How few directions can a function over a finite field ¥ determine ?
How small can the set D(f) be ?

D(f) _ {f(y) B f(X)

in ‘vaGFQ7X?éy}

ex. if f is linear then |D(f)| = 1.

ex. if f is linear over [Fs < [F; then
q/s+1<[D(f)[<(qg—-1)/(s—1).



ex. if f(x) = x(@"1/2 and q is odd then |D(f)| = (g + 3)/2.

Determined

Direction

Y=-X




Let p be a prime.

(1970)
A non-linear function from [, to IF, determines at least

(p+ 3)/2 directions.



Let p be a prime.

(1970)
A non-linear function from [, to IF, determines at least

(p+ 3)/2 directions.

(1981)
If [D(f)| = (p+3)/2 then f is affinely equivalent to x(P+1)/2,



Let p be a prime.

(1970)
A non-linear function from [, to IF, determines at least

(p+ 3)/2 directions.

(1981)
If [D(f)| = (p+3)/2 then f is affinely equivalent to x(P+1)/2,

(2003)
If |[D(f)| > (p+3)/2 then |D(f)| >2(p—1)/3.



If —c & D(f) then x + f(x) + cx is a permutation.

Let /(f) be maximum such >
k=1,...,0(f) - 1.

(f(x) + xY)k =0 for all

x€F,

Then I(f) > p— |D(f)| + 1.
Consider x'f(x)/ as elements of IF,(x)/(x? — x).

Note that the above implies that x'f(x)/ has degree < p — 2 for all
1<i+1<I(f) -1



Consider linear maps

where the degree of A;(x) satisfies deg A; < s — i.

If g, h € Im(¢) then deg(gh) # p — 1.

If s < I(f)/2 then only half the degrees can occur amongst the
polynomials in Im(¢).



(2008) If I(f) > (p—1)/t+t—1 for some t € N
then every line meets the graph of f in at most t — 1 points or at
least (p — 1)/t + 1 points.

This implies that if |D(f)| < p —2/p — 1+ 15/4 then the graph
of f has additional properties.

If I(f) > (p—1)/t+1t—1forsome t € N then the
graph of f is contained in an algebraic curve of degree t — 1.

(1970) True for t = 2.

(2003) True for t = 3.



Let g be a prime power.

If [D(f)| < (g+1)/2 and s is maximal with the property that
every line meets the graph of f is a multiple of s points then

Fs <Fq,
q/s+1<[D(f)] <(q-1)/(s—-1),

and for s > 2 the function f is linear over Fs.



