1 Lacunary Polynomials over Finite Fields.

1.1 Introduction

In 1970 Rédei published his treatise Liickenhafte Polynome iber endlichen Korpern [34],
soon followed by the English translation Lacunary Polynomials over Finite Fields, the title
of this chapter.

One of the important applications of his theory is to give information about the follow-
ing two equivalent problems:

I: Directions: For f : F, — F,, or f € F;[X] define the set of directions (slopes of
secants of the graph):

flx) = f(y)

|a:7éy€IFq}.
r—y

(Dy(f) =)D(f) = {

What can be said about this set, in particular about its size.

IT: Permutation polynomials: For f € F,[X] let
P(f):={meF,| f(X)+ mX is a permutation polynomial}.

What can be said about this set.

The two problems are equivalent, since P(f) and D(f) partition F,. If (f(z) —
f(y))/(x —y) = m then f(z) + ma = f(y) + my, so m is a direction determined by
f precisely when f(X)+ mX is not a permutation polynomial (on F,).

Soon after the publication of Rédei’s book various people realized the importance of his
results for problems in finite geometry, in particular blocking sets. To employ the strength
of the theory it was necessary to generalize the questions and the results about lacunary
polynomials. In this survey we will collect these problems and results. The introductory
sections introducing lacunary polynomials and their connection with the direction problem
heavily lean on the corresponding sections in [5].

1.2 Lacunary polynomials

Let K be a (finite) field. A polynomial f € K[x] is called fully reducible if K is a splitting
field for f, that is, if f factors completely into linear factors in K[X]. Following Rédei we
denote by f° the degree of f, and by f°° the second degree, the degree of the polynomial
we obtain by removing the leading term. If f°° < f° —1 then f is called lacunary and the
difference f° — f°° is called the gap. We want to survey what is known about lacunary
polynomials (with a large gap) that are fully reducible. In many applications however the
gap is not between the degree and the second degree.

Let us start by giving some important examples of polynomials with small second
degree. For d|q — 1 the field K =, contains the d-th roots of unity, so the polynomial
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X?—a?is fully reducible. In many applications the degree f° = ¢, and we have the examples
fX)=X4c=(X+0), f(X)=X1— X =[], .p. (X —a), f(X) = X4 X+D/2 =
X<(q+)1)/2<X(q—1)/2 i(l) an(j f()g) i X9+ Qx(q+1)/12—[+€il;q((: X())((q—(l)ﬂ)i 1)2.

Proofs of results will not be given, but we make an exception for the following first and
typical result because it shows the power of some simple observations. Throughout the
paper we will tacitly assume that p is a prime, and ¢ a prime power.

Theorem 1.1. Let f(X) = X? + g(X), with ¢° = f°° < p, be fully reducible in F,[X], p
prime. Then either g is constant, or ¢ = —X or ¢° (and hence f°°) is at least (p+ 1)/2.

Proof. Let s(X) be the zeros polynomial of f, that is the polynomial with the same set of
zeros as f, but each with multiplicity one. So s = ged(f, X? — X). It follows that

s|f—(XP—X)=X +g.

We may write f = s-r, where r is the fully reducible polynomial that has the zeroes of f
with multiplicity one less. Hence r divides the derivative f' = ¢’. So we conclude that

f=s-r[(X+9)d"

If the right hand side is zero, then either ¢ = —X, corresponding to the fully reducible
polynomial f(X) = X7 — X, or ¢ = 0 which (since ¢° < p) implies g(X) = ¢ for some
ce€ Kand f(X) = XP+c = (X + ¢)P. If the right hand side is nonzero, then, being
divisible by f, it has degree at least p, so ¢° + ¢° — 1 > p which gives ¢° > (p+1)/2. O

In the next section we will see how this result can be applied to obtain information
about the number of directions determined by a function, but let us mention here first
Rédei’s original theorem in the general case (if ¢ is prime then e = 0 and we have the
previous theorem):

Theorem 1.2. Let f(X) = X9+4¢(X), be fully reducible in F,[X? |\F,[X?"], p¢ < ¢ = p".
Then / |
o, e[UP+

> —_—.

g =p { pt+1 W

1.3 Directions and the Rédei polynomial

Let A be the Desarguesian affine plane of order ¢, AG(2,¢q). Points of A will be denoted
by pairs (a,b), a,b € GF(q). We consider A as part of the projective plane Il = PG(2, q)
with homogeneous point coordinates (a : b : ¢) and line coordinates [u : v : w]|. So the
point (a : b : ¢) is incident with the line [u : v : w] precisely when au + bv + cw = 0. The
equation of the line [u : v : w] is then uX + vY + wZ = 0 and dually we say that the
equation of the point (a : b: ¢) is aU + bV + ¢W = 0. The line at infinity is [0 : 0 : 1] with
equation Z = 0. The affine point (a,b) corresponds to the projective point (a : b: 1).

Let u = (uj,ug) and v = (vy,v9) be two affine points. We say that the pair w,v
determines the direction m if the line joining them has slope m, or equivalently, if (uy —
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v9)/(u3 — v1) = m. The lines with slope m are all parallel and meet at the point on
the line at infinity which we sometimes denote by (m), so (m) = (1 : m : 0) if m # oo
and (00) = (0 : 1:0). The line Y = mX + n with slope m # oo has line coordinates
[m : —1 : n], the coordinates of the vertical line X = c are [1:0: —¢].

In this section we shall see how fully reducible lacunary polynomials show up in the
direction problem. Let R be a set of ¢ points in A, and let Dy be the set of directions
determined by the pairs of points in R.

The reason we take R to have size ¢ is two-fold. Firstly, in Rédei’s formulation of the
problem R is the graph of a function f and D = D;. Secondly, any set with more than ¢
points determines all directions, by the pigeon hole principle: there are exactly ¢ lines in
every parallel class, so if |R| > ¢, then there is a line with at least two points of R in each
parallel class. For results concerning the case |R| < g, see [36].

With an affine set R we associate its Rédei Polynomial,

rr(U,V,W) = H (aU + bV + W).

(a,b)ER

We are interested in the intersection of R with the lines having slope m, and these lines
have coordinates [m : —1 : n], so we fix V' = —1 and obtain a polynomial in two variables

HUW) =rp(U, -1, W)= ][] (aU —b+W).
(a,b)ER

The connection between sets which do not determine all directions and lacunary poly-
nomials comes from the following observation.

Write .
HUW) =Y h(U)We.
7=0

The polynomial h; has degree at most j. Let U = m, and consider the polynomial in one
variable

q
H,(W) = H(m, W)=Y hjm)W = ] (am—b+W).
Jj=0 (a,b)ER

If the direction m is not determined by the set R, then R has exactly one point on each
line with slope m, and am — b assumes all values in the field exactly once, and therefore
H, (W) = W% —W. In particular hj(m) = 0 for j = 1,2,...,¢ — 2 and for j = ¢.
Since h; is a polynomial of degree at most j and vanishes for ¢ +1 — N values m, where
N is the number of directions determined by R, we get that h; vanishes identically for
j=1,2,...,q— N.

If the direction m is determined by R, then H,,(W) is a fully reducible lacunary poly-
nomial of degree ¢, and second degree at most N — 1 so our bounds from the previous
section will give us information on N.

Together with some geometrical observations this results in the following theorem (com-
pare [34, Satz 24] or [11, Theorem 1]).



Theorem 1.3. Let R be a set of ¢ points in AG(2, ¢), and let N be the number of directions
determined by pairs from R. Then either N =1, or N > (¢+3)/2,0r 2+(¢—1)/(p°+1) <
N<(¢g—1)/(pc—1) for somee, 1 <e < |n/2].

1.4 Sets of points determining few directions

The third case in Rédei’s direction theorem, 24 (¢ — 1)/(p°+ 1) < N < (¢ —1)/(p® — 1)
for some e satisfying 1 < e < |n/2], is not sharp but let us start by mentioning examples
of functions determining few directions.

Example 1. The function f(X) = X@ /2 where ¢ is odd, determines (q + 3)/2 direc-
tions.

Example 2. The function f(X) = X°®, where s = p° is the order of a subfield of F,,
determines (¢ — 1)/(s — 1) directions.

Example 3. The function f(X) = T,(X), the trace from F, to the subfield F;, deter-
mines 1 + ¢/s directions.

Example 4. If f(X) € F,[X?], where s is the order of a subfield of F, and is chosen
maximal with this property, in other words, f is F-linear (apart from the constant
term) but not linear over a larger subfield, then 14 ¢/s < N < (¢ —1)/(s —1).

Motivated by the form of the examples the following final theorem was obtained (in a
number of steps) by Ball, Blokhuis, Brouwer, Storme and Szényi: Initial results are in [11],
then the classification was all but obtained in [10], and completed in [2].

Theorem 1.4. If, for f : F, — F,, with f(0) = 0, the number N > 1 of directions
determined by f is less than (¢ + 3)/2, then for a subfield F, of F,

1i1<N< ,
S s—1

and if s > 2 then f is Fy-linear.

To prove this result several lemmas about fully reducible lacunary polynomials are
needed, that are of independent interest. The first is already in Rédei’s book and can be
proved in the same way as Theorem 1.1.

Lemma 1.5. Let s = p© be a power of p with 1 < s < ¢ and suppose that
X5 4 9(X) € Fo[X]\ Fy[X7]

is fully reducible over ;. Then either s =1 and g(X) = —X or g° > (£ +1)/(s + 1).



Lemma 1.6. Let s be a power of p with 1 < s < ¢ and suppose that
X9 4 g(X) € F,[X] \ F,[X7]

is fully reducible over F,. If s > 2, ¢° = ¢/s* and 2(¢')° < g° then
fe X, X5 X%, XYy,

The directions theorem completely characterizes the case that the number of directions
is small, that is less than (¢ + 3)/2. In the case that ¢ = p is prime, N < (p+ 3)/2 implies
N = 1, and the characterisation of N = (p + 3)/2 directions was given by Lovész and
Schrijver [26].

Theorem 1.7. If f € F,[X] determines (p + 3)/2 directions, then f(X) = X®+D/2 up to
affine equivalence.

Much more can be said in this case, the following surprising theorem by Andras Gacs
[21] shows that there is a huge gap in the spectrum of possible number of directions:

Theorem 1.8. If the number of directions determined by f € F,[X] is more than (p+3)/2,
then it is at least [2(p — 1)] + 1.

This bound is almost tight, there are examples that determine %(p — 1) + 2 direc-
tions if p = 1 mod 3. Further progress was made using Géacs’ approach in [6] and some
constructions can be found [24].

For results concerning the case g = p?, see [22]. For results on functions f : IF’; — Fy,
with £ > 2, that determine few directions, see [3], and for results on functions f,¢ : F, —
F,, where P(f,g) = {(r,s) € F2 | X +rf(X) + sg(X) is a permutation polynomial} is
large, see [7].

1.5 Lacunary Polynomials and Blocking Sets

Let R be a subset of A = AG(2,q) of size ¢ and consider the set B = R U Dg, so the
set R together with the directions it determines. Every line of the (projective) plane
IT = PG(2,q) intersects B. Indeed, if the intersection of an affine line I with the line at
infinity is not in Dpg, then [ and its parallels all intersect R in exactly one point.

Sets with this property are called blocking sets and here we are interested in very small
ones. Since through any point in PG(2, q) there are g + 1 lines, a blocking set must have
at least ¢ + 1 points, and it is easy to see that equality can only obtained if these points
all are on a line. Blocking sets containing a line are called trivial. We will tacitly assume
that all blocking sets under consideration are minimal, so they do not contain a proper
subset that is also a blocking set. For blocking sets of non-Desarguesian planes and for
further reading on blocking sets see [9], [14], [16], [17], [18], [20] and [23] and for more
recent articles concerning the linearity conjecture (Conjecture 1.11) see [25], [28], [29], [30],
[35] and [37].



Let us consider the Rédei polynomial of a blocking set B of PG(2,q). Suppose |B| =
q+k+1,let (1:0:0) € B, and assume that the line with equation Z = 0, that is [0: 0 : 1]
is a tangent. The non-horizontal lines [1 : u : v] are then blocked by the affine points of B
so the polynomial

FV,W)y= ][ (a+bv+Ww)

(a:b:1)eB

of degree q + k vanishes for all v,w € F,. Therefore we can write
PV, W)= VI=V)GV,W)+ (W —-W)H(V,W)

where G and H are of total degree k in the variables V' and W. Let F{ denote the part of
F' that is homogeneous of degree g + k, and let Gy and H be the parts of G and H that
are homogeneous of total degree k. Restricting to the terms of total degree g + k£ we get
the homogeneous equation

Fy=ViGy+ WH,,

with
RWV,W)= [ ov+w).

(a:b:1)eB

Write Fy(1,W) = f(W) and define g and h analogously, then we get the one-variable
equation
fW) =g(W) +Wh(W)

where f is a fully reducible polynomial in F,[W]. So we are in a situation that is quite
similar to that of Rédei’s lacunary polynomial theorem, and in fact we can conclude more
or less the same.

Theorem 1.9. Let f € F,[X] be fully reducible, and suppose that f(X) = X% (X)+h(X),
where g and h have no common factor. Let k£ be the maximum of the degrees of g and
h. Then k = 0, or k = 1 and f(X) = a(X? — X) for some a € F;, or ¢ is prime and
k> (g+1)/2, or q is a square and k > /g, or ¢ = p***! for some prime p and k > p***.

2e+1 we obtain the bound

This bound is sharp in the case that ¢ is a square, and if ¢ = p
|B|] > q + p°* + 1, which is only sharp in the case e = 1.

The most important consequence of this theorem is the following theorem.

Theorem 1.10. A non-trivial blocking set in PG(2,p) has at least 3(p + 1) points. If
equality holds then every point of it is on precisely %(p — 1) tangents.

This bound was conjectured in [19] and proved in [8].
The proof of the lemma on lacunary polynomials follows Rédei’s line given in the
introduction, and leads to the following divisibility

fI(Xg+h)(hg—g'h).



It would be very nice (and probably not infeasible) to characterize the case of equality here

if p is prime, that is find all f, g and h with f of degree g+ (¢+1)/2, g and h of degree at

most (¢ +1)/2 and f=(Xg+ h)(h'g — ¢g’h) . This will be the subject of the next section.
To finish this section we mention the linearity conjecture from [35].

Conjecture 1.11. If B is a blocking set in PG(2,p") of less than 3(p™ + 1)/2 points then
there exists an n-dimensional subspace U of PG(3n — 1,p) with the property that every
point of B, when viewed as an n — 1-dimensional subspace of PG(3n — 1, p) has non-trivial
intersection with U.

1.6 Lacunary Polynomials and Blocking Sets in Planes of Prime
Order

We have seen that the blocking set problem leads one to search for polynomials f(X),
9(X), h(X), where f factors completely into linear factors and g and h have degree at
most 3(p + 1) such that f = X?g + h.

More precisely: we find such an f given a blocking set S of size %(p—l— 1), apoint P € S,
and a tangent L passing through P. An e-fold linear factor of f corresponds to a line on
P distinct from L meeting S in e + 1 points.

The equation has several infinite families of solutions, and some sporadic ones, not all
of them necessarily corresponding to blocking sets. We give all solutions for p < 41.

a) (For odd p, say p = 2r + 1.) Take f(X) = X][(X — a)® where the product
is over the nonzero squares a. Then f satisfies f(X) = X (X" — 1)® = XPg + h with
g(X) = X" =3, h(X) = 3X"! — X. This would correspond to line intersections (with
frequencies written as exponents) 17, 22, 4". For p = 7 this is the function for the blocking
set {(1:0:0),(0:1:0),(0:0:)}U{(a:b:1)]a,be{l,2,4}}.

b) (For p = 4t + 1.) Take f(X) = X [[(X — a) [[(X — b)* where the product is over
the nonzero squares a and fourth powers b. Here f(X) = X (X% —1)(X! - 1) = XPg+h
with g(X) = X% —4X!'+5 and h(X) = —5X**1 44X — X This would correspond to
line intersections 1%, 242 61,

c¢) (For p =4t +1.) Take f(X) = X" [[(X —a) [[(X — b)? where the product is over
the nonzero squares a and fourth powers b. Here f(X) = X' (X% —1)(X'—1)? = XPg+h
with g(X) = X?—2 and h(X) = 2X?*!— X1 This would correspond to line intersections
126, 2t 4% (¢ 4+ 2)?. For p = 13 this is a function for the blocking set {(1:0:0),(0: 1 :
0,0:0:D)}uU{(1:a:0),(0:1:a),(a:0:1)|a*=-1}U{(b:c:1)| 0 =c=1}.

d) (For p =13.) Take f(X) = X [](X — a)*T[(X — 1a) where the product is over the
a with @® = 1. Here f(X) = X(X® — 1)*(X® — 1) = XPg + h with g(X) = X* 4+ 4 and
h(X) = 5X7 — 5X* — 5X. This corresponds to line intersections 1°, 24, 5%, and indeed
occurs.

These lacunary polynomials are just weighted subsets of the projective line, and in
particular PGL(2,p) acts. For example, X +— 1/X sends X?g + h to X?h + § where
k(X) = XPHD2(X 1),



For completeness we describe the lacunary polynomials that correspond to the Rédei
type blocking set:

e) Take f(X) = XP — X®t)/2 = X@0+D/2T](X — @) where the product is over the
nonzero squares da.

f) Take f(X) = XP —2X®+D/2 1 X = XT[(X — a)? where the product is over the
nonzero squares da.

As a consequence of this we have the following theorem from [12].

Theorem 1.12. Let B be a non-trivial blocking set in PG(2,p) of size 2(p + 1), where p
is a prime less than 41. Then B is of Rédei type (and hence the example characterized by
Lovész and Schrijver) or p € {7,13} and there is a unique other example in both cases.

We conjecture that the restriction p < 41 is unnecessary.

1.7 Lacunary Polynomials and Multiple Blocking Sets

A t-fold blocking set is a collection of points such that every line contains at least ¢ of
them. As was the case for ordinary blocking sets, the theory of lacunary polynomials can
be applied here as well.

The following result appears in [13] improving on [15].

Theorem 1.13. Let B be a t-fold blocking set in PG(2,q), ¢ = p", p prime, of size
tlg+1)+c Let co=c3=2""%3and ¢, = 1 for p > 3.

1. If ¢ = p* and t < q/2 — ¢, ¢*/3/2, then ¢ > ¢, ¢*/%, unless t = 1 in which case B,
with |B| < ¢+ 1+ ¢, ¢*/3, contains a line.

2. If 4 < ¢ is a square, t < ¢"/*/2 and ¢ < ¢,¢*/®, then ¢ > t,/q and B contains the
union of ¢ disjoint Baer subplanes, except for ¢ = 1 in which case B contains a line
or a Baer subplane.

3. If ¢ = p?, p prime, and t < ¢*/*/2 and ¢ < pH + \/’%ﬂ, then ¢ > t,/q and B
contains the union of ¢ disjoint Baer subplanes, except for ¢ = 1 in which case B
contains a line or a Baer subplane.

For more precise results in the case t = 2, see [4] for t = 3, see [1], for ¢ = p?, see [31],
[32] and [33], for ¢ = p%"T3, see [13], and for ¢ = p", see [33] and [13].

The proof of Theorem 1.13 starts with the main theorem of [15] on fully reducible
lacunary polynomials.

Theorem 1.14. Let f € F,[X], ¢ = p", p prime, be fully reducible, f(X) = X9g(X) +
h(X), where (g,h) = 1. Let k = max(g°, h°) < ¢q. Let e be maximal such that f is a p°-th
power. Then we have one of the following:

1. e=nand k=0;



2. e>2n/3 and k > p°;
3. 2n/3 >e>n/2 and k > p"~¢/2 — (3/2)p"¢;

4. e = n/2 and k = p° and f(X) = aT(bX + ¢) +d or f(X) = aNorm(bX + ¢) +d
for suitable constants a, b, c¢,d. Here T and Norm respectively denote the trace and
norm function from F, to F_z;

5. e=n/2 and k > p° H—i— (pe+1)/2-‘;

6. n/2 > e >n/3 and k > p*/?+e/2 —pn=¢ — p¢/2 orif 3e = n + 1 and p < 3, then
k= pi(p° +1)/2;

7. n/3>e>0and k>p°[(p"°+1)/(p°+1)];
8. e=0and k> (¢+1)/2;
9. e=0,k=1and f(X)=a(X?-X).
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