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Abstract

We consider the cyclic presentation of PG(3,¢q) whose points are in the finite
field F4 and describe the known ovoids therein. We revisit the set O, consisting of
(¢* + 1)-th roots of unity in g4, and prove that it forms an elliptic quadric within
the cyclic presentation of PG(3, ¢). Additionally, following the work of Glauberman
on Suzuki groups, we offer a new description of Suzuki-Tits ovoids in the cyclic
presentation of PG(3,¢q), characterizing them as the zeroes of a polynomial over
.
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1 Introduction

In the projective space PG(3,q) with ¢ > 2, an ovoid is a set of ¢> + 1 points meeting
every line in at most 2 points. The classical example of an ovoid is an elliptic quadric,
whose points come from a non-degenerate elliptic quadratic form. Ovoids have been an
interesting topic in finite geometry with important applications in coding theory as it has
been shown (for example in [3, 8]) that error-correcting codes from ovoids have optimal
parameters.

The only known ovoids in PG(3, ¢) are the elliptic quadrics, which exist for all ¢, and
the Suzuki-Tits ovoids, which exist for ¢ = 2™, where m > 3 is odd. It is well known that
every ovoid of PG(3,¢), with ¢ odd, is an elliptic quadric (see for example [9]). On the
other hand, the classification problem for ¢ even has been resolved only for ¢ < 64, see
[15, 16]. For this reason, our main interest is the case when ¢ is even.

Usually ovoids are studied in the standard presentation of the projective space PG(3, q).
In this paper, we study ovoids in another model of PG(3, ¢) described in [5], following the
approach by Jamison [12] (see also [4]). The point set of this model is identified with a
cyclic subgroup of the multiplicative group F \{0}. We will refer to this model as the
cyclic presentation of PG(3, q).

In the first part of the paper, we consider the set O of (¢® + 1)-th roots of unity in the
finite field F,a. In [2], it was shown that the set O consists of zeros of a quadratic form
and it determines an elliptic quadric in PG(3,¢q). However, a presentation of PG(3,¢)
to which the elliptic quadric O belongs was not provided. In Theorem 3.2, we will show
that the set O is an elliptic quadric in the cyclic presentation of PG(3,q). We highlight
the recent work on the zeros of the projective polynomial X9 + X + a by Kim et al. in
[13, 14], which provides necessary tools to obtain our result.

In the remainder of the paper, we study Suzuki-Tits ovoids. These ovoids bear this
name because they were first described by Tits in [20] and are stabilized by the Suzuki
groups Sz(q). These groups Sz(q), also known as the twisted Chevalley groups of type
2Bs(q), were found by Suzuki [21]. A comprehensive treatment of this construction by Tits
can be found in the book by Taylor [17]. We also refer the reader to a recent survey [19]
and references therein for more on the historical development and impact of the discovery
of Suzuki-Tits ovoids.

We mention briefly the general construction of Suzuki-Tits ovoids in PG(3, q); for the
definitions of the terminology, we refer the reader to Subsection 2.3. Associated with
PG(3,q) is a generalized quadrangle W (q). For ¢ = 2™, where m > 3 is odd, the set of
absolute points of a polarity of W(q) forms a Suzuki-Tits ovoid. The standard way to
construct a Suzuki-Tits ovoid is to introduce a symplectic basis of the vector space IE““ql
over [F, and describe related objects with respect to this basis.

An alternative approach to the above, which we will use in this paper, is to consider
the cyclic presentation of PG(3, ¢) and the associated description of W(q) described in [5]
and [6].

At the conference Combinatorics 2024, Tao Feng brought our attention to the work of
Glauberman [11] in 1996 on Suzuki groups. In [11], Glauberman already considered the



cyclic presentation of W (q) implicitly and provided suitable polarities for his investigations
on the outer automorphisms of Sg. He did not provide a description of the Suzuki-Tits
ovoids, however. Perhaps the reason was that the cyclic presentations of PG(3,¢q) and
W (q) were not described explicitly until 1999 [5] and 2004 [6], respectively.

Following the work of Glauberman, we determine the absolute points of the polarities
given in [11] and thereby describe the Suzuki-Tits ovoids in the cyclic presentation of
PG(3,¢q). As a consequence, we obtain a description of these ovoids as a set of zeroes of a
polynomial over F «. This is the third description of Suzuki-Tits ovoids, after the original
description by Tits [20] in 1962 and the constructions by Wilson [22; 23].

The content of the paper is organized as follows. In Section 2, we recall preliminary
results from finite geometry and projective polynomials. Elliptic quadrics in the cyclic
presentation of PG(3, q) are considered in Section 3. New results on Suzuki-Tits ovoids
are reported in Section 4.

2 Preliminaries

Let ¢ = 2™. Let £ D K D F be a chain of finite fields, |E| = ¢, |K| = ¢*, |F| = ¢. In
the sequel, we define the following sets:

Po={xe B |aCt et — 1},

O:={zek|z7"" =1},
S:={re K|z =1},

Each element x € P has a unique decomposition x = Au, where A € S and u € O.

2.1 The roots of the polynomial P,(X) = X! + X +a

For a € E, let
P(X)=X""+ X 4 a.

We note that the more general polynomial forms X% + r X9 + sX + ¢ with s # 79
and t # rs can be transformed into this form by the substitution X = (s — r?)Y/9X; — 7.
It is clear that P,(X) has no multiple roots. A comprehensive method for solving the
equation P,(X) = 0 was recently developed in [13, 14]. Adopting the notation in [13], we
define

AfX) =14 X94 X7

From [13], we have the following characterization of P,(X) when it has ¢ + 1 roots.

Lemma 2.1 ([13]). Let a € E. Then the polynomial P,(X) = X9 + X +a has q + 1
zeros in E if and only if Ay(a) = 0. In this case, there exists u € E\K such that
_ (wru)y 4)a-1 Then the q+1 in E of P,(X _
i orevare=s et c = (u+u?)?'. Then the g+ 1 zeros in E of P,( )areaso—1+c

and x, = xo(u + V=4 fory € F.




2.2 The cyclic presentation of PG(3, q)

We still assume that ¢ = 2™. In this section we recall the cyclic presentation of PG(3, q)
first described explicitly in [5, Section 5.1]. The point set P consists of (¢* +¢* + ¢+ 1)-th
roots of unity in E. Planes are given by the zeros of equations of the form

o Hatl i +a+1 Lottt 4 gy 11 =0,
where o € P. Lines are given by the zeros of polynomials of the form
Log(w) := 2™ + az + 3,
where f € P and o € E such that
adtl — 87 + Bq2+q+1. (1)
We first note the following.
Lemma 2.2. Let § € P and o € E satisfy condition (1). If a # 0, then i’ ~1gatl =

Proof. We have

(aqﬂ)qqﬁqﬂ _ (5q + ﬁq2+q+1>qflﬁq+1 _ Bq(qq)(l + 5q2+1>qflﬁq+1
B 5q2+1 1+ g*+e B B+ 4 getta* e+l
o 1+ g+t 1 + por+t

=1,

and the proof follows. O

It was shown in [5] how the lines L,3(z) are obtained. In view of recent results from
[13], an alternative way to see that these lines contain points from P is as follows.

Lemma 2.3. Let § € P and o € E satisfy condition (1). Then the equation
X paX+8=0 (2)
has q + 1 roots in P.

Proof. 1. We note that ¢ is even. If o = 0, then B+t = 1. In particular, there exists
e € E such that e?”~! = 3. Then the set of solutions of (2) is {se?"! | s € S}, and each
element sed~! is in P.

2. Consider the case a # 0. By substituting X = a?’Y, the equation (2) can be

transformed into
Yl 4+ Y 46 =0, (3)

where a := o=@+, From Lemma 2.2, we have a? ! = 37+ 5o that

aq3+1 _ aqS—qaq+1 _ 6q3+1aq+1 _ Bq3+1(6q + 5q2+q+1) _ ﬁq3+q+1(1 + 6(12—&-1).



Then
B B 1 grH
“= Fr Battati(] 4 BaPH) - BePta(1 + Be1) 1 1 BeHL
Andsoa € K.
Following Subsection 2.1, we let A4(a) = a? +a?+1. It follows readily that A4(a) = 0.
(u + ud*)atl’

1
The roots of the equation (3) are given by yy = T3¢ and yo(u + ’y)qz_q, for each v € F.
c

By Lemma 2.1, there exists u € F\ K such that a = Let ¢ = (u+u?)?~t € P.

q3
The roots of the original equation (2) are then zy = 104

v € F. In [1, p.516], it was shown that

,and zo(u-+~)7 9, for each
c

Cq
(14 )t
so that .
c
al+e¢)=———€P.
( ) (14 )t
We have s , ,
) o ac® al 1B

T M2 T al o2 allto?

We note that a?’ =13 is a (¢ — 1)-th power and so it is in P. It follows that z, € P, and
since ,
(wty)T = (W +),

all the g + 1 roots of (2) are also in P. O

Lemma 2.4 ([5]). The line joining two points y and z is given by the zeroes of the
polynomial X7 + aX + 3 =0, where

yQ+1 + Z¢H—1
=Ty

y+=z

2.3 Known results on the Suzuki-Tits ovoid

We collect some materials from [7, p.41], [6] and [18].

A correlation of PG(3,q) is a bijection o of the point set of PG(3,¢) onto the plane
set of PG(3, ¢), such that the g + 1 points of any line [ are mapped onto the ¢ + 1 planes
containing a line [’. The line [’ is the image of [ under o. The point set of any plane P of
PG(3,q) is mapped onto the set of all planes containing the point o~!(P). A polarity of
PG(3,q) is a correlation of order 2. A polarity 7 is symplectic if and only if every point

5



p of PG(3,q) is absolute, that is p € w(P). A line [ is totally isotropic (also known as
self-polar in [18]) with respect to a correlation o if o (1) = .

Let W(q) be the point-line geometry formed by all points of PG(3,¢q) and all totally
isotropic lines with respect to a symplectic polarity of PG(3,q). The geometry W (q) is
called a tactical configuration in [7] but otherwise is more commonly known as a gener-
alized quadrangle of order (g, q), see for example [6].

A correlation of W(q) is a bijection o of P U L onto itself such that a(P) = L,
a(L) =P, p e lif and only if a(l) € a(p) for p € P and | € L. Such a correlation « is a
polarity if a® = 1. A point p of P is absolute with respect to « if p € a(p).

Theorem 2.5 ([18, 20]). Suppose that g = 2™. The geometry W(q) admits a polarity o if
and only if m is odd. In such case, the absolute points of o form an ovoid T of PG(3,q).
These ovoids are called Suzuki-Tits ovoids. A Suzuki-Tits ovoid is an elliptic quadric if
and only if ¢ = 2.

3 Elliptic quadrics in the cyclic presentation of PG(3, q)

Let Ng/k be the norm map from E to K. We recall from [2] the following description of
elliptic quadrics in PG(3, q).

Theorem 3.1. Let E D K D F be a chain of finite fields, |E| = ¢*, |K| = ¢*, |F| = g,
q=2". Then
Q(z) = Trr/p(Ne/x (7))

1s a non-degenerate quadratic form on the 4-dimensional vector space E over F'. Moreover,
the set

O:{U€E|NE/K(U):l}:{UEE|uq2+1:]_}
determines an elliptic quadric in PG(3, q).

It is readily checked that O € P. In [2], a presentation of PG(3,¢q) to which the
elliptic quadric O belongs was not provided. Here we show that O is an ovoid in the
cyclic presentation of PG(3, q).

Theorem 3.2. Let 5 € P and a € E satisfy condition (1). Let A € S. Then the system
(I) of equations

{Xq“JraXJrﬁ:O (4)
X ) (5)
has at most two solutions in P.

Proof. We follow the notation in the proof of Lemma 2.3. The ¢+ 1 roots of (4) are in P
3

q

and are given by xy = 1a and zo(u? + v)?9! for each v € F.

+c



1. Suppose that there exists v € F such that zo(u? + v)7"! is a solution of (5), that
is,
zf T (u 4 7)Y =

Let

6 A _ (uf 4 4)aDED)
2+1
)

Since u € E\K and v € F, we have that (u?+~)?*! % 0. Then

(uq + 7)q2+1 :

(W +7)7 s = (u +7)7H
= (u” +7)(u? +7)s = (u? +7)(u+7)
< Ay’ + By +C =0,
where
A=s+1,
B=su” +u?) +u” +u,
O — sy?ta + uet

2. The calculation above shows that zo(u? 4 v)?! is a solution of (I) if and only if v
is a solution of the equation
AX?*+ BX +C =0. (6)

If s =1, then A = 0 and (6) has a unique solution v, € F. Then (/) has two solutions,
which are x¢ and xg(u? + )¢ 1.

If s # 1, then A # 0 and (6) has at most two solutions in K (and consequently in F').
Furthermore, since s = A/ xg2+l, we see that x( is not a solution of (5). It follows that (1)
has at most two solutions. ]

4 Suzuki-Tits ovoids

4.1 Polarities in the cyclic presentation of PG(3, q)

Let ¢ = 2™, where m > 3 is odd. We still consider the cyclic presentation of PG(3, ¢) and
follow the terminology introduced in Subsection 2.3. For every point A of P, let

wi(z) == A\Cr)T T AT )T 4 (M) 1
be a polynomial over F,« whose zeros correspond to the points of a plane. Then a sym-
plectic polarity w of PG(3,¢) was given in [5] as w : A — wy(z) = 0.
For 5 € P, let L(f3) be the line defined by the equation

Xatt 4 (5(q2+q+2)/2 + 5(‘1“)/2))( +8=0.



The totally isotropic lines with respect to w are the lines L(f), where 8 € P. This was
proved in [6]. Let £ be the set of all such totally isotropic lines. Let W(q) = (P, L) be
the corresponding generalized quadrangle.

This presentation of the generalized quadrangle W(q) was already considered by
Glauberman in [11], where it was refered to as the “symplectic geometry G on E”. How-
ever, the totally isotropic lines were not described explicitly by Glauberman.

In [11, p. 64], a correlation § of W (q) was defined with respect to a symplectic basis of
E over F. Furthermore, it was proved (also in [11, p. 64]) that this map § can be defined
equivalently by the following.

Definition 4.1 (The map d). Let 6 : W(q) — W(q) be defined as follows:
1. §(x) = L(z*?) for every point x € P,
2. 6(L(z)) = z for every line L(x) € L.

Remark 1. It was pointed out in [6, p.6] that the point x lies on L(/3) if and only if 3 lies
on L(z??). For a proof, we refer the reader to Lemma 4.5. This provides an alternative
way to show that § is a correlation of W (q).

Definition 4.2 (The maps o; and c¢(0)). For each nonnegative integer i, let o; be the
automorphism z — 22 of E. For each element o of the Galois group Gal(FE), let c(o)
denote the collineation of W (q) given by

W) = {o(w) | we W},
for every point or line W.

Let 6o = 0w and 01 = omsryy,. Then Oo(z) = 2V? and 6, (x) = V%, for all
r € E. In[11, Proposmon 3.6], Glauberman proved the following.

Lemma 4.1. The maps 7; := c(0;)"'d are polarities of W(q).
Remark 2. We can describe the maps 7y and m; explicitly. For x € P, we have that
mo(x) = (o) "' 8(x) = e(80) T (L(a*1)) = L(aV?).

Using the relation 2'/¢° = 27 for # € E, the map 7 : W(q) — W(q) can be defined as
follows:

1. m(z) = L(xzV?9) for every point z € P,
2. mo(L(z)) = 2'/V? for every line L(x) € L.
Similarly, the map m : W(q) — W(q) is defined as follows:
1. m(z) = L(z V%) for every point = € P,
2. m(L(z)) = 27°/V? for every line L(z) € L.



4.2 Absolute points of polarities

Recall that ¢ = 2™, where m > 3 is odd. Let s :==q—+2¢+ 1, t:= ¢+ 2q¢+ 1. We
define Oy :={r € E|2*=1},and O, :=={zr € E | 2! =1}. Then ¢* + ¢* + ¢+ 1 =
(g+1)(*+1) = (q+ 1)st, O = 0,0, and every element x € P can be decomposed
uniquely as x = Auv, A € S,u € Oy, v € O,.
q—1
) . Then

-1

Lemma 4.2. Let x € O, U O, such that x # 1. Let A = <xq_1 + .
T

1 4 [V £ D)+ AV =,
Proof. We first note that A € S. By Lemma 2.4, the equation that describes ?he line
going through z and 1/z is given by X9 + aX + = 0, where 3 = <x + i)q_ and
Tt 4 1 /7t
r+1/x

Since x € O, U O, C O, we have that 277! = ¢ = 22t Hence 777! = z7V% or
2771 = £~924_ This implies that

1 q—1 VT 1 q—1 1 (¢—1)gv2q V%
_ w2q _ - — R9V2q
qu) = (a: + a:q@) = (93+ x) [V,

In particular, 8 = A\V2%/2. It remains to prove that a? = (/\\/E + 1)\. For convenience,
we denote =" + 1/2™ by D,,. We have

g+l _ g _ _ _ 2q 2
Dq+1 - Dq+1Dq+1 - Dq2+qu+l - Dq—qu-‘rl - Dl + D17

A= (:vq_l +

(8+ 69 DI = (D™ + DY 7)D{™ = DY+ D}
This implies that Dgﬂ = (B + %) DI so that

Qi — <$q+1—+ 1/xq+1>q+1 = (—D"’Ll)ﬁl =6+ (7)
N v+ 1/x ~\ D N '
On the other hand, since z € O, U O, either 277! = 2V24 or 9+ = V24 and so
-1 P} q—1
(e T

From (7) and (8), it follows that o = ot /a?! = (B + B9)5'~V?4. From the relations
A\ = f9V20 and B = A\V29/2 we obtain that

a? = (B + BY)FITVH = (W2 L NWVRUH\VE2) — (W)

The proof then follows since z fulfills X9 + aX + 8 = 0 with a = y/(A\V2 4+ 1)\ and
B = A2/ O



We now introduce two sets. Let

1 \*!

and

q—1
Tp = Otu{(“ql+uq1—1) uv\uEOs\{l},ve(’)t}.

Theorem 4.3. For i € {0,1}, the set T; is the set of absolute points of the polarity ;.
In particular, T; is a Suzuki-Tits ovoid.

Proof. We will prove the theorem for the case i« = 0, as the case ¢ = 1 is similar. Since
|T0| = ¢* + 1, it is sufficient to show that every point of 7g is an absolute point of my, that
is x € L(xV?) for every x € Tq.

Let x € Ty be of the form x = Auv, where A € S,u € O,,v € O;. Let

A= (V) @D/ 4 (V20 (k)2 - (xq+1(x‘12+1 + 1))M/2 = (%)q (A+ 1)V,
Then
v e L(aVH) e 2 4 Az + V% =0
= () 4+ (2) O ) 0u0) + () =0
= XD WV D AV =0

= ot (W )+ AV2 = .

We finally note that if x € Oy, then A = 1 and v = 1. The last line is then clearly
true for z € O, and is also true for z € T5\Os, by Lemma 4.2. Therefore, z € L(xV?9)
for every x € Ty. This implies that 7y is the set of absolute points of the polarity my and
also a Suzuki-Tits ovoid, by Theorem 2.5. O]

4.3 The sets 7; as sets of zeroes of polynomials

We now show that 7y is the set of zeroes of a short polynomial over IF .

Theorem 4.4. The set Ty is the set of solutions of the equation Qo(z) = 0, where
Qo(x) = 2@+ 4 25OV g .

Proof. Let © = Muv € P, where A € S,u € O,,v € O;. Then 27+ = \2, z5(VZt]) —
A2 () V20t and 2° = \*v®. This means that

Qo(z) =0 = NP2 )2 L X + A2 41 =0
s VI 4 (A2 4 1Ay 4y —
— p2V2letl) | (A2 + 1))\(2*@)%2\/@ 4+ A% =
= V2D (1 4 \20)\V202V20 N2 — (),

10



Here we used the relations v?™' = 1/vV?4 ¢® = p2@+) = 1/92v20 \vV20 = 1 /). Taking
power 1/4/2¢ on both sides of the last line, one obtains

V2D L (A2 L ) \? AV =0,

From the proof of Theorem 4.3, we see that each element of 7 is a solution of Qy(z) = 0.
We finally note that deg Qq(x) = |To| = ¢* + 1 and this proves the theorem. O

Lemma 4.5. For points x and [ we have
x € L(B) < B € L(x*).
Proof. Recall that = € L(3) if and only if
20t 4 (ﬂ(q2+q+2)/2 + 5(q+1)/2)x 1 B=0. (9)
Taking the ¢g-th power and multiplying by S,
5xq2+q + (5(q+1)/2 + 5(q2+q+2)/2)xq + ﬁqul —0. (10)
Calculating (10) minus 97! times (9) gives,
BITL 4 (20 4 2B 4 2% = 0.

Thus,
x € L(B) < B¢ L(z*). O

We now describe the polynomial of degree ¢* + 1 whose roots are the elements of 7.
In the following theorem log refers to log,.

Theorem 4.6. The set Ty is the set of solutions of the equation Q1(x) = 0, where

1 4 pVat(/af2-1) g /a2
+

27 (\/2¢—2)t V2qt\27 —1
1+ oVt PO UL A
j=0

Qu(w) = 271 414 2* (

Proof. Writing, once again, = Auv, where N = 1, u € O, and v € O, one obtains,
as in the proof of Theorem 4.3,

r e L(xTV) = 2 4 (AW L) 4+ AV =0,
Using uf = u2V21, \©*+1 = \~20 gnd A\t = AV,
gHOHAL P ot ] 2 () e 2V \ 720 4 \V20-20,,2V20 4 AV, 220 4 ] = ()
which implies, taking 1/4/2¢q power and multiplying by AV20_ that

w € L(xTVH) = gttt g hil gt g,

11



Taking the right-hand side equation and multiplying by (V2= we get
2?8 4 gt (V2D g (V22 — (11)

Consecutively squaring this equation and summing, we get

log+/q/2
oVt gt g Z (2% (V2D g ¥ (V22 — (12)
=0

In the following, Lemma 4.5 implies the first equivalence and then taking \/q/2 roots
in the second equivalence we have

z e L(zTV) — z7V% ¢ [(2%) = 2* € L(z?V%)

which gives
2% a+D) (w(q2+q+2)\/ﬂ + x(q+1)x/ﬁ)x2q2 + 22V — ),

2q+2

Multiplying by z*97=, implies

gV | (a—VIHDE | g2 4 (13)
Calculating (13) plus z(~vV24+2D) times (11) gives

pV2aat+2t 4 o (a=v2q+2)t 4 a2t |t () (14)
Now, z'(12) + 27*(14) gives

log 4/q/2

gV gt ] (@Dl gt N (P (VEEDE 4 2 VR — g,

=0
This we can rewrite as
log +/q/2—1
P (L4 221 4! 414 V20 V2D gt N (2RI 2 (V22 —
=0

and dividing by 1+ zV?% gives

log/q/2—1 ;
— V29t Y 21 (v/2q)t
S R g (1 + z(4=v2) ) 4ot Z 22 (VZa-2)t (95 V20t 1 1) 0. O

14 zv2at — 1+ pv2at

Example 1. We describe some examples obtained from GAP [10]. For ¢ = 8 we have
Qi(z) = 2% + 2% + 2 + 1,
and for ¢ = 32 we have

Ql(x) _ 1,1025 + {L‘861 + ZL‘697 + 1'533 + l‘369 + $287 + 1,41 +1.

12



5 Ovoids fixed by the Frobenius automorphism

Let O be an ovoid and define a bijective map 7 : O — O by
x € L(1(x))

for all z € O.

We conclude the article with a theorem which allows us to restrict 7 by assuming that
x € O implies 22 € O for all € O, i.e. that O is Frobenius fixed. This is equivalent
to assuming that the polynomial of degree ¢* + 1, whose zeros are the points of O, is an
element of Fy[X].

Theorem 5.1. If the points of O are Frobenius fized, then
7(r(2)Y%) =

forall z € O.
Proof. Since 7 is a bijection, we have that

v € L(1(z)) <= 7 ') € L(x).
By Lemma 4.5, we have

v € L(1(z)) < 7(x) € L(2*).
By taking 1/2¢ power of the last inclusion we have

z € L(r(z)) < 7(2)"* € L(z).

Assuming O to be Frobenius fixed, 7(z) € O implies 7(2)'/?? € O. Since there is a unique
point of O on the line L(x), we conclude that

()2 = 7 ()
for all x € O. O]

Example 2. The map 7y(z) = V27 corresponds to the Tits ovoid Ty, the map 7 (x) =
29°V24 corresponds to the Tits ovoid 7;. One can see that m;(x) = L(7i(z)). It is clear
that these two examples satisfy 7(7(z)"/%?) = z.

The map 7(z) = 277! gives the canonical elliptic quadric which are zeros of 2T 41,
To verify this claim, observe that 7(z) is a bijection of O, since

2 2
xq—&-l — yq+1 = 1 _ yq 1

s’ =y =>r=y.
Moreover, x € L(7(z)), since
29 4 (7(2) CHD2 4 () D2 g 4 7 (2) = 29T 4 7(x) = 0.

Finally observe that 7(7(z)"/2¢) = z(4+1)*/2¢ = g for all 24"+ + 1 = 0.
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