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Abstract

We consider the billiard motion inside a CZ?-small perturbation of an
n-dimensional ellipsoid Q with a unique major axis. The diameter of the
ellipsoid Q is a hyperbolic two-periodic trajectory whose stable and unstable
invariant manifolds are doubled, so that there is an n-dimensional invariant
set W of homoclinic orbits for the unperturbed billiard map. The set W is a
stratified set with a complicated structure.

For the perturbed billiard map the set W generically breaks down into
isolated homoclinic orbits. We provide lower bounds for the number of primary
homoclinic orbits of the perturbed billiard which are close to unperturbed
homoclinic orbits in certain strata of W.

The lower bound for the number of persisting primary homoclinic billiard
orbits is deduced from a more general lower bound for exact perturbations of
twist maps possessing a manifold of homoclinic orbits.

PACS numbers: 05.45.-a, 45.20.Jj, 45.50.Tn

Mathematics Subject Classification: 37J15, 37J40, 37J45, 70HO9

1. Introduction

Billiards are commonly considered as one of the most standard frameworks to look for chaotic
behaviour. However, elliptic billiards—billiards inside n-dimensional ellipsoids—are by far
the most famous example of discrete integrable systems. It is also a very rare example, since,
according to Birkhoff’s conjecture, among all billiards inside smooth convex hypersurfaces,
only the elliptic ones are integrable [21, section 2.4].
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As happens with all famous integrable systems, global action-angle variables cannot be
introduced for elliptic billiards, due to the existence of several isolated invariant sets with
some hyperbolic behaviour. For instance, inside ellipsoids with one diameter—ellipsoids with
aunique major axis—the diameter is a hyperbolic two-periodic billiard trajectory whose stable
and unstable invariant manifolds are doubled, that is, they coincide as sets in the phase space
forming a complicated stratified set.

Under a small perturbation of the ellipsoid, the hyperbolic two-periodic trajectory is
only slightly shifted, but its invariant manifolds do not need to coincide, giving rise to the
phenomenon called splitting of separatrices.

In recent years, several studies [22, 16,9, 15] have been devoted to analysing the splitting
of separatrices for planar billiards inside perturbed ellipses. In particular, in [9] (see also [8]) a
local version of Birkhoff’s conjecture was obtained. It was shown concretely that the billiard
motion inside the perturbed ellipse

X =acos¢ y =b(1 +en(g))sing

becomes non-integrable for any non-constant entire 7 -periodic function n : R — R.

The study of the splitting of separatrices for higher-dimensional billiards was initiated
in [11], which was focused on billiards inside perturbations of prolate ellipsoids, that is,
ellipsoids with all the axes equal except for the major one. Prolate elliptic billiards are the
simplest higher-dimensional generalization of planar elliptic billiards because, on account of
the conservation of the angular momenta, they are very similar to the planar ones. Later
on, some results on generic ellipsoids—ellipsoids without equal axes—were obtained in [8],
although only for symmetric perturbations.

The basic tool of those studies is a twist discrete version of the Poincaré—Melnikov—
Arnold method, which provides a Melnikov potential, whose non-degenerate critical points
give rise to transverse homoclinic orbits to the diameter. The computation of the critical points
of the Melnikov potential is feasible for perturbed ellipses and some symmetric perturbed
prolate ellipsoids [11, 8], but becomes very intricate for general perturbed ellipsoids.

The main objective of this paper is to study the disintegration of the homoclinic set W and
to provide a general lower bound for the number of primary homoclinic billiard orbits to the
diameter that persist in billiard maps inside perturbed ellipsoids. This bound holds for any C>
perturbation and does not need any first-order computation in the perturbation parameter as in
the Melnikov method. This lower bound is obtained by means of a variational approach and
Ljusternik—Schnirelmann theory.

We next describe the results obtained in this paper more precisely. Some of them were
announced in [5]. Let

no2
n qi
Q:{q:(qo,...,qn)eR“:Zd—?:l} (1
i=0 i
be the n-dimensional ellipsoid which is supposed to have one diameter:
d0>d1>--~>d,,>0. (2)
Let £(Q) = 4s + 3m, where s is the number of single axes among dj, ..., d,, and m is the

number of the multiple ones counted without multiplicity.

Theorem 1. Inside any C*-small perturbation of the ellipsoid Q there exist at least £(Q)
primary homoclinic billiard orbits.

The number £(Q) runs from 3 to 4n. In the generic case,

dy>dy >--->d, >0,
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s =n,m = 0, so that £(Q) = 4n, whereas in the prolate case
dy>dy=---=d, >0,

s =0,m =1, so that £(Q) = 3.

We remark that all homoclinic orbits found in this paper are primary; that is, they exist
for all the values of the perturbation parameter €, once assumed small enough, and they tend,
along a subsequence, to unperturbed homoclinic orbits as € — 0. It is well known that the
existence of transverse primary homoclinic orbits implies the existence of an infinite number of
multi-bump homoclinic orbits. These homoclinic orbits usually do not have a limit as e — 0
and their dependence on € is more complicated. The bifurcation of such secondary homoclinic
orbits will be described in another paper.

Our results are deduced from a general theorem on the persistence of heteroclinic orbits for
exact perturbations of twist maps. Let f : M — M be a twist map with a couple of hyperbolic
periodic orbits whose invariant manifolds have a clean intersection along an invariant set N.
We recall that two submanifolds L and L, of M have a clean intersection along N C L; N L,
if and only if each connected component of N is a submanifold of M and TN = T, L, N T, L,
for any x € N. If N verifies certain compactness hypotheses, then for any C'-small exact
perturbation of f there exist at least cat(N/f) primary heteroclinic orbits tending to N as
€ — 0. Here cat(N/f) is the Ljusternik—Schnirelmann category of the quotient space.

This result generalizes a previous one by Xia [24] for general symplectic maps, which
holds only when the unperturbed invariant manifolds are completely doubled. (See section 3
for this definition. In the case of billiard maps on ellipsoids, the invariant manifolds are
completely doubled only in the prolate case.)

Heteroclinic orbits of twist maps are critical points of the action functional on the Hilbert
manifold of bi-infinite sequences in the configuration space satisfying certain asymptotic
behaviour at their ends. Using the fact that the unperturbed invariant manifolds have a
clean intersection along N, it can be deduced that the unperturbed action has several finite-
dimensional non-degenerate critical manifolds in the sense of Bott [6]. The compactness
hypotheses are used to check that the quotient set K of these critical manifolds under translation
is a union of compact manifolds. Thus, for the perturbed twist map, the primary heteroclinic
orbits close to N correspond to critical points of a function (called the splitting potential)
defined on K. The Ljusternik—Schnirelmann category of K is the bound cat(N/f) we were
looking for.

The first-order term of the splitting potential is the Poincaré—Melnikov potential which can
often be explicitly computed. Its non-degenerate critical points give non-degenerate critical
points of the splitting potential, and so, transverse primary heteroclinic orbits. Inthe homoclinic
case, according to the Birkhoff-Smale theorem [20], the map is chaotic, that is, its restriction
to some invariant Cantor set is conjugate to a transitive topological Markov chain. However,
recent results [7] show that instead of transversality, the existence of topological crossings
between the stable and unstable invariant manifolds is enough for the existence of chaotic
motion. From such results, it appears that billiards inside any entire non-quadratic perturbation
of ellipsoids with one diameter are chaotic (see [8] for related results and techniques).

Our results hold for any C'-small exact symplectic perturbation of the billiard map f.
Suppose, for example, that the motion of a point in the interior D, of the surface Q. is governed
by a Hamiltonian system (H,) with Hamiltonian H, (g, p), which is a C?-small perturbation
of the free motion Hamiltonian: Hy(q, p) = |p|*/2. Then, for fixed energy E > 0 the billiard
motion inside Q. is governed by an exact symplectic map f, of T* Q. with generating function
L, close to L. The generating function L. is defined as follows. For two points g1, g» € Q.
take the solution y (t) = (q(¢), p(¢)), t; < t < 1, of system (H,) with energy E joining these
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points: g(#1) = q1, q(t2) = q2. Then,

Le(q1, q2) = / pdq
Y
is the Maupertuis action of y. For € = 0 we get Lo(q1, ¢2) = V2E|q1 — ¢»|.

Suppose, for example, that a charged particle moves in R? under the influence of a small
stationary electromagnetic field. Then, the magnetic field has a vector potential A, and the
electric field has a scalar potential V.. Thus, the motion of the particle is governed by the
Hamiltonian equations with Hamiltonian

He(q. p) = 51p = Ac(@)* + Ve(q)
and our results imply the following corollary.

Corollary 1. Under the influence of any small enough electromagnetic field and inside any
C2-small perturbation of an ellipsoid in R* with a unique major axis, there exist at least
three—eight for generic ellipsoids—primary homoclinic billiard orbits.

The same holds if the ellipsoid is slowly rotating around a fixed axis with small
angular velocity. Indeed, in a rotating coordinate frame the Coriolis force is a magnetic force.
Planar billiards in constant magnetic fields were first considered in [19], although only inside
planar regions. The splitting of separatrices in a slowly rotating planar ellipse was studied
in [14].

We complete this introduction with a note on the organization of this paper. In section 2,
we state the results about the persistence of homoclinic orbits for billiards, whose proofs have
been relegated to section 5. In section 3, we present the results on the persistence of heteroclinic
orbits for twist maps. The proof of the main theorem of that section is contained in section 4.

2. Persistence of homoclinic orbits for billiards

Our results on billiards are described here. First, we shall introduce convex billiards in a
standard way. Second, we shall recall the main properties of elliptic billiards we are interested
in. Finally, we shall give the lower bound on the number of persistent primary homoclinic
orbits under C2-small perturbations of ellipsoids with one diameter.

2.1. Convex billiards

Let Q be a C? closed convex hypersurface in R"*!. Consider a particle moving freely inside Q
and colliding elastically with Q; that is, at the impact points the velocity is reflected so that its
tangential component remains the same, while the sign of its normal component is changed.
This motion can be modelled by means of a C' diffeomorphism f : M — M defined on the
2n-dimensional phase space

M ={m = (q, p) € Q xS": pis directed outward Q at g} 3)

consisting of impact points ¢ € Q and unitary velocities p € S".

The billiard map f(q, p) = (¢', p’) is defined as follows. The new velocity p’ € S" is the
reflection of p € S" with respect to the tangent plane 7, Q, and the new impact point ¢’ € Q
is determined by imposing p’ = (¢’ — q)/|q’ — ¢|. The existence and uniqueness of the point
g’ follows from the convexity and closeness of the hypersurface Q. The map f is symplectic:
f*w = w, where w is the symplectic form w = do and & = p - dg.

Two consecutive impact points g and ¢’ determine uniquely the velocity p’, and hence the
following impact point ¢g”. Thus, one can also define the billiard map in terms of couples of
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consecutive impact points by f : (g, g") — (¢’, ¢"") on the phase space U = Q\A, where
A={q.q)eQ*:q=q}.

A billiard orbit is a bi-infinite sequence (my) € M7 such that f(my) = myyy. A billiard
trajectory is a bi-infinite sequence of impact points (gy) € Q% such that f(qx, pr) =
(Gr+15 Pr+1) Tor pryr = (gr+1 — qx)/|qrk+1 — qx|. Billiard orbits and billiard trajectories are
in one-to-one correspondence, so we can use them indistinguishably.

The chords of the hypersurface Q are the segments perpendicular to Q at their ends. The
longest chords are called diameters. Any chord gives rise to a two-periodic set. If the chord is
a diameter, the two-periodic set is usually hyperbolic.

2.2. Elliptic billiards

Let f : M — M be the billiard map inside the n-dimensional ellipsoid (1) with one
diameter. Introducing the matrix D = diag(dy, ..., d,), the ellipsoid can be expressed by
the equation (g, D™2¢) = 1. It is useful to group together the eigenvalues of D. We write
D = diag(do, d, - Idy,, ..., d, - 1d,), where

d0:50>51>-~->J1>0, S+t =n
and Id, stands for the » x r identity matrix. Hence, s; is the multiplicity of the eigenvalue d iz
Let s(Q) = (1,s,...,5) € N*!'. We also introduce the following / couples of natural
numbers:

=1 s
a; +5+ +58j-1 } =10 (4)

bj=s1+---+5j_1+5;
These couples are determined by the conditions
di=d; < icla;bjl:=ZN[a;,bj]=1aj,...,b;}. )
We note that s; = #{i : d; = d;} = #lla;, b;l1 =bj; —a; + 1.
The least degenerate ellipsoids with one diameter are the generic ellipsoids:
dy>dy>->d, >0 = s(Q)=(,...,1) e N
whereas the most degenerate ones are the prolate ellipsoids:
dy>di=-=d,>0 = s5(0)=(1,n) e N°.

The two-periodic orbit associated to the chord joining the vertices (—dp, 0, ..., 0) and
(dp,0,...,0)is P = {m,,m_}, where my+ = (q+, p+), g+ = (£dy,0,...,0), and
p+ = (£1,0,...,0). Obviously, f(m+) = m. The spectrum of Df?(m4) has the form

7S U A SR s

where A; > --- > A, > 1 are the characteristic multipliers of P, namely

P2\
ro=0+e)d —e) !, e = <1 — —’) : (©6)
dj
Thus, the periodic orbit P is hyperbolic if and only if dy > d; fori = 1, ..., n, or equivalently,
if and only if the chord joining (—dp, 0, ..., 0) and (dy, O, ..., 0) is the unique diameter of
the ellipsoid. For this reason, the problem of splitting of separatrices we shall deal with is
well posed only for ellipsoids with one diameter.
Elliptic billiards are completely integrable. Such integrability is closely related to a
property of confocal quadrics (see [21, section 2.3]). We only need the following well-known
family of first integrals

(qipir — qi pi)* .
E(m)ZP?+Zw, i=0,...,n, @)
i i i’

where m = (¢, p),q = (go, ..., gn), and p = (po, ..., Py)-
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These first integrals are dependent: Y /_, F;(m) = Y 1_, p? = |p|* = 1, but skipping
one of them the rest are independent almost everywhere. Unfortunately, they are well defined
only for generic ellipsoids, on account of the presence of the denominators dl.2 - all2 Due to
that, degenerate ellipsoids are often avoided in the literature. Nevertheless, in the presence
of degenerations, it suffices to substitute the first integrals that become singular by some
regular ones.

To be more precise, if s; = #[[a;, b;]| > 1, then we substitute the singular integrals F;,
i € [laj, b;]], by their regular sum

e — a2
= Y Rm= Y (e Y Gnzent
i %

iella;,b;ll illa;,b;ll i'@la;j,b;1l
and the angular momenta
K in(m) = qipi — qipi, i,i" € [aj, b1, i#i. (8)
From now on, A; is the set where all the angular momenta (8) vanish and
Fl._l(O), ifs;=1 and i=a; =0bj,

9
SOy NA;, ifs; > 1 ©)

Z; =

Among the function S; and the angular momenta (8) there are s; functions independent almost
everywhere, so the set Z; has dimension 2n — s;. The hyperbolic periodic orbit P is contained
in the n-dimensional level set

I
z=(z (10)
j=1

This level set plays an important role in the description of the n-dimensional unstable and
stable invariant manifolds

W= WiP) = {me M lim dist(f*om), P) =0},
W= W(P) = {m e M: lim dist(f*(m), P) = 0}

and the homoclinic set H = (W~ N W)\ P.
From the above definitions, it is clear that H U P = W* U W~ C Z. What is not so
obvious is that these inclusions are, in fact, equalities:
HUP=W =W'=2Z.

(This result is stated without proof, since it will not be used.) Following the classic terminology,
we say that W~ and W are doubled.

The set H U P is an n-dimensional stratified set. It is not necessary to describe it in detail
(see [8]), since in this paper we study a subset N of H given by

I
N=JN;. Nj=HNTI; =(Z,\P)NTI;, (11)
j=1

where
Hj = {m eM: qi = pi = 0 for all ; Q/ {O} @] [[a_,-,bj]]}. (12)

The set N; has a simple dynamical interpretation. Let us consider coordinate sections of
the form

Qj:{qe Q:qi:Oforalli&’{O}U[[aj,bj]]}, ]=1,,l
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If two consecutive impact points are on Q;, the same happens to all the impact points.
Therefore, the set (12) is invariant by the map f, and f|p, is a billiard map inside an
s j-dimensional ellipsoid. If s; = 1, the corresponding sub-billiard is a planar one, and if
sj > 1itis prolate. Thus, N; is the homoclinic set of f|r;, and N = Ulle N; is the
union of the homoclinic sets of the (planar or prolate) sub-billiards associated to the partition

{1,....n} = U lla;. ;1.
Lemma 1. The set N = U3:1 N; verifies the following properties:

(i) N; is an s j-dimensional submanifold of M invariant by f.
(ii) N U P is compact.
(iii) Given any neighbourhood V of P, there exists ko > 0 such that f*(N\V) C V for all
integer |k| > ko.

These properties are local, that is, they only give local information about N and the action
of the map f on it. The next property is more global, in the sense that it describes how the
invariant manifolds W~ and W™ intersect along N.

Lemma 2. The invariant manifolds W~ and W* have a clean intersection along N.

The proofs of these lemmas are contained in sections 5.4 and 5.5, respectively. These
lemmas play a fundamental r6le in the proof of the main theorem on billiards stated below.
Indeed, we will show that the persistence result holds for any twist map verifying these
hypotheses (see theorem 4 and the remarks following it).

2.3. The theorem

Once we know that there is an n-dimensional set of homoclinic billiard orbits inside an
ellipsoid with one diameter, it is quite natural to ask if some of those orbits persist under
small perturbations of the ellipsoid.

We say that Q. is a C2-small perturbation of the ellipsoid Q when it is a C? hypersurface
of R"*! which is O(e)-close to Q in the C? topology. Then, Q. is also convex, has a unique
diameter, and its corresponding billiard map is well defined. In the following theorem, which is
a slightly more precise version of theorem 1, we give a lower bound on the number of primary
homoclinic billiard orbits to the diameter.

Theorem 2. Let 1, sy, ..., s; be the multiplicities of the axis of the ellipsoid Q. Then, for any
C?-small perturbation of Q there are at least

¢ — 4, it s; =1,
773, if s; > 1,
primary homoclinic billiard orbits close to N;.

The proof is relegated to section 5.1, since it involves some results on twist maps, which
we have not yet explained.

3. Persistence of heteroclinic orbits for twist maps

In this section, we prove two general results on perturbations of manifolds of homoclinic
orbits for twist maps. These results hold for general exact symplectic maps. However, for
simplicity we consider only twist maps with globally defined generation functions. Our choice
of generality is motivated by applications to perturbations of billiards in ellipsoids.
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3.1. Twist maps

Let Q be a smooth n-dimensional manifold and @ its universal covering with the group G
of covering transformations. Let U be an open set in the quotient space ( 0 x 0) /G, and
let L € C2(U). It can be viewed as a function on Q x Q invariant under the group action:
L(q,q") = L(g(q), g(g") forany g € G.

The twist map with the generating function L is the symplecticmap f : M C T*Q —
T*Q defined as follows: for (¢, p) € T*Q we set f(q, p) = (¢/, p') if

p=-DiL(q.q"), p'=DyL(q.q"). (13)

The map f is correctly defined on M if, for all (¢, p) € M, equations (13) have a unique
solution (¢’, p’) € T*Q. Equations (13) can be solved locally provided that the local twist
condition holds: the Hessian

D12L(q,q") € Hom(T,Q, T, Q)

is non-degenerate for all (¢, ¢’). In general equations (13) can have several solutions, and the
corresponding twist map f is multi-valued.

LetU, = {q' € 0 : (q.q") € U}. The twist map is a correctly defined single-valued
map f : T*Q — T*Q if L satisfies the global twist condition in U: for all ¢ € Q the map
fq 1 Uy — T Q given by q' — DL(q, q’) is a diffeomorphism. The global twist condition
can hold only if U, is diffeomorphic to R". In general, U, is not diffeomorphic to R" so that
the twist map f is well defined on an open subset of 7*Q.

Example 1. For n-dimensional billiards in a convex hypersurface Q, the generating function
L satisfies the local twist condition in the open set U = (Q x Q)\A. Since Q ~ S", the global
twist condition cannot hold. However, the map f; is a diffeomorphism of U, = Q\{gq} onto
the set {p € Tq*Q : |pl < 1}. Hence, f is a symplectic diffeomorphism defined on an open
set T*Q which is isomorphic to the phase space (3). For the billiard, L(g,q") = |¢ — ¢'| is a
single-valued function on Q x Q, so there is no need to pass to a covering 0.

There is another definition of the twist map that will be used in this section. Define the
map g : U — U by the formula

g(q.9") =", q9"),
where ¢” € Q is determined by the equation
D>L(g,q")+ D(L(q’,q") =0. (14)

If the global twist condition holds on U, then the map & : U — M given by h(q,q’) =
(¢, —D1L(q, q")) is a diffeomorphism, and # is a conjugacy between f and g. The map g is
also called the twist map defined by the generating function L. We identify U and M via h
and do not differentiate between f and g.

An orbit of the twistmap f : M — T*Q isasequence O = (m; = (q;, p;) € M);cz such
that m; = f(m;_). The corresponding sequence ¢ = (¢; € Q) will be called a trajectory.
Even when the generating function L € C?(U) does not satisfy the twist condition, so that the
twistmap f is not well defined on M, we can define its trajectory as a sequence ¢ = (¢; € Q)icz,
with (g;_1, ¢;) € U and satisfying equation (14) at each step:

D>L(gi-1,qi) + D1L(gi, gi+1) = 0. (15)

Formally, equation (15) means that ¢ € Q7 is a critical point of the action functional

S(g) =Y L(gi-1,9)-

i€l
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Usually, this series is divergent, and the functional does not make sense. However, there are
many special situations when S does make sense. For example, S makes sense when we study
periodic orbits. For an s-periodic sequence x = (x;) we set

S() =Y Lxi1, ).
i=1

Then, x is an s-periodic trajectory if and only if S’(x) = 0. In the next section we represent
homoclinic orbits of hyperbolic periodic orbits as critical points of S.

The semi-local results we discuss in this section also hold for multi-valued maps
f M — T*Q with a generating function L satisfying the local twist condition only near
certain homoclinic trajectories. The global twist condition is never really used.

3.2. Perturbation of homoclinic orbits

We consider the existence of heteroclinic orbits to hyperbolic periodic orbits. Homoclinic
orbits to hyperbolic periodic orbits is a particular case.
Suppose that the twist map f has two hyperbolic s-periodic orbits OF = (mii) with

the same period: mis = mli fori = 1,...,s. They define periodic trajectories x* = (xii),
xis = xii, satisfying (15). In applications to the billiard map, O are the diameter two-periodic
orbits, and O~ = O* up to a time shift: m} =m__,.

We assume that the local twist condition holds on O%, i.e. det DlzL(xii_ 15 xl.i) # 0 for
all i. Then, the twist map f is well defined in a neighbourhood of each point m,lL

Suppose that the periodic orbits OF are hyperbolic. ~Then, every point mli has
n-dimensional stable and unstable manifolds W*!(m:) in the phase space M. Let W,” =
Wt(m;) and W} = W*(m]). Then,

WE = {m € M : dist(f*(m), f*(m¥)) — 0ask — +o0}

and f (Wl.i) = Wl.il. Hence f S(Wii) = Wl.i. The stable and unstable manifolds of the
periodic orbits O* are W* = | JI_, W. Fix some small § > 0. The local stable and unstable
manifolds Wf; consist of points whose positive or negative iterates, respectively, stay in a
8-neighbourhood of the periodic orbit. These manifolds are embedded discs in the phase
space given by embeddings ¢l.i :B" - M,and f iI(Wi?fs) C Wil s> respectively. The global
stable and unstable manifolds can be defined also as '

Wi_ — U fksvvi;s’ Wi+ — U fks WiTa‘

k>0 k<0

Hence, WijE are immersed submanifolds in M, diffeomorphic to R”, and Wifs is a &-ball in
Wl.i. The topology on Wii is characterized as follows: a set V. C Wii is open if and only if
fi’“(V) N Wlia is open in Wiﬁ forall £ > 0.

Suppose that the twist map has a heteroclinic orbit O = (m; = (g;, pi))iez from O~
to O*. Then, m; € W N W, and dist(m;, m) — 0 asi — +oo. The heteroclinic orbit
O defines the heteroclinic trajectory ¢ = (g;)icz such that d(q;, xii) — 0asi — £oo
exponentially.

Lemma 3. Suppose that the actions S(x) of the periodic orbits OF coincide. Then, without

loss of generality we may assume that L()cl.ji1 , xii) =0foralli.

Proof. Subtracting a constant from the generating function L we may assume that
S(x+) = 0. Then, there exists a smooth function g on Q such that L(xl.f 1,)cii) =
g(xii) — g(xif 1). Next, we perform a calibration replacing the generating function L(q, ¢")
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by I:(q, q)=1L(q,q)+g(q) —gq). This does not change the trajectories of the twist map
in Q (orbits in T*Q will change), but now L(xt xii) = 0 for all i. 0

i—1°

Without loss of generality, we will make this assumption throughout this section. Then,
the normalized action of a heteroclinic trajectory ¢ = (g;) can be defined as

S(q) =Y _L(gi-1. ) (16)
i€l
If the periodic orbits OF are hyperbolic, then the series converges exponentially. The action
S(gq) is translation invariant: it does not change if g is replaced by its translation 7' (¢) = (gi+1)-
Now, we move on to perturbation theory. We will assume that the unperturbed map
f = fo has a family of heteroclinic orbits. More precisely, suppose that f has an invariant
manifold N = |JI_; N; € W* N W~ with connected components N; C W;* N W;” and
f(N;) = N;;1, where we set Ng,; = N;. Then, N consists of heteroclinic orbits from O~ to
O™*. In applications, f is usually an integrable map, and N is contained in a critical level set
of the first integrals.
Next, consider a perturbation of the twist map f: a smooth exact symplectic map f, that
is C'-close to f 3. If € is small enough, then, on any compact set V C U, f. is a twist map
with the generating function

L.=L+elL,+¢€*L, (17)

with L, C?-bounded as ¢ — 0. Hence, L. is C*>-close to L. By the implicit function theorem,
for sufficiently small € the map f, has hyperbolic s-periodic orbits Of near O*. We will
assume that the actions of the perturbed periodic orbits coincide: S.(O7) = S.(O;), where
S is the action determined by the generating function L.. Our goal is to prove the existence
of primary heteroclinic orbits from O to O}. Using lemma 3 we may assume without loss of
generality that the generating function L. is normalized, so that in particular L (xii’_ r xii) =0.

Our first result is a version of the Poincaré—Melnikov—Arnold theorem. We define the
Poincaré—Melnikov potential P : N; — R as

P(m) = Li(gj-1.9;), (18)

JEZ
where f/(m) = (g i D j)4. The next theorem belongs essentially to Poincaré.

Theorem 3. If W~ and W™ have a clean intersection along N, then non-degenerate critical
points of P correspond to transverse heteroclinic orbits of f.. These orbits are smooth on €.

In the degenerate case more hypotheses are needed.

Theorem 4. Suppose that N satisfies the following conditions:

(i) W~ and W* have a clean intersection along N.
(ii) N = N U O~ U O* is compact in the topology of M.
(iii) The twist condition holds on N.
(iv) The topologies in N induced from M, W*, and W~ coincide.

Then, the map f. has at least cat(N /f) primary heteroclinic orbits from O_ to O} close to
N, for small enough €.

3 Mis non-compact, in order to define a distance on c! (M, M), we need to specify a Riemannian metric on M.
We do not worry about this, since everything will happen in a compact subset of M.

4 P is also called the Melnikov potential. However, this function was introduced and widely used by Poincaré. The
Melnikov function—derivative of P—was used later by Melnikov. Poincaré was studying Hamiltonian systems, this
case being only slightly different from the case of symplectic maps.
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Remark 1. Primary heteroclinic orbits for f, are orbits which converge, along a subsequence,
to heteroclinic orbits of f when € — 0. The existence of secondary heteroclinic orbits needs
some additional assumptions and will be discussed in another paper.

Remark 2. The quotient space N/f is the quotient under the Z-action of the map f on N.
Under the conditions of theorem 4, the group action is discrete and N /f is a compact manifold
diffeomorphic to N;/f*. Thus, cat(N/f) = cat(N;/f*).

We shall call the last condition of the theorem the finiteness condition, since it can be
reformulated as follows.

(V') Given any neighbourhood V of the periodic orbits O~ and O, there exists kg > 0 such
that f*(N\V) C V for all integer k with |k| > k.

This means that any heteroclinic orbitin N stays in the neighbourhood V, except for a finite
number of iterates. (Note that condition (iv’) coincides with property (iii) of lemma 1 in the
section on billiards.) Of course, given any m € N there always exists some ko = ko(m) > 0
such that f k(m) e V for all integer k with |k| > ko. The finiteness condition means that
ko can be chosen independently of m € N\V. In other words, there exists some k; > 0
such that N C f% (V™) U f=%(V*), where V* is the connected (in the W*-topology)
component of V N W that contains the periodic orbit O*. To show the equivalence between
the conditions (iv) and (iV'), we note that if the three topologies coincide, then the compact set
N = N U O~ U O* is covered by the union of open sets [ ;o (f*(V™) U f~%(V*)). Since
there is a finite sub-covering, we get the finiteness condition.

It is very useful to find some cases in which the hypotheses of theorem 4 hold. Two simple
cases are discussed below.

As a first example, we consider heteroclinic orbits coming from unperturbed loops.
A curve C ¢ (W\O7) N (W*\O™) from a point in O~ to another point in O* is a non-
degenerate loop when

dim(7,,W_NT,W,) =1, Vm € C.

If C is a non-degenerate loop, N = Uj;é f1(C) verifies the hypotheses (i)—(iv). To check the
finiteness condition, it suffices to realize that there exists a parametrization y : R — C such
that £*(y(¢)) = y(t + 1) and y (£o0) € O*. Besides, N/f ~ C/f* ~ R/Z ~ S! and so the
perturbed map has at least two primary heteroclinic orbits close to N.

As a second example, we consider the completely doubled case. We recall that the
manifolds W~ and W™ are called doubled ift W~\O~ = W*\O* =: N as sets in M. They are
called completely doubled if they are doubled and, in addition, the topologies in N induced
from M, W*, and W~ coincide. This is equivalent to demanding that the invariant manifolds
have the same tangent spaces in N, that is,

T,W~=T,W", Vm € N.

In the completely doubled case, the finiteness condition holds by definition. Moreover,
N is an n-dimensional manifold, and the invariant manifolds W~ and W* have a clean
intersection along N automatically. Since, N; ~ R x S"~! then N; ~ S", so the compactness
condition and all the hypotheses of theorem 4 hold. Concerning the quotient N/ f, we note that
if det Df(O%) > 0, the map f* actson N; as (¢, r) — (t+1, r), whereas if det Df (0%) < 0,
itactsas (t,r) — (t+1,0(r)), where o : S"~! — §"~! is an orientation reversing involution.
Hence, N/f = N;/f* ~S' x §"~! or its factor.

Theorem 4 is in the spirit of many analogous results, going back to Poincaré, on the
perturbation of a manifold of periodic or homoclinic orbits. For the case of periodic orbits,
see [23]. The case of homoclinic orbits of Hamiltonian systems and symplectic maps are
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contained, respectively, in [1, 10]. The framework of exact symplectic maps was studied
recently by Xia [24], although his proof only covers the completely doubled case.

The proof of theorem 4 is given in the next section. There are two possible approaches:
symplectic geometry (more elementary) and variational methods (more natural from the
physical point of view). We have chosen the second one.

4. Proof of the persistence for twist maps

First we define a variational problem for finding heteroclinic orbits of a twist map f from one
hyperbolic periodic orbit O~ to another O*. Here, we do not assume that the assumptions of
theorem 4 are satisfied. What follows will be applied later to the maps f, for e > 0.

Fix some sequence (y; € Q),»Ez such that y; = x; for large i < 0, and y; = x; for
large i > 0. Fix a Riemannian metric | - ||> = (-, -) on Q. Consider the function space X of
sequences x € Q? such that

Zdz(xi, Vi) < 00.
i€Z

Then, X is a Hilbert manifold. The tangent space at x € X is
T.X = {@& e T, 0)ez: ) &I < o0}

Define the scalar product (£, ) of vectors &, € T, X by (§,n) = > (&, n;). Then, T, X
is a Hilbert space. A local chart for X with centre x can be defined by the exponential map
¢:BCT.X —> X, ¢i(&) = exp,, &, where B is a small ball in 7, X .

If 0 = R", then X = 15 is a Hilbert space. For simplicity one can keep in mind this case.
In general, X is a Hilbert manifold modelled on /5.

Suppose that the generating function L is normalized and we define the normalized action
functional S on X by (16). We need to check that the sum is well defined. This follows from
a re-arrangement of the series S(x):

S(x) =Y ((DrL(yi—1, ) + D1L(yi. yie))(xi — ¥i) + Oa(xi — y1))
ieZ
and the fact that y; is a trajectory of the twist map for large |i|. Hence, S(x) is an absolutely
convergent series for all x € X.
Lemma 4. S € C%(X), and its derivative is given by
S'(x)(E) =Y (DrL(xi—1, %) + DiL(xi, Xis))Ei, EeTX.
i€

Remark 3. Hence, S'(x) = (DyL(x;i—1, x;) + D1L(x;, xi+1))iez € T, X. Note that §'(x); €
Txf Q, since the derivatives DL, D,L lie in the cotangent space to Q A similar formula
holds for the gradient VS(x) € T, X. Then, instead of D;L one should write V| L, where the
gradient is taken with respect to the Riemannian metric on Q.

Proof. To check that S is differentiable, we calculate

S(exp, &) = S(x) = D (DaL(xi—1, xi) + D1 L(xi, xiv))& + Y 0261, &)

i€’ i€l

Continuity of §’ : X — T*X is evident. A similar computation shows that § € C>(X). O



Persistence of homoclinic orbits for billiards and twist maps 1165

The following characterization is a direct consequence of lemma 4.
Lemma 5. Critical points of S : X — R are heteroclinic trajectories from O~ to O*.

If x € X is a critical point for S, then the second derivative F = S”(x) is a correctly
defined linear operator F : T, X — T} X given by

(Fv); = Dot L(x;i—1, x))vi—1 + Do L(x;, Xix1) Vg1 + (D22 L(x;—1, X;) + D11 L(x;, Xi41)) ;.
(19)
We will need the following general result.

Lemma 6. Let x be a critical point for S : X — R. Then, the operator F = S"(x) : T, X —
T} X is a Fredholm operator, i.e. dimker F' < 0o and dim T} X /F (T X) < oo.

Proof. The operator F' : T, X — T.X has the form (19), namely
(Fv); = Ajvi_1 + Aip1via + Bjv;,

where B; = DpL(x;_1, x;) + D11 L(x;, xix1) and A; = D L(xi—1, X;).

Hence, F is an elliptic difference operator provided that the twist condition det A; # 0
holds along the trajectory (x;);cz. The first property of Fredholm operators follows from
the twist condition: since the operators A; are invertible, if F(v) = 0, then v is completely
determined by v;_; and v;. Hence, dimker F < 2n. So, only the second property of the
Fredholm operators needs a proof. We will show that F is a sum of an invertible and a
compact operator.

First, suppose that x is a transverse heteroclinic trajectory. Then, we will show that F is
an isomorphism and ker F' = 0.

Let Eli =T, Wii, pi = (xi_1, x;). From now on we identify U with M and assume
that Wii C U. By the transversality assumption, E/ N E; = {0}. Let us solve the equation
Fv =w for givenw € T}X.

First, suppose that w; = 0 fori # j,i.e. w; = w;d;;. Then, for large |i| equation Fv = w
means that v; satisfies the variational equation for the heteroclinic trajectory x. Since v; — 0
as |i| — oo, necessarily (v;, vj+1) € Ej,; and (v;_1,v;) € E;. Then, the equation Fv = w
implies
+

Avj_1 + Ajvja + Bjvj = wy, (V). vjs1) € Ejyys Wj-1,v)) € Ej.

Since E;' N E; = {0} by the transversality assumption, if all w; = 0, then the only solution of
these equationsisv; = v;_; = v;,; = 0. Hence, for w; = §;;w;, there exists a unique solution
vi = G,;;w; where the Green function G;; satisfies ||G;;|| < Ce™"~Jl, because trajectories in
Eli tend to O exponentially as |i| — co. Now, for any w = (w;);cz, we get formally

vi =Zcijwj. (20)
JEZ
If Y ey lw; > < oo, then Y icz lvill> < oo, and so v € T, X given by (20) satisfies Fv = w.
Thus, F is invertible under the transversality assumption.

Now, consider the general case. By a perturbation of L near the point p; = (x;_1, x;)
without changing the heteroclinic trajectory x, one can make the heteroclinic transverse:
E;’ N E; = {0}. This perturbation changes only a finite number of operators A;, B;. Hence,
F is a sum of an invertible and a 2n-dimensional operator. Thus, F = S§”(x) is a Fredholm
operator. 0

Let T : X — X be the translation (x;) — (x;4,). Note that the translation (x;) — (x;;1)
does not take X to itself. Then, T defines a discrete Z group action on X. The functional S is
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T -invariant, so it is well defined on the quotient space X/T. We do not discuss the topology
of X/T, since now, we restrict S to a compact submanifold of X.

Suppose that S € C%(X) has a T-invariant finite-dimensional manifold Z C X of critical
points. Thus, Z consists of heteroclinic trajectories. Then, for any x € Z, T, Z C ker §”(x).
Recall that a manifold Z of critical points of a function S is called a non-degenerate critical
manifold [6, 17], if, for any x € Z, the operator F = §”(x) : T,X — T*X has a closed
range and 7, Z = ker F. Then, dim 7, X/F(X) = dimker F' < oo, so that F is a Fredholm
operator. By lemma 6 for any critical point x € X, S”(x) is a Fredholm operator, and so only
the condition ker F = T, Z is non-trivial.

Recall that we identify M with U. Let

N; = (.X,;],)C,')EUC%ZXGZ C"V{FQW;
be the set of heteroclinic points in W,” N W corresponding to heteroclinic orbits in Z. There
is a natural projection m; : Z — N; given by m;(x) = (x;_1, x;). Note that N;,; = N; and
w;oT = f* om. The inverse map ¢; : N; — Z C X is well defined provided that the twist
condition holds on N = [ J N;. Obviously, Z/T = N;/f*.

Lemma 7. Under the conditions of theorem 4, the projection m; : Z — Nj is a C!
diffeomorphism.

Proof. The map 7; is obviously C'. Continuity of the map ¢; = TL’[_] : N; — Z follows from

the hyperbolicity of OF and the finiteness assumption: if p = (x;_y, x;), p = (Fi_1, X;) € N;,
then, the corresponding sequences (x;) jez+, (X;) jez+ are exponentially close: dist(x;, X;) <
Ce *ldist(p, p). Indeed, for large i > j we have (x;_1,x;) € W}y and for i < —j we
have (x;_i,x;) € W; ;. This implies that ¢; € CY%N;, Z). Similarly, one can prove that
¢ € C'(Ni.2). O

Lemma 8. Z is a non-degenerate critical manifold for S if and only if W, and W} have a
clean intersection along N;, that is,

T.W NT,W= =T,N;, Vm € N;.
If N; U {p;, p}} is compact and the finiteness condition from theorem 4 holds, then
Z)T = N;/f° is a compact manifold.

Proof. Note that ker S”(x) is the set of solutions & = (&;);cz of the variational equation
for the orbit x that tend to zero as i — =£oo. But this holds if and only if the vector
&-1,&) € Tp,.(Q x ), pi = (xi_1, xi), belongs to T, W*N T, W~. Hence,

dimker S”(x) = dim(7,, W* N T,,W™) =dim N
provided that the intersection is clean.

The space N;/f* = N/f isamanifold since f* defines a free discrete action of the group Z
on N;. This is evident in the immersed topology from Wl.i, but it coincides with the embedded
topology due to the finiteness condition. Compactness of N;/f* follows from the finiteness
condition and the contraction property of f* on Wf:a.

Wenote thatif D = Wi\ f* (W) is afundamental domain of W;", then TZ(DNN;) = N;.
Since D is compact, the quotient space is also compact. 0

Now let us consider the perturbed map f.. Without loss of generality it will be assumed
that the periodic orbit OF does not change under the perturbation: for the perturbed trajectory,
+ +
x;i(e) =x

i
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Indeed, suppose for simplicity that x; # x; fori # j mod s. Let ¥ : O — Q be an
isotopy such that v, (xii) = xii (¢) and let 6 = . x V.. Then, the twist map 6. o f. 00, with
the generating function L o 6, has hyperbolic periodic trajectories x* = (xl.i) independent
of €. With this reduction, the space X of sequences is independent of €.

The condition S.(O;) = S.(O}) implies that we have well-defined normalized action
functionals S, S. € C?(X) corresponding to L and L., respectively, and

S.=S+eS +0(e?)

is a C2-small perturbation of S. The functional S, is 7T -invariant on X. Hence, S, is defined on
X/T. Now we use the following well-known result [6, 17], which follows from the Lyapunov—
Schmidt reduction.

Lemma 9. Let K be a compact non-degenerate critical manifold for a C* function S on a
Hilbert manifold. Let S = S + €S + O0(€?) be a C*-small perturbation of S. Then, there
exists a neighbourhood U of K and a family of C' manifolds K. C U, Ky = K, given by a
C' embedding ¢. : K — U, ¢y = Id, such that the critical points of S. in U belong to K.
and are critical points of Sc o ¢ : K — R.

On the one hand, lemma 9 obviously implies theorem 4 if one puts K = Z/T.
On the other hand, we note that, to any non-degenerate critical point of S;|g, there
corresponds a non-degenerate critical point of S¢, because

Sc 0 e = constant + €S |x + O(€?).

Therefore, if the generating function L, of f, has the form (17), then S; = P o 7;, where P is
the Poincaré function (18) on N; and r; : Z — N; is the projection. This implies theorem 3.

5. Proofs of the results on billiards

This section contains the proofs of the results on perturbed elliptic billiards presented in
section 2. The main theorem on billiards (theorem 2) follows directly from the lemmas 1 and 2
and the main theorem on twist maps (theorem 4). To prove the lemmas, we need a description
of the homoclinic set in two very particular cases: planar billiards inside non-circular ellipses
and billiards inside prolate ellipsoids. This has to do with the fact that the set N defined in (11)
is the union of the homoclinic sets of several planar and prolate sub-billiards. Then, the proof
of lemma 1 becomes trivial. Next, we shall generalize a result of Devaney [12] to obtain
lemma 2.

5.1. Proof of theorem 2

The phase space M, of the perturbed billiard map f. depends on €, but making a symplectic
transformation we may assume that f, : M — M. By lemmas 1 and 2, the set N; verifies the
hypotheses of theorem 4. Recall the Ljusternik—Schnirelmann categories

4, if s = 1,

3, if s; > 1.

This completes the proof of theorem 2. It remains to prove lemmas 1 and 2.

cat (N;/f) = cat(S' x §¥7 ") = {

5.2. The homoclinic set of planar elliptic billiards

The results in this subsection are very old. They can be found in the books [13,21], so we skip
the proofs. The style of our presentation may seem a little pedantic, but it is the most suitable
for the extension contained in the next subsection.
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Figure 1. The phase portrait of the planar elliptic billiard map f : A — A for « = 1 and
B = 0.8. The solid squares denote the hyperbolic fixed points m. The thick lines denote the
heteroclinic connections H = H_ U H,. The solid arrows denote the dynamics of the map on the

connections.
Our goal is to describe the homoclinic set H = Hom(P) of the two-periodic set
P = {m,, m_} of the billiard map f inside the non-circular ellipse
, ox? 2
Q:{q:(x,y)eR:—2+—2: }, a>p>0. 20
at B

Lete = (1 — B?/a?)/? and y = \/a? — B2 be the eccentricity and the semi-focal distance of
this ellipse. Let A = (1 +¢)(1 — e)~! be the characteristic multiplier of P. Let h = In A be
the characteristic exponent of P.

We are dealing with a planar billiard, so we do not need sub-indices in the coordinates.
We write the points of the billiard phase space (3) as m = (¢, p) withg = (x,y) € Q and
p = (u,v) € S' € R2. Theelliptic planar billiard has only one first integral that is functionally
independent. For instance,

F(m) = v* =y (xv — yu)*
is a good choice (compare with (7)). It turns out that H = F~!(0)\ P.
For visualization purposes, we identify the billiard phase space with the annulus
A={(p.p) €eTxR:p* < y’sin’p+p)
by means of the relations g = g(¢) := (¢ cos ¢, Bsing) and p = (G(¢), p) = |q(p)|cos D,
where ¢ € (0, ) is the angle between the tangent vector ¢(¢) and the unitary velocity p. In
these coordinates, the above first integral is
F(p,p) =sin’ ¢ —y?p’.
The phase portrait of the planar elliptic billiard map, considered as a diffeomorphism on the
annulus, is displayed in figure 1. It shows that the homoclinic set

H=F"0\P={(p.p) €A:p=cysing #0}

has four connected components that are f2-invariant, but not f-invariant. The arrows
in the figure show the f2-dynamics on H. Thus, H splits into two disjoint heteroclinic
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sets: H = H_ U H,, where

H_ = Hetp(m,,m_), H, = Hetp(m_,m,). (22)
(Given two fixed points ¢_ and a, of an invertible map ¢ : M — M, we denote
Hety(a_,a,) = {m e M : limy_, 1o ¢ (m) = ay})

The following lemma is a corollary of the above comments (see also figure 1). We recall
that S® = {—1, +1} C R.

Lemma 10. The homoclinic set H = H_ U H, of the billiard map f inside any non-circular
ellipse satisfies the following properties:

(i) It contains four curves (a couple in H_ and another couple in H,) and
H/f ~H_/f*~H,/f*>~S' xS

(ii) H U P is compact. In fact, Hy U P ~ S'.
(iii) Given any neighbourhood U of P, there exists k > 0 such that f*(H\U) C U for all
integer |k| > k.

Finally, we need an explicit expression for the billiard dynamics on the homoclinic set.
The following formulae can be found in many papers (see, for instance, [9]).
Letg:RxS®— Qand p:R xS’ — S! be the maps

q(t,0) = (x(1),0y(1)), p(t,0) = (), ov()),

where x(t) = atanht, y(t) = Bsecht, u(t) = tanh(t — h/2), and v(t) = sech(t — h/2).
Then, the maps m4 := +(q, p) : Rx S® — M are natural parametrizations of the heteroclinic
sets Hy,i.e.ms : R x S® — H, are analytic diffeomorphisms such that

f(my(t,0)) =mz(t +h, o).

For further reference, we also need to compute the tangent spaces to the stable and unstable
invariant curves at the hyperbolic periodic points. These tangent spaces are one-dimensional.
Thus, it suffices to find some vectors m* € Tp W*. To begin with, let us express the previous
natural parametrizations in terms of the variable » = e/. We also recall that A = e”. Let
g:R— Qandp:R — S! be the maps

7 () 1 —r2 28r 50r) A—r2 2212
ry=\o¢o——,——~ ), N=\T7T72" 752 :
1 14727 1472 p A+r2’ A+r2

Letm = (¢, p) : R — M. Then, the diffeomorphisms m4® : R — W"S(m.) defined by
mY(r) = £m(r) and m%_(r) = Fm(1/r) satisfy

S, U S S r u u
mP O =me  fmien=my (7). fie)=mien
so we can take m* = %rlﬂmi(O) and m~ = %Al/Zmi(O). It is trivial to see that
m* = (¢*, p*) = ((0,79), (0, 1)), n* =278 (23)

5.3. The homoclinic set of prolate elliptic billiards

Here, we describe the homoclinic set H = Hom/(P) of the two-periodic hyperbolic set
P = {m,, m_} of the billiard map f inside the (non-spherical) prolate ellipsoid

2 2L 2
G 4t tdy qnzl}, o> p=0. (24)

Q:{qGR"+1:a2 ﬁz
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The main idea is that, since this prolate ellipsoid is, in some rough sense, the ellipse (21) times
the sphere S"~!, then, its corresponding homoclinic set will be (also in some rough sense) the
one corresponding to the ellipse times the sphere S"~!.

Given any unit vector o € §"~! C R", we consider the plane

M, ={¢g=(x,y-0):x,y € R} c R"*!

and the section Q, = Q N I1,. The plane I1, contains the diameter of the prolate ellipsoid,
whereas the section Q, is an ellipse whose semi-axes have lengths o and 8, and whose foci
are (£y,0,...,0), where y = \/a? — 82 is the semi-focal distance.

If two consecutive impact points are on Q,, the others impact points also are on Q. This
observation is the key to relating the billiard dynamics on the homoclinic set corresponding
to the prolate ellipsoid (24) with the billiard dynamics on the homoclinic set corresponding to
the ellipse (21), which has been given in the previous subsection.

Concretely, if g : R x S"! — Qand p : R x §"~! — S" are the maps

q(t,0) = (x(), y() - 0), p(t, o) = (u@),v)- o),

where x () = atanht, y(t) = Bsecht, u(t) = tanh(t — h/2), and v(¢) = sech(t — h/2), then
the maps m+ = £(q, p) : R x $"~! — M are natural parametrizations of the heteroclinic
sets Hy. Thatis, m+ = (g, p) : R x S"~! — H, are analytic diffeomorphisms such that

fmy(t,0)) =mx(t +h, o).

Besides, the limits lim,_, _oom4(f,0) = mq and lim,_, ;o m4(t,0) = m4 are uniform in
o € S"!. Hence, the generalization of lemma 10 to the case of prolate ellipsoids reads as
follows.

Lemma 11. The homoclinic set H = H_ U H, of the billiard map f inside any (non-spheric)
prolate ellipsoid satisfies the following properties:

(i) It contains two n-dimensional connected submanifolds: H_ and H,. Besides,
H/f ~H_/f*~H./f>~S'xs" .

(ii) H U P is compact. In fact, Hy U P >~ §".

(iii) Given any neighbourhood U of P, there exists ko > 0 such that f*(H\U) C U for all
integer k| > ko.

To end this subsection, we mention that the only difference between the ellipses and
the prolate ellipsoids is that S° has two disconnected points, whereas S"~! is connected for
n > 1. Due to this, the homoclinic set contains four curves (loops) in the first case, and two
n-dimensional connected submanifolds in the second one.

5.4. Proof of lemma 1

Lemma 1 follows directly, due to its local character, from lemma 10 on the homoclinic set
of billiards inside non-circular ellipses, and from lemma 11 on the homoclinic set of billiards
inside prolate ellipsoids.
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5.5. Proof of lemma 2

The phase space M contains points m = (g, p) € R?*? such that ¢ = (g, ..., g,) € Q and
p=(po, ..., pn) €S". Thatis’,

n n
M= {m=(q,p) e R Zdi_zqi2 =1 Zplz =1
i=0 =
Thus, tangent vectors to the phase space can also be considered as elements of R?**2. They
will be denoted with a dot:
i = (4. p) = ((os -+ dn)s (Pos - -+ Pu)) € TuM C R*™*.
Finally, if ¢ = (q0,.--,9,) € Q and p = (po, ..., p,) € S", we shall use the notation
4j = (Ga;s---qp;) €RY and p; = (pa;» ..., pp,) €RY, forj=1,...,1L
The invariant manifolds W~ and W are contained in the zero level sets of the first integrals,
that is, W* C ﬂlj,zl Z ;. We are going to investigate the structure of Z ;- at points m € N;.
The cases j' = j and j' # j are very different.

Lemma 12. The zero level set Z; is a smooth (2n — s j)-dimensional submanifold of the phase
space M at any point m € N;. Besides, the intersection N; = (Z;\P) N I1; is transverse
in M. In particular, T,N; =T, Z; N T,I1; forallm € N;,.

Proof. We distinguish two cases: s; = 1 and s; > 1.

Cases; = 1. Then#[a;, b;]| = 1. Leti be the integer such that [a;, b;]] = {i}. The invariant
section IT; C M, the zero level set Z; = F; '(0), and the intersection N; = (Z;\P) N I1;
can be written as

dy’qo+dq; =1 py+pi=1
gir = pi =0foralli’ #£0,1i

Zdﬁzq,% = Zp?/ =1

_ 2n+2 .
Hj— m e R :

J— 2n+2
Z;=1meR (LIzp,—q,p,) , ,
+Z d2 -
i'#i
dy’qy+d;*qf =1 py+pi=1
. _ 2
Nj —lme R2n+2 . plz _ (%pOz 11021?,) ?é 0
&2~ d:

g = pi =0foralli’ #0,i
Once we have these equations, the claims of the lemma are mere computations.

Casesj > 1. Let I = [[a;, b;]|. Then, the set A; is formed by the points at which the angular
momenta K ;y(m) = q; pr — g p; vanish for all i, i’ € I. The key idea is to realize that if
m = (q, p) € Aj, the vectors §;, p; € R are linearly dependent: there exist (§;, p;) € R?
and o; € S~ such that §; = §;0; and p; = p;o;. Besides, A; is a smooth submanifold of
M at any point m such that (g;, p;) # (0, 0).

From now on, the points (§;, p;) € R?* and o; € S%~" always have this interpretation. In

particular, G = Y., g7, p2 = Yy pHand S;(m) = 2+, ((G; pir — i P;)?/d? — d3)

3 Infact, M is just one connected component of the set defined by those equations—namely, the component of points
m = (g, p) such that p is directed outward Q at g—but we shall skip this detail for the sake of notation.
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for all m € Aj. Hence, we can write the invariant section IT;, the zero level set
Z; = S oy n A and the intersection N; = (Z;\ P) N II; as follows:

0 C]o+d Zqu _1

iel

HJZ m€R2n+2:p(2)+Zp12=1 )
iel

gir = pi = 0foralli’ ¢ I U {0}

4; =qjo; and 13] = pjo;

Zdﬁqﬁ g+ di’q =1

t¢1

Zj: meR2"+2 ZP,’—pj+sz ’

i'dl (25)

(qul qi’ P/)
+ =0
e

qj =4gjojand p; = pjo;
—2 2 G-2~2
d()2 q0 ;'dj q; = 1
Dot P = 1
(@jpo—qop;)?
5 = % # 0
dy — d;
gir = pi = 0forall i’ ¢ I U{0}
From these expressions, it is again straightforward to check that the lemma holds. U

Nj = {mec R2n+2 .

When j’ # j the structure of Z: at points m € N is more involved. It turns out that Z
consists, in a neighbourhood of N;, of two smooth submanifolds Zji, of codimension s in the
phase space M. Besides, these submanifolds have a transverse intersection along

Ay ={meM:qy=py=0forali€aj,b;]}
={meM:q;=p;=0}
Finally, the invariant manifold W¥ is a submanifold of Zj? and I1; = N it A jr. (This result
was proved by Devaney [12] when Q is a generic ellipsoid.) Roughly speaking, these are the
main steps in the proof of the following result.

Lemma 13. T, W-NT,W* C ﬂj,# TuAj = T,I0; forallm € N;.

Proof. We must prove that 7,,W~ N T,,W* C T,,A; forallm € N; and j’ # j.

As in the previous lemma, we distinguish two cases: s; = 1 and s > 1.
Case sy = 1. Here #[laj, bj] = 1. Let i’ be the integer such that [[a;, b; ] = {i’}. Thus,
Zj = Fi,_](O) and Ay ={m € M : gy = py =0}. Let I = [a;, b;]. (The case s; = 1—or
equivalently, / = {i}—is not excluded. In that case, §; = ¢; and p; = p;.)

To begin with, we shall work on the Euclidean space R?>"*2. For instance, the first integral
Fy @ M — R can be extended to this Euclidean space, because it is polynomial in the
coordinates m = (g, p). We denote this extension by F;;. We also consider the 2n-dimensional
linear subspace

Z\j {m e R g = pir = 0}.

Clearly, A /=A NMand T,,Aj =T, A NT,Mforallm e Aj
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The function F;: vanishes together with its first partial derivatives along A ji- So A jisa
critical manifold for F . We are going to show that A j is a non-degenerate critical manifold
in the sense of Bott.

Let 7 : R — A j+ be the canonical projection along the (g;-, pi)-plane. If m € A i’
let f_’;’? = fr]?l (m) be the orthogonal plane to A j» at m. We are going to study the intersections
of the zero set Z j+ with the bi-dimensional slices 13;.',’ form e A jo. Let 1,0;',’ be the restriction
of Fy to ]Sjm Then, the point m is a critical point of ¥/ and, if m is close enough to N, it is
a saddle point: det[dzlﬁ;',’ (m)] <O.

We compute this determinant using the coordinates (g;/, p;'), namely
aj(m) ﬁj'(m)>
Bj(m) yj(m)
where a;(m) = (3°Fy/dg})(m), By(m) = (9*Fy/dqydps)(m), and y;(m) =
(@2 Fy /0p2) (m).

Using the fact that N; C IT; N A}, we find that

Aj(m) = —det[d*y} (m)] = — det (

2pi2 21’% Zﬁ?
ar(”ﬂ—zdz L P& -
i’ ! ! ! !
2511 pi 26]0170 zéjﬁj
By (m) = — A g e FR
= di = d; dy—dy  dj —d;
2q.2 2‘13 2512
(m) =2+ : =2+ + 72
yj(m) ;d;_dg P-& e

On the other hand, the points m € N; verify the equations (d7 — JJ?) 173 = (§;po— qop,)* and
Py + 153 =1 (see (25)). Therefore,

Aj(m) = B5.(m) — a;(m)y; (m)

4 i . P; . 2404 poP; — 43 P; — 4; Pg
d3—d2 32— 4> (d? — d3)(d} — d?)
_4 1—p} N P ~ (qoPj =GP0’
di —di A} —d}  (d} —d3)(d}—dY)

_ 4 =dDi 5 —d)p;
dy —di  \(dg —d))(d; —d})  (d§ —d})(d} —d})

4

d2 d’
for all m € N;. This implies that there exists a neighbourhood V of N j in A j such that
m is a saddle point of ¥/, for any m € V. In particular, given any m € V there exists a
nelghbourhood U,, of m in P”’ such that the set (1//”‘) 1(0) N U,, contains two smooth curves

c 7.m Which have a transverse crossing at m. The tangent lines to these curves at m satisfy the

>0

linear equation ¢;; = p 7 = (m) pir, Where

—By(m) = /A (m)

o (m)
are the roots of Otjr(m)u2 +2Bj(m)u + yj(m) = 0. It is important to remark that these roots
are real and different, because A ; (m) > 0.

W m) =
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Then, U = U,,j Un is a neighbourhood of N in_IRz’”f and _th = Uper C57,, are
a couple of hypersurfaces of R?*? such that FiTl(O) nNU =2,V Z}', and the intersection

Zj_, N Z;T, = Ume‘;(Cj_,’m N C;T,’m) =V=Un Z_\j/ is transverse. In fact,
ToZj = {m € R o = pi(m)pr}y,  VmeN;.

Since M is transverse to A in R*"*2, it follows that M is also transverse to Z3; in R2"*2,

Thus, the set Z; = FiT1 0 = 1:"171 (0) N M has the promised structure in the neighbourhood
U=UNM of Njin M. It suffices to take Zjﬁ = Zji, N M, and so

TnZi = {m € T,M : ¢y = ':(m)pir}, Vm e N;.

Once we have shown this structure, it becomes clear that the tangent spaces 7,, W~ and
T,,W* are contained in the union of the tangent spaces T, Zj_, and T, Z;T, for all m € Nj,
because the invariant manifolds W~ and W* are submanifolds of M contained in the zero
level set Z ;.. Let us assume that we have performed this construction in such a way that the
matching of signs is the expected one:

T W* C TWZ5, VmeN; Vj #j. (26)

Under that assumption, and using the fact that the roots ,u; (m) and uj (m) never coincide, we
obtain that 7,, W~ N T,,W* C T,Z; N TmZ}’ ={meT,M:qy = py=0}=T,Aj,forall
m € N; and for all j* # j. This completes the proof of the lemma when s;, = 1.

Hence, it remains to prove that (26) holds. To see this, by continuity, it suffices to check
that it holds for the points in the hyperbolic periodic set P, since P C N iz

First, let us compute the value of the roots /L;E, at P. If m = m_ or m = m,, then
aj(m) = —2/(dg —diz,) and B, (m) = 2d0/(d§ — dl.z,). So uﬁ(m) = dy(1 F e;), where
er = (1 —d?/d3)"/?. In particular,

wh(m) 1
wh(m) - w5, (m) = dz, i
' ! pym) i
This implies that 125 (m,) = u%(m_) = A} "*dy and so
TPZ?f = {m eTpM : gy = nl?,tpi,}’ nii, _ )\ifl/zdw- 27)

Second, by comparison with the planar case, it is easy to find that
i) i
m=(0,...,0,1:,0,...,0),(0,...,0,1,0,...,0) € TpW* (28)
using the fact that the set T1; is invariant by f. In fact, the sub-billiard f|n, is identical to the
planar billiard map inside the ellipse

% | a0
Qy = {q e R ?+d_12: 1, qk=0f0rk;é0,i/}.
o
The eccentricity of the ellipse Q; is e; = (1 — d?/d3)"/? and the characteristic multiplier

of the planar map f'“ﬂ is Ay = (1 +¢)(1 —e;)~!. Hence, (28) follows from the results
contained in section 5.2. Concretely, compare with formula (23).
Finally, the matching up (26) is obtained from the combination of (27) and (28).

Case sy > 1. Here Zy = S;'(0O)N Ay and Aj = {m € M : §; = p; = 0}. Let
I'=T{aj, byl and I = [[a;, b;]. (As before, the possibility s; = 1 is included.)

We shall use the same method as before, although we are going to consider slices of
dimension 2s;, instead of bi-dimensional ones. We shall also work on the Euclidean space
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R2"*2_ Thus, let S : R**? — R be the natural extension of the first integral S; : M — R
andlet Z; = §;'(0) N A, where

Ay ={(q, p) e R*? : qipy = qup; foralli,i' € I'}.
Given any point m = (g, p) € Ajr, there exist (g, pj) € R? and oj € S*% ! such that
Gy =qyoj and p; = pjyoj. We also consider the 2n-dimensional linear subspace

Ay ={meR™?:4; =p;, =0}

Letm) (R A be the canonical projection along the (G 3 pj)-coordinates. If m € Aj s
let P”,’ = 7'1_ (m) be the 25 ;-dimensional orthogonal slice to A at m. Then,

4y =4qjoj,
(éjr’ﬁj/)EZj/ijn} ‘< ﬁjr:ﬁjro'jf,
‘(//7} (qj/’ 15]’) = Ov
where the function / : R? — R is defined by
~ = N2
e = Gy pi —qipj)
Vi py) = B+ ) T
igr T
The origin is a critical point of 1/};” Moreover, a computation very similar to the one performed
in the previous case shows that

~ 4
det[d*/(0, 0)] = < 0, Vm € N;.

This 1mphes that there exists a neighbourhood V of Njin A i such that the origin is a saddle
point of w for any m € V. In particular, given any m € 1% there exists a neighbourhood U,

of the origin in R? such that the set (w’") Loyn Um contains two smooth curves CjjE that
have a transverse crossing at the origin. Since 1//" is even, there exists a couple of smooth

functions qﬁ;—L/m such that
w =Gy, pj) €R*: pjr=Gpd7 . (G)}-

Therefore, there exists a neighbourhood U,, of m in F_’;’/‘ such that the set Z N U,, contains
the two smooth s j-dimensional submanifolds

+ Al v oA £ 15124

Cim =1{@y py) € R < pjr =95, (1414}
which have a transverse intersection at the point m. The tangent spaces to these submanifolds
are defined by the linear equations

Gir = Wi (m) pyr, Vi'e I,
where the quantities K (m) = Pirm (0) and /L}', (m) = ;m (0) never coincide. (The explicit
expressions for u?ﬁ(m) are almost equal to the ones obtained in the previous case; it suffices
to change d;’ by c?j/.) B B

Then, U = |J,,cy Un is a neighbourhood of N; in RZ’”% and _Zji = Uner Ci

a couple of manifolds of codimension s in R***? such that Z; N U = Z, 7Y Z; and the
intersection Z3, N Z% = J,,c(Cj,, N C},) =V = U N Ay are transverse:

TuZj; = {m € R*?: gy = p3(m)pir forall i’ € I'}, Vm e N;.
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In particular, the set Z; = SjTI(O) NA; = Z j+ N M has the promised structure in the
neighbourhood U = UNMOofN jin M. It suffices to take Z;—L = Z?E N M, and so

TnZj = {m € TuM : ¢ = 15, (m) py forall i’ € I'}, Vm € N;.

The end of the proof is along the same lines as the previous case. First, it turns out that
the tangent spaces of the invariant manifolds W~ and W* are contained in the tangent spaces
of z, and Z;,, respectively. That is,

T.W* C T, Z5, VmeN; Vj #j.

Under that assumption, and since the quantities /,L;, (m) and u;, (m) never coincide, we get that
T.W—nN TmW+ C TmZ; N TmZ-;/ = {m e T.M: g = pir = O} = T;,lAj/, forall m € N]
and for all j’ # j. This completes the proof of the lemma when s; > 1. U

The proof of lemma 2 ends with the following corollary.
Corollary 2. T, W~ NT,,W* =T, N; forallm € N;.
Proof. Let m be any point in N;. It suffices to prove that
T.N; CT,W NT,W"CT,Z;NT,I; =T,N;

because then, the above inclusions are, in fact, equalities.

First, inclusion 7,, W~ N T,,W* C T,TII; was obtained in lemma 13. Next, inclusions
T.,N; ¢ T,W- NT,W* C T,Z; follow from N; C wE Z;. Finally, equality
T,,Z; N T,I1; = T,,N; was obtained in lemma 12. O
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