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ABSTRACT. Let ¢ be a prime or a prime power > 3. The purpose of this
paper is to give a necessary and sufficient condition for the existence of
an (n,r)-arc in PG(2,q) for given integers n, r and ¢ using the geometric
structure of points and lines in PG(2,¢) for n > r > 3. Using the geomet-
ric method and a computer, it is shown that there exists no (34,3) arc in
PG(2,17), equivalently, there exists no [34, 3, 31]17 code.

1. Introduction. We denote by F, the field of ¢ elements with ¢ > 3.
A linear code over F, of length n, dimension k is a k-dimensional subspace C of
the vector space Fy; of n-tuples over F;. The vectors in C are called codewords.
C is called an [n, k,d], code if every non-zero codeword has at least d non-zero
entries and some codeword has exactly d non-zero entries [4], [10], [11], [12].
Let A be a set of n points in PG(2, q). If A satisfies the following condi-
tions:
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(a) |[ANL| <r for every line L,
(b) |AN L| = r for some line L,

then A is called an (n,r)-arc of PG(2,q), where n > r and 2 <r < ¢ —1. It is
known [3] that if ¢ < n —3 < 2¢, then there exists an (n, 3)-arc of PG(2, ¢) if and
only if there exists an [n,3,n — 3], code.

Problem 1. For an integer r with 2 < r < q — 1, find m,(2,q), the
largest value of n for which an (n,r)-arc exists in PG(2,q).

It is known that m,(2,p) < (r — 1)p + 1 for any prime p and any integer
r<(p+3)/2and m,(2,p) = (r—1)p+1for p=3,5,7and for 2 <r <p-—1.
Problem 1 has been completely solved for 3 < ¢ <9 [11]. For 11 < ¢ < 19, the
values of m,(2,q) are known as Table 1 [2], [3], [6], [7], [8]. See [11] for r = 2.
See also [12].

There are exactly three (9, 3)-arcs in PG(2,4) [11], two (11, 3)-arcs and
six (16,4)-arcs in PG(2,5) [5]. Marcugini et al. classified (m,(2,q),3)-arcs in
PG(2, q) using a computer for ¢ = 7,8,9,11,13 ([13], [14], [15]).

Let A be an (n,r)-arc in PG(2,¢). A line L with |AN L| =i is called an
i-line. Let 7; be the number of i-lines. The list of 7;’s is called the spectrum of A.
An easy counting argument yields the following.

Lemma 1.1. The spectrum of an (n,r)-arc in PG(2,q) satisfies
(1.1) Zn = ¢ Hq+1,
T
(1.2) Yoim = nlg+1),
i=1

(1.3) ‘ it — 1)1 = nn-1).

Let L = {Py, P1,...,P,;} be aline. Let L1, Lyy2,...,Lyq be the ¢ lines
through Py other than L for 0 < k < ¢. Let Q;; be the intersection point of
Lo; and Ly for 1 < 4,5 < q. Then L and Ly ;’s are the ¢> + q + 1 lines and
Py, Pi,...,P; and Q; ;s are the ¢* + ¢ + 1 points of PG(2,¢). Let L s(k,ij) =
(P, Qz’,j>a the line through P, and @); ;. Then LO,s(O,i,j)a Ll,s(l,z’,j)a R Lq,s(q,i,j) are
the lines through @; ; for 1 <, 5 < ¢. Hence there is a one-to-one correspondence
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between Q; ; € Qg and [s(0,4,7),s(1,4,7),...,s(q,i,7)] € Sq, where

Sq = {[S(O,i7j),5(1,i,j),... ,S(Q,i,j)] | 1 S Za] S Q}

Let H be a set of x elements in S, denoted by

(1.6) H = {lhow, Mw,--- hqw) | w=1,2,... 2}
For0<k<gand1<wu<yg,let

(1.7) my = {we{1,2,...,2} | hywp = u}l.

Theorem 1.2. There exists an (n,r)-arc A in PG(2,q) with 9 > 0 if
and only if there exists a set H with x = n satisfying the following conditions.
(a-0) my, <71 forany0 <k <qgand1l <u<g,

(b-0) My =1 for some 0 <k <gqand1l<wu<gq.

Theorem 1.3. There exists an (n,r)-arc A in PG(2,q) with 7p > 0 if
and only if there exists a set H with x = n—1 satisfying the following conditions.
(a-1) my, <7 forany 1l <k <qgandl <u<g,

(b-1) mo <7 —1 for any 1 <u < g,
(c-1) either my,, =1 for some 1 <k < qand1 <u <gq, or mo, =r—1 for
some 1 <u <gq.

Theorem 1.4. There exists an (n,r)-arc A in PG(2,q) with o > 0 if
and only if there exists a set H with x = n— 2 satisfying the following conditions.
(a-2) my, <71 forany2<k<qgandl <u<g,

(b-2) mpy <7 —1 foranyl <u<gqandk=0,1,

(c-2) either my,, = r for some 2 <k < qand1l <u<gq, or mg, =1 —1 for
somel<u<gqandk=0,1.
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Theorems 1.3 and 1.4 can be generalized as follows. Let A be an (n,r)-
arc in PG(2,q) with 7, > 0 for some integer z > 3. Then there exists a line
L= {Po,Pl, . ,Pq} such that ANL = {Po,Pl, R ,szl}. Let U = {1,2, . ,q},
T, ={0,1,...,z— 1} and To = {z,2+ 1,...,q}.

Theorem 1.5. There exists an (n,r)-arc A in PG(2,q) with T, > 0 for
some integer z > 3 if and only if there exists a set H with x = n — z satisfying
the following conditions.

(a-z) my, <71 for any k € Ty and u € U,
(b-2) mpy <r—1 forany k€ Ty andu e U,

(c-z) either my,, = 1 for some k € Ty and w € U, or my,, = r — 1 for some
keT, andu e U.

Remark 1.6. The method using the above theorems is called Hamada’s
method. To apply the theorems, we first need to construct S, called Hamada’s
set.

Table 1. The known values and bounds on m,.(2,¢) for 11 < ¢ < 19

q 11 13 16 17 19

,

2 12 14 18 18 20

3 21 23 2833 2835 31-39
1 32 38-40 52 1852 5258
5 1345 1953 65 6169 6877
6 56 6466 78-82 79-86 86-96
7 67 79 9397 95-103 | 105115
8 78 92 120 114-120 | 126-134
9 89-90 105 129-130 137 147-153
10 100-102 | 118119 | 142-148 154 172
11 132-133 | 159-164 | 166-171 191
12 145-147 | 180181 | 183-189 | 204-210
13 195-199 | 205207 | 225230
14 210214 | 221-225 | 243250
15 231 239243 | 265270
16 256261 | 286290
17 305310
18 324-330

It is known from Table 1 that 28 < mg3(2,17) < 35.
method and a computer, it can be shown that the following theorem holds.

Using Hamada’s
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Theorem 1.7. There exists no (34,3)-arc in PG(2,17). Equivalently,
there exists no [34,3,31]17 code.

Corollary 1.8. 28 < mg3(2,17) < 33.

Note that the codes obtained from (n,3)-arcs are near-MDS (NMDS)
codes [9]. Since the dual codes of NMDS codes are also NMDS [9], we get the
following.

Corollary 1.9. There ezists no NMDS [34,31,3]17 code.

In Section 2, the proofs of Theorems 1.2-1.5 are given. In Section 3, a method
how to construct the set S, is given for prime p. In Section 5, the algorithm for
searching a (34, 3)-arc in PG(2,17) to prove Theorem 1.7 by means of Theorem
1.4 is given.

2. The proofs of Theorems 1.2-1.5.

Proof of Theorem 1.2. (1) Assume there exists an (n,r)-arc A in
PG(2,q) with 79 > 0 and that L = {Fy, Pi,...,P;} is a O-line. Then A can
be expressed as A = {Qc,.d, | 1 < w < n} using some integers ¢, and d, in
{1,2,...,q}. Let Lgp, , be the line through the two points P and Q. 4, and
let

(2.1) H = {[how, hiw, - - hgw] | w=1,2,... n}.

Then Lo pg s L1k gy - -+ > Lg,hg. are the ¢ + 1 lines through Q.,, 4, Let my ., be
the number of integers w with 1 < w < n such that hy,, = u for 0 < k < ¢ and
1 <wu < ¢q. Then my,, gives the number of points in A on the line L;, ,,. Hence it
follows from (a) and (b) that the conditions (a-0) and (b-0) hold.

(2) Assume there exists a set H, given by (2.1), consisting of n elements in S,
which satisfies the conditions (a-0) and (b-0). Then there exists a point, denoted
by Qc,.dy, corresponding to [how, 1w, --,hqw| in H for 1 < w < n. Let
A={Qcp.d, | 1 <w < n}. Then L is a 0-line for A. It follows from (a-0) and
(b-0) that the conditions (a) and (b) hold. This implies that A is an (n,r)-arc A
in PG(2,q) with 79 > 0.

Proof of Theorems 1.3-1.5. Let z be a positive integer.
(1) Assume there exists an (n,r)-arc A in PG(2,¢) with 7, > 0 and that L =
{Po, P1,...,P;} is a z-line. Without loss of generality, we may assume that
ANL= {PQ,Pl, ces 7Pz—1} and that A = {P(), P, ... 7Pz—1} U {ch,dw ’ 1<w<
n —z}. Let Lk p, ,, be the line through the two points P and Q.,, 4, and let

(2.2) H = {lhow, hiw, -, hgw) | w=1,2,...,n—z}.
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Then Lo pg s L1,k s - -+ s Lg,hg. are the ¢+ 1 lines through Q.,, 4, Let my,, be
the number of integers w with 1 < w < n — z such that hg,, = u for 0 < k < ¢
and 1 < u < ¢q. Then my,, gives the number of points in A on the line Ly .
Hence it follows from (a) and (b) that the conditions (a-z), (b-z) and (c-z) hold.
(2) Assume there exists a set H, given by (2.2), consisting of n — z elements in S,
which satisfies the conditions (a-z), (b-z) and (c-z). Then there exists a point,
denoted by Q. 4., corresponding to [ho w, hw; - - -, Rgw) in H for 1 <w <n—z.
Let A={Py,P1,...,P.1} U{Qcpd, | 1 £w <n—2z}. Then L is a z-line for
A. Tt follows from (a-z), (b-z), (c-z) that the conditions (a) and (b) hold. This
implies that A is an (n,r)-arc A in PG(2, ¢) with 7, > 0.

3. How to construct S, for prime p. In this section, we consider
the case when ¢ is a prime p for simplicity. Let L be a line in PG(2,p) with
L = {Py,P,...,P,}. Let Ly1,Lyo2,...,Li, be the p lines through P other
than L for 0 < k < p. Let Q;; = Lo; N Ly  for 1 <4, < p as in Section 1. A
point P with homogeneous coordinate (a, b, ¢) is referred to as P(a, b, c). Without
loss of generality, we may assume

1. Py(1,0,0), P1(0,1,0), Q11(0,0,1) and Py(1,k — 1,0) for 2 < k < p,
2. Qi,l(oa 1)2 - 1)5 Ql,j(l’oaj - 1) for 2 S { S D, 2 S .] S D,
3. Liy = (P, Qru) for 2<k <p, 1<u<p,

where (P, Q1,,) stands for the line through the points P, and Q1 ,. Since Lg; =
(Po,Qi1) and Ly j = (P1, Q1) for 1 <i,5 < p, We get the following.

Lemma 3.1. For2 <i <p, 2 <j <p, the coordinate of the point Q; ;
is Qi ;(1,x, (i — 1)x) for some x € F, with (i — 1)z = j —1 mod p.

Recall that Ly g ) = (Pr, Qij) for 0 <k <p, 1 <i<p,1<j<p We
can construct S, of (1.5) from the next lemma.

Lemma 3.2. s(k,i,j) is determined as follows:
(1) s(0,4,5) =i for1 <i<p,1<j<p,
(2) s(Ld,j)=jfor1<i<p 1<j<p,
(3) s(k,1,j)=j for2<k<p 1<j<p,
(4) s(

s(k,i,1) =i+ k —ik (mod p) fork >2,i>2,
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(5) s(k,i,5)=1fork>2,i>2,j=(G—1)(k—1)+1 (mod p),

(6) s(k,i,j)= (-1 -k -1~ 1)k —-1) = (j —1))"" +1 (mod p) for
k>2,i>2 j>2withj# (i—1)(k—1)+1 (mod p).

Proof. (1), (2) and (3) follow from Loﬂ' = <P0,Qi71>, Ll,j = <P1,Q17j>
and Lk,j = <Pk7Q1,j> for k > 2.
(4) Assume Ly, = (P, Qi1). Since Py, Qi1 and Q1,4 are collinear, we get

1 k-1 0
0 1 1—1 =0

1 0 u—1

giving u =1— (i — 1)(k — 1) € F), as desired.

(5) Since Ly = (P, Q1,1) = [k — 1,—1,0], where [a, b, c| stands for the line in
PG(2,p) defined by the equation ax +by+cz = 0 with (a,b,c) € F;\{(O, 0,0)}, it
holds that Q; ;(1, (j—1)(i—1)"1,j—1) € Lg ifand only if k—1—(j—1)(i—1)"! =
0, that is, j = (i — 1)(k — 1) + 1 € F,.

(6) Assume Lk,m = <Pk’Qi,j>- Since Loﬂ' N LL]' = inj(l, (] - 1)(2 - 1)_1,j - 1)
and Lk;,m = (Pk, Ql,m> = [(k‘— 1)(m— 1), —(m—l), —(k‘— 1)], we have Qm’ € Lk,m
ifandonly if m=(i— )G -1k -1)(Gi-1)(k-1)—(G—-1)t+1€F, O

In the case ¢ = p, we have the following as a consequence of the above
lemma.

Corollary 3.3. The values s(k,p,j) satisfy the following conditions:

(1) s(k,p,1) =k for1 <k <p.

(2) s(k,p,j) = s(4,p, k) for 1 <k <p, 1<j<p.

(3) s(p,j) = +1)/2 for j=1,3,5,....p.

4) s(j,p,j)=p@+7+1)/2 forj =2,4,6,...,p—1.
(5) If k+j=p+2 with 2 < k <p, then s(k,p,j) = 1.
6) Ifk+j#p+2with2 <k <p and 2 < j < p, then

s(k,p,j) = (jk = 1)/(k+j —2) (mod p).

Corollary 3.4. For2<i<p-—1and1<j<p, [s(1,i,7),5(2,4,5),...,
s(p,i,7)] is obtained from [s(1,p,7),s(2,p,7), ..., s(p,p,J)] by the permutation on
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the entries such that s(k,i,j) = s(c(k,i),p,j) for k =1,2,...,p, where c(k,i) =
p+k—(k—1)i (mod p).
Proof. We have s(1,14,j) = s(c¢(1,i),p,j) = j by part (2) of Lemma 3.2.
Assume k > 2,0 > 2, j > 2 with j Z (i — 1)(k— 1) + 1 (mod p) so that
part (6) of Lemma 3.2 holds. Then s(k,i,7) =d € {1,2,...,p} such that

(((=DE-1)-G-))d-1)=0GE-1)0G-1)(k-1) (mod p).

Since (p— 1)(c(k,i) = 1) = (j = 1) = (i~ )(k = 1) — (j — 1) and (p— 1)(j —
D(ek,i) —1)=(i—1)(j — 1)(k—1) (mod p), we get s(k,i,7) = s(c(k,i),p, ).

Next, assume k > 2,7 > 2 and j = 1 so that part (4) of Lemma 3.2 holds.
Then s(k,i,1) =i+ k —ik and s(c(k,i),p,1) = p+c(k,i) —p-c(k,i) =i+ k—ik
(mod p). This implies s(k,i,1) = s(c(k,),p, 1).

Finally, assume k > 2,4 > 2 and j = (i — 1)(k — 1) + 1 (mod p) so
that part (5) of Lemma 3.2 holds. Then s(k,i,5) = s(c(k,i),p,j) = 1 since
(p—1)(e(k,i) —1)+1 = (i —1)(k—1)+1 = j (mod p). Thus s(k,i,j) =
s(e(k,i),p, 7). O

Since there is a one-to-one correspondence between [s(0,1, j), ..., s(p,i,7)] €
Sp and Q; j € Qq, Q. ; is also referred to as Q; ;[s(0,4,7),...,s(p, i, 7).

Example 3.5. For p =5, we get the following by Lemmas 3.1 and 3.2:

Py(1,0,0), P1(0,1,0), P5(1,1,0), P5(1,2,0), Py(L,3,0), Ps(1,4,0),

Q11(0,0,1) = Q11[1,1,1,1,1,1], Q21(0,1,1) = Q21[2,1,5,4,3,2],
Q1,2(1,0,1) = Q12[1,2,2,2,2,2], Q22(1,1,1) = Q22[2,2,1,3,5,4],
Q173(1,0, 2) =01 3[1 3,3,3,3 3] Q2 3(1,2,2) Q2 3[2 3 4,1,2,5],
Q1,4(1,0,3) = Q1a[1,4,4,4,4,4], Q24(1,3,3) = Q2,4[2,4,2,5,1,3],
@155(1,0,4) = Q15[1,5,5,5,5,5], Q25(1,4,4) = Q25[2,5,3,2,4,1],
Q31(0,1,2) = Q31(3,1,4,2,5,3], Q41(0,1,3) = Q41[4,1,3,5,2,4],
Q3,2(17371) = Q3 2[37273 4 175] Q4 2(1727 1) Q42[472 57174 3]7
QR33(1,1,2) = Q33[3,3,1,5,4,2], Qa3(1,4,2) = Qu3[4,3,2,4,5,1],
Q3.4(1,4,3) = Q34[3,4,5,3,2,1], Qq, 4(171 3) = Q14[4,4,1,2,3,5],
QRs35(1,2,4) = Q35[3,5,2,1,3,4], Qa5(1,3,4) = Qu5[4,5,4,3,1,2],
Q571(0,1,4) = Q5 1[5,1 2,3,4 5],
Q52(1,4,1) = Q52[5,2,4,5,3,1],
Q5,3(1737 2) = Q5 3[5 3 5727174]7
Q5.4(1,2,3) = Q5.4[5,4,3,1,5,2],
Q5,5(17 174) = Q5 5[5 5, 1747273]
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As for the correspondence between Q; ; € Q4 and [s(0,4, 5),s(1,4,7),...,5(q,%,7)] €
S, for g =7,11,13,16,17, 19, see [16].

Example 3.6. It is known that m3(2,5) = 11. It follows from Lemma 1.1
that there exists a (11, 3)-arc in PG(2,5) with 75 > 0. Let A = {P, P1, Q1,1,Q2.2,
Q2,4,Q3,3,Q35, Qu3,Qus,Q52,Q54}, see the previous example for the coordi-
nates of the points in A. Then the corresponding set HC S5 is H = {[1,1,1,1,1,1],
2,2,1,3,5,4, [2,4,2,5,1,3], [3,3,1,5,4,2], [3,5,2,1,3,4], [4,3,2,4,5,1],
4,5,4,3,1,2], [5,2,4,5,3,1], [5,4,3,1,5,2]} and the values my_,, corresponding
to H are given by

(mo1, Moz, Mo3, Moa, Mos) = (
(mll,mlz,m13,ml4,m15) (
(ma1, ma, ma3, Mag, Mas) = (
(mg1, m32, m33, m3g, m3s) = (3,0,2,1,3),
(ma1, M2, M43, Mag, Mys) = (
(ms1, ms2, ms3, M54, Ms55) = (

(

Since H satisfies the conditions (a-2), (b-2), (c-2) of Theorem 1.4, it follows that
A is a (11,3)-arc in PG(2,5) with (19, 71,72, 73) = (4,4,7,16). It is known that
there are exactly two (11,3)-arcs in PG(2,5) up to projective equivalence, see
[17].

4. The basic algorithm for searching (n, 3)-arcs. In this section,
an outline of the basic algorithm used in the search is presented. The program
accomplishes an exhaustive search for (n,3)-arcs in PG(2,¢) from some fixed
points. It is based on a backtracking algorithm. Let K, be a set of n points in
PG(2,q). The condition |K, N L| < 3 for any line L in PG(2, ¢) is called 3-ARC
for K. The points of the plane are labeled as Rg, Ry, ..., Rz, (the particular
order does not matter). The program retains the 3-ARC and tries to extend the
starting set K s until it reaches the length S. In doing the extension, the program
exploits the information of the set T; obtained by Hamada’s method after each
choice, where T; = {R; € PG(2,q) | K; U {R;} satisfies 3-ARC, i > m} for
m = max{i | R; € K;}. At the choice of the jth point, the program selects
a point in Tj_; which has a larger index than the previous choice. After each
extension, it computes the set T for the current (j + 1, 3)-arc.

The program backtracks in three cases:

e After the choice of the Sth point;
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o After the choice of the jth point Ry € Tj_1,if [{R; | k <i < q2—|—q}ﬂTj,1| <
S—0—1);
o After the extension of the jth point, if |Tj| < S — j for the current T}.

In these cases, exploiting Lemma 3.2, the program can restore the correct status
after the backtracking step without previous information.

Algorithm for searching (S, 3)-arcs

INPUT: Kj: the set of s fixed points
OUTPUT: {Kg}: set of arcs

const max = q(q+ 1);

var J:integer;
T:array[1..S] of set of points;
// T[i][j] means j-th point of i-th set;
Tree:array[1..S] of integer;

1 begin

2 J:=s+1; Find_solution(T[J]);Tree[J]:= |T[J]|;
3 while (J>s) do

4 begin

5 if (Tree[J]> 0) and ( J <max) then

6 begin

7 Tree[J]:=Tree[J]—1;

8 J:=J+1; Find_solution(T[J]);

9 if J= S then print:

10 KU T[1][Tree[1]]Ju T[2][Tree[2]] U---U T[J]|[TreelJ]];
11 if |T[J]| < (S—J) then

12 Tree[J]:= 0

13 else Tree[J]:= |T[J]|;

14 end

15 else

16 J:=J-1;

17 end;

18 end.

5. The algorithm for searching (2q, 3)-arcs in PG(2, q). The
basic algorithm just presented was not capable of showing Theorem 1.7 in a rea-
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sonable time, so we considered how to fix as many points as possible in the (n, 3)-
arcs. Let L bealine in PG(2,¢) with L = {Py, P1,...,P;}. Let Ly 1, Ly 2, ..., Ligq
be the ¢ lines through P other than L for 0 < k < ¢. Let Q; ; = Lo; N Ly ; for
1 <i,5 < q as in Section 1.

Let ¢; be the number of i-lines on a fixed point. The vector (cg, 1, c2, c3)
for a point in the (n,3)-arc A is called the point-type of A. As a shorthand, we
denote by % the point-type.

Lemma 5.1. The possible point-types p; of points on a (2q,3)-arc in
PG(2,q) are
p1 =1'213971 py = 273972,

Proof. The point-type p = (¢, c1, 2, c3) on a (2¢, 3)-arc satisfies ¢y = 0

and
3 3
di-Dei=2¢—1, > ci=q+1. O
i=2 i=1
Given sets St,...,S,, if it is possible to choose a different element from

each set S;, then the chosen elements are called distinct representative of the sets.
We use Hall’s following theorem to prove a lemma.

Theorem 5.2 ([1]). The sets A1, ..., A, have a system of distinct repre-
sentatives if and only if, for allk = 1,...,n, any k A;s contain at least k elements
in their union.

Lemma 5.3. Let A be a (2q,3)-arc in PG(2,q) with a point of type po.
Assume Py, P1,Q1,1 € A and that By is a point of type po. If L and Lo are
2-lines, then a (¢ — 1)-set {Qiw, | 2 <1 < ¢q,1 < w; < q} C A with distinct
W, ..., Wy ETIStS.

Proof. Assume there exists a (2¢,3)-arc A in PG(2,q) with Py a point
of A of type pa2, P1,Q1,1 € A and that L and Lo are 2-lines. Since there exist
three 2-lines through Py by Lemma 5.1, without loss of generality, we may assume
Ly is a 2-line through Py other than L and Lg ;. Then, for all 3 < i < ¢, Lo,
is a 3-line. Let B; = {j | Lo, NLi;NA#0, 1<j<gq} Then By =1
and |B;| = 2 for 3 < i < ¢. Since L j\{P1} has at most two points of A for
1 < j < gq, for any k sets B;,,...,B;, € {Bs,...,B;} and By, it holds that
| UF_, B;, UBsy| > (2k +1)/2 = k4 1/2 for any k. By Theorem 5.2, By, ..., B,
have a system of ¢ — 1 distinct representatives wo, ..., w, so that 1 < w; < ¢ for
any ¢. O
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Lemma 5.4. A (34,3)-arc in PG(2,17) has a point of type py = 233972,

Proof. Let A be a (34,3)-arc in PG(2,17). Since n = 34, r = 3 and
p = 17, the possible spectrum of A is (79, 71,72, 73) = (69+ a, 51 — 3a, 3a, 187 —a)
for some integer a with 0 < a < 17 from Lemma 1.1. By Lemma 5.1, the points
of A are of type p; = 11213971 or p, = 233972, Let z; be the number of points of
type p; in A. Then x1 + x5 = n = 34. Since 7, = z1, we have 7 = 51 — 3a < 34.
Since a is an integer, 7, = x1 < 33. Hence x9 > 0. O

Exploiting these lemmas, we introduce the improved program doing an
exhaustive search for (34, 3)-arcs in PG(2,17) to show Theorem 1.7 in reasonable
time. Let A be a (34,3)-arc in PG(2,17). Without loss of generality, we may
assume that Py, P, Q1,1, @22 € A and that L and Lo are 2-lines. By Lemma 5.3,
A has ¢ — 1 points Q2,uy, ..., Qquw, With distinct ws,...,wg € {1,...,q} such
that wy = 2. First, the program sets Ky = { Py, P1,Q1,1,Q22} as the starting set
and extend it to K9 containing the ¢ — 1 points using the algorithm in Section
4. Next, the program regards Ki9 as the starting set and tries to extend it to
K34, Thus we divide the search into two stages. When the program finished
searching (34, 3)-arcs which contains K9, it backtracks from Kjg to find a new
Ki9. Repeating this procedure, the program tries to extend every K9 which has
4 points P(),Pl, Ql,h ngg to K34.

Our program verified that (34, 3)-arcs in PG(2,17) do not exist. Hence
m3(2,17) < 33. At the end of the exhaustive search the program found 2372866546
cases for K19. And the execution of the program took about 3 days.
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