs for each of the joints
of the articulated chain are computed.

The N-E recursive equations are presented below dif-
ferentiating these two iterations:
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being Ri
i�1 the Euler's rotation matrix, !i and _!i are

the angular velocity and acceleration respectively, _vi is
the lineal acceleration and ai is the lineal acceleration
of the center of mass of each link. Variables _qi and
�qi are velocity and acceleration of the angular variable
for each link.

Backwards equations: i = n; n� 1; :::; 1
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being fi the force applied over the joint i, ni is the
moment and �i is the associated pair.

The N-E formulation was initially stated to move ar-
ticulated chains like a robotic arm or a manipulator.
In a robotic context it is considered that each single
joint has only one degree of freedom. Ball-and-socket
joints are not used because of their lack of precision and
they are also diÆcult to control. In order to apply this

formulation to a human skeleton which moves in the
3D space �ctitious elements have been added [9], that
have no mass and null length but maintaining the ap-
propriate rotation axis. For each actual element there
will be two �ctitious ones with their respective joints.
The combination of the three elements will produce
an association of three joints with their three di�erent
rotation axes allowing a full 3D motion.

On the other hand, to solve the direct dynamic prob-
lem the generalized D'Alembert's formulation has been
used [9] since it is a closed formulation and a very well
structured one. This will facilitate the numerical in-
tegration of the di�erential equations using an explicit
method like the usual Runge-Kutta 4. The system of
di�erential equations can be written as

nX
j=1

Dij
��j(t) + htrasi (�; _�) + hroti (�; _�) + ci = �i (1)

for i = 1; 2; :::; n

In the above equation, �rst term is related with the
inertia of the elements. Second and third terms de-
pend on the centripetal and Coriolis forces caused by
the translation and rotation of the elements. The ci
term re
ects the applied external forces. In our case,
the only external force considered is the usual gravity.
Finally, term �i is the pair at each joint, this term has
been previously calculated as a solution of the inverse
problem. The results of the numerical integration of
these equations are the dynamic trajectories that will
be represent on the graphic window of our simulator.

3 Dynamic control

Given the equations of the dynamic motion of an ar-
ticulated chain, the objective of the control procedure
is to maintain the dynamic simulation in agreement
with some pre-speci�ed criterium. Although the prob-
lem of the control can be stated so easily, its solution
becomes complicated when di�erent forces act simul-
taneously.

Taking into account the characteristics of the artic-
ulated chains, their trajectories and their formulations
we decided to implement a simple derivative and pro-
portional control, using the technique of the calculated
pair. This law of control can be obtained from the re-
cursive equations of N-E replacing �qi(t) to obtain the
necessary pair for each joint. The �nal expression of



the control equation can be written as
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where Kij

p and Kij
v are the gains of feedback at joint i

for the position and derivative, and ei(t) = qdi (t)�qi(t)
is the position error for this joint. The physical mean-
ing of the previous equation in N-E recursive equations
can be understood in the following way:
1. First term will generate the pair that would corre-

spond to each joint if there is no modelation error
and if the physical parameters are known for the
system. However, errors due to roominess at the
joints, lack of precision for some parameters, etc,
will give inevitable deviations of the desired tra-
jectory for the joint.

2. The remaining terms in the equation (2) will gen-
erate the correction pair to compensate small de-
viations on the trajectory.

Matrices of feedback gain Kp and Kv must be diag-
onal dominant and positive de�ned in order to obtain
a critically damped system by each one of the subsys-
tem of the joints. With this control the error is not
eliminated completely but we can reduce it obtaining
very satisfactory results in the �nal simulations.

4 The problem of trajectories

The problem of de�ning the trajectories correspond-
ing to a human motion is a complex task with very
diÆcult solution. In order to solve the inverse prob-
lem, we needed to know the trajectories, which will be
simulated later. To �nd trajectories for each one of the
joints of a skeleton is a problem that cannot be solved
by test and error. Our simulator uses as trajectories
the values stored in a �le, using biovision standard for-
mat, which is created from a motion capture equipment
MotionStar (an Ascent trademark) owned by Televisi�o
de Catalunya. (see �gure 1).
The values obtained by this equipment when record-

ing a motion are very noisy and as a consequence sud-
den changes in the acceleration direction of the joints
of the skeleton are caused. Therefore, negative e�ects
in the dynamic behavior of the simulation arises and
non desired oscillations appear. In order to �lter and to
smooth the captured values a method based on Kernel

Figure 1: Capturing several motions

functions, has been implemented. We make an average
of the values according to a density function associated
to each point. If we consider point data as pairs (ti; xi)i
where i is the number of captured frames, we de�ne a
Kernel function for each point by.
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where p is a variable parameter used to weighting the
neighboring points and that can be modi�ed accord-
ing to the target point. The �ltered data (ti; �xi) are
computed from the weighted function

�xi =
1

p
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xjfj(ti):

This way we are able to �lter the trajectories and to
improve the behavior of the simulation.

Another feature of the present simulator is the possi-
bility of warping di�erent captured motion. Two inde-
pendent movements can be connected in a continuous
way without any discontinuity. As a result, more com-
plex animations are obtained from the previous ones.
This can be done applying the technique of Warping

between two movements. A warping zone of transi-
tion is generated making an interpolation between both
movements. The new motion can be obtained as

�r(t) = �a(t)(1� �) + �b(t)�;

where �r is the resulting movement, �a is the �rst move-
ment, �b is the second movement and � is a parameter
that indicates the transition speed of the �rst move-
ment towards the second.



5 Description of the simulator

The simulator is mainly structured in four modules
with di�erent relations between them.

1. Input/Output Module : This module manages
the input and output �les of the di�erent data
required by the simulator.

2. Module of Trajectories: It is the module in
charge of generating all the trajectories. It also
�lters the captured trajectories and applies warp-
ing when the user decides.

3. Module of the Simulator: It is the nucleus of
the application. This module contains all the dy-
namics for the animation (inverse and direct prob-
lem) and is the one that allows to move the skele-
tons and solids of the scene.

4. Graphical Module : It is the module which con-
tains the computer graphics options of the simu-
lator and manages the user's interface needed to
represent and to interact with the simulations.

Figure 2: An humanoid frame

The above images are an example of a frame of a
simulation of a humanoid which is walking in the �rst
case and making an acrobatic dance in the second. In
all the animations the same geometric primitive is used
to construct each link of the virtual humanoid. Every
link of our humanoid is obtained from the so called su-

perquadrics [14], consisting on a quadratic parametric
surface that depends on few parameters. Many di�er-
ent shapes can be obtained from the variation of these
parameters.

Figure 3: Another simulation view

6 Additional options of the

simulator

Our simulator has two additional options that allow
the user to visualize both the curve of trajectories and
the curve of the pairs for each joint of the skeleton
at every moment of time. The information about the
maximum and minimum pair until the current moment
or the pair in current frame is also facilitated. From the
analysis and deep study of these curves very interesting
applications and conclusions in the �eld of robotics and
in the �eld of medicine can be reached.

Figure 4: Curve of pair of humanoid's knee

As a possibility, these curves could help to design a
robotic arm. Knowing the amount of work, the length
and the weight of the arm, the pair curves can be ob-
tained. Therefore, a theoretical computation of the
intensity of the electrical motors necessary to produce
the pre�xed movement can be made. From the relation

� = Km � I (3)



where � is the pair calculated using the simulator, Km

an empirical constant that depends on the characteris-
tics of the motor and manufacturer, and �nally I is the
current intensity. Thus, knowing the necessary current
rank to produce the motion one can be able to deter-
mine the necessary theoretical power of the motor. The
variation on length and weight of the robotic arm will
produce a change in its dynamics and, therefore, mod-
i�cations in the pairs and the power (that we will be
able to recalculate with the simulator) will take place.

On the other hand, in a medicine context it can be
useful to compare the e�orts to which the joints of the
body are put under when making a certain movement.
The greater the pair, the greater the e�ort produced
by the joint and therefore it will su�er more damage.
From the capture of the motion of a patient and its
weight, the corresponding curves of pair could be ob-
tained, and thus the ideal weight of this patient can be
stated in order to constrain their curves of pair within
standards limits considered save for the patient.

Figure 5: Comparison, with di�erent weight, of the
e�ort of a knee on walking
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