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Lower Bounds
of Isoperimetric Functions
for Nilpotent Groups

José Burillo

ABSTRACT. In this paper we prove that Heisenberg groups and the groups of
unipotent upper triangular matrices are not combable, by giving lower bounds
for the isoperimetric inequalities in higher dimensions, and provide a coun-
terexample to a conjecture by Gromov.

Introduction

Isoperimetric inequalities have recently been a useful tool in the study of the
complexity of the word problem for finitely presented groups, since Gromov’s break-
through paper [5] in hyperbolic groups and the extensive treatment of automatic
groups in [2]. The two important results in this direction state that a finitely pre-
sented group is hyperbolic if and only if it has linear Dehn function, and that an
automatic group has quadratic Dehn function. The term Dehn function was coined
by Gersten [3] to denote the best possible isoperimetric function. The second of
these results, due to Thurston, has been crucial in deciding which groups are au-
tomatic, due to the difficulty in verifying the conditions stated on the definition of
an automatic group. It is worth noticing, however, that this result depends only
on the geometric properties of automatic groups, and not on the logic ones, and
the notion which causes it has been distilled in the definition of combing and com-
bable groups. Let G be a group, and let A be a set of semigroup generators for
G. Then a combing for G is a section o of the canonical evaluation map from the
free semigroup generated by A in GG, which satisfies a synchronous k-fellow traveller
property for some k > 0. A group is combable if it admits a combing. A combable
group is finitely presented, and an automatic group is combable. In the definition
given in [2, Ch.3] there is an implicit bound on the length of the word o(g), lin-
ear on |g|, while in the definition given by Gersten [4] this bound is not required.
This difference makes that combable groups, in the sense of [2], satisfy quadratic
isoperimetric inequalities, while Gersten combable groups are only known to satisfy
an exponential isoperimetric inequality. The definition we are going to use in this
paper is the one in [2].
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It was proved by Thurston [2, Ch.8], using geometric methods, and by Gersten
[3], using combinatorial methods, that the integral 3-dimensional Heisenberg group
presented by

<abye | [a,d = [bye] = 1,[a,b] = ¢ >

has cubic Dehn function, and hence it cannot be automatic, nor combable. The
question of whether a nilpotent group can be automatic was answered by Holt,
proving in [2, Ch.8] that a nilpotent automatic group is virtually abelian, but since
Holt’s proof makes strong use of the logic properties of automatic groups, it leaves
open the question of when a nilpotent group can be combable. In this paper we give
negative answer to that question for two particular families of groups, namely, the
integral Heisenberg groups and the groups of unipotent upper triangular matrices
with integer entries. The latter class of groups will provide a counterexample to a
conjecture stated by Gromov about the smallest dimension where the isoperimetric
inequality fails to be euclidean.

The techniques used in the proofs are higher dimensional generalizations of
Thurston’s proof for the 3-dimensional Heisenberg group, and in the same line of
his proof of the fact that SL(n,Z) is not a combable group (and hence not au-
tomatic). In the latter case, the proof goes by constructing a higher dimensional
Lipschitz cycle with known volume and proving that every Lipschitz chain bounding
this cycle must have very large volume. The key theorem used in these arguments is
the Riemannian isoperimetric inequality in higher dimensions [2, Th.10.3.5]. This
result led to the definition by Gromov [6, 5.D] of the filling volume functions FV,.
Let M be an n-connected Riemannian manifold, and let z be a Lipschitz k-cycle
in M. The filling volume for z is the minimal volume of a Lipschitz (k + 1)-chain
¢ with 0c = z. Then the filling volume function FVj44(1) is defined as the maxi-
mum of the filling volumes of all k-cycles z with voly 2 <. Then the Riemannian
isoperimetric inequality in higher dimensions can be reformulated in terms of the
filling volume functions as follows: If a combable group acts properly discontinu-
ously, cocompactly and by isometries in an n-connected Riemannian manifold M,
then the filling volume functions for M satisfy

FVier (1) < 1%

for k < n. In [6, 5.D] Gromov conjectures the values of the filling volume functions
for the Heisenberg groups, of which we are going to prove the lower bounds, and
outlines a proof of the fact that the Heisenberg groups are not combable, which is
somewhat different from ours.

1. Homogeneous nilpotent Lie groups

Let G be a simply connected nilpotent Lie group.

DEFINITION 1.1. The group G is said to be homogeneous [6, 5.A’s] if its Lie
algebra L admits a grading:

L=L'sl’®..¢L"

with [L7, LI] C L+,
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For every t € (0, 00) consider the linear map in L defined by

a;: L — L
ar|pi = t'1d.

Since G is simply connected, there exists a 1-parameter group of scaling automor-
phisms Ay with dA;(1) = a;. These scaling automorphisms can be used to produce
lower bounds on the filling volume functions for G, constructing a cycle which
requires large filling and scaling it to produce a family of cycles with this property:

ProrosiTION 1.2. Let G be a homogeneous simply connected nilpotent Lie
group, and let A; be the scaling automorphisms. If there exist constants M,r,s > 0,
a Lipschitz k-chain ¢ and a closed G-invariant k-form n in G such that:

1. VOlkflAt(aC) S Mtr,

2. /n >0, and
3. Ac;fn =1tn,
then FVi (1) = 1°/7.
PROOF. Let d; be any k-chain with dd; = A;(0¢) = dA¢(c). Since 5 is G-

invariant, its norm is constant at every point, and

/ n < |Inl] volids,

t

and, since 7 is closed, by Stokes’ theorem

dt At(C)
Then, we ﬁnd the lOWer bOund

1 1 t®
volpdy > — n:—/AZn:—/n.
Il Jae) = Il Je [l Je

which gives the required bound for the filling volume function.

2. Heisenberg groups
Let Hypt1 be the real (2n + 1)-dimensional Heisenberg group. This group can
be seen as R*"*! with coordinates (z,y, 2), where
T = (371,372,... 7mn)
Yy = (y17y27' . 7yn)7

with the left—invariant metric obtained when Hy,; is regarded as the group of
upper triangular (n + 2) x (n + 2) matrices of the form:

1 =z =z
0 I y*
0 0 1

If N
w=dz — Z x;idy;

i=1
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is the non-closed invariant 1-form, then the metric can be expressed as:

n n
ds® = def + Zdyiz + w?
i=1 i=1

The form w defines a contact distribution [1] in Hapy1, since w A (dw)™ is nowhere
vanishing. The maximal dimension of an integral submanifold for this distribution
is n.

It is clear that the Heisenberg groups are nilpotent and homogeneous, and the
scaling automorphisms are given by

At(xayaz) = (tx7ty7t2’z)'
Note that Afw = t?w.

THEOREM 2.1. The filling volume functions for Hap1 have the following lower
bounds: "
1. FVier(l) = 1%, for k <mn.
n+2

2. FVppa(l) =17 .
k42
3. FVi (D) = 51, forn < k < 2n.

PrOOF. We want to construct a Lipschitz chain ¢ and a form 7 to use Propo-
sition 1.2.

For the cases (1) and (3) we take for the chain ¢ a cube [0, 1], on the variables:

1. Llyeer yTh41, and

3. Tl Tk, YLy e s Yny 2y
and for n their respective volume forms.

The case (2) requires a more complicated chain. This chain is the higher di-
mensional analog of the chain constructed in [2, 8.1] to prove the cubic lower bound
for the Dehn function of Hj.

Let K = {1,...,n}. Inside the affine subspace of dimension n defined by the
equations

z; =0, le K,

z=1,

construct the n-cube @ defined by —1 < y; < 1forl € K. Let I,J C K, with
INJ=0and TUJ = K, and consider a map € : I — {—1,1}. The data I, J, e
determine a cell ¢y . of dimension m = card J in the boundary of (), defined by

y; = €(i) ifi el
“1<y; <1 ifjed,
=0 forl e K,

z=1.

Since we want to consider only cells in the boundary of (), we must impose that
I # 0, since I = () would give us the whole cube Q. However, J can be empty,
in which case I = K and the 2" possible maps ¢ : K — {—1, 1} describe the 27
vertices of Q).
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FIGURE 1. The chain d for n = 2.

For each cell cr . of dimension m, we are going to construct a simplex o7 ¢, of
dimension n — m, inside the coordinate n-affine subspace y; = ... =y, =z = 0.
The simplex oy ¢ is defined by the equations

Ze(i)xi <1,
il
e(i)r; >0 fori eI,
z; =0 for j € J.
Let 77 ¢ be the face of the simplex which satisfies
Ze(i)xi =1.
il

Construct then dr . = cr x or,. We have that dy is an n-cell in R*"*! and
dr,eNQ = cr,e. The union of ) with all the n-cells dy . form an n-chain d in R>"*!,
which is contained in the hyperplane z = 1, and whose boundary consists of the
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FIGURE 2. The chain ¢ for n = 2, with the chain d on top

(n —1)-cells ¢, x 71,¢. Notice that, unlike it is shown in Figure 2, the cells dj . are
orthogonal to the cube Q.

Project the chain d in the coordinate z-plane, i.e. making y; = 0, for [ € K,
and z = 0. The projection of @ is just the origin, while the projection of dj . is the
simplex o7 .. Joining each point of d with its projection by a segment we obtain
the chain ¢. The chain c¢ is then the union of the cone from the origin to @) with
the (n + 1)-cells obtained from the projection of each dj ..

Let

n=dyy AN...Ndyp, A\w=dyr1 A ... Ndy, \dz.

It is clear then that A;n = "2y, since 2 scales by a factor of t2. And the value of

[

is equal to the volume of the cone of Q).

Note finally that each cell in the boundary of ¢ is contained in an affine subspace
of dimension n, and each of these subspaces are integral submanifolds of the contact
distribution defined by the 1-form w. Then, in each of these subspaces, the metric
scales by t under the action of A;, and the volume by ¢". It is clear now that the
n-volume of the boundary of ¢ is of the order of ¢".

COROLLARY 2.2. The integral (2n + 1)-dimensional Heisenberg group is not
combable.

PrOOF. The integral (2n + 1)-Heisenberg group acts properly discontinuously,
cocompactly and by isometries in Ho,q1. The (n 4+ 1)-chain A;(c) has (n + 1)-
volume of the order of "2, while its boundary has n-volume of the order of ¢*
and diameter of the order of ¢, contradicting the higher-dimensional isoperimetric
inequality that a combable group satisfies [2, Th.10.3.5].
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3. Upper triangular groups and Gromov’s conjecture

Let T'(n, K) be the group of unipotent upper-triangular matrices with coeffi-
cients in K, where K = Z or R. Since T'(3,Z) is equal to the integral 3-dimensional
Heisenberg group, and T'(m,Z) is a retract of T'(n,Z) when m < n, it follows that
the Dehn function of T'(n,Z) is at least cubic, if n > 3. Then:

PROPOSITION 3.1. For n > 3, the groups T'(n,Z) are not combable.

Let G be a simply connected nilpotent Lie group, and let L be its Lie algebra.
In [6, 5.D], Gromov proposes the following conjecture: If L = [L, L] ® T, and k is
the maximal dimension of an integral submanifold of the distribution obtained by
left translating 7', then the first dimension where the filling volume function fails
to be euclidean is k + 1, i.e:

FVia() ~ 15 ifi<k,

and wio
FVigr (D) ~ 1%
In the case of the (2n+1)-dimensional Heisenberg groups, the distribution obtained
left translating T is precisely the contact distribution defined by the form w, whose
integral submanifolds have dimension at most n, and the lower bounds agree with
Gromov’s conjecture. But the case of the groups T'(n, R) provides a counterexample.
Let E;; be the matrix with all entries equal to zero except for the (i,7) entry,
which is equal to one. Then the matrices E;;, for 1 <i < j < n, form a basis for the
Lie algebra t(n,R) of T'(n,R), and a basis for T' can be taken as {E; 41, 1 <i <
n —1}. Observe that the matrices E; ;11 and Ej j41 commute if |i — j| > 1. Then,
if n > 4, the subspace T contains an abelian subalgebra of ¢(n, R), generated by the
matrices Eo;_1 2;, for 1 <4 < [n/2]. Since an abelian subalgebra always leads to
an integrable distribution by left translation, by Frobenius theorem 7T'(n, R) admits
a submanifold of dimension |n/2] which is integral to the distribution defined by
T. However, F'V5 is already cubic, hence non-euclidean, contradicting Gromov’s
conjecture.
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