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On Morley’s theorem Frank Morley

Figure 1. Let ABC be a triangle in the Euclidean plane. Define the angles
a, B, by trisecting the triangle angles A B C, and produce the triangle
XYZ (Morley’s triangle of ABC). Theorem: XYZ is equilateral.

Remarks .& =7 — (6 +7) =7 — (5 —a) = ¥ + a. Similarly,
B=%F+B7=F+7.
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G =G =G(E) Wessel's algebra, [1]

o1 (The geometric product). Let (G, A) be the Grassmann algebra
of £. Then there is a unique bilinear associative unital product
xx" € G (x,x" € G), such that

w =v-vV4+vAyY (1)
forall v,v € &.

= This result is general, [2], in the sense that the approach works if
&, is replaced by a quadratic space &, ¢ of any signature (r,s).

= Eq. (1) implies that v = v - v, and v'v = —w// if (and only if)
v-v' =0 (& v L V). In particular, any non-zero vector v is
invertible: v = - = /- This feature is paramount in
geometric algebra, as computations in it have the flavor of
computations in R, except that the geometric product is

not commutative.
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G =G =G(E) Wessel's algebra, [1]
= If u, v is a positive orthonormal basis of £, the bivector i = uu/
(unit area) only depends on the orientation of £ and i* = —1.
» Theeven algebra Gt =G° @ G?=RORi =C~R+Rj=C.

» & — &, v vi, is a positive -rotation, while v — iv is a
negative Z-rotation.’

» & &, v ve¥ = e Py is a positive rotation of amplitude ¢.?
» If z=re'? € C, the map £ = &, v — vz = zv is a rotodilation.

= If uis a non-zero vector, the map & — &, v — —uvu! is the

reflection about the line u'.

Notation: u, = e'¢.

W ui==uw/ =v, v =di=vu =—uw/v =—u.
2ue’ = ucos 4+ uising = ucosp + u' sing; U'e¥ = —using + u' cos .
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G =G> =G(E) Symmetries and rotations

= Symmetry S, about the line £ = P + (u):
Si(X)=P—u(X— Pt

= Rotation Rp, about P of amplitude ¢:
Rp (X)) = P+ (X — P)e®.

*» If £ and ¢ are non-parallel lines, S¢S, = Rp >, where P = (N ¢
and p = (¢, 0).

e, 0)
P e, )

e(¢, el)
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G =G> =G(E) Composition of rotations

©2 (Fixed point of the composition of two rotations).
The composition R = Rq 4 Rp ., has a unique fixed point, F = F(R),
if uyuy #1,

1-— Uy,

F=P+(Q—-P)
and in this case R = Rr ;4.

Otherwise, Rq yRp, = T,, where v = (Q — P)(1 — uy).

: (2)

]. — U@Uw
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Symmetries in Morley’s construction Ry, R, R¢

3. Let RA = RA,Zaa RB = RB,ZS: RC = RC,2'y- Then:

(1) Ra= SazSa8 = SacSavr
Rg = SgxSsc = SaSsz
Rc = ScySca = ScaScx

(2) RgRc = SgxScx = RX2 (Z—a) X = F(RBRc)
RcRa = ScySay = Rxaz—p): ¥V = F(RcRa)
RaRg = SazSez = Rz2(z—+): Z = F(RaRg)
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Symmetries in Morley’s construction X, Y, Z

oB. Let up = ¥, ug = €*#, uc = . Then:
X=C+(B- ()

l—uguc

(
= C+(B-CO)giitye " =B+ (C—B)giitye”
Y =A+(C—A) e
= A+(C= Agiige ™ = C+ (A= O)gittge”
Z=B+(A-B){A
=B+ (A-B)gintme ™ = A+ (B — A)gralge

The first expressions are a direct consequence of equation (2). For
the second expressions, say of X, use that
l—ug=1—e* =1—cos28B —isin2f = 2sin? 3 — 2isin [ cos
= —2isinB(cos  + isin3) = —2isin 3 e,

l—ug __ sin 3 &P __ sing —iry
hence l1—uguc ~ sin(B+7y)ei(B+7) sin(ﬂ+'y)e :
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Symmetries in Morley’s construction X, Y, Z

Finally, the third expressions, say of X, is derived from the second as
follows:

C+(B- C)gplye ™ =B+(C—B)— (C— B)gplye™

=B+ (C—B)(1— =S8 e~ and

sin(8+7)
sin(8 +7) —sin 3 e " = sin 3cosy + cos 3siny — sin Bcosy + isin |

= siny(cos 3+ isin ) =siny ¥, [

= Knowing X, Y, Z, we can draw the trisectors:
A

BC
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A GA proof of Morley’s theorem Notations and conventions

= Let us set (cf. Figure 1):
a=C—-B, b=A-C, c=B-A,
so that a = aa*, b = bb*, ¢ = cc* (a*, b*, ¢* unit vectors).
Then we have the following relations:
b= —ate ™. ¢ = —b'e P, gt = _cre (3)

Notice, for example, that b* = a*e/(™37) = —g*e=37,

9/ 9// 9* 0**
S0 | F+0|5-0|F -0

sin(30) = 4sin @ sin 0" sin 6

wiN
w

= Since clearly 0’ + 0** = 0" + 6* = 7, then sin ** = sin ',
cos ** = —cos @', sin9* =sin0”, cos* = — cos@”. Note that
according to the convention declared in Figure 1 the value 6”
agrees with #. We also have that sin(f +v) = sin(3 —a) =sina*
and similarly sin(y + ) = sin 8*, sin(a + ) = siny*.
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A GA proof of Morley’s theorem Proof

With the notations and conventions declared in the previous slide,
the third expression of Z and the second of Y in <4 take the form

Z=A+ccirle® YV =A-bbirre ™

sin y* sin B*
Since ¢* = —b*e "%, by (3), we readily get
7Y = b*(bsin'y o csinﬁe—ia)e—ia.

sin * siny*

Now use the sine theorem to replace b = dsin35 and ¢ = dsin 37,
and then the boxed trig identity to obtain

Z — Y = 4§sin Bsiny b*(sin 3** — sin e ")e .
Since ** =+ + a, sin f** = sinvy’ cosa + cos~y'sin . On the other
hand, siny**e~® = sin+’ cos & — i sin+’sin . Therefore,

i

- . p— . - - - - i~/
sin 8 —siny™e™'* = cosy'sina + isiny sina =sina €.

Since e e~ = /(') = £i(F+27) e get:
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A GA proof of Morley’s theorem Proof

Z - Y = Lb* P+ (4)
where L = 44 sin asin B sin .

The expressions for X — Z and Y — X are obtained from (4) by cyclic
permutations:

X —Z=Lc e,
Y —X=La'e '<a+2ﬁ)
In particular, XY =YZ =Z7ZX =L and XY Z is equilateral. O

Using the relations (3), the directions of the sides of XY Z relative to
a*, say, are as follows:

Z—Y = Lare™hF)
X — 7 = La*e i(et2)
Y — X = La*e'(@t2h),
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Morley’s constellation Angle trisectors
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Morley’s constellation 27 intersectons, 9+9+9

o . ° o o e
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Morley’s constellation Color labels and structure

S. Xambé (UPC: FME & IMTech) 3RD INTRNTL WS ON GA 23/06/2026, 13:00-13:30  15/33



A Morley gallery

Triangle ijk: ijjkki, i,j, k € {0,1,2}
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A Morley gallery 000000 = XY Z

000 22
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A Morley gallery 111111

111 &

o— A4 @ A @ °
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A Morley gallery 222222

222 22
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A Morley gallery 000220, 022000, 200002

002, 020, 200 22
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A Morley gallery 011110, 111001, 100111

011, 101, 110 22

S. Xambé (UPC: FME & IMTech) 3RD INTRNTL WS ON GA 23/06/2026, 13:00-13:30  21/33



A Morley gallery 122221, 222112, 211222

122, 212, 221 22
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A Morley gallery 011220, 122001, 200112

012, 120, 201 22

o— A4 A 4 A A 4 °
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A Morley gallery 022110, 211002, 100221

021,102, 210 22

o—
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A Morley gallery 000110, 011000, 100001

001, 010, 100 22

o—
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A Morley gallery 022220, 222002, 200222

022, 202, 220 2

o A4 @ A @ 9
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A Morley gallery 111221, 122111, 211112

112,121,211 2

o A4 @ A A 4 A
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00 —12 =21 &
01 —10 —22
02 —-11-20
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00 —12 =21 &
01 —10 —22
02—-11-20
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-~ AMoreygallery 00-12-21, 01-10-22, 02-11-20

00 —12 21 &
01 —10—22
02 —-11-20
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A Morley gallery Summary

= By intersecting angle trisectors of the same color we get 9 Morley
points of that color, 27 in all.

* In Morley’'s constellation we find 9 Morley lines: three lines parallel
to Y'Z (depicted in red), three parallel to ZX (in green) and three
parallel to XY (in blue). Each of these lines contains six Morely
points, two of each color. The relation 3 x (3 x 6) = 2 x 27 just
says that each Morley point belongs to precisely two Morley lines.

= There are 27 tricolor Morley triangles, 18 equilateral and 9
non-equilateral, together with 9 equilaterals monochrome Morley
triangles, three of each color. The sides of the 27 equilateral
triangles are parallel to the sides of XY Z. Of the 18 Morley
tricolor triangles, 9 are positively oriented and 9 negatively
oriented.

= The 9 Morley triangles ij — jk — ki that are not equilateral are
those for which i +j+ k=1 mod 3.
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A Morley gallery Description MC points as fixed points

Courtesy of [3], Remark 1, the red point ij = £ N £} of the MC
(i,j € {0,1,2}) is the fixed point of the composition

RB,qu" RC,ucw*fa w = 627”/3

(this is a generalization of ©3(2), as there the case 00 was
established). Analogous formulas are valid for the green and blue
points of the MC.

Comment. In the said Remark 1 it is stated that “one obtains in this
way the 18 nondegenerate (sic) equilateral triangles of variants of
Morley's theorem™, with no insight into the fact that the sides of all
18 triangles are parallel to the sides of the Morley triangle XYZ,

and no explanation of what ‘nondegenerate’ might mean (as we saw
above, they are in fact non-equilateral tricolor Morley triangles),

and no reference to the remaining nine equilateral triangles (in our
terms, the monochrome Morley triangles).
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