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Automorphic forms
Let F' number field, Or ring of integers

Yp = {0 : F — C}/conjugation,  @IENQmpHmelideal.

@ = R, or C, and @ completion of localization at p.
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Automorphic forms
Let F' number field, Or ring of integers

Y :={o: F — C}/conjugation, p C O prime ideal.

F, =R, or C, and F, completion of localization at p.
@ Ring of adeles:

= I[ » xHF,J, A% :_HFp F < Ap, A%,

O'EEF

@ Let G an algebraic group (e.g. G = GL,): automorphic form
¢: G(F)\G(Ap) — C,

@ The space of automorphic forms

A= {¢: GF)\G(Ar) — C} O (G
A =[] =, = irreducible components automorphic representations
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Motivation: CFT and modular forms
@ Class Field Theory: There exists surjective Artin map

p: @ /@ — Gal(F™/F) = (Galois of max'l abelian extn)

well-known kernel.
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Motivation: CFT and modular forms
@ Class Field Theory: There exists surjective Artin map

p:A%/F* — Gal(F*/F) = (Galois of max’l abelian ext’n)

well-known kernel.
Galois character

X : GLl(AF)/GLl(F) —C

automorphic character.
@ Modular form:

fiH—=C,  fyr)=(cr+dbf(r), § < BN C SLy(Z).
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Motivation: CFT and modular forms
@ Class Field Theory: There exists surjective Artin map

p:A%/F* — Gal(F*/F) = (Galois of max’l abelian ext’n)

well-known kernel.
Galois character

X : GLl(AF)/GLl(F) —C

automorphic character.
@ Modular form:

f:H—C, f(yr) = (et +d)Ff(1), ~eTy(N) C SLy(Z).

the form f gives rise to ¢
¢f : GLQ(Q)\GLQ(AQ) — C.

If f newform @ := GL2(A;)@} irreducible automorphic rep’n.

S. Molina UPC May 13, 2021

4/13


usuari

usuari


Waldspurger formula |
Let G multiplicative group quaternion algebra @yover F'.

G(F,) = GLy(F,) for almost all v = o, p.
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Waldspurger formula |
Let G multiplicative group quaternion algebra B over F'.

G(F,) = GLy(F,) for almost all v = o, p.

Assume that K — B, where K/F quadratic ext'n and let
d*t =[], d*t, be a Haar measure of A}

o(t)d*t = » ¢(.t)dxt, Vy e Ax.
K

X
AK
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Waldspurger formula |

Let G multiplicative group quaternion algebra B over F'.

G(F,) = GLy(F,) for almost all v = o, p.

Assume that K — B, where K/F quadratic ext'n and let
d*t =[], d*t, be a Haar measure of A}

p(t)d*t = /A o(yt)d*t, Yy € A%

X
AK

Given @ an irred. automorphic rep’n of G(Ap), and §: A /K* — C
character (irred. automorphic rep’n of GL;(Ak))

= [ xosan ser
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Waldspurger formula Il

Theorem (Waldspurger)
We have that

m eSO I
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Waldspurger formula I

Theorem (Waldspurger)
We have that

U, x)* = C - L(m,x,1/2) - [ [ (v x0)-

@ Letw: Ay /F* — C be such that
®(ag) = @@o(g); EE.

central character. Then, if x | A;;«é w, the equality is 0 = 0.
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We have that
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@ Letw: Ay /F* — C be such that

¢(ag) = w(a)d(g); a € AL,
central character. Then, if x |A;7é w, the equality is 0 = 0.
@ The term @ is explicit.
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Waldspurger formula I

Theorem (Waldspurger)
We have that

£(¢7X)2 =C- L(T(,X, 1/2) : H_

v

@ Letw: Ay /F* — C be such that

¢(ag) = w(a)d(g); a € AL,
central character. Then, if x |A;7é w, the equality is 0 = 0.

@ The term C is explicit.
@ The terms o@(@@%.) are computable and

an(@mseEmy for almost all v.
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Waldspurger formula Il

Theorem (Waldspurger)
We have that

U, x)* = C - L(m,x,1/2) - [ [ (v x0)-

@ Letw: Ay /F* — C be such that

¢(ag) = w(a)d(g); a € AL,
central character. Then, if x |A;7é w, the equality is 0 = 0.

@ The term C is explicit.
@ The terms «, (¢, xv) are computable and

ay (¢, xv) = 1, for almost all v.

@ Other formulas for (EE@mRIR
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Eichler-Shimura
Letd = [F : Q] and

So = {0 € Sr; CURNEIGHIED),

@ = #2c
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Eichler-Shimura
Letd = [F': Q] and

Yo :={o € Xp; G(F,) = GLao(F,)}, rg = #Xag

Eichler-Shimura map:

Automorphic rg-cohomology
forms of weight — ¢ classes with coeff.
)

(k1+27”' s ka+2 _
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Eichler-Shimura
Letd = [F': Q] and

Ya = {0’ € Xr; G(Fa) = GLQ(FO-)}, rg = #Xag

Eichler-Shimura map:
Automorphic rg-cohomology
forms of weight — ¢ classes with coeff.
(k1+2,-++  ka+2) Qi SymhC?

@ f:H — C modular form weight 2 for T'o(NV)

e j' @ < 1 (To(V), C).
[ ]

S. Molina UPC May 13, 2021 7/13


usuari


Eichler-Shimura
Letd = [F': Q] and

Ya = {0’ € Xr; G(Fa) = GLQ(FO-)}, rg = #Xag

Eichler-Shimura map:
Automorphic ra-cohomology
forms of weight — ¢ classes with coeff.
(k142 ,ka+2) QL Sym*C?
@ f:H — C modular form weight 2 for T'o(NV)

;) = [ flrydr € H\To(V), ©).

z

@ in general; given ¢ € 7 (weight (2,--- ,2))
@ < o' (@, A~ (C), AX(C):={¢:G(AF)—~C}
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Eichler-Shimura
Letd = [F': Q] and

Ya = {O’ € Xr; G(Fa) = GLQ(FO-)}, rg = #Xqg

Eichler-Shimura map:
Automorphic rg-cohomology
forms of weight — ¢ classes with coeff.
(k142  ka+2) L, SymhiC? - Vi
@ /:H — C modular form weight 2 for T'o(N)

()= [ f(r)dr € H\To(N),C).

z

@ in general; given ¢ € 7 (weight (GEEER, - - - , kg + 2))

co € H'O(G(F), A~(@),  A*(Ve) ={o:GAF) ~> B}
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Fundamental class |

K /F quadratic ext'n. Let @alg. group associated with ERyEs.
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Fundamental class |
K /F quadratic ext'n. Let T alg. group associated with K*/F*.

Sri={oe€Xp T(F,) =F/},  CESH
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Fundamental class |
K /F quadratic ext'n. Let T alg. group associated with K*/F*.

Yr:={o€%p; T(F,) =FES},  rr:=#Yr.
We can construct

¢ € @R@E.Cc>(2), Cx(z):={f:T(AF)— Z, comp. supp}.
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Fundamental class |
K /F quadratic ext'n. Let T alg. group associated with K*/F*.

Yr:={0€Xp; T(F,)=Fr},  rp:=#%r.
We can construct

€ H..(T(F),CX(Z)), CX(Z) :={f:T(A¥)— Z, comp. supp}.

@ lItis constructed by means of

A=0y/OF, Z—rank=rr.

@ We have rr copies of Ry in @), variables z1, - - , z,,.

3

0 — C%(T'(Ar),C) — C(T(AF),C) 2%, C(T(Ar),C) —0
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Fundamental class Il

The above short exact seq. provides in long exact seq.

o — H(T(F), conmmne) - 1 (7(r), e, ©) — -
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Fundamental class Il

The above short exact seq. provides in long exact seq.

o+ — HY(T(F),C5(T(Ap),C)) L5 H™1(T(F), (D (A L), C)) —> -
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Fundamental class Il

The above short exact seq. provides in long exact seq.
- HY(T(F),C5(T(AF),C)) X5 H™(T(F), CSY(T(Ap),C)) — ---

Giving rise

@ H (B, C@mEmne) " @l (T(F), hahemne))
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Fundamental class Il

The above short exact seq. provides in long exact seq.
s HY(T(F),C5(T(AF),C)) %5 B (T(F), 0597 (T(AF),C)) — -
Giving rise

dIO“'OdrT

8 : HY(T(F),C(T(AF),C)) H'T(T(F),6® @)
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Fundamental class Il

The above short exact seq. provides in long exact seq.

<o — HY(T(F),C5(T(Ar),C)) KN H" (T (F), 05V (T(Ap),C)) — - -
Giving rise

dlo-uodT
— T

8 : HY(T(F),C(T(AF),C)) H'(T(F),6® @)

for all f € HY(T(F),C(T(AF),C)).
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Waldspurger in higher cohomology |

@ Assumethat Yg =37, rG=rr=:"1.
@ Notice
ENEEARE) O G(AF).

Given 7 aut. rep. weight (2, --- ,2), by Eichler-Shimura

7 C H'(G(F), A%(C)).
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Waldspurger in higher cohomology |

@ Assumethat Yg =37, rG=rr=:"1.

@ Notice
H'(G(F), A~ (@) © G(AF).

Given 7 aut. rep. weight (ky + 2, --- , kg + 2), by Eichler-Shimura

% C H'(G(F), A~(@).
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Waldspurger in higher cohomology |

@ Assumethat Yg =37, rG=rr=:"1.

@ Notice
H"(G(F),A>®(C)) O G(AF).

Given 7 aut. rep. weight (2, --- ,2), by Eichler-Shimura

7 C H'(G(F), A%(C)).

© Assume that @E): A — C, then
res : H'(G(F), B8(@)) — H' (T(F),C>(C))

For any loc. constant character x : T(A¥)/T(F) — C

(e, x) = (res(c) Ux)NEEC| cen™® C H (G(F),A*(C))
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Waldspurger in higher cohomology |l

Theorem (M.)

Let ™ weight (2,--- ,2),; and let x loc. constant
¢lex)® = C- Limx.1/2) - | [ aplep xp).
p

forallc € 7 C H"(G(F), A>*(C)).
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Waldspurger in higher cohomology |l

Theorem (M.)
Let ™ weight (2,--- ,2),; and let x loc. constant
(c,x)?=C - L(m, x,1/2) - Hap(cp,xp).

P
forallc € 7 C H"(G(F), A>*(C)).

o (' is totally explicit (non-zero).
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Let ™ weight (2,--- ,2),; and let x loc. constant
(c,x)?=C - L(m, x,1/2) - Hap(cp,xp).

P
forallc € 7 C H"(G(F), A>*(C)).

@ (' is totally explicit (non-zero).
o F'any number field.
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Waldspurger in higher cohomology |l
Theorem (M.)
Letm weight (k1 +2,--- , k, + 2) cu@m®; and let § (CCHpoimem a2/

(c,x)? =C - L(m,x,1/2) - Hap(cp,xp).
p

forallc € > C H"(G(F), A>®(Vg)).

@ (' is totally explicit (non-zero).
@ F any number field.

@ Also works weight (k1 +2,--- , k, + 2) even.
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Waldspurger in higher cohomology |l

Theorem (M.)

Let 7 weight (k1 +2,--- ,k, + 2) even; and let x loc. polynomial
ET(Cv X)2 =C- L(T(', X5 1/2) . H aP(CPa XP)
p

forallc € > C H"(G(F), A>®(Vg)).

@ (' is totally explicit (non-zero).
@ F any number field.

@ Also works weight (k1 +2,--- , k, + 2) even.
Only (provennitotmrea)!
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Waldspurger in higher cohomology |l

Theorem (M.)
Let ™ weight (2,--- ,2),; and let x loc. constant

(c,x)?=C - L(m, x,1/2) - Hap(cp,xp).
p

forallc € 7 C H"(G(F), A>*(C)).

@ (' is totally explicit (non-zero).
@ F any number field.

@ Also works weight (k1 +2,--- , k, + 2) even.
Only proven F tot. real!

@ Interpolation properties (anticyclotomic) p-adic L-functions.
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Idea of the proof
@ Assume y = 1 for simplicity.
@ Automorphic form weight (2, --- ,2):

¢ € Homg k) (®D _)G(F)

oceXg
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Idea of the proof

@ Assume y = 1 for simplicity.
@ Automorphic form weight (2mmmm2):

oceXg

¢ € Homg k) (@D o GAF)—>«:})G(F

o Recall GEERNINCINATING)) — ENDEICSE)

res(ES(¢))

= 9(0(0) Ir(ap) | € H'(T(F),C¥(C)),

for some (explicit) GIEISIEIRIR)-
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Idea of the proof
@ Assume y = 1 for simplicity.
@ Automorphic form weight (2, --- ,2):

¢ € Homg k) (®D

oceXg

G(Ap) — C}) G(F)

e Recall § : HY(T(F),C(T(AF),C)) — H'(T(F),C®(C))

res(ES(¢)) = (¢ (v) I7(ap))

for some (explicit) v € @, 5. D(2).
Then,

e H'(T(F),C*(C)),

B(ES(¢),1) = res(ESE@) N @
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Idea of the proof
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e Recall § : HY(T(F),C(T(AF),C)) — H'(T(F),C®(C))

res(ES(¢)) = 9(¢(v) 1) | € H (T(F),C*(C)),

for some (explicit) v € @, 5. D(2).

Then,
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Idea of the proof
@ Assume x = 1 for simplicity.
@ Automorphic form weight (2,--- ,2):

¢ € Homg k) ( ) D2).{¢: G(AF) = C}) G

oEX
e Recall 9 : HO(T(F),C(T(Ap),C)) — H"(T(F),C>(C))

res(ES(¢)) = 9(¢(v) 1) | € H (T(F),C*(C)),

for some (explicit) v € @
Then,

D(2).

ceX g

' (ES(¢),1 o ¢,

):/“)
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Idea of the proof
@ Assume y = 1 for simplicity.
@ Automorphic form weight (2, --- ,2):

¢ € Homg x) (@D Ao GAF)—MC})G(F

oceXg

e Recall § : HY(T(F),C(T(AF),C)) — H'(T(F),C®(C))

res(ES(¢)) = 9(¢(v) 1) | € H (T(F),C*(C)),

for some (explicit) § € @, 5. D(2).
Then,
C'(ES(4).1) = U(o(v).1).
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Idea of the proof
@ Assume y = 1 for simplicity.
@ Automorphic form weight (2, --- ,2):

oceXg

¢ € Homg k) (®D AF)—MC})G(F

e Recall § : HY(T(F),C(T(AF),C)) — H'(T(F),C®(C))

res(ES(¢)) = 9(¢(v) 1) | € H (T(F),C*(C)),

for some (explicit) v € @, 5. D(2).
Then,
"(ES(¢), 1) = (@@, 1),
This it follows from (classical) Waldspurger formula.

EARBIRARS' compute ERERNE
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