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A linear code C over Fq of length n, dimension k is a
k-dimensional subspace of Fn

q.

The weight of a vector is the number of non-zero coordinates.

Let d denote the minimum weight and let m denote the maximum
weight of a vector of C .

The distance between any two vectors is the number of coordinates
in which they differ. The minimum distance of a linear code is d .



[Ball-Blokhuis 2012] If q is prime then

m ≤ (n − d − e)q + e,

where e ≤ k − 2 is maximal with the property that(
n − d

e

)
6= 0 (mod qk−1−e).



[Bruan-Wasserman-Kohnert 2004]
There is a 3-dimensional linear code over F13 of length 145 and
minimum distance 133.

The bound m ≤ (n − d − e)q + e gives

m ≤ 11× 13 + 1 = 144

so this code has no codeword of weight 145.



[Ball-Blokhuis 2012] If q is prime and C contains a codeword of
weight n then

n ≥ d + e + d/(q − 1),

where e ≤ k − 2 is maximal with the property that(
n − d

e

)
6= 0 (mod qk−1−e).



This bound n ≥ d + e + d/(q − 1) is attained by many codes.
For example it implies that,

a binary code of minimum distance 7 and dimension 12 has length
at least 23,
(binary Golay code)

a ternary code of minimum distance 6 and dimension 6 has length
at least 12.
(extended ternary Golay code)



The bound

n ≥ d + e + d/(q − 1)

improves on the Griesmer bound

n ≥ d + dd
q
e+ d d

q2
e+ . . .+ d d

qk−1
e.

by (dr + dr+1 + . . .+ dk−2)/(q − 1) + e − k + 1 + r ,

where d = drq
r + dr+1q

r+1 + dr+2q
r+2 + . . .+ dk−2q

k−2.



We want to prove the bound m ≤ (n − d − e)q + e.

If m ≤ n − d then the Singleton bound (n − d ≥ k − 1) and
k − 2 ≥ e imply the bound.

If m ≥ n − d + 1 then the code C shortens to a code of length m,
dimension k and minimum distance at least d − (n −m)
containing a codeword of weight m.



Let G be a generator matrix of a linear code C , so

C = {(x1, . . . , xk)G | (x1, . . . , xk) ∈ Fk
q}.

Let S be a set of columns of G , considered as points of
PG(k − 1, q).

A vector of C has at most n − d zero coordinates, so every
hyperplane contains at most n − d points of S .

If C contains a codeword of length n then S is contained in
AG(k − 1, q).



A set S of points of PG(k − 1, q) is called a (n, r)-arc if |S | = n
and r is the max size of the intersections of S with hyperplanes.

(trivial bound for PG(k − 1, q)) n ≤ (r − k + 2)q + r

(trivial bound for AG(k − 1, q)) n ≤ rq

and we want to prove the bound n ≤ (r − e)q + e,

where e ≤ k − 2 is maximal with the property that(
r

e

)
6= 0 (mod qk−1−e).



Bounds for AG(k − 1, q), where q = ph and r < qk−2.

[Barlotti 1956]
If k = 3 and (r , q) = 1 then n ≤ (r − k + 2)q + r − 2.

[Lunelli-Sce 1964]
If k = 3 and (r , q) = 1 then n ≤ (r − k + 2)q + r − 3.

[Bruen 1992]
n ≤ (r − k + 2)q + qk−2 − r + k − 3.

[Lunelli-Sce Conjecture 1964 - Blokhuis 1994]
If k = 3 then n ≤ (r − k + 2)q + (r , q).



Bounds for AG(k − 1, q), where q = ph.

[Ball 2000]
If qk−2 > r > qk−2 − q then n ≤ (r − k + 2)q + k − 2,
provided that (

r

k − 2

)
6= 0 (mod p).

[Ball-Blokhuis 2012]
If q is prime then n ≤ (r − e)q + e,

where e ≤ k − 2 is maximal with the property that(
r

e

)
6= 0 (mod qk−1−e).



Let S be a set of points of AG(k − 1, q).

Define the Rédei polynomial (over a finite field) of S to be

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + x1s1 + . . .+ xk−1sk−1).

T + a is a factor of f (T , x) of multiplicity t iff the hyperplane
defined by x1X1 + . . .+ xk−1Xk−1 = a contains t points of S .



Now write

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + x1s1 + . . .+ xk−1sk−1),

as a sum
f (T , x1, . . . , xk−1) =

∑
T jσj(x).

Advantage: The polynomials σj(x) have degree at most |S | − j .

Disadvantage: Since we are working over a finite field of
characteristic p say, if something is zero it is zero modulo p.



Let S be a set of points of AG(k − 1, q), q prime.

Define the Rédei polynomial (over C) of S to be

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + ηx1s1+...+xk−1sk−1),

where η is a primitive q-th root of unity.

T + ηa is a factor of f (T , x) of multiplicity t iff the hyperplane
defined by x1X1 + . . .+ xk−1Xk−1 = a contains t points of S .



Now write

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + ηx1s1+...+xk−1sk−1),

as a sum
f (T , x1, . . . , xk−1) =

∑
T jσj(x).

Advantage: The characteristic of C is zero.

Disadvantage: The functions σj(x) are not polynomials, but they
are integer sums of characters of the additive group of Fk−1

q .



Let S be a set of points of AG(k − 1, q), q prime, with at most r
points on a hyperplane.

f (T , x) divides (T q + 1)r ,

for all x = (x1, . . . , xk−1) 6= 0.

This implies that there are functions g(x) which are the integer
sum of characters with the property

g(x) = 0,

for all x 6= 0.



If g(x) is the integer sum of characters with the property

g(x) = 0,

for all x 6= 0, then
qk−1 divides g(0).

Moreover, g(0) is a coefficient of

(T + 1)−|S|(T q + 1)r

So, it remains to show that if |S | is too small then this coefficient,
which is the sum of binomial coefficients, is not divisible by qk−1.



1. If q = ph then we should replace ηx1s1+...+xk−1sk−1 by
ηTr(x1s1+...+xk−1sk−1), where Tr is the trace from Fq to Fp.

2. The complex Rédei polynomial of any affine set of points with a
regularity property may give new information.

3. How should we define the complex Rédei polynomial of a
projective set of points with a regularity property?



Let Zp denote the p-adic integers and ε a prim. root of X q−1 − 1.

Lift an element x ∈ Fq to τ(x) ∈ Zp(ε), so τ(x) = x mod p.

Let S be a set of points of AG(k − 1, q).

Define the Rédei polynomial (over Zp(ε)) of S to be

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + x1τ(s1) + . . .+ xk−1τ(sk−1)).

f (a, x) = 0 (mod pt) if and only if the hyperplane defined by
equation x1X1 + . . .+ xk−1Xk−1 = a contains t points of S .



Now write

f (T , x1, . . . , xk−1) =
∏
s∈S

(T + x1s1 + . . .+ xk−1sk−1),

as a sum
f (T , x1, . . . , xk−1) =

∑
T jσj(x).

Advantage: The σj(x) are polynomials.

Advantage: The characteristic of Zp is zero.



Suppose that A is a subset of Zp(ε)[X ] whose elements are
pairwise distinct modulo p.

To apply the geometric property of S to f we apply the following.

If f ∈ Zp(ε)[T ] has the property that that each a ∈ A there are m
factors of f of the type T + a, where a = a mod p then

f (T ) =
m∑
j=0

pm−jg(T )j

where g(T ) =
∏

a∈A(T − a).


