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Foreword

This Conference is dedicated to the memory of Waldyr Alves Rodrigues Jr., the carrier of
the flame AGACSE‐2018 to Campinas from AGACSE 2015 in Barcelona. Beyond what we
could fancy about what would it all have been if he were still here with all of us, what we
can say is that his spirit has been a constant inspiration and that we only can hope to have
stood up to the standards he would have enforced to get the best of this gathering as a
whole and for each participant in particular. He was keen at spotting windmills pretending
to be giants, but we suspect he must have discovered, as our quixotic hero, the great
difficulties in achieving that the force of reason prevails over the reason of force.
The progress in the organization, in particular about the scientific aspects, were promptly
reflected on the conference Web site whenever they occurred. The first great celebration
was that all plenary speakers, including the course lecturers, accepted immediately our
invitation. We thank them most heartily (by the program order): David Hestenes (keynote
speaker), Eckhard Hitzer, Joan Lasenby (course on GA), Eduardo Bayro‐Corrochano, Pablo
Colapinto, Leo Dorst (course on GA), Dietmar Hildenbrand, Derek Abbott, and Antony
Lasenby (ending lecture).
Then we went through the process of getting proposals, which ended on May 6, and the
ensuing refereeing, that ended on June 14 with the acknowledgement of the SC decisions
to the correspondent authors. Of the abstracts and extended abstracts received, 36 in all,
the selection ended with 17 for oral presentations and 11 for poster presentations. In the
Index below, they are ordered according to the reception date, but they have been
scheduled in the program so that each session, and hopefully every day and the whole
conference, has a meaningful flow. Our thanks to all authors that sent a proposal, in
particular the correspondent authors, and especially those that have ended as contributors
to the program, be it as a talk or a poster presentation.
It is also a pleasant duty to express our gratitude to all people and institutions that made
possible this conference: The University of Campinas and the IMECC (we join the
congratulations for the first 50 years!) and at the state and federal levels, CNPq, Capes and
FAPESP, for their financial support. Finally, the international events ICM‐2018 (Rio de
Janeiro, Brazil) and ICIAM‐2019 (Valencia, Spain) of which AGACSE 2018 is a satellite
conference.
SEBASTIÀ XAMBÓ-DESCAMPS
CARLILE LAVOR
LEANDRO A. FERNANDES
MARCOS JARDIM
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Part I
Invited lectures

David HESTENES
Arizona State University, USA
Deconstructing the Electron Clock
Abstract
The Dirac equation is reinterpreted as a constitutive equation for the vacuum, with the
electron modeled as a point singularity in a lightlike toroidal vortex. The singularity
generates electric and magnetic potentials with circular zitterbewegung around the spin
axis. These fields are then propagated by Maxwell's equation. The result is an integrated
Maxwell‐Dirac field theory proposed as a non‐perturbative approach to quantum
electrodynamics with implications for the electron's anomalous magnetic moment and
structure of the photon. Extension to a “Standard Model” of elementary particles as vacuum
singularities is discussed.
Note: Of the two papers linked below the abstract in the AGACSE 2018 Web page, Electron
Clock is a prerequisite to Maxwell‐Dirac.
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Eckhard HITZER
International Christian University, Japan
Three‐Dimensional Quadrics in Hybrid Conformal Geometric Algebras
of Higher Dimensions
Abstract
This presentation explains how three dimensional quadrics can be defined by the outer
products of conformal geometric algebra points in higher dimensions. These multivector
expressions code all types of quadrics in arbitrary scale, location and orientation.
Furthermore, a hybrid approach allows the use of the standard intersection operations, and
standard versor operators (scaling, rotation, translation, inversion, reflection). Both the new
theory and a viable computational implementation will be explained in detail. Note: The
results are based on an ongoing collaboration between International Christian University
(Tokyo, Japan), Universite Paris Est (France), Universite de Poitiers (France), University of
Essex (UK) and National Institute of Informatics (Tokyo).
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THREE-DIMENSIONAL QUADRICS IN HYBRID CONFORMAL GEOMETRIC
ALGEBRAS OF HIGHER DIMENSIONS
E. Hitzer a
a International

Christian University
Tokyo, Japan
hitzer@icu.ac.jp [presenter, corresponding]

1. I NTRODUCTION
Three dimensional quadrics can be represented in extended conformal geometric algebras (CGA)
in several ways. Most recently double CGA (DCGA)[3] and quadric CGA (QCGA)[1] have
been proposed1. Due to space limitations in this abstract only the elegant algebraic core structure of QCGA is presented in some detail, whereas the presentation in [1] focused on ease of
programming and computational efficiency.
2. QCGA DEFINITION
This section introduces QCGA. We specify its basis vectors and show important blade computations. We use the following notation: Lower-case bold letters denote basis blades and multivectors (multivector a). Italic lower-case letters refers to multivector components (a1 , x, y2 , · · · ).
For example, ai is the ith coordinate of the multivector a. Constant scalars are denoted using
lower-case default text font (constant radius r) or simply r. The superscripts star used in x∗ represents the dualization of the multivector x. Finally, subscript ε on xε refers to the Euclidean
vector associated to the vector x of QCGA.
Note that when used in the geometric algebra inner product, contractions and the outer product
have priority over the full geometric product. For instance, a ∧ ba ∧ I = (a ∧ b)I.
2.1. QCGA basis and metric. The algebraic equations in this section can be either computed by hand, expanding all blades in terms of basis vectors, or they can be computed with
software, like The Clifford Toolbox for MATLAB[7]. The QCGA Cl(9, 6) is defined over a
15-dimensional vector space. The base vectors of the space are basically divided into three
groups: {e1 , e2 , e3 } (corresponding to the Euclidean vectors of R3 ), {eo1 , eo2 , eo3 , eo4 , eo5 , eo6 },
and {e∞1 , e∞2 , e∞3 , e∞4 , e∞5 , e∞6 }. The inner products between them are defined in Table 1.

For the efficient computation, a diagonal metric matrix may be useful. The algebra Cl(9, 6)
generated by the Euclidean basis {e1 , e2 , e3 }, and 6 basis vectors {e+1 , e+2 , e+3 , e+4 , e+5 , e+6 }
squaring to +1 along with six other basis vectors {e−1 , e−2 , e−1 , e−4 , e−5 , e−6 } squaring to −1
would correspond to a diagonal metric matrix. The transformation from the diagonal metric
basis to that of Table 1 can be defined as follows: for 1 ≤ i, j ≤ 6,
1
(1)
e∞i = e+i + e−i , eoi = (e−i − e+i ), e∞i · eoi = −1,
2
1
e∞ = 3 (e∞1 + e∞2 + e∞3 ), eo = eo1 + eo2 + eo3 , e∞ · eo = −1, e2o = e2∞ = 0,
with bivectors Ei , E, defined by

Ei = e∞i ∧ eoi = e+i e−i ,
eoi Ei = −Ei eoi = −eoi ,

(2)

E = e∞ ∧ eo ,

E 2 = 1,

Ei2 = 1,
Ei E j = E j Ei ,
e∞i Ei = −Ei e∞i = e∞i ,

eo E = −Eeo = −eo ,

1

For further literature see the references in [1].
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e∞ E = −Ee∞ = e∞ .
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TABLE 1. Inner product between QCGA basis vectors.
e1
1
0
0
·
·
·
·
·
·
·
·
·
·
·
·

e1
e2
e3
eo1
e∞1
eo2
e∞2
eo3
e∞3
eo4
e∞4
eo5
e∞5
eo6
e∞6

e2
0
1
0
·
·
·
·
·
·
·
·
·
·
·
·

e3 eo1 e∞1 eo2 e∞2 eo3 e∞3 eo4 e∞4 eo5 e∞5 eo6 e∞6
0 ·
·
·
·
·
·
·
·
·
·
·
·
0 ·
·
·
·
·
·
·
·
·
·
·
·
1 ·
·
·
·
·
·
·
·
·
·
·
·
· 0 −1 ·
·
·
·
·
·
·
·
·
·
· −1 0 ·
·
·
·
·
·
·
·
·
·
· ·
· 0 −1 ·
·
·
·
·
·
·
·
· ·
· −1 0 ·
·
·
·
·
·
·
·
· ·
·
·
· 0 −1 ·
·
·
·
·
·
· ·
·
·
· −1 0 ·
·
·
·
·
·
· ·
·
·
·
·
· 0 −1 ·
·
·
·
· ·
·
·
·
·
· −1 0 ·
·
·
·
· ·
·
·
·
·
·
·
· 0 −1 ·
·
· ·
·
·
·
·
·
·
· −1 0 ·
·
· ·
·
·
·
·
·
·
·
·
· 0 −1
· ·
·
·
·
·
·
·
·
·
· −1 0

For clarity, we also define the following blades:
I∞a = e∞1 e∞2 e∞3 , I∞b = e∞4 e∞5 e∞6 , I∞ = I∞a I∞b ,
Ioa = eo1 eo2 eo3 , Iob = eo4 eo5 eo6 , Io = Ioa Iob ,
I∞o = I∞ ∧ Io = −E1 E2 E3 E4 E5 E6 , I2∞o = 1,
Io I∞o = I∞o Io = −Io , I∞ I∞o = I∞o I∞ = −I∞ ,

(3)

I
∞a = (e∞1 − e∞2 ) ∧ (e∞2 − e∞3 ),


I
∞ = I∞a I∞b ,

I
oa = (eo1 − eo2 ) ∧ (eo2 − eo3 ),


I
o = Ioa Iob .

We note that
I∞a ∧ Ioa = −E1 E2 E3 ,

(4)

I∞b ∧ Iob = −E4 E5 E6 ,






I
∞ ∧ Io = I∞a ∧ Ioa I∞b ∧ Iob = −I∞a ∧ Ioa E4 E5 E6 ,

 2

 2
(I
∞ ∧ Io ) = (I∞a ∧ Ioa ) = 9,


 −1
= 19 I
(I
∞ ∧ Io ,
∞ ∧ Io )

 −1

(I
= 19 I
∞a ∧ Ioa )
∞a ∧ Ioa .

We have the following outer products
(5)
(6)
(7)





I∞a = e∞1 ∧ I
∞a = e∞2 ∧ I∞a = e∞3 ∧ I∞a = e∞ ∧ I∞a = e∞ I∞a ,




1
1
Ioa = eo1 ∧ I
oa = eo2 ∧ Ioa = eo3 ∧ Ioa = 3 eo ∧ Ioa = 3 eo Ioa ,






I∞a ∧ Ioa = E1 ∧ I
∞a ∧ Ioa = E2 ∧ I∞a ∧ Ioa = E3 ∧ I∞a ∧ Ioa



1
= 13 E ∧ I
∞a ∧ Ioa = 3 E I∞a ∧ Ioa .

And we have the following inner products
(8)

I
oa = −3e∞ · Ioa ,

(9) (eoi · I∞ ) · Io = −eoi ,
(10)

(11)
(12)
(13)
(14)

I
o = −3e∞ · Io ,

(e∞i · Io ) · I∞ = −e∞i ,

e∞ · I∞o = − 31 I∞ ∧ I
o,

e∞i · I
∞ = 0,

e∞ · I
oa = 0,

e∞ · I
o = 0,

eoi · I
o = 0,


e∞ · (I
∞ ∧ Io ) = 0,

e∞ · I
∞a = 0,

eo · I
oa = 0,

eo · I
∞a = 0,


eo · (I
∞ ∧ Io ) = 0,
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I
∞ = −eo · I∞ ,

(eo · I∞ ) · Io = −eo ,

eo · I∞o = −I
∞ ∧ Io ,

e∞i · I
∞a = 0,

eoi · I
oa = 0,

I
∞a = −eo · I∞a ,

(e∞ · Io ) · I∞ = −e∞

e∞ · I
∞ = 0,

eo · I
o = 0,

eo · I
∞ = 0,


E · (I
∞ ∧ Io ) = 0.
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As consequence we obtain
(15)
(16)
(17)


I∞ = e∞ I
∞ = e∞ ∧ I∞ ,







I∞ ∧ I
o = e∞ I∞ ∧ Io = e∞ ∧ I∞ ∧ Io = I∞ ∧ Io e∞ ,


3 Io = eo I
o = eo ∧ Io ,







−3 I
∞ ∧ Io = eo I∞ ∧ Io = eo ∧ I∞ ∧ Io = I∞ ∧ Io eo ,






−3 I∞o = E I
∞ ∧ Io = E ∧ I∞ ∧ Io = I∞ ∧ Io E.

We can summarize the important set of relations
(18)






{1, eo , e∞ , E} ∧ I
∞ ∧ Io = {1, eo , e∞ , E} I∞ ∧ Io = I∞ ∧ Io {1, eo , e∞ , E}.

We define the pseudo-scalar Iε in R3 :

Iε = e1 e2 e3 ,

(19)

I2ε = −1,

I−1
ε = −Iε ,

and the full pseudo-scalar I and its inverse I−1 (used for dualization):
(20)

I = Iε I∞o = −Iε E1 E2 E3 E4 E5 E6 ,

I2 = −1,

I−1 = −I.

The dual of a multivector indicates division by the pseudo-scalar, e.g., a∗ = −aI, a = a∗ I. From
eq. (1.19) in [5], we have the useful duality between outer and inner products of non-scalar
blades A, B in geometric algebra:
(21)

(A ∧ B)∗ = A · B∗ ,

which indicates that
(22)

A ∧ (B∗ ) = (A · B)∗ ⇔ A ∧ (BI) = (A · B)I,

A ∧ B = 0 ⇔ A · B∗ = 0,

A · B = 0 ⇔ A ∧ B∗ = 0.

Useful duality relationships are
(23)

∗
(I∞ ∧ Io )∗ = −Iε , (I∞ ∧ I
o ) = −3Iε e∞ ,
∗
∗
Iε (eoi · I∞ ) ∧ Io = −eoi ,
Iε I∞ ∧ (e∞i · Io ) = −e∞i ,
∗
∗
Iε (eo · I∞ ) ∧ Io = −eo ,
Iε I∞ ∧ (e∞ · Io ) = −e∞ .

3. QCGA OBJECTS

QCGA is an extension of CGA; thus the objects defined in CGA are also defined in QCGA. The
following sections introduce the important definition of a general point in QCGA, and show
next how all round and flat geometric objects (point pairs, flat points, circles, lines, spheres,
planes) of CGA can straightforwardly be embedded in QCGA.
3.1. Point in QCGA. The point x of QCGA corresponding to the Euclidean point xε = xe1 +
ye2 + ze3 ∈ R3 is defined as

(24)

x = xε + 12 (x2 e∞1 + y2 e∞2 + z2 e∞3 ) + xye∞4 + xze∞5 + yze∞6 + eo .

Note that the null vectors eo4 , eo5 , eo6 are not present in the definition of the point. This is
merely to keep the convenient properties of the CGA points, namely, the inner product between
two points is identical with the squared distance between them. Let x1 and x2 be two points,
their inner product is
(25)

x1 · x2 =(x1ε + 12 x12 e∞1 + 12 y21 e∞2 + 12 z21 e∞3 + x1 y1 e∞4 + x1 z1 e∞5 + y1 z1 e∞6 + eo )

· (x2ε + 12 x22 e∞1 + 21 y22 e∞2 + 12 z22 e∞3 + x2 y2 e∞4 + x2 z2 e∞5 + y2 z2 e∞6 + eo ).

from which together with Table 1, it follows that
(26)

x1 · x2 = x1ε · x2ε − 12 (x12 + y21 + z21 + x22 + y22 + z22 ) = − 21 (x1ε − x2ε )2 .

We see that the inner product is equivalent to the minus half of the squared Euclidean distance
between x1 and x2 .
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In the remainder of the paper the following result will be useful, because it relates a point in
QCGA to the representation it would have in CGA R4,1 with vector basis {eo , e1 , e2 , e3 , e∞ }.


2
2



1 2
x ∧ I∞ ∧ Io = xε + 2 (x e∞1 + y e∞2 + z e∞3 ) + eo ∧ I
∞ ∧ Io
(27)


2
2


1 2
= (xε + eo ) ∧ I
∞ ∧ Io + 2 (x e∞1 + y e∞2 + z e∞3 ) ∧ I∞ ∧ Io


2
2


1 2
= (xε + eo ) ∧ I
∞ ∧ Io + 2 (x + y + z ) e∞ ∧ I∞ ∧ Io



1 2
= (xε + eo ) ∧ I
∞ ∧ Io + 2 xε e∞ ∧ I∞ ∧ Io






= (xε + 21 x2ε e∞ + eo ) ∧ I
∞ ∧ Io = xC ∧ I∞ ∧ Io = xC I∞ ∧ Io ,

where we have dropped in the first line the cross terms xye∞4 + xze∞5 + yze∞6 , because wedging
with I∞a , a factor in I
∞ , eliminates them. Therefore, if a point in QCGA appears wedged with
 , we can replace it by the form
I
∧
I
∞
o
(28)

 
 −1
xC = xε + 21 x2ε e∞ + eo = x ∧ I
∞ ∧ Io (I∞ ∧ Io ) .

it would have in CGA. This in turn means, that we can embed in QCGA the known CGA
representations of round and flat objects, by taking the outer products of between one and five

points with I
∞ ∧ Io , as shown in the following.
3.2. Round and flat objects in QCGA. With round objects, we mean points, point pairs,
circles and spheres with uniform curvature. Similar to CGA, these can be defined by the outer

product of one to four points with I
∞ ∧ Io . Their their center cC , radius r and Euclidean carrier
D can be easily extracted. Alternatively, they can be directly constructed from their center cC ,
radius r and Euclidean carrier D.
Wedging any round object with the point at infinity e∞ , gives the corresponding flat object
multivector. From it the orthogonal distance to the origin cε⊥ and the Euclidean carrier D can
easily be extracted.
We now briefly review the CGA description of round and flat objects embedded in QCGA. The
round objects apart from the point are
(29)
(30)
(31)
(32)




P = x ∧ I
∞ ∧ Io = xC I∞ ∧ Io ,




Pp = x1 ∧ x2 ∧ I
∞ ∧ Io = x1C ∧ x2C I∞ ∧ Io ,




Circle = x1 ∧ x2 ∧ x3 ∧ I
∞ ∧ Io = x1C ∧ x2C ∧ x3C I∞ ∧ Io ,




Sphere = x1 ∧ x2 ∧ x3 ∧ x4 ∧ I
∞ ∧ Io = x1C ∧ x2C ∧ x3C ∧ x4C I∞ ∧ Io .

The corresponding flat objects are
(33)
(34)
(35)
(36)




Flat p = P ∧ e∞ = x ∧ e∞ ∧ I
∞ ∧ Io = xC ∧ e∞ I∞ ∧ Io ,




Line = Pp ∧ e∞ = x1 ∧ x2 ∧ e∞ ∧ I
∞ ∧ Io = x1C ∧ x2C ∧ e∞ I∞ ∧ Io ,




Plane = Circle ∧ e∞ = x1 ∧ x2 ∧ x3 ∧ e∞ ∧ I
∞ ∧ Io = x1C ∧ x2C ∧ x3C ∧ e∞ I∞ ∧ Io ,


Space = Sphere ∧ e∞ = x1 ∧ x2 ∧ x3 ∧ x4 ∧ e∞ ∧ I
∞ ∧ Io

= x1C ∧ x2C ∧ x3C ∧ x4C ∧ e∞ I
∞ ∧ Io ∝ I.


The above embeddings by means of the outer product with I
∞ ∧ Io , allow to make use of
standard CGA results found in [5]. All embedded round entities of point, point pair, circle and
sphere have one common multivector form2





S = D ∧ cε + [ 21 (c2ε + r2 )D − cε cε cD]e∞ + Deo + Dbcε E I
(37)
∞ ∧ Io = SC I∞ ∧ Io ,
 −1
SC = S (I
∞ ∧ Io ) .

2Note, that the product symbols c and b express left- and right contraction, respectively.
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The Euclidean carriers D are for each object

1,



dε ,
(38)
D=
ic ,


 I ,
ε

5

point x
point pair Pp
circle Circle
sphere Sphere,

where the unit point pair connection direction vector is dε = (x1ε − x2ε )/2r and the Euclidean
circle plane bivector ic . The radius r of a round object and its center cC are generally determined
by
SSe
(39)
r2 =
,
cC = 19 S e∞ S = SC e∞ SC .
(S ∧ e∞ )(S ∧ e∞ )∼
where Se indicates the reverse of S.

All embedded flat entities of flat point, line, plane and space have one common multivector
form
(40)






F = S ∧ e∞ = (D ∧ cε e∞ − DE) I
∞ ∧ Io = (Dcε⊥ e∞ − DE) I∞ ∧ Io = FC I∞ ∧ Io ,

 −1
FC = SC ∧ e∞ = F (I
∞ ∧ Io ) .

where the orthogonal Euclidean distance of the flat object from the origin is

x , finite-infinite point pair Flat p


 ε
cε⊥ , line Line
(41)
cε⊥ =
cε⊥ , plane Plane


 0, 3D space Space,

The Euclidean carrier blade D, and the orthogonal Euclidean distance vector of F from the
origin, can both be directly determined from the flat object multivector as
(42)

D = 13 FbI∞o ,

cε⊥ = − 31 D−1 F ∧ eo I∞o .

3.3. Line. A primal line l is a 13-vector constructed from two linearly independent points x1
and x2 as follows:
(43)



l = x1 ∧ x2 ∧ e∞ ∧ I
∞ ∧ Io = x1 ∧ x2 ∧ I∞ ∧ Io .

The outer product between the 6-vector I∞ and the two points x1 and x2 remove all their e∞i
components (i ∈ {1, · · · , 6}). Accordingly, they are rewritten as x1 = (eo + xε1 ) and x2 = (eo +
xε2 ) respectively. Equation (43) can thus be simplified as
(44)


l = x1 ∧ (eo + xε2 ) ∧ I∞ ∧ I
o = x1 ∧ (xε2 Ioa + 3 Ioa ) ∧ I∞ ∧ Iob

= 3Ioa (xε2 − xε1 ) + xε1 ∧ xε2 I
oa ∧ I∞ ∧ Iob .

Letting aε = xε2 − xε1 and mε = xε1 ∧ xε2 allows us to obtain


∗
(45) l = 3 Ioa aε + mε I
oa ∧ I∞ ∧ Iob = −3 aε I∞o + mε I∞ ∧ Io = 3(aε Iε + e∞ mε Iε )I = l I.

Note that aε and mε correspond to the 6 Plücker coefficients of a line. More precisely, aε is the
direction vector (carrier or support vector) of the line and mε is its moment.

Proposition 3.1. A point x with Euclidean position vector xε lies on the line if and only if
x ∧ l = 0.
Proof.
(46)

x ∧ l = (xε + eo ) ∧ l = (xε + eo ) ∧ (−3 aε I∞o + mε I∞ ∧ I
o)

= −3xε ∧ aε I∞o + xε mε I∞ ∧ I
o + mε I∞ ∧ (eo ∧ Io )

= −3(xε ∧ aε − mε ) I∞o + xε ∧ mε I∞ ∧ I
o

22

6

3D QUADRICS IN EXTENDED CGA

The 12-blade I∞o and the 11-blade I∞ ∧ I
o are linearly independent. Therefore, x ∧ l = 0 yields

xε ∧ aε = mε ,
(47)
x∧l = 0 ⇔
xε ∧ mε = 0.
As xε , aε and mε are Euclidean entities, this corresponds to the Plücker equations of a line as
mentioned in [2].

Corollary 3.2. A point x lies on the dual line
l∗ = aε Iε + e∞ mε Iε ,

(48)
if and only if x · l∗ = 0.

We can extract direction and moment by
aε = [(l∗ Iε ) ∧ e∞ ] · eo ,

(49)

mε = (l∗ Iε ) · eo .

Note that a dual line l∗ can also be constructed by the intersection of two dual planes as follows:
l∗ = π1∗ ∧ π2∗ .

(50)

3.4. Plane. As in CGA, a plane π in QCGA can be computed from the outer product of three
linearly independent points x1 , x2 , and x3 on the plane:
(51)



π = x1 ∧ x2 ∧ x3 ∧ I∞ ∧ I
o = x1 ∧ x2 ∧ x3 ∧ e∞ ∧ I∞ ∧ Io

The multivector π corresponds to the primal form of a plane in QCGA, with grade 14 and
composed by six components. The last three components have the same coefficient and thus
can be combined together, resulting (up to a homogeneous factor) in a form defined with four
coefficients xn , yn , zn and h:
h
∗
2
(52) π = −n∗ε I∞o + Iε I∞ ∧ I
o = (nε + h e∞ )I = π I, nε = xn e1 + yn e2 + zn e3 , nε = 1,
3
where nε is the Euclidean unit normal vector of the plane, and h the oriented orthogonal distance
from the origin.
Proposition 3.3. A point x with Euclidean position vector xε lies on the plane π if and only if
x ∧ π = 0.
Proof.
x ∧ π = x · π ∗ I = (xε + 21 x2 e∞1 + 12 y2 e∞2 + 12 z2 e∞3 + xy e∞4 + xz e∞5 + yz e∞6 + eo ) · (nε + h e∞ )I

(53)

= (xε + eo ) · (nε + h e∞ )I = (xε · nε − h) I.

which corresponds to the Hessian form of the plane.



Corollary 3.4. A point x with Euclidean position vector xε lies on the dual plane
(54)

π ∗ = nε + h e∞ .

if and only if x · π ∗ = 0.
Because of (26), a plane can be also obtained as the bisection plane from the difference of two
points x1 and x2 in a similar way as in CGA.
Proposition 3.5. The dual plane π ∗ = x1 − x2 is the dual orthogonal bisecting plane between
the points x1 and x2 .
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Proof. From Proposition 3.4, a point x on π ∗ satisfies x · π ∗ = 0.
x · (x1 − x2 ) = x · x1 − x · x2 = 0.

(55)

As seen in (26), the inner product between two points results in the squared Euclidean distance
between the two points. We thus have
x · (x1 − x2 ) = 0 ⇔ (xε − x1ε )2 = (xε − x2ε )2 .

(56)

This corresponds to the equation of the orthogonal bisecting dual plane between x1ε and x2ε .

3.5. Sphere. We define a sphere s using four points as the following 14-blade:



s = x1 ∧ x2 ∧ x3 ∧ x4 ∧ I
∞ ∧ Io = x1C ∧ x2C ∧ x3C ∧ x4C ∧ I∞ ∧ Io .

(57)

Up to a homogeneous factor we can simplify this to the form
s = (cC − 12 r2 e∞ )I = s∗ I.

(58)

Note that cC corresponds to the CGA center point of the sphere and r to its radius.
Proposition 3.6. A point x lies on the sphere s if and only if x ∧ s = 0.
Proof. We compute
(59)

x ∧ s = x ∧ (s∗ I) = x · s∗ I = xC · s∗ I




2
1 2
1
1 2
= xC · (cC − 2 r e∞ ) I = − 2 (xε − cε ) + 2 r I =

1
2


r2 − (xε − cε )2 I.



Corollary 3.7. A point x of QCGA lies on the surface of a dual sphere
s∗ = cC − 12 r2 e∞ ,

(60)
if and only if:

x · s∗ = 0.

(61)

4. Q UADRIC SURFACES
This section describes how QCGA handles the quadric surface. All the embedded CGA objects
in QCGA defined in Section 3 are thus part of a more general framework.
A quadric in R3 is formulated as
(62)

F(x, y, z) = ax2 + by2 + cz2 + dxy + exz + fyz + gx + hy + iz + j = 0.

A quadric surface is constructed by wedging nine points together and the outer product with
the 5-blade I
o as follows
q = x1 ∧ x2 ∧ · · · ∧ x9 ∧ I
o.

(63)

The multivector q corresponds to the primal form of a quadric in QCGA, with grade 14 and 12
components. Again three of these components have the same coefficient and can be combined
together in a form defined by only ten coefficients a, b, ..., j:



q = Iε 2aeo1 + 2beo2 + 2ceo3 + deo4 + eeo5 + feo6 · I∞ ∧ Io

+ ge1 + he2 + ie3 Iε I∞o + j Iε I∞ ∧ (e∞ · Io )




(64)
= − 2aeo1 + 2beo2 + 2ceo3 + deo4 + eeo5 + feo6 + ge1 + he2 + ie3 − je∞ I
= q∗ I,
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where in the second equality we used the duality relationships of (23). The expression for the
dual vector is therefore


(65)
q∗ = − 2aeo1 + 2beo2 + 2ceo3 + deo4 + eeo5 + feo6 + ge1 + he2 + ie3 − je∞ .

Proposition 4.1. A point x lies on the quadric surface q if and only x ∧ q = 0.
Proof.

x ∧ q = x ∧ (q∗ I) = x · q∗ I




(66)
= x · − 2aeo1 + 2beo2 + 2ceo3 + deo4 + eeo5 + feo6 + ge1 + he2 + ie3 − je∞ I

= ax2 + by2 + cz2 + dxy + exz + fyz + gx + hy + iz + j I.

This corresponds to the formula representing a general quadric.



The dualization of the primal quadric leads to the 1-vector dual quadric q∗ of (65).
Corollary 4.2. A point x lies on the dual quadric q∗ if and only if x · q∗ = 0.
5. I NTERSECTIONS
Any number of linearly independent round or flat embedded CGA objects in QCGA and any
number of quadrics can be intersected by computing the dual of the outer product of their duals
(67)

intersect∗ = A∗ ∧ B∗ ∧ . . . ∧ Z∗ .

The criterion for a general point x to be on the intersection is
(68)

x · intersect∗ = 0.

For cases that one object is wholly included in another object (like a line in a plane), the proper
meet operation has to be defined, taking into account the subspace spanned by the join of the
two objects [6].
6. C ONCLUSION
Implementation questions of QCGA have initially been discussed in [1]. The AGACSE 2018
contribution by Breuils, Fuchs and Nozick shows further progress, regarding implementations.
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Eduardo BAYRO‐CORROCHANO
Cinvestav, Mexico
Geometric Methods for Modelling and Control in Robotics
Abstract
In this talk, we use as a mathematical framework the conformal geometric algebra for
applications in computer vision, graphics engineering, learning, control and robotics. We
will show that this mathematical system keeps our intuitions and insight of the geometry of
the problem at hand and it helps us to reduce considerably the computational burden of
the problems. Surprisingly, as opposite to the standard projective geometry, in conformal
geometric algebra we can deal simultaneously with incidence operations (meet and join)
and conformal transformations represented effectively using spinors (quaternions, dual
quaternions, etcetera). In this regard, surprisingly this framework appears promising for
dealing with kinematics, dynamics and projective geometry problems without the need to
abandon the mathematical system (as current approaches). We present some real tasks of
perception and action treated in a very elegant and efficient way: sensor‐body calibration,
3D reconstruction and robot navigation and visually guided 3D object grasping making use
of the directed distance, algebra of incidence and conformal transformations. For modeling
and control problems, we reformulate Euler‐Lagrange and Newton‐Euler Dynamics and
recursive Hamiltonians and design using screw theory controllers for robot manipulators.
For a real time tracking of rigid motion SE(3) we apply the Motor (dual quaternion) extended
Kalman filter using line observation. We illustrate these methods in robot vision for robot
manipulators and humanoids. For control of manipulators and artificial hands, we have
developed the quaternion spike neural network which is used in a decentralized control
fashion. We will briefly explain the Quantum Quaternion Neural Networks.
We believe that the framework of geometric algebra can be in general of great
advantage for applications in image processing, stereo vision, range data, laser,
omnidirectional and odometry based robotic systems, kinematics and dynamics of robot
mechanisms, humanoids and advanced nonlinear control techniques.
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Pablo COLAPINTO
University of California ‐ Santa Barbara, USA
The Design of Cyclidic Volumes
Abstract
The Conformal Geometric Algebra framework provides a rich tool set for generating and
navigating cyclidic surfaces and volumes, which are piecewise‐smooth manifolds whose
curvature lines lie on circles and whose constant coordinate surfaces are spheres. These
manifolds are conformal immersions with triply orthogonal coordinate systems, and their
discrete rationalization can provide designers a reliable mechanism for producing well‐
behaved meshes, without torsion and shearing. For animators, texture details are
preserved during conformal mesh deformation. For architects, the same nodal joint can be
reused across a conformal structure, and offsets preserve those same nice qualities. We
will detail a variety of methods for constructing cyclidic volumes and a number of forms
designed with these methods. Whereas typical approaches to construction usually depend
upon a prerequisite parameterization of a surface using circular support nets, we instead
leverage readily available elements unique to CGA, such as spheres and tangents, for a more
direct and geometrically intuitive formulation of practical use in computer‐assisted design.
We demonstrate how tangent generators can be used to create constant coordinate
spheres and how we can naturally preserve orthogonality as we interpolate constant
coordinate surface spheres using simple rotors. Throughout, we rely heavily on CGA’s built‐
in ability to help us choose our coordinate surfaces wisely.
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Dietmar HILDENBRAND
Hochschule Rhein‐Main Ruesselsheim, Germany
Geometric Algebra Computing for a Wide Range of Computing Devices
Abstract
Geometric Algebra is a powerful mathematical tool for a wide range of engineering
applications, and engineering applications are using a wide range of computing devices such
as CPU, GPU, DSP, FPGA. This talk answers the question on how all these devices are able
to benefit from the properties of Geometric Algebra Computing such as geometrical
intuitiveness, high runtime performance and robustness. The goal of the software package
GAALOP is to support as many computing devices as possible. Its main concept is to
translate Geometric Algebra algorithms first into an optimized intermediate representation
and, in a second step, to derive implementations for a wide range of sequential and parallel
computing architectures. We present, for instance, a general solution for all the
heterogeneous computing architectures of the HSA Foundation (founded by the processor
companies AMD ARM, Imagination Technologies, MediaTek, Qualcomm, Samsung and
Texas Instruments) and a simple proof‐of‐concept ray tracing application. Another recent
development, that we will present, is a new, very flexible, co‐processor design based on
GAALOP called GAPPCO.
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Derek ABBOTT
University of Adelaide, Australia
The Vector Algebra War
Abstract: There are a wide variety of different vector formalisms currently utilized in engineering and physics. For example, Gibbs' three-vectors, Minkowski four-vectors, complex
spinors in quantum mechanics, and quaternions used to describe rigid body rotations and
vectors defined in Clifford geometric algebra. This situation has the unfortunate consequence of fragmenting knowledge across many disciplines, and requiring a significant
amount of time and effort to adapt to the various formalisms. We thus historically review
the development of our various vector systems and conclude that Clifford's
multivectors fulfil the goal of describing vectorial quantities in three dimensions and
providing a unified vector system for science.
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Anthony LASENBY
University of Cambridge, UK
Geometric Algebra, Gravity, Electromagnetism and a 1d-up approach to the CGA
Abstract
Geometric Algebra (GA) is a powerful unifying language applicable to many branches of
mathematics, physics and engineering. One of the main aims of the talk will be to
demonstrate how the same mathematical tools in GA can be used for both engineering
purposes and advanced physics topics, thus making the latter more approachable and
understandable for a greater number of people. A selection of topics from three main areas
will be discussed, with the emphasis on each partially determined by the topics which arise
during the conference itself. These are:
(a) Progress towards a scale-invariant theory of gravity. A sketch will be given of how using
GA, gravity can be rewritten as a gauge theory in flat space, making it much more similar to
our other theories of fundamental forces. The gauge symmetries involved are then
extended to include scale-invariance and some physical aspects of the resulting theory are
discussed.
(b) In common with some other talks this week, we discuss the use of GA in
Electromagnetism (EM). A topic which has only been explored in a limited way before
within a GA approach, is the aspect of the apparent ‘time asymmetry’ in electrodynamics,
in which we see only retarded solutions of the radiation equations, not advanced solutions.
This currently has no explanation in terms of EM theory itself, and is potentially linked with
boundary conditions in the future expansion of the universe, for example in the WheelerFeyman ‘absorber’ theory of radiation. We demonstrate, possibly for the first time, an
interesting intrinsic asymmetry between incoming and outgoing radiation, which may be
relevant to this question.
(c) A ‘1d-up’ approach to conformal geometric algebra (CGA). The CGA has been finding
widespread use, for example in computer graphics and other areas where the ability to carry
out high level geometric manipulation of objects is needed. In the usual formation, two
extra dimensions are needed in which to express the CGA, involving the introduction of two
new null vectors. In the ‘1-d up’ approach, we introduce just one extra vector, with unit
square. This is achievable by working not in a Euclidean space, but a space of constant
curvature. We show that in an engineering context, this can provide new error models for
matching of groups of points, lines or planes, under rigid motions, and how these are fully
covariant under translations and rotations. In a physics context, we show how cosmology
and electromagnetism take on a very different character using these new spaces, and how
a particular type of de Sitter space is singled out as one which may be the preferred arena
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for physics. This also ties back to topic (a), where the new scale invariant gravity theory
discussed there, is shown to possess not just scale-invariance, but (just like
electromagnetism) invariance under the full conformal group.

36

Part II
Courses on GA

Joan LASENBY
University of Cambridge, UK
An Introduction to Geometric Algebra: From Basic Manipulations to Coordinate Frames
Abstract: We will first look at the basic operations and properties of GA, and then address
in more detail a few important GA concepts –which will be used in subsequent lectures.
These include rotating via rotors, the idea of a reciprocal frame and the vector
derivative/gradient operator in GA, showing how this combines the algebraic properties of
a vector with the operator properties of partial derivatives. It is often convenient to work
in a curvilinear coordinate system (e.g. spherical polars) where the frame vectors vary –we
will investigate how we deal with curvilinear coordinates in GA and in particular how we
can easily recover the standard conventional forms of div, grad and curl, for a few common
coordinate systems.
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Leo DORST
University of Amsterdam, The Netherlands
Structure Preserving Representation of Euclidean Motions
through Conformal Geometric Algebra
Abstract: Conformal Geometric Algebra (CGA) is being used to encode Euclidean geometry
compactly, resulting in software with fewer exceptions for the usual primitives (points,
lines, planes), and extending the Euclidean primitives to spheres, circles, tangents et cetera
in a consistent algebraic manner. Its power lies in being a computational framework in
which constructions are represented in a structure-preserving manner: moving an element
constructed from primitives is identical to moving the primitives and constructing the element (trivial, but our usual linear algebra representations fail in this). I show what the essential steps are to get from standard linear algebra to CGA, with a focus on the representation of transformations (especially Euclidean motions); the primitives then follow.
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USING METHOD OF AVERAGING IN CLIFFORD’S GEOMETRIC ALGEBRA
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A BSTRACT. We generalize D. Hestenes’s method of computing elements of spin group. We
present explicit formulas for elements of the spin groups Spin+ (p, q), Spin(p, q), Pin+ (p, q),
Pin− (p, q), Pin(p, q) that correspond to the elements of orthogonal groups as two-sheeted covering in the case of arbitrary dimension n = p + q. We use the method of averaging in Clifford’s
geometric algebra to do this.

I NTRODUCTION
Professor D. Hestenes presented the method of computing elements of spin group Spin+ (1, 3) in
the case of dimension n = 4 in [3] (see pages 52-53). This method is mentioned in other papers
and books (see, for example, [5], p.130). We generalize this method to the case of arbitrary
dimension n and the spin groups1 Spin+ (p, q), Spin(p, q), Pin+ (p, q), Pin− (p, q), Pin(p, q),
p + q = n. We use the method of averaging in Clifford’s geometric algebra [7], [8] to do this.
Note that some years ago we presented another method of computing elements of spin groups
using generalized Pauli’s theorem. These results were presented at the conference AGACSE
2012 (La Rochelle, France) and published in Conference Proceedings in AACA [9]. We presented algorithm to compute elements of spin groups. Now let us discuss a new method with
explicit formulas for the elements of spin groups.
Let us consider the method proposed by D. Hestenes [3] for the case of dimension n = 4 and the
Clifford algebra C`1,3 . We denote generators of real Clifford algebra C` p,q by ea , a = 1, . . . , n,
n = p + q, identity element by e, inverses of generators by ea := (ea )−1 , a = 1, . . . , n, reverse
by e, and grade involution by b as in [5].
For each element P = ||pab || ∈ SO+ (1, 3) there exist two elements ±S ∈ Spin+ (1, 3) such that

(1)

S−1 ea S = pba eb .

The elements ±S can be found in the following way

e
L
S = ±p ,
L := pba eb ea .
e
LL
Note that this method works only in the case of dimension n = 4 and only for the matrices
P = ||pab || ∈ SO+ (1, 3) with additional condition
(2)

(3)

e 6= 0.
LL

Note that there are also another methods of calculation of elements of spin groups using exponents and exterior exponents of bivectors (see [3], [4], [5], [2], [6]).
1We use the same notation as in [10].
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1. T HE MAIN RESULT
We use notation with ordered multi-indices A for the basis elements of the Clifford algebra
C` p,q :
eA = ea1 ...ak ,
a1 < · · · < ak
and for the minors of the matrix P = ||pab ||:
k
PBA = pab11 ...a
...bk ,

a1 < · · · < ak ,

b1 < · · · < bk .

We use Einstein summation convection for ordered multi-indices too.
One of the main results is the following.
Theorem 1. Let us consider the real Clifford algebra C` p,q with even n = p + q. Let P ∈
SO(p, q) be an orthogonal matrix such that
M := ∑ pBA eB eA 6= 0.

(4)

A,B

We can find the elements ±S ∈ Spin(p, q) that correspond to P = ||pba || ∈ SO(p, q) as twosheeted covering S−1 ea S = pba eb in the following way:
e
M
S = ±p
,
e
α MM

(5)
where

p+1...n
e
α := sign(p1...p
1...p )e = sign(p p+1...n )e = SS = ±e

depends on the component2 of the orthogonal group SO(p, q) (or the corresponding component
of the group Spin(p, q)):
• α = e for P ∈ SO+ (p, q) and S ∈ Spin+ (p, q);
• α = −e for P ∈ SO(p, q) \ SO+ (p, q) and S ∈ Spin(p, q) \ Spin+ (p, q).

Theorem 2. Let us consider the real Clifford algebra C` p,q with odd n = p + q. Let P ∈ O(p, q)
be an orthogonal matrix such that
M := ∑ (det P)|A| pBA eB eA 6= 0,

(6)

A,B

where |A| is the length of the multi-index A.

We can find the elements ±S ∈ Pin(p, q) that correspond to P = ||pba || ∈ O(p, q) as two-sheeted
covering S−1 ea Sb = pba eb in the following way:

(7)

where
α :=

(

e
M
S = ±p
,
e
α MM

e
sign(p p+1...n
p+1...n )e = SS = ±e, if n = 1
be
sign(p1...p
if n = 3
1...p )e = SS = ±e,

mod 4;
mod 4

depends on the component of the orthogonal group O(p, q) (or the corresponding component
of the group Pin(p, q)): SO+ (p, q), O+ (p, q) \ SO+ (p, q), O− (p, q) \ SO+ (p, q), or SO(p, q) \
SO+ (p, q).
2The notation of the components is the same as in [10], see also [1].
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Let us give one example. In the case (p, q) = (3, 0), we obtain the following formula for the
elements of the group Spin(3) using Theorem 2:
e
M
(8) S = ± p
, M = e + pba eb ea + pba11 ba22 eb1 b2 ea1 a2 + e123 e123 = 2(e + pba eb ea ),
e
MM
which is well-known (see, for example, [2]) and is widely used for calculation of rotors in the
case of dimension n = 3 in different applications. Theorems 1 and 2 generalize this formula to
the case of arbitrary dimension:
e
M
e a S = βa = pba eb .
S = ±p
(9)
,
M = βA eA = pBA eB eA
for Se
e
MM

In the proof of Theorems 1 and 2, we use Reynolds operators of Salingaros vee group (see [7])
1
F(U) := n eAUeA = πCen (U),
(10)
U ∈ C` p,q ,
2
where πCen is the projection onto the center of the Clifford algebra C` p,q .
The conditions (4), (6) are equivalent to the condition πCen (S) 6= 0 for the element S ∈ Pin(p, q).
Note that the condition (3) in the Hestenes’s method is equivalent to the condition for the
element S ∈ Spin+ (1, 3): π0 (S) 6= 0 or π4 (S) 6= 0. We denote projection operator onto the
subspace of grade k by πk , k = 1, . . . , n.
The detailed proof of Theorems 1 and 2 and other related results (with another conditions except
(4) and detailed discussion of these conditions) will be in the extended version of the paper.
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A BSTRACT. This paper presents a novel way of estimating rotors in the Conformal Geometric
Algebra (CGA) framework and shows how this can be used to estimate the external parameters
of a camera using geometric objects more complex than points, such as lines and planes. Using
CGA we derive an expression for the similarity between two lines. We derive expressions, within
the CGA, for rotors between pairs of geometric objects (though we will concentrate primarily
on lines) and with this, derive expressions for the similarity between two lines, planes etc. Using
these techniques we then create an algorithm which estimates the rotor taking one set of objects
to another set of objects in the presence of noise. Projecting a set of lines onto a camera plane
with the pinhole camera model, allows us to re-frame the question of estimating the external
camera parameters as a rotor estimation problem. We show that when a 3D model of the lines
is known, we can satisfactorily extract the position and orientation of the camera even in the
presence of noise in the image and the model, and we verify this using real images.

1. I NTRODUCTION
The task of calibrating cameras is an important step in most computer vision applications.
Determining the location, orientation and the internal parameters of a camera enables 3D reconstructions, tracking, augmented reality and much more. There exist robust algorithms to
estimate these parameters from a series of point matches, but they lack the ability to use more
complex structures such as lines, circles and other basic geometric entities effectively, and can
experience problems of inconsistency across multiple images. In this paper we present ways
to tackle some of these limitations using the conformal geometric algebra (CGA) framework, a
specific form of the generalized vector algebra, geometric algebra. CGA has a series of useful
properties for the purpose of manipulating geometric objects. In particular, we can form rotors1
that perform transformations including rotations, translations and dilations on elementary objects, such as planes, lines and spheres. It also allows us to extend and intersect these objects
using special operators called join and meet.
The fundamental building block in our camera calibration algorithm is the ability to estimate
motion between lines in 3D space. Early work on this problem was done in the 1980s and
1990s. Zhang and Faugeras [1] presents and compares three algorithms to tackle the problem
for matched line segments using classical linear algebra approaches: a singular value decomposition, an extended Kalman filter approach and minimization of an objective function. The
algorithms are based on the assumption of known endpoints, whereas in line extraction algorithms from multiple images there is no guarantee that the endpoints are visible in all views,
nor that they exist at all (the horizon). More computationally expensive algorithms can now be
considered due to the vast improvement in computing power over the last three decades. Further investigation into techniques for estimating the motion parameters was presented by Weng
et. al. [2]. Here they give a closed form approximation to estimate these parameters. They also
present a way to improve the approximation with a non-linear optimization and quantify how
1

Here we define rotors to mean eB where B is a conformal bivector. We will therefore use the term rotor rather
than motor for objects that perform translations and rotations.

47

2

A NOVEL WAY OF ESTIMATING ROTORS BETWEEN CONFORMAL OBJECTS

robustness to noise varies with the number of line matches. The approach of Zhang et. al. [3]
is to use motion estimation from line segments to extract the complete camera pose estimates
from stereo line segment matches.
In this paper we aim to achieve to estimate the external camera parameters by taking advantage
of the simplicity of rigid body transformations in the geometric algebra framework. Previous
work on this topic includes a paper by Bayro-Corrachano et. al. [4], which presents an efficient
way of extracting orientation and translation between sets of lines using a singular value decomposition and the dual quaternion framework. Another approach was presented by Valkenburg
and Dorst [5], introducing a similarity measure between a wide variety of conformal objects.
They use this to perform a non-linear optimization between different object sets to estimate
rotors. This was further investigated in Tingelstad [6], which compares various metrics for
similarity measures regarding their ability to include the angle and rotation error between the
objects. Hrdina and Navrat [7] presents a pinhole camera model using conformal objects, and
a method for mapping objects in the image plane to its image coordinates.
Here we present a novel way of estimating rotors, followed by an example of its applications in
calibrating cameras. The paper starts by giving a brief introduction in section 2 of the geometric
algebra notation. Section 3 covers the rotor estimation algorithm and the similarity functions
that are used to form our objective function. Section 4 explains how to create a pinhole camera
model in CGA, and in section 5 we show how the camera calibration problem can be transformed into a rotor estimation problem. Experimental results are presented in section 6 and in
section 7 we present our conclusion.
2. C ONFORMAL G EOMETRIC A LGEBRA N OTATION
This section does not aim to introduce conformal geometric algebra, but we refer to [8] for a
more detailed introduction. This section will give a brief overview and present the notation
used in this article. We extend 3 dimensional geometric algebra, G3 , with the two basis vectors
e and e, with sign signatures e2 = 1, e2 = −1. We also define two null vectors, n∞ = e + e and
2
n0 = e−e
. We denote the inner product as A · B, the outer product as A ∧ B, the dual operator
2
∗
as A , the reversal operator as Ã and the restricted meet operator as C = A ∨ B = (A∗ ∧ B∗ )∗ .

We define the mapping proposed by Hestenes [9], f : Gn,0 → Gn+1,1 , from a vector x to its
2
conformal representation X = f (x) = x 2n∞ + x − n0 . With this mapping we can represent an
object O as the set of null points that satisfy X ∧ O = 0. This allows us to construct lines as
L = A ∧ B ∧ n∞ and planes as Π = A ∧ B ∧C ∧ n∞ , where A, B,C are general non-collinear points.
We can also define rotors R transforming an object O to O0 via O0 = ROR̃.
3. ROTOR ESTIMATION

In this section we present our approach to estimating the rotor that best explains the transformation acting on a set of objects. This could be finding the rotor transforming a set of lines
to another set of lines in the case that the transformation is not perfect. Suppose we have a
set of lines L = {Li } all transformed by approximately the same rotor Rreal to form the set
L0 = {Li0 ≈ Rreal Li R̃real }. We then wish to estimate Rreal knowing only the sets L and L0 . The
setup is shown in figure 1.
3.1. Similarity between objects. Firstly, we require a measure of how similar two objects are.
Our aim is to find the rotor that best explains the line pairings as a whole. That means that we
weight down the intrinsic similarity between two objects, and rather look at what rotation and
translation is required to transform one to the other. The rationale behind this approach stems
2Note that some authors use n = e−e . This convension ensures that n · n = 1
0
0 ∞
2
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F IGURE 1. The set L0 is the transformed set L with the rotor Rreal and added
noise. We wish to find an estimate Rmin such that Li∗ = Rmin Li R̃min ∀i is as close
as possible to Li0 .
from the ability to reduce the importance of objects that are located outside the main cohort if
the error in the transformation is small, but the error in metric distance is large.
3.2. Rotor cost function. To simplify the optimisation, we would like to find a function which
maps the rotor to a scalar. Such a cost function should be small when the rotor (rotation and
translation) required to transform an object from its estimated position to its measured location,
is close to the identity. This means that objects far away from the axis of rotation of the true
rotor, will not dominate the estimation.
By using the expression for decomposing a rotor into the terms defining the rotation and translation (see [10]) we can analyze the effect of the various terms.
 
 
 
 
 
φ
φ
φ
φ
φ
R = cos
+ sin
P + cos
t⊥ n∞ + sinc
tk n∞ + sin
Pt⊥ n∞
2
2
2
2
2
Where P is the normalized rotation plane, t is the translation vector and φ is the rotation in
the plane P. t⊥ and tk represents the components of t perpendicular to and in the plane of P
restrictively.
This allows us to separate the components of R into those including and not including the
subspace n∞ .
R =R⊥ + Rk n∞
 
 
φ
φ
R⊥ = cos
+ sin
P
2
2
  
 
 

φ
φ
φ
Rk n∞ = cos
t⊥ + sinc
t + sin
Pt⊥ n∞
2
2 k
2
This derivation shows that limt,φ →0 R = 1; hence, with R ≈ 1 the rotor represents no transformation on the object. We therefore propose a cost function that is analogous to the squared
distance between R and 1.
3.2.1. Rotation error. We propose the cost function:
h(R − 1)(R̃ − 1)i0
Where h. . . i0 extracts the scalar part of the multivector. Expanding the terms yields:
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h(R − 1)(R̃ − 1)i0 = hRR̃ − (R + R̃) + 1i0

 
 
φ
2 φ
= 2 1 − cos
= 4 sin
2
4
As can be seen, this cost function only includes the effect of rotation, and ignores the translation.
We investigate the translation error in section 3.2.2.
3.2.2. Translation error. We now attempt to also obtain a measure of the translation error.To
do this we look at the component of R that includes n∞ in its subspace. We extract this from R
by computing the inner product with e:
Rk = R · e
One possibility for a cost function which penalizes translation is therefore the following:
(1)

hRk R̃k i0

By expanding the terms we can derive the following relation:
 
φ
Rk R̃k = |t⊥ | + sinc
|tk |2
2
2

2

A quick sanity check shows that this error still disappears when t → 0 and that if there is no
rotation the cost is |tk |2 + |t⊥ |2 = |t|2 , as expected. We also note that the function is always
non-negative.
3.2.3. Full rotor cost function. We then combine the two terms into the full rotor cost, C (R).
C (R) =hRk R̃k i0 + h(R − 1)(R̃ − 1)i0

=hRk R̃k i0 + h(R⊥ − 1)(R̃⊥ − 1)i0

We note that this expression allows us to weight the two rotational and transnational components differently. That will allow us to normalize for various scales.
3.3. Sum Squared Error. By using the full rotor cost function in section 3.2.3 we can now
set up the problem of rotor estimation as a minimization problem. Given a guess for the rotor,
R, we can express the cost function mathematically as:

(2)

1 N
L (L, L ; R) = ∑ C (Ri )
N i=1
0

Where Ri is a rotor such that Li0 = Ri L∗ R̃i , where L∗ = RLi R̃, and N is the number of line pairs.
By minimizing this with respect to R we can achieve an estimate of Rreal , the true transformation
of the objects. Note that we can use the same formula for other objects, such as planes and
spheres.
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3.4. Rotor extraction. The usefulness of the minimization in 3.3 relies on the ability to determine the rotor Ri relating two objects.
The rotation required to transform one line into another is not unique, as we can rotate about
the axis of the line and translate along it. However, we can find a valid rotor using the following
formula for normalized lines (L2 = 1) [11].
(3)

R=

(1 + X)(1 + L2 L1 )
γ

K = 2 + L1 L2 + L2 L1 ,

γ=

p
hKi0 ,

X=

hKi4
2hKi0

A simpler equation can be derived for normalized planes
(4)

RΠ (Π1 , Π2 ) = 1 − Π2 Π1

Similar expressions can be found for other objects and this generic way of extracting rotors will
be discussed more fully elsewhere [11].
4. C ONFORMAL PINHOLE CAMERA MODEL
The last piece we need in our toolkit is a model of the pinhole camera expressed in conformal
geometric algebra. This can be easily done using the meet and join operators. We define the
external camera parameters via a camera centre Ccamera and the camera plane Πcamera .
Projecting a line L down onto the image plane to form Limg can be done as follows:
Limg = (Ccamera ∧ L) ∨ Πcamera
We can then extract the 2D parameters of the line in the image plane if we know the internal
camera parameters. An overview of the parameters setup is shown in figure 2.

F IGURE 2. We define a base camera, Ccamera and Πcamera , the extrinsic camera
parameters (Rcamera ), and the intrinsic parameters which maps camera coordinates to pixel coordinates. Source: [12]
5. S INGLE CAMERA CALIBRATION
In the single camera calibration problem we attempt to determine the position and orientation
of a camera looking at a known object. We represent the object as a set of lines in 3D space,
denoted by Lreal = {Li,real }. We are given a model Lmodel of this object where each element is
a distorted version of the lines in the real object. The lines are projected onto the camera plane
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j

and then distorted in plane to form {Limage } where j denotes the jth camera. The location of
the image plane and the camera centre is defined by the unknown rotor Rreal . Our goal is to
determine a function g that returns an Rmin ≈ Rreal for each camera such that the model fits the
images as well as possible.
j

j

Rmin = g(Lmodel , Limage )

(5)

j

To determine the fit of a proposed Rguess , we propose a cost function C(Lmodel , Limage ; Rguess ),
leading to:
(6)

j

j

Rmin = arg min L (Lmodel , Limage ; R)
R

However, we do not know the exact location of the lines from our image. Assuming the internal
parameters of the camera are known, and guessing Rguess , we can use a line in the model, in
the frame of reference of the image, joined with the camera centre to form a plane. Using
the corresponding line in the image we can draw a new plane through the origin. When the
estimated rotor is correct these planes should line up, leading us to the same cost function as in
equation 2, but with the Ri computed from the similarity of the planes:
j

L (Lmodel , Limage ; R) =

1 N
C (Ri )
N∑
i

0
Ri = RΠ (O ∧ R̃Lmodel R, O ∧ Limage
)
0
Limage
represents the line in the image from the frame of reference of the camera. Note that
we convert the 3D model line to the frame of reference of the image by using the reverse
transformation R̃Lmodel R.

6. E XPERIMENTAL SETUP
6.1. Rotor estimation. As described in section 3.3 we propose an objective function to estimate the rotors. To test this approach we create a set of lines by choosing a random pair of
points uniformly distributed within a cube around a given point. The lines are then transformed
with the same rotor Rreal . We introduce noise by rotating about a random rotation plane with
a small angle drawn from a zero mean Gaussian distribution, followed by translating a short
distance also drawn from a Gaussian distribution in a random direction. Finally we minimize
the objective functions with the two sets L and L0 as inputs.
To be able to compare the cost functions, we need a baseline mechanism. We therefore opt for
two distinct methods:
(1) Visual comparison. By using the estimated rotor we can visually compare the location
of our estimated lines to the expected location.
(2) Metric similarity. By rotating a set of points on a given line using our estimate, we can
compute a metric distance to where the points should have ended up.
We compare various cost functions using these methods. By visual comparison we show that
one of the main similarity measures presented by Valkenburg and Dorst in [5], using the check
product hPQ̂i, does not adequately include the translation required. We also attempt adding
the square of the elements of the logarithm, but conclude that it does not estimate the rotor
correctly when the transformation is not centred about the origin. Ultimately we show that
the proposed cost function in section 3.2.3 works well even when the data is noisy and not
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normalized. Further investigation into the relative performance of the various metrics will be
presented in the final paper.
We also investigate the shape of the optimization surface to infer its robustness to noise and
estimate its convexity. To determine the effects of the noise parameters on its convergence and
sensitivity we plot the summed squared error (equation 2) for a small displacement about the
correct answer in both translation and rotation error for various levels of noise. In figure 3 we
show that when the noise is low, the cost function behaves nicely around the optimal solution,
and should respond well to gradient descent techniques. However, as we add more significant
noise, as seen in figure 4 we see that the optimization surface is not able to satisfactorily extract
the translation. Further analysis of the optimization surface will be presented in the final version
of this paper.

F IGURE 3. The full cost for small displacements about the correct rotor in rotation and translation without significant noise. The logarithm of the cost is
plotted on the z axis.

F IGURE 4. The full cost for small perturbations about the correct rotor in rotation and translation with significant noise. The logarithm of the cost is plotted
on the z axis.
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6.2. Camera calibration. To test the calibration algorithm we model two types of noise, image noise and model noise. We create a set of random lines and choose a random rotor Rcamera
as our external camera parameters. By projecting the lines onto the image plane and perturbing
the lines in the plane we form a noisy image of our object. We create the noisy 3D-model from
the original set of lines by perturbing the lines as described in section 6.1. Using the method
proposed in section 5 we can estimate Rcamera from the noisy model and the noisy image. In
figure 5 we show the error surface as a function of small perturbations in translation and rotation around the optimal solution for the image cost function. The plot shows a smooth surface
suited for gradient descent with limited noise.

F IGURE 5. The full cost for small perturbations about the correct rotor in rotation and translation. The logarithm of the cost is plotted on the z axis.

F IGURE 6. A comparison between the image lines (blue) and the projected
model lines (green) using the estimated rotor.
We also show that the algorithm can be used on real world examples, here estimating the position and orientation of a camera looking at a squash court. The model was derived from the
international standards for the dimensions of a squash court and we used a camera with known

54

A NOVEL WAY OF ESTIMATING ROTORS BETWEEN CONFORMAL OBJECTS

9

internal parameters to determine the image lines. By converting these object to CGA lines we
could input them into the above mentioned algorithm. In figure 6 we show how the camera was
able to extract a meaningful estimate of the position and orientation of the camera without prior
knowledge about its location.
7. C ONCLUSION
In this paper we have presented a new way of estimating rotors between geometric objects
using conformal geometric algebra. The transformation of the problem to a cost in rotor space
made the solution more robust to noise, scaling and translation. We have also shown that this
theory can be used to determine the external camera parameters by demonstrating its capability
in determining the location and orientation of a camera from a model of the court. Further
work on deriving the probabilistic nature of the various sources of noise, and how robust the
algorithms are to noise will be presented in the final paper.
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A BSTRACT. This paper presents an application of hypercomplex algebras combined with dictionary learning for sparse representation of multichannel images. Two main representatives of
hypercomplex algebras, Clifford algebras and algebras generated by the Cayley-Dickson procedure are considered. Related works reported quaternion methods (for color images) and octonion methods, which are applicable to images with up to 7 channels. We show that the current
constructions cannot be generalized to dimensions above eight.

1. I NTRODUCTION
The complex (C) and quaternion (H) algebras are special cases of more general hypercomplex
algebras [18]. Rooted in Hamilton’s seminal paper about quaternions published in 1843, the
theory of hypercomplex algebras evolved, finding applications in many disciplines, ranging
from theoretical physics [6] to robotics [17] and signal processing [2, 3, 7, 16]. In general,
a hypercomplex algebra is defined as unital, distributive algebra, not necessarily associative,
over the field of real or complex numbers with n generators (e1 , . . . , en ). Usually e2k ∈ {−1, 0, 1}
and different multiplication rules between the basis elements generate different algebras [18].
Basis elements are referred to as the imaginary units. We address here a recent application
of hypercomplex algebras in sparse image representation, with some new insights, regarding
applicability to general multichannel images.
Dictionary learning techniques provide the most succinct representation of signals and images.
Initiated by the classical work of Olsahusen and Field on sparse coding [22], many dictionary
learning methods emerged, K-SVD [1] being among the best known ones, especially in image
and video processing. An overview of different models for color image processing by using
dictionary learning techniques has been given in [5]. State-of-the-art methods for sparse representation of color images typically concatenate pixel values from collocated image patches in
the three channels and treat them then by the standard K-SVD or by a variant thereof [20]. Recently reported quaternion-based K-SVD known as K-QSVD [28, 29], introduced quaternions
into dictionary construction, where the three color channels are assigned to the three imaginary
units.
The quaternion model demonstrated improvements compared to the classical K-SVD model,
especially in the terms of color fidelity as reported in [28,30]. A limitation of the model is that it
cannot treat more than three spectral channels. Recently, in [19] a new model was introduced,
called octonion dictionary learning (ODL), which is a generalization of the K-QSVD, in the
sense that it can handle up to 7 spectral channels. This is of interest e.g., for multispectral
imaging. To the best of our knowledge, the quaternion and the octonion algebras are the only
examples of hypercomplex algebra that have been used for multichannel image processing in
the combination with dictionary learning techniques. From a different perspective, the approach
This research has been partially supported by the institutional grant no. BOF15/24J/078 of Ghent University.

57

2

HYPERCOMPLEX ALGEBRAS FOR DICTIONARY LEARNING

of [27] treated reconstruction of octonion signals from incomplete and noisy data, by solving a
convex `1 minimization problem.
The rest of the paper is organized as follows. In Section 2 we review briefly the dictionary
learning approach and the particular techniques for solving the involved sub-problems. The
theory of hypercomplex algebras, and in particular Clifford algebras and algebras generated
by the Cayley-Dickson procedure, is reviewed in Section 3. In Section 4, we address sparse
representation of images in a hypercomplex algebra framework with two particular instances:
quaternion- and octonion-based approach. We explore further generalization in Section 5 and
we prove that the current constructions do not admit generalizations beyond C, H and O. Section 6 concludes the paper.
2. D ICTIONARY L EARNING A PPROACH
2.1. Sparse Coding. The goal of sparse coding is to represent a given signal y ∈ Rn by a
linear combination of only a few elements from a redundant (overcomplete) set of basis vectors
n×m (m  n), which is called a dictionary and whose elements d are unit
D = {dk }m
k
k=1 ∈ R
norm vectors known as atoms. Thus, if the dictionary D is given, the aim is to find the L−sparse
vector of coefficients x ∈ Rm , kxk0 ≤ L, such that
y ≈ Dx =

(1)

m

∑ dk xk

k=1

where L = const. is a prescribed number of non-zero elements, i.e. the sparsity level. The
linear expansion given in (1) is known as sparse approximation. The pseudo-norm `0 counts
the number of non-zero elements of the given vector. The sparse coding problem
(2)

x̂ = arg min ky − Dxk22
x

s.t.

kxk0 ≤ L

is NP-hard, and thus its approximate solutions are sought instead, typically using greedy algorithms such as Matching Pursuit (MP) [21] and Orthogonal Matching Pursuit (OMP) [23]. An
alternative solution is to relax, i.e., convexify the original problem (2) by replacing the `0 problem with the `1 norm, which leads to the LASSO problem [26]. Its equivalent non-constrained
(Lagrangian) formulation
(3)

x̂ = arg min ky − Dxk22 + λ kxk1
x

is known as Basis Pursuit Denoising (BPDN) [9] and is solved by convex optimization algorithms [8]. The sparse coding problem was generalized to the quaternion [4, 28] and the
octonion [19,27] settings, where instead of working with real vectors and matrices, elements in
H and O are used.
p
2.2. Dictionary Learning. For a set of training samples Y = {yk }k=1
∈ Rn×p , where each
yk is a signal vector, the dictionary learning problem consists of finding the dictionary D =
n×m (m  n), which best adapts to the given training set Y, and the sparse code
{dk }m
k=1 ∈ R
p
∈ Rm×p such that Y ≈ DX. Formally, the dictionary learning problem can be
X = {xk }k=1
expressed as the following minimization problem

{D̂, X̂} = arg min{kY − DXk2F }
D,X

(4)

s.t. kxk k0 ≤ L, k = 1, . . . , p

where F denotes the Frobenius norm. The dictionary learning algorithms typically alternate
between two steps: sparse coding step (fix D and find a sparse code X) and dictionary update
step. Different dictionary learning algorithms differ mostly in this second, dictionary update
step, the most notable ones being Maximum Likelihood Method [22], Method of Optimal Directions (MOD) [15], K-SVD [1] and Approximate K-SVD [25]. Since the quaternion algebra
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is well suited for color image processing, several recent works, including [28, 30] addressed
the dictionary learning problem in the quaternion framework. The existing quaternion model is
limited to color images with three channels. A generalization in the octonion setting which can
handle up to seven channels was reported in [19].
3. H YPERCOMPLEX ALGEBRAS
Here we review two main representatives of the hypercomplex algebras, viz. Clifford algebras
and algebras generated by the Cayley-Dickson procedure, that we shall later discuss in the
framework of dictionary learning.
3.1. Clifford Algebras. By virtue of its rich structure that includes both geometrical and algebraic properties of Euclidean space, Clifford algebras found their application in computer
graphics, robotics, signal and image processing [3, 11, 14, 24].
The real Clifford algebra with generators (e1 , . . . , en ) is a real associative algebra with identity
1, containing R and Rn as subspaces, where the generators satisfy the conditions
(5)

ei e j + e j ei = −2δi j , i, j = 1, . . . n,

with δi j being Kronecker delta function which takes value 1 if i = j, and 0 otherwise. A basis
for the real Clifford algebra Rn := AlgR (e1 , . . . , en ) is given by the elements
(6)

eA = eα1 . . . eαk , A = (α1 , . . . , αk ),
1 ≤ α1 < · · · < αk ≤ n, k ≤ n and e0/ := 1.

Hence the Clifford algebra Rn is 2n -dimensional.

Examples
(1) The complex algebra is a special case of a Clifford algebra. Namely, the Clifford algebra
R1 generated by (e1 ) with the basis (1, e1 ) is isomorphic with the algebra of complex
numbers C, where we identify e1 = i.
(2) The Clifford algebra R2 has the basis (1, e1 , e2 , e12 ) and is isomorphic with the algebra
of quaternions, i.e. H ∼
= R2 , where we make the identification e1 = i, e2 = j, e12 = k.
(3) It can be shown that R3 ∼
= 2 R2 = R2 ⊕ R2 (see [10]), so we can conclude that R3 ∼
=
H ⊕ H. This is an 8-dimensional associative algebra.
3.2. Cayley-Dickson Algebras. Complex numbers and quaternions are also special cases of
the Cayley-Dickson algebra. Higher-dimensional algebras in the Cayley-Dickson process are
obtained by doubling a smaller algebra and adding an additional imaginary unit [12]. More
precisely, starting with the real numbers R, higher dimensional Cayley-Dickson algebras are
constructed as:
C = R ⊕ iR,
H = C ⊕ jC,
O = H ⊕ `H,

where i, j, ` are imaginary units. Note that although C and H are special cases of both the
Clifford algebras and the Cayley-Dickson algebras, already the 8-dimensional representatives
are different (see Example (3) in Subsection 3.1). Although all Clifford algebras are associative,
with Cayley-Dickson algebras already the octonion algebra O is non-associative. Since every
higher-dimensional Cayley-Dickson algebra is obtained by doubling a smaller algebra, this
means that also all the algebras of the dimension higher than 8 are not associative.
Remark Note that in every step Cayley-Dickson algebras loose some ”nice” properties. For example, the quaternions are not commutative and the octonions are neither commutative nor associative. For the sedenions and higher dimensional algebras, the property |ab| = |a||b| doesn’t
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F IGURE 1. RGB color channels (left) represented in the standard concatenated
model (middle) and in the quaternion model (right).
hold, which means that they are not composition algebras. Moreover, the Hurwitz theorem tells
us that R, C, H and O are the only real composition algebras with positive-definite norm and
thus without zero divisors [12].
4. H YPERCOMPLEX M ODELS FOR M ULTICHANNEL I MAGES
For monochrome (single-channel) images, the training samples Y are represented as vectors
obtained by stacking the pixel values within a small (typically square) window in some rasterscanning fashion. For n-channel images (including color images), the traditional dictionary
learning methods are again stacking the pixel values from collocated windows in the n-channels
into one long vector. In this approach the learning process is restricted to relatively lowdimensional signals, i.e., after concatenation the length of the obtained vectors should not exceed 1000 pixel values. An attempt to go beyond this limit, introduces certain problems [13], so
we will rather keep the number of channels n small as well as the size of collocated windows.
A recently introduced quaternion-based dictionary learning approach [28, 30] for color images
assigns the three color channels to three imaginary units. Figure 1 highlights the differences
between the traditional stacking and the quaternion-based approach for dictionary learning on
color images.
Here, we explain first the main concepts of quaternion-based dictionary learning, and then we
address extensions to higher dimensions, with a more in-depth analysis in the following section.
A quaternion vector x ∈ Hn is defined as
x = x0 + x1 i + x2 j + x3 k, where xi ∈ Rn ;

and a quaternion matrix M ∈ Hm×n equivalently as

M = M0 + M1 i + M2 j + M3 k, where Mi ∈ Rm×n .

A color image can be seen as a quaternion matrix M with the scalar part M0 equal to zero
matrix and each of Mi , i ∈ {1, 2, 3} corresponding to one of the three color channels. Since we
are dealing with patch based image processing, an extracted color image patch y with its three
color components yr , yg and yb can be represented as a pure quaternion vector
y = 0 + yr i + yg j + yb k.
A quaternion-based sparse representation codes a quaternion image patch y sparsely as
(7)

y ≈ Dx

s.t.

kxk0 ≤ L

where D is a quaternion dictionary given in the general form of a quaternion matrix
D = Ds + Dr i + Dg j + Db k.
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(a) σ = 10 (b) 33.53 dB (c) 34.42 dB (d) 35.13 dB

5

(e) σ = 25 (f) 29.28 dB (g) 30.43 dB (h) 30.45 dB

F IGURE 2. Color image denoising. Noisy images with Gaussian noise with
standard deviation σ in (a) and (e) reconstructed by K-SVD (in (b) and (f)),
Q-KSVD (in (c) and (g)) and ODL (in (d) and (h)) method. PSNR values are
below the images.
The expression y = Dx can be written in the expanded form as
(8)
(9)
(10)
(11)

0
yr
yg
yb

=
=
=
=

Ds x0 − Dr x1 − Dg x2 − Db x3
Ds x1 + Dr x0 + Dg x3 − Db x2
Ds x2 − Dr x3 + Dg x0 + Db x1
Ds x3 + Dr x2 − Dg x1 + Db x0 .

In this way, the linear correlation given in the equation (8) as well as the orthogonality property
between the column vectors of the coefficients remains valid, which can be seen in (8)-(11).
This has shown to be useful in the preservation of spectral fidelity in the reconstructed image [28]. The same property holds also for larger number of channels, which can be seen
in [19], where the quaternion model K-QSVD was generalized to the octonion setting, and a
new ODL model was introduced. The idea in the approach of the ODL model was initiated
by the promising results obtained by the K-SVD model, although certain problems occured.
Indeed, since the eigenvalue problem in the octonion setting is not solved for the general dimension of the octonion matrix, straightforward generalization of the K-SVD model from the
complex and the quaternion case was not possible. These difficulties were overcome by using
the approximate model for dictionary learning introduced in [25]. Detailed explanations with
a more in depth analysis of the ODL model can be found in [19]. In Figure 2 we compare the
previously mentioned models for color image denoising with different levels of Gaussian additive white noise. As it was stressed in [19], K-QSVD and ODL models outperform classical
K-SVD model for lower levels of noise. For higher levels of noise, ODL and K-QSVD are
showing more or less similar results.
Apart from the application in color image processing, the ODL model can be applied for processing of multispectral images with up to 7 spectral channels. Landsat 7 satellite images are
a notable example of image data with 7 spectral bands (three visible and four infrared bands).
Figure 3 shows examples of image reconstruction from incomplete data with traditional KSVD and ODL. A more extensive evaluation of ODL is in [19]. In particular the method was
validated in image denoising of additive white Gaussian noise with standard deviation σ .
5. H IGHERDIMENSIONAL GENERALIZATION
Motivated by the encouraging results of quaternion- and octonion-based dictionary learning
[19, 28, 30], we want to explore whether the same idea can be generalized to a hypercomplex
algebra of arbitrary dimension.
Consider a multichannel image Y with k ∈ N channels. Let A be an algebra of dimension
2n with n ∈ N being the first natural number such that 2n > k (see Subsection 3.1). We know
that this algebra has 2n − 1 imaginary units, let us denote them by e1 , . . . , e2n −1 . The idea is to
assign k spectral channels to k out of 2n − 1 imaginary units, e1 , . . . , ek , of a given hypercomplex
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(a) 28.10 dB (b) 28.11 dB (c) 28.13 dB (d) 28.12 dB (e) 28.11 dB (f) 28.16 dB (g) 28.11 dB (h) 28.14 dB

(i) 36.25 dB (j) 38.45 dB (k) 36.51 dB (l) 36.78 dB (m) 37.49 dB (n) 34.24 dB

(o) 40.68

(p) 36.48 dB

F IGURE 3. Landsat 7 image denoising. First row noisy image channels, second
row image reconstructed by the ODL model - PSNR values are shown below.
algebra A . The sample y ∈ A m×1 is then represented as
k

y = ∑ yk ek
i=1

where we set y0 = 0 and yi = 0, for i ∈ {k + 1, . . . , 2n − 1}. The goal is to find a sparse code
x ∈ A p×1 and a dictionary D ∈ A m×p such that (7) holds. The main motivation is the preservation of spectral fidelity (i.e., inter-channel dependencies) as a generalization of the color
fidelity to k−channel images. This implies ensuring the orthogonality between the column
vectors of the coefficient matrix, and linear correlation among the spectral channels. Indeed, in
the expanded form of multiplication for quaternion and octonion signals we have that the orthogonality property of the coefficient matrix, as well as linear correlation among the spectral
channels hold [19, 28].
Keeping the same notation as in [19], we want to define operators ν, χ, ψ that act on elements
from A as well as on vectors and matrices with values in A , transforming (7) into a real matrix
problem. The operator ν is a vectorization operator and transforms elements from A as well as
vectors with values in A into real vectors. The operators χ and ψ are acting on elements from
A , and can be extended to matrices with values in A , transforming them into real vectors and
real matrices, such that the following relations
ν(y) = ν(Dx) = χ(D)ν(x)
hold (for more detailed explanations see [19, 30]).
In the expanded form (e.g., in the quaternion case we have (8)-(11)) we can extract all the coefficients in a matrix form, which gives us the real coefficient matrix equal to χ(x) (or ψ(x)).
This is just a special case, when instead of a matrix D ∈ A m×p , the map χ (or ψ) acts on a
coefficient vector x ∈ A p×1 . The obtained coefficient matrix should have the orthogonality
property, i.e., the columns of the obtained matrix should be mutually orthogonal real vectors
(like the column coefficient vectors from the coefficient matrix extracted from (8)-(11)). Depending on our preference we can work interchangeably with the right (ψ(x)) or left (χ(x))
representation map.
It turns out that this orthogonality property does not hold in higher dimensional Clifford algebras as we show next. For two vectors a, b with values in A , we define
!
(12)

ha, bi = ℜ

n

∑ aibi

= ℜ(a∗ b),

i=1

with ·∗ being the conjugate transpose operator and ℜ being the real part of the expression. Since
the operator ν assigns real vectors ν(a), ν(b) to a and b, it can be shown that the standard real
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p
inner product hν(a), ν(b)i equals the one defined in (12). For a vector x = [xi ]i=1
∈ A p×1 , we
can show that the obtained coefficient matrix χ(x) is not orthogonal in general, because

hχ(x)ν(a), χ(x)ν(b)i = hν(xa), ν(xb)i = hxa, xbi
= ℜ(a∗ x∗ xb) = ℜ

n

∑ ai xi xi bi

i=1

!

6= x∗ xha, bi = x∗ xhν(a), ν(b)i

since xi xi is not necessarily a real number. Indeed, for an element x = e12 + e34 ∈ A , we have
that
xx = −2e1234 + 2
which is not a real number, so the matrix χ(x), in general, is not orthogonal. Here we decided to
present the previous proof, although we could also have shown by tedious calculations that R3
does not have the orthogonality property. This then implies that all the algebras of dimension
larger than 8 do not retain this property as well, since they contain algebras of smaller dimension
as subalgebras.
Similarly, in Cayley-Dickson algebras we do not have the desired orthogonality property either
for dimensions greater than eight. This follows from the fact that we do not have the associativity property, so we cannot use that
!
!
ℜ

n

∑ (ai xi) (xi bi)

=ℜ

i=1

n

∑ ai (xi xi) bi

.

i=1

Although the octonion algebra is not associative, it retains the orthogonality property as presented in [19]. Unfortunately, already sedenions do not satisfy this property, which follows
from direct calculations but also the fact that in general Clifford and Cayley-Dickson algebras
possess zero divisors, could be used to argue the presented results.
The analysis above shows that the only examples of Clifford and Cayley-Dickson algebras with
the orthogonality property of the coefficient matrix are C, H and O.
6. C ONCLUSION
In this paper we gave an overview of quaternion and octonion-based methods in dictionary
learning and we studied their possible extensions with hypercomplex algebras of arbitrary dimension. Such generalizations would be of much interest for processing general multichannel
images, such as arbitrary multispectral and hyperspectral images. Our analysis shows that the
current approaches to dictionary learning with Clifford and Cayley-Dickson algebras do not
admit generalizations to dimensions higher than eight because the orthogonality property of
the coefficient matrix is not retained.
R EFERENCES
[1] A HARON , M., E LAD , M., AND B RUCKSTEIN , A. K-SVD: An algorithm for designing overcomplete dictionaries for sparse representation. IEEE Transactions on signal processing 54, 11 (2006), 4311–4322.
[2] A LFSMANN , D. On families of 2N -dimensional hypercomplex algebras suitable for digital signal processing.
In 14th European Signal Processing Conference (EUSIPCO) (2006), IEEE, pp. 1–4.
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A BSTRACT. A beautiful solution to the problem of isometric immersions in Rn using spinors
was found by Bayard, Lawn and Roth [2]. However in this work are used spinors from a nonirreducible representation of Clifford’s algebras. In this presentation we show how the above
can be adapted to spinors from an irreducible representation of complex Clifford algebras.

S PINORIAL R EPRESENTATION OF S UBMANIFOLDS
Two well known research topics in 20th century are the Dirac equation and minimal immersion
of surfaces. In 1998, Thomas Friedrich [3], using Clifford algebra formalism, elucidated the
relationship between isometric immersions of surfaces with mean curvature H and solutions of
the Dirac equation. The main idea leading to the description of a surface M 2 by a spinor field is
the observation that the restriction to M 2 of any parallel spinor ψ on R3 is a non-trivial spinor
field ϕ on M 2 of constant length which is a solution of the Dirac equation
Dϕ = Hϕ.
Reversely, any solution ϕ of the equation Dϕ = Hϕ of constant length defines a symmetric
endomorphism E : T (M 2 ) → T (M 2 ) such that the spinor field satisfies a Killing type equation
∇X ϕ = E(X) · ϕ.
The resulting integrability conditions for the endomorphism E are exactly the Gauss and Codazzi equations, i.e., the solution ϕ of the Dirac equation yields an isometric immersion of M 2
into R3 .
Guided by the work of Friedrich, some authors proved similar results to another manifolds and
dimensions:
(1) In 2004, Bertrand Morel, [8] extended the spinorial representation of isometric immersions in R3 3 to S3 and H 3 . His argument, as well as Friedrich’s, consists of considering
special spinors in S3 and H 3 and their restrictions on immersed surfaces.
(2) In 2008 Marie-Amelie Lawn [4] showed how a given Lorentzian surface (M 2 , g) can be
immersed into the pseudo-Riemannian space R2,1 .
(3) In 2010 Lawn and Julien Roth [5] gave a spinorial characterization of isometrically
immersed surfaces into 4-dimensional space forms and product spaces M3 × R (M3 '
(R3 , S3 , H3 ).
(4) Lawn and Roth [6] in 2011, gave a spinorial characterization of isometrically immersed
surfaces of arbitrary signature into 3-dimensional pseudo-Riemannian space forms.
This generalizes the work of Lawn in R2,1 to other Lorentzian space forms.
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(5) In 2013 Bayard [1] proved that an immersion of a Riemannian surface M 2 in fourdimensional Minkowski space R1,3 , with given normal bundle E and given mean cur~ ∈ Γ(E), is equivalent to a normalized spinor field ϕ ∈ Γ(ΣE ⊗ ΣM)
vature vector H
~ · ϕ on the surface.
solution of a Dirac equation Dϕ = H
(6) Recently, in the year 2017, Bayard, Lawn and Roth [2] have studied the spinorial representation submanifolds of any dimension and any codimension in space forms in terms
of the existence of generalized Killing spinors. The idea of the authors in this article,
which inspired our work, is to consider the representation into the Clifford algebra Cln
given by the left multiplication. This representation is not irreducible, but it has very
interesting algebraic advantages.
Following the ideia of these recent results and using a particular twisted SpinC -Clifford bundle,
we presented one of our contributions [7], which is a geometrically invariant spinorial representation of SpinC -manifold of arbitrary dimension in Rn . In particular, it generalizes Friedrich’s
work to SpinC -manifold in any dimension.
The proposed contribution of this presentation is that there is a literature both in the field of
physics and in mathematics in which one looks at irreducible complex representations of Clifford’s algebras for the definition of the concept of spinors. Spinors from a non-irreducible
representation of complex Clifford’s algebra are used in the works of Friedrich [3], Morel [8],
Lawn and Roth [4, 5], in the work of Bayard [1, 2] and our [7], are used spinors from a nonirreducible representation of Clifford’s algebra. We will present this characterization of SpinC
immersions for irreducible spinors.
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A BSTRACT. The quasi-Clifford algebras, and their Wedderburn structure and representation
theory, as described by Gastineau-Hills in 1980 and 1982 [5, 6], should be better known, and
have only recently been rediscovered [2, 17, 14]. These algebras and their representation theory
provide effective tools to address certain questions relating to plug-in constructions for Hadamard matrices [10]. The key question addressed is: Given λ, a pattern of amicability / antiamicability, with λj,k = λk,j = ±1, find a set of n monomial {−1, 0, 1} matrices D of minimal
order such that
Dj DkT − λj,k Dk DjT = 0

(j 6= k).

1. I NTRODUCTION
The work of Gastineau-Hills on quasi-Clifford algebras [5, 6] should be better known. In
particular, as at April 2018, his paper on the subject [6] has only four citations other than
self-citations, according to Google, [3, 10, 14, 19], and only one of these [14] discusses quasiClifford algebras and their representation theory to any depth.
Since the quasi-Clifford algebras are a fundamental and natural generalization of the Clifford
algebras, these algebras, or some subset of them, as well as their representation theory, have
been rediscovered or partially rediscovered a number of times.
The rediscoveries include
• da Rocha and Vaz’ extended Clifford algebras [2] which are doubled real Clifford algebras, including the simplest case of a quasi-Clifford algebra that is not itself a Clifford
algebra;
• Rajan and Rajan’s extended Clifford algebras [17, 18], which are a subset of the special
quasi-Clifford algebras; and
• Marchuk’s extended Clifford algebras [14], which correspond to the special quasiClifford algebras over the field of real numbers.
The partial rediscoveries include near misses, such as the rediscoveries of the finite groups
generated by the basis elements of the quasi-Clifford algebras, and their representations:
• The finite groups generated by the basis elements of the quasi-Clifford algebras are
signed groups and have real monomial representations of the order of a power of two
[1].
• The non-abelian extensions of C2 by C2k as classified by de Launey and Flannery’s
Theorem 21.2.3 [3, Section 21.2] and the finite groups generated by the basis elements
of the quasi-Clifford algebras are connected by their relationship to the finite groups
generated by the basis elements of Clifford algebras. The correspondence between the
two deserves further investigation. See in particular, Lam and Smith’s classification of
the finite groups generated by the basis elements of Clifford algebras [9]. See also the
classifications given by de Launey and Smith [4].
Date: July 26, 2018.
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The original application of quasi-Clifford algebras and their representation theory was to systems of orthogonal designs [5, 6, 19]. The current paper applies quasi-Clifford algebras and
their representation theory to the study of some plug-in constructions for Hadamard matrices
described by the author in 2014 [10]. The key question addressed is: Given λ, a pattern of amicability / anti-amicability, with λj,k = λk,j = ±1, find a set of n monomial {−1, 0, 1} matrices
D of minimal order such that
Dj DkT − λj,k Dk DjT = 0

(j 6= k).

Specifically, this paper contains a new proof of Theorem 3 of [10] that answers Question 1 of
that paper.
The remainder of the paper is organized as follows. Section 2 outlines Gastineau-Hills’ theory
of quasi-Clifford algebras. Section 3 revises the plug-in constructions for Hadamard matrices.
Section 4 uses the theory of real Special quasi-Clifford algebras to address questions related to
those constructions.
2. Q UASI -C LIFFORD ALGEBRAS
Humphrey Gastineau-Hills fully developed the theory of quasi-Clifford algebras in his thesis
of 1980 [5] and published the key results in a subsequent paper [6]. The paper describes the
theory of quasi-Clifford algebras in full generality for fields of characteristic other than 2. This
paper uses only the properties of quasi-Clifford algebras over the real field, and after giving
the general definition, this section presents a summary of Gastineau-Hills’ constructions and
results in this case.
Definition 1. [6, (2.1)] Let F be a commutative field of characteristic not 2, m a positive
integer, (κi ), 1 6 i 6 m a family of non-zero elements of F , and (δi,j ), 1 6 i 6 j 6 m a
family of elements from {0, 1}. The quasi-Clifford, or QC, algebra C = CF [m, (κi ), (δi,j )] is
the algebra (associative, with a 1) over F on m generators α1 , . . . , αm , with defining relations
(1)

αi2 = κi ,

αj αi = (−1)δi,j αi αj

(i < j)

(where ki of F is identified with ki times the 1 of C).
If all δi,j = 1 we have a Clifford algebra corresponding to some non-singular quadratic form on
F m [8]. If in addition each ki = ±1 we have those special Clifford algebras studied by Kawada
and Imahori [7].
Theorem 1. [6, (2.3)] The QC algebra C of Definition 1 has dimension 2m as a vector space
m
over F , and a basis is {α11 . . . αm
, i = 0 or 1}.
This paper concentrates on the QC algebras for which each κi = ±1. Gastineau-Hills call such
algebras Special quasi-Clifford, or SQC, algebras.
Also, from this point onwards, the field F is the real field R, and Gastineau-Hills’ key theorems
and constructions are summarised for this case. Additionally, the real Special Clifford algebras
are referred to simply as Clifford algebras, and the notation of Porteous [15, 16] and Lounesto
[13] is used for these algebras and their representations.
Gastineau-Hills [6] uses the notation [α1 , . . . , αm ] for the QC algebra generated by α1 , . . . , αm ,
and the following notation for two special cases. In the case of a single generator, Cb := [β]
where β 2 = b. For a pair of anti-commuting generators, Qc,d := [γ, δ] where γ 2 = g, δ 2 =
d. This notation yields the following isomorphisms between these low dimensional real SQC
algebras and their corresponding Clifford algebras [6, (2.2)].
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C−1 ' R0,1 ' C,

(2)

C1 ' R1,0 ' 2 R,
Q−1,−1 ' R0,2 ' H,

Q−1,1 ' R1,1 ' R(2),
Q1,−1 ' R1,1 ' R(2),
Q1,1 ' R2,0 ' R(2).

Gastineau-Hills first decomposition theorem in the special case of real SQC algebras is as
follows.
Theorem 2. [6, (2.7)] Any real SQC algebra C[m, (κi ), (δi,j )] = [α1 , . . . , αm ] is expressible as
a tensor product over R:
(3)

C ' Cb1 ⊗ . . . ⊗ Cbr ⊗ Qc1 ,d1 ⊗ Qcs ,ds

= [β1 ] ⊗ . . . ⊗ [βr ] ⊗ [γ1 , δ1 ] ⊗ [γs , δs ]

where r, s > 0, r + 2s = m, and each bi , cj , dk is ±1. Each βi , γj , δk (where βi2 = bi , γj2 =
cj , δk2 = dk and all pairs commute except δi γi = −γi δi , 1 6 i 6 s) is, to within multiplication
m
m
is, to within
of C. Conversely each α11 . . . αm
by ±1, one of the basis elements α11 . . . αm
φs ψs
θ1
θs φ1 ψ1
division by ±1, one of β1 . . . βs γ1 δ1 . . . γ1 δ1 (each thetai , φj , ψk = 0 or 1). Thus the
latter 2r+2s = 2m elements form a new basis of C, and {βi , γj , δk } is a new set of generators.

Lemma 1. [6, (2.8)] The centre of C = [β1 ] ⊗ . . . ⊗ [βr ] ⊗ [γ1 , δ1 ] ⊗ [γs , δs ] (βi , γj , δk as in
Theorem 2) is the 2r -dimensional subalgebra [β1 ] ⊗ . . . ⊗ [βr ].

Remark 1. [6, (2.9)] The converse of Theorem 2 is obviously also true-that is, any algebra of the form (3) is a QC algebra. Indeed, regarded as an algebra on the generators
{βi , γj , δk }, C of the form (3) is the QC algebra C[r + 2s, (κi ), (δi,j )] where κ1 , . . . , κr+2s =
b1 , . . . , br , c1 , d1 , . . . cs , ds , respectively, and all δi, j = 0 except δr+2i−1,r+2i = 1 for 1 6 i 6 s.
Theorem 3. [6, (2.10)] The class of SQC algebras over R is the smallest class which is closed
under tensor products over R and which contains the Clifford algebras. It is the smallest class
which is closed under tensor products over R and contains the algebras Cb , Qc,d (b, c, d =
±1). The Clifford algebras are the QC algebras with 1- or 2-dimensional centres (general QC
algebras can have 2r -dimensional centres, r any non-negative integer).
Theorem 4. [6, (2.11)] Every real SQC algebra C[m, (κi ), (δi,j )] is semi-simple.

Remark 2. [6, (3.2)] There are irreducible representations of Cb , Qc,d (b, c, d = ±1) in which
β, γ, δ are each represented by monomial {−1, 0, 1} matrices.

Remark 3. [6, (3.3)] Following from (2) the decomposition of a a real SQC algebra takes
(possibly after reordering the factors) the form:

(4)

C = [α1 , . . . , αm ]

' 2 R ⊗ . . . 2 R ⊗ C ⊗ . . . ⊗ C ⊗ H ⊗ . . . ⊗ H ⊗ R(2) ⊗ R(2)

' [β1 ] ⊗ . . . ⊗ [βr ] ⊗ [γ1 , δ1 ] ⊗ [γs , δs ]

where each βi , γj , δk is plus or minus a product of the αi , and conversely each αi is plus or
minus a product of the βi , γj , δk . In general, each of 2 R, C, H, R(2) may appear zero or more
times in the tensor product (4).
We now come to a well known lemma used in the representation theory of real and complex
Clifford algebras.
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Lemma 2. [6, (3.4)] [15, Prop. 10.44] [16, Prop. 11.9]
(i) C ⊗ C ' 2 R ⊗ C ' 2 C.

(ii) C ⊗ H ' C ⊗ R(2) ' C(2).

(iii) H ⊗ H ' R(2) ⊗ R(2) ' R(4).
Remark 3 and the repeated application of Lemma 2 lead to the following result.
Theorem 5. [6, (3.7)] The Wedderburn structure of a real SQC algebra C[m, (κi ), (δi,j )] as a
direct sum of full matrix algebras over division algebras is (depending on m, (κi ), (δi,j )) one of
r

(i) 2 R(2s ),
(ii) 2

r−1
r

C ⊗ R(2s ), or

(iii) 2 H ⊗ R(2s−1 ),

where in each case r + 2s = m, and 2r is the dimension of the centre. Conversely (as in
Remark 1) any such algebra (i), (ii) or (iii) is an SQC algebra C[r + 2s, (κi ), (δi,j )] with respect
to certain generators. Also (as in Theorem 3) the subclass of algebras with structures (i), (ii)
or (iii) for which r 6 1 is precisely the class of algebras isomorphic to Clifford algebras on
r + 2s generators.
Corollary 3. [6, (3.8)] In case (i) of Theorem 5 there are 2r inequivalent irreducible representations, of order 2s ; in case (ii) 2r−1 of order 2s+1 , and in case (iii) 2r of order 2s+1 . Any
representation must be of order a multiple of (i) 2s , (ii) 2s+1 , (iii) 2s+1 respectively.
As a result of the well-known constructions that lead to Remark 2, Gastineau-Hills establishes
the following result.
Theorem 6. [6, (3.10)] Each representation of a real SQC algebra C[m, (κi ), (δi,j )] on generators (αi ) is equivalent to a matrix representation in which each αi corresponds to a monomial
{−1, 0, 1} matrix, which is therefore orthogonal.

3. P LUG - IN CONSTRUCTIONS FOR H ADAMARD MATRICES
A recent paper of the author [10] describes a generalization of Williamson’s construction for
Hadamard matrices [20] using the real monomial representation of the basis elements of the
Clifford algebras Rm,m .
Briefly, the general construction uses some
Ak ∈ {−1, 0, 1}n×n ,

Bk ∈ {−1, 1}b×b ,

k ∈ {1, . . . , n},

where the Ak are monomial matrices, and constructs
(H0)

H :=

n
X
k=1

Ak ⊗ Bk ,

such that
(H1)

H ∈ {−1, 1}nb×nb

and
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i.e. H is a Hadamard matrix of order nb. The paper [10] focuses on a special case of the
construction, satisfying the conditions
n
X
Aj ∗ Ak = 0 (j 6= k),
Ak ∈ {−1, 1}n×n ,
k=1

(5)

Aj ATk
Bj BkT

Ak ATk
+ λj,k Ak ATj
− λj,k Bk BjT
n
X

= I(n) ,
=0
=0

(j 6= k),

(j 6= k),

λj,k ∈ {−1, 1},

Bk BkT = nbI(b) ,

k=1

where ∗ is the Hadamard matrix product.

If, in addition, we stipulate that A2j = κj = ±1 for j from 1 to n, we can now recognize
that the n matrices A1 to An are also the images, under a real representation of order n, of the
generators of a real special quasi-Clifford algebra, with λj,k = κj κk (−1)1+δj,k . Thus n must be
a power of 2 large enough for this representation to exist, or a multiple of such a power.
In Section 3 of the paper [10], it is noted that the Clifford algebra R(2m ) has a canonical basis
consisting of 4m real monomial matrices, corresponding to the basis of the algebra Rm,m , with
the following properties:
Pairs of basis matrices either commute or anticommute. Basis matrices are either symmetric or
skew, and so the basis matrices Aj , Ak satisfy
(6)

Ak ATk = I(2m ) ,

Aj ATk + λj,k Ak ATj = 0

(j 6= k),

λj,k ∈ {−1, 1}.

Additionally, for n = 2m , we can choose a transversal of n canonical basis matrices that satisfies conditions (5) on the A matrices,
n
X
(7)
Ak ∈ {−1, 1}n×n .
Aj ∗ Ak = 0 (j 6= k),
k=1

4. S PECIAL QUASI -C LIFFORD ALGEBRAS APPLIED TO THE PLUG - IN CONSTRUCTIONS
The properties of the real SQC algebras yield an alternate proof of Theorem 3 of [10], and
provide an answer to the question of whether the order of the B matrices used in that proof can
be improved [10, Question 1]. That theorem is restated here as a proposition.
Proposition 1. [10, Theorem 3] If n is a power of 2, the construction (H0) with conditions (5)
can always be completed, in the following sense. If an n-tuple of A matrices which produce
a particular λ is obtained by taking a transversal of canonical basis matrices of the Clifford
algebra Rm,m , an of n-tuple of B matrices with a matching λ can always be found.
Proof.
(1) For some sufficiently large order b, form an n-tuple (D1 , . . . , Dn ) of {−1, 0, 1} monomial matrices whose amicability / anti-amicability graph is the edge-colour complement
of that of (A1 , . . . , An ). To be precise,
Dj DkT − λj,k Dk DjT = 0

(j 6= k),

where λ is given by (6). This can be done because D1 , . . . , Dn are the images of generators of some real SQC algebra C, and therefore b can be taken to be the order of an
irreducible real representation of C, which, by Corollary 3 is a power of 2.
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(2) Since b is a power of 2, we can find a Hadamard matrix S of order b. The Sylvester
Hadamard matrix of order b will do. The n-tuple (D1 S, . . . , Dn S) of {−1, 1} matrices
of order b has the same amicability / anti-amicability graph as that of (D1 , . . . , Dn ).
(3) The n-tuple of Hadamard matrices (B1 , . . . , Bn ) = (D1 S, . . . , Dn S) of order b satisfies
conditions (5) on the B matrices, and completes the construction (H0).

The theory of SQC algebras is described by Gastineau-Hills [5, 6] with enough detail to enable
a concrete construction of the type given in the proof of Proposition 1 to be carried out for any
given pattern of amicability / anti-amicability λ, and any arbitrary assignment κ of squares of
generators. For example, consider the cases where all of the A matrices are pairwise amicable,
that is λj,k = −1 for j 6= k. We thus require an n-tuple of mutually anti-amicable {−1, 0, 1}
matrices (D1 , . . . , Dn ).
Consider the generators β−q , . . . , β−1 , β1 , . . . , βp where p + q = n, βj2 = κj , with κj = −1 if
j < 0, κj = 1 if j > 0, and
βj βk + κj κk βk βj = 0.
Thus generators whose squares have the same sign anticommute, and generators whose squares
have opposite signs commute. For any real monomial representation ρ, we have
ρ(βj )T = κj ρ(βj ),
so that
ρ(βj )ρ(βk )T = κk ρ(βj )ρ(βk ) = −κj ρ(βk )ρ(βj ) = −ρ(βk )ρ(βj )T .
Thus any representation gives a set of mutually anti-amicable matrices.
We have split the set of n generators into disjoint subsets of size p and q, where the generators
within each subset pairwise anti-commute, and each pair of generators, where one is taken
from each subset, commute. The whole set of generators thus generates the algebra Rp,0 ⊗ R0,q ,
whose faithful representations are given by Table 1.
q
→
p
0
1
2
↓ 0
R
C
H
2
2
2
1
R
C
H
2 R(2) C(2) H(2)
3 C(2) 2 C(2) C(4)
4 H(2) C(4) R(8)
5 2 H(2) 2 C(4) 2 R(8)
6 H(4) C(8) R(16)
7 C(8) 2 C(8) C(16)
8 R(16) C(16) H(16)

3
H
4
H
2
H(2)
2
C(4)
2
R(8)
4
R(8)
2
R(16)
2
C(16)
2
H(16)
2

4
H(2)
2
H(2)
H(4)
C(8)
R(16)
2
R(16)
R(32)
C(32)
H(32)

5
C(4)
2
C(4)
C(8)
2
C(8)
C(16)
2
C(16)
C(32)
2
C(32)
C(64)

6
R(8)
2
R(8)
R(16)
C(16)
H(16)
2
H(16)
H(32)
C(64)
R(64)

7
8
R(8)
R(16)
4
2
R(8)
R(16)
2
R(16) R(32)
2
C(16) C(32)
2
H(16) H(32)
4
H(16) 2 H(32)
2
H(32) H(64)
2
C(64) C(128)
2
R(128) R(256)
2

TABLE 1. Tensor Products of real Clifford algebras Rp,0 ⊗ R0,q .
The relevant representations and the dimensions of the corresponding irreducible real monomial
representations for p + q = 2, 4 and 8 are given by Tables 2 to 4 respectively. Due to the
periodicity of 8 of real representations of real Clifford algebras, in general, for n = 2m , for
m > 2, there exists a real special quasi-Clifford algebra with an irreducible real monomial
representation of order 2n/2−1 containing n pairwise anti-amicable {−1, 0, 1} matrices.
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Algebra
R2,0 ⊗ R0,0
R1,0 ⊗ R0,1
R0,0 ⊗ R0,2

7

Faithful
Irreducible
Representation Dimension
R(2)
2
2
C
2
H
4

TABLE 2. Tensor Products of real Clifford algebras with p + q = 2.
Algebra
R4,0 ⊗ R0,0
R3,0 ⊗ R0,1
R2,0 ⊗ R0,2
R1,0 ⊗ R0,3
R0,0 ⊗ R0,4

Faithful
Irreducible
Representation Dimension
H(2)
8
2
C(2)
4
H(2)
8
4
H
4
H(2)
8

TABLE 3. Tensor Products of real Clifford algebras with p + q = 4.
Algebra
R8,0 ⊗ R0,0
R7,0 ⊗ R0,1
R6,0 ⊗ R0,2
R5,0 ⊗ R0,3
R4,0 ⊗ R0,4
R3,0 ⊗ R0,5
R2,0 ⊗ R0,6
R1,0 ⊗ R0,7
R0,0 ⊗ R0,8

Faithful
Irreducible
Representation Dimension
R(16)
16
2
C(8)
16
R(16)
16
4
R(8)
8
R(16)
16
2
C(8)
16
R(16)
16
4
R(8)
8
R(16)
16

TABLE 4. Tensor Products of real Clifford algebras with p + q = 8.
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A BSTRACT. To address second quantization of the quantum fields of the electroweak sector of
the Standard Model (SM) of particle physics, this presentation explores the form and action of
raising and lowering operators expressed in geometric algebra (GA). The clarity of this approach
offers another example of the value of GA for the physics curriculum. A second objective is exploration of whether and how increasing the number of dimensions of Euclidean space may open
new avenues for understanding the chiral asymmetry of electroweak interactions. These explorations are guided by isomorphisms between groups represented in matrix algebra and those in
geometric algebra. With these isomorphisms, expressions for raising and lowering operators in
matrix algebra may be translated into geometric algebra and vice versa. This presentation addresses such operators in the context of the electroweak sector of the SM utilizing the GA G3,0
for the Hestenes-Dirac equation in a Euclidean lab frame, G4,0 to introduce chiral asymmetry,
and G4,1 to relate SM electron and neutrino states.

BACKGROUND
Well before the SM of particle physics [1] had matured, Professor David Hestenes [2] began
the process of formulating the theory in terms of GA. He showed that all four of Maxwell’s
equations for the electromagnetic field can be incorporated into a single equation utilizing the
GA of spacetime (G1,3 ) and the associated geometric calculus. Likewise, Hestenes formulated
the Dirac equation for the electron-positron field with the Dirac spinor expressed as an even
multivector in G1,3 . These two classical equations of Maxwell and Dirac, after application
of second quantization (or Feynman’s path-integral quantization) are the basis for quantum
electrodynamics, which is in turn the foundation of the SM. After Hestenes’s success, many
others have pursued research on the applications of Clifford algebra in general and GA in
particular to many aspects of the SM. These aspects include electroweak and strong interaction
theory, gauge theory, and the origin of the gauge symmetry group Up1qY b SUp2qL b SUp3qC
[3].
For example, Trayling and Baylis [4] show how all of the symmetries of the SM can be efficiently incorporated into the real Clifford algebra Cl 7 , that is, G7,0 . The first three basis vectors
of G7,0 are taken as the three dimensions of real physical space. These three dimensions plus
four added Euclidean dimensions generate a total of 128 basis forms for the algebra. The algebra is isomorphic to that of 8-by-8 complex matrices Cp8q. Its structure accommodates all
leptons and quarks. In addition, the group structure accommodates all of the SM symmetries
leading to gauge bosons that mediate interactions among fermions and to the Higgs boson that
generates masses. The structure conveniently allows suppression of right-chiral weak interactions leading to the chiral asymmetry of electroweak interactions required by the SM. Trayling
and Baylis further motivate the choice of G7,0 by pointing out that it is the lowest dimensional
Euclidean space above G3,0 that has a pseudoscalar like that of G3,0 in that it squares to -1 and
commutes with all other elements of the algebra.
Furey [5, 6] uses a different line of reasoning to motivate the SM symmetry group Up1qY b
SUp2qL b SUp3qC . Furey focuses on the four division algebras, the only algebras having no
zero divisors. These four are the real numbers R, the complex numbers C, the quaternions H,
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and the octonions O. Even though O is a non-associative algebra, with careful definitions, Furey
is able to obtain the SM symmetry group beginning with R b C b H b O. In subsequent work,
Furey [7] focuses on only the electroweak sector of the SM and argues that chiral asymmetry
arises automatically in this derivation. This latter work of Furey utilizes the Clifford algebra of
Cp4q. The work of Stoica [8] is similar to that of Furey and of Trayling and Baylis, but does
not use octonions and focuses on complex Clifford algebras rather than real.
At AGACSE 2015, the present author [9] presented analyses of the G1,3 Hestenes-Dirac (HD) equation for the electron-positron field expressed in a G3,0 laboratory frame. In the lab
frame, the electron-positron field is a multivector involving all eight degrees of freedom of G3,0 .
True to the principles of GA, both the operators forming the H-D equation and the fields on
which they operate are expressed in the same algebra, that is G3,0 . However, G3,0 is isomorphic
to the algebra of 2 ˆ 2 complex matrices Cp2q. This isomorphism shows how the electronpositron states in the lab frame may be expressed in terms of Cp2q matrices [10] rather than
the traditional four-component complex column vectors of the Dirac equation. Weyl (massless)
solutions of the lab frame H-D equation take a simple form when expressed in terms of Cp2q
matrices. These matrices illustrate clearly how raising and lowering operators based on Pauli
matrices affect Weyl fermions in a way that is more complicated than the simple up-down spin
state transformations of two-component complex column vectors of the Pauli theory. Expressing raising and lowering operators and Weyl fermion states of the Dirac equation in G3,0 also
illustrates this complication and makes clear the relationship of projectors and nilpotents to the
raising and lowering process, thereby guiding analyses in G4,1 .
1. T HE E LECTRON

FROM

S CHRODINGER

TO

PAULI

Quantum mechanical theory firmly acquired wave aspects with the advent of the Schrodinger
equation for an elementary particle such as the electron. In the Schrodinger theory, the space
and time behavior of the particle is described by a wave function taking a complex value at
each point in space and time. The behavior of the electron wave function and its evolution
in an external electric field are determined by the Schrodinger differential equation. With the
discovery of electron spin, it became necessary to elaborate the description of the electron
wave function by assigning two complex values at each point in space and time rather than
only one. Pauli developed a successful description of the electron wave function with spin as a
two-component, complex-valued column vector referred to as a Pauli spinor. He elaborated the
spatial differential operators of the Schrodinger equation using three 2 ˆ 2 complex matrices
referred to as the Pauli matrices. The resulting Pauli equation correctly describes the nonrelativistic behavior of the electron in external magnetic as well as electric fields.
The Pauli theory provides a mathematical description of an electron in a external magnetic field
as having eigenstates with spin up or spin down relative to the applied field. These eigenstates
are expressed with Pauli spinors having the value 1 in either the upper or lower position of the
spinor:
ˆ ˙
ˆ ˙
1
0
(1)
spin up “
; spin down “
.
0
1
This formulation of electron states leads naturally to the definition of a raising operator σ` that
by matrix multiplication converts the spin down electron state to a spin up state and a lowering
operator σ´ that converts a spin up state to a spin down state. The first two of the three Pauli
matrices
˙
˙
ˆ
˙
ˆ
ˆ
1 0
0 ´i
0 1
,
, and σ3 “
, σ2 “
(2)
σ1 “
0 ´1
i 0
1 0
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F IGURE 1. Generic two-state system with states L and R.
1
combine to yield the desired raising and lowering operators σ˘ “ pσ1 ˘ iσ2 q, given explicitly
2
by:
˙
˙
ˆ
ˆ
0 0
0 1
.
and σ´ “
(3)
σ` “
1 0
0 0
These operators are applied to the Pauli spinors by matrix multiplication from the left.
2. BASIC T WO -S TATE S WITCHING
The raising and lowering of the electron spin state described in the previous section is an example of a basic two-state switching process as illustrated in Figure 1. A second example of
such two-state switching relevant to SM electroweak theory is the creation and annihilation of
fermion states. The Pauli exclusion principle forbids more than one fermion from occupying
a given state. Such a state is either empty or occupied by one particle. A creation operator
mathematically switches the empty state to an occupied state. Conversely, the annihilation operator switches an occupied state to an empty state. To avoid double occupation, the creation
operator applied to an already occupied state must yield a null result. Likewise, the annihilation
operator applied to an empty state must yield a null result. Comparable requirements for null
results apply as well to the electron spin state. An electron cannot be lowered below the spin
down state and cannot be raised above the spin up state. The mathematical raising and lowering
operators must yield null results in these cases.
Figure 1 represents two generic states L and R with operators αl switching to the left and αr
switching to the right. The system is symmetric with no significance to the labeling other than
convenience. αr switches the state from L to R and if applied a second time yields a null result.
Likewise, αl switches the state from R to L and if applied a second time yields a null result.
Assuming that the four quantities in Figure 1 are elements of an associative algebra, these
properties of the two-state switching system are expressed by the following four equations:
(4)
(5)
(6)
(7)

Lαr “ R,
Rαr “ 0,
Rαl “ L,
Lαl “ 0.

For later convenience the switching operators are assumed to act on the states from the right,
an arbitrary choice.
Substitution of R from Eq. (4) into Eq. (5) shows that Lαr αr “ 0 and therefore αr2 “ 0.
Likewise, substitution of L from Eq. (6) into Eq. (7) shows that αl2 “ 0. This simple system
illustrates that both raising and lowering operators and creation and annihilation operators for
two-state systems square to zero, i.e., are nilpotent or Grassmann variables [11].
Substitution of R from Eq. (4) into Eq. (6) shows that Lαr αl “ L. Likewise, substitution of L
from Eq. (6) into Eq. (4) shows that Rαl αr “ R. Taken together, these results plus Eqs. (5)
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and (7) show that
(8)

pL ` Rqpαr αl ` αl αr q “ Lαr αl ` Rαl αr “ L ` R.

implying that
(9)

αr αl ` αl αr “ 1 or tαr , αl u “ 1.

Given that the anticommutator of αl and αr is unity, their products define complementary projectors:
(10)

PR “ αr αl and PL “ αl αr .

The projectors are idempotent as required. For example,
(11)

pPR q2 “ αr pαl αr qαl “ αr p1 ´ αr αl qαl “ αr αl “ PR .

In addition, PR PL “ PL PR “ 0.
Eqs. (4) through (7) form a set of four equations in four unknowns, so they should yield
solutions for the states L and R in terms of the operators αl and αr . Given that αl and αr are
nilpotent, the equations cannot be solved using inverses. Fortunately, the projectors PR and PL
are zero divisors and so are candidates for L and R. Inspection of the equations shows that
there are two solution sets. The first is
(12)

R “ PL “ αl αr and L “ PL αl “ αl αr αl “ αl p1 ´ αl αr q “ αl .

The second solution is
(13)

R “ PR αr “ αr and L “ PR “ αr αl .

In the context of creation and annihilation operators, if a projection operator is taken to represent the unoccupied (or ground or vacuum) state, then the solution set of Eq. (12) indicates that
αl is the creation operator. On the other hand, the solution set of Eq. (13) indicates that αr is
the creation operator. The importance of identifying the ground state or vacuum when interpreting creation and annihilation operators in Clifford algebra has been emphasized by Catto et
al. [10].
The role of projectors can be further illustrated with the Pauli theory of electron spin described
in the previous section. Given that the algebra of the Pauli matrices is isomorphic to that of
G3 [11], it is instructive to examine the raising and lowering operators of Eq. (3) in geometric
algebra. Mapping the three Pauli matrices of Eq. (2) to the three orthonormal basis elements
te1 , e2 , e3 u of G3 and the pseudoscalar i to e1 e2 e3 yields the raising and lowering operators
expressed in G3 :

1
1
1
σ˘ “ pe1 ˘ e1 e2 e3 e2 q “ pe1 ˘ e3 e1 q “ p1 ˘ e3 qe1 “ P˘ e1 ,
2
2
2
1
which defines the projectors P˘ “ p1 ˘ e3 q. The fact that e1 in the raising and lowering
2
operators σ˘ “ P˘ e1 anticommutes with e3 in the projector causes the operators to be nilpotent.
On squaring either operator, anticommutation flips the sign of the second projector leading to
2
a null result: σ˘
“ P˘ e1 P˘ e1 “ P˘ P¯ “ 0. This mechanism for constructing nilpotents
persists in other geometric algebras. A projector multiplied by a factor that anticommutes with
the second term defining the projector yields a nilpotent. Such nilpotents are candidates for
raising and lowering operators or for fermion creation and annihilation operators.
(14)

Now define the spin down (the ground) state as P` . Applying the raising operator from the
right gives the spin up state P` σ` “ P` P` e1 “ P` e1 . Applying the raising operator a second
time yields a null result: P` e1 σ` “ P` e1 P` e1 “ P` P´ “ 0. Likewise, applying the lowering
operator to the spin up state returns the spin down state: P` e1 σ´ “ P` e1 P´ e1 “ P` P` “ P` .
Lowering a second time gives a null result: P` σ´ “ P` P´ e1 “ 0.
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In summary, switching operators for a two-state system, whether a pair of raising and lowering
operators or a pair of creation and annihilation operators, may be constructed in a geometric
algebra by multiplying each of a pair of projectors by a second factor (the same for each) that
anticommutes with the second term of the projectors. The second factor should square to one
to maintain the normalization of the states when switching back and forth.
3. F ROM PAULI

TO

D IRAC

As experimental knowledge and the energy of particle accelerators increased, it became necessary to find an equation describing the relativistic behavior of the electron quantum mechanical
wave function. The Dirac equation satisfied this need by expanding the two-component, complex column vector of the Pauli spinor to the four-component, complex column vector of the
Dirac spinor (for example, see [12]).
The Klein-Gordan (K-G) equation, providing a correct relativistic description of a massive free
field ψ, is the second-order differential equation:
(15)

pc´2 Bt2 ´ Bx2 ` λ´2
C qψ “ 0.

As usual, the geometric derivative Bx “ ei Bxi in G3 is with respect to the lab frame position
vector x “ x1 e1 ` x2 e2 ` x3 e3 and the time derivative Bt is a separate scalar operator. The
scalar quantity λC “ ~{mc is the Compton wavelength corresponding to the mass parameter
m of the field. c is the speed of light and ~ is Plank’s constant divided by 2π.
Let us assume as did Dirac that the electron field satisfies Eq. (15) and ask what first-order
differential equation describes the field [12]. Rather than assuming a form for such a first-order
equation and then invoking matrices and spinors to achieve Dirac’s expression of the equation,
we use GA/GC to factor the second-order differential operator in Eq. (15). First, define an
operator P in GA such that its action on a multivector field A is spatial inversion, denoted by
A´ , and right-multiplication by a unit bivector b̌:
(16)

PA “ A´ b̌.

Then define two linear, first-order differential operators L1 and L2 by
(17)

L1 “ c´1 Bt ` Bx ` λ´1
c P

and
(18)

L2 “ c´1 Bt ´ Bx ´ λ´1
c P.

It is straightforward to show that these two operators commute and that their product is the
second-order K-G operator of Eq. (15), i.e.:
(19)

L1 pL2 ψq “ L2 pL1 ψq “ pc´2 Bt2 ´ Bx2 ` λ´2
c qψ “ 0.

Eq. (19) shows that solutions of either L1 ψ “ 0 or L2 ψ “ 0 satisfy the K-G equation. Written
out fully, the two linear equations are:
(20)

´1
´1 ´
pc´1 Bt ` Bx ` λ´1
c Pqψ “ c Bt ψ ` Bx ψ ` λc ψ b̌ “ 0

and
(21)

´1
´1 ´
pc´1 Bt ´ Bx ´ λ´1
c Pqψ “ c Bt ψ ´ Bx ψ ´ λc ψ b̌ “ 0

Eq. (20) is the Hestenes-Dirac equation [2] from Spacetime Algebra (G1,3 ) expressed in a G3,0
laboratory frame via a so-called spacetime split [9]. Eq. (21) is a companion equation whose
solutions also satisfy the K-G equation. The two equations differ only in the relative sign of the
temporal derivative term with respect to the other two terms.
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Either the H-D equation or its companion equation may be solved by assuming a plane wave
solution of the form
(22)

ψ “ Ψeûφ ,

where Ψ is an arbitrary constant multivector and û is a GA unit basis element, i.e., û: û “
ûû: “ 1. If û2 “ ´1, the solution will be sinusoidal, which is assumed in this work. The
phase angle φ has the usual definition φ ” ωt ´ s
k¨x
s with angular frequency ω and wave vector
s
s
k “ |k|k̂ “ k k̂. Both ω and k are non-negative scalar quantities.

To solve either equation in the lab frame, it is convenient to separate the constant Ψ into even
and odd grade components, Ψe and Ψo , respectively, so that Ψ “ Ψe ` Ψo . It is then straightforward to substitute the assumed solution Eq. (22), separate even and odd grade equations,
and find closed expressions for the solutions. This procedure for the H-D Eq. (20) yields two,
independent, plane wave solutions, one for the electron (particle solution)
(23)

ψe´ “ p1 ` r k̂qΨe e´b̌φ

and one for the positron (antiparticle solution)
(24)

ψe` “ p1 ` r k̂qΨo e`b̌φ .

The presence of b̌ in the third term on the left of Eq. (20) restricts û in the exponents of Eqs.
(23) and (24) to a value of ´b̌ and `b̌, respectively. In both solutions, the constant r is given by
(25)

r“

c´1 ω

k
,
` λ´1
c

where the angular frequency ω and the wavenumber k are non-negative and satisfy the relativistic kinetic relationship c´2 ω 2 “ k 2 ` λ´2
c . Note the following limits:
lim r “ 0

kÑ0

lim r “ 1

kÑ8

lim r “ 1.

mÑ0

The first limit corresponds to a particle at rest, or more accurately, a zero-momentum, spatially
uniform solution. The second and third are relativistic limits where the wavenumber (the momentum) becomes infinite or the mass goes to zero, respectively. The third limit defines Weyl
fermions, that is, massless fermions.
In the SM, electrons and positrons are assumed massless prior to coupling to the Higgs boson
[1]. The massless electron and positron, denoted by ψ1 and ψ2 , respectively, are then given by:
(26)

1
1
ψ1 “ ψe´ pr Ñ 1q “ p1 ` k̂qΨe e´b̌φ
2
2

and
1
1
ψ2 “ ψe` pr Ñ 1q “ p1 ` k̂qΨo e`b̌φ .
2
2
The factor of one half is added to each definition to emphasize that both solutions begin with
a projector, the same in both cases, making them elements of the same right ideal in G3 . The
solutions of the companion equation, i.e., Eq. (21), lead to Weyl fermions that lie in the complementary right ideal. Those solutions are given by:
(27)

(28)

1
ψ3 “ p1 ´ k̂qΨe e`b̌φ
2

and
(29)

1
ψ4 “ p1 ´ k̂qΨo e´b̌φ .
2
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These companion solutions differ in two ways from those of Eqs. (26) and (27). First, the
change in sign of k̂ in the projector and, second, the reversal of the sign in the exponent relative
to whether the constant Ψ is even or odd grade.
The unit wave vector k̂, the unit bivector b̌, and hence their relationship are arbitrary in these
solutions. The normal to b̌ is the customary quantum mechanical quantization axis for electron
spin [9]. For mathematical simplicity, helicity states are assumed by choosing k̂ along the
quantization axis so that k̂ ¨ b̌ “ 0. With this choice, k̂ commutes with b̌. Finally, the G3 frame
is chosen so that k̂ “ e3 and b̌ “ e1 e2 . With these choices, the leading projector in the solutions
1
1
is the same as used in Eq. (14) for the Pauli theory, i.e., P˘ “ p1 ˘ e3 q “ p1 ˘ k̂q. Likewise,
2
2
raising and lowering operators may be defined as in Eq. (14). Rather than using e1 in particular
as the second factor in the operators, it is necessary only that the second factor be a unit vector
that anticommutes with k̂. Any vector in the plane of b̌ meets that criteria. Let â be such a unit
vector so that â ¨ k̂ “ 0 and â ^ b̌ “ 0. In this case, â anticommutes with b̌, also. The resulting
raising and lowering operators in frame-free notation are then:
1
(30)
α˘ “ p1 ˘ k̂qâ “ P˘ â
2
First, apply these operators from the right to the Weyl electron solution of Eq. (26). By operating from the right, the results will remain in the right ideal defined by P` . By construction, the
operators α˘ both anticommute with b̌ and therefore with e˘b̌φ . It is convenient to divide the
constant, even-grade multivector Ψe into parts that commute and anticommute with k̂ denoted
by Ψec and Ψea , respectively. The two corresponding parts of the ψ1 solution are then
(31)

ψ1c “ P` Ψec e´b̌φ and ψ1a “ P` Ψea e´b̌φ ,

representing the spin up and spin down helicity states of the Weyl electron, respectively [9]. It
is now straightforward to calculate the effects of the raising and lowering operators:
(32)

ψ1c α` “ P` Ψec e´b̌φ P` â “ P` Ψec P` âe`b̌φ “ P` P` Ψec âe`b̌φ “ P` Ψec âe`b̌φ

(33)

ψ1c α´ “ P` Ψec e´b̌φ P´ â “ P` Ψec P´ âe`b̌φ “ P` P´ Ψec âe`b̌φ “ 0.

(34)

ψ1a α` “ P` Ψea e´b̌φ P` â “ P` Ψea P` âe`b̌φ “ P` P´ Ψea âe`b̌φ “ 0.

(35)

ψ1a α´ “ P` Ψea e´b̌φ P´ â “ P` Ψea P´ âe`b̌φ “ P` P` Ψea âe`b̌φ “ P` Ψea âe`b̌φ .

Following the same procedures, the two parts of the ψ2 solution are
(36)

ψ2c “ P` Ψoc e`b̌φ and ψ2a “ P` Ψoa e`b̌φ ,

representing the spin up and spin down helicity states of the Weyl positron, respectively [9].
Without showing details, the effects of the raising and lowering operators on these states are:
(37)
(38)
(39)

ψ2c α` “ P` Ψoc âe´b̌φ
ψ2c α´ “ 0.
ψ2a α` “ 0.

(40)

ψ2a α´ “ P` Ψoa âe´b̌φ .

The pattern in these results becomes apparent after recognizing that multiplication of one of
the multivector constants by â converts the constant from odd to even and vice versa and at
the same time from commuting to anticommuting with k̂ or vice versa. Then in Eq. (32),
Ψec â Ñ Ψoa . Comparison of Eqs. (32) and (36) shows that ψ1c α` Ñ ψ2a . Eqs. (35), (37) and
(40) show that ψ1a α´ Ñ ψ2c , ψ2c α` Ñ ψ1a and ψ2a α´ Ñ ψ1c .
Figure 2 illustrates the relationships among the states, showing that the action of a single operator simultaneously changes the spin state and causes charge conjugation. This same dual action
is found for SUp2q operators in G3 [9].
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F IGURE 2. Operator actions on the states of the Dirac electron and positron.
4. F ROM D IRAC

TO

E LECTROWEAK T HEORY

Because of the weak interaction among electron/positron fields and neutrino/antineutrino fields,
an essential step in extending Dirac’s theory of the electron to SM theory is the development
of a theory that couples these fields, i.e., an electroweak theory [1]. An immediate challenge is
describing the chiral asymmetry of the interaction. Only left-handed neutrinos and right-handed
antineutrinos are found by experiment to exist. Furthermore, only the left-handed component
of the electron couples to the neutrino and the right-handed component of the positron to the
antineutrino. In the SM, the tiny mass of the neutrino field is neglected and the field is assumed
to satisfy the massless Dirac (or Weyl) equation. However, from the point of view of geometric
algebra, there are no new multivector field components in the SM to differentiate electron and
neutrino fields.
The present author has considered how the assumption of an added fourth spatial dimension
might distinguish neutrino fields from electron fields while enabling the chiral asymmetry of
the SUp2q interaction between them [9]. The addition of a fourth spatial dimension e4 to move
from G3 to G4 brings in a new pair of projectors P˘1 “ 12 p1 ˘ I4 q, where I4 ” e1 e2 e3 e4 is
the pseudoscalar of G4 . The new projectors enable explicit chiral asymmetry of SUp2q transformations as follows. Define a set of bivector generators ji1 of SUp2q in the G3 subspace of
G4 :
1
1
1
(41)
tj11 , j21 , j31 u “ t e1 e2 , e2 e3 , e1 e3 u.
2
2
2
1
These ji satisfy the sup2q Lie algebra rja , jb s “ εabc jc , where εabc is the completely antisymmetric, 3-dimensional Levi-Civita symbol with ε123 “ `1 and the indices a, b and c each take
integer values from 1 to 3. Because the projectors P˘1 commute with each of the generators
in Eq. (41), it is easy to show that projections of the generators, as well as the generators
themselves, satisfy the sup2q Lie algebra: rP˘1 ja , P˘1 jb s “ εabc P˘1 jc . The two projections give
alternative representations of SU(2) in terms of compound bivectors. Using the notation of [9],
the generators given by the P´1 projection are:
(42)
1
1
1
J1 “ P´1 j11 “ pe1 e2 ` e3 e4 q , J2 “ P´1 j21 “ pe2 e3 ` e1 e4 q and J3 “ P´1 j31 “ pe1 e2 ` e3 e4 q.
4
4
4
1
Consistent with the use of P´ to define these generators, this version of SUp2q will be referred
to as SUp2qL . The generators given by the P`1 projection are:
(43)
1
1
1
K1 “ P+1 j11 “ pe1 e2 ´e3 e4 q , K2 “ P+1 j31 “ pe2 e3 ´e1 e4 q and K3 “ P+1 j31 “ pe1 e2 ´e3 e4 q.
4
4
4
This version of SUp2q will be referred to as SUp2qR . These two bivector representations satisfy
the same Lie algebra. The difference between them becomes apparent only through their action
on states defined in G4 [9].

82

MCCLELLAN

9

Trayling and Baylis [4] use this same compound bivector Lie algebra in considering the SM
in G7 . In that work they define the compound bivector generators using the four extra dimensions te4 , e5 , e6 , e7 u added to the G3 lab-frame dimensions te1 , e2 , e3 u to form G7 . The extra
degrees of freedom also allow Trayling and Baylis to incorporate quark representations, including strong interaction color quantum numbers, thereby building the complete group structure of the first generation [1] of the SM. The quarks are fermions and have chiral asymmetry
in their weak interactions like the electron. The G7 structure of Trayling and Baylis allows
both right-handed and left-handed neutrinos; however, it provides an easy way to eliminate the
right-handed component [4] to achieve electroweak chiral asymmetry.
The work of Furey [5, 6] mentioned in the Background section also incorporates one full generation of the SM and allows neglect of the right-handed neutrino. Furey emphasizes construction of ladder operators, a generalization of the raising and lowering operators described above.
These ladder operators produce the states of the SM from one another. In recent work using
the algebra of Cp4q, Furey shows how to construct ladder operators, states and SU(2) transformations for the electroweak sector of the SM in a way that builds in the chiral asymmetry of
electroweak interactions [7]. It is instructive to translate that work to G4,1 , i.e., Cl 4,1 which is
isomorphic to Cp4q [13].
Space limitations allow only a summary of the results of this translation in these Early Proceedings. The frame of unit basis vectors te1 , e2 , e3 , e4 , e5 u are used for G4,1 , with the unit vectors
mutually anticommuting and squaring to `1 except for e25 “ ´1. The first four unit vectors
form a G4 subalgebra supporting the projectors P˘1 and the Ji and Ki generators of SUp2q
defined above. The pseudoscalar I4,1 ” e1 e2 e3 e4 e5 squares to ´1 and is in the center of G4,1 .

Furey uses a complex Clifford algebra with a frame of mutually anticommuting unit basis
vectors tγ1 , γ2 , γ3 , γ4 u each squaring to ´1. With these, Furey defines two distinct lowering
operators β1 and β2 given by:

(44)

1
1
β1 “ p´γ2 ` iγ1 q and β1 “ p´γ4 ` iγ3 q,
2
2

where i is the scalar imaginary. Defining raising operators as the usual Hermitian conjugates
β1: and β1: of the lowering operators yields the following anticommutation relations:
(45)

tβj , βk u “ tβj: , βk: u “ 0 and tβj , βk: u “ δjk for all j, k “ 1, 2.

The raising operators act on a vacuum or ground state Ω: Ω ” β1: β2: β2 β1 . Mapping these
quantities to G4,1 is aided by the fact that of the ten trivector basis forms in G4,1 , only four
square to ´1. These four trivectors belong to the G4 subalgebra and may be mapped to Furey’s
γs as follows:
(46)

γ1 Ñ e2 e3 e4 , γ2 Ñ e1 e3 e4 , γ3 Ñ e1 e2 e4 and γ4 Ñ e1 e2 e3 .

The other six trivectors contain e5 and therefore square to `1. Mapping the imaginary i to I4,1
gives the following mapping of Furey’s operators and states to the equivalent in G4,1 :
1
First raising β1: Ñ 1 β ` “ p1 ` e3 e4 e5 qe1 e5 “ P`34 e1 e5
2
1
First lowering β1 Ñ 1 β ´ “ p1 ´ e3 e4 e5 qe1 e5 “ P´34 e1 e5
2
1
Second raising β2: Ñ 2 β ` “ p1 ` e1 e2 e5 qe3 e5 “ P`12 e3 e5
2
1
Second lowering β2 Ñ 2 β ´ “ p1 ´ e1 e2 e5 qe3 e5 “ P´12 e3 e5
2
1
Ω: Ω Ñ p1 ` e1 e2 e5 qp1 ` e3 e4 e5 q “ P`12 P`34 ,
4
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F IGURE 3. Two-state raising operator structure in G4,1 .
where the notation for the operators is adjusted to follow earlier use in this paper and the
superscript on the projectors indicates which two basis vectors are paired with e5 to form the
projectors.
Figure 3 illustrates the states generated by application of the raising operators from the right to
the common ground state represented by the product of the two projectors P`12 and P`34 . These
two projectors commute, allowing proper action of the raising and lowering operators on the
ground state. Importantly, Figure 3 indicates that the two states on either side of the diamond
are mixed by transformations of the SUp2qR representation defined above. Both the ground
state at the bottom of the diamond and the state at the top of the diamond are singlets, that is,
unchanged by SUp2qR transformations. The sign of the state at the top depends on the order
of application of the two raising operators. As pointed out by Furey [7], this structure offers a
promising description of electroweak chiral asymmetries.
5. C ONCLUSION
Use of projectors and nilpotents in GA is useful for understanding and analyzing raising and
lowering operators in the Standard Model of particle physics.
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WHEN DOES THE CONTINUITY EQUATION IMPLY MAXWELL’S
EQUATIONS?
L. Burns
A BSTRACT. A fundamental result of electrodynamics is that Maxwell’s equations imply that
charge is locally conserved. Here we show that local charge conservation implies the existence
of fields satisfying Maxwell’s equations.

1. I NTRODUCTION
In Fredriech Hehl’s premetric approach to electrodynamics, the inhomogenous Maxwell equations ∇ · F = J are obtained from the continuity equation ∇ · J = 0 using Poincaré’s lemma, and
the homogenous equations ∇ ∧ F = 0 are determined by a separate postulate.[1] 1
In this paper, we present a strengthened version of the Poincaré Lemma that has as an immediate
consequence that local charge conservation is enough to determine the existence of a field
satisfying both.

This fact allows us to understand Maxwell’s equation precisely as an expression of local charge
conservation, deepends our understanding of analogies to electrodynamics found across theories, and can help guide investigations into extensions of electrodynamics, as well as the construction of other theories with conserved quantities.
We begin with a statement of the key result of geometric calculus used (the integral formula),
follow with the Poincaré lemma, and then present its stronger form. We end with its application
answering the question posed in the title and a brief discussion.
2. T HE I NTEGRAL F ORMULA
Let J be a multivector field integrable on a simple, m-dimensional manifold M . Then it possesses antiderivatives H (i.e. J = ∇H) determined by J, up to boundary conditions, given by
(1)

m

(−1) i(x)H(x) = −

Z

0

m 0

0

g(x, x )d x J(x ) +

I

g(x, x0 )d m−1 x0 H(x0 ),

where i is the unit pseudoscalar, g is a Green’s function defined on M (granted that one exists),
∇ is the vector derivative, and d k x is a k-graded differential. Note that antiderivatives differ at
most by a monogenic function C, i.e. one that satisfies ∇C = 0. See p260 of [2] for a complete
development.
There are subtleties around the surfaces used in a mixed signature space. In particular, the
boundary cannot be a null surface. See p182 of [3] for a detailed discussion.
Note that this result generalizes Helmholtz decomposition of vector calculus to arbitrary dimension, it implies that any integrable multivector field A = ∇B with antiderivative B can be
decomposed into the sum of a divergence-free and curl-free part
1More precisely, Hehl postulates the existence of a field strength F and excitation H related by some constitutive

relations satisfying ∇ ∧ F = 0 and ∇ · H = J. While the use of excitations and constitutive relations are surely at
the crux of the premetric approach, it can be argued, as Griffiths does, that the division into field strength and
excitation “reflect[s] a convenient division of charge and current into free and nonfree parts,” so in this way the
“microscopic” equations are not any less general if we’ve already established a metric. See p330 of [4].

85

2

WHEN DOES THE CONTINUITY EQUATION IMPLY MAXWELL’S EQUATIONS?

(2)

A = A⊥ + Ak ,

with A⊥ = ∇ · B and Ak = ∇ ∧ B.2 We’ll use this notation A⊥ and Ak to indicate divergencefree and curl-free parts for any multivector field A, respectively, extending a notation used by
Belinfante. [5]
3. A STRENGTHENING OF P OINCAR É ’ S LEMMA
In the language of differential forms, the Poincaré lemma states that closed differential forms
are locally exact. In geometric calculus, every k-form corresponds to a k-vector field, and the
Poincaré lemma can be restated as: every curl free k-vector field can be written as the curl
of a (k − 1)-vector field locally. See [6] for the embedding of differential forms in geometric
calculus used here.
More generally, for any multivector J on M ,
(3)

∇ ∧ J = 0 =⇒ ∃G : J = ∇ ∧ G

for some multivector field G, locally.3 The dual of this result is
(4)

∇ · J = 0 =⇒ ∃G : J = ∇ · G,

for some multivector G. Again, that this holds only locally is crucial as the failure of it to do so
provides a measure of the manifold’s homology via the de Rham cohomology.
A stronger version of Poincaré’s lemma can be obtained by pairing it with Helmholtz decomposition, Equation 2.
Namely, if J is curl free, then there exists a multivector G such that
(5)

J = ∇ ∧ G = ∇ ∧ (G⊥ + Gk ) = ∇ ∧ G⊥ = ∇G⊥ .

That is, if J is curl free, then locally it possesses a divergence free antiderivative G⊥ .4
The dual also holds. If J is divergence free, then there exists a G such that
(6)

J = ∇ · G = ∇ · (G⊥ + Gk ) = ∇ · Gk = ∇Gk .

That is, if J is divergence free, then locally it possesses a curl free antiderivative Gk .
Curiously, to my knowledge, this result hasn’t much found footing in the literature, despite the
fact that it provides an immediate answer to the title of this paper. Although, one instance of
this theorem in Euclidean space can be found in [7] by Brackx, Delanghe, and Sommen, who
also noted its seeming absence from the literature.
2This is due to the identities ∇ · (∇ · M) = 0 and ∇ ∧ (∇ ∧ M) = 0 for any multivector field M.

3The Poincaré lemma extends to general multivectors, because it can simply be applied component-wise: ∇ ∧

J = 0 implies ∇ ∧ hJik = 0 for each k-grade part of J. This implies hJik = ∇ ∧ Gk−1 so that J = ∇ ∧ G, where
hGik = Gk .
4In the language of differential forms, this “strong” Poincare lemma can be expressed as
dα = 0 =⇒ α = dβ , with d ∗ β = 0, under the usual condition.
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4. M AXWELL’ S EQUATION
Turning to the question “When does the continuity equation imply Maxwell’s equation?”, simply notice that the continuity equation ∇ · J = 0 expresses the fact that J (here a vector field) is
divergence free, which implies that
(7)

J = ∇ · F = ∇F,

for some multivector F, and since ∇ · F is a vector, F must be a curl free bivector. This is
precisely Maxwell’s equation.
5. D ISCUSSION
Note that the usual Poincaré lemma ∇ · J = 0 =⇒ ∃F : J = ∇ · F doesn’t tell us that J must be
the divergence of a bivector, just that there exists such a bivector. In the same way, the “strong”
Poincaré lemma presented here doesn’t tell us that F must satisfy Maxwell’s equations, just
that there exists such an F. In this view, the result is not particularly surprising.
Consider the more common situation of applying Poincaré’s lemma to the electromagnetic
field F. We use the fact that ∇ ∧ F = 0 to determine the existence of a potential A satisfying
F = ∇ ∧ A. Here, we regularly assume that we can choose the Lorenz gauge ∇ · A = 0. The
strengthened lemma simply tells us that there is no obstruction to making this choice.
In a certain sense, ∇∧F = 0 is also a gauge choice, insofar as the current density J is concerned.
That is, adding a divergence free bivector to F does not change the physical content of J, so
in this sense it is like a gauge transformation with respect to J. However, it does change the
physical content of F, unlike gauge transformations of A, so in this sense it is not a gauge
transformation, at least with respect to F.
On the other hand, this lemma means that Maxwell’s equation is simply and precisely an expression of local charge conservation. It still carries the freedom to admit magnetic sources,
but Maxwell’s equation with both electric and magnetic sources can always be decoupled into
a pair of Maxwell equations: one for electric sources and one for magnetic sources. Of course,
this says nothing of the dynamics of electromagnetism, since it tells us nothing of the force
exerted by the field on the current.
But, it does tells us that the force law is what distinguishes different electromagnetic theories in
trivial topologies, and helps us to know that topological theories of electrodynamics are fundamentally distinct, only resembling the classical theory locally. A general theory of conserved
currents on manifolds rooted in de Rham theory is certainly worth exploring.
As such, this result is helpful in guiding investigations of extensions to electrodynamics. For
instance, some equations may appear to be generalizations of Maxwell’s equations, but are
not. Consider ∇F + ∇χ = J, where χ is a scalar field satisfying ∇2 χ = 0, as seen in [8] with
J = 0. The strong lemma tells us that solutions to this equation have corresponding solutions
to Maxwell’s equations.
It also simplifies axiomatic treatments to electrodynamics, affirming the argument of José Heras
that charge conservation can be used as the fundamental assumption underlying Maxwell’s
equations.[9]
Moreover, this result applies to any conserved current, so may offer insight into the construction
of theories beyond electrodynamics. Corresponding to any locally conserved quantity (and
thus, by Noether’s theorem, to any symmetry) is a field satisfying Maxwell’s equation. Perhaps
with clever choice of a force law, Maxwell’s equations can find use in the description other
conserved quantities as well.
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For instance, Itin, Hehl, and Obukhov develop a premetric theory of general relativity much
like premetric electrodynamics, exploiting the analogies between the mathematical structures
in electromagnetism and the teleparallel theory of gravity.[10] In viewing Maxwell’s equations
as the expression of a conserved quantity, it is less surprising that these analogies between
electromagnetism and general relativity exist, and perhaps also less mysterious that Yang-Mills
theories have structure so closely resembling that of electrodynamics. These analogies are not
coincidental. They are simply the marks of conserved quantities.
Investigation of where these analogies between theories thrive and fail precisely will surely
prove to be fruitful, as we scramble for grounding and hints at truthful theories beyond our
current knowing of nature. As long as there are conserved quantities in the universe, Maxwell’s
equations will always be hiding in our theories — at least locally.
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A BSTRACT. The decentralized algorithm is the technique in charge to transform a Euclidean
space to the joint space. In other words, it is the algorithm that solves the inverse kinematics of
serial robots with any degree of freedom (DoF). The principal advantage is that the decentralized
algorithm gives a general solution, instead of the inverse kinematics that the solution is unique
On the other hand, this paper joins the decentralized theory, the geometric algebra, and the screw
theory to give an elegant and powerful mathematical algorithm.

1. I NTRODUCTION
The decentralized algorithm (Da ) by definition is:
Da : E → θ

(1)

where θ is the joint space and E is the Euclidean space. There are diverse works to solve (1) in
the literature; where the traditional approach is based on geometry or algebraic manipulation of
matrices on the 3-dimentional real projective plane PR3 [2, 3, 4]. As a disadvantage, in accordance to the DoF increase, the traditional techniques will be more complicated to solve and in
some cases the solution is extensive. On the other hand, there are other works using advanced
mathematics to determine (1) [5, 6].
Based upon the foregoing, a general approach to determinate the solution of the above equation
is proposed and it is known as the inverse algorithm [1, 7]. The traditional inverse algorithm
is based in SE(3); and the solution is not simple to solve with redundant robots; therefore, we
propose an decentralized algorithm using CGA; where the methodology is intuitive and can be
used in robots with any number of DoF.
2. G EOMETRIC ALGEBRA
The geometric algebra is specified by Gη where η represents the algebra dimension. The
dimension η can be characterized as η = p, q, r, where p, q and r mean the diverse basis (ei )
of the algebra. The subvariable p is the number of basis elements whose square is equal to 1,
q is the number of basis whose square is equal to -1 and finally, r is the number of basis whose
elements is equal to 0 [7, 9]. The properties of the above basis are expressed in (2).

(2)


1,



−1,
ei e j =
0,


 e ∧e ,
i
j

∀
∀
∀
∀

i=
i=
i=
i 6=

j ∈ 1, ..., p
j ∈ p + 1, ..., p + q
j ∈ p + q + 1, ..., p + q + r
j

Therefore, the algebra generator for any dimension can be written as (3).
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{1; ei ; ei ∧ e j ; ei ∧ e j ∧ ek ; · · ·; I = e1 ∧ · · · ∧ en }

I is known as the pseudoscalar. A multivector is a linear combination of different k − blades,
where k − blades (k represents the order) are diverse generator structures (1; ei ; ei ∧ e j ; ei ∧ e j ∧
ek · ··). The first element 1 is the scalar part (0-blade), the second ei is the element of first order
called vector (1-blade), the third ei ∧ e j is an element of second order called bivector (2-blade)
and in the same way we continue until obtaining the pseudoscalar. Below, we introduce diverse
important definitions which are useful in geometric algebra, for more details see [7, 9].
Definition 1 The grade of a basis blade eA ∈ Gη , with A ⊂ {1, ..., p + q} is denoted by gr(eA )
and is defined as gr(eA ) := |A| Furthermore, it is possible to introduce the following definitions:
(4)

gr+ (eA ) := |{a ∈ A : 1 < a ≤ p}|

(5)

gr− (eA ) := |{a ∈ A : p < a ≤ p + q}|

where gr+ (eA ) and gr− (eA ) are the number of basis that square to +1 or -1, respectively.

Definition 2 Let A ⊂ {1, ..., p + q}, such that eA ∈ Gη . Then, the reverse of eA , written as eeA ,
is defined by:
(6)

where m = gr(eA ).

eeA = (−1)

m(m−2)
2

eA

Definition 3 Let A ⊂ {1, ..., p + q}, such that eA ∈ Gη . Then, the inverse of eA , written as e−1
A ,
is defined by:
(7)

e−1
A =

eeA
eA eeA

where in addition, eA should not be an isotropic blade.
Definition 4 Let A ⊂ {1, ..., p + q}, such that eA ∈ Gη . Then, the dual of eA , written as e∗A , is
defined by:
(8)

e∗A = eA I −1

where I −1 represents the inverse of the pseudoscalar.
Definition 5 Let A, B ∈ Gη . Then, the commutator product between A and B is defined by:
(9)

1
A×B = (AB − BA)
2

Definition 6 Let A, B ∈ Gη . Then, the anti-commutator product between A and B is defined by:
(10)

1
A×B = (AB + BA)
2

Definition 7 Let A, B ∈ Gη . Then, the geometric product between A and B is defined by:
(11)

AB = A×B + A×B
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2.1. Conformal Geometric Algebra. The conformal geometric algebra (CGA) is represented
by G4,1,0 (also called G4,1 ), where this algebra contemplates diverse orthonormal basis (e1 , e2 ,
e3 , e+ , e− ) [7, 9]. These basis can be used to construct the following points:
(12)

1
e∞ = e− + e+ ; e0 = (e− − e+ )
2

where e∞ and e0 are the infinity point and the origin point, respectively. Furthermore, these
points have the properties seen in (13).
(13)

e2∞ = e20 = 0; e∞ · e0 = −1

In base with the pseudoscalar, the CGA contemplates two different pseudoscalars that can be
represented as:
(14)

Ie = e1 ∧ e2 ∧ e3 ; Ic = Ie (e4 ∧ e5 )

Subsequently, Ie represents the Euclidean pseudoscalar and Ic the pseudoscalar of the CGA.
Below, we illustrate the diverse geometric entities that can be used in G4,1 [7].
The point: The conformal point (xc ) is simply expressed as (15).
(15)

1
xc = xe + xe2 e∞ + e0
2

where xe ∈ R3 is an Euclidean point. In other words, the Euclidean point is embedded into the
conformal point.
The line: The line is created using the outer product, where the wedge product has the feature
to expand diverse forms. In CGA, if we take two conformal points and we expand them, the
result is a line expressed as (16).
(16)

L∗ = xc1 ∧ xc2 ∧ e∞

The plane: The plane, as well as the line, is created with the outer product; but the plane
in contrast with the line is an entity with major dimension, therefore, it is necessary an extra
conformal point as is illustrated by (17).
(17)

Π∗ = xc1 ∧ xc2 ∧ xc3 ∧ e∞

The same calculation can be performed to get the results of the rest of the geometric entities
[7]. Now, in the following paragraphs are introduced different rigid transformations that can be
used with the conformal geometric algebra.
Reflection: The reflections using conformal geometric algebra can be implemented by (18).
(18)

Q0 = ΠQΠ−1
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where Q is any geometric entity (point, line, plane, etc.) and Π is the plane of movement.
Translation: The translation in CGA is represented as two reflections with two parallel planes
as:
−1
†
Q0 = Π2 Π1 QΠ−1
1 Π2 = Ta QTa

(19)

where the previous expression can be written as:
xe

xe

−1
− 2 e∞
Ta = Π2 Π1 = e 2 e∞ and Ta † = Π−1
1 Π2 = e

(20)

Here, Ta is the translation operator and Ta † its conjugated.
Rotation. The rotation in CGA is represented as two reflections with two no parallel planes as:
†
−1
Q0 = Π2 Π1 QΠ−1
1 Π2 = Rθ QRθ

(21)

where the previous expression can be written as:
 
 
θ
θ
θ
− sin
l = e− 2 l
Rθ = Π2 Π1 = cos
2
2
(22)

Rθ

†

−1
= Π−1
1 Π2

 
 
θ
θ
θ
= cos
+ sin
l = e2l
2
2

Here, Rθ is the rotor operator, Rθ † is the conjugated of the rotor operator and l is a 2-blade that
represents the movement axis, where this bivector is obtained by the normal of the movement
plane. On the other hand, it is known that the robot does transformations that involve rotations
and translations, therefore, it is necessary to combine these two transformations in one operator,
such as (23).
θ

θ

Mθ = Ta RTa † = e− 2 Ln ; Mθ † = Ta R† Ta † = e 2 Ln

(23)
where,
(24)

Ln = (l + e∞ (xc · l))

Mθ is the transformation called motor, Mθ † is the conjugated of the motor, R is the SO(3), R† is
the conjugated of the SO(3), xc is a conformal point and Ln is a multivector that represents the
movement axis (the movement axis is represented as a line in CGA). So, the form to operate
the motor operator can be seen in (25).
Q0 = Ta RTa † QTa R† Ta † = Mθ QMθ †

(25)
0

where Q is the entity rotated and translated.
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3. ROBOTICS ANALYSIS
The traditional form to solve the forward kinematics is using SE(3); where, using CGA, the
matrices are exchanged by the motor operator. Therefore, with CGA, the forward kinematics is
reduced to (26).
n

n

i=1

i=1

Q0 = Mθ1 . . . Mθn QMθn † . . . Mθ1 † = ∏ Mi Q ∏ Mn−i+1 †

(26)

where Q represents the entity that illustrates the home position of the end-effector and Q0 shows
the entity in the current position. In the following paragraphs, to reduce notations, will be
presented the motor operator as Mθi instead of Mi .
3.1. Differential Kinematics using CGA. The forward kinematics by a one-link robot is P0 =
eθ S P, where S symbolizes the Lie algebra or screw and P ∈ PR3 . Therefore, the forward
kinematics for a robot with n DoF can be written as (27).
n

P = K(θ )P where, K(θ ) = ∏ eθi Si
0

(27)

i=1

Here, Si represents the screws for each articulation in their home position. Therefore, the
velocity of the end-effector, sometimes called twist, can be solved by (28).
(28)

d
K(θ )
dt

Ṗ0 =
n

Ṗ0 = ∑ Si θ̇i where, Si =

(29)

i=1

∂K
∂ θi

Linear velocity: The linear velocity of the end-effector, in CGA, can be expressed simply as
the derivative respect to the time of the forward kinematics as (30) [7, 8].
d
Q̇0 =
dt

(30)
˙ )=
where f(θ

∂ f(θ )
∂ θ θ̇ ,

Q̇0 =

n

(32)

Q̇ =

∑

j=1

considering

(33)

"

∂
∂θj

"

j

#

n

∏ Mi ∏
i=1

i= j+1

d
1
dt (M) = − 2 MLn θ̇
1
Q̇ =
2
0

n

i=1

i=1

∏ MiQ ∏ Mn−i+1†

#

∂

n

"

j−1

∑ ∏ Mi

j=1

i=1

"

"

n

n

i=1

i=1

∑ ∂ θ j ∏ MiQ ∏ Mn−i+1†

j=1
n

n

therefore:

(31)

0

"

n

n

n− j

i=1

i=1

Mi Q ∏ Mn−i+1 + ∏ Mi Q ∏ Mn−i+1
†

i=1

and

†

#

∂
∂θj

θ̇ j

n

∏

i=n− j+1

Mn−i+1

†

!#

θ̇ j

#

θ̇ j

d
1
†
dt (M ) = 2 MLn θ̇ ,

n

n− j+1

i= j

i=1

∏ Mi Q ∏

Mn−i+1

†

!

Ln j − Ln j
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n− j+1

i= j

i=1

∏ Mi Q ∏

Mn−i+1

†

!#

j−1

∏ M j−i
i=1

†
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applying (9),

(34)

Q̇0 =

n

"

j−1

∑ ∏ Mi

j=1

i=1

"

n

n− j+1

i= j

i=1

∏ MiQ ∏

!

#

Mn−i+1 † ×(Ln j )

∏ M j−i†

#

!#

θ̇ j

j−1

i=1

θ̇ j

Thus, the above equation can be written as:

(35)

Q̇0 =

n

∑

j=1

"

n

n

∏ MiQ ∏ Mn−i+1†
i=i

i=1

!

0

×

j−1

j−1

i=i

i=1

∏ MiLn j ∏ M j−i†

0

j−1

j−1

Now, defining Q = ∏ni=i Mi Q ∏ni=i Mn−i+1 † and Ln j = ∏i=i Mi Ln j ∏i=1 M j−i † :
Q̇0

(36)

h
i
0
0
= ∑ Q ×Ln j θ̇ j
n

j=1

Therefore, in CGA, the linear velocity of the end-effector is simply expressed by the commutator between the forward kinematics of each line (Ln0 j ) and the end-geometric entity (Q0 ).
Angular velocity: The angular velocity of the end-effector, in CGA, can be determinate using
the motor as (37).
MM † = 1

(37)
deriving:

d
d
(MM † ) = (1)
dt
dt
M Ṁ † + ṀM † = 0

(38)
considering

1
d
dt (M) = − 2 MLn θ̇

and

d
†
dt M

= 12 M † Ln θ̇ :

1
[MM † Ln − Ln MM † ]θ̇ = 0
2

(39)
and MM † = 1:

Ln θ̇ − Ln θ̇ = 0

(40)

Each line of the previous equation is the Lie algebra. Therefore, in CGA, we will interpret the
angular velocity simply as the product between the line Ln and θ̇ . But, as each link of the robots
is in constant motion, the angular velocity will do it too. Hence, the angular velocity of a robot
with n DoF is expressed by (41).
(41)

w=

n

j−1
j−1
Mi Ln j Πi=1 M j−1 †
∑ Ln0 j θ̇ j where Ln0 j = Πi=i

j=1

To conclude, if the linear and angular velocity are known, the instantaneous screw of each
articulation can be constructed as follows:
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(42)



Ln0 j
Sj =
Q0 ×Ln0 j

7



Therefore, the velocity of the end-effector is finally described by (29) and the screw is computed
as (42).
4. D ECENTRALIZED ALGORITHM
The decentralized algorithm is a technique based on Lyapunov theory, where is possible to manipulate the study of the differential kinematics to solve the inverse kinematics of the robot. In
traditional robotics, the inverse algorithm is solved using a linear gain matrix and the transpose
Jacobian to find the inverse kinematics [1]. The main problem is to detect the Jacobian because
in redundant robots the solution can be tedious. But, in CGA, the Lie algebra can be obtained
simply as we illustrated in Sect. 3; therefore, the DoF of the robot is not a significant issue. The
following text shows the development of the decentralized technique to find the solution of the
inverse algorithm using CGA.
Theorem 1
The inverse kinematics using Lie algebra of a serial manipulator can be obtained by (43), where
an extra necessary condition is that the desired trajectory is smooth.

(43)

θi = ε

Z t
t0

[Q0 ×Ln0 i ]T e

dt

Since θi represents the angular value of each joint, ε ∈ R+ and e ∈ R3 is the vector difference
between the desired 1-blade and the measured 1-blade.
Proof.
To prove the effectiveness of this technique, the stability of the error is necessary [10]. Therefore, the quadratic Lyapunov function (LF) can be expressed as:

(44)

1
V (e) = e×e
2

Where the error in our work is represented as the projection between the desired entity (Q0d )
and the measured entity (Q0 ). So, deriving the LF we obtain 45.
(45)

˙ =
V (e)

1d
(e×e)
2 dt

Lemma 4.1 (Derivative of an anti-commutator): The derivative with respect to time of an anticommutator with the same 1-blade is:

(46)

d
(e×e) = 2e×ė
dt

Consequently, with Lemma 4.1, the derivative of LF can be written as:
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˙ = e×ė
V (e)

(47)
Then, applying the Definition 6,
(48)

˙ = 1 (eė + ėe) = e · ė where ė = −Q̇
V (e)
2

Q̇ is the linear velocity that we illustrated in Sect. 3. So, taking (36) in (48):
(49)

i
n h
0
0
˙ = −e ·
Q
×L
V (e)
∑
n j θ̇ j
j=1

h
iT
Here, to converge the error, we take θ̇ as a control signal. Hence, if θ̇ = ε ∑nj=1 Q0 ×Ln0 j e:
(50)

˙ = −ε
V (e)

h
i2
0
0
Q
×L
e2
∑
nj
n

j=1

h
iT
Then, with θ̇ = ε ∑nj=1 Q0 ×Ln0 j
e and ε ∈ R > 0 the derivate of the LF is negative definite,
therefore the system is globally asymptotically stable [10]. So, the solution of the inverse kinematics using the decentralized algorithm is the mentioned in the Theorem 1.
5. C ONCLUSION
A novel algorithm was proposed, where the benefits of using CGA are proved at the moment
to use the decentralized algorithm. The algorithm has the advantage that can be used for any
serial robot, and the DoF are not relevant for the calculation. On the other hand, it is necessary
to take care with the adjustable variable (ε); because it is needed to take a large value to reduce
the error of the point to reach.
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A BSTRACT. This paper presents Garamon, a C++ library generator synthesizing efficient C++
libraries implementing Geometric Algebras in both low and higher dimensions, with any arbitrary constant metric. The generator is designed to produce easy to install, easy to use, effective and numerically stable libraries. For low dimension vector spaces, the Geometric Algebra
products are precomputed, and smoothly switch to recursive product computations for higher
dimensions. The recursive scheme is based on an optimized prefix tree structure that naturally
encodes dual multivectors.

1. I NTRODUCTION
Many implementations of geometric algebra exist taken the form of libraries, library generators,
code generators, packages included into larger systems or specialized programs, each of them
dedicated for a specific use. Information about those different systems can be found in some
books [7, 19, 16] or in papers dealing with implementations [10, 1, 3, 14].
This paper presents Garamon (Geometric Algebra Recursive and Adaptive Monster), a library
generator written in C++ programming language and producing specialized Geometric Algebra
(GA) libraries also in C++. It could be compared to generators producing C++ programming
code like Gaigen [13], Gaalop [5], GMac [11, 10] and libraries written in C++ programming
language like Gaalet [20], Versor [6] and GluCat [17].
Those softwares differ mainly by the way they are representing the multivectors and optimizing the algebra operations. Compared to the linear algebra framework, the fundamental entities
of geometric algebra, the multivectors, are of a higher dimension and thus require larger data
structures. Actually, even if multivectors could be very large (2d coordinates if the base vector
space of the algebra is of dimension d) they are, in practice, very sparse. So, to be efficient, a
GA implementation may tend to represent as few information as possible, and to design operator algorithms that use efficiently this information. To do that, different strategies have been
conducted. Gaigen [13] generates optimized libraries defined from an algebra specification.
Gaalop [5] and Gmac [11, 10] are producing optimized code fragments from the description of
an algorithm in a domain specific language. The drawback is the necessity to manually integrate
the generated code into the target program, that can become annoying when investigating some
algebra equations. Gaalet [20] and Versor [6] are using C++ metaprogramming techniques like
expression templates to define types representing expressions to be computed at compile time.
Thus, expressions are computed only when needed to produce efficient code. GluCat is following another way using real matrix representation for Clifford algebra [18] and a dedicated
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version of fast Fourier transform to improve Clifford product. GluCat was benchmarked and
found its performance to be similar to CLU [12].
All these approaches present some interesting properties, however some improvements can be
achieved to make such libraries easier to use, to have better memory requirements and to range
over wider dimension spaces. These points are the initial motivation to create Garamon.
2. L IBRARY GENERATOR
Garamon is a C++ template library generator dedicated to Geometric Algebra. The generator
itself runs in C++ and generate optimized C++ code. These generated GA libraries are dedicated to be user friendly and efficient both in term of computation speed as well as memory
consumption. The full project is available online1.
The generated libraries are built from a short configuration file describing the targeted algebra.
This configuration file specifies the algebra signature, the name of the basis vectors and some
optimization options. This file is restricted to the minimum information such it can be filled
very easily.
2.1. Efficient. The generated GA libraries handles both “low dimensional” (base vector space
of dimension roughly up to 10) and “high dimensional”, with a hardcoded limit to dimension 31. The “low dimensional” operations are precomputed, whereas the “high dimension”
computations run on a new recursive scheme based on a prefix tree multivector representation.
This prefix tree representation presents some very effective optimization in term of time complexity, as well as the property to encode easily the dual of the considered multivector. The
transition from “low dimensional” to “high dimensional” is smooth, such that “high dimensional” GA libraries still include some precomputed instructions for some products.
2.2. User friendly. The generated libraries are dedicated to be very easy to install and to use.
They are multi-platform, run and compile with only one dependency, i.e. the header only
library eigen [15]. Any generated library contains its own dedicated installation file (cmake),
as well as a dedicated sample code. The generated libraries handle any arbitrary geometric
algebra signature, such that the user do not have to care about basis change. The embedded
basis change takes a special care about numerical stability. Moreover, since all the generated
libraries are identified by a namespace, multiple GA libraries can be used together.
3. M ULTIVECTOR DATA S TRUCTURE
3.1. Multivectors and arrays. For a d dimensional vector space, the potential amount of information that could be stored to represent fundamental elements of linear algebra (vectors and
matrices) strongly differs from the information represented in GA (multivectors). For linear
algebra, it is of order O(d 2 ) whereas for it is of order O(2d ) for GA. This difference usually influences their respective implementation. Hence, linear algebra implementations are frequently
expressing and storing all the data composing a vector or a matrix (except if they are known
to be sparse) whereas GA implementations are mostly trying to only store non-zero elements.
One way to implement this constraint is to use a linked list of non-zero elements as in many
geometric algebra implementations [13, 5, 20, 6]. In this paper, a different approach is followed
by storing multivector elements by grade.
More specifically, a multivector is considered as a set of arrays, all dedicated to a specific grade.
This set contains only arrays related to grades explicitly expressed by the represented multivector, but still, an array may contain zero values, as depicted in figure 1. This choice is motivated
by the fact that most GA entities consist in homogeneous multivectors, i.e. multivectors with
1git clone https://git.renater.fr/garamon.git
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1
0
e1

3
e2

0
e3

0
e4

0
e12

0
e13

2
e14

0
e23

0
e24

0
e34

e123 e124 e134 e234
e1234
F IGURE 1. Data structure, example with x = 3e2 + 2e14 .
elements all having the same grade. In this situation, the array dedicated to the specific grade
of an arbitrary object is likely to be full and thus much more effective than a linked list.
In practice, storing this GA elements as per grade arrays is also motivated by some code optimization using SIMD registers. In that case, even storing some zero often does not affect
the computation speed since the SIMD registers process several multivector product operations
simultaneously.
4. P RODUCTS IN L OW DIMENSIONAL SPACE
4.1. Per grade products. Considering the per grade data structure defined in section 3.1, the
most efficient way to process any product is to precompute it in advance. Since the outer,
inner and geometric products are distributive over the addition, each “per grade product” can
be extracted and computed independently. Let xhki be the part of the multivector x of grade k,
and Dx = {xhii 6= 0} be the set of all k-vector xhki of any grade present in x. Then, most of the
products between the multivectors a and b can be computed by the double loop algorithm as
presented in algorithm 1, (geometric product is a special case).

1
2
3
4
5

Algorithm 1: Per grade loop
input : multivectors a and and b,
a product distributive over the addition
output: multivector: c = a b
foreach k-vector ahka i ∈ Da do
foreach k-vector bhkb i ∈ Db do
kc = find grade( , ka , kb )
chkc i = product ka kb ( , a, b)
return c
In practice, these two loops are likely to contain only one call, in the case where a and b are
homogeneous multivectors. Moreover, each product product ka kb can be precomputed in advance, according to the specified GA signature. More details about this embedded functionality
is given in section 7.
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4.2. SIMD instructions. As presented in Algorithm 1, a multivector product is divided in
sub-products of homogeneous grade. Each sub-product chkc i = ahka i bhkb i consists in a list
of atomic basic contributions of the form cl +=wam bn where cl , w, am and bm are elements of
the base field used to build the algebra. These instructions are easily converted to C++ code
but the conversion to SIMD is not straightforward since some low level memory constraints
should be considered. First, “writing” a new value in a variable is more costly than just reading
it. Second, dealing with consecutive array elements should be highly preferred. Moreover, a
specific care must be given to data cache transfer minimization.
For a given product, all the atomic instructions cl +=wam bn are sorted according to first the
resulting k-vector element index l, then if necessary according to the left and right operand
index n and m.
In the current version of Garamon, the SIMD instructions uses only mavx intrinsics and avoid
mavx2 functions such that it can run on almost any computer. In case of incompatibility, the
SIMD instructions can just be disabled such the program automatically use instead the default
C++ functions.
In practice, the SIMD implementations of GA products are actually not as impressive as expected and leads to roughly the same performances as the regular C++ version compiled with
-02 option. However, further investigations may lead to a more consequent speed up.
4.3. Dual computation. For any full-rank GA signature, the dual multivector computation can
be optimized in advance. By definition the dual of a multivector is given by:
(4.1)

a∗ = a · I−1 =

a · eI
I · eI

This expression requires the computation of two inner products, a reverse and a scalar division,
that can be precomputed in advance. Due to the symmetry property of the Pascal’s triangle,
a k-vector a and its dual a∗ both have the same number of elements. In the array based data
structure of section 3.1, computing the dual of a k-vector thus just consists in changing the
“grade label” of the corresponding array from k to d − k (for a vector space of dimension d),
permuting some array elements and eventually multiplying them by some constant according to
the metric of the algebra. Extending this method to a multivector means to apply it to all nonnull blades of the multivector. Concerning the implementation, the dual is merely computed
by precomputing both an array that stores the required permutation for each array and a vector
that stores the coefficients to apply to each resulting array. These operations are well suited to
SIMD optimization.
5. H IGH DIMENSION VECTOR SPACE
As presented in [3], the common optimization of GA products used in most of the GA libraries
fail in high dimension space, due to memory overload or to complexity issue. Breuils et al. [2]
detailed how a binary tree can represent efficiently multivector components and lead to a recursive formulation of the products used in GA for high dimensions. In the following sections, we
introduce a variation of this formulation, using a prefix tree that presents some interesting properties leading to very efficient optimization in recursive GA products. Moreover, this prefix tree
formulation also includes a natural dual multivector representation well suited to an efficient
dual computation algorithm, particularly useful for high dimensions.
5.1. Multivectors and prefix trees. As detailed in [3], a multivector can be represented by a
binary tree. This approach can be modified to represent a multivector with a prefix tree, where
each node is associated to a basis vector. More precisely, the nodes of depth k of the tree
represent all the basis vector of grade k. Thus, the root node, denoted by 1, represents the scalar

100

GARAMON: GEOMETRIC ALGEBRA LIBRARY GENERATOR

5

part of a multivector, the children of the root node are denoting the vector part, the children of
those nodes are denoting the bivector part, and so on. Moreover, by nature of the prefix tree
structure, each label of basis vector of the tree is prefixed by the labels its parents, as illustrated
in figure 2, where ei jk stands for ei ∧ e j ∧ ek .
000(1)
001(e1 )
011(e12 )

101(e13 )

010(e2 )

100(e3 )

110(e23 )

111(e123 )
F IGURE 2. Prefix tree data structure. Each node of the tree is labeled by a
binary index representing a basis vector of the algebra, here in a 3 dimension
vector space.
Each node of the tree is labeled by a binary word encoding the basis vector representing the
node. This binary labeling, where each bit represents a basis vector, is used in numerous GA
implementations [11, 5, 13]. Traversing a prefix tree representing a multivector can be achieved
using an index called msb (most significant blade). This index represents the binary label of the
last basis vector (of grade 1) encountered from the previous node to reach the considered node.
Thus, this index actually contains only a single bit to 1. Consequently, the label of a child of a
node with binary identifier label and index msb is computed by:
(5.1)

child label(label, msb) = label + msb

where + is the binary addition. In this formulation, the contribution of msb corresponds to the
most significant bit of child label(label, msb).
We can note that this tree representation is not well suited for an efficient data storage due to
the difficulty to cut useless parts of the tree. Therefore, Garamon includes a mapping from the
tree representation to the array structure defined in section 3.1. This mapping consists in two
precomputed lookup tables that extract both the grade and position on the array of a given label.
5.2. Dual and prefix tree. Given a multivector a, then the nodes at depth k of the prefix tree
represent the components of a of grade k. Hence, the root of the tree is always the scalar component, and the deepest leave corresponds to the pseudoscalar component of a. It is noteworthy
to observe that this formulation also implicitly describes the dual a∗ of a by reading the tree
from the pseudoscalar leave to the scalar root, as shown in figure 3. This dual “upside down”
representation of the prefix tree involves some basis sign changes adjustments. Moreover, some
nodes of the dual prefix tree are affected by the metric of the specified algebra. To include these
coefficient changes, both the sign and the metric coefficients can be stored in a single array of
size 2d , where d is the dimension of the vector space supporting the algebra.
In practice, the dual tree traversal requires a function to indicate the children of a given node.
This function corresponds to a dual version of Eq. (5.1) and is derived from the binary labeling
of the nodes, by:
(5.2)

dual child label(label, msb) = label − msb

Note that the label of the root is now the binary label (1 << d) − 1 where << is the left shift
operator that shifts on the left the digits of a label.
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1 /−e∗123

e12 /e∗3

e1 /−e∗23

e2 /e∗13

e13 /−e∗2

e23 /e∗1

e3 /−e∗12

e123 /1∗
F IGURE 3. Primal form of a tree data structure of an Euclidean 3 dimensional
vector space, and its dual counterpart in red
The dual and primal prefix tree representations are the support of an efficient recursive expression of GA products, coupled with the per grade data structure of section 3.1. As for the primal
prefix tree, the dual prefix tree is just a support for the recursive products, the data are staying
stored into the “per grade” data structure of section 3.1. The main goal of this dual prefix tree is
to compute some product between dual multivectors without computing the costly multivector
dualization.
6. P RODUCTS IN HIGH DIMENSIONAL VECTOR SPACE
6.1. Recursive products. The recursive products over binary trees, defined by Fuchs and
Théry [14] and developed by Breuils et al. [2], can be adapted to the prefix tree with the same
efficient time complexity, i.e. O(3d ) for the outer product instead of the usual O(4d ). However,
this prefix tree structure is more compact since all the nodes represent a multivector component,
where only the leaves of the binary tree store these data. This compact structure presents some
advantages concerning the ranges of possible optimization. Indeed, according to the product to
be processed, some branches of the tree can be left unvisited. This decision is computed with a
very simple rule related to a boundary on the msb index. Moreover, since the grade corresponding to a node depends on its depth, this depth indicates when to stop the recursive call along the
tree, i.e. when the grade of the result multivector is reached.
In the following, we consider the outer product. The inner and geometric products are computed
in a very similar way. The outer product c<kc > = a<ka > ∧ b<kb > can be computed recursively
in efficiently traversing the prefix tree of a, b and c, as shown in Algorithm 2. In this pseudocode, labelToMsb(label) computes the most significant bit from the considered label. The
function gradeKReachable(grade, msb) indicates whether at least a child of a node reached
by reading the basis vector ‘msb’ can reach the grade ‘grade’. This function is used to avoid
several recursive calls, as shown on Figure 4. Furthermore, as the dimension grows, this number
of avoided useless recursive calls grows exponentially.
6.2. Products with dual multivectors. A recursive product where one or both of the operands
are dual multivectors can be optimized by an extension of Algorithm 2 adapted to the dual tree
defined in Section 5.2. In a certain sense, it is like if the recursive product algorithm is dualized
instead of the multivectors. In this situation, potential costly dualizations can be avoided.
6.3. Hybridization. For high dimension GA, the generated libraries include a soft transition
between precomputed products and recursive products. The criteria for a product to be implemented either with precomputed functions or recursively is defined by a user defined threshold
on the size of the two k-vectors involved in the product. With this approach, a GA library over
a 10 dimension vector space can entirely be implemented in precomputed functions and a GA
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Algorithm 2: Recursive outer product c<kc > = a<ka > ∧ b<kb >

Function outer
Input: a, b: two multivectors,
c: resulting multivector,
ka , kb and kc : the respective grade of each multivector.
labela , labelb , labelc : the recursive position on each tree.
sign: a recursive sign index.
if grade(labelc ) == kc then
c[labelc ]+ = sign × a[labela ] × b[labelb ]
else
msba = labelToMsb(labela )
msbb = labelToMsb(labelb )
msbc = labelToMsb(labelc )
foreach msb such that gradeKReachable(kc , msb)== true do
label = labelc + msb
if gradeKReachable(ka , msb) then
outer(a, b, c, ka , kb , kc , labela + msb, labelb , label, −sign)

// end of recursion
// recursive calls

if gradeKReachable(kb , msb) then
outer(a, b, c, ka , kb , kc , labela , labelb + msb, label, sign)

library over a 15 dimension vector space will have at least the products of vectors implemented
with precomputed functions.
1
e1
e13

e12
e123

e124

e134

e3

e2
e14

e23

e24

e4

e34

e234

e1234
F IGURE 4. Tree structure for a resulting multivector of grade 3 in a 4dimensional vector space. Useless branches are depicted with gray dashed arrows. The targeted nodes (of grade 3) are surrounded by a black rectangle. We
can remark that 6 useless traversals are ignored over 15 theoretic traversals
7. N ON ORTHOGONAL METRIC
For ergonomic purposes, any optional basis changes required by an arbitrary metric are automatically handled by the generated library. This basis change is included in the precomputed
functions during the precomputation process and is explicitly computed for the recursive products before and after the recursive calls. The library generator first checks if the metric is a
valid symmetric matrix. If the matrix is identity, all the generated products are left unchanged.
If the matrix is a diagonal matrix (but not identity), the metric coefficients are inserted in the
products. In any other cases, we follow [10] and proceed to a basis change, however we also
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add some numerical robustness preprocessing. As an example, let us consider the Conformal
Geometric Algebra of R2 with metric M and its eigen decomposition M = PDP−1 :


0 0 0
 0 1 0
M=
 0 0 1
−1 0 0

 
−1
0.707

0 
0
=
0  
0
0
−0.707

0.707 0
0
0
0
1
0.707 0


1
0
 0
1 

0  0
0
0

0
−1
0
0



0.707 0 0 −0.707
0 0


0 0 
  0.707 0 0 0.707 

0 1
0
1 0  0
0
1 0
0
0 1

For such very common metrics, an eigen decomposition leads to square roots in the eigen vector
components. For a better numerical robustness, we automatically upscale the matrix P such that
it is composed of integers and downscale accordingly its inverse P−1 :


0
 0
M=
 0
−1

 
0 0 −1
1
 0
1 0 0 
=
0 1 0   0
0 0 0
−1

1 0
0 0
0 1
1 0


1
0
 0
1 

0  0
0
0

0
−1
0
0


0.5
0 0
 0.5
0 0 

1 0  0
0
0 1

0 0
0 0
0 1
1 0


−0.5
0.5 

0 
0

Then, all the components of the resulting matrices are subject to a numerical clean up, by adjusting each value to the nearest integer, inverse power of two or decimal. Thus, this clean
up removes the numerical errors generated by the eigen decomposition and is validated if the
resulting decomposition still results in the original metric. In all the GA we encountered, this
process remove all the numerical approximations. The final stage consists in the generation of
both transformations and inverse transformation matrix for any grade of the algebra. In practice, these transformation matrices are very sparse and are stored in the efficient eigen sparse
matrices [15]. In the case of non-full-rank metrics, the process remains the same, however the
dual functions are not generated.
8. E XPERIMENTAL RESULTS
We conducted some tests on high quality consumer grade hardware over several platforms
(Ubuntu-16.04, MacOs-10.12 and Windows-10), with gcc-5.4, clang-9.0 and MinGW-7.2 compilers. The compilers just need to be compatible with C++14. These tests mainly concern the
speed of the products, the size of the binary file, the size of the stored data and the dimension
range. To get a better understanding of the results, we compared Garamon with some of the
most efficient existing GA libraries in C++, namely Gaalop [5], Gaigen [13] and Versor [6].
8.1. High dimensions. In this section, the term dimension d refers to the dimension of the
vector space used to build a GA composed of 2d elements. According to [3], the highest
dimension usable with Gaalop is around 10, due to memory overload. As stated in [13], the
maximum dimension supported by Gaigen is dimension 12. The tests we conducted on Versor
showed that a single vector product could run in an Euclidean GA at most in dimension 10, due
to compilation memory overloads. This maximum dimension falls to dimension 7 when the
program tested involves various grades of k-vectors and various associated products.
Garamon is designed to be compatible with high dimension algebras. Due to some technical
choices, Garamon has a hardcoded limit of dimension 31. However in practice, while generating a library based on an Euclidean algebra of dimension 20 takes few seconds, generating
a library based on a conformal vector space (including basis changes) of the same dimension
20 may requires hours. Then, the compilation may also be long, but should be done only once
since our compilation process includes a full precompiled version for float and double.
For practical applications, we conducted some tests on both Double Projective Geometric Algebra of R4,4 [8] and Triple Conformal Geometric algebra of R9,3 [9]. For higher dimensional
algebra, we tested Garamon on the Quadric Conformal Geometric Algebra [4] built over a
15-dimensional vector space for real-time applications. There would be some interests to also
conduct these tests on high dimension Euclidean GA dedicated to GIS sytems [21].
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8.2. Speed computation. The speed computation tests were conducted on basic operations
like outer products c = a ∧ b, inner products c = a|b, or some combinations d = (a ∧ b)|c. For
more complex operations, we expect Gaalop [5] to provide some efficient code reduction such
it becomes the best solution every time.
For Gaalop, we followed its standard usage and generated a set of functions with general signature like “void myProduct(a, b, c)”, that are clearly efficient since no memory allocation nor
memory copy are required. However, these functions are far from easy to use when combining
several products. For the other tested libraries, we used the already defined functions, such
as c = a ∧ b. In most of the implementations, these operations require a memory allocation to
locally store the result, and a copy to the final variable.
For each tested libraries, the speed performance can vary according to the platform, the compiler and the algebra dimension. However, the trend of these benchmarks tends to show that
Gaalop and Versor are almost every time the fastest. Garamon presents the same performances as Gaigen, and surprisingly performs sometimes better that Gaalop on products such as
d = (a ∧ b)|c.
The code profiling shows that a large part of the product in Garamon is actually used for the
memory allocation. This situation is especially true when the result of a product has several
grades, like is some geometric products where the memory allocation is performed for all independent grades and not once, like in Gaigen. The memory handling of Garamon, however,
presents some good property when manipulating a large amount of data, as described in the
section 8.3.
8.3. Memory consumption. The data memory consumption tests were conducted by generating both a large number of random vectors and bivectors. Let d be the dimension of the
vector space supporting the algebra, Table 1 and 2 show that the per-grade arrays has a memory
storage roughly linear in d when the full multivector has a memory complexity of O(2d ).
TABLE 1. Memory requirement (in MB) to store 5.104 random vectors.
dimension 5
6
7
8
10
15
Gaalop / Gaigen 12.8 25.6 51.2 102.4 409.6 −
Versor 4.6 5.0 5.5
6.3
−
−
Garamon 2.1 2.5 2.9
3.4
4.3 6.4
TABLE 2. Memory requirement (in MB) to store 5.104 random bivectors.
dimension 5
6
7
8
10
15
Gaalop / Gaigen 12.8 25.6 51.20 102.4 409.6 −
Versor 7.9 11.8 16.6 22.1
−
−
Garamon 5.3 7.9 11.2 15.3 24.7 57.6
In term of binary file size and as an indication, Garamon weights 2.6 MB in dimension 5 and
7.8MB in dimension 18.
9. C ONCLUSION
This paper presents Garamon, a geometric algebra library generator synthesizing C++ libraries
implementing geometric algebras of low and high dimensions for any arbitrary metrics. A first
objective of Garamon is to be as user friendly as possible, with an easy installation procedure
and intuitive commands. Moreover, the user do not have to handle any basis changes relative
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to Geometric Algebra products. A second objective of Garamon is to have good computational
performances in term of speed and memory consumption. The “per grade” data structure used
in Garamon is an efficient compromise between data storage, computation efficiency and user
friendliness. According to the base vector space dimension, the generated specialized libraries
are implemented either with full precomputed operations or also based on a new recursive
scheme following a prefix tree multivector representation for higher dimensions. An “upside
down” reading of the prefix tree leads to recursive products of the dual multivector without
any explicit dualization. Finally, Garamon can handle any arbitrary algebra signatures with a
numerically robust basis change implementation. We consider Garamon as an efficient tool to
easily test and investigate GA algorithms. Then, the final version of the target application can
be optimized only once with Gaalop.
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CONIC FITTING IN GEOMETRIC ALGEBRA SETTING
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A BSTRACT. Conic sections in general positions in the plane can be represented by elements of
geometric algebra G5,3 , [1]. We show that this geometric algebra setting directly gives a method
of fitting conic sections to scattered data in a similar way as conformal geometric algebra gives
a method of fitting spheres. We obtain a robust algebraic distance algorithm which gives a
least–squares approximation of conics with respect to a new normalization. The algorithm is
invariant with respect to rotations and scalings by definition but it is not invariant with respect to
translations. We discuss its comparison with alternative methods and provide a demonstration
on specific data.
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[1] J. Hrdina, A. Návrat, P. Vašı́k, Geometric Algebra for Conics, submitted to Adv. Appl. Clifford Algebr.,
2018.

107

SINGULARITY-FREE COMPUTATION OF QUATERNIONS
FROM ROTATION MATRICES IN E4 AND E3
S. Sarabandi a , A. Perez-Gracia b and F. Thomas c
a Institut
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A BSTRACT. A real orthogonal matrix representing a rotation in E4 can be decomposed into
the commutative product of a left-isoclinic and a right-isoclinic rotation matrix. The double
quaternion representation of rotations in E4 follows directly from this decomposition. In this
paper, it is shown how this decomposition can be performed without divisions. This avoids the
common numerical issues attributed to the computation of quaternions from rotation matrices.
The map from the 4×4 rotation matrices to the set of double unit quaternions is a 2-to-1
covering map. Thus, this map cannot be smoothly inverted. As a consequence, it is erroneously
assumed that all inversions should necessarily contain singularities that arise in the form of
quotients where the divisor can be arbitrarily small. This misconception is herein clarified.
When particularized to three dimensions, it is shown how the resulting formulation outperforms, from the numerical point of view, the celebrated Shepperd’s method.

1. I NTRODUCTION
Any rotation in E4 can be seen as the composition of two rotations in a pair of orthogonal
two-dimensional subspaces [1]. When the module of the rotated angles in these two subspaces
are equal, the rotation is said to be isoclinic. It can be proved that any rotation in E4 can be
factored into the commutative composition of two isoclinic rotations. Cayley realized this fact
when studying the double quaternion representation of rotations in E4 [2]. The development of
the first effective procedure for computing this factorization is attributed in [3] to Van Elfrinkhof
[4]. Since this work, written in Dutch, remained unnoticed, other sources (see, for example,
[5]) attribute it to Rosen [6]. The methods of Elfrinkhof and Rosen are equivalent (see [3, 7]
for a detailed explanation). Although formally correct, these methods were not designed taking
into account numerical issues. In this paper, we introduce a slight variation on them which
leads to division-free closed formulas for the elements of the double quaternion corresponding
to a rotation matrix in E4 . This has interesting consequences when particularized to rotations
in E3 . We show how the resulting formulation outperforms, from the numerical point of view,
the celebrated Shepperd’s method widely used in aerial navigation, computer graphics, and
robotics.
This paper is organized as follows. Section 2 summarizes the basic facts about rotations in
E4 that are used in Section 3 to derive a set of division-free formulas for obtaining the double
quaternion representation of a rotation in E4 . Then, in Section 4, this result is particularized
This work was partially supported by the Spanish Ministry of Economy and Competitiveness through project
DPI2014-57220-C2-2-P, DPI2017-88282-P, MDM-2016-0656, and the USA National Science Foundation under
Grant No. 1208385.
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to rotations in E3 . Section 5 briefly reviews Shepperd’s method, the standard method used to
compute the quaternion corresponding to a 3×3 rotation matrix. Section 6 compares the new
method and Shepperd’s method from the numerical point of view using a statistical analysis.
Section 7 summarizes the main points.
2. ROTATIONS IN E4
The elements of the Lie group of rotations in four-dimensional space, SO(4), can be either
simple or double rotations. Simple rotations have an invariant plane of points, while double
rotations have a single invariant point only, the center of rotation. In addition, double rotations
present at least a couple of invariant planes that are orthogonal. Then, a rotation in E4 has two
angles of rotation, α1 and α2 , one for each plane of rotation, through which points in the planes
rotate. All points not in the planes rotate through an angle between α1 and α2 . See [8] for
details on the geometric interpretation of rotations in four dimensions.
Isoclinic rotations are a particular case of double rotations in which there are infinitely many
invariant orthogonal planes, with same rotation angles, that is, α1 = ±α2 . These rotations can
be left-isoclinic, when the rotation in both planes is the same (α1 = α2 ), or right-isoclinic, when
the rotations in both planes have opposite signs (α1 = −α2 ).
Isoclinic rotation have several important properties: (a) the composition of two right- (left-)
isoclinic rotations is a right- (left-) isoclinic rotation; (b) the composition of a right- and a
left-isoclinic rotation is commutative; and (c) any 4D rotation can be decomposed into the
composition of a right- and a left-isoclinic rotations.
Right- and a left-isoclinic rotations form maximal and normal subgroups. Denote SR3 as the
subgroups of right-isoclinic rotations, and SR3 the subgroup of left-isoclinic rotations. The direct
product SL3 × SR3 is a double cover of the group SO(4), as four-dimensional rotations can be seen
as the composition of rotations of these two subgroups, and there are two expressions for each
element of the group.
The left- and right-isoclinic rotations can be represented by rotation matrices of the form
⎛
⎞
l0

(1)

⎜ l
RL = ⎝ 3
−l

2

l1

and
(2)
respectively, where

−l3
l2 −l1
l0 −l1 −l2 ⎟
,
l1
l0 −l3 ⎠
l2
l3
l0

⎛

r0 −r3
r2
r
r
−r
⎜
0
1
RR = ⎝ 3
−r2
r1
r0
−r1 −r2 −r3

(3)

l = σ (l0 , l1 , l2 , l3 ),

(4)

r = σ (r0 , r1 , r2 , r3 ),

⎞

r1
r2 ⎟
,
r3 ⎠
r0

directly correspond to their quaternion representation with σ = ±1.
Since (1) and (2) are rotation matrices, their rows and columns are unit vectors. As a consequence,
(5)

l02 + l12 + l22 + l32 = 1,

(6)

r02 + r12 + r22 + r32 = 1.

and the quaternions in (3) and (4) are unit quaternions.
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Without loss of generality, we have introduced some changes in the signs and indices of (1)
and (2) with respect to the notation used by Cayley [2, 5] to provide a neat connection with the
standard use of quaternions for representing rotations in three dimensions.
According to the above properties, a 4D rotation matrix, say R, can be expressed as:
R = RL RR = RR RL ,

(7)
where

RL = l0 I + l1 A1 + l2 A2 + l3 A3 ,

(8)
and

RR = r0 I + r1 B1 + r2 B2 + r3 B3 ,

(9)

where I stands for the 4 × 4 identity matrix and
⎞
⎛
⎛
0
⎜0
A1 = ⎝
0
1

⎛

0
⎜ 0
B1 = ⎝
0
−1

0
0 −1
0
0 −1
0⎟
⎜ 0
, A2 = ⎝
1
0
0⎠
−1
0
0
0
0

⎞

0
0
0
1

⎛

0
0 1
0
0
0 −1 0⎟
0
⎜ 0
, B2 = ⎝
1
0 0⎠
−1
0
0
0 0
0 −1

⎞

⎛

⎞

⎛

⎞

1
0
0 −1 0
0
0 −1⎟
⎜1 0 0 0 ⎟
, A3 = ⎝
,
0
0⎠
0
0 0 −1⎠
0
0
0
0 1
0
1
0
0
0

Now, it can be verified that

0
0 −1
0
1⎟
0
⎜1 0
, B3 = ⎝
0⎠
0
0
0
0
0
0 −1

⎞

0
0⎟
.
1⎠
0

A21 = A22 = A23 = A1 A2 A3 = −I,

(10)
and

B21 = B22 = B23 = B1 B2 B3 = −I.

(11)

Expression (10) determines all the possible products of A1 , A2 , and A3 resulting in
A2 A3 = A1 ,
A1 A2 = A3 ,
A2 A1 = −A3 , A3 A2 = −A1 ,

(12)

A3 A1 = A2 ,
A1 A3 = −A2 .

Likewise, all the possible products of B1 , B2 , and B3 can be derived from expression (11).
Moreover, it can be verified that
Ai B j = B j Ai .

(13)

which is actually a consequence of the commutativity of left- and right-isoclinic rotations.
3. T HE PROPOSED FACTORIZATION METHOD
The problem of factoring a 4D rotation matrix, say R, into the product of a right- and a leftisoclinic rotation matrix consists in finding the values of l0 , . . . , l3 and r0 , . . . , r3 that satisfy the
following matrix equation:

(14)

⎛

r11
⎜r21
R=⎝
r31
r41

r12
r22
r32
r42

r13
r23
r33
r43

⎞

⎞⎛

⎛

r14
l0 −l3
l2 −l1
r0 −r3
r2
r24 ⎟ ⎜ l3
l0 −l1 −l2 ⎟⎜ r3
r0 −r1
=
r34 ⎠ ⎝−l2
l1
l0 −l3 ⎠⎝−r2
r1
r0
r44
l1
l2
l3
l0
−r1 −r2 −r3
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r1
r2 ⎟
.
r3 ⎠
r0
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To this end, let us first define the matrix of products as:
⎛ ⎞
⎛
l0
l0 r0
⎜l1 ⎟ 
⎜l1 r0
⎟
⎜
(15)
P4 := ⎜
⎝l2 ⎠ r0 r1 r2 r3 = ⎝l2 r0
l3
l3 r0

l0 r1
l1 r1
l2 r1
l3 r1

l0 r2
l1 r2
l2 r2
l3 r2

Observe that the norm of row i of this matrix is:

⎞
l0 r3
l1 r3 ⎟
⎟.
l2 r3 ⎠
l3 r3

2 (r 2 + r 2 + r 2 + r 2 ) = |l
+ li+1
i+1 | .
0
1
2
3

(16)

Likewise, the norm of column i is:
2 (l 2 + l 2 + l 2 + l 2 ) = |r
+ ri+1
i+1 | .
0
1
2
3

(17)

Now, using equation (14), it can be verified that1:
(18) ⎛
r11 + r22 + r33 + r44
1 ⎜ r41 + r32 − r23 − r14
P4 = ⎝
4 −r31 + r42 + r13 − r24
r21 − r12 + r43 − r34

−r41 + r32 − r23 + r14
r11 − r22 − r33 + r44
r21 + r12 − r43 − r34
r31 + r42 + r13 + r24

−r31 − r42 + r13 + r24
r21 + r12 + r43 + r34
−r11 + r22 − r33 + r44
−r41 + r32 + r23 − r14

⎞

r21 − r12 − r43 + r34
r31 − r42 + r13 − r24 ⎟
.
r41 + r32 + r23 + r14 ⎠
−r11 − r22 + r33 + r44

Therefore, the norms of the row and column vectors of the matrix in (18) gives us the modules
of l0 , . . . , l3 and r0 , . . . , r3 . To assign a consistent set of signs to them, we can take any positive
entry in the matrix given in (18), say pk,l . Then, according to (15), lk−1 and rl−1 are both
positive or negative. If we assume that they are both positive, then we have that:
(19)

sign(li−1 ) = sign(pi,l ), i ∈ {1, 2, 3, 4}\k,

and
(20)

sign(r j−1 ) = sign(pk, j ), j ∈ {1, 2, 3, 4}\l.

Another set of consistent signs are obtained if we assume that lk−1 and rl−1 are both negative,
thus accounting for the double covering of the space of rotations.
4. PARTICULARIZATION TO E3
A 4×4 rotation matrix, when representing a rotation in a 3-dimensional subspace, can be expressed as:
⎞
⎛
r11 r12 r13 0

(21)

r
r
0⎟
⎜r
R = ⎝ 21 22 23 ⎠ .
r
r
0
r
31

32

33

0

0

0

Therefore, in this case, (18) reduces to:
⎛
(22)

1

⎞

r11 + r22 + r33 + 1
r32 − r23
r13 − r31
r21 − r12
1⎜
r32 − r23
r11 − r22 − r33 + 1
r21 + r12
r31 + r13
⎟
P3 = ⎝
⎠.
r
−
r
r
+
r
r
−
r
−
r
+
1
r
+
r
13
31
21
12
22
11
33
32
23
4
r21 − r12
r31 + r13
r32 + r23
r33 − r11 − r22 + 1

Due to the symmetry of this matrix, li = ri , i = 0, . . . , 3. As we already knew, the double
quaternion representation of rotations in E4 reduces to a single quaternion representation in E3 .
1The expression given in [7] for this matrix is incorrect.
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Let us denote this quaternion by q = (q0 , q1 , q2 , q3 ). Therefore, computing the norms of the
rows or the columns of (22), we have that:
(23)
(24)
(25)
(26)

1
4
1
|q1 | = +
4
1
|q2 | = +
4
1
|q3 | = +
4

|q0 | = +

(r11 +r22 +r33 + 1)2 + (r32 −r23 )2 + (r13 −r31 )2 + (r21 −r12 )2 ,
(r32 −r23 )2 + (r11 −r22 −r33 + 1)2 + (r21 +r12 )2 + (r31 +r13 )2 ,
(r13 −r31 )2 + (r21 +r12 )2 + (r22 −r11 −r33 + 1)2 + (r32 +r23 )2 ,
(r21 −r12 )2 + (r31 +r13 )2 + (r32 +r23 )2 + (r33 −r11 −r22 +1)2 .

If we assume that q0 is positive, we can give a consistent set of signs to the other elements of
the quaternion by simply assigning the signs of (r32 − r23 ), (r13 − r31 ), and (r21 − r12 ), to q1 ,
q2 , and q3 , respectively.

5. S HEPPERD ’ S METHOD
Since it was first proposed in [9], Shepperd’s method remains as one of the most popular methods for computing the quaternion corresponding to a 3×3 rotation matrix. It improves on
Hughes’ method [10] via a voting scheme. In this method, there are four different formulas
for computing the quaternion as a function of the entries of the rotation matrix, all of them formally equivalent. Numerically, however, these four formulas are not identical and, depending
on the rotation matrix, one of them is numerically better conditioned than the others. These
four formulas are:
⎞
⎛
1
(1+r11 +r22 +r33 ) 2
1⎟
1⎜
⎜(r32 −r23 )/(1+r11 +r22 +r33 ) 2 ⎟
(27)
u1 = ⎜
1⎟,
2 ⎝(r13 −r31 )/(1+r11 +r22 +r33 ) 2 ⎠
1
(r21 −r12 )/(1+r11 +r22 +r33 ) 2

(28)

(29)

⎛
1⎞
(r32 −r23 )/(1+r11 −r22 −r33 ) 2
1
⎟
1⎜
(1+r11 −r22 −r33 ) 2
⎟
⎜
u2 = ⎜
1⎟,
2 ⎝(r12 +r21 )/(1+r11 −r22 −r33 ) 2 ⎠
1
(r31 +r13 )/(1+r11 −r22 −r33 ) 2
⎛
1⎞
(r13 −r31 )/(1−r11 +r22 −r33 ) 2
1⎟
1⎜
⎜(r12 +r21 )/(1−r11 +r22 −r33 ) 2 ⎟
u3 = ⎜
⎟,
1
2⎝
⎠
(1−r11 +r22 −r33 ) 2
1

(r23 +r32 )/(1−r11 +r22 −r33 ) 2

(30)

⎛
1⎞
(r21 −r12 )/(1−r11 −r22 +r33 ) 2
1⎟
1⎜
⎜(r31 +r13 )/(1−r11 −r22 +r33 ) 2 ⎟
u4 = ⎜
1⎟.
2 ⎝(r32 +r23 )/(1−r11 −r22 +r33 ) 2 ⎠
1

(1−r11 −r22 +r33 ) 2

When computing any of the above solutions, numerical issues arise when square rooting, or
when dividing by, very small numbers [11]. To obtain the better conditioned solution for each
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case, the ordinal number i of the largest element in the following vector is determined:
⎛
⎞
r11 +r22 +r33
⎜
⎟
r11
⎜
⎟.
(31)
⎝
⎠
r22
r33
Then, the best solution, from the numerical point of view, is considered to be ui .
6. C OMPARISON
To compare the performance of the derived method with Shepperd’s method, we perform a statistical analysis using single-precision floating-point arithmetics in MATLAB . We generate
106 random unit quaternions using the algorithm described in [12] (it actually permits generating uniformly distributed points in S4 ). For each generated quaternion, we obtain the corresponding rotation matrix using Rodrigues’ formula, and then we recover the original quaternion
using Shepperd’s and the proposed method. The error committed in both cases is evaluated as
the norm of the vector difference between the original and recovered quaternions. In general,
this is not a good way to compute the distance between two quaternions. Nevertheless, since
in our case the error is assumed to be very small, the length of the vector connecting both orientations in S4 is going to coincide with the value of the angle formed by them if seen from
the center of S4 (and this angle can be taken as a distance between any two elements of the 3D
rotation group SO(3) [13]).
TABLE 1. Error and time performances of Shepperd’s and the new method.
Method
Shepperd’s
New method

Quaternions Worst-case Average Standard
recovered
error
error deviation
−7
without error
×10
×10−8
×10−8
24.41%
1.7
3.04
4.07
31.81%
1.8
2.47
3.61

Average Best-case
time
time
(μ s)
(μ s)
13.6
7.5
6.7
3.9

The time and error performances of the two described methods are compiled in Table 1. In this
table, the first four columns refer to the error performance. The first one shows the percentage
of cases in which the original quaternion is recovered without error. The other three correspond
to the error committed in the worst-case, the average error, and the standard deviation of the
error, respectively. Finally, we have two columns with the time performance. The first column
gives the average time required to compute a quaternion from a rotation matrix; and the second
column, the time required in the best of the cases. The worst-case time is not included because it
is meaningless on a multitasking machine. These results have been obtained with a MATLAB
implementation running on an Intel CoreTM i7 with 32 GB of RAM.
7. C ONCLUSION
A singularity-free formulation for computing the double and single quaternion corresponding
to a given rotation in E4 and E3 , respectively, has been presented. The three-dimensional
version of this formulation has been shown to numerically outperform Shepperd’s method. In
particular, if we take a quaternion at random and we compute the corresponding rotation matrix,
the probability of recovering exactly the original quaternion from this matrix using Shepperd’s
method is about 24%, while using the new method this probability is increased to 31%. In
Addition to this, the computational cost of the proposed method is about two times lower than
Shepperd’s method.
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APPLICATION OF CONFORMAL GEOMETRIC ALGEBRA TO IN-PLANE
ROTATED FACE DETECTION BY ADABOOST-BASED ALGORITHM
A BSTRACT. Viola and Jones proposed for face detection a state-of-the-art method with respect
to performance and robustness, using the AdaBoost algorithm. In this paper, we extend this
method by utilizing Conformal Geometric Algebra (CGA) to extract feature values after using
Haar-like patterns. For evaluation, we apply CGA with a different number of Haar-like patterns
to construct a feature and the accuracy is then compared to choose the one that works best in
practice. Moreover, we raise the efficiency of the integral image representation by introducing
non-integer sized patterns. Overall, we can obtain more informative features that substantially
enhance system performance.
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1. I NTRODUCTION
There has been a variety of approaches and solutions for face detection problems. Viola and
Jones proposed the state-of-the-art method in [13, 12] which gained success in both performance and robustness. Their method is based on the AdaBoost algorithm which is simple to
implement and is efficient for obtaining high accuracy. Inspired by their work, a number of
methods have been proposed to advance face detection systems.
In this paper, we build on the work of Viola-Jones and propose a new method to apply AdaBoost. There are two main contributions in our approach, they are briefly introduced below
and in detail in the next sections.
First, we utilize Conformal Geometric Algebra (CGA) [11, 1, 3] to extract feature values after
using Haar-like patterns. The procedure to calculate feature values follows [6]. To evaluate
the performance of our proposed method, we apply CGA with different number of Haar-like
patterns to construct a feature and the accuracy is then compared to choose the one that works
best in practice (see also Section 3.3).
Second, integral image representation is utilized more efficiently by using non-integer size patterns. Compared to the original method, we can obtain more informative features that enhance
the system performance.
2. R EVIEW OF V IOLA -J ONES A LGORITHM
2.1. Haar-like Patterns. Accuracy and robustness have a strong relation to how features are
extracted and used. Viola and Jones applied Haar-like features to find pixel level differences in
an image region. Examples of Haar-like patterns are shown below in Fig. 1.
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F IGURE 1. Haar-like rectangle patterns used by Viola and Jones.
2.2. AdaBoost Algorithm. For this problem, AdaBoost [9, 10] can be used to select the essential features as well as to train for a strong classifier. This algorithm constructs a strong
classifier from a linear combination of weak classifiers.

(1)

F(x) =

T

∑ αt ht (x),

t=1

where x is an image example, ht (x) is a weak or basic classifier. Normally, the set H of all
classifiers h(x) is finite.
A weak classifier is a function of a feature f , a threshold θ and a polarity p that denotes the
direction of the inequality:

(2)

(
1 p × f (x) < p × θ ,
h(x, f , p, θ ) =
0 otherwise.

θ and p are determined for a particular feature to best classify positive and negative examples.
In the Viola-Jones system, supposing that there are N image examples, K features for each
image, and M being the number of trained weak classifiers, the total complexity for training
is O(MKN log2 N). However, all feature values for the whole input image set should be precalculated and storeed in the hard drive. This leads to a waste of preparation time as well as
memory consumption.
3. P ROPOSED M ETHOD BY C ONFORMAL G EOMETRIC A LGEBRA
3.1. New Haar-like Value Extraction. In this paper, we propose to use Haar-like rectangles
with non-integer size. With this method, we can obtain more informative Haar-like patterns.
Thus, in the training procedure, better classifiers can be chosen and yield higher classification
rates. Fig. 2 shows some examples of new non integer-sized rectangles. In this example,
Tab. 1 shows 3×3 Haar-like patterns (type (b) in Fig. 1) applied to a 3×4 sub-window image.
Numbers inside each cell indicate the gray level of pixels for demonstration purpose.

F IGURE 2. 3 × 4 sub-window image with non integer-sized feature
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TABLE 1. Color map for Haar-like type (b), white region denoted by 1 otherwise −1.
1
1
1

−1
−1
−1

1
1
1

By using the color map above, feature values are quickly computed with integer or non-integer
size Haar-like pattern with the complexity of O(1).
3.2. Review of Conformal Geometric Algebra. Conformal Geometric Algebra (CGA) [2, 3,
4] extends the real Euclidean vector space Rm by adding two orthonormal basis vectors. It
results in the space determined by m + 2 basis vectors {e1 , e2 , ..., em , e+ , e− } and its Clifford
algebra, termed CGA.
m
In CGA, a real Euclidean vector x = ∑m
i xi ei ∈ R is mapped to a vector X ∈ Gm+1,1 by
1
(3)
X = x + kxk2 e∞ + e0 .
2

The general form of a conformal vector S in Gm+1,1 for hyper-planes and hyper-spheres is
S = s + s∞ e∞ + s0 e0 ,

(4)

m
where s = ∑m
i si ei is a vector in the real Euclidean space R . s∞ and s0 are scalar coefficients.

A sphere in CGA is defined as:
1
1
S = X − r2 e∞ = x + {kxk2 − r2 }e∞ + e0 ,
2
2
where x and r are the center and radius of the sphere in real Euclidean space Rm respectively,
with P ∈ S ⇔ P · S = 0 for any conformal point P.
(5)

Similarly, a plane can be expressed as a conformal vector in CGA:
π = n + de∞ ,

(6)
Rm

where n ∈
is the normal vector, and X ∈ π ⇔ X · π = 0 ⇔ n · x + d = 0 in real space Rm ,
and d the oriented scalar distance from the origin.
3.3. Applying Conformal Geometric Algebra to AdaBoost. In the Viola-Jones system, only
one Haar-like feature for each weak classifier is used and in each round, the whole set of features
is put into the comparison to choose the best one which achieves the lowest error. Theoretically,
AdaBoost can be applied to search for the best weak classifiers in this way. However, there is
still room to further improve and benefit even more from Haar-like features and the power of
AdaBoost.
In most of the recent research on face detection with AdaBoost using Haar-like patterns as
features, the features have not been efficiently mined because the main purpose is just to obtain
the smallest error without analyzing the data representation. Thus, in this paper, we propose to
apply CGA to face detection. The key point in our method is to figure out the best hyper-plane
(or hyper-sphere) that fits all feature values calculated from input images. For this problem, we
use results from [6] and we propose a new method to estimate a hyper-sphere or hyper-plane
that best fits to a set of points by using CGA.
m
Mathematically, we assume a set of points X = {xk = ∑m
i xk,i ei ∈ R , k = 1, .., n}. By transforming each Euclidean point to a point in CGA space, we obtain in Gm+1,1 the set
1
(7)
P = {Xk = xk + kxk k2 e∞ + e0 , k = 1, ..., n}.
2
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This set of points P is approximated to fit the hyper-sphere (or -plane) represented by the
conformal vector S = s + s∞ e∞ + s0 e0 in Gm+1,1 . The problem is solved by minimizing the error
function E defined as
n

(8)

E=

n

1

∑d (Xk , S) = ∑(xk · s − s∞ − 2 kxk k2s0)2
2

k=1

k=1

where d(X, S) is the distance between point X and the hyper-plane (or hyper-sphere) S, and it
is proportional to the inner product of P and S
d(X, S) ∝ X · S
(9)

1
= (x + kxk2 e∞ + e0 ) · (s + s∞ e∞ + s0 e0 )
2
1
= x · s − s∞ − kxk2 s0 .
2

The solution to this problem has clearly been proven and explained in [6] by using the eigen
decomposition for
As = λ s.

(10)

In this problem, an eigen vector s is an eigen vector of the matrix A used to represent the hyperplane (or hyper-sphere) S = s + s∞ e∞ + s0 e0 that fits the input point set, and the eigen-value λ
is the variance or the sum of the squared distances between Xk and S. The matrix A is defined
as
A=

(11)
where

T
1 n
f(xk ) f(xk ) ,
∑
n k=1

f(x) = x − f∞ − kxk2 f0 ∈ Rm ,
n

(12)

f∞ =

f0 =
with the extra parameters: σ2 =
calculated from the vectors
(13)

n

−σ4 ∑ xk + σ2 ∑ kxk k2 xk
k=1

k=1
2
(σ2 ) − nσ4
n
n

σ2 ∑ xk − n ∑ kxk k2 xk
k=1

(σ2

n

k=1
2
) − nσ

∑ kxk k2 and σ4 =

k=1
f∞ and f0

as

s∞ = f∞ · s,

4

n

.

∑ kxk k4.

k=1

,

The coefficients s∞ and s0 are

1
s0 = f0 · s.
2

To apply to AdaBoost, instead of using only one Haar-like feature as in the Viola-Jones system,
we combine two Haar-like values to construct a point xk for every input example. From that,
m
the set of input examples used for training is X = {xk = ∑m
i xk,i ei ∈ R } and Boolean variable
yi ∈ {0, 1} for non-face and face examples (indicated with index c below), respectively.
For each subset of non-face and face examples, a hyper-sphere (or -plane) should be estimated
using the formulas in [6]. After solving for eigen vector s p , λ p and sn , λn for face and nonface cluster, probabilities that an input example happens to be in each cluster are calculated
according to the following probability formulas that are fully specified in [6].
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The density function that a point x belongs to any of the hyper-shape clusters denoted by Sc,l =
sc,l + s∞c,l e∞ + s0c,l e0 , l ∈ {1, ..., m} with eigen-values λc,l is
(14)

d 2 (X, Sc,l )
1
exp(−
Pr(x | λc,l ) = p
).
2λc,l
2πλc,l

The posterior probability density function for x, given the cluster y = c, is
m

Pr(x | c) = ∏ Pr(x | λc,l ).

(15)

l

This posterior probability is used for the classification process, by comparing the probability
that an example belongs to each cluster.
(
1 Pr(x | 1) > Pr(x | 0),
(16)
h(x, S p , λ p , Sn , λn ) =
0 otherwise.
Our proposed method is clearly shown in the following Alg. 1. CGA eigen-values and eigenvectors are solved for by Alg. 2. The best single feature for CGA of a 1-D space is found by
applying Alg. 3.
Algorithm 1 AdaBoost with proposed CGA method
Require: input examples (x1 , y1 ), (x2 , y2 ), ..., (xN , yN ) where yi is 1 or 0 for positive and negative examples respectively
Ensure: final strong classifier
1
1
, 2neg
for positive and negative example respectively
1: Initialize weights w = 2pos
2: for t ← 1, T do
w
3:
Normalize weights: wt,i ← N t,iw
4:
5:
6:
7:
8:
9:
10:

∑ j=1

t, j

Apply Alg. 3 m − 1 times to find 1 best single feature
Construct (m − 1)-dimensional x from m − 1 best single features
Select K 0 features from full set of features
for each of K 0 features do
Compute feature values for every example to construct x in m dimensions
Apply Alg. 2 to find eigen-value λ p , λn and eigen vectors s p , sn
Define conformal vectors for the hyper-plane (or hyper-sphere) s of non-face and
face regions:
S p = s p + s∞p e∞ + s0p e0 , Sn = sn + s∞n e∞ + s0n e0

11:

Compute the posterior probability for each x to be in a face and non-face region:
m

Pr(x | c) = ∏ Pr(x | λc,l )
l

12:

Select the best weak classifier that minimizes error:
εt =

13:
14:
15:
16:
17:

min

x,S p ,λ p ,Sn ,λn

∑wi | h(x, S p, λ p, Sn, λn) − yi |

i
0
0
0
Define ht (x) = h(x, S p , λ p , Sn , λn0 )
t
Calculate αt ← ln( 1−ε
εt )

where S0p , λ p0 , Sn0 , λn0 are minimizers of εt

end for
Update weights: wt+1,i ← wt ( α1t )1−ei where ei = 0 if correct, otherwise 1
end for
(
T
T
1 ∑t=1
αt ht (x) ≥ 21 ∑t=1
18: Combine final strong classifier C(x) ←
0 otherwise.
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Algorithm 2 Compute eigen value and conformal eigen vector
m
Require: set of points X = {xk = ∑m
i xk,i ei ∈ R , k = 1, .., n}
Ensure: eigen-value λ and conformal eigen vector s
1: Compute σ2 and σ4
2: Compute f∞ and f0
3: Compute f(x): f(x) = x − f∞ − kxk2 f0
n
T
4: Construct matrix A = 12 ∑ f(xk ) f(xk )

5:
6:

k=1

Solve eigen decomposition problem: As = λ s
Compute parameters s∞ and s0 : s∞ = f∞ · s, 21 s0 = f0 · s

Algorithm 3 Select best single feature for 1-D CGA
Require: input examples (x1 , y1 ), (x2 , y2 ), ..., (xN , yN ) where yi is 1 or 0 for positive and negative examples respectively
Ensure: best single feature
1: Select K 0 features from full set of features
2: for each of the K 0 features do
3:
Compute feature values for every example to construct a 1-dimensional x
4:
Apply Alg. 2 to find eigen-values λ p , λn and eigen vectors s p , sn
5:
Define conformal vectors for the hyper-plane (or hyper-sphere) for face and non-face
regions:
S p = s p + s∞p e∞ + s0p e0 ,
Sn = sn + s∞n e∞ + s0n e0
6:

7:

Compute the posterior probability for each x to be in a face and non-face region:
Pr(x | c) = Pr(x | λc,0 )

Select the feature that minimizes error:
ε=

8:

min

x,S p ,λ p ,Sn ,λn

∑wi | h(x, S p, λ p, Sn, λn) − yi |
i

end for
4. E XPERIMENTS AND R ESULTS

4.1. Experiments. In training and testing processes, we use the dataset Yi-Qing [14] from
the Viola-Jones system [14]. Because input images in the dataset are in the different quality
of brightness and contrast, we first normalize [8] those images for both the training and testing
processes. We conduct two kinds of training that are for frontal faces and in-plane rotated faces.
Rotated face images are generated by rotating original frontal faces in [14] with angles varied
from −60◦ to 60◦ .
Tab. 2 shows the number of face/non-face input examples we used in the training and testing
process in both kinds of detection.

Our system is totally implemented from scratch in Java. We trained and tested this system on
a Mac OS with 8 GB 1600MHz DDR3 of memory and a 2.6 GHz Intel Core i5 processor. As
mentioned before, a hard drive is not mandatory due to the only use of RAM for experiments
with our system.
Besides comparing with the Viola-Jones system, we apply CGA in different ways by varying
from 1 to 3 the number of Haar-like patterns that make up a CGA point x.
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TABLE 2. Number of face/non-face images in Yi-Qing data set.
Training set

Testing set

Face

2000

2916

Non-face

2000

5960

Total

4000

7960

4.2. Results. Fig. 3 shows the Receiver Operating Characteristic (ROC) for our proposed
method and the Viola-Jones method with frontal and in-plane rotated face datasets. Three
versions of CGA are involved in this experiment. As shown in the figure, our systems with
CGA achieves higher curves that denote better classification rates compared to the Viola-Jones
method.

F IGURE 3. ROC for frontal and in-plane rotated face detection.
Experiments show our proposed method achieves lower error rates than the original Viola-Jones
method when using the same number of weak classifiers. Furthermore, to obtain given error
rates, fewer weak classifiers are required to be utilized in our new CGA method.
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F IGURE 4. Histogram of feature values from 1st weak classifier by Viola-Jones
method.
By experiments, we were also able to show that it is moreover sufficient to choose a few good
weak classifiers and combine them to a strong one by randomly choosing a small number of
features. After conducting several experiments, K 0 = 5000 is adequate for a comparable level
of precision and also to reduce the training time.
Our proposed method using CGA achieves higher accuracy than the Viola-Jones approach due
to the effectiveness of geometric characteristics of face and non-face distributions. The key
idea of previous algorithms in the Viola-Jones system is finding the optimal threshold that best
separates two distributions. However, this method proves to be inefficient when these two
distributions overlap and it leads to a high level of error on the classification. To overcome this
difficulty, CGA is applied to find the hyper-plane (or hyper-sphere) to best fit face and non-face
regions rather than using a simple threshold.
Fig. 4 denotes the histogram for feature values computed from the first weak classifier if we
apply the Viola-Jones method for the frontal face dataset. It can be clearly seen that even the
best threshold can still yield a high value of error due to the large overlapping area between the
two regions. In contrast, if we apply our CGA algorithm, we can achieve a much lower error
value after the first round of AdaBoost. Fig. 5 shows that by using CGA for 2-D space, the two
regions are mostly separated and it results in a very low error rate.
5. C ONCLUSION
In this paper, we propose a novel approach for the face detection problem by applying Conformal Geometric Algebra. This method achieves as high as or higher accuracy than the ViolaJones algorithm. Various numbers of vector space dimensions for CGA were experimented
with to figure out which one is most practical for achieving the best detection rates in both
frontal and in-plane rotated face detection.
Furthermore, the integral image technique is improved in this paper, and results in an enhancement on feature mining for training weak classifiers and the detection accuracy is higher as
well.
We also proved that a small set of randomly selected features is enough for developing a strong
classifier with similar detection rate. By using this realization, the training time is significantly
reduced as well as system performance improved.
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F IGURE 5. 2-D CGA density function from 1st weak classifier.
For future work, the present research may be extended and improved by applying Haar wavelets
for constructing a point x. For each image, we can repeatedly calculate a feature value by
utilizing a Haar-like pattern, then the image can be rescaled by a predefined scaling factor and
one can find the corresponding feature value again with the same Haar-like pattern. Finally, all
the computed feature values can be combined to form a point x, then followed by the AdaBoost
algorithm as explained in this paper. The purpose of this technique would be to preserve the
main characteristics of any input image after applying a Haar-like pattern while simultaneously
removing unnecessary or noisy information from the image. It will therefore be more advanced
and sensitive than only using several random Haar-like patterns for a point x.
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A BSTRACT. The purpose of this work is to show the implementation of Quaternion Fractional
Fourier Transform (based on quaternion algebra and fractional Fourier transform) to filter medicals images such as: Magnetic resonance, Computed tomography, X-ray computed tomography,
etc.

1. Q UATERNION F RACTIONAL F OURIER T RANSFORM
The fractional Fourier transform (FFT) is a generalization of the ordinary Fourier transform.
This transformation performs a rotation of a real signal f (x, y) in the continuous time-frequency
plane to any angle. The equations that define the FFT are shown in (1), (2) and (3).
(1)

F(w, v) =

Z ∞Z ∞

−∞ −∞

(2)

B p1 (w, x) = A p1 e−i∗Cp1 =

(3)

B p2 (v, y) = A p2 e−i∗Cp2 =

−i{π[

B p1 (w, x) f (x, y)B p2 (v, y)dxdy

sgn(sin α)
]− α2 }
4

√

−i{π[

| sin α|

2wx

2 +x2 ) cot α]

e−iπ[ sin α −(w

,
α=

sgn(sin β )
]− β2 }
4

√

| sin β |

2vy
−iπ[ sin
−(v2 +y2 ) cot β ]
β

e

p1 π
2

,
β=

p2 π
2

Where p1 and p2 restrict the rotation of the signal to a fraction of 90 degrees.
In order to implement the Quaternion Fractional Fourier Transform (QFFT) [1] the signal is
convert into a quaternion signal h(x, y). The process for the implementation is developed in the
equations (4), (5) and (6).
(4)

h(x, y) = ha (x, y) + hb (x, y) ∗ j,

(5)

Hcp1 ,p2 (w, v) =

(6)

Z ∞Z ∞

−∞ −∞



ha (x, y) = hr (x, y) + hi (x, y) ∗ i
hb (x, y) = h j (x, y) + hk (x, y) ∗ i

B p1 (w, x)[ha (x, y) + hb (x, y) ∗ j]B p2 (v, y)dxdy

R R
A e−i∗Cp1 h (x, y)A p2 e−i∗Cp2 dxdy +
R ∞ R−∞ p1 −i∗C r
p1
hi (x, y)A p2 e−i∗Cp2 dxdy ∗ i +
−∞ A p1 e
R−∞
R
∞
−i∗C p1
h j (x, y)A p2 ei∗Cp2 dxdy ∗ j +
−∞ A p1 e
R−∞
R
∞
−i∗C
i∗C

∞
Hcp1 ,p2 (w, v) =  −∞

−∞ −∞ A p1 e

p1
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p2

dxdy ∗ k
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2. R ESULTS
The next figures show an MRI image of a brain, a resulting quaternion image after processing
with the QFFT for the values of p1 = 0.5 and p2 = 0.5, and finally the threes phases calculated
from the quaternion image.

F IGURE 1. ORIGINAL IMAGE. MR image of the brain shows eyeballs with
optic nerve, medulla, vermis, and temporal lobes with hippocampal regions [6].

F IGURE 2. The quaternion image generated with p1 = 0.5 and p2 = 0.5

F IGURE 3. The threes phases calculated with the quaternion image.
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The next step of this work will be to propose a multi-channel filter structure. Which consists
of M single stage blocks in parallel. For each channel, the input is transformed in a quaternion
image with the QFFT, and multiplied with an optimal filter. With this procedure, we pretend
to minimize the noise to the minimal and enhance the quality of the image. After that a fusion
of images is made in order to obtain an output quaternion image. The fusion is still in open
question. In this work we will propose a novel method for the fusion.
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A BSTRACT. Typically we do not add objects in conformal geometric algebra (CGA), rather we
apply operations that preserve grade, usually via rotors, such as rotation, translation, dilation, or
via reflection and inversion. However, here we show that direct linear interpolation of conformal
geometric objects can be both intuitive and useful. We present a method that generates useful
interpolations of point pairs, lines, circles, planes and spheres, and describe two algorithms of
interest for computer vision applications that use this direct averaging of geometric objects.

1. W HAT DOES IT MEAN TO INTERPOLATE GEOMETRIC OBJECTS ?
In this extended abstract we will look at adding CGA objects and adjusting the resulting multivectors to produce useful interpolations of the objects. We will present a general technique
that is valid for all geometric objects of grade 2 or above. This technique uses the decompositions presented in [5] and we will also show how it is related to past work on circle/sphere
blending presented in [2]. To illustrate how this method operates, we will give some detail on
the line case: these ideas will be expanded more thoroughly in the final paper to address other
geometric objects.
The objects we work with here will be CGA objects unless explicitly stated otherwise. We will
use the standard extension of the 3D geometric algebra, where our 5D CGA space is made up
of the standard spatial basis vectors {ei } i = 1, 2, 3, plus two additional basis vectors, e and ē
with signatures, e2 = 1, ē2 = −1. Two null vectors can therefore be defined as: n∞ = e + ē
and n0 = e−2 ē . The mapping of a 3D vector x to its conformal representation X is given by
X = F(x) = 12 (x2 n∞ + 2x − 2n0 ).
2. I NTERPOLATING CONFORMAL POINTS
Consider two arbitrary points in 3D space a and b represented as A and B in our conformal
model. Linear interpolation of these points followed by our conformal mapping produces the
following well known result [1]:
(1)

F(αa + (1 − α)b) = αA + (1 − α)B + α(1 − α)(A · B)n∞

we can therefore get a useful interpolation of points by taking a direct linear interpolation and
simply adding the final α(1 − α)(A · B)n∞ term to the result. If Y = αA + (1 − α)B, we can
recover Y 0 = F(αa + (1 − α)b) via the following formula (assuming Y 0 · n∞ = −1):
Y0 =

−Y n∞Y
2(Y · n∞ )2
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3. I NTERPOLATING HIGHER GRADE CONFORMAL OBJECTS
Objects of grade 2 and above are more difficult to interpolate in a sensible and computationally
efficient way. Typically, schemes that have been found are either only valid for certain objects
in specific cases [2], or the problem is attacked indirectly by forming the rotor between the
objects, extracting the corresponding bivector, which is then interpolated [6] and applied to the
first object. Here we present a solution for all conformal objects of grade 2 and above that
produces valid, useful interpolated objects.
We hypothesise that for two objects L1 , L2 of grade g where g > 1 it is possible to factor their
addition into a self-reverse term, of form scalar plus 4-vector K = K0 + K4 and another valid
geometric object L0 of grade g. L0 is normalised such that L02 = ±1 (and hence L0 L̃0 = −1)
and we assume that L1 and L2 are similarly normalised . Note that this form of K is always
self-reverse, and later we will find it useful to write it in the form µ + I5 v , where µ is a scalar,
I5 is the 5D pseudoscalar and v is any linear combination of e1 , e2 , e3 , e, ē. The 4-vector part of
K is zero for some objects – indeed the expression (L1 L2 + L2 L1 ) determines the form of K.
We then have:
L = L1 + L2 = KL0 = (K0 + K4 )L0

(2)

Multiplying both sides of this equation with the reverse of the terms gives another multivector
Σ = K 2 , which also takes the form scalar + 4-vector:
LHS :
(3)

RHS :

LL̃ = (L1 + L2 )(L1 + L2 )˜= −2 + (L1 L̃2 + L2 L̃1 )
˜ 0 ) = KL0 L̃0 K̃ = −K K̃ = −K 2 ≡ −Σ
(KL0 )(KL

If K is a scalar, the construct L1 + L2 takes the form of the individual objects; for example when
the objects are planes, spheres or circles sharing points [2]. If K is not a scalar, the principal
square root of this scalar + 4-vector object Σ can then be taken by the square root of rotor
method as outlined in Lemma 5.1 of [5]. First we define:
q
[[Σ]] = hΣi20 − hΣi24

If hΣi0 + [[Σ]] > 0 :, the square root of Σ is given by
√
Σ + [[Σ]]
Σ= √ p
2 hΣi0 + [[Σ]]
allowing us to find K as
p
K = −LL̃

with square root as defined above. For all objects for which K is not simply a scalar, the above
operations are well-defined as hΣi20 − hΣi24 > 0 and hΣi0 + [[Σ]] > 0. In this fairly simple case,
K can also be found from equating scalar and 4-vector parts in the equation K 2 = Σ.
Once we know K we can easily calculate L0 by the matrix inversion method suggested by
Christian Perwass in [7] and implemented in the clifford Python package as the .inv() method
for the MultiVector class [8], or alternatively, we can equate grades in the equation L = KL0 as
K and L are known:
KL0 = L1 + L2
L0 = K −1 (L1 + L2 )
This method holds for the all the standard normalised conformal objects of grade 2 or above
(point pairs, line, circles, planes, spheres). We cannot apply it to points as we encounter a
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(b)

(a)

(c)

(d)

F IGURE 1. Linear interpolation between different geometric objects.
(a) circles, (b) point pairs, (c) planes, (d) spheres
problem due to the fact that for a conformal point P, PP̃ = 0. Figure 1 shows examples of
interpolating various geometric objects.
For the rest of this extended abstract we will focus on lines. Concentrating on lines enables us
to analyse the operation of our method by studying the dual of the lines and to use our results to
present two algorithms that might find genuine use in vision/robotic systems. In the final paper
we will show in more depth how the form of the product LL̃ affects the types of objects created
during the interpolation process and how the form of the scalar + 4-vector varies for different
objects.
4. W HAT DO WE GET WHEN WE ADD LINES ?
Consider two arbitrary lines in 3D space represented as L1 and L2 in our conformal model. We
assume that such conformal lines are normalised such that L2 = 1. Below we give an intuitive
geometric derivation of the scalar + 4-vector, which will produce the same answer as the square
root method discussed in the previous section.
Now consider an object, L̄, such that reflecting L1 in L̄ gives L2 , and reflecting L2 in L̄ gives L1
– so that L̄ is in some sense the object ‘midway’ between L1 and L2 ;
L̄L1 L̄ = L2
L̄L2 L̄ = L1
=⇒

L̄(L1 + L2 )L̄ = L1 + L2

L1 + L2 is necessarily a trivector as it is the sum of two lines which are themselves trivectors.
Reflection of the sum in L̄ leaves it invariant, thus in some sense L1 + L2 is L̄.
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For lines it is shown in [3] that we can represent our K factor from equation 2 as:
L1 + L2 = (µ + νI5 n∞ )L0

(4)

where µ and ν are scalars, I5 is the conformal pseudoscalar and L0 is a conformal line, such
that L02 = 1. L̄ is therefore a multiple of a conformal line, but where that multiple is scalar
plus 4-vector. It is shown in [3] that the µ + νI5 n∞ term acts in a scalar-like way in terms of its
commutation properties with lines.
From equation 4 we can extract the parameters µ and ν, thus giving an equation for L0 , by
squaring each side of the equation (since L12 = L22 = 1):
LHS ≡ K 2 = (L1 + L2 )2 = L12 + L22 + (L1 L2 + L2 L1 ) = α + β I5 n∞ = hK 2 i0 + hK 2 i4
RHS = (µ + νI5 n∞ )2 L02 = (µ 2 + 2µνI5 n∞ + ν 2 (I5 n∞ )2 ) = (µ 2 + 2µνI5 n∞ )
the fact that the anticommutator (L1 L2 + L2 L1 ) can be written as a scalar plus a multiple of the
4-vector I5 n∞ is shown in [3]. Now, since we know K 2 , we can find µ and ν by equating scalar
and 4-vector parts in the above equations:

(5)

µ=

q

hK 2 i0 and νI5 n∞ =

hK 2 i4
2µ

The next step is to multiply both sides of equation 4 by (µ − νI5 n∞ ) to give
(6)

L0 =

1
(µ − νI5 n∞ )(L1 + L2 )
µ2

since (µ − νI5 n∞ )(µ + νI5 n∞ ) = µ 2 . We are therefore able to take the sum of two lines and
produce, from operating on the resulting trivector, another conformal line: as we will see,
the line L0 is the ‘average’ of the two lines. The sharp eyed reader will note we have simply
squared our object as opposed to multiplying by its reverse and negating the result as suggested
in equation 3. For lines these two methods are equivalent due to the fact µ − νI5 n∞ commutes
with lines.
Intuitively one might expect that taking a weighted sum of lines, αL1 + (1 − α)L2 , with α varying between 0 and 1 (which we will call direct linear interpolation, would smoothly interpolate
from L2 to L1 ; this is indeed the case, as illustrated in figure 2 for a pair of lines. Figure 3
shows the interpolation between the same pair of lines but using eαB where B is the bivector of
the rotor taking L1 to L2 and α goes from 0 to 1 as suggested in [6]. Note that the formula in
equation 6 with µ and ν found as in equation 5 is still valid for this weighted case if we simply
replace K 2 by (αL1 + (1 − α)L2 )2 . The direct interpolation method is much more computationally efficient than the bivector interpolation method, and its form indicates that it is covariant,
ie, for a rotor transformation given by R,
R[αL1 + (1 − α)L2 ]R̃ = αRL1 R̃ + (1 − α)RL2 R̃
For this interpolated case we may gain more insight into exactly what this form of interpolation
is doing by considering the interpolation of the dual of the lines. Recall that the equation of the
dual L∗ of a line L is given by the formula
L∗ = m̂I3 + [(a ∧ m̂)I3 ]n∞
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F IGURE 2. Direct linear interpolation between two lines.

F IGURE 3. Linear interpolation of the bivector that parameterises the rotor between two lines.
where a is a point on the line, m̂ is a vector in the direction of the line and I3 is the 3D pseudoscalar. This is equivalent to representing the line in Plücker coordinates as the moment about
the origin represented as a vector v is simply the term multiplying n∞ in the above expression
v = (a ∧ m̂)I3
Plücker coordinates are a special case of a screw with zero pitch [9]. Screws are well studied
objects and our line addition method can be interpreted in this framework. A full description
of the addition of lines as screws will be given in the final paper, as well as a comparison of
related work using dual quaternions.
5. A PPLICATIONS
The ability to interpolate geometric objects suggests a wide variety of applications in the areas
of computer vision and robotics. Here we focus on two line-based algorithms that have proved
to be particularly useful in our own vision research.
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(a)

(b)

F IGURE 4. A 3D line model before a) and after b) recursive scene simplification.

5.1. Recursive scene simplification by averaging conformal objects. When extracting geometric primitives from triangulated CAD models or from point cloud data there are often many
objects that lie close to each other in space. We would like a way of simplifying these models
by collapsing objects that are close together into a single object. One way to do this is via a
recursive filtering algorithm as follows:
(1)
(2)
(3)
(4)
(5)

Set a cost threshold for similarity between objects
Compute the cost between all objects of the same grade in the scene
If all costs are above the threshold then terminate the algorithm
Average the two objects with the smallest cost
Return to step (2)

This leads to a simplified model that retains the core features of the original model.
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Taking lines as our objects, the steps above can be given more explicitly in pseudocode as
illustrated in algorithm 1. For comparison of lines we will use the line to line cost function C
as defined in [4]:
(7)

C(R) = h(R − 1)(R̃ − 1)i0 + hRk R̃k i0

where Rk = R·e, and gives the component of R having n∞ as a factor. We then take Ci j ≡ C(Ri j ),
where Ri j is the rotor that takes Li to L j and is shown in [3] to be
(8)

Ri j =

where,

1 − (β /α)
p
(1 + L j Li )
α/2

K = 2 + L j Li + Li L j
β = hKi4

α = 2hKi0
An example of this algorithm working on simulated lines is shown in figure 4.
Algorithm 1: Recursive simplification of line models
Function filterlines(line list, cost threshold)
min i, min j = mini, j [Ci j ]
min cost = Cmin i,min j
if min cost ≥ cost threshold:
exit
else:
L1 = line list[min i]
L2 = line list[min j]
K = (L1 + L2 )2
p
µ = hKi0
4
νI5 n∞ = hKi
2µ
L0 = µ12 (µ − νI5 n∞ )(L1 + L2 )
line list[min i] = L0
remove Lmin j from line list
filterlines(line list, cost threshold)
5.2. k-means clustering of conformal objects. Consider a 3D scene composed of k geometric
objects of a given grade. We have multiple noisy observations for each object and so would
like to fit k centroids to these clusters to represent the “true” objects in the world.
The steps for implementing this clustering are given below:
(1) Randomly assign k objects to be the initial positions of the cluster centroids, leave all
other objects unassigned
(2) Assign each object in the scene to the centroid closest under our given cost metric, again
we use cost functions defined as in [3]
(3) If this is not our first iteration and no objects have changed assignment then terminate
the algorithm.
(4) The centroid of each cluster is moved to the mean of the objects assigned to it
(5) Go to step (2)
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F IGURE 5. 3 clusters of 3D lines correctly segmented by the algorithm.
Figure 5 shows the successful application of this algorithm on simulated data – each line has
been associated with the cluster (indicated by colour) to which it is most likely to belong.
One of the key advantages of this algorithm is that it is computationally cheap. Rather than
attempting to find the mean of a given cluster by optimisation of our cost function through a
space parameterising our centroid lines we can simply average the lines in each cluster, this
makes it feasible to cluster very large numbers of conformal objects quickly.
6. C ONCLUSIONS
This extended abstract has shown how we are able to add multiples of conformal objects by
factoring the resulting multivector into a scalar plus 4-vector term and a valid geometric object.
We have then investigated the form of this multivector for the case of conformal lines. Using
these ideas of interpolating and averaging objects, two applications are suggested for computer
vision applications: scene simplification and clustering of lines.
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A BSTRACT. Our goal is to find the correct rotation and translation between a reference model
and a query model. Both models are made up of geometric primitives. Our reference might be,
for example, a CAD model, and our query model might represent the output of fitting primitives
to LIDAR data or structure-from-motion point clouds. It is shown in [?] that by representing our
objects in conformal geometric algebra (CGA) and using an appropriate rotor magnitude-based
cost function, we can calculate the conformal rotor that takes one model into another, assuming
the objects within them are correctly matched. Here we consider the case in which there is an
incorrect initial matching of objects within the models. The cases that we consider are those
in which our query model: contains additional primitives not present in the reference; is missing primitives that are present in the reference. We will also look at cases in which there are
a large number of primitives per model. These are all common issues facing any SLAM-type
(Simultaneous Localisation And Mapping) systems. To overcome these problems we introduce
an inter-object rotor magnitude-based matching function and a subsampled iterative rotor estimation and matching algorithm - REFORM. REFORM is easily parallelisable and designed
for good convergence performance with models of real objects.

1. P ROXIMITY BASED MATCHING
Our first attempt at matching objects comes simply from considering their locality in space. For
cases in which our query model is a small displacement (where displacement here will refer to
rotation and translation) from the reference model we would expect that simply assigning each
object in the query model to its closest object in the reference model would give us a good
number of correct matches. Here we illustrate how this can be achieved with lines and a notion
of how we can easily transform one line into another.
We will use the extension of the 3D geometric algebra, where our 5D CGA space is made up
of the standard spatial basis vectors {ei } i = 1, 2, 3, plus two additional basis vectors, e and ē
with signatures, e2 = 1, ē2 = −1. Two null vectors can therefore be defined as: n∞ = e + ē
and n0 = e−2 ē 1. The mapping of a 3D vector x to its conformal representation X is given by
X = f (x) = 12 (x2 n∞ + 2x − 2n0 ).
1Note: some authors use n = ē−e . Taking n = e−ē leads to n · n = 1
0
0
0 ∞
2
2
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The objects we work with here will be CGA objects unless explicitly stated otherwise. Consider
first two arbitrary lines in 3D space represented as Li and L j in our conformal model. We will,
for now, assume that such conformal lines are normalised such that Li2 = L2j = 1 for all i, j. In
[?] it is shown that the rotor Ri j that takes one line Li to another L j is given by
(1)
where,

Ri j =

1 − (β /α)
p
(1 + L j Li )
α/2

K = 2 + L j Li + Li L j
β = hKi4

α = 2hKi0
Note that the lines will have an orientation (sign), and the rotor extraction will be orientation
dependent. Extractions of rotors between conformal objects, Oi and O j , of other grades are also
easy to form and take similar forms based on the quantity (1 + O j Oi ). This will be discussed
more fully in the final paper.
Once we have our rotor R between our conformal objects the next step is to use this rotor to
define a cost C as a function of this rotor. We choose the cost function described in [?]. While
this is by no means the only cost function available to us, other authors have proposed a variety
of possibilities for a range of geometric objects [?] [?], we have found the method presented
here to be particularly robust for taking into account both the rotation and translation between
objects.
(2)

C(R) = h(R − 1)(R̃ − 1)i0 + hRk R̃k i0

where Rk = R · e, and gives the component of R having n∞ as a factor. Ci j will be small when
the objects are close, and therefore the rotor between them is close to the identity.
Equipped with this idea of closeness of objects, for a given i, a query object Qi is assigned to a
reference object L j (this is done for all j) assuming the model and query sets are spatially close.
For each object pair we form the rotor, Ri j that takes the query object to the reference object.
The minimum cost assignment is then taken as the correct match Mi for that query object
Mi = min[C(Ri j ]
j

We define the total cost of this specific matching by summing the costs of each object-to-object
match
Ctotal = ∑ C(RiMi )
i

Given this set of matches for all object-pairs (under the assumption that the matching is correct)
we can then optimise in a parameterised bivector space (see [?]) to produce the rotor that minimises this total model matching cost. In the case of a correct matching, the rotor that is found
is indeed the rotor that takes our query model to our reference model. In the case of partially
incorrect initial matchings the rotor that is produced typically takes the query model closer to
the reference model but does not produce the true rotor.
2. I TERATIVE MATCHING AND ROTOR ESTIMATION
Now we consider the more general case where the query and reference models are not in close
proximity. In this case we make an initial guess at the object matches and estimate the rotor

142

REFORM

3

between the query and reference models. We can then use our proximity matching between the
transformed query model and the reference. The process is then repeated so that the number of
incorrect matches decreases with each iteration and the process converges (failure to converge
will be discussed more fully in the final paper). The iterative algorithm is summarised in the
following:
(1) Each object in the query model is given a match in the reference model (there are a
number of ways of making this initial guess)
(2) Given our matches, calculate the rotor that leads to minimum total cost between the
objects
(3) Transform our query model by applying the estimated rotor
(4) Each object in the query model is compared to each object in the reference model, the
match with the minimum cost is accepted
(5) If there is no change in the matches terminate the algorithm otherwise go back to (2)
This algorithm correctly handles incorrect initial matching (given a reasonable initial estimate)
between models and iterates towards the answer in relatively few steps. It is also deterministic,
each step is a function only of the current state and it has fixed termination criteria that clearly
indicate when it has completed. A significant problem with this algorithm arises when we
consider the case of both large fractions of the initial matches being incorrect and models
containing many parallel lines or planes. In these cases the algorithm may fail to converge to
the true rotor and instead become stuck in a local minimum even though some matches are
correct. Real manufactured objects or buldings typically contain parallel faces and lines and as
such we need a way to overcome these limitations.
3. REFORM
To counteract the local minima issue, we modify our algorithm to incorporate sampling in a
RANSAC-like [?] algorithm. This particular approach is chosen as it is readily adapted to
parallel processing and is well suited to handling large numbers of incorrect matches. After
each matching stage in the previous algorithm we randomly and uniformly sample m lots of k
matches. Each of these m match sets then propagates through the rotor estimation algorithm
and each produces a candidate rotor for the model matching and a cost associated with that rotor
for these k matches. The rotor produced by the sample with the minimum cost is then chosen
and used to transform the entire query model. This repeats for a fixed number of iterations or
until some cost threshold is reached. This process is summarised as follows:
(1) Each object in the query model is given a match in the reference model (there are a
number of ways of making this initial guess)
(2) Given our matches, randomly select multiple subsets
(3) For a given sampled subset calculate the rotor that leads to minimum total cost between
the subset objects
(4) Accept the rotor from the sample that gives the minimum total cost between the subset
objects
(5) Update our query model position by applying the estimated rotor
(6) Each object in the query model is compared to each object in the reference model, the
match with the minimum cost is accepted
(7) Check termination criteria, go back to step (2)
The rotor estimation and cost calculation for each sample is independent of every other sample
allowing for easy parallelisation. The subsampling also allows the algorithm to jump out of
local minima by sampling correct matches whose effect would normally be swamped by the
mass of incorrect matches. The disadvantage of moving to a sampling-based model is that
we no longer have fixed termination criteria, just because the matches have not changed over
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multiple sampling and optimisation steps does not mean they will not change as a result of the
next one.
We are left with two parameters that affect the convergence rate of the algorithm: the number of
objects per sample, k, and the number of samples per iteration, m. To choose these we consider
a simplified model of the matching process: each match is correct with a probability of p and
is independent of every other match and the rotor estimation algorithm requires all k matches
to be correct to converge to the truth. The probability of choosing k correct matches from n
objects in the query model where n ≥ k becomes
 
t=n n t t
n−t
∑t=0
t k p(1 − p)
P(correct) =
n
k

= pk

For m independent samples per iteration we would therefore expect mpk correct samples per
iteration. To maximise the number of correct samples per iteration we would like to set k as
low as possible for our rotor estimation algorithm and m as large as possible given any run time
constraints.
4. A PPLICATIONS
4.1. 2D-2D line matching. One of the simplest uses of this algorithm is for 2D-2D line matching. Often when comparing images we would like to get an estimate of the rotation and translation of one from another. This is typically done with feature-based point matching. The
REFORM algorithm presents an alternative in which infinite lines can form the basis of our
rotation and translation estimation. The use of infinite lines is useful as it avoids the typical
difficulties present in robust line segment extraction. It also allows this method to be used in
situations in which there is very little/no point localised information available in an image. This
is often true when imaging edges of objects that do not fit in the camera frame and have very
uniform materials along each edge, examples include many modern concrete buildings or the
lines demarcating the edge of sports fields.
4.2. 3D-3D object matching. 3D models of objects are typically constructed from collections
of geometric objects, planes, lines and points. While traditional matching techniques typically
use points from meshes [?] or points derived from the intersection of planes/lines [?], REFORM allows us to incorporate multiple types of 3D object together into the same matching
and rotation/translation estimation framework. This is broadly applicable for SLAM-type problems. Figure ?? shows an example of locating the rotor between two sets of 3D lines extracted
from a CAD model of a building. Figure ?? shows the outcome of a recent project [?] that
uses a REFORM-style algorithm to identify the camera viewpoint of 16th century architectural
etchings.
5. C ONCLUSIONS
Here we have presented REFORM, a novel probabilistic iterative matching algorithm for calculating the rotation and translation between models composed of geometric primitives. REFORM is robust, easily parallelisable and requires little parameter tuning.
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F IGURE 1. Two sets of 3D lines each comprising 98 lines, the red set is a copy
of the black but rotated and translated away from the origin. The black set of
lines forms our reference model, the red set becomes our query model. The
correct rotor was identified with REFORM in 7.4s using the clifford [?] Python
package with m=500, k=2.

F IGURE 2. Clare college, Cambridge. Left half: David Loggan’s 16th century
etching from Cantabrigia illustrata [?]. Right half: Modern photo taken with a
quadcopter to receate our best guess of the ”viewpoint” of the etching.
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A BSTRACT. This talk aims to present a Deep Monogenic Convolutional Neural Network for image recognition. We encode the phase, orientation and magnitude using
monogenic wavelets. The main results are a novel representation space for deep learning which captures non-trivial equivariant features, related to scale, and rotation.

1. I NTRODUCTION
Deep Learning (DL) plays an important role in the Artificial Intelligence (AI) revolution in many branches of science and technology. It improves with experience and
understands the world regarding a hierarchy of concepts [1]. The hierarchy of concepts enables to learn complicated concepts by building them out of simpler ones. In
particular, DL has shown spectacular results in Image Recognition (IR) by using Convolutional Neural Networks (CNN), which are based on neuroscientific principles [1,
Ch. 9],
Some physiological results claim that lines and edges (local even and odd signals,
respectively) in a specific orientation are the basic features in a mammalian visual
system [2].1 Therefore, it is easy to understand why local features play an important
role in human perception, IR and DL implementations [3, 1].
On the other hand, Geometric Algebra (GA) allows us to obtain low-level image information such as lines, edges and orientation by computing the local phase [4, 5, 6].
Therefore it is natural to try to generalize the use of scalar wavelets to GA wavelets
1

These researchers were recognised with the 1981 Nobel Prize in Medicine.
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(GAW) and thus expecting to get a mathematical framework allowing to represent and
process a more powerful hierarchy of features.
Within this context, the primary goal of this work is to extend the DL feature space
using the monogenic approach and to adapt to this formalism the Local Phase computation proposed by M. Felsberg et al. [4]. For another innovative aspect of this note,
see the end of Section 2.
1.1. Monogenic Convolution Neural Network. The neural networks that we are going to consider are composed of standard neurons that output, from an input x and a
(current) weight w, a value
(1)

y = g( f (w, x)),

where f is a presynaptic potential and g is an activation function. For the adaptation
to our context, we think of a CNN as formed by layers whose structure is summarized
in Table 1.
Symbol
h = hk
x = xk
Q(x) = Q(xk )
b = bk
w = wk
f(w, x) = f(wk , xk )
g

Structure
Matrix R(M, N)
Matrix R(M, N)
Q : R(M, N) → H(M, N))
Matrix R(M, N)
Matrix R(K, L)
f : R(K, L) × R(M, N) → R(M, N)
R→R

Meaning
CNN k-th hidden layer
Image at k-th layer
k-th layer Monogenic Signal
k-th layer CNN bias
k-th layer CNN weights
Presynaptic potential
Activation function

TABLE 1. Synopsis of notations and conventions.We make the convention that a function of a real variable, for instance g, acts componentwise when applied to an array.
The presynaptic potential for a CNN has the form
(2)

f(w, x) = w ? x + b,

where w ? x is the convolution of w and x, which is defined by the formula
(3)

(w ? x)(m, n) = ∑ ∑ x(k, l)w(m − k, n − l).
k

l

The hidden CNN layer hk is determined by the expression
(4)

hk = g(wk−1 ? xk−1 + bk−1 ),

with the convention that the activation function g (or any other real function of a real
variable) acts on a matrix component-wise.
If x ∈ R(M, N), we define the magnitude |x| of x by the relation
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(5)

3

|x|2 = ∑ (x(m, n))2 ,
m,n

and similarly with the magnitude |w| of w.

For the Monogenic CNN (MCNN) layer, we transform the input image x using the
monogenic transform Q(x) which is defined, according to [7, 4], as
(6)

Q(x) = x − iR1 (x) − jR2 (x),

where i, j are the first two quaternion units H and R1 , R2 are the Riesz transforms
(quadrature filters) in the i and j directions. The magnitude |Q(x)| of the monogenic
signal Q(x) is defined by the formula
(7)

|Q(x)|2 = |x|2 + |R1 (x)|2 + |R2 (x)|2 .

The local phase ψ and the local orientation θ operations as follows


|iR1 (x) + jR2 (x)|
ψ(x) = arctan
(8)
,
x


R2 (x)
(9)
θ (x) = arctan
,
R1 (x)
where the quotient of two arrays is computed element-wise.
The MCNN kth-hidden layer is defined as:
(10)

hk = g(wk−1 ? Q(xk−1 ) + bk−1 ),

we use the operator Q in the polar form, using the equations 7, 8 and 9 and we have 3
channel representation of the gray image |Q(x)|, ψ(x), θ (x). We believe that MCNN
can generate a different feature space where the rotations are equivariant and therefore is possible obtain an equivariant response to rotations. In this case we use the
computational load is similar for CNN and MCNN training, due to we use the same
number of channels (rgb for CNN) and (Mag, ψ, θ for MCNN) and hyperparameters.
We made the Riesz transformations off-line, and the expended time is not considerable
in comparison with the training time.
2. C ONVOLUTIONAL N EURON N ETWORKS
The properties and behavior of shallow NNs, with only one hidden layer, are understood as decompositions in families of ridge functions [8, 9]. However, the properties
and the behavior do not seem to be understood in the case of DL CNN [10]. Some
researchers claim that CNN’s have more powerful invariants as depth increases [11],
[10]. However, whereas CNNs give (local) scale, translation, and contrast invariance
[1], they do not feature local rotational invariance (see Table 2). To overcome this
shortcoming, we propose and explore what we call monogenic CNN (MCNN), which
combines two key ideas: to provide (local) rotational invariance as is done in [4] for
monogenic signals, and to ensure, as suggested by Mallat in the seminal paper [10],
that this property propagates down the deeper layers of the CNN.
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Invariance \ NN Type CNN MCNN
Scale
Yes
Yes
Translations
Yes
Yes
Contrast
Yes
Yes
Rotations
No
Yes
TABLE 2. Comparison of capabilities between CNN and MCNN. Here
we understand invariance as local invariance, which for our proposes
means invariance within a certain range.

Let as remark that up till now the use of GA in NN has been limited to dense shallow
cases [12, 13, 5, 6]. One of the novelties of this work is that we combine, for the first
time as far as we know, the GA formalism (in the guise of quaternions) with a CNN
architecture.
3. DATA AND M ETHODS
We use the Kaggle dogs and cats dataset with 1000 images per class.2 We make a
train/test split with 80 % of the images for the training set and 20% of the images
to test our CNNs. The monogenic signal wavelet is computed using the GNU license
code from [14]. An example of one original image and their monogenic signal representation is presented in Figure 1.

F IGURE 1. Example of the RGB original image (top) and monogenic
signal amplitude |Q(x)|, phase ψ(x) and orientation θ (x) of the same
image at three different scales.
2https://www.kaggle.com/c/dogs-vs-cats
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The CNN and the MCNN hidden layers are implemented with the same DL architecture and the same hyper-parameters. The input image x was resized to (M, N) =
(150, 150) with 3 RGB channels (ch = 3) for CNN or (|Q(x)|, ψ, θ ) for MCNN. We
only use weights w with a size of (K, L) = (3, 3) with the same number of neurons
ν = 32 for h, g = ReLu with no padding (See [1] for more details about the CNN
models and hyper-parameters). See also Table 3 for the computational flow.
Input
Operation
Output
x (150,150,ch= 3) h (ν = 32, s = 1, w(3, 3), g = ReLu) x (148,148,ν= 32)
x (148,148,ν= 32)
M p (ν = 32, s = 2, (c=2,d=2))
x (74,74,ν= 32)
x (74,74,ν= 32) h (ν = 32, s = 1, w(3, 3), g = ReLu) x (72,72,ν= 32)
x (72,72,ν= 32)
M p (ν = 32, s = 2, (c=2,d=2))
x (36,36,ν= 32)
x (36,36,ν= 32) h (ν = 32, s = 1, w(3, 3), g = ReLu) x (34,34,ν= 32)
x (34,34,ν= 32)
M p (ν = 32, s = 2, (c=2,d=2))
x (17,17,ν= 32)
x (17,17,ν= 32)
D(g=ReLu, ν =9248)
1D array (9248)
1D array (9248)
Drp(0.5) and D(g=ReLu, ν =64)
1D array (64)
1D array (64)
D(g=Sigmoid, ν =1)
value [0,1]
TABLE 3. CNN architecture parameters for each operator. For a graphical view of the flow architecture, see Figure 2. Where D is a dense
layer, Drp is a dropout layer, M p is a Max polling layer, s is stride.

F IGURE 2. CNN architecture diagram.
We use Keras deep learning framework, with the binary crossentropy as a loss function
and the rmsprop as optimizer to see the definition and more details see [15, 1]. Using
the previous CNN architecture and dataset, we propose 4 experiments. We train the
NNs from scratch, using Minotauro GPU-cluster of the (Barcelona Supercomputing
Center, with the same learning rate (0.0001), batch size of 64 images and 50 epochs.
We measure the accuracy at each epoch for training and test set. The base line experiments give us a reference to compare if the CNN and MCNN can learn the features.
We rotate some images of the training set randomly (up to 45o ), in order to analyze the
behavior of the CNNs under rotations. In Table 4 summaries our experiments.
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Experiment \ NN Type
CNN
MCNN
Base line
train=87.50/val=76.56
train= 86.09 /val= 72.73
o
Random Rotation [0, 45 ] train=80.63/val= 76.95 accuracy train = 76.46/val =75.00
TABLE 4. Proposed experiments and measurements. is possible to see
that the difference between train and validation using a CNN is higher
than MCNN.
4. P RELIMINARY RESULTS
In Figure 3, we present the baseline experiments of the accuracy for CNN (left plot)
and MCNN (right plot). Train accuracy per epoch is presented with the blue-line, and
the orange-line represents the validation accuracy per epoch. We see that MCNN has a
lower accuracy rate per epoch than CNN. But both (CNN and MCNN), achieve similar
accuracy for the training set at around 30 epoch, this means that MCNN feature space
can be learned by the NN from scratch. The separation between the blue-line (Acc)
and the orange-line (vAcc) is known as overfitting effect3 due to the fact that NNs do
not generalize for the test set images.
Figure 4 shows the random rotation experiments. We see that the overfitting effect
is reduced between the accuracy of the training and test set, especially for MCNN.
According to our preliminary results, we have the correct or the expected response of
the MCNN to rotations, but we need to do a fine tuning (which is an heuristic process)
of the MCNN in order to try to obtain a significant improvement in the accuracy.

F IGURE 3. Baseline experiments. Left: accuracy in the train and test
sets for CNN. Right: accuracy for the training and test sets for MCNN.
5. D ISCUSSION
We have presented a first step in creating a MCNN by combining the local phase information. We have shown that a MCNN feature space can be learned by DL NN from
3Overfitting happens when a model learns the features and noise in the training set to the extent that

it negatively impacts the performance of the model on new data (test-set). This means that model does
not have the ability to generalize.
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F IGURE 4. Random rotation. Left: accuracy in the train and test sets
for CNN. Right: accuracy in the train and test sets for MCNN. We
can see how in both cases the rotations reduce the overfitting. Note,
however, that the overfitting reduction is more intensive using MCNN.
scratch, and that it is possible to achieve similar accuracy results (without rotations)
as using a CNN. Furthermore, the random rotation experiments show that the overfitting effect is slightly reduced in MCNN than CNN. We obtain the expected response
of the MCNN to rotations. The computational load is similar for CNN and MCNN
training due to we use the same number of channels (rgb for CNN) and (Mag, ψ, θ for
MCNN). The Riesz transformation can be done off-line, and there is not considerable
computational time in comparison with the training time. We believe that, we need, to
make a fine tuning of the MCNN and more experimental work in order to achieve a
significant improvement in the accuracy and analyze the MCNN feature space.
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A BSTRACT. The even-grade 3D Euclidean geometric algebra G3,0,0
provides a valuable device
to perform rotations of three-dimensional vectors, by means of unit quaternions, which has been
called a rotor. The aim of this paper is to present a theoretical study with the use of quaternion
rotors replacing the homogeneous-orthogonal-matrix-product structure of the Branch-and-Prune
algorithm when tackling the so-called Discretizable Molecular Distance Geometry Problem with
exact distances, a subclass of distance geometry problems, which determines structures in Rd
only subjected to exact-distance and chirality constraints. The proposed idea shows to be productive by reducing around a half of the number of numerical operations to find a solution and
by demanding less space of storage.

1. I NTRODUCTION
Quaternions are known as an efficient tool to rotate 3D vectors. Such discussion of the Hamilton
algebra [11, 12] started with Arthur Cayley around 1855 [2] and he was followed by Clifford,
Klein, Hurwitz, Hathaway and others [6]. What comes next is based on [2, 5, 8, 14, 15].
A quaternion is a hyper-complex number q = q0 + qv ∈ H, where the scalar part q0 is real and
qv = q1 i + q2 j + q3 k is the complex vector part [8]. If the scalar part is null, such number
is called a pure quaternion whose subset is denoted by H0 . It was already proved that H is
isomorphic to R4 and that the subset H0 is isomorphic to R3 , which is fundamental to the
use of quaternions for rotations of 3D vectors. Furthermore, the conjugate of q is defined as
q∗ = q0 − qv ∈ H.

H is a non-commutative algebra with the usual addition and the multiplication defined by the
equations i2 = j2 = k2 = ijk = −1, jk = i = −kj, ki = j = −ik and ij = k = −ji. Therefore,
given two quaternions p = p0 + pv and q = q0 + qv , the latter equations gives
(1)

pq = (p0 q0 − pv · qv ) + (p0 qv + q0 pv + pv × qv ),

which demands 28 numerical operations to be performed.

The norm of q is defined by Nq = qq∗ = q∗ q. We call q a unit quaternion when Nq = 1.
Cayley, then, noticed that the mapping in R4 given by p 7−→ qpq∗ , with q ∈ H, represents a
four-dimensional rotation, taking advantage of such isomorfism R4 ∼ H [5].

Now, in Geometric Algebra (geometric approach of Clifford Algebra [3] pionereed by D.
Hestenes [13]), a rotor in the 3D Euclidean space is an even-grade element
(2)

Rϕ,r̂ = e−ϕ r̂I = cos(ϕ) − sin(ϕ)r̂I

(polar representation)

of the 3D Euclidean algebra G3,0,0 which rotates vectors in 2ϕ about the axis spanned by dual
of the unit vector r̂ by means of the mapping v 7→ Rϕ,r̂ vR̃ϕ,r̂ , where R̃ϕ,r̂ is the reversal of Rϕ,r̂
and I = e1 e2 e3 is the pseudoscalar of G3,0,0 , where {e1 , e2 , e3 } is the canonical base of R3 . [8].
Moreover, rotors define their own algebraic structure called Rotor Algebra, which is denoted
+
by G3,0,0
and consists of a subalgebra of G3,0,0 .
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Next proposition states that unit quaternions from H can be binunivocally identified with rotors
+
in G3,0,0
through the relations i ↔ −e1 I, j ↔ −e2 I and k ↔ −e3 I. We show no proof, as it is
fully based on [5, 8, 15].
 
 
θ
θ
Proposition 1. The unit quaternion q = q0 + qv = cos
+ sin
r̂ can be identified with
2
2
+
the rotor R = R θ ,r̂ ∈ G3,0,0
, which rotates vectors around the subspace spanned by the unit
2
vector r̂ about the angle θ in the right-hand orientation. The reverse is given by the conjugate
θ
quaternion in this case, that is, R̃ = R̃−θ ,r = e 2 r̂I . Moreover, the result of rotating v by R can
be associated with a linear combination in a local base {v, qv , qv × v} as
(3)

RvR̃ ↔ (q20 − qv · qv )v + 2(qv · v)qv + 2q0 (qv × v).

It is easy to see, by Equation (3), that R demands 32 numerical operations to rotate v.
In this work, we use such rotors to implement the branching device of the so-caled Branchand-Prune (BP) algorithm with less numerical operations than the usual homogeneous rotation
matrix approach when exploiting the search space of solutions for the Discretizable Molecular
Distance Geometry Problem (DMDGP).
It is organized as follows. In Section 2, we motivate the use of the DMDGP in the modelling of
a protein-structure-determination problem and discuss its definition using graph theory. Section
3 focuses on the Branch-and-Prune algorithm and how it takes advantages of the combinatorial
approach of DMDGP by using a product of matrices. In Section 4, we present the original
contribution of this paper which consists of using rotors of Quaternion Geometric Algebra in
the kernel of BP instead of matrices. Comparison between classical and quaternion approaches
are discussed in Section 5. Finally, Section 6 concludes the paper and present some directions
for future works.
2. T HE D ISCRETIZABLE M OLECULAR D ISTANCE G EOMETRY P ROBLEM
Proteins consist of chains of amino acids, which are chemically bound forming a larger molecule. The structure of each amino acid is given by atoms of hydrogen, nitrogen, carbon, oxygen
and a residue, which varies from one to another and specifies the aminoacid uniquely - the side
chain. It can be represented by the graph G = (V, E) in Figure 1 (a), where V is the set of
atoms (vertices of the graph) and E is the set of available bonds between the atoms (edges of
the graph), and GSC is a subgraph of G which represents the side chain.
A widely important problem in structural and computational Biology is the calculation of the
three-dimensional structure of a protein, which gives lots of information about its functions. For
this purpose, some interatomic-distance and chirality data can be provided by Ramachandran
peptide-unit-mean data [24] or even by physical-chemical experiments such as cristallography
and Nuclear Magnetic Resonance (RMN) [7, 25, 28]. Such data can be used to model an
inverse problem in order to determine protein tridimensional structure by removing all the side
chains and considering only the backbone of the protein, represented by the graph GPB with a
hand-crafted-virtual order for the atoms Figure 1 (b) [17].
We, then, proceed to formalize the problem. Given an integer K > 0 and a simple undirected
graph G = (V, E) whose edges are weighted by an distance function d : E −→ R+ , the Distance
Geometry Problem (DGP) with exact distances is a decision problem which asks if there exists
or not an embedding x of V in RK such that it does not violate the edge-weight constraints, i.e.,
(4)

kx(u) − x(v)k = d({u, v}),
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F IGURE 1. (a) A basic graph structure of an aminoacid. (b) A hand-craftedvirtual order of protein backbone. [17]
where k·k is the Euclidean norm. E indicates which exact distances between pairs of objects
(represented by the vertices in V ) are available and that are given by the edge-weighting function d. A solution x to the DGP is called a realization and the search space of this problem is
continuous. From here on, we adopt the short notation du,v for d({u, v}) and xv for x(v).
The Molecular Distance Geometry Problem (MDGP) with exact distances is the 3-dimensional
DGP and such name is inspired in the pioneer work of Crippen and Havel [4] which deals with
such problem to find tridimensional conformations for molecules by using distances among
atoms and chirality information.
Under particular assumptions, the MDGP can be discretized such that the search space assumes
a combinatorial fashion which can be represented by a binary tree. It is strongly based on the
existence of a vertex total order (≤) in V , whose position of each vertex in the order is named
its rank, which gives us a particular MDGP problem, object of our interest in this paper. As the
rank identification is injective, we will abuse on denoting the vertex u with rank i by “vertex i”
and accept all the implications of this.
The Discretizable Molecular Distance Geometry Problem (DMDGP) is a MDGP with a vertex
order such that
(1) (discretization)
for every pair of vertices i, j ∈ V with 1 ≤ |i − j| ≤ 3, we have {i, j} ∈ E and

(2) (non-collinearity)
the distance values among each triplet of consecutive vertices i − 2, i − 1 and i in the
order satisfy the strict triangular inequalities
di−2,i < di−2,i−1 + di−1,i ,
for all i ≥ 3.

Assumption (1) ensures that the first three vertices in the order induce a 3-clique and guarantees
that, for every i ≥ 4, the set {i − 3, i − 2, i − 1, i} ⊂ V induces a 4-clique. It means that a set of
feasible positions for vertex i, w.r.t. the considered distances, lie in the intersection I of three
spheres S1 , S2 and S3 with centers in the positions of i − 3, i − 2 and i − 1 and radii di−3,i , di−2,i
and di−1,i , respectively, which can have zero, one or two positions (discretization) [16]. Liberti
et al. [19] studies such intersection and guarantees that it has either no point or two points,
assertion which occurs with probability 1, as the probability of |I| = 1 is 0 (zero Lebesgue
measure). Assumption (2), in turn, ensures that collinearity of the three centers does not hold
and, therefore, it is not possible to have infinitely many points in the intersection.
Finally, the search space for solutions is designed as a binary tree. The set of edges can be
partioned into two disjoint sets E = Ed ∪ E p : Ed has the discretization edges and is always
non-empty by Assumption (1) and E p has the pruning edges which can be empty and whose
weights will be used by the BP algorithm to prune away the infeasible positions determined by
the discretization edges [10, 19, 16]. This dynamics guarantees that the tree doesn not grow
too much and what makes efficient a depth-first search [20, 23]. After removing all possible,
but infeasible, positions, each path from the root node to the leaf node is a solution for the
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DMDGP [16]. Moreover, there are vertices which are called symmetry vertices that makes
possible to transform one solution to another by performing partial reflections on such vertices
[20, 23]. Thus, it is enough to determine one solution only. And, the number of solutions
is deterministically known a priori by 2n−|S|−3 , where n = |V | and S is the set of symmetry
vertices which has, at least, the fourth one always [10, 16].
3. C LASSICAL BP ALGORITHM WITH ROTATION MATRICES
Lavor et al. [16] designed a three-stage combinatorial algorithm which solves the DMDGP by
performing a depth-first search in a binary tree, which is called Branch-and-Prune (BP). Such
tree is named Solution Tree and turns out to be the output of BP.
The input data is a DMDGP instance G = (V, E, d) whose vertices are numbered from 1 to n,
where n = |V |. Such distances can provide a special coordinate set for all the vertices which
is called internal molecular coordinate set and that consists of triples of bond lenghts, bond
angles and torsion angles (see Figure 2), widely used in Molecular Geometry [9, 21, 27].
For each vertex i > 2, the bond angle θi−2,i consists on the angle between the bonds {i−2, i−1}
and {i − 1, i}. It can be calculated using the regular cosine law in constant time by
!
2
2
2
+
d
−
d
d
i−i,i
i−2,i
i−2,i−1
(5)
θi−2,i = cos−1
.
2di−2,i−1 di−1,i
Also, the torsion angle ωi−3,i is defined as the dihedral angle bewteen the planes πi−3,i−1 and
πi−2,i , which are respectively and uniquely defined by the positions of the vertices i−3, i−2, i−
1 and i − 2, i − 1, i. It can also be computed in constant time, now using the dihedral cosine law
[1, 18], by




2
2
2
2
 2di−2,i−1 di−3,i−2 + di−2,i − di−3,i − (di−3,i−2,i−1 )(di−2,i−1,i ) 

(6) ωi−3,i = cos−1 

,
 r
2
2
2
2
2
2
4di−3,i−2
di−2,i−1
− di−3,i−2,i−1
4di−2,i−1
di−1,i
− di−2,i−1,i

where

2
2
2
di−3,i−2,i−1 = di−3,i−2
+ di−2,i−1
− di−3,i−1

and

2
2
2
di−2,i−1,i = di−2,i−1
+ di−i,i
− di−2,i
.

All distance values involved in Equations 5 and 6 are available by the DMDGP definition.
i−3
di−2,i−3

θi−1,i−3

ωi−3,i

i−1

i − 2 di−1,i−2 θ
i,i−2

di,i−1
i

F IGURE 2. Fundamental quatruplet of DMDGP and internal coordinates.
The algorithm is initiallized by positioning the first three vertices in order to fix the base plane
π1,3 [27] (see Figure 3). Vertex 1 is considered as the origin of a local Cartesian frame x1 y1 z1
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π1,3

x3
3

z3

y3

5

y2

d2,3

y1

z2
θ1,3

x2
2

x1

d1,2

1

z1
F IGURE 3. Initialization of BP: placing the base plane.
such that vertex 2 is defined in the negative x1 -axis and vertex 3 lies in the first or second
quadrant of the x1 y1 -plane. Vertex 2 is also the origin of a coordinate system x2 y2 z2 whose
negative x2 -axis passes through vertex 1 and, again, vertex 3 lies in the first or second quadrant
of the x2 y2 -plane. At last, vertex 3 is the origin of a coordinate frame x3 y3 z3 , whose negative
x3 -axis passes through vertex 2 and vertex 1 lies on the third or fourth quadrant of x3 y3 -plane.
So, every conformation x : V → R3 for G is based in this plane, starting from the origin
T
of x1 y1 z1 with x1 = 0 0 0 . Such origin can be mapped into the second position with
three transformations from the first frame into the x2 y2 z2 system: a translation by the vector
T
t2 = d1,2 0 0 , a rotation in θ = π around the axis spanned by the canonical vector k and
T
a rotation in ω = π about the axis spanned by the canonical vector i, i.e., x2 = −d1,2 0 0 .
Analogously, the origin of x1 y1 z1 can be mapped into x2 y2 z2 by means of the latter transforT
mation and, then, into x3 y3 z3 by a translation with the vector t3 = d2,3 0 0 , a rotation in
θ = π − θ1,3 around the axis spanned by k and a rotation in ω = 0 around the axis spanned by
T
i, which determines the position x3 = −d1,2 + d2,3 cos(θ1,3 ) d2,3 sin(θ1,3 ) 0 .

From the fourth on, we have the branching stage: given a vertex i, the discretization assumption
guarantees that there are two possibilities xi1 and xi2 for its position, as we previsouly saw, that
lie in the intersection of three spheres with centers in the positions of i − 3, i − 2 and i − 1 and
radii di−3,i , di−2,i and di−1,i , respectively. They are symmetric by the plane determined by the
xi−3 , xi−2 and xi−1 : one is generated by a rotation by ω = ωi−3,i and the other by a rotation by
ω = −ωi−3,i , both about the axis span{i}.
Both positions can be determined by solving the quadratic system

(7)
(8)
(9)

2
kxi − xi−3 k2 = di−3,i

2
kxi − xi−2 k2 = di−2,i

2
kxi − xi−1 k2 = di−1,i

Some mentions about solutions to this can be found in [19].
Lavor et al. [16], on the other hand, took advantage in the recursive structure of the DMDGP to
find both positions by a composition of a translation, a planar rotation and a spatial rotation, as
some authors had already done for other applications [9, 27]. After finding one of the solutions
from the pair, the other can be found just by changing the signs for the torsion angles [16].
Below, we describe in details such recursive transformations using a product of matrices. It
will be of great importance when defining the quaternion rotors, as we need to know precisely
the angle and the axis that the rotation will occur.
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For each i ≥ 4, it is defined a xi yi zi frame such that vertex i + 1 lies in the negative xi -axis and
i + 2 lies in the the third or fourth quadrant of the xi yi -plane.
For all the cases, we can transform a position xi−1 in the frame xi−1 yi−1 zi−1 to another position

T
xi in the frame xi yi zi by a translation by the vector ti = di−1,i 0 0 , a rotation in θ =
π − θi−2,i about span{k} and a rotation in ω = ωi−3,i about span{i}. Thus,
" # "
#"
# " # "
#!
(10)

xi

1

0

0

zi

0 sin(ω)

xi = yi = 0 cos(ω) − sin(ω)
cos(ω)

cos(θ ) − sin(θ ) 0
sin(θ ) cos(θ ) 0
0
0
1

xi−1
di−1,i
yi−1 +
0
zi−1
0

Using the fact that sin(π − θi−2,i ) = sin(θi−2,i ) and cos(π − θi−2,i ) = − cos(θi−2,i ) and the
convenient homogeneous representation of a translation as a matrix [27], the position xi as
the result of Equation (10) can be represented in the homogeneous space as a product of two
orthogonal 4 × 4 matrices Ei and Pi and a homogenous-translational matrix Ti by the position
of xi−1 in the homogeneous space as
 


xi
xi−1
yi 


 = Ei Pi Ti yi−1  = Ei Pi Ti xh ,
(11)
xhi = 
i−1
zi−1 
zi 
1
1


T
T
where xhi−1 = xTi−1 1 , xhi = xTi 1 ,

1
0
Ei 
0
0

0
cos(ωi−3,i )
sin(ωi−3,i )
0

0
− sin(ωi−3,i )
cos(ωi−3,i )
0



0
− cos(θi−2,i )
 sin(θi−2,i )
0
, Pi = 

0
0
1
0

− sin(θi−2,i )
− cos(θi−2,i )
0
0

0
0
1
0



0
1
0
0
 and Ti = 
0
0
1
0

0
1
0
0

0
0
1
0


di−1,i
0 
.
0 
1

After the products, we then get to the widely known matrix transformation [9, 16, 21, 26, 27]
xhi = Bi xhi−1 ,

(12)
which is given by
  

xi
− cos(θi−2,i )
y
sin(θ
i
i−2,i ) cos(ωi−3,i )
 =
zi
sin(θi−2,i ) sin(ωi−3,i )
1
0

− sin(θi−2,i )
− cos(θi−2,i ) cos(ωi−3,i )
− cos(θi−2,i ) sin(ωi−3,i )
0

0
− sin(ωi−3,i )
cos(ωi−3,i )
0





−di−1,i cos(θi−2,i )
xi−1
di−1,i sin(θi−2,i ) cos(ωi−3,i ) yi−1 
di−1,i sin(θi−2,i ) sin(ωi−3,i )
zi−1
1
1

This product is efficient to find both possibilities for the position of a vertex, as we can get the
other position from the same matrix structure just by turning the sign of the sine, since
(13)

sin(−ωi−3,i ) = − sin(ωi−3,i ).

So, there is a biunivocal correspondence between the set of positions for all possible depth-first
paths in the binary tree and the set of all possible sequences of internal coordinates, ordered
following the DMDGP ordered set V . That is, as in [16, 27], for each choice of sequence of
internal coordinates from 1 to n, one can position vertex i uniquely, by transforming the origin
of the x1 y1 z1 frame into a point in the xi yi zi frame through the product
 
0

0

(14)
xhi = B1 B2 B3 B4 · · · Bi−1 Bi 
0 .
1

For i = 1, 2, 3, we have no branchings. So, it is easy to determine the first three transformation
matrices are fixed: B1 is the 4 × 4 identity matrix,

−1
0
B2 = 
0
0


0 0 − d1,2
1
0
0

0
−1
0
0
0
1

and


− cos(θ1,3 ) − sin(θ1,3 )
 sin(θ1,3 ) − cos(θ1,3 )
B3 = 

0
0
0
0
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Finally, after positioning a vertex i in xi , we ought to test its feasibility according to all distance
values involving such vertex. This is the third stage called pruning. When xi is found, a pruning
device is implemented in order to check feasibility.
Many different kinds of pruning devices can be developed and used at this stage [22], but a very
efficient one is the Direct Distance Feasibility (DDF) check.
Alg. 1 is an outline of the BP algorithm, where v ∈ V is the current vertex one wants to position,
n = |V | and d represents the weights for the edges.
Algorithm 1 The BP algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

BP(v, n, d)
compute xv0 ;
if (xv0 is feasible) then
if (v = n) then
let nsols = nsols + 1;
else
BP(v + 1, n, d);
end if
end if
compute xv00 ;
if (xv00 is feasible) then
if (v = n) then
let nsols = nsols + 1;
else
BP(v + 1, n, d);
end if
end if

If it runs until termination, all possible realizations of G are found. However, it can be stopped
after the first leaf node when level n is reached. This way, only one realization of G is determined, which is called BP-one.
4. BP ALGORITHM WITH Q UATERNION G EOMETRIC A LGEBRA
Instead of using homogenous 4 × 4 orthogonal matrices to perform rotations of 3D vectors
when transform a vector from xi−1 yi−1 zi−1 frame into another in xi yi zi frame, one can make use
of convenient unit quaternions at each step of BP.
As we know the possible internal coordinates (di , θi , ωi ) for each vertex i ∈ V , we define the
spatial and planar rotational unit quaternions, respectively, as




ω 
ω 
ω
π−θi
π − θi
π − θi
i
i
ε
− 2i kI
π
+ sin
k↔e
and qi = cos
+ sin
i ↔ e− 2 iI .
qi = cos
2
2
2
2
Then, Equation (11) can be translated into
xi = (qεi qπi ) (xi−1 + ti ) (qεi qπi ) .
∗

(15)

We can simplify such transformation by making
(16)

qi = qεi qπi



θi
= sin
2



cos

ω 
i

2

θi
+ sin
2

Thus, Equation (15) can be written as
(17)





sin

ω 
i

2



θi
i − cos
2



sin

ω 
i

2



θi
j + cos
2



cos

ω 
i

2

k.

xi = qi (xi−1 + ti ) q∗i .

As the internal coordinates for the first three vertices are set as (0, 0, 0), (d1,2 , 0, π) and (d2,3 , θ1,3 , 0),
we then have

161

8

USING QUATERNION ALGEBRA FOR EFFICIENT ROTATIONS IN THE BP TO SOLVE THE DMDGP

q1 = 1,

q2 = −j

and



θ1,3
q3 = sin
2






θ1,3
+ cos
k.
2

Therefore, Equation (14) can be written in quaternion terms as




(18) xi = q1 q2 q3 · · · qi−1 (qi (e + ti )q∗i + ti−1 ) q∗i−1 + ti−2 · · · + t3 q∗3 + t2 q∗2 + t1 q∗1 ,
T
where e = 0 0 0 . If we list each one and perform the distributions, we can notice the
recursion calling the last position which is already determined as part of the solution, that is,
x1 = q1 (e + t1 )q1∗ = q1 t1 q∗1 = e,

x2 = q1 (q2 (e + t2 )q∗2 + t1 )q∗1 = (q1 q2 ) t2 (q1 q2 )∗ + q1 t1 q∗1 = (q1 q2 ) t2 (q1 q2 )∗ + x1 ,
x3 = q1 (q2 (q3 (e + t3 )q∗3 + t2 )q∗2 + t1 )q∗1 = (q1 q2 q3 ) t3 (q1 q2 q3 )∗ + x2 ,
..
.
xi = (q1 q2 . . . qi )ti (q1 q2 . . . qi )∗ + xi−1 ,
..
.
xn = (q1 q2 . . . qn )tn (q1 q2 . . . qn )∗ + xn−1 .
Thus, the general step of BP, from Equation (14), can be stated using quaternion rotors as
xi = (q1 q2 . . . qi )ti (q1 q2 . . . qi )∗ + xi−1 ,

(19)

i = 2, . . . , n.

If we need to backtrack and get the second position, we just change the sign of the sine of the
torsion angle (Equation (13)) and the new position is given by R̃xR, i.e.,
xi = (q1 q2 . . . q∗i )ti (q1 q2 . . . q∗i )∗ + xi−1 ,

(20)

5. C OMPARISONS :

ORTHOGONAL MATRIX ALGEBRA

i = 2, . . . , n.
× QUATERNION GA

FOR

BP

This section brings a comparison between homogeneous rotation matrix product and quaternion
rotor product approaches.

T
For the first (Equation(14)), to find the x1 , we need 28 operations to xh1 = B1 0 0 0 1 .
Then, at each step i ≥ 2, having already positioned xi−1 , we make the product

T
(21)
xhi = Qi−1 Bi 0 0 0 1 ,

where Qi−1 = B1 B2 B3 B4 · · · Bi−1 . To do so, it is necessary to perform 112 operations to build
the matrix Qi−1 Bi and more 28 operations to make the product of the resulting matrix and the

T
vector et 1 . In summary, to build a solution for an instance with n vertices, we need
(22)

operations.

OM (n) = 140n − 112

Yet, for the second approach (Equation(19)), we need 32 operations to find the first position
by x1 = q1 t1 q∗1 . After that, at each step i ≥ 2, having already positioned xi−1 , we make the
transformation
ρ

ρ

xi = (qi−1 qi )ti (qi−1 qi )∗ + xi−1 ,

(23)
ρ

where qi−1 = q1 q2 . . . qi−1 . To do so, we need 28 operations to find the composed quaternion
ρ
ρ
ρ
qi−1 qi , more 32 operations to rotate ti by (qi−1 qi )ti (qi−1 qi )∗ and more 3 operations to sum with
the previous position already determined. As a result, to build the same solution as with the
matrix product with n vertices, we need
(24)
numerical operations.

Oq (n) = 65n − 30
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We used ten instance sizes to analyze the numerical counting of operations for both Matrices
and Quaternions. The sizes are displayed in Table 1 and the numerical operation numbers and
ratio between them are, respectively, plotted in Figure 4(i) and Figure 4(ii).
TABLE 1. Instance Size Table
Instance 1 2
3
4
5
6
7
8
9
10
n
1 10 100 500 700 1000 5000 7000 10000 20000

F IGURE 4. (i) In red, the values for OM (n) and, in yellow, the values for Oq (n).
(ii) In blue, the ratio between OM (n) and Oq (n)
We can see that as the size of the instance grows, the difference between the number of operations of both approaches grows considerably. Such number for the structure with matrices (red
line in Figure 4(i)) increases around twice each time more than the number of operations to
make the same determination with quaternions (yellow line in Figure 4(i)). The second plotted
OM (n)
curve (Figure 4 (ii)) shows the ratio
, which is stable around two since when dealing
Oq (n)
with a few number of vertices, validating that.
At last, each matrix needs 16 positions and each quaternion need 4 ones. That is, additionally
to make less operations, it needs less space to store the internal-coordinate data.
6. C ONCLUSIONS AND F UTURE W ORK
In this paper, we have shown that the transformation device in the kernel of the Branch-andPrune algorithm, in order to solve a DMDGP, can be made using either homogeneous rotationtranslation matrix product or a product of rotors in the Geometric Algebra of Quaternions,
which is the aim of this work.
One can see that using quaternions is not only a good choice in terms of saving memory, but
also in terms of saving numerical operations to perform the rigid movements, when compared
to the classical orthogonal matrix approach. It possibly, then, can prevent us from numerical
round-off errors better than the first approach. The latter numerical experiments was not studied
in this theoretical work, standing for a future step.
Some more future challenges are to deal with numerical tests using real protein instances, for
showing advantages and drawbacks in setting quaternion approach as the main one. To handle
imprecise experimental data (which can be provided by crystallography or NMR) [17], Alves
et al. have used conformal Geometric Algebra in [1]. Therefore, we also want to evaluate the
possibilities of using the idea presented in this paper for doing so, as we chose to work only
with precise distance values.
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A BSTRACT. We recall the structure of Geometric Algebra of Conics (GAC) as G5,3 with an
embedding of R2 in such way that conics may be represented as GAC elements, [2]. We recall
the inner and outer product representation, and, moreover, the transformations by means of
G5,3 elements that preserve the conic characteristics. We intend to introduce GAC as the true
alternative to CGA for conics and provide comparison to the existing concepts. Nowadays, the
corresponding theory is partially elaborated for G5,3 and G6 by C. Perwass in [3], for (two–
dimensional version of) double conformal geometric algebra (DCGA) in [1, 5] by R. B. Easter
and E. Hitzer, and for (two–dimensional version of) quadric geometric algebra (QGA) in [4] by
J. Zamora-Esquivel. While the concept of G6 = G6,0 , [3], seems to be geometrically correct for
conics, its main disadvantage is that it does not contain translations. Moreover, even rotations are
obtained as algebraic operator in [3] with no clear natural explanation. The concepts of DCGA
and QGA are two different rather algebraic extensions of CGA with some disadvantages, such
as missing transformations or loss of unique representation, respectively. We provide several
examples and demonstrations in Maple.
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[2] J. Hrdina, A. Návrat, P. Vašı́k, Geometric Algebra of Conics, accepted to Adv. Appl. Clifford Algebr., 2018.
[3] Perwass, Ch.: Geometric Algebra with Applications in Engineering. Springer Verlag (2009).
[4] Zamora–Esquivel, J.: G6,3 Geometric algebra; Description and implementation, Adv. Appl. Clifford Algebr. 24(2), 493–514, 2014.
[5] Easter, R.B. and Hitzer, E. Double Conformal Geometric Algebra Adv. Appl. Clifford Algebras (2017) 27:
2175. https://doi.org/10.1007/s00006-017-0784-0

167

CONFORMAL GEOMETRIC ALGEBRA
IN MOLECULAR DISTANCE GEOMETRY WITH UNCERTAINTIES
C. Souza a and R. Alves b
a Federal

Institute of Rio de Janeiro
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A BSTRACT. The determination of the protein structure is an important problem related to Distance Geometry, and consists in finding the spatial positions of atoms according to an incomplete
set of distances among them provided by Nuclear Magnetic Resonance (NMR) experiments. In
sequential geometric build-up approaches it is assumed that the atoms may be ordered in a way
such that to position an atom (starting from the fourth) there are available distances to three predecessors. This allows a geometric interpretation as a three-sphere intersections. Using the tools
of conformal geometric algebra to deal with intersections and rotations, this work proposes an
alternative method to the classic Branch-and-Prune (BP) algorithm to handle the uncertainties
in the NMR data and reduce the search space of the solutions.

I NTRODUCTION
Distance Geometry (DG) is a relatively new branch of mathematics based on distances [4, 14].
The main problem is known as the Distance Geometry Problem (DGP) and consists in finding a
set of points in a given geometric space where some distances between points are known. From
now on, we consider the 3D euclidean space.
The DGP is defined by a graph and its classical solution is based on a global optimization
problem.
DGP definition: Given a simple undirected graph G = (V, E, d), weighted by d : E → (0, ∞),
find a function x : V → R3 , satisfying
(1)

∀ {u, v} ∈ E, kx(u) − x(v)k = d(u, v).

It is classically formulated as minimizing the function

∑

{u,v}∈E

2 2
(||xu − xv ||2 − du,v
) ,

but for large scale problems it has multiple local minima and it is difficult to find the global
ones.
A combinatorial approach for DGP was proposed in [15], and it is based on a vertex ordering.
For protein structure determination, using information provided by Nuclear Magnetic Resonance (NMR), it is possible to define an order in which an atom is adjacent to three consecutive
predecessors. This subclass of DGP is called Discretizable Molecular Distance Geometry Problem (DMDGP) [10].
Definition DMDGP: Given a DGP graph G = (V, E, d) and an order in V , denoted by v1 , · · · , vn ,
such that:
1. There is a valid realization for v1 , v2 , v3 ;
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2. For all vi , i = 4, . . . , n the 3 immediately preceding vertices vi−3 , vi−2 , vi−1 , satisfy
{{vi−3 , vi }, {vi−2 , vi }, {vi−1 , vi }} ⊂ E;.
3. The distances related to vi−3 , vi−2 and vi−1 satisfy di−3,i−2 + di−2,i−1 > di−3,i−1 , where
di, j is the distance between vi and v j ,
find a function x : V → R3 such that ∀{vi , v j } ∈ E, kxi − x j k = di, j , where xi = x(vi ).

In real instances, the distances di−3,i and any other distances di− j,i , j > 3, are provided by
NMR experimentally, so they are imprecise and we deal with imprecise data as intervals of
real numbers, as we show in the next sections. The distances di− j,i , j > 3, are called pruning
distances.
In Section 1, we briefly introduce an algorithm used to solve the DMDGP and where conformal
geometric algebra (CGA) can be used to improve it, then, in Section 2 we show how CGA is
applied to reduce the search space and, finally, in Section 3 we illustrate the method with an
example.
Different geometric algebra approaches were proposed to DMDGP [1, 2, 3]. The original
contribution of this work is the development described in Section 2.

1. B RANCH - AND -P RUNE ALGORITHM
The DMDGP provides a geometric interpretation based on the intersection of spheres. Each
predecessor with its correspondent distance to the atom to be positioned form a sphere, so
according to the properties of the DMDGP, every atom is on the intersection of three spheres,
that in general consists of two points. In this way, the DMDGP can be described by a binary
tree: each node generates another two and so on.
A Branch-and-Prune (BP) algorithm [13] is used to explore the binary tree searching for feasible paths from the root to a leaf node. The feasibility of a node is tested when NMR provides
pruning distances related to it.
1.1. Interval BP. As mentioned above, the distances di−3,i are given by intervals, so the intersection is among two spheres and a spherical shell, Fig. 1. Then, the possibilities for an
atom position are in circle arcs. What BP does is to sample points in the arcs, test their feasibility with interval pruning distances, prune the unfeasible points and follow the search from the
feasible ones. This version of BP is called iBP [5, 11].

F IGURE 1. Intersection of two spheres and a spherical shell.
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3

The crucial problem of this approach is that a small number of sample points can lead to no
feasible conformation and on the other hand, a huge number can cause a drastic increase on the
search space.
Based on the geometric interpretation, we propose a CGA approach for dealing with the uncertainties in order to reduce the search space.
2. T HE METHOD
The use of CGA to solve the DMDGP arises from how CGA deals intuitively with sphere
intersection and also from the powerful properties of rotors. For more details, see [6, 7, 8, 9,
12, 16].
For each atom xi , i > 4, we define three spheres Si−1,i , Si−2,i and Si−3,i , with centers respectively
in xi−1 , xi−2 and xi−3 , and radii di−1,i , di−2,i and di−3,i . As the distance di−3,i is an interval,
actually Si−3 is a spherical shell, represented by two spheres Si−3 , with the lower limit of di−3,i
and Si−3 , with the upper limit of di−3,i .
We recall the basis used in CGA {e1 , e2 , e3 , e0 , e∞ }, where {e1 , e2 , e3 } is the canonical basis
of R3 and {e0 , e∞ } is called a null basis, as both square to zero with respect to the geometric
product. Then, a point x ∈ R3 is represented by
X = x + 12 |x|2 e∞ + e0 .

A sphere intersection in CGA can be performed by the outer product Si−3,i ∧ Si−2,i ∧ Si−1,i ,
generating a point pair. As we do it twice, we have two point pairs, forming two arcs, exactly
as in Fig. 1.
It is shown in [1, 2] that these arcs can be completely represented by an initial point rotating
by an angle limited by the arc size, through an axis defined by the two previous points xi−1
and xi−2 . The arcs size can be computed a priori for the whole instance using only the known
distances, and we call it φi . The rotation angle is λi ∈ [0, φi ], the axis will be called by
Zi = (Xi−2 ∧ Xi−1 ∧ e∞ )∗
, where “∗” represents the dual. Then, the rotor Ri is given by
Ri = cos( λ2i ) − Zi sin( λ2i ).
So, for each arc, once calculated an initial point Pi (from the three sphere intersections), the
possible positions for the point Xi are given by
Xi = Ri (λi )Pi R−1
i (λi ),

where λi ∈ [0, φi ].

In case that a pruning distance is available, the iBP use it to test the feasibility of the sampled
points. We propose a method to use the pruning distance to reduce the arcs before sampling. In
other words, it will reduce the interval [0, φi ].
The intersection of the spheres Si−2,i and Si−1,i , generates the circle Ci = Si−2,i ∧ Si−1,i that has
the two arcs related to di−3,i . Each pruning distance di− j,i , j > 3 possibly generates another two
arcs in Ci , in this case it’s necessary to determine the intersections among the arcs in order to
define the feasible region.
The method to check if there is an intersection consists in finding the angle that the initial points
of the original arcs should rotate to achieve the new points. Then, compare these values with
the interval for λi .
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Using the spherical shell given by Si− j,i , four points are positioned in Ci . Let Y be one of these
points, then, we solve for λ the following equation.
(2)

Y = Ri (λ )Pi R−1
i (λ ),

and verify if λ belongs to [0, φi ]. This is done for all four points, then it is possible to intersect
the arcs and calculate the new interval for λi .
2.1. Finding the angle correspondent to a point. An important part of this work is the solution of Eq. (2).
Let Y be a point on the circle and let P be the starting point of an arc, which will undergo the
action of the rotor R. We want to determine the angle λ , such that the application of R will
return the point Y .
 
 
 
λ
λ
Let c = cos 2 , s = sin 2 and t = tan λ2 , then:
Y = R(λ )PR−1 (λ )
= (c − sZ)P(c + sZ)

= c2 P + cs(PZ − ZP) − s2 ZPZ

= c2 P + 2cs(P · Z) − s2 ZPZ.

(developing PZ − ZP)

Considering the non-trivial case where c 6= 0, and using the fact that the Y ·Y = 0 [6], we have:
(3)

−[Y · (ZPZ)]t 2 + 2[Y · (P · Z)]t +Y · P = 0,

 
which is a second degree equation, and so it provides up to two values for t = tan λ2 .

Now, using the product P ·Y , which can be directly computed, we get another useful relation to
determine λ :
P ·Y = c2 (P · P) + 2cs[P · (P · Z)] − s2 [P · (ZPZ)]
= −s2 [P · (ZPZ)].

Therefore
(4)

sin2

 
λ
2

=−

P ·Y
.
P · (ZPZ)

Since the sine function is odd we will have two symmetric values as solution, but only one will
solve the Eq. (2). The common solution of the Equations (3) and (4) is the solution we seek.
Once we can determine λ given a point, we can check for intersections between the arcs simply
checking for intersections of real numbers, Fig. 2 to 5.
In the next Section, we illustrate the method presented above with a short example.
3. E XAMPLE
Following the conditions of the DMDGP, the first three
√ atoms are fixed at the positions, in
R3 : x1 = (0, 0, 0), x2 = (−1, 0, 0) and x3 = (−3/2, 3/2, 0). We want to obtain the spatial
positions of the atoms from 4 to 7 verifying the distances of the Table 1. We also precomputed
the intervals for the rotation angles λ5 ∈ [0, 1.453], λ6 ∈ [0, 0.823] and λ7 ∈ [0, 0.63]:
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F IGURE 2. A0 ∩ P1 = A1

F IGURE 3. A1 ∩ P2 = A2

F IGURE 4. A0 ∩ P1 = A1

F IGURE 5. A1 ∩ P2 =

5

1
2
4
5
6
7
√3
1
*
1
3
2.15
[2.45,2.55]
*
[4.15,4.22]
√
2
1
*
1
3
[2.2,
*
[3.95,4.03]
√
√ 2.6]
3
3
*
1
3
[2.4,
√1
√ 2.6] [3.12,3.28]
4
2.15
3
*
1
3
[2.2,2.4]
√1
√
5 [2.45,2.55] [2.2, 2.6]
3
1
*
1
3
√
6
*
*
[2.4, 2.6]
3
*
1
√1
7 [4.15,4.22] [3.95,4.03] [3.12,3.28] [2.2,2.4]
3
1
*
TABLE 1. Distance matrix.
The fourth atom. For the fourth atom the distances are exact. The atom is in the circle
C4 = −0.5e01 + 0.866e02 + 2e0∞ − 0.866e12 − 2.5e1∞ + 0.866e2∞ . The intersection of C4 and
the sphere S1,4 occurs in two points: X41 = e0 − 1.311e1 + 1.552e2 + 0.702e3 + 2.311e∞ and
X42 = e0 − 1.311e1 + 1.552e2 − 0.702e3 + 2.311e∞ . We choose the position X41 , that is: x4 =
(−1.311, 1.552, 0.702).
The fifth atom. For the fifth atom we have the interval distance d2,5 that generates two arcs
marked in C5 : [X51 , X53 ] and [X52 , X54 ], according to figure 7. To describe analytically all the
points of each arc we must use the rotor R5 = cos (λ5 /2) − Z5∗ sin (λ5 /2). We note that we have
the pruning distance d1,5 that allows verifying the feasibility of the points in the arcs. Using the
1 , X 3 ] and the second is pruned,
process described in Section 2, the first arc was reduced to [X15
15
according to figure 8. Using λ5 = 0.64 in R5 , we obtain the point X5 = e0 −0.728e1 +2.337e2 +
0.491e3 + 3.115e∞ , that is x5 = (−0.728, 2.337, 0.491).
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F IGURE 6. Points in C4 .

F IGURE 7. Arcs in C5 .

F IGURE 8. Resulting Arc.

The sixth atom. For the sixth atom we don’t have a pruning distance. However, the distance
d3,6 is an interval, so we will have two arcs marked in C6 . The position of the atom, therefore,
depends on the rotation at C6 , which is provided by the rotor R6 = cos (λ6 /2) − Z6∗ sin (λ6 /2),
where Z6 = R5 (X4 ∧ X5 ∧ e∞ )R−1
5 . Choosing λ6 = 0.0 and holding λ5 = 0.64 we get the
pointX6 (0.64, 0.0) = e0 − 1.14e1 + 3.22e2 + 0.27e3 + 5.8e∞ , ie, x6 = (−1.14, 3.22, 0.27).
The seventh arc. For the seventh atom we have three pruning distances. Here we use the rotor
R7 = cos (λ7 /2) − Z7∗ sin (λ7 /2). As the distance between the fourth and the seventh atoms is
an interval we will initially have two arcs marked in C7 : [X71 , X73 ], obtained with R7 X71 R−1
7 , with
−1 2
2
4
λ7 ∈ [0.0, 0.63], and [X7 , X7 ], obtained with R7 X7 R7 with λ7 ∈ [0.0, 0.63]. We must apply
the pruning distances and compare with the initial arcs. For the distance d1,7 we obtain the
interval [−0.2, 0.42] for λ7 , with the distance d2,7 we obtain [0.2, 0.5] and with the distance
d3,7 we obtain [0.3, 0.82]. By making the comparison proposed in the algorithm, we obtain
the arc reduced to the interval [0.3, 0.42] for λ7 . Choosing the angle λ7 = 0.4, we get the
pointX7 = e0 − 1.38e1 + 3.86e2 + 1e3 + 8.9e∞ , that is , x7 = (−1.38, 3.86, 1) ∈ R3 .

These points meet all the distances from the table initially presented. See the table below, with
the distances obtained:
1
2
3
4
5
6
7

1
2
4
5
6
7
√3
*
1
3 2.15
2.5 3.43 4.22
√
*
1
3 √
2.4 3.23 4
√1
3 √1
*
1
3 √
2.4 3.16
2.15
3 √1
*
1
3 2.33
√
2.5 2.4
3 √1
*
1
3
3.43 3.23 2.4
3 √1
*
1
4.22 4 3.16 2.33
3 1
*
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4. C ONCLUSIONS
In this work we show how CGA can be used do describe the search space for the DMDGP
avoiding the sampling points that may cause an exponential increase of the space. The main
contribution is the method used to check for intersections between arcs provided by different
interval distances. We show that is possible solving an equation to find the rotation angle λ that
corresponds to computed points and and then intersecting intervals of real numbers. The next
step is consider the method without fixing the previous points.
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GEOMETRIC APPROACH FOR WHOLE BODY
TORQUE CONTROL INVOLVING DYNAMIC OBSTACLES
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A BSTRACT
In recent years, interest in robotics research has been increasing. This is why robots’ performance has increased in order to carry out different tasks such as walking, climbing stairs and
manipulating objects. On the other hand, humans are capable of perform many, nontrivial,
and simultaneous tasks. This capacity is desirable also in humanoid robots. To overcome this,
Whole-Body Control (WBC) is a promising research direction [1].
The proposed work is to use the control scheme used in WBC, which consists in defining a small
set of simple, low-dimensional rules (e.g., collision or self-collision avoidance, equilibrium,
tracking references, etc.) through constraints to achieve such rules using geometry entities
(e.g., use spheres to enclose all the links and check if these entities intersect themselves to
avoid (self-)collision, etc.). These constraints are used to calculate the references for joints
by means of solving a quadratic programming problem, in which a proposed cost function is
minimized subject to constraints already considered.
The control is designed to track the aforementioned references by the inverse dynamics technique [2], which consists in creating a nonlinear feedback control law that results in a linear
close loop system. This control law requires the computation of the dynamical model, which
can be calculated by using geometric algebra as in [3]. With this scheme is possible to address
the stated problem in the mathematical framework of geometric algebra to exploit its capacity
and the geometrical interpretation either to calculate the desired references for an specific task
or the control law to execute this task.
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A BSTRACT. A non-invasive intelligent upper limb prosthesis for the handicapped is presented,
whose intelligent control is based on the implementation of Quaternion Spike Neural Networks
(QSNN) for the processing of bioelectric signals. The learning of the network implements a
gradient algorithm for spike backpropagation (Spike Prop.), in the identification and control of
the signals obtained by non-invasive bioelectric sensors a coding is make to the conversion of
real input data in spike.
Keywords: Quaternion, Spike Neural Networks, prosthesis.

1. INTRODUCTION:
Pulse-type neural networks are systems capable of configuring non-linear functions to correlate
inputs and outputs, as seen in the control area, but which also has the capacity to transform N
bioelectric signals into an output that contains all the information and which we can propose
arbitrarily.
The mathematical models representing the functioning of the third-generation artificial neurons
can be divided in two major categories; namely, behavior and threshold models [4]. The abstraction level is directly related with the computational properties of the corresponding model
and depends on the inclusion or not of biological aspects, such as cell’s ions channels, in order
to describe the neuron’s behavior [6]. The behavior models include biological aspects, while
the threshold ones do not and they assume a special behavior of the firing signal considering a
low threshold of voltage, such that the neuron’s firing occurs when the membrane’s potential
exceeds the given threshold value. The Hodgkin−Huxley’s model is one example of behavior
model, while the Perfect Integrate and Fire (PIF) model is the easiest example of threshold
model, which is discussed in this project.
2. QUATERNION SPIKE NEURAL NETWORKS.
Quaternion algebra (H) was invented by W.R. Hamilton in 1843 in order to extend the properties
of complex numbers to 3D space. A quaternion can in fact be defined as a complex number
with three imaginary parts [10-13]. In this project a new Spike Neural structure defined in
Quaternion Algebra is introduced and a suitable learning algorithm for such a structure is also
reported. Let us define an QSNN (Quaternion Spike Neural Network) as a multilayer Spike
Neural Network in which inputs and outputs values, weights and biases are quaternions.
3. PROSSES.
Eight signals of the bioelectric sensor are introduced in a Neural function without weights
or training, this is done to eliminate the ”high frequencies” and adjust the brand so that it
enters directly into the quaternionic networks, the control depends on the neuronal output and
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F IGURE 1
a function of type gaussian where the speed of the motors of the prosthesis is controlled, it is
an open loop control where the user has an influence on how much he wants to approach the
desired position.
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A BSTRACT. Because all the technological development that have arised since Richard Feynman
thought up the idea of a ‘quantum computer’ [1], and the work of Roger Penrose that stated the
mental computing runs at the quantum level [2], we have decided to formulate classical quantum
computing using neural networks in the framework of quaternion algebra. Recent technological
progress is showing that we approach to the nano scale for the circuit computing, so this is a
clear evidence that we need to resort to the quantum computing which undoubtedly will render
great results, specifically in neural computing arena. Since the introduction of quaternions by
Hamilton in 1843, they have been used in a lot of application. This is mainly due to the capacity
of quaternions to carry out 3D rotations and to operate on others quaternios. So by formulating
classic real valued neural networks as quaternion quantum neural networks, we address to issues:
the use of the Lie Groups, here the quaternions are the best to handle 3D rotations [3], and the
use of a more efficient processing unit via the quaternion quantum neuron. In our previous work,
we designed the Quaternion Quantum Neural Network and in this work, we use the powerful
framework of the quaternion algebra to develop a quaternion quantum neural network capable
of handle a multiparticle system. We use this brand new neural network for image processing.
First we assign a quantum state of the multiparticle system for every point of the image, then
this quantum state is processed through the quaternion quantum neural network and we obtain at
the output a quantum state which is used for image processing. We show the difference between
our neuron and the common qubit neuron model and we apply this quaternion quantum neural
network to convolve a color image in order to enhance it or to detect geometric features.
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Quaternion Wavelet Function Network
Gerardo Martinez-Terán, J.L. Del-Valle-Padilla and Eduardo
Bayro-Corrochano
Abstract. The control in platforms with human Robot Physical Interaction (HRpI), in mode passive, active or in a virtual environment are
of great importance, when used in teleoperation systems with realistic
response based on anatomical models and surgical operation systems,
which need an indirect adaptive control system that allows the identification of the total dynamics . In the present work an adaptive control
law for a Polyarticulated Haptic system is proposed (adaptive PID).
This control law was Inspired in the Radial Basis Function. The results are focused on the analysis and identification of the HRpI system
through the design of the QWFN, and its application first with numerical simulation.
Keywords. Wavelets, neural networks, quaternion algebra, quaternion
neural networks .

1. Quaternion Wavelet Function Network
Inspired in the Radial Basis Function Network, in the past, Bayro [3] proposed
for the first time the wavelet neural network. Now, we will formulate the
Quaternion Wavelet Function Network (QWFN) as g(P, X), where P is the
set of parameters of our network, X is the input, and g(·) is the network
depicted in Figure 1, which is defined by quaternion-wavelet valued at each
hidden neuron. By adaptive learning, P is tuned so that the training data
fits the network model as closely as possible. g(·) uses quaternion wavelet
basis functions in each neuron to define the closeness of X to the affine
transformation of the wavelets, for that a learning rule has to adjust the
quaternion wavelet centers ĉ and their wide. Our model uses quaternions
(rotors) as weights at the output layer to rotate the output quaternion of
the hidden layer. These rotated outputs are combined linearly to define the
output Y of the network. The quaternion wavelet parameters for each neuron
and the quaternion for rotation of the output layer define P . These factors
This work has been supported by CINVESTAV and CONACYT.
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Figure 1. Quaternion Wavelet Function Network
will be useful during the parameter adaptation like the centers and wide of
the quaternion wavelets and the quaternion (rotors) q ij (oi )q̃ ij acting on the
output layer or outstar. The parameter adaptation runs until the network
output is close to the expected output. Since each neuron is defined by a
quaternion wavelet, the quaternion inputs are convolved with the quaternion
wavelet per each neuron and consequently filtered. The resulting quaternion
outputs are further rotated and gather to compute the quaternion outputs.
The training set is a labeled pair Xi , Yi that represents associations of
a given mapping. Similar as in a standard RBF network, given a number of
centers, the adaptive learning process starts adjusting with the centers of the
mother quaternion wavelets of each quaternion neuron of the hidden layer
and then adjust the parameters of their quaternion wavelet daughters. A
quaternion wavelet function network uses the K-means clustering algorithm
to define the center of each mother quaternion wavelet and the Euclidean
distance indicates the nearness of Xi to each center ci . The indexed parameters of the daughter quaternion wavelets for each neuron are computed so
that the coming quaternion signal for each hidden quaternion neuron is well
expanded by this quaternion wavelet basis. For that basically, one expand the
incoming quaternion signal with the quaternion wavelet transform. To determine the best approximated mapping between Xi and Yi , a QWFN uses an
ordinary least-squares method (LMS) for training. Our scheme updates the
center and indexes of the quaternion wavelets neurons at the hidden layer
and the quaternions (rotors) at the output layer.
Since the each component of the quaternion neuron is independent,
we apply the 1-D real valued to each component. The quaternion product
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for the rotations will be applied only at the output layer in the form of
q ij (oi )q̃ ij . The training algorithm consists of mainly two parts: an hand the
quaternion input data Xi ∈ H we fixed the centers of the mother wavelet and
expand Ki daughter quaternion wavelets for each i-neuron. Second using
gradient descent we adjust the four parameters of each quaternion (rotors)
for the rotations at the output layer. As in the standard RBFN on the top of
that, one can pass back-propagation to adjust a bit more the centers of the
quaternion mother wavelet and the indexes of its wavelet daughters. Also at
this training stage, one can vary the amount Ki of quaternion wavelets at
each i-quaternion wavelet neuron. At the first pass one fix Kh = K to a fix
value and then in the iterative updating, one can leave this degree of freedom
open and the QWFN will find the suitable Ki . The learning rule procedure
of the QWFN works iteratively and it is described next.
The Xi for N inputs are quaternion signals, the quaternion signals at
the M hidden quaternion neurons are expanded in each quaternion neuron to
Ki quaternion wavelets. Since the four components of the quaternion neuron
are independent of each other and denoted by the index r = 1, ..., 4, we will
expand each component simply using a real valued wavelet expansion; the
mother wavelet ψir of type RASP1 [2], with associate parameters of dilation
and contraction arl [kT ] and translation brp,l (r = 1, ..., 4) as follows
r

PP
r [kT ] − br [kT ])2
(u
p=1 p
p,l
τlr [kT ] =
arl [kT ]
τlr [kT ]
ψ r [kT ] =
(1.1)
2
(τlr [kT ] + 1)
where the discrete partial derivative with respect to brp,l [kT ] is given by
3τlr [kT ]2 − 1
∂ψlr [kT ]
=
.
∂brp,l [kT ]
arl [kT ](τlr 2 [kT ] + 1)3

(1.2)

The outputs ypr [kT ] for p = 1, ..., P are given by
yp [kT ] =

M
X

(wip ψi w̃ip ),

(1.3)

i=1

where wip are unit quaternions to rotate the quaternion wavelets of the hidden quaternion neurons.
The parameters arl [kT ], brp,l [kT ] and wir [kT ] are represented as a vectors
For the updating the parameters, we resort to the descent gradient using the
Least Mean Square (LMS) function
E[kT ]

=

[E1 [kT ]E2 [kT ]...Ep [kT ]...Ep [kT ]]T

=

1 XX r 2
(ep ) (k),
2
r=1

T

4

k
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where erp = ypr [kT ]− ŷpr [kT ] is the error quaternion componentweise. We apply
the descent gradient
∆W r [kT ]
∆B r [kT ]
∆Ar [kT ]

∂E[kT ]
= −erp [kT ](ẇlr ψlr wlr [kT ] + wlr ψlr w̃˙ lr [kT ])
r
∂W [kT ]
∂ψlr [kT ] r
∂E[kT ]
r
=
−e
[kT
]
w
= −
p
∂B r [kT ]
∂brp,l [kT ] p,l
= −

= −

∂E[kT ]
∂E[kT ]
= τl
r
∂A [kT ]
∂B r [kT ]

(1.5)

The updating of the parameters follows
W r [(k + 1)T ]
r

= W r [kT ] + η∆W r [kT ],
r

(1.6)

r

B [(k + 1)T ]

= B [kT ] + η∆B [kT ],

Ar [(k + 1)T ]

= Ar [kT ] + η∆Ar [kT ],

for r = 1, ..., 4.

2. Aplication
In the experimental part we will show the use of the quaternion wavelet
neural network, which is trained to adjust in real time the Kp, Kd and Ki
parameters of three PID controllers which in turn should control a 3 DOF
sub-actuated haptic device. This kind of neural based controller is known
a direct adaptive controller. Non-modeled parameters and perturbations are
absorbed by the neural network, thus it shows a reliable performance.
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A BSTRACT. This paper presents an embedded library for Geometric Algebra (ECLIB) together
with its implementation details [1]. The library has the attractive features of being an efficient
low level implementation and supporting Geometric Algebra operations in general geometries.
Moreover, the library its adapted for its use in Robot Operating System (ROS) to encourage the
robotics community to use the Geometric Algebra framework. The code of the library is fully
available with some examples in C++ and Python languages.

1. I NTRODUCTION
The use of Geometric Algebra has been proved to be a useful mathematical framework for solving a variety of different problems in engineering field including: computer vision [2] [3] [4],
control theory [5] [6], mathematical modeling [7] [8], robotics [9], and artificial intelligence
[10] [11]. Although the theoretical advantages are huge and clearly explained in the previous works, an important part in engineering applications results in the implementation of such
geometric algorithms in computer software. The characteristics of such implementations must
address mainly: portability (multiplatform), readability (based on google standard), efficiency
(low-level bit operations), flexibility (can use double or float) and documentation.
This paper presents a new computer library named ECLIB (Embedded Clifford Library), in order to perform mathematical operations based on geometric algebra framework while following
the characteristics previously mentioned as well as being flexible with respect to the geometry,
allowing the user to define any G p,q geometry.
Moreover, in order to encourage the robotics community to use the powerful tools of geometric
algebra, this library was adapted to be used in ROS [12],[13], which is the main development
framework for robotics. The library is mainly intended for a use in C++ but a python wrapper
is also provided since both languages are widely used within ROS.
Other utilities for the library are provided using the visualization packages of ROS such as
RVIZ. This is intended to speed up the software development using the library. We show how
this library can be used in rather classical robotics use cases with some demo nodes in ROS.
By introducing this library in ROS, we intend to attract the robotics community to the use of
geometric algebra since we believe it is an area where the great potential of this mathematical
tool can be exploited.
2. C LIFFORD A LGEBRA API

DESCRIPTION

The main propose of this API is not to compete against GAALOP or CLUCalc APIs. This effort
aims to provide an easy to use tool in the ROS framework to enable robotics community to
develop Clifford algebra based solutions, in this way help the propagation of this mathematical
framework.
This API is written in C++ and it is multi-plattform compatible, e.g. can be used in windows and
UNIX based operating systems. Moreover, the API is flexible in the sense that the programmer
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can specify the Geometric algebra G p,q , where p, and q, stand for the number of basis vector
which squares to 1, -1 respectively and fulfill n = p + q.
The library defines instances of important objects such as ei , used to denote the vector basis i.
In a Geometric algebra G p,q , the geometric product of two basis vector is defined as



1
−1
ei e j =

ei ∧ e j

f or i = j ∈ 1, · · · , p
f or i = j ∈ p + 1, · · · , p + q
f or i 6= j

which is implemented in the library using efficient routines at bit-level operations. The geometric product leads to a basis for the entire algebra:
(1)

{1}, {ei }, {ei ∧ e j }, . . . , {e1 ∧ e2 ∧ . . . ∧ en }

Due to C++ operator overloading, the creation of a simple vector is as natural as using mathematical equations, for instance to create the vector x = 3e1 +2e2 +5e3 using the ”C++” syntax’s
it is written as:
Clifford x=3*e1+2*e2+5*e3.
Similarly the symbol ∧ was overloaded to perform the wedge product of multivectors. For
example, the creation of geometric primitives such as H3 = x1 ∧ x2 ∧ x3 ∧ x4 ∧ x5 ∧ x6 are written
using:
Clifford H3=x1ˆx2ˆx3ˆx4ˆx5ˆx6;
In general the operator ’*’ performs the Clifford product and ’|’ is used for the dot inner product,
the ”!” can be used to get the conjugate and the reverse is given by ”˜”, which are the main
operations in geometric algebra.
On the one hand, ECLIB provides the capability of efficient compilation for embedded systems,
which is useful for robots with low computing power. On the other hand, the library also
provides integration with ROS, consisting in a package compatible with Kinetic, Indigo and
other past distributions. Using and compiling this library is as easy as including this package in
the user’s ROS workspace and building it with the traditional catkin methods. This allows the
user to directly include the ECLIB API in their own projects. The library also provides a GUI
interface for visualization of spheres, planes, lines and other geometric entities, making use of
RViz environment. This is especially useful since the geometric entities can be mounted in the
same virtual robot space. The tools wrapped in ECLIB are fully ROS compatible, i.e., use with
typical ROS commands such as rosrun, roslaunch, rostopic among others.
3. C ONCLUSION
A new library for Geometric Algebra operations (ECLIB) have been introduced in this work.
ECLIB allow the user to perform Geometric Algebra operations in general geometries. This
library, help the software developers to solve geometric problems in a more intuitive way, which
is one of the main features of geometric algebra. Furthermore, this features could facilitate that
people from the robotics community use the tools Geometric Algebra in areas such as computer
vision, artificial intelligence, motion planning, control theory, among others. Furthermore,
the library implementation is intended to be fully portable such that no software changes are
needed, when moving from a simulation to a real-time implementation. Moreover, by having
the flexibility to change the geometry dimensions, researchers can explore and generate new
geometrical frameworks easily or validate mathematical results.
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ABSTRACT. Standard approaches use the Euler-Lagrange method for modeling the dynamics
of an electromechanical system like a robot arm. In contrast, in this work we formulate the
Newton-Euler method in terms of twists and wrenches to build in a recursive fashion the dynamic
equation of the system. This kind of method is suitable for real time applications as one estimates
the inertia and Coriolis tensors computed on line. We show that the advantage to write the plant
system in terms of twists and wrenches is key as one can propose a Lyapunouv function in
terms of bivectors which for optimal control guarantees stability. In this work we also propose
a generalization of the approach for nD degree robot manipulators. Note that a Proportional and
Derivative (PD) screw controller is suitable for tracking w.r.t. the SE(3) manifold, however it
can’t reject perturbations as the sliding modes screw controller does. In the experimental part,
we compare the PD screw controller with the so called sliding-modes screw controller. The
sliding-mode controllers are strong to reject perturbations.
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A BSTRACT. The standard approach to formulate the dynamics in classical mechanics and robotics is the use of Euler Lagrange equations.
The principal objective of the paper is to show the importance of the Hamiltonian in control
theory. Instead of using the Lagrangian formulation of robotics systems, our work is focused on
robot dynamics by its Hamiltonian.
Physicists have pointed out that a Hamiltonian formulation is much better approach to handle
the dynamics in classical mechanics and string theory as one can use Hamiltonians in terms of
k-vectors. A recursive computation of the dynamics can be done using the Newton-Euler computation. We formulate the Newton-Euler in terms of twists and wrenches to build in a recursive
fashion L = K −U and then the Hamiltonian is written, according to Legendre's theorem and
D’Alembert’s principle, as H = p·q – L. This equation can be formulated for dynamics in
geometric algebra using bivectors for the twists and wrenches in a simplectic space. In string
theory one uses k-vectors (k > 2) for membranes. The advantage to write the Hamiltonian in
terms of twists and wrenches is key as one can propose a Lyapunouv function in terms of
bivectors which for optimal control guarantees stability. The resulting controller will be a
bivector as well. Using the mentioned technique, it is possible to formulate the robotic dynamics
in the phase space and for the control we utilize two methods: the Bang-Bang control and
sliding modes. In the experimental part we compare the efficiency of both controllers.
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A BSTRACT. One important step toward the determination of 3D protein structure is the intersection of spheres. It is part of the Branch and Prune algorithm, an exact method for searching all
incongruent conformations of a protein. We study the intersection of spheres in Rn following the
Conformal Geometric Algebra (CGA) approach and formulate the intervalar intersection among
spheres and a spherical shell modeling uncertainty. We compare both approaches assuming that
the centers are linear or affinely independent.

P ROBLEM OUTLINE
The problem consists of determining the 3D molecular structure of proteins from distances
between pairs of atoms of a molecule. Those distances are obtained by nuclear magnetic resonance (NMR) experiments. One of the hypotheses assumed by conventional approaches is that
all available distances are exact. Such an assumption implies that one can use the exact method
known as Branch and Prune (BP) algorithm [4] to search for the solutions. As a result, using
certain considerations, its possible to discretize the search space of the problem and apply the
BP algorithm to solve the Discretizable Molecular Distance Geometry Problem (DMDGP) [4].
However, distances estimated by NMR have uncertainty. Therefore, the uncertainty must be
considered and the hypothesis revised in order to properly solve the DMDGP.
In this poster, we use Conformal Geometric Algebra (CGA) [3] to study the intersection of
spheres in Rn assuming that the centers are linear (L.I.) or affinely independent (A.I.) [1].
Moreover, the intervalar intersection among spheres and a spherical shell was also studied in [2]
and applied to the problem of determining the molecular structure of proteins with uncertainty.

C OMPARING THE C LASSICAL AND THE CGA A PPROCHES
To obtain the intersection of m spheres in Rn we need to find the points x ∈ Rn such that
(1)

||x − ai ||2 = di2 ,

where ai and di2 denote, respectively, the center and radius of the ith sphere, for i = 1, . . . , m.
In the classical approach [1, 2], it is shown that, after translating the centers of the spheres
by −am , it is possible to construct a matrix whose columns are the centers and its rank is
k = min{n, m − 1}, i.e., are L.I or A.I. The constant k is the dimension of the affine hull of
the set defined by the m centers. After the linearization process of the system (1) described in
[1, 2], the solution is: (i) empty; (ii) one point; or (iii) one (n − k)-sphere.
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In the CGA-based approach, we write the centers as vectors ai = e0 + ai + ||a2i || e∞ ∈ Rn+1,1
and consider the dual representation of the ith sphere (1) in Rn+1,1 using
(2)

σi = ai −

di2
e∞ .
2

Since the centers are L.I. or A.I., the intersection can be performed using the exterior product,
(3)

σ̄ = σ1 ∧ · · · ∧ σk ,

That is, σ̄ in (3) is the dual representation of a (n − k)-sphere in Rn . Then, we take the intersection of the last m − k spheres with (3), obtaining
(4)

σ = σ1 ∧ · · · ∧ σk ∧ σk+1 · · · ∧ σm .

Therefore, defining t = σ · σe , the solution σ of our problem is: (i) empty, if t < 0; (ii) one point,
e denotes the reverse of σ .
if t = 0; or (iii) one (n − k)-sphere, if t > 0. Here, σ
A DDING A SPHERICAL SHELL

The effect of uncertainties in NMR measurements can be represented by
(5)

d m+1 ≤ ||x − am+1 || ≤ d m+1 .

Now the problem is to solve the nonlinear system induced by (1), coupled with the nonlinear
inequality above. In [2], the authors apply a solution similar to the exact case with spheres.
In the CGA approach, we add a spherical shell in our initial problem, such that the dual representation of it is defined by
d2
e∞ ,
2
ed , the intersection
where d ∈ U and U = [d m+1 , d m+1 ]. Thus, for each d ∈ U, through td = σd · σ
(6)
(7)

σ̄d = am+1 −

σd = σ ∧ σ̄d

will be as the classical one: (i) empty, if td < 0; (ii) one point, if td = 0; or (iii) one (n − k)sphere or the union of (n − k − 1)-spheres, if td > 0. From the construction used here, the sign
of td do not change in the interval U. Therefore, we check the sign of td for only one d ∈ U.
O NGOING STUDIES
The effect of adding a spherical shell to our initial problem is to restrict the solution within a
subset of the result obtained from the intersection of the m spheres. Currently, we investigate
the effect of adding a second spherical shell. Although a natural generalization is expected
independent of the approach chosen, in this new problem appear additional barriers that still
need more reliable explanations.
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A BSTRACT. Interpolate trajectories of points and geometric entities is an important problem in
kinematics. In order to describe these trajectories, several algorithms have been proposed using matrices, quaternions, dual quaternions and the Study quadric; the last one allows to embed
geometric entities into projective space P7 , where interpolation of rotations and translations becomes a linear problem. Furthermore, conformal geometric algebra (CGA) is an effective and
intuitive framework for representing and manipulating geometric entities in Euclidean spaces,
and it allows the use of Quaternions and Dual Quaternions. In this paper, a new methodology for accelerating the Study Quadric Interpolation based on Conformal Geometric Algebra is
presented, using General Purpose Graphics Processing Units (GPUs) for medical robotics, but
it can be extended to aeronautics, robotics, and graphics processing. Experimental results are
compared with a reconfigurable device implementation presented in previous work.

1. R ELATED WORKS
Several algorithms have been proposed in the literature. In [1] the Motor Spherical Linear
Interpolation function (MSLERP) and The Motor Linear Blending interpolation method (MLB)
is presented. Papaefthymiou Margarita et al presented a linear interpolation using motors in
[2]. In this work, an implementation of the motor Study’s quadric interpolation using GPUs is
proposed based on Klawitter toolbox [3].
2. M OTOR INTERPOLATION USING THE S TUDY Q UADRIC
The set of all Euclidean displacements α is a Lie Group denoted by SE(3). This group can be
embedded into a 7-dimensional projective space P7 via Study’s kinematic mapping:


SE(3) → P7
(1)
G=
α → x = (x0 , ..., x7 )T
where the homogeneous coordinate vector x = (x0 , ..., x7 )T represents a point in P7 , see [3].
The homogeneous coordinates of a point x satisfy
(2)

x0 x4 + x1 x5 + x2 x6 + x3 x7 = 0

which shows that the points x lie on a hyper-quadric M6 (Study’s quadric). The G-image
of a k-parametric Euclidean motion is a k-dimensional submanifold on Study’s quadric M6 ;
especially for k = 1, for instance, we have a 1-parametric motion which is represented by a
curve on M6 . The interpolation of given positions by an appropriate (1-parametric) motion is
an important problem in robotics maneuver field. To find an interpolating 1-parametric motion
γ(t) for n + 1 given displacements αi and corresponding parameter values ti can be solved in
the following way:
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(1) Map the given displacements onto M6 via G. This yields the points xi := G(αi ) on
M6 .
(2) Find an interpolation curve C that includes the interpolated displacement points ci (t)
contained in M6 which satisfies the dataset {xi ,ti }.
(3) Map ci (t) onto G4,1 and calculate the new position of geometric entities using 3:
(3)

O 0(t) = ci (t)O(t)cg
i (t)

where O(t) can be any geometric entity (like point, line, plane, circle, sphere or pair of
points) expressed in conformal geometric algebra[4].
The solution is a rational motion by means of a spline interpolant involving rational sub-spline
motions, see [5].
Algorithm 1: Interpolation on Study Quadric
Function: MSQI(x,t)
Data: x : Set of control points for interpolation
t : Interpolation value beetwen 0 and 1
Result: c : Interpolated position point
begin
if |x| = 1 then
ci ← x
else
f0 ← (t0 − t1 )(t0 − t2 )(t − t1 )(t − t2 )
f1 ← (t1 − t0 )(t1 − t2 )(t − t0 )(t − t2 )
f2 ← (t2 − t0 )(t2 − t1 )(t − t0 )(t − t1 )
xp ← 0/
for i = 1 to |x| − 2 do
N ← |x| − i + 1
xp ← f0 xiT QxN x1 + f1 x1T QxN xi + f2 x1T Qxi xN
end
ci ← MSQI(xp,t)
end
return ci
end

It takes the set of control points P and the parameter t between 0 and 1. t0 , t1 , and t2 are constant
values that represent the positions along the interpolated curve that coincide with the control
points, these constants are equal to 0, 0.5 and 1 by default respectively. Q is the Study Quadric
Matrix as is shown in (4):

(4)



0.5 0
0
0
 0 0.5 0
0

A=
0
0 0.5 0 
0
0
0 0.5


0 A
Q=
A 0
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3. GPU ACELERATION
Due to the growing of arithmetic operations to embed the SE(3) group onto a 7-dimensional
projective space P7 via (1). If a real-time operation is desired, an option is accelerating those
computations by using software acceleration with GPU.
GPU multi-core architecture can calculate multiple interpolation points concurrently. The algorithm acceleration was performed in a GTX-980 GPU developed by NVIDIA and can be
translated easily for any GPU with CUDA C/C++ support.
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A BSTRACT. The computational electromagnetism method of least action is applied using Bezier
functions to represent boundaries between media of different polarizabilities and QBX (quadrature by expansion) for good numerical accuracy and speed, and illustrated with numerical
examples.

1. C OMPUTATIONAL M ETHOD OVERVIEW
The “method of least action” as applied to computational electromagnetism has been used [1]
to refer to a method of finding numerical solutions to electromagnetic field problems for which
spacetime may be conveniently or naturally divided into two or more 4D regions, each having
homogeneous polarizability, separated by 3D boundaries. Mathematical details can be found
in [1], and will be reviewed at the conference. A brief outline follows.
First, the electromagnetic action integral is separated into an integral over only “region” points
(made of one or more 4D spacetime volumes, or 3D space volumes if time dependence is taken
to be harmonic, each volume containing a medium with uniform electromagnetic polarizability)
and another integral over only “boundary” points (3D spacetime surfaces, or 2D space surfaces
if time is taken to be harmonic, identifying boundaries between volumes). The variation of
these two integrals is made to vanish with different methods, as follows.
Variation of the region integral is made to vanish [2] by finding for each volume, in the usual
way, the Euler-Lagrange equation that must be satisfied by the potential, and then defining
the potential in each volume to be the solution to the second order differential Euler-Lagrange
equation for any given boundary values; the potential value at any volume point may then be
quickly calculated from boundary values using Green’s Third Identity. This Euler-Lagrange
equation is of course the two inhomogeneous Maxwell equations [3]. The Lorenz condition
is a convenient choice to constrain gauge freedom for regions containing linearly polarizable
media of arbitrary shape, while an axial gauge is convenient for regions containing nonlinearly
polarizable media (in which case it is useful to subdivide each such region into regions that are
4-simplices). This paper looks only at linearly polarizable media.
Variation of the boundary integral is made to vanish by parameterizing the potential value on the
surfaces, setting to zero the derivatives of the boundary integral with respect to the parameters
to give a set of equations linear in the parameters with coefficients given by surface integrals,
and solving for the parameters. Since this variation is defined to be with respect to a finite
number of parameters, the result will be an approximation to the exact solution; but with a
large enough number of sufficiently well chosen parameters, we expect the error can be made
very small. Executing this step requires first finding the normal derivative of the potential at
all boundary points on each side of the surface, for any given set of potential boundary value
parameters; optimal parameters of a parameterized potential normal derivative, each parameter
being a linear function of the potential value parameters, are found by requiring Green’s Third
Identity to hold.
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Unlike conventional CEM methods, the solution is exact for any frequency and any polarizability, including very large or very small electrical conductivity represented by complex polarizability, in the limit of the length scale of the parameterization of the boundaries and of the
potential on the boundaries being very small compared with the wavelength of radiation. The
finite number of parameters describing the boundary, and the value and normal derivative of the
potential at boundaries, may be the main sources of error for this computational method.
2. D ETAILS STUDIED IN THIS WORK
This work includes two improvements over prior studies of this method: 1) the use of Bezier
functions to represent both boundaries and the potential on boundaries, and 2) the use of numerical quadrature to evaluate integrals over generally curved Bezier triangles making up boundaries instead of the use of symbolic exact evaluation of integrals containing analytic approximations to integrands defined on flat triangles used to approximate boundaries.
For simplicity, we take time dependence to be harmonic. Spacetime regions are then correspond
to 3D volumes and boundaries to 2D surfaces.
To avoid singular field values in such computational electromagnetism problems, boundaries
between regions with different electric or magnetic polarizabilities must have a continuous normal vector. In previous work [1], boundaries were represented computationally by meshes of
flat triangles with discontinuous normals at triangle edges, and error due to discontinuity of the
boundary normal was ignored. In this report we guarantee a continuous boundary normal at all
boundary points by first representing each boundary by a mesh of triangles, then replacing each
triangle edge with a cubic curve and each flat triangle with a triangular interpolant constructed
of triangular cubic Bezier surface patches such that the normal derivative is exactly continuous
at all boundary points, as described by Prautzsch [4].
Lagrangian theory requires that the electromagnetic spacetime vector potential, but not necessarily its derivatives, is continuous at all points. For simplicity we model the potential value, but
not generally any derivative of the potential, to be continuous on boundaries. This allows the
electromagnetic spacetime bivector field to be discontinuous though not divergent on boundaries.
The field at any non-boundary point is computed using Green’s Third Identity as a boundary
integral. In prior work, these integrals were over flat boundary triangles, approximated by
analytic expressions including series expansions of Green’s function; in this work, they are
evaluated by numerical quadrature. This can be problematic for evaluation at or near a boundary
point that is also used for the numerical quadrature. We avoid this problem by using QBX
(“Quadrature By eXpansion”) [5] where necessary, which is essentially an expansion of Green’s
Third Identity in a Taylor series about points possibly near but not too near to any boundary
point used by the quadrature integration.
Numerical results will be given for simulations involving various geometries and polarizabilities.
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A BSTRACT. The conformal model of geometric algebra allows us to simplify calculations at
the intersection of geometric objects, wich is fundamental factor in the resolution of the kDiscretizable Molecular Distances Geometry Problem -k DMDGP. The study of the symmetries
of this class of problems is very important because it allows to predict the number of solutions
[7]. Our approach via Conformal Geometric Algebra provides a natural environment for representing geometric objects related to k DMDGP wich, in pratical terms, implies simpler forms of
calculation with expressions involving these objects.

1. I NTRODUCTION
In this work we intend to describe simetries related with a specific class of problems called
k-Discretizable Molecular Distance Geometry Problem (k DMDGP). This class is a natural
generalization of the Discretizable Molecular Distance Geometry Problem (DMDGP) which
is formulated in R3 and associated with molecular conformation. A good review on taxonomy
and methods to solve k DMDGP and others variations can be found in [6] and references therein.
In order to define the k DMDGP (as defined by Liberti et al. [6]) we need to consider a simple
undirected graph G = (V, E, d), where:

(1)

• |V | = n
• k ∈ N, k ≤ n;
• E ⊂ V × V a set of pair of vertices whose edges are weighted a priori by the positive
function d : V → R+ , defined by
∀ (vi , v j ) ∈ E we have ||x j − xi || = di j ;

• A total order “ < ” on V , defined by v1 < v2 < · · · < vn , so that: for each vi , with
i > k, the set of adjacent predecessors vi contain at least one subset Uvi with exactly k
immediate predecessors to the vi , such that,
- The subgraph G[Uvi ] is a k − clique in G;
- The strict triangular inequality ∆k−1 (Uvi , d) > 0 holds;
• A partial realization, x : {v1 , · · · , vk } → Rk , of the k first vertices of G in Rk according
to the order <.
Using these assumptions, the k-Discretizable Molecular Distances Geometry Problem is to find
a valid extension, x : V → Rk , of x̄ (x a full realization, that is, x satisfies all constraints given
by (1)).
One of most consolidated strategies for solving k DMDGP is the Brunch-and-Prune (BP) algorithm which was introduced in context of protein conformation [5] and after variations were
studied in [2, 6, 7]. In general, there is two facets associated to BP:
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(1) A search tree;
(2) Sphere intersection;
According to definition of k DMDGP, we have a finite number of possible positions in Rk for
each vertex in V . All possible positions define a search space for k DMDGP which is known in
the literature by search tree. In BP algorithm, elements of search tree can be found by sphere
intersection. Denoting T the cited search tree, the realization of each vertex v ∈ V can be
associated to a level in T . The path described by a set of vertices from the first level to the
last of the search tree is denoted by η. Note that η represents a realization of G in Rk . An
ilustration about these terms are given by Figures 1 and 2.

F IGURE 2. Search tree T for
Xv3 , Xv03 define level
3.
2 DMDGP.

F IGURE 1. Discretization of R2
by a 2 DMDGP, with |V | = 4.

It is important to note that given a realization x, we can obtain another realization by rotation
and translations. This kind of realization is called congruent realization.
Definition 1. Given two realizations x and y of a graph G = (V, E, d) in Rk associated to
k DMDGP, if
kx(u) − x(v)k = ky(u) − y(v)k, ∀u, v ∈ V,
then x and y are called congruents realizations.
valid Congruents realizations are irrelevants on pratical sense because they are the same solution. Consequently, for pratical purposes we are interested in incongruous realizations.
In this sense, another important aspect related to k DMDGP is the number of solutions, that
is, the number of full valid incongruous realizations. It is well know in classical literature that
exists a finite number of solutions and their can be obtained by classical BP algorithm (see, [5]).
However, there is an alternative way in order to find all full valid realization from a known full
valid realization: simetries. The simetries of k DMDGP provides a support in two directions:
predict the number of full valid realization and found others full valid realizations. The goal of
this paper is to show a study about symmetrical solutions in Geometric Algebra context.
This paper is organized as follows. In Section 2 we are exposing an idea of elements involved
in the resolution of the cited problem and our main results about the existence and number of
the full realizations. Finally, in Section 3 some considerations are given.
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2. S YMMETRIES OF k DMDGP VIA C ONFORMAL G EOMETRIC A LGEBRA
Motivated by Hestenes [4], Havel and Andreas [1] presented a way of interpreting distance
geometry problems in terms of Geometric Algebra. From this previous work and considering
the kind of involved elements (spheres, points and euclidean distances) we will define basic
notations needed to describe the simetries of k DMDGP by Conformal Geometric Algebra.
As in [2], we will assume that Hka represents the conformal model of Rk , C : Rk → Hka defined
by C (x) = x + 21 x2 e∞ + e0 is the isomorphism between that spaces and C lk+1,1 is the geometric
algebra on Rk+1,1 . Let G = (V, E, d) be the graph associated to k DMDGP, with |V | = n. Define
E as a set of all known distances relative to all pairs of vertices of E, that is,
E = {di j ∈ R+ /{vi , v j } ∈ E}.
Consider E ∪ F a partition of E, such that,

E = {di j ∈ E/1 ≤ j − i ≤ k} and F = {di j ∈ E/ j − i > k}.

The set E contains all distances between the pairs until k immediated vertices. This set is called
Discretization Set. The F is named by Pruning Set and contains all pairs separated by, at least,
k + 1 consecutives vertices considering the order in the k DMDGP.
From discretization of k DMDGP, let X1 , · · · , Xn in Hka such that for each i = 1, · · · , n, Xi = C (xi )
with xi ∈ η where η represents a path of T . Consider combinations of k spheres in a set of
j
j
spheres {S1 , · · · , Sn−1 } ⊂ Rk+1,1 determined by k − uplas, in that order, (S j+k−1 , · · · , S j ) with
radius (d j, j+k , · · · , d j+k−1, j+k ) and centers (X j , · · · , X j+k−1 ), respectively and j = 1, · · · , n − 1.
In other words, for each j = 1, · · · , n − 1 a sphere expressed by S j = X j − 21 r2j e∞ . Consequently,
we can create a set of plans where each plan is determined by centers of each k − uplas. This
set is expressed by:


k+1,1
k e∞ · D j
; ∀ j = k, · · · , n − 1 ,
P = Pj ∈ R
/Pj = (−1)
||e∞ · D j ||

where D j is obtained by calculation in C lk+1,1 in the intersection of spheres of each k − uplas.
From this intersection of spheres, we can have the pair of points (see, [2]) of discretization by
p
p
Dj − Dj ·Dj
D+ Dj ·Dj
Sym j
(2)
Xv j =
and
Xv j =
; j = k + 1, · · · , n.
−e∞·D j
−e∞·D j

The Figures 3 and 4 ilustrated our arguments. Given a instance 2 DMDGP with |V | = 7, where
F = 0/ and E = {d12 , d13 , d23 , d24 , d34 , d35 , d45 , d46 , d56 , d57 , d67 }, let’s consider the partial realization defined by
x = {xv1 , xv2 }.
Thus the distance matrix is represented by:


0 d12 d13 ?
?
?
?
 d21 0 d23 d24 ?
?
? 


? 
 d31 d32 0 d34 d35 ?


 ? d42 d43 0 d45 d46 ?  .
 ?
? d53 d54 0 d56 d57 


 ?
?
? d64 d65 0 d67 
?
?
?
? d75 d76 0

i , Si ), with radius and centers defined by
Considering for each i = 1, · · · , 6, pairs of spheres (Si+1
i
(di,i+2 , di+1,i+2 ) and (xvi , xvi+1 ) respectivelly, we have a realization x in the graph G associated
to 2 DMDGP given by set of points in R2 :

x = {xv1 , xv2 , xv3 , xv4 , xv5 , xv6 , xv7 }.
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In Figure 3, we have the path η defined by x and in Figure 4 we have the set of plans P =
{P2 , P3 , P4 , P5 , P6 } associated to η in R2 .

F IGURE 4. Set of plans P =
F IGURE 3. Path η (xv1 → xv2 →
· · · → xv7 ) in the tree of
{P2 , P3 , P4 , P5 , P6 } associated to
2 DMDGP.
η.
From [2] we have that P ∈ Rk+1,1 can be writed by P = n + de∞ , with n ∈ Rk and d ∈ R. Futhermore, for each xvq ∈ Rk associated to a realization of a k DMDGP, such that q > k, we have that
Sym j

Xvq ∈ Hka has simetrics points Xvq

∈ Hka related to Pj ∈ P; k ≤ j < q, associated to η, i. e.
Sym j

(3)

Xvq

= Pj Xvq Pj .

Lemma 2. Given a path η associated to a k DMDGP and x p , xq ∈ η fixed. Let X p = C (x p ),
Xq = C (xq ) and Pj = n j + d j e∞ , with ||n j ||2 = 1 a plan associated to η, such that j < p < q.
Sym
Sym
If X p j , Xq j ∈ Hka are symmetrical to X p and Xq related to Pj then, we have the following
equality is valid
Sym
Sym
||Xq j − X p j ||2M = ||Xq − X p ||2M ,
where || · ||M is the Minkowski’s metric.
Proof. In fact, we have
Sym j

||Xq

Sym j 2
||M

− Xp

Sym j

= (Xq

Sym j

Sym j

− Xp

Sym

Sym j

) · (Xq

Sym

Sym j

− Xp

Sym j

· Xq j − 2Xq j · X p


1
2
= −2 − (z1 − z2 )
2
= Xq

)
Sym j

+ Xp

Sym j

· Xp

= ||z1 − z2 ||22 ,

with z1 = x p + 2(d j − n j · x p )n j and z2 = xq + 2(d j − n j · xq )n j . Thus,
||z1 − z2 ||22 = ||(xq − x p ) − 2[(xq − x p ) · n j ]n j ||22

= ||xq − x p ||22 − 4||xq − x p ||22 ||n j ||22 + 4(||xq − x p ||22 ||n j ||22 )||n j ||22

= ||xq − x p ||22 ,

since ||n j ||2 = 1. Then,

Sym j

||Xq
By other side, from [2] we have
which give us the result.

Sym j 2
||M

− Xp

= ||xq − x p ||22 .

||Xq − X p ||2M = ||xq − x p ||22 ,
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It is well known that every point in Rk can always be reflected by a hyperplane. In this sense,
we will show a result on the existence of realizations reflected by hyperplanes associated to a
path in the tree (T ) related with a k DMDGP.
Theorem 3. (Existence) Let x = {xv1 , · · · , xv j , xv j+1 , · · · , xvn } be a realization of graph G in Rk
related with a k DMDGP and η its representative in T . If Pj ∈ P, with j > k, is associated to
η, then there exists another realization y for the graph G in Rk that defines a new path in the
tree T , represented by η j , partially reflected from η related to P j , from level j, given by
Sym

Sym

y = {xv1 , · · · , xv j , xv j+1j , · · · , xvn j }.
Proof. Let C (x) = {Xv1 , · · · , Xv j , Xv j+1 , · · · , Xvn } ⊂ Hka . In order to get η j , we can use the (3)
recurrently in C (x) from of the null vector with indice j + 1, that is,
Sym

Sym

Sym j

Xv j+1 j = Pj Xv j+1 Pj , Xv j+2 j = Pj Xv j+2 Pj , · · · , Xvn
Sym

= Pj Xvn Pj .

Sym

Thus, η j is represented by C (y) = {Xv1 , · · · , Xv j , Xv j+1 j , · · · , Xvn j } in Hka . From Lemma 2 we
have that
Sym
Sym
||Xv p , Xv p+1 ||M = ||Xv p j , Xv p+1 j ||M ,

just taking q = p + 1, for all p = j + 1, · · · , n. Therefore, applying C −1 in each null vector of
C (y), we can get the realization y, which proves the result.

Corollary 4. If x in Theorem 3 is a valid realization of G in Rk , then the realization y, is also a
valid realization, that is, both are solution for k DMDGP associated.

Proof. We know that x and y satisfy the distance constraints of the k DMDGP associed, then y it
is also a valid realization. And more, j 6= k, that is Pj 6= Pk , where come that y is not congruent
with x. Therefore, y is a new solution for the k DMDGP associed.

Corollary 5. Let η a path in the tree T of discretization of a given instance k DMDGP. If η j
it’s the path in T associed with the plan Pj , then η j j = η.
Proof. In fact, just note that for every i > j, we have
Sym j Sym j

(Xi

)

= Pj (Pj Xi Pj )Pj
= (Pj Pj )Xi (Pj Pj )
= Xi ,


since Pj Pj = 1.

The Figure 5 illustrates all possible path η j that represent incongruent realizations of G in R2
in the search tree of 2 DMDGP, with |V | = 7, where
F = 0/ and E = {d12 , d13 , d23 , d24 , d34 , d35 , d45 , d46 , d56 , d57 , d67 }.
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F IGURE 5. In black with blue points, all possible ncongruous realizations and,
em light blue the respective plans associated to η.
3. C ONCLUSION
The ability of the conformal model to represent several geometric elements and operations that
allow solving intersections problems, makes this model a good mathematical tool for dealing
with instances of a k DMDGP. The simplicity to deal with reflections allowed to describe theoretically all the symmetries of a k DMDGP which is central point of this work.
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Pižurica, A., 57
Fernandes, L. A. F., 197
Fidalgo, F., 155
Fuchs, L., 97
Garza-Burgos, M., 199
Hadfield, H., 131, 141
Hestenes, D., 15
Hildenbrand, D., 31
Hitzer, E., 17, 18, 117
Hrdina, J., 167

Ramage, M., 141
Sánchez, A., 147
Salazar-Colores, S., 155
Sarabandi, S., 109
Shirokov, D. S., 43
Solı́s, S., 181
Soria-Garcı́a, G., 199
Souza, J. C., 169
Thomas, F., 109
211

Ureña-Ponce, O., 199
Uriostegui-Legorreta, U., 193, 195
Vázquez Flores, Z. M., 127
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