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Abstract

Area-preserving twist maps have at least two different (p, g)-periodic orbits
and every ( p, g)-periodic orbit has its ( p, ¢)-periodic action for suitable couples
(p, q). We establish an exponentially small upper bound for the differences
of (p, g)-periodic actions when the map is analytic on a (m, n)-resonant
rotational invariant curve (resonant RIC) and p/q is ‘sufficiently close’ to m/n.
The exponent in this upper bound is closely related to the analyticity strip
width of a suitable angular variable. The result is obtained in two steps. First,
we prove a Neishtadt-like theorem, in which the n-th power of the twist map
is written as an integrable twist map plus an exponentially small remainder
on the distance to the RIC. Second, we apply the MacKay—Meiss—Percival
action principle.

We apply our exponentially small upper bound to several billiard problems.
The resonant RIC is a boundary of the phase space in almost all of them. For
instance, we show that the lengths (respectively, areas) of all the (1, g)-periodic
billiard (respectively, dual billiard) trajectories inside (respectively, outside)
analytic strictly convex domains are exponentially close in the period g.
This improves some classical results of Marvizi, Melrose, Colin de Verdiere,
Tabachnikov, and others about the smooth case.
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1. Introduction

Billiards were introduced by Birkhoff [4]. Let I" be a smooth strictly convex curve in the plane,
oriented counterclockwise, and let € be the billiard table enclosed by I'. Billiard trajectories
inside €2 consist of polygonal lines inscribed in I whose consecutive sides obey to the rule ‘the
angle of reflection is equal to the angle of incidence’. See [18, 20, 36] for a general description.

A (p, g)-periodic billiard trajectory forms a closed polygon with ¢ sides that makes p turns
inside I'. Birkhoff [4] proved that there are at least two different Birkhoff (p, ¢)-periodic bil-
liard trajectories inside €2 for any relatively prime integers p and ¢ such that1 <p < g.

Let L£(P9 be the supremum of the absolute values of the differences of the lengths of all
such trajectories. The quantities £(7% were already studied by Marvizi and Melrose [25] and
Colin de Verdiere [6] for smooth tables. The former authors produced an asymptotic expan-
sion of the lengths for (p, g)-periodic billiard trajectories approaching I" when p is fixed and
q — +o0. They saw that there exists a sequence (Ix )¢>1, depending only on p and I, such that,
if L7 9is the length of any (p, g)-periodic trajectory, then

LP9 < p Length(T] + 5 % g — oo, (1
k>1
3 : .
where [, = (T, p) = —i(pj; k23(s)dsY, and (s) is the curvature of I as a function of the

arc-length parameter s. The symbol < means that the series in the right hand side is asymp-
totic to L7, The asymptotic coefficients [y = Ix(T', p) can be explicitly written in terms of
the curvature x(s). For instance, the explicit formulas for [y, [, I3, and /4 can be found in [35].
Since the expansion of the lengths in powers of ¢! coincides for all these (p, g)-periodic
trajectories, £L79 = O (g~*°) for smooth strictly convex tables when p is fixed and ¢ — +oc.
Colin de Verdiere studied the lengths of periodic trajectories close to an elliptic (1, 2)-periodic
trajectory on a smooth axisymmetric billiard table, and found that the quantities £>9 are
again beyond all order with respect to g.

These works suggest that the supremum length differences £(79 are exponentially small
in the period ¢ for analytic strictly convex tables. Indeed, we have proved that if " is analytic
and p is a fixed positive integer, then there exist K, a > 0 such that

L9 < Ke—2mq/p, )

for all integer g > 2 relatively prime with p. The exponent « is related to the width of a com-
plex strip where a certain 1-periodic angular coordinate is analytic. A more precise statement
is given in theorem 5. The search for exponentially small asymptotic formulas is the natural
challenge after obtaining the exponentially small upper bound (2). This problem has been
numerically tackled in [24], where we have conjectured that, if I' is a generic axisymmetric
strictly convex algebraic curve, then

LD < Alg)g e, g = +oo,

where the positive exponent r is half of the radius of convergence of the Borel transform of the
asymptotic series (1) and A(g) is either a constant or an oscillating function. The proof of this
asymptotic formula is a work in progress.

Similar exponentially small upper bounds hold in other billiard problems. We mention two
examples. First, for (p, ¢)-periodic billiard trajectories inside strictly convex analytic tables of
constant width when p/g — 1/2. Second, for (p, g)-periodic billiard trajectories inside strictly
convex analytic tables in surfaces of constant curvature when p/g — 0.
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The billiard dynamics close to the boundary has also been studied from the point of view
of KAM theory. Lazutkin [21] proved that there are infinitely many caustics inside any
C>% strictly convex table. These caustics accumulate at the boundary of the table, and have
Diophantine rotation numbers. Douady [11] improved the result to C7 billiard tables.

A special remark on the relevance of these results is the following. Kac [17] formulated the
inverse spectral problem for planar domains. That is, to study how much geometric informa-
tion about €2 can be obtained from the Laplacian spectrum with homogeneous Dirichlet condi-
tions on I'. Andersson and Melrose [1] gave an explicit relation between the length spectrum
and the Laplacian spectrum. The length spectrum of €2 is the union of the lengths of all its
(p, g)-periodic billiard trajectories and all the integer multiples of Length[I']. See also [6, 25].

Our results also apply to the dual billiards introduced by Day [9] and popularized by Moser
[28] as a crude model for planetary motion. Some general references are [5, 15, 36, 37]. Let U
be unbounded component of R?\ T". The dual billiard map f: U — U is defined as follows: f(z)
is the reflection of z in the tangency point of the oriented tangent line to I" through z. Billiards
and dual billiards are projective dual in the sphere [37].

A (p, g)-periodic dual billiard trajectory forms a closed circumscribed polygon with g sides
that makes p turns outside I'. The area of a (p, g)-periodic trajectory is the area enclosed by the
corresponding polygon, taking into account some multiplicities if p > 2. There are at least two
different Birkhoff (p, g)-periodic dual billiard trajectories outside I" for any relatively prime
integers p and g such thatg>3and 1 <p <gq.

Tabachnikov [36, 37] studied the supremum A9 of the absolute value of the differences
of the areas enclosed by all such (1, g)-periodic trajectories for smooth tables. He proved that
there is a sequence (a; ;> 1, depending only on I, such that, if A" @ is the area enclosed by any
(1, g)-periodic dual billiard trajectory, then

Ak

ALD < AreaQ] + Y —-,  g— o0, (3)

k=1

! coin-

where a; = (') = % fr x!/3(s)ds. Hence, the expansion of the areas in powers of g~
cides for all these (1, g)-periodic trajectories, and so, A9 = O (g~) for smooth strictly
convex dual tables when g — +c0. Douady [11] found the existence of infinitely many invari-
ant curves outside any C” strictly convex dual table. These invariant curves accumulate at the
boundary of the dual table and have Diophantine rotation numbers.

In a completely analogous way to (classical) billiards, we have proved that, once fixed any

positive integer p, if I' is analytic, then there exist K, o > 0 such that
A0 < Ke—qu/p’ (4)

for all integer g > 3 relatively prime with p. Once more, the exponent « is related to the width
of a complex strip where a certain 1-periodic angular coordinate is analytic. The precise state-
ment is given in theorem 8.

Still in the context of dual billiards, the points at infinity can be seen as (1, 2)-periodic
points, hence they form a (1, 2)-resonant RIC. Douady [11] found the existence of infinitely
many invariant curves outside any C3 strictly convex dual table. These invariant curves accu-
mulate at infinity and have Diophantine rotation numbers. We have proved that, once fixed any
constant L > 1, if T is analytic, then there exist K, o > 0 such that

A9 L Kex T , 3
S Tl - 12] ©

for all relatively prime integers p and g such that1 < |2p — ¢| < L and g > 3. See theorem 9.
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The three exponents « that appear in the exponentially small upper bounds (2), (4) and (5)
may be different, since each one is associated to a different analyticity strip width. Besides,
all of these upper bounds follow directly from a general upper bound about analytic area-
preserving twist maps with analytic resonant RICs. Let us explain it.

Classical and dual billiard maps are exact twist maps defined on an open cylinder when
written in suitable coordinates. Exact twist maps have been vastly studied. They satisfy a
Lagrangian formulation and their orbits are stationary points of the action functional. See for
instance [4, 18, 27].

Birkhoff [4] showed that the minima and minimax points of the (p, g)-periodic action
correspond to two different Birkhoff (p, g)-periodic orbits of the twist map. A Birkhoff
(p, g@)-periodic orbit is an orbit such that, after g iterates, performs exactly p revolutions around
the cylinder and its points are ordered in the base T as the ones following a rigid rotation of
angle p/q. Since there exist at least two different Birkhoff (p, g)-periodic orbits, we consider
the supremum A(P% of the absolute value of the differences of the actions among all of them.
The quantity A79 coincides with £(79 and AP for classical and dual billiards, respectively.

Let AW, be the difference of actions between the minimax and minima (p, ¢)-periodic
orbits. Note that A»% is an upper bound of AW,,,. Mather [26] used AW,, as a criterion to
prove the existence of RICs of given irrational rotation numbers. More concretely, he proved
that there exists a RIC with irrational rotation number ¢ if and only if lim,,, _, , AW, = 0.

Another criterion related to the destruction of RICs, in this case empirical, was proposed
by Greene. The destruction of a RIC with Diophantine rotation number o under perturbation
is related to a ‘sudden change from stability to instability of the nearby periodic orbits’ [13].
The stability of a periodic orbit is measured by the residue. MacKay [22] proved the criterion
in some contexts. In particular, for an analytic area-preserving twist map, the residue of a
sequence of periodic orbits with rotation numbers p/q — o decays exponentially in |o — p/q|.
The same proof leads to a similar exponentially small bound of Mather’s AW,,, as p/qg — o.
Delshams and de la Llave [10] studied similar problems for analytic area-preserving nontwist
maps.

Generically RICs with a rational rotation number break under perturbation [31, 33].
Nevertheless, there are situations in which some distinguished resonant RICs always exist.
See sections 3 and 4 for several examples related to billiard and dual billiard maps.

Let us assume that we have an analytic exact twist map with a (m, n)-resonant RIC. That
is, a RIC whose points are (m, n)-periodic. Then there exist some variables (x, y) in which the
resonant RIC is located at { y = 0} and the n-th power of the exact twist map is a small pertur-
bation of the integrable twist map (x;,y;) = (x + y,y). To be precise, it has the form

a=x+y+00%, y=y+00D).
Since the n-th power map is real analytic, it can be extended to a complex domain of the form
Dy, p. = {(x,y) € C/Z x C :|Tx| < ay, | y| < b}

The quantity a, plays a more important role than b,. To be precise, we have proved that, once
fixed any a € (0, a,) and L > 1, there exists K > 0 such that

2
AP < Kexp(ﬂ),
Inp — mq|

for any relatively prime integers p and ¢ such that 1 < |np — mg| <L and g > 1. See theorem
3 for a more detailed statement. This upper bound is optimal because « € (0, a,). That is, the
exponent « can be taken as close to the analyticity strip width a, as desired. The constant K
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may explode when « tends to a,, so, in general, we can not take o = a,. A similar optimal
exponentially small upper bound was obtained in [12] in the setting of the splitting of separa-
trices of weakly hyperbolic fixed points of analytical area-preserving maps. The proof of this
optimal bound adds some extra technicalities, but we feel that the effort is worth it.

The proof is based on two facts. First, we write the n-th power of the exact twist map
as the integrable twist map (x;,y;) = (x + y, y) plus an exponentially small remainder on the
distance to the RIC. See theorem 2. The size of the remainder is reduced by performing a
finite sequence of changes of variables, but the number of such changes increases when we
approach to the resonant RIC. This is a classical Neishtadt-like argument [29]. Second, we
apply the MacKay—Meiss—Percival action principle [23], in which the difference of actions of
(p, g)-periodic orbits is interpreted as an area on the phase space.

The structure of the paper is the following. Section 2 is devoted to state our results in the
general context of analytic exact twist maps. In sections 3 and 4, we present the different billiard
maps and show how the results in section 2 apply. Sections 5 and 6 contain the technical proofs.

2. Main theorems

2.1. Dynamics close to an analytic resonant RIC

We consider analytic maps defined on a neighbourhood (in the cylinder) of a resonant RIC.
We also assume that these maps have the intersection property, at least in one side of the RIC.
Our goal is to show that these maps are exponentially close to an integrable one in the distance
to the resonant RIC. No exactness or area-preserving condition is required.

Let T = R/Z. Let I be an interval of the real line.

Definition 1. A continuous map g : T x I = T x R has the intersection property if the im-
age of any closed homotopically non trivial loop of the cylinder T X [ intersects the loop.

The intersection property is preserved under global changes of variables.

Definition 2. Let g: T xI— T xR be a continuous map. A rotational invariant curve
(RIC) of g is a closed loop C C T x I homotopically non trivial such that g(C) = C. Let m
and n be two relatively prime integers such that n > 1. We say that C is (m, n)-resonant when
G"(s, r) = (s + m, r) for all (s, r) € C, where G(s, r) is a lift of g.

We want to study the dynamics of an analytic map g with the intersection property in a
neighbourhood of an (m, n)-resonant RIC C. First, we note that all points on the RIC C remain
fixed under the power map f = g". Second, we recall a classical lemma that appears in several
papers about billiards [21, 37]. We present the proof for completeness.

Lemma 1 (See [37]). Let 3>0. Let f: T x (—3,8)—>T xR, f(s,r) = (s1,r), be a real
analytic map with the intersection property of the form

Si= 5+ 9O +00?,  n=r+uer+0ed), ©)

for some real analytic 1-periodic functions p(s) and Y (s), and @(s) has no zeros. Then there
exist some new analytic coordinates (x, y) in which f has the form (x,y,) = f(x,y), with

n=x+y+00»), y=y+0(?>. (M

Besides, there exist some analyticity strip width a, > 0 and some analyticity radius b, > 0
such that f is real analytic on T x (—by, b,) and can be analytically extended to the domain

D, p. = {(x,y) €(C/Z) x C :|Tx| < as, | y| < b} 8)
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The same result holds when f: T x [0,3) > T x Rorwhen f: T x (—=3,0] > T x Risareal
analytic map with the intersection property of the form (6).

Proof. The intersection property implies that the quotient ¥(s)/(s) has zero average. Let
us prove this claim. Set y = fo ! (Y(s)/p(s))ds. We consider the coordinates (x, y) defined by

x = a(s), y = b(s)r, 9)

where the real analytic functions a(s) and b(s) have the form

N b s
a(s) :fo %dl, b(s) = vexp [— fo (% - u)dt] (10)

for some constant v = 0. The function b(s) is 1-periodic and has no zeros. The constant v is
determined in such a way that a(s + 1) = a(s) + 1, so the new angular coordinate x is defined
modulus one: x € T. A straightforward computation shows that

xN=x+y+00D, ¥y =y+ pp(s)y*b(s) + O (y).

If = 0, then the map (x,y) — (x1,y;) does not have the intersection property. Hence, 1 = 0
and the map f'has the form (7) in the analytic variables (x, y). These coordinates (x, y) cover an
open complex neighbourhood of { y = 0 }. In particular, f can be analytically extended to the
complex domain D,, ;, for some a., b, > 0. |

The map (7) can be viewed as a perturbation of the integrable twist map

n=x+y, Nn=y (11)
We want to reduce the size of the nonintegrable terms O (y?) and O ( y*) as much as possible.
We can reduce them through normal form steps up to any desired order; see lemma 10. Thus,
the nonintegrable part of the dynamics is beyond all order in y; that is, in the distance to C. A
general principle in conservative dynamical systems states that beyond all order phenomena
are often exponentially small in the analytic category. Our goal is to write the map as an expo-
nentially small perturbation in y of the integrable twist map (11). The final result is stated in

the following theorem. If 4 is a real-valued smooth function, 0;4 denotes the derivative with
respect to the i-th variable.

Theorem 2. Leta,,b,>0.Let f: T X (=b., b)) =T xR, (x,y,) = f(x,y), be a real analytic
map of the form (7) with the intersection property on T x [0,b,) or T X (—b,,0] that can
be analytically extended to the complex domain (8). Let m>2 be an arbitrary order. Let
a € (0, a,). There exist constants K > 0 and b, € (0, b,) such that, if b € (0, b’), then there exists
an analytic change of variables (x,y) = ®(&, n) such that:

(1) It is uniformly (with respect to b) close to the identity on T x (—b, b). That is,

x=&+0@),  y=n+0@®»),  det DO, n)]=1+0 (n),

for all (€,m) € T x (=b, b), where the O () and O (n?) terms are uniform in b; and
(ii) The transformed map (€, 1) — (&, n,) is real analytic on the cylinder T x (—b, b). Besides,
it has the form

G=EHn+n"g&n),  m=n+n"g(E ), (12)

where [g(&,m)| < Ke 2 /b gnd 10igi(§, )| < Kb2 for all (€,m) € T x (=b, b).
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The proof can be found in section 5.

Remark 1. We require the intersection property on one side of the resonant RICC = T x {0}
only. This is useful to study the billiard (and dual billiard) maps considered later on, because
the boundaries of the natural phase spaces of these maps can be viewed as resonant RICs.

Consider a perturbed Hamiltonian system which is close to an integrable system. It is
known that, under the appropriate nondegeneracy conditions, the measure of the set of tori
which decompose under the perturbation can be bounded from above by a quantity of order
V€, € being the perturbation parameter [29, 32]. Neishtadt [29] also considered a context
where the perturbation becomes exponentially small in some parameter € and hence the meas-
ure of the complementary set which is cut out from phase space by the invariant tori is of order
e~“/¢, ¢ being a positive constant. This argument could be applied to our context. First, any
neighbourhood of an analytic RIC of fixed points of an analytic map contains infinitely many
RICs. Second, the area of the complementary of the RICs in any of such neighbourhoods is
exponentially small in the size of the neighbourhood. Third, the gaps between the RICs are
exponentially small in their distance to the RIC of fixed points. The first result follows from
the classical Moser twist theorem [34]. The others follow from the ideas explained above.

2.2. Difference of periodic actions

In this section we consider real analytic exact twist maps defined on open cylinders that can be
extended as rigid rotations on the boundaries of the cylinder. This has to do with the fact that
we look for a global result. See remark 2 below.

Let DC T x R be the open cylinder enclosed between two homotopically non trivial
loops, C_ and C, . We assume that C_ is strictly below C, . Let w = —dA\ be an exact sym-
plectic form on D. The symplectic form w may be degenerate or not defined on the boundaries
0D =C_UC,.

Definition 3. A smooth diffeomorphism g : D — D is an exact twist map when it preserves
the exact symplectic form w = —dJ, has zero flux, and satisfies the classical twist condition
0281(s, r) > 0, where G(s, r) = (s1, 1) is a lift of g.

Henceforth, the exact symplectic form w = —d\ and the lift G remain fixed. We stress
that, if g : D — D is a diffeomorphism preserving w and g has a RIC C, then both the zero flux
condition and the intersection property are automatically satisfied.

If an exact twist map g : D — D can be continuously extended as rigid rotations of angles o_ and
o+ to the boundaries C_ and C., then p_ < g, (due to the twist condition) and there exists a func-
tionf : {(s,51) ER?: o_ < s, — 5 < 0.} = R, determined modulo an additive constant, such that

G\N—A=dh.
The function 4 is called the Lagrangian or generating function of g.

Let p and g be two relatively prime integers such that o_ < p/q < g, and g > 1. A point
(s,r)eR X1 is (p, q)-periodic when Gi(s, r)=(s+ p, r). The corresponding point
(s,r) € T x I is a periodic point of period g by g that is translated p units in the base by the
lift. A (p, g)-periodic orbit is Birkhoff when it is ordered around the cylinder in the same way
that the orbits of the rigid rotation of angle p/q. See [18] for details. The Poincaré—Birkhoff
theorem states that there exist at least two different Birkhoff (p, ¢)-periodic orbits [18, 27].

Let O = {(s, 1) Jeez be a (p, g)-periodic orbit. Its (p, g)-periodic action is

WPD[O] = h(so, 51) + h(s1,$2) + -+ + h(s3—1, 50 + ).
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Our goal is to establish an exponentially small bound for the non-negative quantity

ANPD = gup |W(p,q)[0‘] — W(p,q)[0]|,
0,00y

where O(g” "9 denotes the set of all Birkhoff (p, ¢)-periodic orbits of the map g : D — D. The
difference of (p, g)-periodic actions can be interpreted as the w-area of certain domains.

Let us explain it.

Let O = {(sg, 7t) ez and O = {(§, i) ez be two (p, ¢)-periodic orbits. We can assume,
without loss of generality, that 0 < §y — so < 1. Let Ly be a curve from (s, o) to (5o, 7p) con-
tained in R x I. Set Ly = G*(Ly). The curves L and L, have the same endpoints in T x I. Let
us assume that these two curves have no topological crossing on the cylinder T x I and let
B C T x I be the domain enclosed between them.

Observe that fL A — fL A= fL (G*A—\) = fL dh = h(S, 5ii1) — h(si, si.1). Hence,
k+1 k k k

Z;é(h(s‘k, Sk1) — h(sg, Sgr1)) = qu A — fLo A= qufLo A== wa, where the sign + depends
on the orientation of the closed path g4(Lg) — L, but we do not need it, because we take abso-
lute values in both sides of the previous relation:

wra10) - wraol|= [ w=: Area.lB]. (13)
B

These arguments go back to the MacKay—-Meiss—Percival action principle [23, 27]. If the
curves Ly and g9(L) have some topological crossing, then the domain B has several connected

components, in which case ‘W(’”")[O_] — W(”””[O]‘ < Jz; w=: Area [B], because the sign in

front of the integral of the area form w depends on the connected component.
If the analytic exact twist map g has a (m, n)-resonant RIC, then

A = 0,

Indeed, we can take a segment of the RIC as the curve L, used in the previous construction
in such a way that g"(Lo) = Lo and Area,[B] = 0. It turns out that the differences of (p, g)-
periodic actions of g are exponentially small when p/q is ‘sufficiently close’ to m/n. The mean-
ing of ‘sufficiently close’ is clarified in the following theorem. See also remark 3.

Theorem 3. Let g : D — D be an analytic exact twist map that can be continuously extended
as rigid rotations of angles o_ and o, to the boundaries C_ and C., respectively. Let m and
n be two relatively prime integers such that n2 1. Let a,,b,>0, a €(0,a,), and L> 1. If
o_ = m/n, g can be analytically extended to C_, and there exist some analytic coordinates
(x, y) such that C_= { y = 0} and the power map f = g" has the form (7) and can be analyti-
cally extended to the complex domain (8), then there exists K > 0 such that

A(P#)S[(exp(_ﬂ), (14)
Inp — mq|

for all relatively prime integers p and q with 1 <np —mq< L and q> 1. The same upper
bound holds interchanging the roles of C and C_, but in this case 1 <mq — np < L.
The proof has been placed at section 6.

Remark 2. This theorem requires some global hypotheses because, by definition, the com-
putation of A”% involves all (p, q)-periodic orbits of the map g : D — D and not only the
ones close to the resonant boundary. The global twist condition and the continuous extension

205



Nonlinearity 29 (2016) 198 P Martin et al

as a rigid rotation to the other boundary imply that all (p, g)-periodic orbits are close to the
resonant boundary. Clearly, there exists a local version of the exponentially small upper bound
(14) when the analytic exact twist map g is defined on a small neighbourhood of the resonant
RIC.

Remark 3. Condition |np — mq| < L implies that| p/g — m/n|= O (1/q) as ¢ » +oc.

Remark 4. In many applications, o_ = 0, so C_ is a RIC of fixed points. Then theorem 3
implies that A”9 is exponentially small in the period ¢ when p remains uniformly bounded.
To be precise, if a € (0, a,) and L > 1, there exists K > 0 such that

NP9 L Ke—2maqlp

for all relatively prime integers p and g withg> land 1 <p < L.

3. On the length spectrum of analytic convex domains

3.1. Convex billiards

We recall some well-known results about billiards that can be found in [18, 20, 36].

Let ' be a closed strictly convex curve in the Euclidean plane R?. We assume, without
loss of generality, that I" has length one. Let s € T be an arc-length parameter on I'. Let
f:Tx(@O,7)—T x (0,7), (s1,r1) = f(s,r), be the map that models the billiard dynamics
inside I" using the Birkhoff coordinates (s, r), where s € T determines the impact point on the
curve, and r € (0, ) denotes the impact angle.

The map f preserves the exact symplectic form w = sinr ds Adr and has the intersec-
tion property. Indeed, f: T x (0,7) — T x (0, 7) is an exact twist map with boundary rota-
tion numbers o_ = 0 and g, = 1. Besides, its Lagrangian is the distance between consecutive
impact points. Finally, fis analytic when I is analytic.

Any (p, g)-periodic orbit on the billiard map forms a closed inscribed polygon with ¢ sides
that makes p turns inside I'. Since the Lagrangian of the billiard map is the distance between
consecutive impact points, the periodic action of a periodic orbit is just the total length of the
corresponding polygon. Therefore, the supremum action difference among (p, g)-periodic
billiard orbits is the supremum length difference among inscribed billiard (p, ¢)-polygons.

3.2. Study close to the boundary of the billiard table

We note that  — 0 when a billiard trajectory approaches I'. Thus, in order to study the billiard
dynamics close to I', we must study the billiard map f: T x (0,7) — T x (0, 7) in a neigh-
bourhood of the lower boundary T x {0}. We want to apply theorem 3 to this lower boundary,
so we need to check that f can be analytically extended to T x [0, 7). We prove a stronger
result in the following proposition. To be precise, the billiard map can be considered as a real
analytic diffeomorphism of a torus by identifying the upper boundary T x {7} and the lower
boundary T x {0} and considering the impact angles on the projective line.

Proposition 4. Let I" be an analytic strictly convex curve in the Euclidean plane. Let p(s)
be the radius of curvature of 1" as a function of the arc-length parameter s. The billiard
map f: T x (0,7)— T x (0, 7) associated to I satisfies the following properties:
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(1) It extends analytically to T x R;
(ii) Its analytic extension has the reversibilities and the periodicity

f=Rof'oR  f=Tof'oT.  Pof=foP,

where R(s, r) = (s,—r), T(s,r) = (s,m — r), and P(s,r) = (s,r + ),
(iii) It can be considered as a real analytic diffeomorphism of the torus T x (R/wZ); and
(iv) The first terms of its Taylor expansion for small impact angles are

s =8+ 2p(s)r+ 4p(s)p’(s)r2/3 + 0 (),
ri=r—2p'()r’/3 + (4(p' ()49 — 2p(s)p"(s)/3)r* + O (r*).

Proof. Letm:T—>T, k: T — (0,+00), and n: T — R? be an arc-length parametrization,
the curvature, and a unit normal vector of the analytic strictly convex curve linked by the rela-
tion m”(s) = r(s)n(s). In what follows, we consider these functions as real analytic 1-periodic
functions defined on the universal cover R of T. We also consider the set

U= {(s,s) ER:|sy—s| <1} =UUAUU,,

where U_ = {(s,s) ER? : s — 1 <51 < s}, Uy = {(s5,5) €R?>: s < 51 < 5+ 1}, and A is the di-
agonal {(s,s;) € R? : s; = s}. Next, we write both impact angles as functions of consecutive
impact points. To be precise, there exist two analytic functions 7, 7| : Uy — (0, 7) such that

(s,s1) € Uy and f(s,r) = (51, 1) <= r = (s, 51) and r; = 7(s, 51).

Let us study what happens when s; — sT. We note that r = 7(s, s1) is the angle between m/(s)
and m(s;) — m(s). Hence,

1
an 7 (s, 51) = det(m/(s), m(sy) — m(s)) _ fo det(rm'(s), m'(s + 1(s1 — s)))dt’

(m'(s), m(sy) — m(s)) lﬁ@#@%nﬂs+t6r—ﬂ»m

(15)
so the function 7(s, s1) can be analytically extended to the diagonal A, 7(s, s) = 0, and

a7 (s,s) = lim o7 (s, s1) = lim cos? 7(s, 51)0, tan 7(s, 51) = k(s)/2,

51— 518

for all s € R. The function 7(s, s1) can also be extended analytically to A by using an analo-
gous argument. Since 0,7(s, s) = k(s)/2 > 0 for all s € R, there exists a function §(s, ) ana-
Iyticon R x {0} such that 7#(s, 5i(s, 7)) = r and 5y(s, 0) = s. Thus, we can write the billiard map
as f(s,r) = (s, ) = (5i(s, r), 7i(s, 51(s, r))), which proves that f can be analytically extended
to a complex neighbourhood of R x {0}.

Let us describe the meaning of this extension for small negative impact angles. To be-
gin with, we model the billiard dynamics as a map that acts on consecutive impact points.
That is, we consider the new billiard map f : U, — U, such that f(s,l,s) = (s, 51). The pre-
vious arguments show that f can be analytically extended to a complex neighbourhood of
A. Tt is geometrically clear that relation f (sy,s) = (s,s_;) holds for this extension. That is,
Ff =Rof 'oR, where R: U— U is the reversor R(s, s1) = (s1, 5).

Next, we come back to the Birkhoff coordinates (s, r). Let R(s, r) = (s, —r). Since
Fi(s1, 8) = —F(s, s1), the reversor R becomes R = Ro f~! in the Birkhoff coordinates.
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Hence, relations f=Rof 'oR and f=Rof ! oR hold, at least in a neighbourhood of
R x {0}. Thus, we can analytically extend fto R x (—m, 7) by using the reversor R. We note
that P = To R, where T(s,r) = (s,m — r) is a well-known reversor of f. This implies that
Pof=foP,sowe can analytically extend f to the whole space R x R by periodicity. Finally,
we recall that s is an angular variable, so the billiard map fis analytic in the infinite cylinder
T x R.

This ends the proof of the first two items. The third item is a trivial consequence of them.
The Taylor expansion given in the last item was obtained by Lazutkin [21]. |

From the Taylor expansion given in the previous proposition, Lazutkin deduced that the
billiard map takes the form

a=x+y+00),  »n=y+00(?H
in the analytic Lazutkin coordinates (x, y) defined by

s 1
x=k fo o201,y = 4kpY(s)sin(r/2), k= fo o2 (1)dr.

The constant k is determined in such a way that the new angular coordinate x is defined
modulus one. Lazutkin’s results are more refined than the ones in lemma 1, he wrote the
billiard map as a smaller perturbation of the integrable twist map (x;, ;) = (x + y,y), but we
do not need it. Our coordinates (9)—(10) and the Lazutkin coordinates are directly related.
Namely, ¢(s) = 2p(s) and i(s) = —2p'(s)/3 imply that a(s) = %fos p23()dt, b(s) = vp''3(s),
and v = 2k.

Let D=T x (0,7), C_=T x {0}, and Cy =T x {«w}. Set m =0 and n = 1. The bil-
liard map f: D — D satisfies the hypotheses required in theorem 3. Only one hypothesis can
rise doubts at this point. Namely, the existence of some analytic coordinates (x, y) such that
C_={y = 0} and f'has the form (7) and can be analytically extended to the complex domain
(8) for some a,, b, > 0. This existence follows directly from lemma 1 since f has the form (6)
with p(s) = 2p(s) > 0 and 1(s) = —2p'(s)/3. See proposition 4. Therefore, we get the expo-
nentially small upper bound of the quantities £7*9 defined in the introduction.

Theorem 5. Let I be an analytic strictly convex curve in the Euclidean plane. Let a, > 0 be
the analyticity strip width of the lower boundary C_. Let a € (0, a,) and L > 1. There exists a
constant K > 0 such that

LD L Ke2malp,

for all relatively prime integers p and q with g >2 and 0 < p < L.

The same exponentially small upper bound holds for analytic geodesically strictly convex
curves on surfaces of constant curvature, where the billiard trajectories are just broken geo-
desics. Billiard maps on the Klein model of the hyperbolic plane H? and on the positive hemi-
sphere Si have been studied, for instance, in [7], where it is shown that they are exact twist
maps with the same boundary rotation numbers as in the Euclidean case. Therefore, by local
isometry arguments, we can write a version of theorem 5 on any surface of constant curvature.

3.8. Billiard tables of constant width

Definition 4. A smooth closed convex curve is of constant width if and only if it has a chord
in any direction perpendicular to the curve at both ends.
208



Nonlinearity 29 (2016) 198 P Martin et al

Billiards inside convex curves of constant width have a nice property [14, 19]. Let us
explain it.

The billiard map associated to a smooth convex curve of constant width has the horizontal
line T x {7/2}as a (1, 2)-resonant RIC. Any trajectory belonging to that RIC is orthogonal to
the curve at its two endpoints. Due to the variational formulation, all the (1, 2)-periodic orbits
are extrema of the (1, 2)-periodic action and, thus, all (1, 2)-periodic trajectories have the same
length, which is the reason we refer to them as constant width curves.

Another characterization of constant width curves is the following. We reparametrize the
curve by using the angle ¢ € (0,27) between the tangent vector at a point in the curve and
some fixed line. Let p(p) be the radius of curvature at this point. The curve has constant
width if and only if the Fourier series of p(y) contains no other even coefficients than the
constant term. Thus, the space of analytic constant width curves has infinite dimension and
codimension.

Next, we apply theorem 3 twice in order to get the exponentially small upper bound of
L7 in both sides of the (1, 2)-resonant RIC T x {m/2}. Namely, we apply it to the cylinders
T x (m/2,7) and T x (0, 7/2). Since T x {7/2} is a (1, 2)-resonant RIC of the biliard map
g: T x (0,7) = T x (0, ), the square billiard map f = g* has the form

si=s+pEv+00?),  vi=v+Psr?+0 ),

for some real analytic 1-periodic functions ¢(s) and v (s), where v = r — /2 measures the
distance to the resonant RIC. The function ¢(s) is positive because g satisfies the twist condi-
tion on the whole phase space T x (0, 7). Therefore, we can apply lemma 1, so all hypotheses
of theorem 3 are satisfied.

Theorem 6. Letg: T x (0,7)— T x (0, w) be the billiard map of an analytic strictly convex
curve of constant width. Let a, > 0 be the analyticity strip width of the (1, 2)-resonant RIC of g.
Let a € (0, a,) and L > 1. There exists a constant K > 0 such that

£P9 < Kexp| ——2 |,
|plg — 172

Sor all relatively prime integers p and q such that1 < |2p — g| < L and g > 3.

One could try to generalize constant width billiards, where T x {7/2} is a (1, 2)-resonant
RIC, to constant angle tables, where T x {ry} is assumed to be a (m, n)-resonant RIC.
However, the only table such that T x {r}is a (m, n)-resonant RIC, with (m, n) = (1, 2), is the
circle. See [8, 14]. By the way, theorem 3 applies to this case but, since the circular billiard is
integrable, £™™ = 0, for all (m, n). In fact, the circular billiard map is globally conjugated to
the integrable twist map (11).

There are more billiard tables with resonant RICs, but their RICs are not horizontal. For
instance, the elliptic table has all possible (m, n)-resonant RICs, but the (1, 2)-resonant one.
Hence, in this case, L™ = 0. Baryshnikov and Zharnitsky [3] proved that an ellipse can be
infinitesimally perturbed so that any chosen resonant RIC will persist. Innami [16] found a
condition on the billiard table that guarantees the existence of a (1, 3)-resonant RIC. However,
theorem 3 can not be applied in such cases, because both the Baryshnikov-Zharnitsky and the
Innami constructions are done in the smooth category, where we can only claim that L7 is
beyond all order in the difference between rotation numbers.
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Figure 1. The envelope coordinates (c, r) and the dual billiard map f: U — O.
4. On the area spectrum of analytic convex domains

4.1. Dual billiards

We recall some well-known facts about dual billiards that can be found in [5, 15, 36].

Let I be a strictly convex closed curve in the Euclidean plane R%. Let U be the unbounded
component of R?\T'. The dual billiard map f: U — U is defined as follows: f(z) is the reflec-
tion of z in the tangency point of the oriented tangent line to I through z. This map is area-pre-
serving. Next, we introduce the envelope coordinates (o, r) € T, x (0, +00) of a point z € U.
In this section, T, = R/27Z. We recall that T = R/Z.

Given a point z € U, let o € T, be the angle made by the positive tangent line to I" in the
direction of z with a fixed direction of the plane, and let r € (0, +o00) be the distance along this
line from I to z. See figure 1.

The dual billiard map preserves the exact symplectic form w = r da: A dr and has the inter-
section property. Indeed, f: T, x (0, 400) = Ty x (0, +00), (a1, r1) = f(av, 1), is an exact twist
map with boundary rotation numbers o = 0 and o = 7. Its Lagrangian is the area enclosed
by I' and the tangent lines through the points on I" with coordinates « and a.

Any (p, g)-periodic orbit on the dual billiard map forms a closed circumscribed polygon
with ¢ sides that makes p turns outside I'. Since the Lagrangian of the dual billiard map is
the above-mentioned area, the periodic action of a periodic orbit is just the area enclosed
between the corresponding polygon and I, taking into account some multiplicities when
p = 2. Therefore, the supremum action difference among (p, g)-periodic dual billiard orbits is
the supremum area difference among circumscribed dual billiard (p, g)-polygons.

4.2. Study close to the curve

We note that r - 0" when the point z € U approaches to the curve I'. Therefore, in order to
study the dual billiard dynamics close to I', we must study the dual billiard map fin a neigh-
bourhood of the lower boundary C_ = T, x {0} of T, x (0, +00).
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Let us check that the dual billiard map f: T, x (0, +00) = T, x (0, +00) satisfies the
hypotheses required in theorem 3. Only two of these hypotheses remain to be checked. The
first one is that f can be analytically extended to the lower boundary C_ = T, x {0}. The sec-
ond one is that there exist some analytic coordinates (x, y) such that C_ = {y = 0} and f has
the form (7) and can be analytically extended to the complex domain (8) for some a., b, > 0.
This second part will follow directly from lemma 1 once we check that

a) = a+ 2k(a)r + 0 (r?), rp=r—2K"(a)r*3 + 0 (%), (16)

where k(«) is the curvature of I' as a function of the envelope parameter . We prove these
results (and a stronger extension one) in the following proposition.

Proposition 7. Let ' be an analytic strictly convex curve in the Euclidean plane. The dual
billiard map f: T, X (0, +00) = T, x (0, +00) associated to I satisfies the following proper-
ties:

(1) It extends analytically to T, x R;
(i) Its analytic extension has the reversibility f = Ro f~' o R, with R(c, r) = (o, —r); and
(iii) It has the form (16) for small distances r.

Proof. Following the proof of proposition 4, we consider the coordinate « in the universal
cover R, we write both distances as functions of consecutive tangent points: r = 7(«, ;) and
ri = 7, ay), and then we repeat the steps of the previous proof. There are only three remark-
able differences between the two proofs.

First, Uy = {(a, o) € R:a<ay<a+ 7} is the open set where we directly know that
the functions 7(a, ) and 7i(cv, ap) are analytic. We note that tangent lines through points with
coordinates « and v + 7 are parallel, so lim,, _, (, , ry F(@, a1) = +00.

Second, to study what happens when «;; — o™, let p(a)) be the radius of curvature of I" in the
envelope parameter « and set a; = o + 6. From Boyland [5], we know that

f . sin(v — a)p(v)dv

5 1
Fla, = =< = in(6t + 61)dt,
Flan ) sin(q — @) sin 6 fo sin(on)p(a )

so the function 7(a,q;) can be analytically extended to A = {(a,a;) ER?®: a; = a},
F(a,a) = 0, and 0,7 (e, @) = p(a)/2 >0 for all « € R.

Third, the dual billiard map has no periodicity in the coordinate r, which is geometrically
obvious since r is no longer an angle, but a distance, in dual billiards.

The rest of the proof of the analyticity and reversibility is completely analogous. We omit
the details.

Finally, the Taylor expansion (16) of the dual billiard map around r = 0 was obtained by
Tabachnikov in [37]. To be precise, Tabachnikov wrote this Taylor expansion in coordinates
(s, r), where s is an arc-length parameter, but his result can be easily adapted. O

From the Taylor expansion given in the previous proposition, Tabachnikov deduced that
the billiard map takes the form (7) in the analytic Tabachnikov coordinates (x, y) defined by

«a 27
x=k f Kk~2B3w)dy, y =2k ), k'= f Kk~23W)dv.
0 0
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The constant k has been determined in such a way that x is defined modulus one: x € T. The
coordinates (9)—(10) coincide with the Tabachnikov coordinates. Concretely, ¢(a) = 2k()

and Y(a) = —2k'(a)/3 imply that a(a) = %foa k~23(t)dt, b(a) = vp'3(a), and v = 2k.

We get the following exponentially small upper bound of the quantities A”? defined in the
introduction by direct application of proposition 7, lemma 1 and theorem 3.

Theorem 8. Let I be an analytic strictly convex curve in the Euclidean plane. Let a, > 0 be
the analyticity strip width of the lower boundary C_. Let a € (0, a,) and L > 1. There exists a
constant K > 0 such that

AP < Ke2m0alp,

for all relatively prime integers p and q with g >3 and 0 <p < L.

Tabachnikov [38] studied the dual billiard map in the hyperbolic plane H?, and extended
the asymptotic expansion (3) to that new setting. He also claimed that there exists an analo-
gous formula for dual billiards on the unit sphere S%. Therefore, by local isometry arguments,
we can write a version of theorem 8 on any surface of constant curvature.

4.3. Study far away from the curve

We note that r - +00 when the point z € U moves away from the curve I'. We use the coor-
dinates (v, v) to work at infinity, where v = 1/r and (o, ) € Ty X (0, +00) are the coordinates
introduced in section 4.1. Tabachnikov [37] realized that the dual billiard map at infinity can
be seen as a map defined in a neighbourhood of the (1, 2)-resonant RIC { v =0 }. To be pre-
cise, he saw that the dual billiard map can be analytically extended to v > 0, and its square has
the form

a1 = a+ play +0 (), vi=v+ @y +0 (),

for some real analytic 1-periodic functions ¢() and ¥(«), and () is negative. This is all we
need to state the following theorem.

Theorem 9. Let I be an analytic strictly convex curve in the Euclidean plane. Let a, > 0 be
the analyticity strip width of the (1, 2)-resonant RIC {v = 0}. Let o € (0, a,) and L > 1. There
exists a constant K > 0 such that

ArD g Kexpl —— ™|,
b p( |plg — 112

for all relatively prime integers p and q such that1 < |2p — gq| < L and g = 3.

5. Proof of theorem 2

5.1 Spaces, norms, and projections

Let X, 5, witha > 0 and b > 0, be the space of all analytic functions g defined on the open set
Dy, = {(x,y) €(C/Z) x C :[Jx| <a, | y] <b}

with bounded Fourier norm
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lgllas = D18, >k,
keZ

where g,(y) denotes the k-th Fourier coefficient of the 1-periodic function g(-, y) and

|8kl, = sup{|&()]: y € By}
denotes its sup-norm on the complex open ball B, = { y € C :| y| < b}. Let

lgl,., = sup{|g(x,y)|: (x,y) € Dy}

be the sup-norm on D, .
Let X, 5, be the space of all vectorial functions G : D, ;, = C? of the form

G(x,y) = (y"g(x, y), y" gy(x,y)

such that g,g € &,5. The space X,p,, is a Banach space with the Fourier norm

|Glla.b.m= max{||gllas»l&llas }- The sup-norm |-| on X, p, », is defined analogously.

a,b,m
1 % L]

Let gZ( y) = J;) &(x,y)dx be the average of g(x, y). Let Xy pm = X7 p,, D XG5, be the

direct decomposition where Xz,b,m is the vectorial subspace of the elements of the form

G*(x,y) = (0,y"*1g3(y)), whereas X7, is the one of the elements with g5(y) = 0. Let
T Xypm = Xy pand m® 0 Xy 0 = X5 4, be the associated projections. Thus, any G € X, p,

can be decomposed as G = G* + G*, where
G* = m(G) = (0,y"'&(V)) € Xy G*=1(G) € X7 p e

Obviously, |G lus.m < Gllapum and 1G b < G llapm

We will always denote the scalar functions in X, with lower-case letters, and the vecto-
rial functions in X, 5, ,, with upper-case letters. Asterisk and bullet superscripts in upper-case
letters stand for the 7*-projections and 7*-projections of vectorial functions in &, j ,,, respec-
tively. Asterisk superscripts in lower-case letters denote averages of scalar functions in X .
We will always write the couple of scalar functions associated to any given vectorial function
of X, with the corresponding lower-case letter and the subscripts j = 1, 2. Hat symbols
denote Fourier coefficients.

5.2. The averaging and the iterative lemmas

Henceforth, let A(x, y) = (x + y, y) be the integrable twist map introduced in (11). Let F = F,
be a map satisfying the properties listed in lemma 1, so F» = A + G, for some G, € X, 5, 2,
where a; = a, is the analyticity strip width in the angular variable x, and b, = b, is the analyti-
city radius in y. Hence, F3 is a perturbation of A of order two. The following lemma allows us
to increase that order as much as we want by simply losing as little analyticity strip width as
we want. It is based on classical averaging methods. In particular, we see that F is a perturba-
tion beyond all order of A.

Lemma 10 (Averaging lemma). Let F, = A+ Gy, withG, € X, p,2and a; > 0 and by > 0,
be a real analytic map with the intersection property on the cylinder T X (—by, b). Let m >3
be an integer. Let a,, be any analyticity strip width such that a,, € (0, ay).

There exist an analyticity radius by, € (0,b,) and a change of variables of the form
b, =1+, for some U, € X, , 1 such that the transformed map F, = <I>;1 oF,o0d, is
real analytic, has the intersection property on the cylinder T X (—b,, b,,), and has the form
E, = A + G, for some G, € X, p m

m>Oms
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Besides, the change of variables ®,, is close to the identity on T X (—by, b,,). That is,

Dy(x,y) = (x + O (), 5 + O (y?), det[®(x, y)] = 1 4 O(y), (17)

uniformly for all (x,y) € T X (—by,, by).
Proof. The change ®,, is the composition of m — 2 changes of the form
o =1+, U € Xypyi—1s 2<l<m,

where a; = a, — (I — 2)e, € = (ap — a)/(m — 2), (b1)2<1<m 18 @ positive decreasing sequence,
and ¥ is constructed as follows to increase the order of the perturbation from / to [ + 1.

Let us suppose that we have a real analytic map with the intersection property on
T x (=by, by) of the form F; = A + G, for some G; € X, 5,; with a;, b, >0 and [ > 2.

We begin with a formal computation. We write

Fi(x.y) = (@ +y +y'm@x) + 0 ("), y + ¥ o) + O (y*2),
where the functions /;(x) and h,(x) are 1-periodic and analytic on the open complex strip
{x € C/Z :|3x| < a;}. We will see, by using an a posteriori reasoning, that the intersection
property implies that /(x) has zero average; that is, k5 = fo : hy(x)dx = 0. Nevertheless, we

can not prove it yet. Thus, we will keep an eye on k3 in what follows.
If we take the change of variables
Bix,y) = @+ y' i), y + y'a(x) (18)
for some functions ;(x) and ,(x), then, after a straightforward computation, the map
Fii1= (®)) ' o Fyo & has the form
Fii(,y) = @+ y + y'k) + 0 (3D, y + y () + 0 (7)),

with ki = ¥, 4 hi — 1y and k» = hy — 1. Therefore, we take

wmzﬁﬂmw—@m—% mmzﬁﬂwm+mmm

so that ki(x) = 0 and ky(x) = h5. These functions ¥»(x) and (x) are 1-periodic, because
ha(x) — K5 and ¥»(x) + hi(x) have zero average. Besides, 11(x) and v»(x) are analytic in the
open complex strip {x € C/Z :|Jx| < ;}. Indeed, &; = I+ ¥ with ¥ € Xapbi—1-

Next, we control the domain of definition of the map F). ;. The inverse change is

(@) 0r, ) = (@ =y x) + O (¥),y = ¥'ha(x) + O (1))

Thus, the maps ®;, F;, and (&;)"" have the form (x,y) — (x + O (y),y + O (%)), since [>2.
Consequently, if by < b;/2 is small enough, then
P F (@)
Dy, boi = Day—2¢13,40103 = Day—e3,501..3 — Dapovey C Dapiys
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so Fiy1 = (®) ' o Fo®, is well-defined on D
moment, we only know that

Now, let us check that #5 = 0. At this

ary,bryr

FI+1(X,}’) = (x+y+ (0] ()’Hl),eryl“h; +0 (yl+2))’

since the change of variables has not eliminated the average ;. We recall that F;,; has the
intersection property on the cylinder T X (—b; 1, by;1). This implies that /5 = 0. On the con-
trary, the image of the loop T x { y,} does not intersect itself when 0 < y, < L

Finally, properties (17) follow directly from the fact that we have performed a finite num-
ber of changes, all of them satisfying these same properties. O

Next, the following theorem provides the exponentially small bound for the 7*-projection
of the residue provided an initial order m big enough. It is the main tool to prove theorem 2.

Theorem 11. Let m>6 be an integer, a >0, d>0, and r €(0,1). There exist constants
b =b@m,a,d,r)>0and ¢ =¢i(r)>0,j=1,2,3, such that, if

F=A + G_’ Ge Xd,b_,m’ d = ”Tr*(G_)”a,b_,m’ d* = ||7T.(G_)”ﬁ,5,m’ (19)

and
0<d<a, 0<b<byr, d +(1+c)d°<d,

then there exists a change of variables d=1+1" satisfying the following properties:
() Ve Xy pom With |\ij|ﬁ,5,m—1 <cd®; and
(ii) The transformed map F = 3o Fodis real analytic, has the intersection property on

the cylinder T x (—I;, l;), and has the form F=A+ G GeX,;

a,b,m
17 Gl <A+ €2d% TGl s, < c362TE D0,
Theorem 11 is proved in section 5.5.
In order to present the main ideas of the proof, let us try to completely get rid of the remain-
der of the map of the form F = A + G, for some G € &, 5, ,,, with a change of variables of the

form ® = I+ U, for some ¥ € &, ,,_1. Concretely, we look for @ such that A = & loFod,
or, equivalently, we look for W such that

VoA —-AV =Go(I+ V).
It is not possible to solve this equation in general. Instead, we consider the linear equation
VoA —-AV =G.
This vectorial equation reads as
x4y, y) — ilx,y) = y(Wax, y) + &(x, ),
a(x +3,y) — Ya(x, ) = ygo(x, y).
Therefore, we need to solve two linear equations of the form
P +y,y) — (x,y) = yglx,y), (20)

where g € &, ; is known. If the average of g(x, y) is different from zero: g*(y) = g,(y) =0,
then this equation can not be solved. Besides, it is a straightforward computation to check that,
if gy(y) = 0, the formal solution of this equation in the Fourier basis is
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i(y) = ﬁg}(y), Vk=0, 21)

whereas the zero-th coefficient 1%( y) can be chosen arbitrarily. From (21), it is clear that (20)
can not be solved unless g has only a finite number of harmonics and zero average. For this
reason, given a function g(x, y) with zero average, we define its K-cut off as

gk, y) = 37 gu(y)er™i, (22)
|k|<K

Let K be such that |27ky| < 2 for all | y| < b and |k| < K. Hence, we will take K = s/b for
some fixed s € (0, 1), and we will actually solve truncated linear equations of the form

Yx+y,y) — P y) = yg~Kx, y). (23)

The Fourier norm is specially suited to analyze this kind of equations; see lemma 14.
Summarizing these ideas, we look for a change of variables of the form & = I + W, where
U satisfies the truncated linear vectorial equation

VoA — ATV = (G*)<K, (24)

where (G*)<X denotes the K-cut off of G* = 7*(G). The average of the first component of
(G*)<X may be non-zero. Equation (24) is studied in lemma 15. This close to the identity
change of variables ® = I 4+ U does not completely eliminate the remainder. However, if b is
small enough, it reduces the size of the 7*-projection of the remainder as the following lemma
shows.

Lemma 12 (Iterative lemma). Let m > 6 be an integer, a >0, d>0, u>0,and p€(0,1).
There exist a constant b > 0 such that if

F=A+G, GeXppm d"=[7T(Ollapm, d*=I7(GC)llabm,

with

0<a<a, O0<b<min{b,al6}, d*+d*<d,

then there exists a change of variables ® = 1 + VU satisfying the following properties:
(1) Y € X, p.m—11s a solution of the truncated linear equation (24) such that

W b1 < NWllapm—1 < Q2d°,

where Q) = Q1 (/p) is defined in lemma 15; and

(ii) The transformed map F = &' o F o ® is real analytic, has the intersection property on
the cylinder T x (—b, b), and has the foom F = A+ G, G € Xabmw

”71'*(6)”6,5,’” <d*+ e—lZﬂ'de’ ||7T.(G~)”d,l;,m < 67127Tpdo’
where @ = a — 6b and b = b — ub>.
Remark 5. If @ = a — 6b, then e 2@~ /b — o= 127p,

The proof of this lemma is found in section 5.4. Some technicalities in the proof require
the use of the sup-norm, which forces us to deal with both the Fourier norm and the sup-norm.
The relations between them are stated in lemma 13.
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Finally, theorem 11 is obtained by means of a finite sequence of changes of variables like
the ones described in the iterative lemma. We want to perform as many of such changes as pos-
sible because each change reduces the size of the m*-projection of the remainder by the factor
e~ 2™, Since the loss of analyticity in the angular variable is 6b = O (b), then we can at most
perform a number O (1/b) of such changes. This idea goes back to Neishtadt [30].

The intersection property is used neither in the proof of the iterative lemma nor in the proof
of theorem 11, but will be essential to control the size of the 7*-projections of the remainders
in terms of the size of their w*-projections later on.

5.8. Technical lemmas

Lemma 13. Let 0 < a <min{a, 127}, b >0, and g € X, ;. Let 7% = g — g=X, with g=¥
the K-cut off of g, defined in (22). Then:

(1) ”g<K”a,b < ”g“a,b;

(i) 1875 la—ap <€ 2™| g lu.s
(iii) |g‘a,b < ”g”a,b: and
@) lglla—ab < 'lgl,

If m € N, then these bounds also hold for any vectorial function G € X, .

Proof. First, the Fourier norm of g<X is a partial sum of the Fourier norm of g. Second,
||g>K||a—a,b: Z\H;K'gk |b327r‘k|(aia) = g 2mka Z\k|>1(|§k |be27r‘k‘a < e727(1(0‘||é.’||a,b- Third, Ig(x, y)|<
> kez| 8P| |e2mhd| < S wezl 8l e?™Kle = || g]|,.p» for all (x,y) € D, ;. Fourth, we recall that the
Fourier coefficients of the analytic function g satisfy the inequality ||, < e >7Il4| 8l,., for all
k € Z. Hence,

I8lla—ap= D |8l,e* M@= <2[g| , S~ e 2™ <alg],,.
keZ k=0

where we have used that 37, e X =1 —e 'y '<e/t<m/tforallte(0,1). The last part fol-
lows from the definition of the norms ||-||o.5.» and |-|, , - 1

Lemma 14. Ifs<(0,1) K =s/b, and g € X, is a function with zero average, then the
truncated linear equation (23) has a unique solution 1 € X, with zero average and
1¥llap < wllglla,e where

1
w=w(s)=—"
(<) 21 |z|<27s

(25)

ol
et — 11
Proof. The Fourier coefficients of v must satisfy (21). We note that w < oo for all s € (0, 1),
since the function z/(e? — 1) is analytic on the open ball |z| < 27. Moreover,

Y ~ WA ~
m‘)%’db < mlgkh; < w|&ly»

|1/3k|b < (m X

a
[yl<b

for all 0<|k| <K =s/b. Finally, we recall that 1)o(y)=0. Then we obtain that
1= Sty 90 < 0Tzl €259 = wllgle, O
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Remark 6. We will denote by ¢ = Gg(g<X) the linear operator that sends the independent
term g<X of the truncated linear equation (23) to the solution v with zero average. Note that
the solution 1/ has no harmonics of order > K.

Lemma 15. Ifm>1 s€(0,1), K =s/b, and G € X}, then the truncated linear equa-
tion (24) has a solution V € X, p, 1 such that

1 Na,pm—1 < UG llap,ms
where G* = 7°(G), Q = Q(s) = (w(s) + D) max{1, w(s)}, and w(s) is defined in (25).
Proof. Let G = (y"g,y"t'g) and W= (y™ 4;,y"™),;). Then the vectorial equa-
tion W o A — A¥ = (G*)<K reads as
{¢1(x +3,3) = i) = ya(ey) + g7 K ),
Yo +,5) — 1alx,y) = y(g5 (6, y) — g5(»).

Lety, = QK(giK — &) — g and ¥y = Gx(¢r + gl<K). These operations are well-defined since
both g, — g5 and v, + g have zero average. As for the bounds,

1¥alles < wllgs — &hllas + gl < QNG llapms
1Yllas < wllty + & llaw

< wllvy + &llap+ wligr™ — &llas

<

w?llgr — &l + wiigillas < UG llabms

where we have used lemma 14. O

Lemma 16. Let ,lneN, 0<a<min{a/3,127}, 0< B<b/2, ¢c1,¢; >0, and ¢ = ¢;+ ¢,
such that

b+b'c<a+f, bl < . (26)
Let M = M(a,b,3,ci,c2,1,n) = (1 +b"c) =Y a '+ b3~ '+ 1+ 1) Let A€ X,p, Let
0L € Xyaap—280 With |Tjlla—2a,6—28n < ¢ Let L(x,y) = (x + ny,y) with|n| < 1. Then,

DAoL+ —Ao(L+1)eE X, _30b-28n+h
(i)|[Ao(L+I)—Ao(L+ F2)|a72a,b72ﬂ,n+l < M|A|a,b,l 1L — F2|u72a,b72[3,n’ and
(i) J[A o (L+ 1) — Ao (L4 D) llu—3ap—26+1 KM [ Allgp 1T — Dolla—20,6—25.n

Proof. LetI' =1Ij — I». Then |F|a—2a,b—2;3,n < I la=20,6—28,0 < ¢ and

Ao(L—I—D)—Ao(L+F2):fOI(DAo(L—i—tF))-th.

Let  (x,y) = L+tD)(x,y) = (x+ny + ty"y(x,y),y + ty"“%(x, y)), with r€]0,1]
fixed. We deduce from conditions (26) that (xo,y,) and (x;,y,) belong to D,_, s for all
(x,¥) € Dy—2q,5—2p. Therefore, (x;, ;) € D,—q,5— g by convexity of the domain, and so, the com-
position A o (L + tI') is well-defined on the domain D, _74 524
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A simple computation shows that the product DA(x,, y,) - I'(x, y) is equal to

YY1, 018100, 30 ¥) 4 (340281(x 1) + 161(x 1)) 1(x, )

Yy, 0162 ) ¥) + (3926200 1) + (L + D20 y) 106, 1) |

Let us bound the elements above. On the one hand, |y(x,y)|< |F|a72m bo2pn G
|y =y + "y, y)| < (1 + b%)| y|, and | y| < b for all (x,y) € Dy—2a.5—25 On the other
hand, |6;(x;, y,)| < |A v, and the Cauchy estimates imply that

1016 ) <A, 026, )| < BN Ay -

From the previous bounds and the definitions of both norms, we deduce that

|(DA o (L + l‘F)) : F|u—2a,b—2ﬂ,n+l <M/|A|u,b,l ‘F|a—20,b—23,n’

for all 1 € [0, 1], where M’ = (1 + b"c)"* (o' 4+ b3~ + 1+ 1). Thus,

M/| A|a,b,l |F‘a—2a,b—2/},n ’
ailM/”A“a,b,l |IP”a72o¢,b72ﬁ,n .

|A © (L + Fl) —-Ao (L + F2)|a—2(1,b—2ﬂ,n+l
Ao (L+1) — Ao+ )lla-3a,—28n+1

NN

This proves the first item. The other items follow from the bounds ||, ,, ,.; <&'~ '+, .., and
I-llabunt1 <O N-llabntss since M = M'b'~1. O

Lemma 17. Let n€N, 0 < a<min{a/3, 127}, 0< B<b/2, and p > 0 such that con-
ditions (26) hold with ¢ =2p. Let ® =1+Y, with Ve X,,, and ||Y|ap, <p. Then
SDy ) CDyyap+pforall0<a <aand0<b' <b.

Let M, = M(a, b, 3, p, p,n,n), where M is defined in lemma 16. If M.bp < 1, then ® is
invertible and the inverse change ® ! satisfies the following properties:

(1) @' =1+ for some Y € Xy 245 24.n Such that Y2028 <1 ¥l0p0
(i) @ (D) C Dyiap+pforall0<a <a—2aand0<b' <b— 20 and
(i) |7+ Ulla—30.6-280+1 <M T |,

Proof. Note that |¥|,, <I||V¥[l,p,<p. Conditions (26) imply that b"p<a and
b"t1p < 3. Therefore, ®(Dy ) CDyyapip for all 0<a’<a and 0<b'<b. Analo-
gously, if T € X,_245-23, and |T|a_2mb_23,n <p, then (I +1)(Dyp) C Dyyap+p for all
0<d<a—20,0<b <b—283. ‘

We denote by B the closed ball in X, 54 _24,, of radius p in the sup-norm. Let us prove
that the functional P: B— B, P(Y) = —Vo (I+ T), is a well-defined contraction with Lip-
schitz constant

LipP<M.b|V|,, , <M.bp < 1. 27)
First, we observe that
POy 20250 S ¥apn <P VT eB, (28)

so P(B) C B. Second, we bound P(Y) — PE) =Vo(I+ =) — VYo (I+7)as follows:
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|,P(T) - P(E)|a—2a,b—2ﬂ,n b|P(T) - P(E)|a—2a,b—2ﬂ,n+l

M*b|\:[/|a,b,n |E - T|a—2a,b—2ﬂ,n : (29)

NN

The first inequality is direct, and the second comes from lemma 16 with A =¥, [ = =,
Ib=7,L =1, c;=p, and [ = n. This proves that P is a contraction with Lipschitz constant
(27). Thus, P has a unique fixed point Y € B which satisfies that

I4+V)o(I+M=14+T+Tod+1)=1+T—-P) =1
on D, 54 p-23. Therefore, the inverse map &~ ! exists and equals I+ Y. Furthermore,
|T|a720,b725’n < |\I/|a7b’n follows from (28). Finally,
1T+ Clla—30.6-20m41 S @ NT |, 50 05,01
< a PO = PO, 20525011
< M*a_l |\I"a,b,n ‘T|a72a,b72ﬂ,n
<

_ 2 - 2
M*O[ 1|\11 |a,b,n SM*O‘ 1”\1} ”a,b,n .

We have used the second inequality of equation (29) with = = 0. |

5.4. Proof of lemma 12
We recall that F=A+ G with G =7"(G) + 7°(G) = G*+G* € X pm, d* =G |labpums

d* =G lapm d* +d*<d, and m>6. Let s = Jp € (p,1). Let Q = Q(s) = Q(Jp) >0 be

the constant introduced in lemma 15 and o = 1 + 2. Let ® = I 4+ W be the change of vari-
ables where ¥ € &, ,,_ is the solution given in lemma 15 of the truncated linear equa-
tion W o A — AV = (G*)<X with K = s/b, so that

9]y et SNl prm—1 S QUG prm < Qd°, (30)

forall0 <a’<aand 0 <b'<b. Let & ! = I+ T be the inverse change studied in lemma 17.
Let F = &' o F o ® be the transformed map. Let G = F — A be the new remainder.
Henceforth, we will assume that «, b, and 3 are some positive constants such that

b<a<min{al6,12x}, 0<B<b/4, b+ob" 'd<a+p, ob"d<min(a,B). (31)

We split the proof in four steps.
Step 1: Control of the domains. Note that F(Dar,br) CDyisap+3pforall 0 <a'<a—4aand
0 < b'<b— 40. Indeed,

F D P F !
Dy y—Dyiap+p— Dai3ap+28— Dataap+3p

The behaviours of the changes ® and ! follow directly from lemma 17, which can be applied
since conditions (31) are more restrictive than the ones required in lemma 17 when p = Qd
and n = m — 1. We also need that @’ + 2a <a — 2a and b’ + 23< b — 20 in order to control
the inverse !, which explains the restrictions on @’ and b’.

The behaviour of the map F = A + G follows from the bound

|G|u,b,m < ”G”a,b,m < ||G*||a,b,m+||G.||a,b,m: d* + d.< d_
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and conditions b + b"d < 2c and b"+'d < 3, which are also a consequence of (31).
Step 2: Decomposition of the new remainder. It turns out that G = G* + E§:1 Gj where

Gi=(GPK=G"— (G, G,=Go®-G,
G3;=UoA—-ToFod, Gi=+D)o(Fod). (32)
Indeed, G*+ G+ G, =Go® — (G*)KandG3+ Gy =T oA+ Yo (Fod),so

4
G'+> .G =Go®+AV+TYo(Fod)
j=1
=F-A)oP+AD@-D+ @ '-Do(Fod)
=0 loFod-A=0G.
Finally, let G* = 7%(G) = G* + z‘}:ﬂ*(GJ-) and G* = °(G) = zj:1 7(G)).
Step 3: Bounds of the projections of the new remainder. Lemma 13 and the bound (30) will be

used several times in what follows. Below, we apply lemma 16 (twice) and lemma 17 (once).
The required hypotheses in each case are satisfied due to conditions (31).

o Ifd < aand b < b, then

1Gll5.m =GV Kl 5.n <€ K@ DG 5,0 S FKE@ DG,
elfd<a— 3aand5<b—25,then

1Gallasm < Mo NGllas a5 25m 1% lasafm 1
QM Gllas 30,54+25m I1G°ll
QMa~'dde.

The first inequality follows from lemma 16 with A =G, L=L L=V, 1, =0,/=m,
and n=m — 1, so that Mb = M(a,, b, 3,92d,0,m,m — 1).

elfd<a—2cand b<b— 3, then||Fo® — Allzs.m—1 < 0lGlla,pm Indeed, Fo ® — A =
AY + G o ® and

ﬁ+(y,l;,m

<
<

AWz 5,m 1
G © Pllz5.m—1

209z 5m—1 2G|z 5m $292d°<20d,
“YGo Plyiaim1 S oG]

« Ga+20,b+3,m—1
1
« “G”d+2(y,5+ﬁ,m

bailllG”a,b,m S ”G”a,b,m < C?

<
<
< |G”a+2a,5+ﬁ,m—1 <ba~
<

We have used that ®(D, , 5) C Dy 24,5+ to bound |G o ®|
elfd<a— 3aandb~<b—25,then

a,bm—1

1G3lla5m < M3 1¥lla4 3055 25m 1 I1F 0 @ = Allay o fm1
< Mz YNNG lla 4 3051 25.m0d
< QoMo \dde.

The first inequality follows from lemma 16 with A =V, L=A, 1 =0, =Fo ® — A,
I=m—1,and n=m — 1, so that M3 = M(c, b, 3,0,0d,m — 1,m — 1).
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e Ifd<a—6aandb<b— 403, then

1Gsllzsm < @' |(X + W) 0 (Fo )], a7 49

d+o,b,m Sa Ga+3a,b+26,m

Y + Clla g5, < Maa (1P |2

\
<
< Myam QUG 6054 45.m)°
< D2 My 2(d*)* < Q2 My 2dd".

G+60,b+48,m—1

The second inequality uses the inclusion (F o ®)(D; ) C Dsy34 5425 The fourth one
follows from lemma 17 with M, = M(a, b, 3,Qd,Q2d,m — 1,m — 1). We need to verify
the hypothesis M, bp < 1 in this last lemma. It turns out that M,bp = M;bQ)d = O (b™~2),
so it suffices to take 0 < b < b, with b small enough.

° If&Sa—éaandl;Sb—4ﬁ,then

4
NG Nz s NG Nagm+ 2 MNGillajm <d*+ Mdd®,
j=2

4
1G5 < Z illa 5 < (€7 2KED 4+ Md)ae,
where M = Q o~ \(M, + oM; + Q o 'M,) and the constants M;, j =2, 3, 4, have been

defined previously.

Step 4: Choice of the loss of analyticity domain. We set « = b and 3 = ub?/4. If b > 0 is small
enough, then conditions (31) hold for all 0 < b < b. In addition,

M= M(a,b,B,c,crln)=0 ("2 asb— 0T,

where M is the expression introduced in lemma 16. If we take d = a — 6« and b=b— 40,
then the bounds of the previous step imply that

”G~ ”a bom <d'+ Mdd. ”G~.“d,l;,m < (671271—1(17 + Mti)d.,

where M = M(b;d, m,s) = Qb (M, + oMz + Q b~ 'M,) = O (b">). We recall that m > 6,
0< p<s<1,and K = s/b. Hence, if 0 < b < b and b is small enough, then

16 a5, <™ +e 2% NG lly5,, <& 27"

Indeed, Md < e '™ — =12 L e~ 12" if we take a small enough value of b.
This ends the proof of the iterative lemma.

da,b,m a,b,m

5.5. Proof of theorem 11

Set p= 7 €(0,1), u=6(1—p)a—a), and 2 =Q(/p), where the function  (s) is
defined in lemma 15. Let b be the positive constant associated to the integer m > 6 in lemma
12, the numbers @,d, ;1> 0, and the exponent p € (0,1). Let ¢; = ¢i(r) = QX5 0e ™",
2= ca(r) =X,5 ¢ ™" and ¢3 = c3(r) = '™
Let us check that b, ¢y, ¢;, and c3 satisfy the properties given in theorem 11.
Letag=a,dy=d",dy=d",0<by=blp<b, = F = A+ G be the map given in (19),
G, = 7™(G), and Gy = 7*(G). By recursively applying lemma 12, we obtain a sequence of
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changes of variables ®, = 1 4+ U, with ¥, € X, | 5, ,m—1,andasequence of maps F, = A + G,,
with G, = G, + G;,G,€ X}, , ,and G, € X, , . such that
”\Iln”a,,,l,b,,,l,mfl < Q d:lfl, ”G;”a,,,b,,,m S d; ”G:l”an,b,,,m < d:p
witha,. 1= a, — 6b,, by,.1 = b, — ub,zl, dy . =d,+e 12™d; and d), | = e 12™d},
Let N be the biggest integer satisfying Nby < (@ — @)/6. The sequences (a,)o<n<n> (bn)ogn<ns
and (d})o<n<w are decreasing. The sequence (d))o<n<n 1S increasing. Indeed,
ay = ay—1— 6by_1Zay_1 — 6by > --- > ag — 6Nbg 2 d,
by = by_1— pby_ > by_1 — pbj > - = (1 — uNbo)bo > pby = b,

d;\l < eiuﬂpd;\],] << 671277de(') < 636727rr(d7é)/b‘z"

N
dy < dy_+e 27dy < <djy+ [Z e12ﬂpn]d5 <d + cd®,

n=1

andd, +d, <dy+dy<d + (1 +cy)d*<dforalln=0,...,N.
We can apply N times the iterative lemma. Let F = A + G = A 4+ Gy = Fy be the map
obtained after those N steps. Then

[ExCe]|
(Gl

ST (GCW) llay,bym Sdy < d"+ cd”,

d,l;,m
d,b,m < ||7T.(GN)||aN,bN,m < d;V < C36727'rr(a’75)/bd_'.

Finally, let & = ®y o --- o ®; be the change of variables such that F' = 3 ' o Fod. We want
to check that & = I+ for some ¥ € X, ; ., such that |\f| < cid®. We note that

d,i;,mfl
U=+ 4 By,

where each term of the above summation is evaluated at a different argument. Nevertheless,
those arguments are not important when computing the sup-norm:

N N—1 N—1
|\I/|a',l;,m71 < Z|‘1/n ay_1,by_1,m—1 <Q Z d;< Qda Z e 2 = cid”.
n=1 n=0 n=0

This ends the proof of theorem 11.

5.6. Proof of theorem 2

Let us begin with a simple, but essential, chain of inequalities associated to certain analyticity
strip widths that will appear along the proof. If « € (0, a,), then there exists r € (0, 1), b>0,
and some analyticity strip widths a,, @ = a,,, and & = b, such that

O<b=:d:=a—(1+balr<a:=a,<a<a,. (33)

The first two reductions (that is, from a, to a, and from a, to a,,) are as small as we want. The
third reduction (from @ = a,, to & = @ — (1 + b)a/r) should be a little bigger than « in order
to get the desired exponentially small upper bound with the exponent «. The fourth reduction
(that is, from & = b to 0) is also small, since b can be taken as small as necessary.

This decreasing positive sequence of analyticity strip widths is associated to a similar
sequence of analyticity radii. To be precise, we will construct a sequence of the form

b<b<b<by,<by<b, b:=b+b*<bJr.
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The inequality b < b,, does not correspond to a true reduction, but to a restriction on the size
of b. Note that we have consumed all the analyticity strip width after the last reduction, but we
still keep a positive analyticity radius b.

We split the proof into eight steps.
Step 1: Control of the Fourier norm. If the analytic map f satisfies the properties (i)—(iii) listed
in lemma 1, then the map > = A + G, := f is real analytic and has the intersection property
on the cylinder T x (—b,, b,), can be extended to the complex domain D,,_,, and has the form
(7). The Fourier norm ||G>||4, 5.2 may be infinite, but ||G2||4,.5,.2 < oo for any a, € (0, a,) and
b, €(0,b,).
Step 2: Application of the averaging lemma. Once fixed an integer m > 6 and any a,, € (0, ap),
we know from lemma 10 that there exist an analytical radius b, € (0, b;) and a change of
variables of the form ®, =1+ ¥, for some ¥, € X, ,, 1 such that the transformed map
E, = @,‘nl o F, o ®,, is real analytic, has the intersection property on the cylinder T X (—b,,, b,,),
and has the form F,, = A 4+ G, for some G,, € X, p,.m-
Step 3: Application of theorem 11. Let r € (0, 1) be the number that appears in (33). Set
F=A+G=A+Gya=ay andd = |7(G)lap,m+ (1 + c2DIT*(G)llab,.m-

Let b = b(m,a,d,r) >0 be the constant stated in theorem 11. We can assume that
b < b,, and the condition (33) holds, by taking a smaller b>0if necessary. Let b.€(0,b,)
be defined by b+ (b.)> =by7. Fix any be(0,b). Set d=a— (1+b)a/r and
b=b+b><b,+ (b)Y = bJr.

If d° and d° are the norms defined in (19), then d*+ (1 + c,d”)<d. Hence,
we can apply theorem 11 to obtain a change of variables S =1+, with TeXx i Bm
and |‘i’|a,15,m71 <cd*<cd, and a transformed map F=A+G = d'oFod, with
Ge Xd,l;,m’ |W.(é)|a,5,m < ””.(é)”d,ﬁ,m < CBe—Zwr(dfd)/[;g°< C3e’2m(”’;)/’;§< c3e727m/bg’ and
7B <IN, < d- . . .

Step 4: Uniform estimates on the change ® = ®,, o ®. By construction, ® = I + U, with
Ve Xy pmrand |‘i/|d,l;,m71 < M, where the constant M := cid does not depend on b. Thus,

B(x,y) = (x + " Pi(x, ¥),y + y"a(x, ¥))

for some functions ¢;(x,y) analytic on D ; = Dj ;> such that |¢}j|; , , ,» < M. The Cauchy
estimates imply that

| <M, |0y <BTM,  |9xx,y)| <M,
for all (x,y) € T X By and, in particular, for all (x,y) € T x (—b, b). Hence,

b, y) =+ 0 (" Ny +0 (™), det [B(x,y)] = 1+ 0 (y"~2),

for all (x,y) € T x (=b, b), where the O (y"~2), 0 (y"~ 1), and O (™) terms are uniform in b.
We recall that m > 6 and the change ®,, satisfies properties (17), so the complete change
P = B, o $ satisfies the properties stated in theorem 2.

Step 5: Exponentially small bound on the remainder G. After all these changes of vari-
ables, we have the map F=A+G:=F, with G:= Ge Xy b |7T*(G)|d,l;,m <d and
|7°(G) ;.. < c3de™>™'P. We can bound G* = 7*(G) by using the bound on G* = 7*(G) and
the intersection property of F on the cylinder T x (—b, b). We recall that if

G(&m) = (g (&, m) ™ gy (E,m)),
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for some g;, g, € A5, then

G*(&m) = O, 'gm),  G(&n) = (g (& m),n™ g5 (E ),
where g5(n) is the average of g,(€, 1) and g5 = g, — g5. Fix any 1, € (—b, b). We know that
F(T x {noh) N (T x {ny}) = 2.
Therefore, there exists &, € T such that g5(1y) + g5(&y. 19) = 0, and so

lg5(m| < sup [g3] < |G| 5, Scade ™™, Ve (—b,b).
Tx By

This implies  that  |g(&,m)| <|Glyj,m |G jm+1G s <2csde ™% for  all
Step 6: Exponentially small bounds on some derivatives of the remainder. We recall that

max{ |gl(£, 77)|, ‘g;(ga 77)| } < |G.|ﬁ,5,m < C3d_e*27ra/b
for all (€, 1) € Dy j = Dp > Thus, we get from g, = Oig and the Cauchy estimates that
|01g;(§, M| < c3d b e 2molb,
max{|92g(&,m)|, 02856, M} < c3db~2e 2™,

for all (¢,m) € T x (—b, b).
Step 7: A crude bound on the derivative of g,. We recall that G*(&, ) = (0, ang;(n)), SO

18| <Gy 5,0 <ds YNEBy; =By .

Therefore, the Cauchy estimates imply that |(g;)/ ()| < b~2d for all n € By, and, in particular,
for all n € (—b, b).

Step 8: Computation of the constant K. By combining the inequalities obtained in Steps 5-7,
we get that |gj(§, n)| < Ke 2> and |8[g]»(§, n)| < Kb~ for all T x (—b, b), provided

K = dmax{2c3,c3+ 1}.
This ends the proof of theorem 2.

6. Proof of theorem 3

6.1. A space of matrix functions

Henceforth, let I, = (—b,b) C Rand S, = T x I, with b > 0. Let S be any compact subset of
Sp. Let p € N. Let M, be the set of all matrix functions I' : § = My, >(R) of the form

I pn—1
T, n) = 7]+’IY11(£’ n N l 712(5, n) ’
nt 712(&» n nt '722(53 n)

for some continuous functions ~; : § - R. The set M, is a Banach space with the norm

”F”S,u: max{ |’y1](§’ 77)| (f’ 77) c S? 1 < l?]< 2}

Lemma 18. Let SC S, '€ Mg, A€ Ms,, and A = (é }) Let ke N and j€Z. Let

f:S— S beamap of the form (12) with |g,(§,n)| < Ko for all (§,m) € S. Then:
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(i) TA € Ms,yis and [T Alls 40 < 20T s, 1Al o
(ii) AT € M, and || AT |ls,,, < (1 + bR)IIT s,
(iii) TA* € Ms, and||FA"||S,u <+ b Is, e
(iv) T ofi € My, and||T" o f7 s, < (1 + Kob™ DTl .

Proof. It is a straightforward computation. ]

6.2. A technical lemma

Let f be an analytic map of the form (12). Let p and g be two relatively prime integers. There
exist two curves R = graph¢ and R = graphgC and two RICs Ry = graph(, with Diophantine
rotation numbers w_ < p/q <wy, all four contained in a small nelghbourhood of T x { p/q},
such that /7 projects R onto R along the vertical direction and R and R are contained in the strip
of the cylinder enclosed by the RICs R. Following Birkhoff [4, section VI] and Arnold [2,
section 20], all (p, g)-periodic points of f are contained in R N R. Besides, we will see later on
that the (geometric) area enclosed between R and Ris an upper bound of the quantities AP®),
These are the reasons for the study of R and R.

Let us prove that these four curves exist for big enough periods g. In this case, ‘big enough’
only depends on the size of the nonintegrable terms of f, the size of the neighbourhood of
T x { p/q}, the exponent m, and the winding number p. On the contrary, it does not depend
on the particular map at hand. Therefore, every time that we ask ¢ to be ‘big enough’ along
the proof of the following lemma, it only depends on the quantities Ko > 0, ¢ > 1, m >4,
p € Z\{0}, and ¢, € N fixed at the first line of the next statement.

Lemmal9. LetKy>0,¢> 1,m>4,andp,q,€N. Letq> g beanintegerrelatively prime with
p.Setb = p/q. Let f: S, — T x Rbe an analytic map of the form (12) such that|gj(§, | <Ko

and \@g,(ﬁ M| < Kob™? for all (&,m) €S, Let (£, nq) —fq (&n). Let 1= (p/czq, c*plg),
L= (p/c q,plcq), and I = (cplq, c*plq). There exists q" = q!"(Ko,c,m D> 4, Y= ¢ such that,
ifg=q/, the following properties hold.:

(1) The map f has two RICs Ry C T x I. C S, whose internal dynamics is conjugated to a
rigid rotation of angles wy € Ly, respectively;
@ii) If S is the compact subset of Sj, enclosed by R_ and R, then

8§q
—(&,n) >0, Y meS; (34
on

(iii) There exist two unique analytic functions ¢ : T — I and f : T — I such that
FIECE) = ECE)  VEET, (35)

and all the ( p, q)-periodic points of the restriction f|; are contained in graph(.

The same statement holds if p is a negative integer, b = c?|pllg, 1= (c’plq,plc’q),
= (c’plq, cplq), and I, = (plcq, plc?q).
Proof. Let us assume p > 0. The case p < 0 is analogous.

First, the existence of the RICs R_ and R, follows from some quantitative estimates in
KAM theory established by Lazutkin [21, theorem 2]. To be precise, Lazutkin proved that
there exists b, = b/(Ko) > 0 such that if w € (—b., b.,) satisfies the Diophantine condition
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2w —ilj| =il j~* (36)

for all integers j > 1 and i, then f has a RIC R = {n = w+ O (w™)} whose internal dynam-
ics is C'-conjugated to a rigid rotation of angle w, for a suitable /> 1. The conjugation is
O (1/g™Y-close to the identity. Item (i) follows directly from this estimate, because there ex-
ist some real numbers w, € (¢*3p/q, c>3plq) C I, and w_ € (p/c>3q, plc*3q) C L satisfying
the Diophantine condition (36), provided ¢ is big enough.

Second, let us check that the power map f ¢ satisfies (34). The compact subset S C S is
invariant by f, because it is delimited by RICs. Thus, all powers (§;,7;) = f7(&,m) are well
defined on S. We write Df(§,n) = A + I'(§, n7), where A was introduced in lemma 18. Next,
we compute the differential of the power map:

qu:(A+Fq)...(A+F1):Aq+A1+“'+Aq, (37

where I'; = I o f/ and A, is the sum of all the products of the form ANT; --- AYT; Ak, with
ki20,g2j,>jp>-->j2Landg=1+ Zfl}k, These products are elements of Mg,

because I' € M .. Indeed, if C = ||I'||s.m, then

AN - ANT AN < 2 AT s g AN s IAS THAN s

I+1 i
<2TICTTA + bhi) JT( + Kob™)
i=1 i=1

I+1 !
g 21! exp[z bki + Y (m + 1)K0bm.i)
i=1 i=1

g 2[7 lcleczp+(m+1)K062mpm = C/(ZC)I,

where we have used lemma 18, inequality 1 4+ x < e* for x> 0, Zfi} ki<q,1<q,j;<q,b= 2

2m,,m

plq, and m > 4. We have also defined C’ = e P m+ DK™
The matrix 4, is the sum of the products with precisely / factors I';. This shows that there

are (?) terms inside A;. Therefore, A; € Mg,y and

A ls.m < (‘j) AT, - AMTAR L, < C'2Cg) (38)

The element of the first row and second column of A? is equal to ¢, so

q Cl q !

<O CgIpmTg " > (2Kogb™?)
=1 I=1

< 4c/K0qu73 < 4clKOCZ(m73)pm73,

o8,
‘a_n(gv 77) —q

for all (£,n) € S C S, which implies the twist condition (34) provided that ¢ is big enough.
Here, we have used relation (37), bound (38), b = ¢? plq, and m > 4. We have also used that
C < Kob~? and 2Koqb™ 2 < 1/2, provided g is big enough.

Third, we establish the existence of the functions ¢, CA : T — I. We know from Lazutkin [21]
that Ry = graph (, for some differentiable functions ¢, : T — L.. We work with the lifts F, &,
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and Z of the objects f, €, and (.. The RICs are invariant, so F9(§, Z(€)) = (24(£), ZL(E(E)))
for some differentiable functions = : R — R. If we prove that there exist two unique analytic
1-periodic functions Z, Z : R — I such that

FIUEZ(E) = (E+p,Z(E+p),  VEER, (39)

then item (iii) follows. Since the dynamics of F¢ on R is C'-conjugated to a rigid rotation of
angle qw, through a O (1/¢"™~")-close to the identity conjugation,

Ei@) =E+qui+O0/g" N2 E+ep+OUg" N >E+p

provided that g is big enough. Analogously, we obtain =_(£) < £ + p. That is,
g6, Z(0) = E(O) <&+ p <EH&) = Eg(&, Z(9), VEeR.

Since Z,(&,n) is analytic and strictly increasing for n € (Z_(§),Z,(£)) C I, we deduce that
there exists a unique function Z : R — I such that =,(§, Z(§)) = { + p.

The function § > (&, n) — G(&, 1) := Ey (&, 1) — £ — pis analytic and g—i(g, n)>0,s0Z1is
analytic by the implicit function theorem. The 1-periodicity gf Z follows from the uniqueness
and the property F9({ 4+ 1,n) = F4(&,n) + (1,0). Function Z : R — [ is defined by means of
relation (39). Finally, functions (, f : T — I are the projections of Z, 7Z:R->1 O

6.3. Proof of theorem 3: case (m,n) = (0, 1)

If (m, n) = (0, 1), by hypothesis, the map g: T x I - T x I, (s,r) — (s, 1), is an analytic
exact twist map with a (a., by)-analytic (0, 1)-resonant RIC, such that o_ <0< o,. The map
f= g" = g satisfies the properties (i)—(iii) listed in lemma 1 in some suitable coordinates (x, y).
Let (s, 7) = ®(x, y) be the associated change of variables. Let f = ! o fo ® be the new map
defined in the domain (8). Note that the (a., b;)-analytic (0, 1)-resonant RICis C = {y = 0} in
the (x, y) coordinates.

Let p be an integer such that 1 < | p| < L. Let ¢ € (1,2) such that a < c?a < a.. We take c’«
as the o appearing in theorem 2, m = 4, and b = ¢?| p|/g, provided that q is relatively prime
with p and is large enough so that ¢?| p|/q < b, = b(«). That is, ¢ > ¢ := c*| p|/b),.

Hence, there exist Ky, K; >0, both independent of ¢, and a change of coordinates
(x,y) = ®(&,n) such that f =® 'of od:S,— T xR is an analytic map of the form
(12) such that [g(&,m)| < Koe 2™ = Koe 2md/IP < Ky, |8igi(&.m)| <Kob™2  and
sup{|det[D®(&, n)]|} < K for all (£,7) € S,

The map f : S, — T x R satisfies the hypotheses of lemma 19 for any g > ¢/. Let g. be the
maximum value of ¢/ among the integers 0 < | p| < L. Let R be the RICs with rotation num-
bers wy given in lemma 19. Let S be the compact subset of S, enclosed by R_ and R . Since
fis globally twist and o_ < w_ < p/g < wy < g4, all the Birkhoff (p, g)-periodic orbits of f are
contained in S. By lemma 19, any (p, ¢)-periodic orbit in S lies on R = graph(. Let 2 C S be
the domain enclosed by the curves R = graph( and R = graphf .Let B = (® o ®)(N). Let K>
be the supremum of |det[D®]|in the compact set T x [—b., b.]. Let K = 4KK,K,L(b.)*. Then,
following the arguments contained in section 2.2 about the difference of periodic actions, we
get that
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NP9 < Area[B] < KiKy Area[Q)] = Klef 1E©) = ¢©)|d¢
¥ (40)
< KiKagh*Koe 2ma/| Pl < Ke~2maal| pl,

for all relatively prime integers p and ¢ with 1 <| p| <L and ¢ > g,. We have used expression
(12), b = ¢?| p|/q < b, ¢* < 4, the bounds on the nonintegrable terms g/(&,n), and the bounds
on the Jacobians of the changes of variables ® and ®.

This ends the proof of theorem 3 when (m, n) = (0, 1) and g > g,. By redefining the con-
stant K, the same bound holds for all g > 1.

6.4. Proof of theorem 3: general case

We reduce the general case to the previous one. We split the argument in four steps.

Step 1: About the rational rotation numbers. If C is a (m, n)-resonant RIC and (s, r) is a
(p, g)-periodic point of g, then C is a (m, 1)-resonant RIC and (s, r) is a (p’, ¢')-periodic
point of the power map f = g", where

np , q
p/ = ’ q = ‘
gcd(n, q) ged(n, q)

By taking the suitable lift F of f, we can assume that C is a (0, 1)-resonant RIC and (s, r) is a
(p",q")-periodic point of f, with p”/q" = p’/q’ — m. That is,

" ’ ;1 —mgq " / q

p'=p —mq = , 9"=q9=—"
ged(n, q) ged(n, q)

41)
If p and g are relatively prime integers such that 1 < |np — mg| < L and g > q,, p” and ¢" are
relatively prime integers such that | p” | < L/ged(n, g) < L and ¢” > g,/gcd(n, q) = q,/n.

Step 2: About the Lagrangians. Let G and F = G" be the lifts of g and f = g" we are dealing
with. If G*A — A\ = dh, then

n—1 n—1 n—1
FA= A=Y [GTYAN=(G/YA\]= > d(hoG’) = d[z ho Gf],

j=0 j=0 j=0
80 2(80, 8n) := h(so, s1) + h(sy, s2) + -+ + h(s,—1,5,) is a Lagrangian of f. This Lagrangian is
well defined in a neighbourhood of the resonant RIC C, because f'is twist on C.
Step 3: About the periodic actions. Let O be the (p, g)-periodic orbit of g through the point (s, r),
being W7 P[0] its (p, g)-periodic action. Let O” be the (p”, g")-periodic orbit of f through
the same point, being W”?"-4[0"]its (p”, " )-periodic action. We deduce from the previous
steps and a straightforward computation that

wrearon = — " weaoro.
1= *2)

Step 4: Final bound. The result follows directly from the bound (40) taking into account rela-
tions (41) and (42). We just note that

e—27raq”/\p"| —exp| — 27T05q .
np — mq|

This ends the proof of theorem 3.
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