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Abstract

We study billiards in domains enclosed by circular polygons. These are closed C' strictly con-
vex curves formed by finitely many circular arcs. We prove the existence of a set in phase space,
corresponding to generic sliding trajectories close enough to the boundary of the domain, in which
the return billiard dynamics is semiconjugate to a transitive subshift on infinitely many symbols that
contains the full NV-shift as a topological factor for any N € N, so it has infinite topological entropy.
We prove the existence of uncountably many asymptotic generic sliding trajectories approaching the
boundary with optimal uniform linear speed, give an explicit exponentially big (in ¢) lower bound
on the number of g-periodic trajectories as ¢ — oo, and present an unusual property of the length
spectrum. Our proofs are entirely analytical.

Keywords: Billiards, circular polygons, chaos, symbolic dynamics, periodic trajectories, length
spectrum

1 Introduction

A billiard problem concerns the motion of a particle inside the domain bounded by a closed plane
curve I' (or the domain bounded by a hypersurface of some higher-dimensional Euclidean space).
The motion in the interior of the domain is along straight lines, with elastic collisions at the boundary
according to the optical law of reflection: the angles of incidence and reflection are equal. These
dynamical systems were first introduced by Birkhoff [9]. See [40, 56, 17] for a general description.

In the case of dispersing billiards (i.e. when the boundary is a union of concave components), the
dynamics is chaotic [54]; indeed, such billiards exhibit ergodicity, the Bernoulli property, sensitive
dependence on initial conditions, and so forth. In fact, it was believed for some years that billiards
without any dispersing walls could not display chaos.

Thus it came as a surprise when Bunimovich, in his famous paper, detailed a proof that the
billiard in a stadium exhibits the Bernoulli property [12]. The boundary of the stadium billiard
consists of two straight parallel lines connected at either end by semicircles. Stadia are C'* and
convex, but not C? or strictly convex. We study the class of C'! strictly convex billiards bounded
by finitely many circular arcs. No billiard in this class satisfies the celebrated B-condition—that is,
the condition that all circular arcs can be completed to a disk within the billiard domain—, which
is the hallmark for the defocusing mechanism in billiards whose focusing boundaries are all circular
arcs [17, Section 8.3]. In spite of this, we observe several chaotic phenomena.

Denote by I' a C*, closed, strictly convex curve in R?. The phase space of the billiard inside the
domain bounded by T is the 2-dimensional cylinder M = T X [0, ]; the angular component of the
cylinder is a parameter on the curve I', and the height component is the angle of incidence/reflection.
We denote by f : M — M the billiard map (i.e. the collision map of the billiard flow with the
boundary I" of the domain; see Section 4 for a precise definition). We say that the curve I is a
circular polygon if it is a union of a finite number of circular arcs, concatenated in such a way that
I' is strictly convex, and at the points where two circular arcs with different radii meet, the tangents
agree, so that " is C'!, but not C?. We do not consider circles as circular polygons. A circular k-gon
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is a circular polygon with exactly k circular arcs. Note that a circular polygon cannot have fewer
than 4 circular arcs, so if I is a circular k-gon, then k£ > 4 (see Lemma 4 in Section 2 for a proof of
this fact).

In this paper we are interested in the sliding trajectories that do not skip any arc in any of their
infinite turns around I". These are trajectories close to the boundary 9M = T x {0,7}. That is,
trajectories where the angle of incidence/reflection is close to 0 or 7 (see Definition 13).

In what follows we give heuristic statements of our main results.

Theorem A. If T is a circular polygon, then there is a set J C M accumulating on OM such that
the return map F : J — J of f to J is topologically semiconjugate to a transitive subshift on
infinitely many symbols that contains the full N -shift as a topological factor for any N € N, so it
has infinite topological entropy.

See Proposition 27 in Section 5 and Theorem 31 in Section 6 for a precise formulation of this
theorem. Be aware that the map with infinite entropy is the return map F, not the billiard map f.

The final sliding motions are the possible qualitative behaviors that a sliding billiard trajectory
posses as the number of impacts tends to infinity, forward or backward. Every forward counter-
clockwise sliding billiard trajectory (¢, 0,) = f™(p, ), where @,, are the angles of impact and 6,
are the angles of incidence/reflection, belongs to exactly one of the following three classes:

e Forward bounded (BO+): inf,>0 6, > 0;
e Forward oscillatory ((90+): 0 = liminf,,_, { o 05, < limsup, , . 0,;and
e Forward asymptotic (Ag): lim,, 4o 0, = 0.

This classification also applies for backward counter-clockwise sliding trajectories when n < —1
and n — —oo, in which case we write a superindex — instead of + in each of the classes: B, Oy
and A; . And it also applies to (backward or forward) clockwise sliding trajectories, in which case
we replace 6, with |0,, — 7| in the definitions above and we write a subindex 7 instead of 0 in each
of the classes: BE, OF and AZL.

Terminologies bounded and oscillatory are borrowed from Celestial Mechanics. See, for in-
stance, [31]. In our billiard setting, bounded means bounded away from 6 = 7 in the clockwise case
and bounded away from 6 = 0 in the counter-clockwise case. That is, a sliding billiard trajectory is
bounded when it does not approach O M.

The following corollary is an immediate consequence of Theorem A, see Section 6.

Corollary B. IfT is a circular polygon, then Xy N Yy # 0 for X,V € {B,0, A} and X € {0, 7}.

From now on, we focus on counter-clockwise sliding trajectories. Corollary B does not provide
data regarding the maximal speed of diffusion for asymptotic trajectories. Which is the faster way in
which 6,, — 0 for asymptotic sliding trajectories? The answer is provided in the following theorem.

Theorem C. IfT is a circular polygon, then there are uncountably many asymptotic generic sliding
billiard trajectories that approach the boundary with uniform linear speed. That is, there are con-
stants 0 < a < bsuch that if {0,, } nez is the corresponding sequence of angles of incidence/reflection
of any of these uncountably many asymptotic generic sliding billiard trajectories, then

aln| <1/6n <bln|,  V|n[>1.
Linear speed is optimal. That is, there is no billiard trajectory such that

lim n#, =0.
n—-+oo

See Theorem 35 in Section 7, where we also get uncountably many one-parameter families
(paths) of forward asymptotic generic sliding billiard trajectories, for a more detailed version of
Theorem C. The definition of generic billiard trajectories is a bit technical, see Definition 13 and
Remark 14. The term uniform means that the constants 0 < a < b do not depend on the billiard
trajectory. The term linear means that 1/6,, is bounded between two positive multiples of |n|.
Optimality comes as no surprise since » .6, = oo for any billiard trajectory in any circular
polygon—or, for that matter, in any strictly convex billiard table whose billiard flow is defined for
all time [32]. Optimality is proved in Proposition 36 in Section 7.

There are two key insights (see Section 4) behind this theorem. First, when we iterate f along
one of the circular arcs of the circular polygon I', the angle of reflection 6 is constant, so § can drop



only when the trajectory crosses the singularities between consecutive circular arcs. Second, the
maximal drop corresponds to multiplying 6 by a uniform (in #) factor that is smaller than one. As
we must iterate the map many (order 1) times to slide fully along each circular arc, we cannot
approach the boundary with a faster than linear speed.

As Theorem A gives us only a topological semiconjugacy to symbolic dynamics, it does not
immediately provide us with the abundance of periodic orbits that the shift map possesses. However
our techniques enable us to find many periodic sliding billiard trajectories. We state in the following
theorem that the number of such trajectories in circular polygons grows exponentially with respect to
the period. In contrast, Katok [37] showed that the numbers of isolated periodic billiard trajectories
and of parallel periodic billiard trajectories grow subexponentially in any (linear) polygon.

Given any integers 1 < p < g, let II(p, q) be the set of (p, ¢)-periodic billiard trajectories in I.
That is, the set of periodic trajectories that close after p turns around I" and ¢ impacts in I', so they
have rotation number p/q. Let II(¢) = U1<p<4II(p, q) be the set of periodic billiard trajectories
with period ¢g. The symbol # denotes the cardinality of a set.

Theorem D. [fT is a circular k-gon and p € N, there are constants c,(p), My, hy > 0 such that

(a) #I1(p,q) > cx(p)g*™®~1 + 0(¢"?~2) as ¢ — oc for any fixed p € N; and
(b) #11(q) > M,e"/q as g — +oo.

We give explicit expressions for ¢, (p), M, and h, in Section 8. The optimal value of ¢, (p) is
equal to the volume of a certain (kp — 1)-dimensional compact convex polytope with an explicitly
known half-space representation, see Proposition 39. We do not give optimal values of M, and h,,.
The relation between the optimal value of i, and the topological entropy of the billiard map f is an
open problem. We acknowledge that some periodic trajectories in I1(p, ¢) may have period less than
¢ when ged(p, q) # 1, but they are a minority, so the previous lower bounds capture the growth rate
of the number of periodic trajectories with rotation number p/q and minimal period ¢ even when p
and ¢ are not coprime.

If the circular polygon has some symmetry, we can perform the corresponding natural reduction
to count the number of symmetric sliding periodic trajectories, but then the exponent kp — 1 in the
first lower bound would be smaller because there are fewer reduced arcs than original arcs. The
exponent h, would be smaller too. See [15, 27] for examples of symmetric periodic trajectories in
other billiards. The first reference deals with axial symmetries. The second one deals with rotational
symmetries.

Let |T'| be the length of I". If g = {z0,...,24—1} C I'is a g-periodic billiard trajectory, let
L(g) = |21 — 20| + - -+ + |2g—1 — 20| be its length. If (g,), is any sequence such that g, € II(1, q),
then lim,_,4 o, L(g,) = |T'|. There are so many generic sliding (1, ¢)-periodic billiard trajectories
inside circular polygons that we can find sequences (g,), such that the differences L(g,) — |T'| have
rather different asymptotic behaviors as ¢ — +o0.

Theorem E. If T" is a circular polygon, then there are constants c— < c4 < 0 such that for any
fixed c € [c_, c] there exists a sequence (g)q with g4 € I1(1, q), such that

L(gg) = V| +¢/q* + O(1/q°), asq— +oc.
Consequently, there exists a sequence (hq)q, with hy € 11(1, q), such that

c_ = liminf ((L(hq) — T)¢*) < limsup ((L(hq) — [T))¢®) = ct, asq— +oc.

q—+oo q—+o0

Besides, c. < —n?|T'|/6 and c;. = —3 [ [ £*/3(s) ds] ° where k(s) is the curvature of T as a
function of an arc-length parameter s € [0, |T'|).

Let us put these results into perspective by comparing them with the observed behavior in suf-
ficiently smooth (say C®) and strictly convex billiards, which for the purpose of this discussion we
refer to as Birkhoff billiards. Lazutkin’s theorem (together with a refinement due to Douady) implies
that Birkhoff billiards possess a family of caustics' accumulating on the boundary [22, 41]. These
caustics divide the phase space into invariant regions, and therefore guarantee a certain regularity
of the dynamics near the boundary, in the sense that the conclusion of Theorem A never holds for

'A closed curve y contained in the interior of the region bounded by T is called a caustic if it has the following property: if
one segment of a billiard trajectory is tangent to -, then so is every segment of that trajectory.



Birkhoff billiards. Not only does the conclusion of Theorem C not hold for Birkhoff billiards, but in
such systems there are no trajectories approaching the boundary asymptotically as the orbits remain
in invariant regions bounded by the caustics. As for Theorem D, a well-known result of Birkhoff [9]
implies that Birkhoff billiards have #I1(p, ¢) > 2 for each coprime pair p, ¢ such that 1 < p < g.
This lower bound turns out to be sharp, in the sense that for any such pair p, g, there exist Birkhoff
billiards with exactly two geometrically distinct periodic orbits of rotation number p/q [50]; a sim-
ple example is that the billiard in a non-circular ellipse has two periodic orbits of rotation number
1/2, corresponding to the two axes of symmetry. It follows that the conclusion of Theorem D does
not hold in general for Birkhoff billiards. Finally, as for Theorem E, a well-known result of Marvizi-
Melrose [44] implies that if (g, )4, With g, € TI(1, g), is any sequence of periodic billiard trajectories
in a Birkhoff billiard I, then

L(gg) = |T| + c4/q> + 0(1/q*), asq— +oo,

where ¢ = — 3 [[1 K2/3(s) ds] ®. Hence, (1, q)-periodic billiard trajectories in circular polygons
are asymptotically shorter than the ones in Birkhoff billiards.

An interesting question in general that has been considered to a significant extent in the literature
is: what happens to the caustics of Lazutkin’s theorem, and thus the conclusions of Theorems A
and C, if we loosen the definition of a Birkhoff billiard? Without altering the basic definition of
the billiard map f, there are three ways that we can generalise Birkhoff billiards: (i) by relaxing
the strict convexity hypothesis, (ii) by relaxing the smoothness hypothesis, or (iii) by increasing the
dimension of the ambient Euclidean space.

(i) Mather proved that if the boundary is convex and C" for » > 2, but has at least one point
of zero curvature, then there are no caustics and there exist trajectories which come arbitrar-
ily close to being positively tangent to the boundary and also come arbitrarily close to being
negatively tangent to the boundary [45]. Although this result is about finite segments of bil-
liard trajectories, there are also infinite trajectories tending to the boundary both forward and
backward in time in such billiards: Ag N AT # (), see [46].

(i) Despite six continuous derivatives being the stated smoothness requirement for Lazutkin’s
theorem [22, 41], there is some uncertainty regarding what happens for C® boundaries, and in
fact it is generally believed that 4 continuous derivatives should suffice. Halpern constructed
billiard tables that are strictly convex and C'! but not C? such that the billiard particle expe-
riences an infinite number of collisions in finite time [32]; that is to say, the billiard flow is
incomplete. This construction does not apply to our case, as our billiard boundaries have only
a finite number of singularities (points where the boundary is only C* and not C?), whereas
Halpern’s billiards have infinitely many.

The case of boundaries that are strictly convex and C'! but not C? and have only a finite
number (one, for example) of singularities was first considered by Hubacher [35], who proved
that such billiards have no caustics in a neighborhood of the boundary. This result opens the
door for our analysis.

(iii) It has been known since the works of Berger and Gruber that in the case of strictly convex and
sufficiently smooth billiards in higher dimension (i.e. the billiard boundary is a codimension 1
submanifold of R where d > 3), only ellipsoids have caustics [7, 29]. However Gruber also
observed that in this case, even in the absence of caustics, the Liouville measure of the set of
trajectories approaching the boundary asymptotically is zero [28]. The question of existence
of such trajectories was thus left open.

It was proved in [19] (combined with results of [18]) that generic strictly convex analytic
billiards in R? (and ‘many’ such billiards in R for d > 4) have trajectories approaching the
boundary asymptotically. It is believed that the meagre set of analytic strictly convex billiard
boundaries in R, d > 3, for which these trajectories do not exist consists entirely of ellipsoids,
but the perturbative methods of [19] do not immediately extend to such a result.

Billiards in circular polygons have been studied numerically in the literature [6, 23, 33, 34,
43]. In the paper [4] the authors use numerical simulations and semi-rigorous arguments to study
billiards in a 2-parameter family of circular polygons. They conjecture that, for certain values of
the parameters, the billiard is ergodic. In addition they provide heuristic arguments in favor of this
conjecture.



A related problem is the lemon-shaped billiard, which is known to display chaos [11, 16, 36].
These billiards are strictly convex but not C!, so the billiard map is well-defined only on a proper
subset of the phase space.

The elliptic flowers recently introduced by Bunimovich [13] are closed C° curves formed by
finitely many pieces of ellipses. Elliptic polygons are elliptic flowers that are C'* and strictly convex,
so they are a natural generalisation of circular polygons. One can obtain a 1-parameter family of
elliptic polygons with the string construction from any convex (linear) polygon. The string con-
struction consists of wrapping an inelastic string around the polygon and tracing a curve around it
by keeping the string taut. Billiards in elliptic polygons can be studied with the techniques presented
here for circular polygons. We believe that all results previously stated in this introduction, with the
possible exception of the inequality c. < —2|T'|/6 given in Theorem E, hold for generic elliptic
polygons. However, there are elliptic polygons that are globally C2, and not just C'!, the hexagonal
string billiard first studied by Fetter [24] being the most celebrated example. We do not know how
to deal with C? elliptic polygons because jumps in the curvature of the boundary are a key ingre-
dient in our approach to get chaotic billiard dynamics. Fetter suggested that the hexagonal string
billiard could be integrable, in which case it would be a counterexample to the Birkhoff conjecture?.
However, such integrability was numerically put in doubt in [8].

In what follows we describe the main ideas of our proofs. Let I' be a circular k-gon. It is well-
known that the angle of incidence/reflection is a constant of motion for billiards in circles. Therefore,
for the billiard in I, the angle of incidence/reflection can change only when we pass from one circular
arc to another, and not when the billiard has consecutive impacts on the same circular arc. The main
tool that we use to prove our theorems is what we call the fundamental lemma (Lemma 18 below),
which describes how trajectories move up and down after passing from one circular arc to the next.
The phase space M of the billiard map f is a cylinder, with coordinates (¢, ) where ¢ € T is
a parameter on the boundary T', and where § € [0, 7] is the angle of incidence/reflection. We
consider two vertical segments £; and £;4, in M corresponding to consecutive singularities of T,
and sufficiently small values of 8. The index j that labels the singularities is defined modulo k. The
triangular region D; bounded by £; and f(L;) is a fundamental domain of the billiard map f; that
is, a set with the property that sliding trajectories have exactly one point in D; on each turn around I'.
Consider now the sequence of backward iterates { f _"(Lj+1)} of L;1. This sequence of slanted
segments divides the fundamental domain D; into infinitely many quadrilaterals, which we call
Sfundamental quadrilaterals. The fundamental lemma describes which fundamental quadrilaterals in
D;11 we can visit if we start in a given fundamental quadrilateral in D;.

In order to prove Theorem A, we apply the fundamental lemma iteratively to describe how
trajectories visit different fundamental quadrilaterals consecutively in each of the &£ fundamental
domains D; in M. A particular coding of possible sequences of k fundamental quadrilaterals that
trajectories can visit gives us our symbols. We then use a method due to Papini and Zanolin [48,
49] (extended to higher dimensions by Pireddu and Zanolin [51, 52, 53]) to prove that the billiard
dynamics is semiconjugate to a shift map on the sequence space of this set of symbols; this method
is called stretching along the paths. Observe that we could equally have used the method of correctly
aligned windows [3, 26, 58], or the crossing number method [39]; note however that the latter would
not have provided us with the large amount of periodic orbits that the other two methods do. We
note that, although Theorem A provides us with a topological semiconjugacy to symbolic dynamics,
we expect that this could be improved to a full conjugacy by using other methods.

Once the proof of Theorem A is completed, Theorems C, D, and E are proved by combining
additional arguments with the symbolic dynamics we have constructed. With respect to the sym-
bolic dynamics, we choose a coding of the fundamental quadrilaterals visited by a trajectory that
corresponds to # tending to 0 in the fastest way possible. We then prove that the corresponding bil-
liard trajectories satisfy the conclusion of Theorem C. As for Theorem D, the method of stretching
along the paths guarantees the existence of a periodic billiard trajectory for every periodic sequence
of symbols. Consequently, the proof of Theorem D amounts to counting the number of sequences
of symbols that are periodic with period p (because each symbol describes one full turn around the
table; see Section 5 for details) such that the corresponding periodic sliding billiard trajectories after
p turns around the table have rotation number p/q. It turns out that this reduces to counting the num-
ber of integer points whose coordinates sum ¢ in a certain kp-dimensional convex polytope. We do

2t is well-known that billiards in ellipses are integrable. The so-called Birkhoff conjecture says that elliptical billiards are
in fact the only integrable billiards. This conjecture, in its full generality, remains open.



this by proving that the given convex polytope contains a hypercube with sides of a certain length,
and finally by counting the number of integer points whose coordinates sum g in that hypercube.

The structure of this paper is as follows. In Section 2 we describe the salient features of circular
polygons. We summarise the stretching along the paths method in Section 3. In Section 4 we define
the billiard map and dicuss the billiard dynamics in circular polygons, before giving the definition of
fundamental quadrilaterals, as well as the statement and proof of the fundamental lemma. Symbols
are described in Section 5. Chaotic dynamics, and thus the proofs of Theorem A and Corollary B,
is established in Section 6, whereas Section 7 contains the proof of Theorem C. In Section 8, we
count the periodic orbits, thus proving Theorem D. Finally, Theorem E is proved in Section 9. Some
technical proofs are relegated to appendices.

2 Circular polygons

In this section we define our relevant curves, construct their suitable parametrisations, and introduce
notations that will be extensively used in the rest of the paper.

A piecewise-circular curve (or PC curve for short) is given by a finite sequence of circular arcs
in the Euclidean plane R?, with the endpoint of one arc coinciding with the beginning point of the
next. PC curves have been studied by several authors. See [5, 14] and the references therein. Lunes
and lemons (two arcs), yin-yang curves, arbelos and PC cardioids (three arcs), salinons, Moss’s eggs
and pseudo-ellipses (four arcs), and Reuleaux polygons (arbitrary number of arcs) are celebrated
examples of simple closed PC curves [21, 1]. A simple closed PC curve is a PC curve not crossing
itself such that the endpoint of its last arc coincides with the beginning point of its first arc.

All simple closed PC curves are Jordan curves, so we could study the billiard dynamics in any
domain enclosed by a simple closed PC curve. However, such domains are too general for our pur-
poses. We will only deal with strictly convex domains without corners or cusps. Strict convexity is
useful, because then any ordered pair of points on the boundary defines a unique billiard trajectory.
Absence of cusps and corners implies that the corresponding billiard map is a global homeomor-
phism in the phase space M, see Section 4.

Therefore, we will only consider circular polygons, defined as follows.

Definition 1. A circular k-gon is a simple closed strictly convex curve in R? formed by the concate-
nation of k£ > 1 circular arcs, in such a way that the curve is C' L but not C2, at the intersection points
of any two consecutive circular arcs. The nodes of a circular polygon are the intersection points of
each pair of consecutive circular arcs.

Reuleaux polygons, lemons, lunes, yin-yang curves, arbelos, salinons, PC cardioids are not cir-
cular polygons, but pseudo-ellipses and Moss’s eggs (described later on; see also [21, Section 1.1])
are. We explicitly ask that consecutive arcs always have different radii, so the curvature has jump
discontinuities at all nodes. We do not consider circumferences as circular polygons since circular
billiards are completely integrable.

Let I be a circular k-gon with arcs I'y, . . ., I'g, listed in the order in which they are concatenated,
moving in a counter-clockwise direction. Each arc I'; is completely determined by its center O, its
radius v; > 0 and its angular range [a;,b;] C T. Then §; = b; — a; is the central angle of T';.
Using the standard identification R? ~ C, let

Aj = Oj + T‘jCiaj, Bj = Oj + T‘jCibj
be the two nodes of arc I';. We denote by
I, ={A1,..., A} ={B1,..., B} 1)

the set of nodes of T".

Notation 2. The index j that labels the arcs of any circular k-gon is defined modulo k. Hence,
I'j =T mod# Tj =7 mod k» @ = Gj mod & and so forth. In particular, I'y; = I'y.

Definition 3. The polar parametrisation of I is the counter-clockwise parametrisation
z2:T—-TCR?~C, 2(p) = Oj +rje'?, Yo € [aj, bj].

The points a1, . . ., ay, are the singularities of T".



This parametrisation is well-defined because, by definition, B; = A;4, (the endpoint of any arc
coincides with the beginning point of the next), and b; = a,;41 (two consecutive arcs have the same
oriented tangent line at their intersecting node). From now on, the reader should keep in mind that
singularities a1, . .., ay are always ordered in such a way that

ag <bi=ay<by=a3<---<bp_1=a<bp=a+2m. 2)

As far as we know, all the billiards in circular polygons that have been studied in the past corre-
spond to cases with exactly four arcs [4, 6, 23, 33, 34, 43]. It turns out that this is the simplest case,
in the context of the next lemma.

Lemma 4. Let I" be a circular k-gon with radii v; > 0, singularities a; € T (or b; = aj41) and
central angles §; = b; — a; € (0,27). Set w; = €% —ei% € C. Then T has at least four arcs:

k >4, and
k
> 6 =2m, > rjw; =0. 3)
j=1

Jj=1

Proof. Clearly, Zle d; = Z?:l (bj —aj) = by — a1 = 2m. Itis known that a bounded measurable

function p € L(T) is the radius of curvature of a closed curve if and only if

b ) 2 .
/ plp)e'? dp = / p(p)e'? dp = 0. “)

aq 0

Since the radius of curvature of I' is the piecewise constant function p(4; ;) = r;j, the general
condition (4) becomes _12521 rjw; = 0. Note that Z?Zl w; = 0, w; # 0 for all j, and
dimg[wy, ..., wg] = 2 when k > 3. If T" has just two arcs: k = 2, then

riwy + rows = 0, wy +wy =0, wy, wy # 0.

This implies that ry = r, and contradicts our assumption about radii of consecutive arcs. If I" has
just three arcs: k = 3, then

riwy + rows + r3ws = 0, w1y + we + w3 =0, dimpg[wy, wa, ws] = 2.
This implies that 7; = ro = r3 and we reach the same contradiction. O

Necessary conditions (2) and (3) are sufficient ones too. To be precise, if the radii r; > 0, the
angular ranges [a;,b;] C T and the central angles §; = b; — a; € (0,2m) satisfy (2) and (3),
then there exists a 2-parameter family of circular k-gons sharing all those elements. Moreover, all
circular k-gons in this family are the same modulo translations. Let us prove this claim. Once we
put the center O; at an arbitrary location, all other centers are recursively determined by imposing
that A;, = B;, which implies (since b; = a;1) that

O‘j+1:Oj+(Tj—Tj+1)eib", ji=1,...,k—1.

The obtained PC curve I' = z(T), where z(¢) is the polar parametrisation introduced in Definition 3,
is closed by (4) and it is C'* and strictly convex by construction. Hence, I is a circular k-gon. This
means that any circular k-gon is completely determined once we know its first center O1, its first
singularity a1, its radii r1, . . ., 7%, and its central angles d1, . . . , 0.

The above discussion shows that circular k-gons form, modulo translations and rotations, a (2k —
3)-parameter family. More precisely, if we set O; = (0,0) and a; = 0 by means of a translation
and a rotation, then parameters 71, ..., 7,01, ..., 0k are restricted by (3), which has codimension
three. If, in addition, we normalise somehow (in the literature one can find many different choices)
our circular k-gons with a scaling, we get that they form a (2k — 4)-parameter family modulo
similarities. The reader can find a complete geometric description, modulo similarities, of the four-
parameter family of (convex and nonconvex, symmetric and nonsymmetric) closed C' PC curves
with four arcs in [33], whose goal was to exhibit numerically the richness of the billiard dynamics
in those C'! PC curves.

For brevity, we only give a few simple examples of symmetric and non-symmetric circular poly-
gons with four and six arcs. We skip many details.



Figure 1: Left: Pseudo-ellipse F; /4 1,2. Right: Squared pseudo-ellipse E /5 1 2. Pseudo-ellipses are represented
with thick lines, their pairs of symmetry lines with thin continuous lines, their centers O; with solid dots, the
circumferences of radii r; centered at O; with dashed thin lines, their angular ranges [a;, b;] with dash-dotted thin
lines, and their nodes are the intersections of the thick and dash-dotted thin lines.

Pseudo-ellipses are the simplest examples. We may define them as the circular 4-gons with a
Zo X Zo-symmetry. They form, modulo translations and rotations, a three-parameter family. The
radii and central angles of any pseudo ellipse have the form

rL=1r3="r, rg =14 = R, 0 =03 = a, b= =7 —aq,

for some free parameters « € (0, ), and , R > 0. We will assume that 0 < r < R for convenience.
We will denote by E, .. r the corresponding pseudo-ellipse. Given any pseudo-ellipse F, , g, its
centers form a rhombus (4 equal sides) and its nodes form a rectangle (4 equal angles). If & = 7/2,
then §; = d = d3 = 04 = 7/2 and we say that /5 ,. p is a squared pseudo-ellipse. The term
squared comes from the fact that the centers of such pseudo-ellipses form a square. See Figure 1.
The nodes of a squared pseudo-ellipse still form a rectangle, not a square. On the contrary, the
celebrated Benettin-Strelcyn ovals, whose billiard dynamics was numerically studied in [6, 34, 43],
are pseudo-ellipses whose nodes form a square, but whose centers only form a rhombus. Later on,
the extent of chaos in billiards associated to general pseudo-ellipses was numerically studied in [23].

Another celebrated example of a circular 4-gon is Moss’s egg [21, Section 1.1], whose radii and
central angles have the form

r =rr, 7“2:27“:7“4, T3:(2—\/§)7", (51:71', (52:7'(/4:(54, (53:71'/2,

for some free parameter r > 0, called the radius of the egg. All Moss’s eggs are congruent modulo
similarities. They have a Zy-symmetry, so their nodes form an isosceles trapezoid (2 pairs of con-
secutive equal angles) and its centers form a kite (2 pairs of adjacent equal-length sides). In fact, this
kite is somewhat degenerate since it is, in fact, a triangle. See Figure 2. Billiards in a 2-parameter
family of circular 4-gons with Zsy-symmetry, but not containing Moss’s egg, were considered in [4].
The heuristic analysis of sliding trajectories contained in Section 4.5 of that paper is closely related
to our study.

Next, we describe a way to construct some circular 6-gons. Fix a triangle A ABC' with vertexes
A, B and C ordered in the clockwise direction. Let «, 5 and -y be its internal angles. Let a, b and ¢
be the lengths of its sides, following the standard convention. That is, a refers to the side opposed to
vertex A and so forth. Then we look for circular 6-gons with centers O1 = Oy = A, Oy = O5 = B,
O3 = Og = C and central angles 6; = d4 = «, do = 5 = [ and d35 = dg = ~. In this setting, all
radii are determined by the choice of the first one. Namely, we can take

ri=r, T2=r+c¢, r3=r+c—a, T4=r+c—a+b rs=r+b—a, 16=71+YD,

for any r > max{0,a — ¢,a — b}. Therefore, we obtain a one-parameter family of parallel circular
6-gons, parameterised by the first radius r; = r. See Figure 2 for a non-symmetric example with
A=(3,-1),B=(-1,-1),C=(0,1)and r = 1.



Figure 2: Left: Moss’s egg. Right: A nonsymmetric circular 6-gon with centers O = O4 = (3,—1), Oy =
Os = (—1,—1) and O3 = Og = (0, 1), which form a triangle. Circular polygons are represented with thick lines,
the symmetry line of Moss’s egg with a thin continuous line, their centers O; with solid dots, the circumferences
of radii r; centered at O; with dashed thin lines, their angular ranges [a;, b;] with dash-dotted thin lines, and their
nodes are the intersections of the thick and dash-dotted thin lines.

One can draw circular polygons with many arcs by applying similar constructions, but that chal-
lenge is beyond the scope of this paper. The interested reader can look for inspiration in the nice
construction of elliptic flowers due to Bunimovich [13].

To end this section, we emphasise that all our theorems are general. They can be applied to any
circular polygon. Thus, we do not need to deal with concrete circular polygons.

3 The ‘stretching along the paths’ method

In this short section, we present the main ideas of the stretching along the paths method developed
by Papini and Zanolin [48, 49], and extended by Pireddu and Zanolin [52, 53, 51]. The reader
acquainted with the method can take note of the notation introduced in Definition 7 and skip the rest
of this section.

This method is a technical tool to establish the existence of topological chaos; that is, chaotic
dynamics in continuous maps. We present a simplified version of the method because we work in
the two-dimensional annulus M = T x [0, 7] and our maps are homeomorphisms on M. We also
change some terminology because our maps stretch along vertical paths, instead of horizontal paths.
The reader interested in more general statements about higher dimensions, finding fixed and periodic
points in smaller compact sets, the study of crossing numbers, non-invertible maps, and maps not
defined in the whole space M, is referred to the original references.

Let M = T x [0, 7]. By a continuum we mean a compact connected subset of M. Paths and
arcs are the continuous and the homeomorphic images of the unit interval [0, 1], respectively. Most
definitions below are expressed in terms of paths, but we could also use arcs or continua, see [48,
Table 3.1]. Cells are the homeomorphic image of the unit square [0, 1]? so they are simply connected
and compact. The Jordan-Shoenflies theorem implies that any simply connected compact subset of
M bounded by a Jordan curve is a cell. Figure 3 provides a visual guide for the following definitions.

Definition 5. An oriented cell @ isacell Q C /\/l~ where we have chosen four different points ébl
(base-left), Qy, (base-right), Qy, (top-right) and Qy (top-left) over the boundary JQ in a counter-
clockwise order. The base side of QN is the arc QNb C 0Q that goes from Qy, to Oy, in the counter-
clockwise orientation. Similarly, Q;, Q, and QO are the left, right and top sides of Q. Finally,



Qtl ~ Qtr
—

o} 9(v) Q!

\ g

9(9) 9(7)

g(éb)

Figure 3: Left: An oriented cell Q (in blue) with a vertical path + (in black). Right: A homeomorphism g
stretches Q to a second oriented cell Q’ (in red) along vertical paths. The horizontal and vertical sides of both
cells are represented with continuous and dashed lines, respectively. The vertical path « and its subpath 4’ (and
their corresponding images in the picture on the right) are represented with thin and thick lines, respectively.

éh = @b U @t and @v = él U @r are the horizontal and vertical sides of é
All our cells will have line segments as vertical sides, some being even quadrilaterals.

Definition 6. Let O be an oriented cell. A path v : [a,b] — Q is vertical (respectlvely, horizontal) in
Q when it connects the two horizontal (respectively, vertlcal) sides of Q and v(t) ¢ Qh (respectively,
v(t) & Qy) for all t € (a,b). We say that an oriented cell K is a horizontal slab in Q and write

K Ch é
when K C Q and, either El C él and iér - @r, or El C @r and /Er C @1. If, in addition,

K N Qn = 0, then we say that K is a strict horizontal slab in Q and write

’E gh é
__ Vertical slabs can be defined analogously. Note that K Gh Q is a much stronger condition than
KChQandK G Q.

Definition 7. Let g : M — M be a homeomorphism. Let Q and Q’ be oriented cells in M. We
say that g stretches QtoQ along vertical paths and write

9:9~Q
when every path v : [a,b] — Q that is vertical in O contains a subpath ~' = Y|(s,¢) for some
a < s < t < bsuch that the image path g o' : [s,¢] — Q' is vertical in Q.

This stretching condition does not imply that g(Q) C Q'. In fact, we see Q' as a ‘target set’

that we want to ‘visit’, and not as a codomain. If 7 : [a, b] — M is a path, we also use the notation
~ to mean the set y([a, b]) C M. This allows us to state the stretching condition more succinctly.
Namely, we ask that every path ~ vertical in Q contains a subpath 4" C + such that the image path
g(') is vertical in Q’.
Definition 8. Let f : M — M be a homeomorphism. Let (Q;;n;);cs be a two-sided sequence:
I € Z, one-sided sequence: I € Ny = N U {0}, p-periodic sequence: I = Z/pZ, or finite sequence
I={0,1,...,k} with Q; C Mandn; € N. Let z € Qy. We say that the point = f-realises the
sequence (Q;; n;)ier When

f*(n*1+"'+n’i)(l‘) c Q—i7 fno+-..+m'71(x) c Qi, Vi > 1.

Clearly, condition f~("-1++7-i)(z) € Q_; does not apply in the case of one-sided or finite
sequences. A subset of Qg f-realises the sequence (Q;;n;);c; when all its points do so.
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The subsets Q; in this definition do not have to be cells, but that is the case considered in the
following powerful 3-in-1 theorem about the existence of points and paths of the phase space M
that f-realise certain two-sided, one-sided, and periodic sequences of oriented cells.

Theorem 9 (Papini & Zanolin [49]). Let f : M — M be a homeomorphism. Let (éz, n;)icr be a
two-sided, one-sided or p-periodic sequence where Q; are oriented cells with Q; C M and n; € N.
if I
[0 Qp ~ Qi Vi,

then the following statements hold.

(T) IfI =Z, there is a point x € Qq that f-realises the two-sided sequence (Q;;n;)icz.

(O) If I = Ny, there is a path ~y horizontal in éo that f-realises the sequence (Q;;1;)i>0.

P) D”(Qvi+p; Nigp) = (éi; n;) foralli € Zandn = ng + - -+ + np_1, there is a point © € Qg

such that f"(x) = x and & f-realises the p-periodic sequence (Qi;1;)icz/pz.-

Remark 10. We believe that the following finite version (F) also holds: “If I = {0, ..., k}, there is

a horizontal slab C Ch éo such that IC f-realises the finite sequence (Q;; 1;)i=o
not found such statement in the literature. Therefore, we will not use it.

1., but we have

.....

We refer to Theorem 2.2 in [49] for a more general statement which deals with sequences of
maps that are not some power iterates of a single map. Version (T) of Theorem 9 is the key tool to
obtain orbits that follow prescribed itineraries, so that we can establish the existence of topological
chaos and we can construct a suitable symbolic dynamics in Section 6. We will use version (O)
of Theorem 9 to prove the existence of ‘paths’ of generic sliding billiard trajectories that approach
the boundary asymptotically with optimal uniform speed in Section 7. Finally, we will establish
several lower bounds on the number of periodic billiard trajectories from version (P) of Theorem 9
in Section 8.

4 The fundamental lemma for circular polygons

In this section, we define the billiard map, and describe in Lemma 11 the sliding dynamics in cir-
cular polygons. That is, the dynamics when the angle of reflection 6 is small. See Definition 13
for the precise formulation. We then introduce fundamental quadrilaterals, which will later serve
as symbol sets for symbolic dynamics. In Lemma 17 we compute the extreme points of the funda-
mental quadrilaterals, as well as those of their iterates after crossing the singularities between two
consecutive circular arcs. With these estimates on hand, we finally state and prove the fundamental
lemma (Lemma 18, as well as an important consequence, Corollary 19), which describes how orbits
of the fundamental quadrilaterals visit other fundamental quadrilaterals.

We begin with the definition of the billiard map. Recall that the phase space of the billiard map
is M =T x [0, 7], and let (¢, 8) € Int M. Write z = z(¢), where z is the polar parametrisation of
the circular polygon I introduced in Definition 3, and v = Ryz’(), where Ry is the standard 2 x 2
counter-clockwise rotation matrix by an angle 6. The straight line L = L(¢p, 6) passing through z
in the direction v has exactly two points of intersection with I" since § € (0, 7). One of these is z;
denote by Z the other. Then there is a unique ¢ € T such that Z = (). Denote by  the angle
between L and 2’(p) in the counter-clockwise direction. The billiard map f : Int M — Int M is
defined by f(¢,0) = (@, 0), see Figure 4.

Note that f is continuous since I' is C'! and strictly convex. The billiard map can be extended
continuously to OM by setting f(p,0) = (,0) and f(p,7) = (g, 7) for each ¢ € T. The billiard
map f : M — M is a homeomorphism; indeed, the map f~! = I o f o I is a continuous inverse
where the involution I : M — M is defined by I(p,0) = (p, 7 — 0).

A key geometric property of the billiard dynamics in the case of impacts in consecutive arcs was
presented in [35]. Later on, a more detailed description was given in [4]. Both results follow from
trigonometric arguments. The following lemma summarises these properties, thus giving a clear
picture of the billiard dynamics near M.

Lemma 11. The billiard map f : M — M satisfies the following properties.

(a) Ifa; < ¢ < ¢+ 20 < by, then (¢,0) = f(p,0) = (» +20,0).

11



Figure 4: Definition of the billiard map f (¢, 0) = (g, 0).

(b) Let g(0; 1) = acos((1 — p?) + p?cosO) and p; = /rj/rjz1 # 1 If0 < 6 < §; and
0= g(0; ;) < 6541, then

0 < pj0, whenp; <1,

5 )
0 > p;0, when p; > 1.

f(bj — 9,9) = (aj+1 + é, é) and {

(¢) Given any ¢ > 0 there exists ¥ = 1(€) > 0 such that

f(0,0) = (5,0) with0 < 6 <) } _ 0> (1j —€)0, when uj <1,
and a; < ¢ < ajp1 <@ < ajqo 0 < (uj +€)0, when uj > 1.

Proof. (a) Ifa; < ¢ < ¢+ 20 < by, then z(p), 2z(¢ + 20) € T';, so f behaves as a circular
billiard map, in which case is well-known that f (¢, 8) = (¢ + 26, 0).

(b) Setp =b; —0and (¢,0) = f(p,8). Condition 0 < 6 < ¢; implies that z(y) € T';. Identity
¢©+0 = b; implies that lines L = L(¢, 6) and N; are perpendicular, where N is the normal to
I at z(b;). If, in addition, z(@) € I';41, then Hubacher proved (5) in [35, page 486]. Finally,
we note that § < §;; implies that z(¢) € T'j41.

(c) Balint er al. [4] proved the following generalisation of Hubacher computation. Set f (¢, ) =

(0,0). Ifa; < p < ajr1 < ¢ < ajro,s0that 2(p) € T and 2(@) € ['j11, then there exist
angles T € [0,26] and ¢~ € [0, 20] such that

p=bi—¢"  g=aqte, et =040,
and -
6 = acos ((1 — u?) cos(f — 1) + u? cosf) .
Hubacher’s computation corresponds to the case ¢ = 6§ and ¢~ = 6. We introduce the

auxiliary coordinate s = 1 — p /0 € [—1,1] and the positive function

Q;:[-1,1] = Ry, Qj(s) = \/15 + (1 — p3)s2. (6)

Function €2;(s) is even, ©;(0) = p; and Q;(£1) = 1. If u; < 1, then Q;(s) increases for
s > 0 and decreases for s < 0, so p1; < Q,(s) < 1forall s € [-1,1]. If p; > 1, then Q;(s)
decreases for s > 0 and increases for s < 0,501 < Q;(s) < p; forall s € [—1,1].

A straightforward computation with Taylor expansions shows that
1-0%/2+0(0") = cosf = (1 — 115) cos(sb) + pif cosf = 1 — QF(s)6%/2 + 0(6%)
as § — 07T, where the error term Q(#*) is uniformin s € [~1,1] and j = 1, ..., k. Therefore,
0= 1[Q;(s)+0(6)]0

as @ — 0, where the error term O(6?) is uniformin s € [-1,1]and j = 1,..., k. O
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Ifa; <o < p+20=b;,then z(p) € I'; and 2(@) = b; = a;41 € I'; NI 41, but part (a) of
Lemma 11 still applies, because the tangents to I'; and I'; ; agree at z(¢) by the definition of circu-
lar polygon. This fact will be used in Proposition 46 to construct some special periodic nodal billiard
trajectories in rational circular polygons, which are introduced in Definition 45. Similar nodal pe-
riodic billiard trajectories were constructed in [10] to answer a question about length spectrum and
rigidity.

Lemma 11 and the above observation describe two rather different ways in which the angle 6 can
vary as a sliding billiard trajectory jumps from one arc to the next. On the one hand, if the trajectory
impacts at the corresponding node, there is no change: # = 6. On the other hand, if the billiard
trajectory is perpendicular at the normal line at the corresponding node, we have the largest possible
change: 0 < ;0 for p; < 1or 0> ;0 for p1; > 1. The great contrast between these two situations
is the crucial fact behind the non-existence of caustics near the boundary obtained by Hubacher [35].
It is also the main ingredient to obtain all chaotic properties stated in the introduction.

Next, we introduce the main geometric subsets of the phase space M = T x [0, 7]. All of them
are denoted with calligraphic letters.

Definition 12. The j-singularity segment is the vertical segment £; = {a;} x [0,7] C M. Given
any s > 0, the (j, +=s)-singularity segments are the slanted segments

L£;°= {(p,0) e M:a;_1 < =a; —20s}, L5 = {(¢,0) e M:p=a;+20s<aj}.
The j-fundamental domain is the triangular domain
Dj={(p,0) e M:a; <p<a;+20<a;u}.
Finally, £ = U?:1 (Ej U E;/ U E}) is the extended singularity set.

Note that L7 C f"(L;) for all n € Z, so L3 is a generalisation of the forward and backward
iterates under the billiard map of the j-singularity segments when s ¢ Z. We will only need the
segments L] for values s =nand s =n+ 1 /2 with n € Z. The left (respectively, right) side of the
triangle D; is contained in the vertical segment £; (respectively, coincides with the slanted segment
LY.

! We have used the term ‘sliding’ in a clumsy way until now. Let us clarify its precise meaning.
LetII, : M — T and IIp : M — [0, 7] be the projections II,(¢,0) = ¢ and IIy(p,0) = 6. Let
J : M\ L — Z/kZ be the piece-wise constant map defined by a; < Il (z) < b; = J(z) = j.
This map is well-defined since IT,(z) & {a1,...,ar} = {b1,...,br} when z & L.

Definition 13. A billiard orbit is (counter-clockwise) sliding when any consecutive impact points are
either in the same arc or in consecutive arcs in the counter-clockwise direction. An orbit is generic
when it avoids the extended singularity set. We denote by Sy the set of all initial conditions that give
rise to generic counter-clockwise sliding orbits. That is,

Sy ={zeM:J(fr(z)) — J(f*(x)) € {0,1} and f"(z) & L foralln € Z} .

The (counter-clockwise) generic sliding set Sy is f-invariant. The term glancing —see, for
instance, [45]— is also used in the literature, but sliding is the most widespread term. A consequence
of part (a) of Lemma 11 is that any generic sliding billiard orbit has exactly one point in Int D; on
each turn around I'. This fact establishes the fundamental character of D;. Following the notation
used in the introduction, Sy is the clockwise generic sliding set, but we are not going to deal with it.

Remark 14. If x € M is a point such that z; = (;,6;) = fi(x) € L for some i € Z, then its
billiard trajectory (2, = 2(IL,( f”(:z:))))n ¢, has some impact point 2, € I'y, where I', is the set of
nodes (1), or has two consecutive impact points z,, € I'; and 2,41 € I'j11 such that the segment
from 2, to zy,41 is perpendicular to the normal to I" at the node I'; N T"; ;.

Lemma 15. Let s,t > 0 and j such that s +t > 6;/2m. Then L5 N L7} # () and
5.
3 —t . s —t _ J
H@(£§ﬁ£j+1)—aj+7s+t, H9<£jﬁ£j+1)_25+2t'

Proof. By definition, (¢,0) € L5 N £jjf1 S aj; <a;+20s =9 = aj41 — 20t < ajqq. Identity
a; + 20s = ajy1 — 20t implies that 20 = 6; /(s + t). Then inequality s + ¢ > J, /27 implies that

85j

6 < 7. Finally, a; + 20s < a;41 and a; 411 — 20t > a; because s/(s +t),t/(s +t) < 1. O
This lemma implies that segments ,Cj_ff” Land L intersect segments £; and E} for any integer

n > 2> 1+ 6,;/2m, so the following definition makes sense. See Figure 5.
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Figure 5: The fundamental quadrilateral Q; ,, = Q;n U an Its horizontal (base and top) and vertical (left

and right) sides are displayed in blue and red, respectively. Accordingly, singularity segments £; and Cﬁfl are
displayed in red and blue, respectively. Moreover, they are displayed with continuous and dashed lines when
s,teNandt e N+ %, respectively. This is a quantitative representation computed for §; = 7/2 and n = 3. The
images f ”(Q;tn) are displayed in Figure 6.

Definition 16. Let n be an integer such that n > 2. The (j, n)-fundamental quadrilateral is the

oriented cell éj,n C M bounded by £; (left side), E;_Cl (base side), E} (right side) and £

Jj+1
n+1/2

(top side). We split Q;,,, in two by means of the segment £; , which gives rise to two smaller

oriented cells: @j_n (the lower one) and @jn (the upper one), whose left and right sides are still
+

7,

contained in £; and E;, respectively. We say that QF is the (&, 4, n)-fundamental quadrilateral.

’
; 1 WE need the extreme values of

ITy(f™(x)) when x moves on the horizontal sides of é;n and the extreme values of IIy(x) when

In order to find sufficient conditions for f" : @;n ~ QO

z € Qi = Qj_+1_n, U Q;‘H - These extreme values are defined and estimated in the lemma
below. Those estimates are used in the proof of Lemma 18.

Lemma 17. Fix any j. With the above notations, if x; > 2 is a large enough integer, then the
following properties hold for all n > ;.

(a) Vjy, :=mingeg,, Hy(x) = 6;/(2n + 2) and wj,, == max,cq, , Ho(x) = 0;/(2n — 2).
(b) If v, = minxegj,nmﬁﬂfrs Ho(f"(z)) and w3 ,, = MaX,co, Lot Iy (f™(x)), then
i) V), =0;/2n+2),vj, =0;/2n=uf, andw;, =06;/(2n —2);
L 1/2
ii) Wil

iii) 1/]%2 > pid;/(2n+ 1) when p; > 1.

< pid;/(2n — 1) when p; < 1; and

Proof. The fundamental domain Q; ,, is only well-defined for n > 2. The reader must keep in mind
Lemmas 11 and 15. See Figure 5 for a visual guide.

(a) The minimum and maximum values are attained at the intersections E}ﬁﬂj_fl and £; ﬂ[lj_ffr L
respectively.
b HlfzreQ,NLorz € Qj,N £;f1+1, then Ty (f™(z)) = Ilp(z) by part (a) of

Lemma 11. Therefore, the four extreme values v/9, , v} w?n and w]l ,, are attained at

Jjne Yjmne

the four intersections £} N L5\, LYN L £;0L57 and £;0 L5[5H, respectively.
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n+1/2

ii) First, the value max —nt1/2 [lg(z) is attained at £; N L, 1" '". Second, if z €
J+1

r€Qj nNL
QjnN ,Cj;"flm and p; < 1, then Ig(f"(x)) < p;IIp(z) by part (b) of Lemma 11.

We need hypotheses 0 < 6 < &; and 6 = g(6; u1;) < §,41 to apply Lemma 11. In order
to guarantee them, it suffices to take n > x; with

Xj =1+ [p05/26541], (7

since then x; > 2 and 2x; — 2 > p;0;/0;11,50 0 < wj, < 05/(2x5 —2) < 05/2 < 05
and 0 < ;0 < p;0;/(2x; —2) < 6j41. Here [-] denotes the ceiling function.

. . 1 n+1/2
iii) First, the value M, o nes s p(z) is attained at £; N L,

QjinN Ejffrlﬂ and p; > 1, then Iy (f"(x)) > p;1Is(z) by part (b) of Lemma 11.
We still need hypotheses 0 < 6 < §; and § = g(6; 1;) < 6,41 in Lemma 11. In order
to guarantee them, it suffices to take n > x; for some large enough integer x;, since
limy, 400 Wy, = 0 and limy_ o+ g(6; 1;) = 0. O

. Second, if x €

The following lemma (which we refer to as the fundamental lemma) is the key step in construct-
ing generic sliding billiard trajectories that approach the boundary in optimal time, and in construct-
ing symbolic dynamics. It describes which fundamental quadrilaterals in D; 1 we can ‘nicely’ visit
if we start in a given fundamental quadrilateral in D;. See Figure 6 for a visual guide.

Lemma 18 (Fundamental Lemma). With the above notations, let
Tj:{(n,n’)esza;n—i—ﬁ;Sn/gajn— 7n>X n>XJ+1} 8)

where o = (57+1/6 max{1, u;}, a = 0j4+1/0; min{1, u;} and Bi = a + 1 for all j. Then
fn;QanQJHn,forall], (n, n)GT ands,¢' € {—,+}

Proof. We fix an index j such that p; < 1,s0 a; = d;41/d; and aj' = 041/1;9;. Let (n,n') €
T ;. We want to show that f" : Q;n s Q;;l,n’ fi)r any ¢,¢" € {—,+}.

Let ¢ : [a,b] — Qg be a vertical path in Q;n We assume, without loss of generality, that
~¢(a) and ~°(b) belong to the base side and top side of Qg- Note that D1\ Qj41, n has a
connected component above and other one below Q1 /. By continuity and using that o i1 C
Qjt1.n and f*(y°) C Dj41, we know that if f”(7(a)) and f"(y°(b)) are in different connected
components of Dj+1 \ Qj+1,n, then there is a subpath 7" C ~° such that the image path f™ (")
%+ 1, Thus, we only have to check that endpoints f"(v*(a)) ind f™(y5(b)) are in
different connected components of D41 \ Q,+1,, for any path v¢ vertical in QS

First, we consider the case ¢ = —, s0y " (a) € Q; , N L, " andy~(b) € Q; N L,
deduce from Lemma 17 that

M (@) > min (@)= min T(f() = b/ +2),
z€Q; NLIY z€Q;5nNL;Y
o(f" (v~ (b)) < max - Tlp(f"(x)) < p;d;/(2n —1).

_ —n41/2
r€Q;,NL; 1y

is vertical in Q

n+1/2
1 - We

The above results and identities v;1.,» = d;41/(2n' +2) and w1, = §;41/(2n’ —2) imply that
if inequalities

130;/(2n—1) < 01/ (20 +2),  by41/(20) —2) < 5;/(2n +2) ©)

hold, then f"(vy~(a)) and f" (v~ (b)) are above and below Q;i1 ./, respectively, so they are in
different connected components of D;;1 \ Q;41,,/ for any path v~ vertical in Qin

Second, we consider the case s = +,s0 vt (a) € Q7 N ﬁjflﬂ/z andy*(b) € QF, NnL
Similar arguments show that if inequalities

1305/ (2n — 1) < 80 /(20 +2), 8500/ (20 —2) < 5/2n (10)
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>

Figure 6: Overlapping of the image under f™ of the fundamental quadrilateral Q; ,, = QU Qj:n displayed
in Figure 5 with the ‘target’ fundamental quadrilateral Q; 11 = Q4 ,,» U Qj_+1,n’ in the case p; < 1. Sin-
gularity segments £, ; and L:ij are displayed in blue and green, respectively. Besides, they are displayed with
continuous and dashed lines when s,t € Nand ¢t € N+ %, respectively. The upper and lower red thick continuous
curves are the images of the left and right sides of Q) ,,, respectively. We have assumed that a; 1 = 0 to avoid
the overlapping of labels in the horizontal axis. This is a quantitative representation computed for §; = /2,
djt1 =1, 5 = +/rj/rjy1 = 0.3, n = 3 and n’ = 4, showing that f" : Q;)n ~ Q;;L", forall¢,¢" € {—,+}.
The parabolic-like shape of f™(Q; ,,) was expected, see (6).

hold, then f™(y*(a)) and f™(y* (b)) are below and above Q,1 ./, respectively, so they are in
different connected components of D11 \ Q;41,,/ for any path 4 vertical in Qv;rn

Finally, after a straightforward algebraic manipulation, we check that inequalities (9) and (10)
hold for any (n,n’) € T ;. This ends the proof for the case p; < 1.

The case p1; > 1 follows from similar arguments. We skip the details. O

No inequality in (8) is strict. However, we need some strict inequalities for a technical reason.
Let us explain it. We will use the objects defined above and the fundamental lemma to construct our
symbolic dynamics in Section 6. However, if we were to try to construct our symbolic dynamics
directly with the symbol sets being the fundamental quadrilaterals Q;n, we would run into problems
at the boundaries, where neighboring quadrilaterals intersect. To be precise, Q;fn and Q;n have a
—n+1/2
J
Lj_". The following corollary to Lemma 18 solves this problem by establishing the existence of

common side contained in £ , whereas Q" and Q;rn .1 have a common side contained in

pairwise disjoint strict horizontal slabs IE;,L Gh @jn with exactly the same stretching properties as

the original fundamental quadrilaterals Q; - Lt requires some strict inequalities.

Corollary 19 (Fundamental Corollary). With the above notations, let

g5 ={(n,n) ENQ:a;n—i—ﬁ; <n <ozj+n— j, n>xj, n =X}

where of = 0;1/0; max{l, u;}, ozj+ = 0;41/0; min{1, pu;} and ,Bjj-[ = a;t + 1 for all j. There
are pairwise disjoint strict horizontal slabs

’C_?,n gh Q;na VJ, n Z Xjs S S {7a +}7
such that:

(@ 1" K5 Ky and
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(b) (K5 )NCJH w NL=0,
forall j, (n,n') € E; and s,s" € {—,+}. (See Definition 12 for the meaning of L.)

Proof. Inequalities (9) and (10) become strict for any (n,n’) € =;. We consider the oriented cells
ﬁjJrl’n, where
Rjt1n = U Qjsi,n CDjya,
(n,n’")€T;

and orientations are chosen in such a way that the left and right sides of these big oriented cells are
still contained in £;4, and /J]l 1. Tespectively. Note that D1 \ Rj;1,, has a connected component
above and other one below R ;1 .

Fix an index j such that ;1; < 1. Let n > x;. We refer to Figure 6 for a visual guide. The reader
should imagine that the blue quadrilateral shown in that figure is our whole cell R4 1 5.

Strict versions of inequalities (9) and (10) imply that the images by f" of both the base side
of Q,, and the top side of Q+ are strictly above R]H n; Whereas the image by f™ of the top

side of Q
are strict horizontal slabs K;,n Gn 9

which coincides with the base side of QF , is strictly below Rj+1,n. Thus, there

J,mn’ J,n’

with ¢ € {—,+}, such that the images by f™ of both
the base side of /%;n and the top side of IC+n are strictly above R ;41 ,; whereas the image by

J"’

f™ of both the top side of IC ,, and the base side of K are strictly below RJH n- Consequently,

in
f”(/C;?’n)ﬁRjH WNL =10 and Vi ICS ~» Rj11.n» Which implies that fr (K5 - NKS L, NL =0
; Ch R j+1,n for

Jjt+ln
and f" : K3 Kg+1n for all (n, ) € Z;and ¢,¢" € {—,+}, since ICJJrl n
all (n, ) e Ejand ¢’ € {—,+}. Thls ends the proof of the stretching and intersecting properties
when p; < 1. The case u; > 1 follows from similar arguments. We omit the details.
Finally, these strict horizontal slabs are necessarily pairwise disjoint because the original funda-

mental quadrilaterals Qs 5. only share some of their horizontal sides. O

S Symbols, shift spaces and shift maps

In this section, we define an alphabet Q@ C Z* with infinitely many symbols, then we consider two
shift spaces Q1 ¢ Q™ and Q c Q7 of admissible one-sided and two-sided sequences, and finally
we study some properties of the shift map o : Q — £. We present these objects in a separate
section, minimizing their relation with circular polygons, since we believe that they will be useful in
future works about other problems.

For brevity, we will use the term shift instead of subshift, but Qt ¢ Q" and Q ¢ Q. The
sets Q, Q7 and Q are defined in terms of some positive factors a;t, some positive addends 5;E and
some integers x; > 2 for j = 1,...,k, with k > 1. (There are interesting billiard problems that
will require k < 3, oreven k = 1.)

We only assume three hypotheses about these factors and integers:

A) 0<aj
B) a:=at >1land ata™ = 1, where ot = H?:l aji; and

(X) Integers xa2,..., Xk > 2 are large enough and x1 > X2, ..., Xk-

<aofforj=1,....k

There is no assumption on the addends. Clearly, all arcs I'y, ..., s of the circular polygon I" are
equally important, so x1 > X2, ..., Xk is a purely technical hypothesis. It is used only once, at the
beginning of the proof of Lemma 24. It is needed just to establish the topological transitivity of the
subshift map. The rest of Theorem A, as well as Theorems C, D and E do not need it.

We remark two facts related to billiards in circular polygons, although we forget about billiards
in the rest of this section. The first remark is a trivial verification.

Lemma 20. The factors oz;E defined in Lemma 18 satisfy hypotheses (A) and (B).

Proof. Hypothesis (A) follows from properties u; # 1. Hypothesis (B) follows from the telescopic

products
k k -
1a Ky = = 17
5J+1 ]1;[1 J1;[1 V Tj+1
which are easily obtained from the cyclic identities 61 = 61 and 7541 = 71. O
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The second remark is that we prefer to encode in a single symbol all information related to
each complete turn around I, although we may construct our symbolic dynamics directly with the
disjoints sets Iijn as symbols. That is, if a generic sliding orbit follows, along a complete turn
around the boundary I, the itinerary

’C§1

1,n

CDhK:gz CDQ,...,K:% C Dy,

;N2 k,nk

where lEjn are the pairwise disjoint horizontal slabs described in Corollary 19, then we construct
the symbol

q:(qhaqk)ezka |qj|:nj7 Slgn(‘]?):gﬂ
which motivates the following definition.

Definition 21. The alphabet of admissible symbols is the set

a5 gl + 65 < gl < ofla;l = B, ¥i =1, k=1
=3q=(qu,...,qs) €2~ [ J T > P '
Q {q (1 ) lgjl > x5, Vi=1,...,k

This alphabet has infinitely many symbols by hypothesis (A). Thinking in the billiard motivation
behind these symbols, we ask that symbols associated to consecutive turns around I' satisfy the
following admissibility condition.

Definition 22. We say that a finite, one-sided, or two-sided sequence of admissible symbols q =
(q%)ier C Q, with ¢ = (qi,...,q}), is admissible if and only if
ap lail + B; <lat'l < oflapl = B, Vi

Admissible sequences are written with Fraktur font: g. Its vector symbols are written with
boldface font and labeled with superscripts: g°. Components of admissible symbols are written with
the standard font and labeled with subscripts: q;- or g;.

Definition 23. The shift spaces of admissible sequences are
Qf = {q = (q")ien, € Q" : qis admissible} ,
Q= {Cl = (qi)iEZ € QZ 1qis admissible} .

If g = (q1,.--,qx) € Q, then we write |q| = [q1] + - - - + |qx|. We equip Q with the topology
defined by the metric

1 |p'—q
da : Q x Q —[0,+00), da(Pﬂ):ZQilLi_'i'
i€L p q

We want to estimate the size of the maxima (sometimes, the minima as well) of the sets

Z(n) = {n} € N:3q € Qsuchthat |¢}| =nand|¢}| =n}}, i€Z j=1,....,k (11

when n > x; or n > 1. We ask in (11) for the existence of some q € £ —that is, some two-
sided infinite sequence—, but it does not matter. We would obtain exactly the same sets just by
asking the existence of some finite sequence ¢f,...,¢Q,q1,- -, G-, 4}, -, ¢} that satisfies the
corresponding admissibility conditions.

Several estimates about maxima and minima of sets (11) are listed below. Their proofs have been
postponed to Appendix A.
Lemma 24. We assume hypotheses (A), (B) and (X). Set (}(n) = min Z%(n), £!(n) = max =i (n).
Let p°(n) = n and pi(n) = E?:l Z::lo 7 (n) forall i > 1.

(a) There are positive constants v < \, V' < N, T < 1 and v*, which depend on factors ajt and

addends Bj-: but not on integers x;, such that the following properties hold.
i) vn <&(n) < Mnforallj=1,... . kandn> x1;
ii) Ta”‘f?(n) <¢&(n) < a'iif;)(n)forallj =1,...,k i €Zandn > x1;
i) V'Ei(n) < p'(n) < pH(n) < NE(n) forallj=1,...,k i >0, andn > x1;
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v) (1(n) <max{xi,n/a+y" }<n—-1<n+1<an—y" <&(n)foralln > x;
and (t(n) =n<n+1<an—~" <&(n)forn = x1; and
v) Once fixed any N € N, we have that

x1 <) <nfa+y” <n—N<n+N<an—7" <(n),

for all sufficiently large n.
(b) Ei(n) = [¢i(n),&(n)] NN forall j mod k, i € Z and n > x; that is, Z(n) has no gaps
in N. Besides, [ max{x1,n — |i|},n+ |i|]| "N C Z{(n) foralli € Z and n > x1.

Corollary 25. We assume hypotheses (A), (B) and (X).

(a) Givenany q~,q" € Q there is an admissible sequence of the form (q’, q',....q', q+) for
somel € Nandq',...,q' € Q.

(b) Givenany N € N, there is a subset Q n C Q, with #Q = N, such that the short sequence
(q,q’) is admissible for all q,q' € Q.

(c) Q#0.

Proof. (a) Letl = |¢; — q; | — 1. Part (b) of Lemma 24 implies that ¢;” € =\ (¢;"). Therefore,
we can construct iteratively such a sequence q', .. ., ¢'.
(b) Fix N € N. Part (av) of Lemma 24 implies that if q,q' € Q with |¢1 — ¢}| < N and
lq1], |¢}| = 1, then (q, q') is admissible. So, we can take any subset Q = {q",...,q"} C
Q such that |¢| = |q1| +n — 1 with |¢g}| > 1. Clearly, #Q = N.

(c) Letq = (g")iez withq' = (¢i,...,q}) € Q such that l¢i™t — ¢}| < 1. Thengq € Q. O
Definition 26. The shift map o : Q — Q, p = o(q), is given by p? = ¢q*+! forall i € Z.

The following proposition tells us some important properties of the shift map. Note that by
topological transitivity we mean for any nonempty open sets U, V' C £ there is n € N such that
o (U)NV # 0. If N € N, Xy = {1,..., N}% and the shift map on : ¥y — I, (ti)icz =
O'N((Si)iez), is given by t; = s;41 for all i € Z, then we say that oy : ¥y — X is the full
N-shift. We denote by hiop(f) the topological entropy of a continuous self-map f.

Proposition 27. We assume hypotheses (A), (B) and (X).

The shift map o : Q — £ exhibits topological transitivity and sensitive dependence on initial
conditions, has infinite topological entropy, and contains the full N-shift as a topological factor for
any N € N. Besides, the subshift space of periodic admissible sequences

B ={q € Q:3p e Nsuch that o7(q) = q}
is dense in the shift space .

Proof. On the one hand, part (a) of Corollary 25 implies that the shift map o : Q — £ is equivalent
to a transitive topological Markov chain. It is well-known that such objects exhibit topological tran-
sitivity, sensitive dependence on initial conditions, and density of periodic points. See, for example,
Sections 1.9 and 3.2 of [38].

On the other hand, let Q= {q*, ..., g™} be the set provided in part (b) of Corollary 25. Set
Oy = (Qy)%. We consider the bijection

g=(g"icz: Qn = SN, ¢'(¢")=n, VieZ Vne{l,...,N}
Then Q is a subshift space of Q. That is, c(Qy) = Q. Besides, the diagram

O'|Q
Qv — Ay

| Is

ZJNC,*N>EN

commutes, $0 hop(0) > hiop(Tlay) = htop(0n) = log N for all N € N. This means that o has
infinite topological entropy. U
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6 Chaotic motions

In this section, we detail the construction of a domain accumulating on the boundary of the phase
space on which the dynamics is semiconjugate to a shift on infinitely many symbols, thus proving
Theorem A; in fact, we reformulate Theorem A in the form of Theorem 31 below. The proof uses the
method of stretching along the paths summarised in Section 3, the Fundamental Corollary obtained
in Section 4 and the shift map described in Section 5.

Recall that the quantities af, B;—L = a;-—L + 1 and x; > 2, introduced in Lemma 17, Lemma 18,
and Corollary 19 satisfy hypotheses (A) and (B), and moreover we assume hypothesis (X), so Propo-
sition 27 holds.

We now introduce some notation that is convenient for the statements and proofs in this section.

Definition 28. The partial sums s, sj» 19 — Zfori € Zand j =1,...,k are defined by

i-1 k

Z lgj"|, fori >0, i1
=1 i i i
' si(@) =s"(@) + Y ldhl-
Z lgj*], fori <O, m=1
j=1

| 2
S@=9 "
— Z

The partial sums s°, sj» : Q7 — Ny are analogously defined foré > 0andj = 1,..., k.

The following proposition gives the relationship between some types of admissible sequences
(two-sided: q € £, one-sided: ¢ € Q7 and periodic: q € 3) and orbits of f with prescribed
itineraries in the set of pairwise disjoint cells IC;W (introduced in Corollary 19) with j = 1,... K,
n > x; and ¢ € {—, +}. Itis the key step in obtaining chaotic properties.

Proposition 29. We have the following three versions.
(T) If q € Q, then there is x € Dy such that

FIOG@) e KB ez, vi=1,... k. (12)

gl
(O) Ifq € QF, then there is a path -y C Dy such that:
i) fsj'(q)(v) C Kjilg;(lqj)foralli >0andj=1,...,k and
ii) 7y is horizontal in D (that is, iy connects the left side L1 with the right side L}).

(P) If q € B has period p, then there is a point x € D1 such that:
i) f‘gj(q)(x) € K;if;(lq})for alli€Zandj=1,... k; and
i) f5'(z) = x, so x is a (p, sP(q))-periodic point of f with period s”(q) and rotation
number p/sP(q).

All these billiard orbits are contained in the generic sliding set Sy. In particular, they have no points
in the extended singularity set L = |J I (ﬁj U E}/ U E}) Obviously, these claims only hold for

forward orbits in version (O).

Proof. 1tis a direct consequence of Theorem 9, Corollary 19, the definitions of admissible symbols
and admissible sequences, and the definition of rotation number. O

To adapt the language of [48, 49, 51] to our setting, one could say that Proposition 29 implies
that the billiard map induces chaotic dynamics on infinitely many symbols.

Remark 30. The partial sum si(q), with ¢ > 0, introduced in Definition 28 counts the number of
impacts that any of its corresponding sliding billiard trajectories have after the first ¢ turns around I'.
Analogously, s; (q), with ¢ > 0, adds to the previous count the number of impacts in the first j — 1
arcs at the (i + 1)-th turn. There is no ambiguity in these counts, because generic sliding billiard
trajectories have no impacts on the set of nodes I',, see Remark 14. The partial sums with i < 0
store information about the backward orbit.
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Let us introduce four subsets of the first fundamental domain that will be invariant under a return
map F' yet to be defined. First, we consider the fundamental generic sliding set

R:S()ﬂpl C IntD;.

Any f-orbit that begins in R returns to R after a finite number of iterations of the billiard map f.
Let 7 : R — N be the return time defined as 7(z) = min{n € N: f"(z) € R}. Then F : R — R,
F(z) = f@)(z), is the promised refurn map. The return map F' : R — R is a homeomorphism
since the billiard map f : M — M is a homeomorphism and R is contained in the interior of the
fundamental set D .

Next, we define the sets

7 = {x € M : 3q € Q such that the prescribed itinerary (12) takes place},
P ={x€Z:3pec Nsuchthat FP(z) =z}

and the map h : Z — Q, h(x) = q, where ¢ is the unique admissible sequence such that the
prescribed itinerary (12) takes place. It is well-defined because cells IC;n are pairwise disjoint. This
is the topological semiconjugacy we were looking for. Clearly,

@) =s"(q) =]+ +lgpl, Ve e q=h() (13)

where 7() is the return time and the partial sum s'(q) counts the number of impacts after the first
turn around I" of the billiard orbit starting at x.

Theorem 31. The sets P, J := P, T and R are F-invariant:
F(P)="P, FJ)=J, F(Z) cC1z, F(R)=R.

Besides, ) # P & J CIZ CR. Themapsh : T — Q, hjz : J — Qand hyp : P — P are

continuous surjections, and the three diagrams

Fiz Fg Fip
7 —1 J — J P —P
hl lh h‘jl lh‘J h‘pl hyp (14)
Q— 0 Q-— 0 B F

commute. Periodic points of F| ; are dense in J. Given any q € *B with period p, there is at least
one x € (hyp)~1(q) € P such that f*' ¥ (z) = F?(z) = .

Proof. Properties F(P) = P, F(R) = R and P C T are trivial, by construction. InclusionZ C R
follows from the definitions of both sets and property (b) of Corollary 19.

Let us prove that h : 7 — £ is continuous and surjective. Surjectivity follows directly from
version (T) of Proposition 29. Choose any z € Z and € > 0. Choose [ € N such that 3, -, 271 <

e. Let q = (q%)iez = h(z) with ¢° = (¢i,...,q}). Using that the compact sets K5 ,, are mutually

disjoint, F' is a homeomorphism and condition (12), we can find 6; > 0 for each |i| < [ and
j=1,..., k such that

50 (B (2) N T) ICJ‘F;(‘Q) Vi <UL Vi=1,...,k

Here, Bs(x) is the disc of radius 4 centered at x. If § = min{d? : |i| <1, j =1,...,k}, then
d(z,y) < dand p = (p*)icz = h(y) = p' = ¢’ for each |i| <.

Therefore,

da (h(y), h(z)) = da(p,q) = Z M<Z

<€
olil 1 4+ — ’
lil> 1 |p q’ | i1

21l

which implies that & : Z — £ is continuous.
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Next, we prove s.imultaneously that F' (I) C 'I and that ocoh =h o F |z- Letz € I,y =
F(z) € R, q = (q")iez = h(z) with ¢' = (gi,....q;), and p = (p')iez = 0(q) € Q with
p' = (pl,...,pL), sop’ = ¢! and p; = q;-+1. The prescribed itinerary (12) and relation (13)
imply that

i i i i sign (g1t sign(pt
F50) () = fi@) (F(z) = fstrl(q)—sl(q)(fsl(q)(x)) =15 W (g) € K Tqi(flj\ ) = K, i,i(fj)
)19 1P
foralli € Zand j = 1,...,k,s0 o(h(x)) = o(q) = p = h(y) = o(F(z)) and F(z) = y €
h_l(p) C 7 for all x € Z, as we wanted to prove. Hence, the first diagram in (14) defines a
topological semiconjugacy.
Let us check that 7 :=P C Zand F(J) = J. We have J C Z, because Z = h~1(Q) is closed

(continuous preimage of a closed set). Besides, on one hand we have P = F(P) C F(P) = F(J)

implying that 7 = P C F(J) = F(J), while on the other we have F'(J) = F(P) C F(P) =
P = J. To establish that the second diagram in (14) is still a topological semiconjugacy, we must
prove that h(J) = Q. We clearly have h(J) C Q since J C Z, and since h7 is a semiconjugacy.
Meanwhile, since 7 is compact (closed by definition and contained in the bounded set D1) so too is
h(J); moreover h(J) contains h(P) = B which is dense in £ by Proposition 27, and so we obtain
0 =P C h(J). Therefore h(J) = Q.

To complete the proof of the theorem, notice that periodic points of Fj; are dense in J by
construction and the last claim of the Theorem 31 follows from version (P) of Proposition 29, which
also implies P # (. O

Proposition 27 and Theorem 31 imply Theorem A as stated in the introduction and it is the
first step in proving Theorems C, D and E. For instance, upon combining Theorem 31 with the
topological transitivity of the shift map guaranteed by Proposition 27, we already obtain the existence
of trajectories approaching the boundary asymptotically. It remains to determine the optimal rate of
diffusion. This is done in Section 7 by analysing the sequences q = (g*);>0 € QF for which s?(q)
increases in the fastest possible way as i — +oo. Lemma 24 plays a role in that analysis.

We end this section with three useful corollaries. First, we prove Corollary B on final sliding
motions.

Proof of Corollary B. The clockwise case is a by-product of the counter-clockwise one, because if
we concatenate the arcs 'y, . . ., 'y, of the original circular polygon I in the reverse order I'y,, ..., I'1,
then we obtain the reversed circular polygon I'V with the property that counter-clockwise sliding
billiard trajectories in IV are in 1-to-1 correspondence with clockwise sliding billiard trajectories in
I'. Thus, it suffices to consider the counter-clockwise case.

Symbols ¢ = (qi1,...,qx) € Q C Z* keep track of the proximity of the fundamental quadri-
laterals Q; |,.| to the inferior boundary of M. That is, the larger the absolute value |g;|, the
smaller the angle of reflection 6 for any z = (p,0) € Qj,,|. For this reason, by construc-
tion, if one considers a bounded sequence in £, (respectively, a sequence q € 9 such that y; <
min;ez, q;» < limsupy; 400 q} = +4oo forall j = 1,...,k) (respectively, a sequence q € 2 such
that lim ;| 4 oo qé = tooforall j =1,...,k), the corresponding sliding orbit in 7 C M belongs
to By N BS‘ (respectively, Oy N (’)3’ ) (respectively, Ay N .Aa' ). By considering two-sided sequences
q € £ which have different behaviors at each side, one can construct trajectories which belong to
Xy N y0+ = () for any prescribed choice X', = B, O, A such that X # ). The existence of all
these sequences comes from part (b) of Lemma 24, since we can control the size of \q;| just from
the size of |qt|. O

Corollary 32. With the notation as in Theorem 31, the following properties are satisfied.
(a) The return map F| 7 has infinite topological entropy.

(b) There is a compact F-invariant set K C J such that F|x is topologically semiconjugate to
the shift o : Q — 9 via the map h| in the sense of (14); it is topologically transitive; and it
has sensitive dependence on initial conditions.

Proof.  (a) It follows from the fact that o :  — Q has infinite topological entropy and it is a
topological factor of F' : 7 — J.

(b) Itis a direct consequence of our Theorem 31 and a theorem of Auslander and Yorke. See [51,
Item (v) of Theorem 2.1.6] for details. O
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Given any integers 1 < p < ¢, let II(p, ¢) be the set of (p, ¢)-periodic billiard trajectories in
the circular k-gon I'. That is, the set of periodic trajectories that close after p turns around I" and ¢
impacts in T', so they have rotation number p/q. The symbol # denotes the cardinality of a set. Let

2" be the power set of R, Let G, : 28" — Ny be the function
Gy(K)=#{z=(z1,...,0p01) e KNZ" 12y + -+ 2041 = g}

that counts the integer points in any subset K C R™*! whose coordinates sum ¢ € N.

Corollary 33. Let af ﬁji = oz;-‘L +1 and x; be the quantities defined in Lemma 17 and Corollary 19.
Ifp,q € Nwith1 < p < g, then

#11(p,q) = 271G, (P), (15)
where n + 1 = kp and
a;z;+ B <xj+1<a;'a:j—ﬁf, Vi=1,...,n

P(p) =< xEe R Oé;_._ll'n-&-l + B;+1 <z < O[;i__i,_lxn-'rl - /B:L__Hv (16)
z;>x5, Vi=1,...,n+1

is an unbounded convex polytope of R" 11,

Proof. Letp,q € Nsuchthat1 < p < q. Setn + 1 = kp. Let °3,, be the set of admissible periodic
sequences of period p. We consider the map v, : B, — N"! defined by

¢P(q) =T = (‘Tlv'-'vxn+1) = <|q(1)‘7"'ﬂ|qg|7 |qi|7"'7‘qluv"'v|qf71|a"'7|q£71|) )

where ¢ = (q%)icz € Bp and ¢° = (q¢i,...,q.) € Q. Note that sP(q) = z1 + -+ + Tpt1
when = = v,,(q). Besides, ¥,,(,) C P® N Z"*! and the map 1, : P, — PP N Z"*+1is
27+1_to-1 by construction. Therefore, each point € P®) N Z"+! whose coordinates sum ¢ gives
rise to, at least, 2" ! different generic sliding (p, ¢)-periodic billiard trajectories, see version (P) of
Proposition 29. O

Lower bound (15) is far from optimal, since it does not take into account the periodic billiard
trajectories that are not generic or not sliding. But we think that it captures with great accuracy
the growth rate of #I1(p, ¢) when p/q is relatively small and ¢ — +o0. It will be the first step in
proving Theorem D in Section 8.

7 Optimal linear speed for asymptotic sliding orbits

In this section we establish the existence of uncountably many points in the fundamental domain
D that give rise to generic asymptotic sliding billiard trajectories (that is, those trajectories in the
intersection A OA(J{ C &y described in the introduction) that approach the boundary asymptotically
with optimal uniform linear speed as |n| — +0o. We also look for trajectories just in A C Sp, in
which case we obtain uncountably many horizontal paths (not points) in D;. The dynamic feature
that distinguishes such trajectories in that they approach the boundary in the fastest way possible
among all trajectories that give rise to admissible sequences of symbols.

We believe that the union of all these horizontal paths (respectively, all these points) is a Cantor
set times an interval (respectively, the product of two Cantor sets). However, in order to prove it
rigorously, we would need to prove that our semiconjugacy h| s : J — 2, see (14), is, indeed, a full
conjugacy. Both sets are F-invariant and they accumulate on the first node of the circular polygon.
Obviously, there are similar sets for each one of the other nodes.

The reader must keep in mind the notations listed at the beginning of Section 6, the estimates in
Lemma 24, and the interpretation of the partial sums s*, s% : Q — Ny, withi € Zand j = 1,...,k,
presented in Remark 30.

Definition 34. The uncountably infinite sign spaces are

TH={t=(t")50 : t' = (t1,.... 1) € {—,+}"},
T={t= (t)iez ' = (th,...,t}) € {7,4»}]“}'
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To avoid any confusion, be aware that the dynamical index of the iterates of asymptotic generic
sliding trajectories was called n € Z in Theorem C, but it is called I € Z in Theorem 35 below.

Theorem 35. There are constants 0 < d_ < d such that the following properties hold.

1
(a) There are pairwise disjoint paths ~y}, C lCiln C Dy foranyn > 1 and t € T, ‘horizontal’
since they connect the left side L, with the right side L3, such that

( ) x, Vl*O 71 t +
nd_Tly(z) < [T (f())<nd+H9( N, Wiza [ 7T YR, VeI

1
(b) There are pairwise distinct points x}, € ICiln C D; for any n > x1 and t € X such that

Hg(f( ))—HQ( ), Vl:0,..‘,n—1
Hg(f ( )) Hg(f (.CE;LL)), Vi=-1,...,—m Vn > X1, Vte %,
nd_Ty(zt) < T (f(8)) < ndaTlg(zt), ¥I>norl<—m

where m = —&; ' (n) € N,

Proof.  (a) Identity ITy (f'(x)) = Iy(z) forall z € Q1 , and [ = 0,...,n — 1 is trivial, because
these first impacts are all over the first arc I';, so the angle of reflection remains constant.
Henceforth, we just deal with the case [ > n.

FIX n > x1 and f = (tz) >0 € Tt with ¢ = (ti,. .. ,ti./). Letn = ('ni)iz() S (Nk)NO with
n' = (ni,...,nt) € N be the sequence given by

n} = f;(n) = max E; (n),

where E; (n) C Nis the set (11). We view n{ = n as the ‘starting’ value, since the sequence
n is completely determined by n. However, we do not make this dependence on n explicit for
the sake of brevity. Let p = n,

i—1 k
ph=s'(n) = Z Zn;n, Vi>0
m=0 j=1
j—1
ph=sin)=s'(m)+ > nh, Vj modk, Vi>0.
m=1

Note that pj = p’. We use the convention pj_ , = p**1.

There is ¢ = (q')i>0 € QF with ¢" = (qi,...,q;) such that sign(q) = tand [q| = n by
definition. Note that s (q) = pj foranyi > 0and j = 1,..., k. Version (O) of Proposition 29
implies that there is a path v} € Dy, horizontal in the sense that it connects the left side £
with the right side £1, such that

fpﬂ()C/CJ,, Vrenql, Vi>0, Vi=1,...,k.

Jim

1
In particular, 7! C ICiln The paths +} are pairwise disjoint, because the cells K, are.

Fix z = (¢,0) € v} and I > n. Set (¢1,6;) = f'(¢,0). Our goal is to prove that
nd_ <10,/0 < nd, a7n

for some constants 0 < d_ < d4 that do no depend on the choices of the starting value
n > x1, the sign sequence t € T, the point z € %tl or the forward iterate [ > n.

Let ¢ > 0 be the number of complete turns around I" that this billiard trajectory performs
from the 0-th impact to the {-th impact, and let j € {1,. .., k} be the arc index where the /-th

impact lands, so p* < p% <1 < p%, ) < p™'. Setr = pi. Then (¢,,0,) € K, c Qjnis

ni
and so, since the orbit segment (., 6,.), (©r+1,0r+1),---, (©i—1,0i1-1), (1, Hjl) remains in
the circular arc I'; without crossing the singularity segment £, 1, we have
,(Sj = min Hg( )< 0, =0, < max Iy(y) = ,57j,
271; + 2 yGQJ ni - yGQj’n;-_ 271;» -2
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see Lemma 17. From z = (p,0) € 75 C ICiln C Qi.n, we also have

01 . 01
= 11 <fg< 11 =
2n +2 yéan?z oly) <0< yngai{n 0(¥) 2n — 2

By combining the last three displayed sets of inequalities, we get that

5j n—1 . 6 n+1 .
2~ <16,/0 < L — i+ 18
Suni 1" = % S oinl -1 (18)
Let v/ < ) be the positive constants that appear in Part (aiii) of Lemma 24, so

V'n;- <pt<ptl < A’n;-. (19)

Bound (17) follows from (18) and (19) if we take

li

dy = 6max{61,...,5k}max{(,)J i > X1, ng ZXj»jla"'vk}

1 (n% —1)n ]
N a+x; .
_(Slmax{§1,...,5k}max{Xj_l)Xl.]—l,...7k s
i =Y min{o,... 5 (0= > 1.k
- = amln{ 1, 5 k}mln (nZ 1)n n =z Xi, ’I’L] X5, ] =1, )
J
v/ (i —Dxy }
= — min{dy,...,d;} min =1,...,k
61 & ) {(Xj iy

(b) The proof is similar, but using version (T) of Proposition 29. We omit the details. We just
stress that if 2 € Q1 ., h(x) = q = (¢')iez and m := |q;,'| = —&; ' (n), then the first m
backward iterates of the point = impact on the last arc I'. O

The constants 0 < a < b in Theorem C are directly related to the constants 0 < d_ < d4 in
Theorem 35. To be precise, we can take

. 1 Lo 2n—2 2x1 — 2 <0
a = min = min = ,
n>xi nd+ maXgzeQ, ,, HQ(IE) n>xi nd+(51 X1(51d+
1 Mm+2 2y +2
b = max = max =

n>x1 nd_mingeg, , Ho(z)  n>xi nd_6;  x161d— '

The sequences (Ugeg+7)) n>y, and (Ugea+ z!) n>y, are composed by uncountable sets of hor-
izontal paths and points, respectively, with the desired optimal uniform linear speed. The index
n > x1 of the sequence counts the number of impacts that the corresponding billiard trajectories
have in the first arc I'; at the beginning. The fundamental quadrilaterals Q; ,, tend to the first node
as n — +oo: lim,, 4o Q1,n = (a1,0), so we conclude that both sequences accumulate on that
node when n — +o0.

Let us justify the optimality of linear speed.

Proposition 36. There is no billiard trajectory in a circular polygon such that

lim nd, =0.
n——+oo
Proof. We have already proved that all asymptotic billiard trajectories that give rise to admissible
sequences of symbols satisfy an upper bound of the form

1/0,, < b|n|, Yin|>1

for some uniform constant b > 0 The problem is that there could be some slightly faster billiard
trajectories that do not give rise to admissible sequences.
For instance, if we look at the fundamental quadrilateral Q; ,, displayed in Figure 5 and its image

f™(Qj.») displayed in Figure 6, we see that all points z € Q; ,, close enough to £ Jf;r /2 have an
image f™(z) below the lowest admissible fundamental quadrilateral Q1 ,,, with m = max{n’ >
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X1 : (n,n’) € E;}. Therefore, since we only deal with admissible sequences of symbols, we have
‘lost’ the lower non-admissible portion of the red quadrilateral with parabolic shape in Figure 6.
However, part (c) of Lemma 11 shows that, once we fix any € € (O7 min{pg, ... ,pk}), we have

o (f™(x)) = (1 — )p(x), Ve e Qjn, Vj modk, Vn>1,

provided y; < 1, so these lower non-admissible portions can not be much lower than the ones that
we have already taken into account. This means that if we repeat the computations of all constants
that appear along our proofs, but replacing y; with p; — € provided p; < 1, then we obtain a new
uniform constant b € (b, +00) such that

1/0, <bln|,  Vn|>1

for all billiard trajectories, with no exceptions. O

8 On the number of periodic trajectories

In this section, we construct exponentially large (in ¢) lower bounds on the number of periodic
trajectories of period ¢, thus proving Theorem D. The strategy of the proof is to use the lower
bound (15) provided in Corollary 33. In Section 8.1 we state the main results. Then Section 8.2
contains the proof of a general polynomial lower bound from which we deduce the asymptotic
exponential lower bound in Section 8.3.

8.1 Statement of the results

Recall that factors aji from the fundamental lemma satisfy hypotheses (A) and (B) (see Lemma 20).
Throughout this section we do not increase the size of x;. Indeed, we no longer need the estimates
contained in Lemma 24, although we still need those contained in Lemma 17. So, we may consider
significantly smaller integers x;. For instance, we may take (7) when p; < 1. Recall also the
unbounded convex polytope PP} ¢ R+ introduced in Corollary 33, with p € Nand n + 1 = kp.
Let II(p, q) be the set of (p, ¢)-periodic billiard trajectories for any 1 < p < ¢. Let II(q) =
U1<p<qII(p, q) be the set of all periodic trajectories with period g. We state three lower bounds on
the number of periodic billiard trajectories in the theorem below. First, a polynomial general lower
bound of #I1(p, ¢). Second, an exponential asymptotic lower bound of #II(q) as ¢ — +o0c. Third,
a polynomial asymptotic lower bound of #I1(p, ¢) as ¢ — +oo, for any fixed p € N. The symbol #
denotes the cardinality of a set. The floor and ceiling functions are denoted with symbols |-] and
-]
Theorem 37. If T is a circular k-gon and p € N, there are constants a,, by, hy, s, M, c,(p) > 0
such that the following three lower bounds hold:

(@) #11(p, q) = 2(avq/kp — b.)"" ™" [kp for all ¢ > b.kp/a..
(b) #I1(q) > #H(p,q) > M,e"1/qwhenp = |x.q/k] and ¢ — +cc.
(¢) #1L(p,q) > cq""~" + O(¢""~?) as ¢ — +o0 for any fixed p € N.
Remark 38. We give explicit expressions for all involved constants. We can take
(a1 —ap)Ar (of —ar)4, (o — ) Ax (o — ak)Ak}
(I+a)Ad  (1+al)d 7 (Itag)d  (1+a))A J’
by = 6 +4max{x1,-.-, Xk}
hy = a*Wo(b*/e)/b*,
Ty = axWo(bi/e) /(1 + Wo(bs/e))bs),
M, = Q(CL*/.Z‘* - b*)ikil/xﬂ
C*(p) = Z(G*)kpil/(kp)kpy

where a; = /a7l A; = T2 i, A = £ 5% Ajand Wy« [=1/e, +00) — [—1,+00) is
the real part of the principal branch of the Lambert W function. Note that Ay = A; = 1 by
hypothesis (B). Therefore, A; = A; moa x. Function Wo(x) is implicitly determined by relations

Wo(ze®) = x forall 2 > —1 and Wy(z)e™o(®) = 2 forall 2 > —1/e, see [20].

Ay :4min{
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The exponent h, = a,Wy(bs/e)/bs > 0 in the exponentially small lower bound is the most
important constant in Theorem 37. It is ‘proportional’ to a,. We note that there is ¢ € {1,...,k}
such that A = % 2?21 Aj; > A;, 50 a, < 4. The exponent h, also depends on b, through the
Lambert function Wy, but we believe that this is due to the techniques used and does not come
from any fundamental characteristic of the problem. It is known that Wy (z)/x is decreasing for
x > 0,lim,_g+ Wy(z)/x = W(0) = 1 and Wy(x)/x is asymptotic to k’% as x — +oo. Hence,
hs < a./e < 4/e for any T'. We conclude that the expression iy = a,Wy(bs/€)/by is, by no means,
optimal. If T" tends to a circle, then aj_ and oz;L become closer and closer, so h, tends to zero.

The optimal constant ¢, (p) that satisfies the third bound can be way bigger than the crude value
c(p) = 2(ay)*P~1/(kp)*P obtained directly from the first bound. We give a way to compute the
optimal value ¢, (p) = 2" lim,_, ;o ¢' ~*G,(P®)) in Proposition 39, whose proof is postponed
to Appendix B. If P is a Jordan measurable set of R™, let V(P) be its n-dimensional volume. Let
Hypy={x eR"™ 12y + - +ap41 =1} Let I, 41 : R™™! — R” be the projection

= (21,.. ., Tpt1) = & = (T1,...,Ty).
Projected objects onto R™ are distinguished with a tilde. Recall that n + 1 = pk.
Proposition 39. (a) IfT is a circular k-gon and p € N, then
#I(p, q) > 2*rG, (P(p)) > QkPV(f(ég))qkp_l +0(¢""72)  asq — +oo,

where f(éé’) =limy 1 Pq(p ) is the closure of the limit of the bounded convex polytopes
[:)q(P) =1l (pq(l’)), pq(P) - P(p)/q N Hyo, p(P)/q ={x/q:x ¢ p(P)},

which are computed by q-contraction, section with hyperplane H, 1 and projection by 11,, 1
of the unbounded convex polytope PP) defined in (16).

(b) This lower bound is optimal in the sense that

lim qlfkqu (P(p)) =V (K'(p)).

q——+0o0 o

(c) The half-space representation of the limit compact convex polytope is

a;xj S xjqpr < a;rxj, Vi=1,....n—1
B i o Ontn <1 —f(m) < a,‘fcvn+ i
KOO = qgr_{loo Pq =qTeR": an+1(1 - §(IB)) Sz < an—H(l - §(IL’)) » (20)
z; >0, Vji=1,...,n
s(x) <1

where ¢(Z) = x1 + -+ + Tp.

There exist several algorithms to compute the volume of compact convex polytopes from their
half-space representations, so expression (20) can be used to compute V(K c(fo’)).

8.2 Proof of the polynomial general lower bound

Recall that P() is the unbounded convex polytope (16). We will introduce a cube

K={xcR" |z —o|, <t} (21)
which is the ball centered at the point 0 € R™*! of radius ¢ in the infinity norm | - |. Its center o =
(01, -..,0n+1) will have three key properties: 1) o € p®) 2) Z?;l 0j =¢,and 3) 0; = 0j mod k-

Then, radius ¢ is taken as the largest value such that K  P®). For convenience, we will not make
explicit the dependence of K on the integers 1 < p < q.

Lemma 40. Let k,n,p,q € Nsuchthat1l < p < qand n + 1 = kp. Recall constants listed in
Remark 38. If k. = a, /4, 7, = max{x1,..., Xk} 0 <t < t, = keq/(n+1) — 7 and

qu mod k

= (01,...,0n41) € R = ;
0= (01, 0n41) T Ty DA

then oy + -+ opy1 = qand K = {x € R"*! : | — 0| <t} C P®),
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k
Proof. Clearly. o0 + -+ + 041 = s Sy Ay = rlys T, 4y = g =

If x € K, then x = 0 + tu for some u € R"*! such that |u|,, < 1. With the suitable choice
of the radius ¢, the point x satisfies the following three sets of inequalities that define the unbounded
convex polytope P®) given in (16):

* First set (with 2n inequalities). Since 041 = «j0; forall j = 1,...,n, we see that
(o uj —uji1)t < (o —aj)o; — B;

(uj1 — @ u)t < (aj —aj)o; — B

Ozj_Ij + ﬂj_ < ZTj+1 < Oéjd?j — ﬂj_ = {
J J

o Second set (with 2 inequalities). Since Ay = 1 and A, 11 = Ay = Hf;ll a; = 1/ay, we get
that 01 = a0, +1 = ay05. Besides, ﬁ,irl = ﬁki and oz,irl = aki. Hence,

(0 Upg1 — ur)t < (o — ay Jorp — By,

- - + +
an+1xn+1+,8n+1 s Oén+1l‘n+1—5n+1 = { (ug — aiunﬂ)t < (az — Qg)op — »313

* Third set (with n + 1 inequalities). x; > x; & —u;jt < 05 — X;.

Let us analyse the RHS and LHS of the above 3n + 3 inequalities. Coordinates o; can be as big
as needed if we take ¢/(n + 1) > 1, because quotients A; 04 x/A do not depend on p, g or n.
Thus, using that oy < o < aj' forall j = 1,...,k, all RHS can be made positive if we take
q/(n + 1) > 1. On the other hand, we can bound the LHS as follows:

(o uj —ujp1)t < (1+a;)t, (wjgr — a;ruj)t <(1+ ozj)t, —u;t < t,
because |u;| < |u|oo < 1forall j =1,...,n+ 1andt > 0. Therefore, these 3n + 3 inequalities
hold when we take any ¢ € [0, ¢,) with

L~ min { (aj —aj)oj — B (af —aj)o; — BF

1+aj_ ’ 1+aj'

, 05 — X :jzl,...,n—i—l}
:min{/@j_q/(n+1)—fj-_,nj'q/(n+1)—7'37",qu/(11+1)ij cj=1,...,k},
where N N
_aj —og|4; A; +_ B

+
Kf=— 7 _ = Ky = —L, TE =
J (1+o¢j:)A I A J 1+0¢jE

:1, Tj:Xj'

All these arguments imply that K C P®) provided that 0 < ¢ < t, := K«q/(n + 1) — 74, where
Ky :min{ﬁ;,ﬁf,lﬁl,...,H;,Iiz,lﬁc} >0, Ty :maX{Tf,Tfr,Tl,...,T];,Tl:r,Tk} > 0.

These constants x, and 7, do not depend on p, q or n.
We note that (] — ;)/(1 4 @) < 1. Hence, ] < r; and we can take

Ky = min{ﬁ;f,m{r, .. .7,%127,%:} = a,/4,
see Remark 38. O

We look for a lower bound on G, (K), where K is a cube of the form (21) such that Z;Lill 0; =
g. Note that G, ({0,1}") = (7)), so G({0,1}*7) = (2qq) > 49/(2q + 1) grows exponentially
fast as ¢ — 4-o0o0. We want to generalise this idea. Since there is no standard notation for the

generalised binomial coefficients that we need —for instance, symbols ("qm) and (Z)(m) can be
found in [47, 42]—, we use our own notation. Set

[0..m] :=ZN[0,m] ={0,1,...,m—1,m}.
Then G, ([Om]") counts the number of weak compositions of g into n parts with no part exceeding

m. Note that G4 ([0..m]"™) = 0 for any ¢ ¢ [0..nm]. It is well know [25, section 1.3] that

Go([0.m]")2? = (1 +z+ 2%+ +2™)™
q=0

Using this polynomial identity, Andrews [2] deduced that, once m,n € N are fixed, the sequence
Gy¢([0..m]™) is unimodal in g and reaches its maximum at ¢ = [nm/2].
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Lemma 41. G,y ([0.m]") > CEDL > D7 g i, € N,

Proof. It follows from #[0..nm] = nm + 1, 35/ Gq([0.m]™) = # ([0.m]") = (m + 1), and
inequalities Gy ([0..m]™) < G2 ([0..m]™) for all ¢ € [0..mn)]. O

Now we are ready to establish the lower bound on G () that we are looking for.

Lemma 42. Letn,q € Nandt > 0. If K is a cube of the form (21) such that Z ,1 0; = q and
t > 3/2, then
(2t — 3)"

>
Gq(K) - n+1

(22)
Proof. There exists an integer point o € Z"™! such that [0 — 0'| < 1 and Z:H'll o = q If
0 € Z"!, wetake o’ = o. If o € Z™*!, we can take, for instance,

, loj] +1, forj <i,
I lo;], otherwise,

where i = ¢ — 37" |0;] € [1..n]. so that z”“ oy =i+ 3" oj] =q.
Setm = [t| —1 € NU{0} and v; = o — m. Clearly, [vj,vj + 2m] C [o; — t, 05 + t]. Hence,
given any y € [0..2m]"*! such that Z?Jrll y; = (n+ 1)m, the sum of the components of the vector

x=y+veKNZ" ! isequal to

n+1 n+1

Zx]—n—&— m+ Zo —(n+1)m=q.

Besides, the correspondence [0..2m]" ! 5 y — & = y + v € K NZ""! is injective, which implies
that

(2m+ )" _ (2t =3)"
n+1 - n+1

Gy(K) = Gy ((0-2m]" ) = G 1)2m /2 ([0-2m]" ) >

We have used Lemma 41 and m = |¢t| — 1 > ¢ — 2 in the last two inequalities. O

To end, we prove the first lower bound stated in Theorem 37.

Proof of the polynomial general lower bound. This bound follows from bound (15), the inclusion
K ¢ P®, bound (22), condition 0 < t < t, := k«q/(n + 1) — 7, required in Lemma 40, and the
identities ay = 4Ky, by = 47, + 6 and n + 1 = kp. Namely,

24t — 6)"  2(4t, — 6)"

I > 2"t G, (PP) > 2" G (K)} > -
#ll) 2 2G ) 2 g ) TGN 2 i) TR T e
n n kp—1
2 4 2 " 2
= H*q—47'*—6 = axq —b, ) == a*q_b* .
n+1\n+1 n+1\n+1 kp \ kp
Note that [3/2,t,) # 0 since ¢ > b,kp/a, implies that t, = k.q/(n + 1) — 7 > 3/2. O

8.3 Proof of the two asymptotic lower bounds

We describe the exponentially fast growth of #I1(p, ¢) when p = |xq/k| and ¢ — +oo for some
fixed limit ratio > 0. We shall also determine the limit ratio x, > 0 that gives the largest exponent
h, in the exponential bound.

Lemma43. Let0 < a < band k € N. If
o M(x)=2(a/z—b)"F1/zfor0 <z <a/b
o h(z) =zlog(a/x —b) for 0 < x < a/b; and
* G(p,q) = 2(aq/kp — b)*»=1 /kp for p,q € N such that 0 < kp/q < a/b,
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then
G(|zq/k|,q) > M(x)e"®1/q, Vg > (1+b)kp/a, Vz € (0,a/(b+1)].

The exponent h : (0,a/b) — R reaches its maximum value h, = h(xz,) = aWy(b/e)/b > 0 at the
point x, = aWy(b/e)/((1 + Wy(b/e))b).

Proof. Ifq €N,z € (0,a/(b+1)] and p = |xq/k]|, then aq/kp —b > 1, 2q — k < kp < zq and
kp—1 xq—k—1 o
2 2 2 rq—k—1 1
Gpg) = (2 —b S 2 — (E B b) q = —M(x)eh®@9,
kp \ kp kp \ kp rq \x q

Next, we look for the global maximum of h(z). After the changes of variable

(0,+00) 3% ¢ x = G(O,a/(b—|—1))7

a

b+e?
(0,400) 3 h > h = ah € (0, +00),

we get that h(z) = zlog(a/x — b) = 2@ = ai/(b+ %), so h(2) = &/(b + e*). We have reduced

the search of the global maximum point z, € (0,a/(b + 1)) of h(x) to the search of the global
maximum point £, > 0 of h(Z). Since

53

dh b+ (1—&)e?

@(i) = b+ ey =0&e (@-1)e" T =bles i =20, :=1+Wyb/e),

we deduce that /(&) reaches its maximum value

B 1 11 Woble)

T bhtets et ecWolb/e)

hy = h(,)

at the point & = &,. In order to compute ,, we have used that Wy (b/e)e"V0(/¢) = p/e. Expressions
for z, and h, are obtained by undoing both changes of variable. O

We can prove now the second and third lower bounds stated in Theorem 37.

Proof of both asymptotic lower bounds. The second bound of Theorem 37 follows from the first
one by applying Lemma 43 with @ = a, and b = b,. Analogously, the third bound of Theorem 37
follows from the first one by taking c, (p) = 2(a, )"~ /(kp)*». O

9 The length spectrum of circular polygons

The purpose of this section is to prove Theorem E, which shows an unusual feature of the length
spectrum of billiards in circular polygons. In particular, it shows that the well-known results of
Marvizi-Melrose [44] fail to hold for circular polygons. This was expected because there are so many
periodic billiard trajectories inside circular polygons —as we have seen in the previous section—
that we can construct sequences of them whose lengths have rather different asymptotic behaviors.
Let |T'| be the length of T. Let x(s) be the curvature of T" as a function of an arc-length parameter
s € [0,|T]). If z,2" € T are any two consecutive impact points of a billiard trajectory g, then the

segment [z,2'] C R? is a link of g and f;, ds is the distance from z to 2z’ along I'. Note that
|2/ — 2| < fj ds by convexity. If g = {zp,...,24—1} C I'is a g-periodic billiard trajectory, let
L(g) = |z1 — 20| + - - - + |2q—1 — 20| be its length. Let
L,=inf{L(g): g € I(1,q)}, Ly =sup{L(g):g€Il(L,q)}.
To begin with, let us recall the Marvizi-Melrose results for smooth ovals. A smooth oval is a

regular, simple, closed, oriented C'°° curve with positive curvature everywhere.
Theorem 44 (Marvizi & Melrose [44]). Let I' be any smooth oval.

(a) limys ;oo ¢ (fq - Lq) =0foralli € N.

(b) There are asymptotic coefficients ¢; € R such that if g, € II(1, q), then

oo
o
L(gy) = T+ L Il
=1
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(c) e =—o [[p523(s) ds}3 <0.
(d) If [z, 2] is a link of g, € TI(1, q), then

Z’ 1
/ ds < —|T"|, uniformly as ¢ — +oo.
z q

The symbol < means that the RHS is asymptotic to the LHS. The first property implies that the
Melrose-Marvizi asymptotic coefficients ¢; do not depend on the choice of the sequence of periodic
trajectories (gp)q. All of them can be explicitly written in terms of the curvature. For instance,
the formulas for c;, c2, c3, and c4 can be found in [55]. Property (d) means that not only are the
lengths of g, asymptotically well-behaved, but as ¢ — 400, the distribution of the points in g, is
asymptotically well-behaved with respect to any one point. Hence, property (d) is like a weak local
version of property (b). There is also a strong local version in [44, Theorem 5.9].

From now on, with I' denoting a circular polygon, we use the notation introduced in previous
sections, although we are now only interested in (1, ¢)-periodic trajectories, so 1 < j < k and we
no longer need to consider j modulo k. Recall that p = 1 along this section.

We will check that none of properties (a)—(d) of Theorem 44 hold for circular polygons.

First, we consider the simplest periodic sliding trajectories in a circular polygon, wich are the
trajectories that impact all its nodes in such a way that the angle of reflection remains constant along
the whole trajectory. These nodal sliding periodic trajectories can only take place in certain circular
polygons, which we call rational.

Definition 45. We say that a circular polygon I' is rational when all its central angles are rational
multiples of 7, so
95 = m;o,

for some 0 = ged(d1,...,0;) and m; = §;/0 € N. Set M = E?Zlmj. Then M¢ = 2m. A
billiard trajectory inside a rational circular polygon is nodal when it impacts all nodes (interspersed
with possibly many other non-nodal impacts) in the counter-clockwise ordering.

Squared pseudo-ellipses and Moss’s eggs are rational circular polygons, see Section 2. Any
nodal orbit in a rational circular polygon has constant angle of reflection, is sliding, and is periodic
with a rotation number of the form 1/g, ¢ being the period.

Nodal billiard trajectories give the simplest examples of sequences of sliding periodic billiard
trajectories in circular polygons where properties (c) and (d) of Theorem 44 fail, because it is really
easy to compute their lengths.

Proposition 46. Let I be a rational circular k-gon with arcs I, radii v; and central angles ;. Set
0 = ged(01, ..., 0k). Fix some 1p = 6/2i withi € N. Let g, be the billiard trajectory generated by

(¢n,0n) = f"(a1,9), Vn € Z.

(a) The billiard trajectory g, is nodal and g, € I1(1, q) with period ¢ = Mi.
(b) L(gq) = IT| = 72|T|/6¢* + O(1/¢*) as ¢ = Mi — +oc.
(c) If [z, 2'] is a circular link of gq associated to the arc T';, then

’

i 1 1
/ ds = —2mr; # —|I|.
z q q

Proof.  (a) Once we fix the index ¢ € N, we deduce that @;,,, = a1+2im19 = a1+0; = by = aq.
That is, the first 2mq links of the billiard trajectory connect both nodes of the first arc. In
particular, the angle of reflection does not change when we enter the second arc, so the next
imo links connect both its nodes, and so on. This means that the orbit is nodal and periodic
with rotation number 1/¢ and period ¢ = M.

(b) The length of each link in the j-th arc is equal to £; = 27; sin 1), so
k k 1
Ligy) = amil; = 2imjr; [¢ — ~4° 4+ 0 (¥°
(9q) ; 3t ; VAN {@Z’ 6¢ (¢ )

& 52 | & 1 - 72|L| A
:ij(STj—ﬂ ijérj ﬁ+0(z ):‘1—‘|— 6q2 +O(1/q ),
Jj=1 j=1
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P et R £ Q

Figure 7: Isosceles triangle AOPQ and a point R € [P, Q] \ {P,Q} such that ZQPO = ZOQP = §,
|OP| = |0Q| =r, ZPOQ = 2¢p = o+ + ¢~ = ZPOR+ ZROQ, and |PQ| = { = (+ + ¢~ = |PR| + |RQ)|.

where we have used that §; = m;0,

I = Z?zl d;rj, ¢ = Mi,and M¢§ = 2m.
(c) If two consecutive impact points z and 2’ belong to the arc T';, then

’

z 1 1 1 1
/ ds = 2yr; = gérj = aMérj = 527r7"j # 6|F\ O

The previous proposition has been obtained without the heavy machinery developed in this paper,
but it needs a rather special type of circular polygons. Next, we deal with general circular polygons,
where the computations are more involved.

Remark 47. Corollary 33 implies that there are at least 2* generic sliding periodic billiard trajec-
tories g, € II(1, ¢) with exactly x; € N impacts in the arc I';, j = 1,..., k, for any integer point
x = (z1,...,2) € PO NnzZF = P N NF such that #; + - + 2 = ¢q. Here, PW) is the
unbounded convex polytope of R¥ defined in (16) for p = 1.

We need a couple of technical results before tackling the proof of Theorem E.

First, we compute the lengths of generic sliding (1, ¢)-periodic billiard trajectories. By defini-
tion, they impact all arcs but no nodes. Angles similar to <pj[ and 1; below were considered in the
proof of part (c) in Lemma 11.

Lemma 48. If g, € II(1, q) is a generic sliding periodic billiard trajectory inside T, then

k in ot
- _ 7 sin @7
Ligy) = Z (éj + (z; — 1)¢; + K;r), 0; = 2r;jsiny;, éji _ 7 j

DY o3
i cos(tpj — gojt) 23)

where
(i) x; € Nis the number of impact points in I'j;
(ii) ; > 0 is the constant angle of reflection along the x; impacts in I';; and

(iii) goji € (0,2¢;) are the impact angles such that [z(b; — ¢}), 2(ajy1 + @5, )] is the transition
link connecting I'j and I'j 1.

Besides, p; + 2(x; — 1); + <p;' =d;forallj=1,... k.

Proof. If we apply the law of sinus to the three triangles APOQ, APOR and AROQ displayed in
Figure 7 (see its caption for the definition of each quantity), we get that

¢ ? r r Ve T r

2sin 1 cos v T sin2¢  sinB cosp’ sing®  sin(r— B — o)  cos(y — pF)’
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since 3 =7/2 — 1, Z/ORP =7 — 3 —¢T and ZQRO = w — 3 — . Therefore,

rsin

:2 i i:i.
rsin, l cos( — )

We deduce (23) from those three formulas.

If g4 has x; impacts in I'; with constant angle of reflection 1);, then it has x; — 1 circular links
with a certain constant length ¢;. Each one of these circular links [P, )] is the base of an isosceles
triangle AOPQ like the one displayed in Figure 7, with O = O;, r = r; and ¢ = ;. Hence
Kj = 27']' sin l/}j.

Let us consider the transition link [2(b; — gpj)7 z(aj1 + ;1)) connecting I'; and I'; 41 and
the isosceles triangle AOPQ with

0=0;, P=zb—¢[)eT;,  Q=0;+rueltsme+2),

We stress that () is an auxiliary point: Q ¢ T'. Let R = [P, Q] N[O, z(b;)]. Thenr = r;, o = cpj
:al'nd.éJr = Ej. The.refore, E;‘ = r;sin @j / cos(p; — @j) The formula for 7, , is deduced in a
similar way, but taking

0 =01, P=0,1+ rj+1ei(aj+1—¥’;+1—2¢j+1), Q=z(aj41 + <pj_+1) e,

R = [P,QIN[0,z2(aj+1)], r = Tjt1, ¢~ = ¢4, and i~ = €j_+1. (In this case, the auxiliary
point is P: P ¢ T'). By construction, the transition link [z(b; — go;r), z(aj+1 + ;1)) has length
€ + €], This proves (23).

Finally, relation ¢ + 2(x; — 1)¢; + cpj = §; is geometrically evident. O

Next, we need a technical result about the extreme values of the differentiable strictly concave

function (25) over a bounded convex polytope Péé ) related to the unbounded convex polytope P(1)
of R defined in (16) for p = 1. Recall that Aj,_; = {x € RF : & > 0, 1 +--- + x5, = 1} is the
open (k — 1)-simplex and Hy = {x € R¥ : 2y + -+ + 2, = 1}.

Lemma 49. The bounded convex polytope Péé) = limg o0 ({w/q T € P(l)} N Hk) is given by

a; x; < xjpr < ajxj, Vi=1,...,k—1
— +
P(l): Rk: QT < T1 < 0 Tk 24
o =\TE 2 >0, Vi=1,....k (24
1+ +ap=1
and its compact closure K&l)) is contained in the open simplex Ay _1. Let
1 k (S?Tj
h:Agp_1— (—00,0), hy) =—— - (25)
24 4 Y4
j=1 7
Set I, = h(Pég)), ¢; =inf I and cf =sup Iy. Then c{r € I, and
1 3
—oo < ¢f §—7r2|F|/6<cl+:ﬂ [/ /<a2/3(s)ds} < 0. (26)
r
Proof. Expression (24) is trivial. We check that K &1)) C Aj_1 by areductio ad absurdum argument.
Let us assume that x = (z1,...,2%) € Kf,i) and z; = 0 for some ¢. Then inequalities a; x; <
Tjt1 < a;':vj forj=1,...,k—land o,z <1 < a:xk imply that
Tiy1p = =T =21 = =21 =0,

so identity x1 + - - - + x;, = 1 fails. Contradiction.

The image of a compact convex set by a continuous function that only takes negative values is a
compact interval of (—oc,0), so I} = h(K&,)) = [c1, ¢f] for some numbers —co < ¢ < ¢f < 0.
Let us estimate the minimum value ¢; , compute exactly the maximum value ¢}, prove that ¢; < ¢/,
and check that ¢ € 1.
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We claim that function (25) attains its maximum value only at y = w(1/3), where

(51(8),-- k() € Axcr,  s5() =515, SE©) =D S

for all ¢ € R. On the one hand, the gradient of RY > y E?Zl 6%r;/y3 is the vector with

components —2837;/y?, soy € Ay is a critical point of (25) if and only if

(si(1/3)/y:)° = &%)y = 831 /ys = (s;(1/3)/9;)°,  Vi#j.

This means that w(1/3) is the only critical point of (25). On the other hand, Zle 6% /3 s
a nonnegative weighted sum of convex terms 1/y?, so —5; Z?Zl 83r;/y3 is a strictly concave

function on R’j_ and (25) is a differentiable strictly concave function. Hence, the local maximum
w(1/3) is a strict global maximum. This proves the claim. Furthermore,

k

h _ 0 gerS s - Lgersa—o
(’U’(E))**ﬂj:lm**ﬂ &) ]; 3T Y (§)7S(1 - 28).

In particular, h(w(0)) < h(w(1/3)) and

h(w(0)) = —S(0)*5(1)/24 = —(2m)?|1| /24 = —=*|T| /6,
3

k 3
h(w(1/3)) = —S(1/3)%/24 = ’i Zajr;/B - ’i [/F K2/3(s) ds} .

Here we have used that |I';| = d;7; and [ k%3 (s)ds = |Fj|/rj2-/3 = 53-7“]1»/3 since I'; is a circular
arc of radius r; and central angle d;.

Hence, property ¢, € I and inequalities (26) hold provided w(0) € K& and w(l/3) € P
It turns out that w(&) satisfies the 3k + 1 conditions listed in (24), so that w(¢) € P, for all
¢ € (0,1/2]. For instance, w(§) satisfies the first 2k — 2 inequalities:

£€(0,1/2] = rjgmin{l, \/rj_s_l/rj} < r?H < r?max{l, 1/7"]'_’_1/7"]'}

= a;w;(§) <w;1(§) < ozj'wj(f) forj=1,...,k—1.
Inequalities o wy (€) < w1 (€) < ajf wy(€) are proved in a similar way. Inequalities w; (£) > 0 and
identity wy (€) + - - - + wy(€) = 1 are trivial. Finally, w(0) = lim¢_,o+ w(¢) € K& m
The main result of this section is nothing more than a reformulation of Theorem E.

Theorem 50. Let PX) C Ay, I, = h(PY)) C (—00,0), ¢ = infI; and ¢} = max 1, be
the open bounded convex polytope of R¥, the image interval, and the extreme values introduced in
Lemma 49, respectively. Extreme values c¢i satisfy inequalities (26). For any fixed ¢ € [cy, ci’]
there exist a period qo € N and a sequence (gq)q>q, Of generic sliding periodic billiard trajectories
9q € II(1, q) such that

L(gy) = |T| +¢/¢* + 0(1/¢*), asq— +oo.
Consequently, there exist a sequence (hy),, with hy € I1(1, q), such that

¢; = liminf ((L(hq) — T|)¢*) <limsup ((L(hq) — [T)¢®) = ¢, asq— +oc.

q—+oo q—+o0
Proof. If ¢ € (¢}, cf], then ¢ = h(y) for some y € PY IfqgeNis big enough, then there exists

apoint & = (z1,...,2;) € N¥ such that |qgy — x| < 1 and x € P N gH}, where P is the
unbounded convex polytope defined in (16) for p = 1. Let us prove this claim.
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First, we observe that y; > 0, so qy; > 1 wheng > 1. If gy € N*, then we take = = qy. If
qy & N, then we can take, for instance,

o= Syl 1, forj <,

! lay; ], otherwise,
where i = ¢ — 2?21 lgy;| € {1,...,k — 1}, so that Z?Zl rj =1+ 2521 lgy;| = ¢. This means
that x € ¢H}. To end the proof of the claim, we deduce that x € P from limits limy 400 ®/q =

Y € Péol) and Péé) = limg o0 ({a:/q x € P(l)} N Hk) Recall that Péé) is an open set in Hy,.

As we have explained before, see Remark 47, if ¢ >> 1 then there are at least 2* generic sliding
periodic billiard trajectories g, € II(1, ¢) with exactly z; € N impacts on the arc I'; and length (23).
The numbers z; € N, the constant angles of reflection ¢; > 0 and the impact angles <ij € (0,2v;)

described in Lemma 48 satisfy identity ¢; + 2(z; — 1)¢; + @;r = ¢4; and uniform estimates

z; = qu; + O(1), 95 = O(1/q) and ¢b; = &;/2(x; — 1) + O(1/¢*) = O(1/q) as ¢ — +o0.
Therefore,

Ei Ty sin 99;‘: + 0 ( i)S i‘¢ i‘Q + 0(1/ 3)
S = e =T, N + ( . y . i — . ) =T, . +
J COS(T/)j _ <p]i) i¥; #j 1V =¥ i¥j q

and
(xj —1)¢; = 2rj(x; — 1)sinep; = 2rj(x; — 1)(% - wf/fi +0 (1!}?))
= 2rj(a; — )y —rj(z; — )93 /3+0(1/q")

6;’7"j 3
=2rj(x; — 1)1 — %z, —1)? +0(1/¢%)
J
83r; 1
= 27’j(.’L‘j — 1)¢J — 213} qu + O(l/q3)
J

Finally, we estimate the total length (23) as follows:

S

L(gy) = Z (67 + (x; — 1)t + £])

Jj=1

k
=D iy + 205 = 1wy +¢f) + hly)/a* + O(1/4")
= [T +¢/q® + 0(1/4).

We have used that ¢ + 2(z; — 1)¢; + <p;r =4, I = Z?:l d;r; and ¢ = h(y) in the last line.
Function h(y) was defined in (25). This ends the proof of the case ¢ € (¢, ¢/ ].

The case ¢ = ¢; can be obtained from the case ¢ € (¢, ¢f] by using a classical diagonalisation
argument about sequences of sequences of lengths.

Finally, sequence (hg), is constructed by interleaving two sequences of generic sliding (1, ¢)-
periodic billiard trajectories associated with the asymptotic coefficients ¢; and cf' respectively. [

As a by-product of Theorem 50, we get that generic sliding (1, ¢)-periodic billiard trajectories
inside circular polygons are asymptotically shorter than the ones inside smooth ovals, since cf
in (26) has the same formula that constant c; in part (c) of Theorem 44. The relation between the
left endpoint ¢; of the interval I; and —72|T'|/6 is an open problem. If ¢; = —n?|T|/6 were
true, nodal billiard trajectories would be the asymprtotically shortest sliding (1, ¢)-periodic billiard
trajectories as ¢ — +4-oo. This is one of the reasons to take them into account.

Identity ¢; = 7?|['|/6 holds for squared pseudo-ellipses. Let I' = E 5, i be a squared
pseudo-ellipse of radii 7 and R > r, see Section 2. Thatis, I' = E 5 ;. g is the circular 4-gon with

radii r; = r3 = r and ro = 74 = R, and central angles §; = J = d3 = 04 = /2. A tedious
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computation that we omit for the sake of brevity shows that

= —7r2\E,,/27T7R|/6 = —7r3(R+ r)/6,

/ K3 (s)ds
Er/2rR

These two expressions above coincide when R = 7. In general, ¢i” — ¢] tends to zero when I tends
to a circle of finite radius.

3 3

1

24

1 k T,
=51 | LAV =5 [VE+ )

=1

3
+
1 .
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A Proof of Lemma 24

Throughout this proof we shall freely use the natural convention that the objects Ehi1r Gy €l
should be identified with % ¢it1 ¢! respectively.

(a) The key observation is that functions CJ’(n) and 5;(71) can be recursively bounded. To be
precise, since ¢!, | (n) is the smallest integer such that ¢!, ; (n) > a;q(n) + 65, &1 (n) is
the largest integer such that £}, ; (n) < ajf} (n) — [3;' and 6;' = aj' +1 > 1, we deduce that

_ 00(n) a7 dn)+ B +1, Vi=1.. .k } on
afgin) —pr —1<¢,,(n) <afé(n), Vi=1,...kV¥i>0.

(A comment is in order. The careful reader may notice that, by the definition of the alphabet
Q, C?(n) > x;- Thus, it looks like we should have written the bound

(711 (n) < max {x;41,0; ¢ (n) + 85 +1}, Vi=1,...,k

instead of the first bound in (27). However, we do not need it when x1 > xo,..., Xx. Under
this assumption, which is the second part of hypothesis (X), we know that the first & — 1
minima ¢9(n), ..., ¢} (n) are not affected by restrictions £9(n) > x;, and, if necessary, we
replace ({ (n) = ¢j),; (n) —which is the last minimum that we need to take care of— by x1.)
If we apply recursively £ times the bounds (27), we get the cyclic bounds

¢i(n) < max{x1,¢{(n)/a+ 7, }

asz(n) _ ’Y;_ < £;+1(n) < a{é(n), Vi=1,...,kVi>0 } (28)

where o = H?:l aj, 1/a= H?:l a; and

k

m—1
=) <H ajtl> (B +1),  Vi=1,....k
=1

m=1

i) If we apply recursively j — 1 times the bounds for the maxima in the second line of
equation (27), we get

An =7 = XE(n) — 7 <& (n) < NE(n) =Amn,  Vi=1,...k (29

where A\ = 1,v; =0, and

Jj—1 j—1 /m-—1
No=le (Haf_l> (B +1),  Vi=2,...k
=1

M

—
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If A = max{A1,...,A\x} and we choose any v such that 0 < v < min{A,..., A},
then (29) implies that vn < 5?(71) < Anforall j = 1,...,k provided that x; is large
enough, as it is assumed in hypothesis (X). To be precise, if we assume thatn > y1 > 1,
then vn < A\jn —; forall j = 1,..., k. It suffices to take

x1 = max{v;/(Aj —v):j=1,...k}.

ii) We assume that 7 > 0. The upper bound &}(n) < a’f?(n) follows directly from (28).
The lower bound £i(n) > 7a'€}(n) for some 7 € (0,1) is more tricky. First, we
realise that if we choose any k € (1, ), then (28) implies the weaker lower bound
&i(n) > k'€9(n) provided n > x1 > max {~,...,7; }/(e — k). This means that
f;(n) grows geometrically as ¢ — +o00. Second, we know that

+
&i(n) = a&; N (n) — 7 = (1 - af?%n)) agi M (n) = - =7 50" (n),
where
0<H< o ):-T-<T~=ﬁ(1— i ><1 Vi>0
= PETE agm) S TR
The above infinite product converges to a non-zero value 7; because
+oo ,yj+ +
; ozfé(n) = a£0 ZH < Ho00.
If we set 7 = min{ry,..., 7}, then £/(n) > 7a’&5(n). This ends the proof for the

forward case ¢ > 0. The backward case 7 < 0 is proved in a similar way.
iii) Inequality p(n) < p**1(n) is trivial. Using the already proved parts (ai) and (aii) of this
lemma and the formula for geometric sums, we get

P _ Tt S0 @) _ X e @A A — 1)

§;(n) - Taifg(n) - Tatun (e — 1ot
kAo Y
SETrE R
p'(n) > Z] IZm 07'0/”59(”) N Zj 1Zm o T YN _ _ krv(af —1)
5;(”) h ’f?( n) - a‘iin AMa —1)ad
ktv ,
> 7.
Y

iv) The inequalities n/a +~v~ <n—1<n+1 < an —~* forall n > x; follow from
hypotheses (B) and (X). It suffices to take

x1 > max{(L+")/(a—1),(1++7)/(1—1/a)}.

Set v+ = 4. The inequalities ¢} (n) < max{x1,n/a +~~} and an — v+ < £} (n)
follow directly by taking i = 0 in (28), because (?(n) = n = £?(n) by definition.

v) If we take n > max{(x1 — 7 )a, (N + ") /(e — 1),(N +~v7)/(1 — 1/a)}, then
x1 <n/a+y  <n—N<n+N<an—~v".

(b) Let us check that the sets =, (n) have no gaps in N. That is, we want to check that [n~, n*] N

N C E§(n) for all n* € Ei(n) such that n~ < n™.
First, we consider the forward case ¢ > 0. We prove it by induction on the ordering

=0 =0 =1 _ =0 -1 =2 _ =1 =2
Bl S B = Bl Sy 2 = S Sk e ey

—i—1 =t =0

7
1 L_Jk+1’...7uj7|._gj+1’....

The base case is trivial: Z9(n) = {n}. Let us perform now the inductive step. We assume that
E;(n) has no holes in N for some ¢+ > 0 and 1 < 5 < k. The next set is

E . (n)={n"eN:n" > x4, In' €Z ()s.t.aj_n’Jrﬂj_<n”<ajn’fﬂ;f}.
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If E;_H(n) has a hole in N, there is n’ > x; such that a;rn’ — 5; <aj (n’ +1) + 35, which

is impossible by hypotheses (A) and (X). It suffices to take
Xi > (ag + 87 + B5)/(af —a7).

Property [max{x1,n — |i|},n + |i]] "N C Z{(n) foralli € Z and n > x; follows by
induction from part (aiv) of this lemma and the fact that Z¢ (n) has no gaps in N.
This ends the proof for the forward case 2 > 0. The backward case 7 < 0 is similar. O

B Proof of Proposition 39
Fix any p € N. We look for the optimal value of ¢, (p) > 0 such that
#11(p,q) = 2Gy (PP)) = cu(p)d" +0(¢" ") asq — +oo.

Therefore, we want to count as many integer points as possible in P(*) ¢ R”*! whose coordinates
sum ¢ € N. We shall put these points in a 1-to-1 correspondence with the integer points of a g-dilated
bounded convex polytope of R™ by means of a projection.

We shall use a lower bound established by Wills [57]. Let us briefly describe it. If ¢ > 0 and
P CR" thentP = {yx : « € P} and P/t = {x/t : * € P} are the t-dilation and t-contraction
of P. The inradius o(K) of a proper compact convex set K C R™ is the biggest number ¢ > 0 such
that K contains a ball of radius . Note that 0 < ¢(K) < oo for any proper compact K.

Lemma 51. If K is a proper compact convex subset of R™, then

#(KNZ") > V(K)(t—Vn/20(K))", ¥t >n/20(K).

Proof. The case t = 1 is proved in [57], assuming that o(K) > /n/2. The general case follows
directly from this case since tK is a proper compact convex subset of R”, V(tK) = ¢" V(K), and

otK) = to(K) > 2/\/nif t > v/in/20(K). 0

The convex polytope (16) is not closed, so the convex polytopes pq(p ) defined in Proposition 39
are not closed either. However, they are the projection of some convex polytopes contained in the
open simplex A,, = {x € R"*! : & > 0, 21 +-- -+, = 1}, which implies that they are bounded.
Hence we need to extend Lemma 51 to proper bounded convex subsets of R™.

Corollary 52. If P is a proper bounded convex subset of R™ and K = P, then

#(EPNZ") > V(K) (s — Vn/20(K))",  Vt>s5>/n/20(K).

Proof. The closure K = P is compact. Let B be a closed ball of radius o(/) > 0 contained in K.
Let B = Int B. Given any point —x € B, we have that s(x + K) C t(x + P) forall t > s > 0. If
t > /n/20(K), then there is a point —x,; € B such that tx; € Z™. Then

#APNZL") = #((tw, + tP)NZ") = #(t(z, + P)NZ") > #(s(x, + K) NZ")
> V(@ + K) (s — vn/20(m: + K))" = V(K) (s — vn/20(K))",
forallt > s > /n/20(K). O

Proof of Proposition 39.  (a) Let Hyq1 = {x € R"™ : 2y + -+ + z,,1 = 1}. The cardinality
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(b)

(©)

of a finite set is invariant under g-dilations, g-contractions, and 1-to-1 projections. Thus,
#11(p, q) > 2" G, (PP))
= okr 4 {w =(Z1,...,Tnt1) € P Az g+ e T = q}
=2k (PP N 2" N gH )
=24 ((PW/q) N (Z""!/q) N Hovia)
= 2" (PP N (2™ /q))
= 24 (¢PP Nz
=24 (¢PP N Z")
> 2k y (K )(q —-1- \/5/29(@”)))”
> 2k (K g~ + 0(¢""7%)  asq — +o0,

where K. ép ) is the closure of Pq(p ). We have used Corollary 52 witht = gand s = ¢ — 1 in the
second to last inequality. In the last inequality, we have used estimates

V(EW) =V(ED) +0(1/q),  o(KP) =o(EP) +0(1/q).

These estimates follow from the fact that each facet of the limit compact polytope K. Qg’) is at

an O(1/q)-distance of the corresponding facet of the polytope K, 5” )

)

, which can be easily seen

by comparing the half-space representation (20) of K C()é) with the half-space representation

ajzj+ B /q¢< zj < ajxj —ﬁf/q, Vi=1,...,n—1
apn+ Py /g <1 —o(@) < oywn — B /g

A (L =<(@)) + By /a < a1 < gy (1= (2) = By /g
ijXj/qa Vj:l,,n

s(@) <1—xns1/q

KP) =& eR":

(30)

All convex bodies are Jordan measurable and

V(J) = qggl g "#(JIN(Z"/q) = qgglm ¢ "H#(gJNZL")

for any Jordan measurable set J C R", see [30, section 7.2]. Therefore,

lim ¢ "G (P(p)) < 1113_[1 q_"#(qf(é”)ﬂZ”)

g—+o0 q—
-n ny — i (p)
< lim g #(qKP nz") = v (KD),
Jim a7 Gy (PP) > i (V(RE) +00/0) =V (RY).

We have used that K, ép ) K éﬁ? —compare half-space representations (30) and (20)— in the
first line and the lower bound obtained at the beginning of this proof in the second one.

It is a simple computation using that z, 11 = 1 — ¢(&) when = (&, zp41) € Hp41. O
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