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ABSTRACT. We study the global boundedness of the solutions of a non-smooth forced oscillator
with a periodic and real analytic forcing. We show that the impact map associated with this dis-
continuous equation becomes a real analytic and exact symplectic map when written in suitable
canonical coordinates. By an accurate study of the behaviour of the map for large amplitudes and
by employing a parametrization KAM theorem, we show that the periodic solutions of the unper-
turbed oscillator persist as two-dimensional tori under conditions that depend on the Diophan-
tine conditions of the frequency, but are independent on both the amplitude of the orbit and of
the specific value of the frequency. This allows the construction of a sequence of nested invariant
tori of increasing amplitude that confine the solutions within them, ensuring their boundedness.
The same construction may be useful to address such persistence problem for a larger class of
non-smooth forced oscillators.

1. INTRODUCTION

The study of the boundedness of solutions in Duffing-type equations has been a long-
standing problem in dynamical systems, dating back to the seminal works of Littlewood in
the 1960’s [13, 14]. In the referred works, Littlewood proved the existence of unbounded solu-
tions to the equation

(1) ¥+ g(x) = p(t),

with p(t) being bounded and periodic and for certain function g(x), usually called satura-
tion function. However, in contrast to this unbounded behavior, Littlewood [15] raised the
question of whether all solutions of (1) would indeed be bounded, prompting further inves-
tigations into different conditions on p(t) and g(x) beyond the aforementioned ones. It was
Morris [17] who first made a significant contribution by providing the initial example, solely
under the assumption that p(t) is a periodic continuous function and g(x) = 2x3. Some years
later, Dieckerhoff and Zehnder [3] further expanded upon the Morris result by investigating
the equation

2n
&4 224 ijp]-(t) =0, n>1,
j=0
with p; denoting periodic C*°-functions.

As noted in [12], in 1998, during a presentation at the Academia Sinica, Ortega [21] intro-
duced the idea of investigating the global stability of (I), assuming the presence of a bounded
saturation function g(x). He specifically suggested to take g(x) = arctan(x) and aimed to
identify the conditions on p(t) that would ensure this desired result. However, due to the
bounded saturation function causing a subtle twist at infinity, applying the standard twist map
theorem becomes challenging in obtaining global conclusions. In this circumstance, Li [12] was
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FIGURE 1. Phase portrait of (2)) for the unperturbed case (¢ = 0).

the first to establish a result based on Ortega’s proposal, assuming that p(t) is a C* periodic
function with zero average. This initial result was further enhanced by Wang in [28], where
the regularity requirement on p(t) was relaxed to C> while also considering a small condition
on its average.

As a limit scenario within the framework proposed by Ortega [21], our investigation focuses
on examining the boundedness of solutions for a non-smooth forced oscillator described by
the equation

() ¥ +sign(x) =€ p(t),

with sign representing the standard sign function, ¢ > 0 being a small real parameter, and the
forcing term being a real analytic and 277-periodic function

©)] p(t) =ag+ Y (ay cos(kt) + by sin(kt)),
k>1

so that it is an analytic function of T = R/27Z.

In the unperturbed scenario € = 0, all solutions of equation (2) are periodic (see Fig.[I). This
implies that, in particular, all solutions remain bounded in the (x, ¥)-plane for ¢ = 0. A nat-
ural question that arises from this observation is whether the bounded nature of all solutions
remains true when subjected to small perturbations.

Significant progress has been made regarding the analysis of equation (2) in the non-pertur-
bative context ¢ = 1. For example, in [4], Enguica and Ortega proved that equation (2) has
infinitely many bounded solutions in the (x, x)-plane (of arbitrarily large amplitude) if the
function p(t) is, not necessarily periodic, but bounded and satisfies that the limit

o L t+T ;
p=lim 7 [ peds
exists uniformly in t € R, with |p| < 1. Recently, Novaes and Silva [19] proved that all solu-
tions of (2) remain bounded if p(t) is a Lebesgue integrable periodic function with vanishing
average.
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Further investigations related to the perturbative equation (2) can also be found in the re-
search literature. For instance, Jacquemard and Teixeira [7] and Novaes and Silva [20] stud-
ied the persistence of periodic orbits, while Burra and Zanolin [1]] discovered the existence
of chaos near the origin under the assumption that p(t) is a piecewise constant and periodic
function. The significance of equation (2) extends beyond theoretical interest, finding practical
applications in the field of electronics. In this context, the presence of the sign function can be
interpreted as a representation of a smooth oscillator operating in conjunction with a relay, as
emphasized in [7].

The main result of this work is[Theorem A} where we prove the boundedness of all solutions
of (@) by assuming that p(t) is a real analytic and 27t-periodic function, regardless of the value
of the average of p(t). The main idea behind the proof of is to determine the ex-
istence, for any given ¢ > 0 sufficiently small, of an infinite family of nested two-dimensional
invariant tori in the extended phase space (t,x, %) € T x IR%. The projection of these tori onto
the (x, ¥)-plane surrounds the origin (0,0) and their amplitude becomes unbounded as we
move away from it. Therefore, each of these tori perpetually confines all solutions with initial
conditions enclosed within it.

One standard approach to find these tori is to perform changes of variables to the discon-
tinuous differential equations to overcome their lack of regularity, as described in [10} 11]] and
references therein. This approach leads to a finite diferentiable perturbed system which al-
lows the application of KAM theory to its stroboscopic Poincaré map. Subsequently, variants
of Moser’s twist map theorem [18] are employed to identify closed invariant curves for this
map. By doing so, the existence of the tori of the original system can be determined. However,
for equation (2), the application of such coordinate changes leads to a new system for which it
is not apparent that we can establish a uniform upper bound £* > 0 in a way that all solutions
of (2) would be bounded if 0 < € < €*. Explicitly, achieving this result requires proving that
there exist invariant tori of the system of arbitrarily large amplitude for any value of € such
that 0 < e < £*. So far, all efforts made to obtain this result by means of traditional techniques
have not worked. The primarily reason for this outcome is due to the fact that the twist con-
dition of the system obtained after applying the different coordinate changes to (2) diminishes
significantly as we progressively distance ourselves from the origin. Consequently, in order to
be able to directly apply the classical procedure to (), we must show that, after the transfor-
mation, the size of the resulting perturbation strongly decreases with this distance. Showing
this strong decrease for this system does not appear to be an easy task, since we are then forced
to follow closely the effect that these regularizing transformations have on the system, with
the aggravating factor that this must be done in terms of a C"-topology. So it is natural to think
of a different approach. Indeed, our alternative approach allows, on the one hand, to generate
an analytical impact map (which simplifies the study of its asymptotic properties with respect
to a finite differentiable scenario) and, on the other hand, its construction arises naturally from
the structure of the studied system, so it does not require discussing the effect that eventual
regularizing transformations may have on it.

Our method to prove F involves analyzing the so called impact map associated
with the equation (see Fig. [2|and equation (20)) in appropriate canonical time-energy coordi-
nates (see equation (2I)). These coordinates arise in a natural way after rewriting (2) as an
autonomous Hamiltonian system (see equation (14)). In these coordinates, the impact map is
a real analytic and exact symplectic map of the annulus (see Proposition [T, which turns out
to be a perturbation of an integrable twist map. Although the impact map in these canoni-
cal coordinates possesses favorable properties regarding to the study of the persistence of the
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invariant curves of the integrable approximation & = 0, at first sight the same drawbacks out-
lined above regarding to the standard approximation persist for this analytic map. Explicitly,
if we apply to it a KAM theorem for the persistence of invariant curves of analytic exact sym-
plectic maps, it is easy to establish the persistence, up to a certain value of € > 0, of any given
unperturbed curve having a Diophantine rotation number. However, it is not clear that we
can simultaneously establish the persistence of invariant curves of arbitrarily large amplitude.

Remark 1. It is worth noting that the process we use to introduce these canonical time-energy coordi-
nates can easily be extended, at least locally, to a very wide range of non-smooth forced oscillators. When
these coordinates can be introduced, we have that the analyticity, the exact symplectic character and the
perturbative form of the impact map follow at zero cost simply from the structure of the initial system.
This means that if we are only interested in proving a local persistence result of invariant curves, such a
result can usually be reached through a very moderate amount of work. The fact that proving [Theoren]
[A|requires performing the elaborate process described below is because in our case we intend to prove a
global persistence result.

In order to prove it has been necessary to perform a precise analysis of the
behaviour of the impact map for large amplitudes. We have identified its dominant terms
and we have controlled the asymptotic size of the remaining ones. As a consequence of this
analysis we have been able to carry out the following construction. We consider a specific
invariant curve of the unperturbed impact map with sufficiently large amplitude and with
frequency that satisfies the Diophantine estimates (26), for some pair (7, v). This curve is
characterized by a large enough (in modulus) value of the action variable of the map, that we
call Ej. Next, we localize the impact map around Ej and perform an appropriate conjugation
(scaling) on this localized map, depending on Ej. In this way, we construct another analytic
and exact symplectic map of the annulus. This map, which we can refer to as Fg;, is different
action by action and closely describes the dynamics around the selected curve. Regardless of
the amplitude of the curve, for Fg; we have both that the twist condition is always of order
one and that the size of the perturbative terms of the corresponding integrable approximation
can also be bounded uniformly for all the actions (see Proposition [). Then, we study the
persistence of invariant curves of the impact map of arbitrarily large amplitude by applying
a parametrization KAM theorem for analytic and exact symplectic twist maps of the annulus
(see to these maps Fr:. Using this approach we do not have to worry about either
the smallness of the twist condition or the control of the size of the non-integrable part as the
amplitude increases. This approach of addressing the persistence of a family of tori of a specific
system in terms of a parametric family of systems labelled by their frequency or frequency
vector (here Ej determines the frequency) has been used previously in other contexts of KAM
theory (see e.g. [9,8]).

The final conclusion of this approach is that there exists ¢* > 0 such that, forany 0 < ¢ < ¢¥,
there are infinitely many invariant curves of the unperturbed impact map that survive the
perturbation. The amplitude of these curves tends to infinite and so do their frequencies. But
the Diophantine constant -y of all these frequencies can be bounded from below by the same
value. Actually, € only depends on this uniformly lower bound of y and on the periodic
function p(t). By integrating by (2) these invariant curves of the impact map and expressed
in terms of (¢, x, ¥), we construct the infinite collection of nested invariant tori {S ]g }]90:0 for the
equation (@) in the extended phase space, thereby ensuring the boundedness of all its solutions,
as long as € remains within this specified range. It is worth mentioning that the existence of
invariant tori using the KAM method with impact maps has also been investigated in other
studies, as seen in [24],125, 29| 30].
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For the sake of completeness, in this paper we have not only included the statement of the
parametrization KAM @ but we have also included its proof. Firstly, we have done
this because [Theorem Bis perfectly suited for application to the local persistence of invariant
curves of analytic and close to integrable exact symplectic twist maps of the annulus. Other
results in the literature on parametrization KAM theory are sometimes developed for systems
with a more general structure and, therefore, need to be interpreted appropriately in order
to be applied to the present context. Furthermore, we also think that its rather schematic but
comprehensive proof may be useful for the interested reader who is not familiar with this kind
of KAM results.

Finally, although we have addressed for a real analytic and periodic function
p(t), the same approach should be valid when p(t) is only finitely differentiable. The main
modifications with respect to the analytic case should appear when performing the estimates
of the impact map for large amplitudes, since the size of the derivatives involved should be
controlled without using Cauchy estimates. Of course, we must also consider using an ap-
propriate version of the twist theorem for finitely differentiable exact symplectic maps of the
annulus.

The structure of this paper is outlined as follows. Section | provides the main result of the
paper, [Theorem A] as well as an overview of the different results (Propositions and[3|and
Theorem Bl whose sequential application leads to In Section 8] we prove
rem B} which is a KAM result (based in the parametrization method) for the persistence of
quasi-periodic invariant curves of an analytic and exact symplectic twist map of the annulus.
Section [4 examines the properties and bounds of the impact map associated with equation
and proves Proposition 2] Section 5| focuses on ensuring the exact symplectic properties and
appropriate bounds of the localized and scaled impact map in suitable coordinates, as stated in
Proposition 3} Finally, Section 6| offers a comprehensive result concerning the exact sympletic
character for the impact map written in suitable variables (see Proposition|[I).

2. MAIN RESULTS
The main result of this work concerns to the global stability of the solutions of (2), as follows.

Theorem A. There exists € > 0, depending on p, such that if 0 < e < €*, then all solutions of
are bounded.

In this section we prove[Theorem A]by the recurrent application of the results and construc-
tions presented below. The proof of each technical result necessary to establish the theorem is
postponed to a later section of the paper, as is indicated in each case.

To prove we first check that a suitable impact map associated to (2), in good
coordinates, is an analytic and exact-symplectic map which turns out to be a perturbation of
an integrable twist map. Here, we briefly explain the formal construction of the impact map
and we postpone the quantitative details to Section 4

If we introduce y = %, the differential equation (2) can be seen as the vector field

f=1,
4) =y,
y = —sign(x) +e p(t),

in the extended phase space T x IR?, where the presence of the function sign configures the
plane & := {(t,x,y) € R® : x = 0} as a region of discontinuity of (@). The subsets of &

(5) TTi={(t,0y) €X:y>0} and X :={(t0,y) €L :y <0}
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FIGURE 2. Impact map P, = P, o P;.

play an important role in defining the domain of the half impact maps. We denote the solutions
of [@) with initial condition (to, xo, o) and (t1,x1,y1), if xo > 0 and x; < 0, respectively, by

(6) @7 (to, X0, ¥o;€) = (7 (to, X0, Yo; €), X7 (to, X0, Yo; €), ¥ (fo, X0, Yo €)),
and
(7) Df (t1,x1,y1;€) = (¢ (1, x1,y15€), X[ (t1, x1, ¥1;€), yf (1, X1, Y15 €) ),

respectively, where t] (t, xo, yo;€) = to + T and t] (t, x1,¥1;€) = t + 7. For points in ZF, we
will use ®F as the flow in £ “points to the right”. Analogously, for points in £~ we will use
@7 as the flow in ™ “points to the left”. By adopting the Filippov convention (see [5] for more
detailed information) for the solutions of @, we find out that such solutions are obtained by
the concatenation of ®; with ®[ along the crossing region X. This construction ensures the
uniqueness and continuity of solutions. For (0,0,19) € £*, we denote by T (ty,yo;¢) the
smallest positive time such that
® xp (0% (40,0, ;) = 0.
We note that, as () depends periodically in time, T (¢o,yo; €) is 27-periodic in ty. The half
positive impact map is given by

T (to.y0; _
©) P (to,0,50) € ZF 5 (b + T (fo,yos€), 0,57 ™) (29,0, y07¢)) € T
The initial condition (t1,0,y1) € £, follows the left flow given by (7). We consider T~ (#1,y1; ¢€)
as the smallest positive time such that
(10) xf*(t1,y1;€>(t1,0, yi;€) =0,

with T (t1,y1; €) being 277 periodic in 1. Then, the half negative impact map is given by

(11) Po o (t1,0,y1) €X7 — (1 + T_(tl,y1;e),O,ylf(tl’yl;s)(tl,O,yl;e)) ext.

Thus, the complete impact map for equation (2) is given by the composition of the negative
with the positive half impact map, respectively, i.e.,

Pe: (to,0,y0) € ZF = (£,0,7) = (Pe o P )(t0,0,y0) € =7,
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FIGURE 3. Intersections between the invariant tori in the unperturbed sce-
nario and the subset . In the curve T x {0} x {yo}, we can see the dynam-
ics generated by the impact map Py.

with 27t-periodic dependence in f, so that it can be read as a map of the annulus T x {0} x R

(see Fig.[2).
When ¢ = 0, it is easy to check that

Po(to,0,y0) = (to + a(¥0),0,¥0),

with a(yg) = 4yo is the period of the periodic solution of the unperturbed system (2) with
initial condition (fo,0,yp). Moreover, given yg > 0 and for sufficiently small ¢ > 0, the tra-
jectories of @) starting in £ cross £ again, then P; is well defined and also analytic. Since
a'(yo) =4 > 0, for all yp, it follows that Py is an integrable twist map of the annulus and any
circle of the form T x {0} x {yo}, for all yy > 0, is an invariant curve of Py with frequency
«(yo) (see Fig.B). For those yo such that its associated rotation number a(yo) /27 is irrational,
the motion on this curve is quasi-periodic. In Lemmas ] and [f| we provide asymptotic ex-
pressions for the times of impact T+ and 7, respectively, for large (enough) amplitudes and
whenever 0 < e < ¢f and 0 < ¢ < ¢, respectively, with ¢ and ¢, depending only on the
function p. These results allow us to control how far P is to be an integrable map.

Remark 2. As the map Py is defined on £ C {x = 0}, until the contrary is said, we will omit
the x-variable and treat Pe as a function of (to,yo), regarding it as a map on the annulus. The same
convention will be applied to the maps P; and Py .

A fundamental concept for our approach is the exact-sympletic character for twist maps of
the annulus. However, considering the cylinder T x Rt endowed with the 2—form dt A dyo,
we cannot prove that the map P is symplectic. To overcome this obstacle, we re-write it in
terms of a new couple of variables: ¢y and the associated symplectic conjugate, i.e., the energy
Ep according to the (piecewise) Hamiltonian structure of (@) (see (14)). The exact symplectic
character of P in these variables follows at once from the application of Proposition [I]to this
piecewise Hamiltonian. We postpone the proof of this proposition to Section [}

Proposition 1. Let H(x,y,t) be a non-autonomous Hamiltonian, with respect to the 2-form dx A dy,
and with 2m-periodic dependence in t. By adding E as a conjugate variable of t, we introduce the
autonomous Hamiltonian H(x,t,y, E) = H(x,y,t) + E, with respect to the 2-form dx A dy + dt A
dE. We denote the solutions associated with H by

(xT(XO/ tO/ _1/0/ EO)/ tT(xOI tO/ ]/0/ EO)/ ]/T (xOI tO/ }/0/ EO)/ ET(xO/ tO/ ]/O/ EO))/
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with t™(xo, to, Yo, Eo) = to + T, where T represents the new time, and (xo, to, yo, Eo) denotes the initial
conditions at time T = 0.

We consider the section & = {x = 0} N {H = 0} and we suppose that the equation H(0,t,y,E) =
0 allows writing, at least locally for (t,E) € U C R, the variable y as y = y(t,E), being y(t,E)
a smooth function with 2m-periodic dependence in t. We also suppose that it is possible to define the
impact time T (to, Eg) as the positive time for which we have

(12) xTtoE0) (0, to, y(to, Eo), Eo) = 0,

for any (to, Eg) € U, being T(to, Eo) a smooth function with 27t-periodic dependence in ty. Then,
associated to this section &, we introduce the map:

F: U — R?
(to, Eo) = (t1, E1) = (to + fi,(to, Eo), fE, (to, Eo)),
where:
fty(to, Eo) = %(to, Eo),
ey (to, Eo) = ET(0F0) (0, tg, y(to, Eg), Eg) = —H(0,y™"0F0) (0, £y, y(to, Eo), Eo), to + T(to, Eo)),

meaning that if we consider initial conditions (0, to, y(to, Eo), Eo) € E, then the corresponding solution
integrated up to time T(ty, Eg), given by (0,t1,y1,E1), with y; = yf(tO'EO) (0, to, y(to, Eo), Eo), also
belongs to &. Then, the map F is exact symplectic with respect to the 1-form Eydt, i.e., there is a
function S(to, Eo), 27t-periodic in ty, such that F*(E1dty) = Eodtg + dS(to, Ep).

We notice that the solutions of (4) are solutions of the non-autonomous Hamiltonian system
for (x,y), with continuous piecewise analytic Hamilton function
2
Hl(x,y,t) = 7 +x(1—ep(t) if x>0,
(13)
2

Hi(x,y,t) = y? —x(1+ep(t) if x<O0.

Adding the energy E as a conjugate variable to the time ¢, we transform HY into the two-
degrees of freedom autonomous Hamiltonian

(14) HI(x,t,y,E) = H{ (x,y,t)+E, o=r1l,

for which we denote as T the new time variable. Notice that if we restrict to the zero energy
level H? = 0, then we recover all the solutions of HY, for o = r, 1. If the solutions ¢}, xJ, and
Y are known, then the expressions for E} are explicit from the relation H{ = 0. So, based on
the construction of the half impact maps (9) and (11), it follows from Proposition [I] that both
impact maps P, and P;, in canonical coordinates (tg, Eg), give rise to exact symplectic maps
P and P, , respectively, with respect to the 1-form Eydt,. Therefore their composition, to be
denoted as P, = P, o P,', is also exact symplectic.

From expressions and (T4), it follows that both equations H? = 0, for ¢ = 1,1, give
rise, for x = 0, to the relation y>/2 + E = 0. So, once we have computed the map (fy, 7o) =
Pe(to,yo), then the exact-symplectic map (fy, Eg) = Pe(to, Eo) is obtained by replacing yo > 0
by Eg = —y3/2 < 0and 7 > 0by Eg = —1o/2.

To apply KAM theory to P (in fact, to the localized and scaled map introduced in Propo-
sition B) we need, in particular, to handle the regularity of the map. In this paper, we regard
into the analytical context as our framework for applying KAM theory. Although the differ-
ential equation (2) is discontinuous, both P, and P, are analytic maps. This is because () is
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piecewise analytic and both impact times T (to, yo; €) and 77 (t1,y1; €) are analytic functions
of the initial conditions. Next point is to compute an integrable approximation for the maps
Pe(to, yo) and Pe(to, Eg) and to control how far are them from this integrable approximation
as iyo — +co and Ey — —oo, respectively. To achieve these purposes, we need to ensure that
both T (tg, yo;€) and 77 (t1,y1; ¢) are well defined for any yp > 0 and y; < 0, respectively,
and to accurately analyze their behaviour for large values of 1o and y. Since we are interested
in dealing with analytical dependence, computations concerning T* and T~ must be carried
out not only for real values of the initial conditions, but also for values of (to, yo) and (t1, 1) in
appropriate complex strips around the real domains selected for each of these four variables.
The width of these analyticity domains can be selected independently of ¢, provided thate > 0
is sufficiently small. We use the estimates on T (¢, yo; €) and T~ (#1,y1; €) in complex domains
to control P;, P;, and P,. Since this is the most technical part of this work, we postpone the
details to Section 4] and give here only the final result concerning the behaviour of the impact
map P in Proposition 2] below.

We introduce some notations to be used throughout the paper. First, we denote by |z| the
Euclidean norm of any complex number z € C and we extend the same notation for the sup-
norm of any complex valued vector or matrix. We also introduce:

(15) Alp) ={0 € C : [Im(0)| <p}, |Ifllp = GSXF){V(G)H.
eAlp

Here, f = f(0) is a function (real valued, vector valued or complex valued), 27r-periodic in
6, that can be analytically extended to the complex strip A(p) of width p > 0 and that it is
bounded up to the boundary of this strip. Given positive quantities y*, p, and g, we define the
following sets of C2:

(16) DT (y".p.p) = {(to,yo) € A(P) x A(p) : [yo| >y and Re(yo) > 0},
(17) D (y"p.0) = {(tuy1) € A(P) xA(P) = [ya] >y and Re(y1) <0}
We will check that both P;" and P are defined in sets of the form (16), while P; is defined in

a set of the form (17).
We introduce the 27t-periodic real analytic functions 13j(t), forj = —1,0,1,2, defined as:

(18)  Po(t)=p(t)—ao, ao=(p), Pi(t)=DPo(t), Py(t)=Pi(t), Py(t)="Fy(t),
where p(t) is the real analytic 27-periodic function defined in @) and (f) = - Ozn f(t)dt
denotes the average of a 27t-periodic function f(t). The functions P; (t) and P,(t) are unique
under the normalization (P;) = 0, j = 1,2. Due to the analyticity of p(t), there are constants
0 < p <1land § > 0 such that

(19) 1Bl < p, for j=-1,0,1,2.
Both, p and p, are set fixed throughout the paper.

Proposition 2. With notations, definitions and hypotheses above, there are positive constants p and p,
only depending on p, and positive numbers 0 < &5, < min{1,1/2ja|} and C, only depending on ay, p,
and p, such that the following holds. For any 0 < e < &%, the impact map (to, Jo) = Pe(to, yo) is well
defined and analytic if (to,yo) € Dt (4,p, ) (see (T6)), and takes the form

{ fo = to + ae(yo) + ey, (to, vos €),

(20) Pe:q
‘ Yo =yo+ Sfyo(fo,yo; €),
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4Yo
1—&582 /
more, the following estimates hold:

with ae(yo) = being the functions f,(to,yo;€) and fy,(to, yo;€) 2m-periodic in to. Further-

| ¢ ¥ i=o |
aioa]yofto(folyo;ﬁ) < £ i i£0 and altoa]yofyo(tolyo;f) <C,
yol ’

forany (to,y0) € DT (4,p,0),0 < e < ep,and 0 < i+4j < 2.

The impact map P (to, yo) lacks the desired exact symplectic character with respect to the
2-form dtg A dyp that we would like to have in order to be able to apply KAM theory to it.
However, as noted above, this exactness in terms of the 2-form dtg A dEy is achieved by re-

placing the variable 9 > 0 by Eg = —y3/2 < 0. In this way, we obtain an analytic exact
symplectic map (£, Eg) = Pe(to, Eo), which takes the form:
1) o fo=to+ae(Eo) + eft, (to, Eos€),

e Eo=Ey+ EfEO (to, Eo;s),

with & (Eg) = 2320 being the functions fi, (to, Eo;e) and f, (fo, Eo;€) 27t-periodic in fo.

1—a3e2 ’

The complex domain of definition for Ey of P, as well as the corresponding estimates for
ﬁo and fEO, follow at once from the results of Proposition |2l on P, only taking into account
the relations Ey = —y3/2 < 0 and Ey = —p3/2. However, we are not going to state the
analogue of Proposition for P, since, as noted above, our parameterization KAM theorem is
not directly applied to P, but to a map obtained through a process of localization and scaling
of P, around a specific action Ej < 0. This map is referred to as the scaled impact map, and
its main properties are detailed in Proposition 3}

The map P takes the form of a close to integrable twist map of the annulus T x R. Thus, the
natural question arising from this fact is: which of the invariant curves for the unperturbed
map (when ¢ = 0) persist after small perturbations? This question could be answered by
means of the celebrated KAM theory, like the Moser’s twist mapping theorem [18] as well
as other versions of this theorem (see e.g. [11} 16, 22} 23]). However, all these results provide
conditions for such persistence which, in particular, depend explicitly on the region considered
and on the fact that some estimates uniformly hold in the selected region. Those reasons make
very difficult the task to obtain persistence of invariant curves in unbounded domains, under
conditions independent of the amplitude of the curve that we want to persist. Since the twist
condition &, (Eg) for the impact map P, tends to zero as Ey — —oo, we do not know any
KAM result that can be globally applied in our context to show the persistence of curves of
arbitrarily large amplitude.

In this work we address the persistence of these invariant curves in terms of a result based
on the parametrization KAM theory introduced in [2] (see [6] for a wide overview of parame-
trization techniques in dynamical systems). Specifically, in we provide a KAM
theorem concerning the persistence of a specific quasi-periodic invariant curve for a close to
integrable, analytic and exact sympletic twist map F of the form:

(22) (@) €T xR = F(¢p,I) = (¢ +a(l) + fo(o, 1), I+ f1(¢,I)) € T xR,

endowed by the 2—form d¢ A dI = —d(Id¢), i.e., verifying F*(Id¢) = Id¢ + dV (¢, I), for
some function V (¢, I) depending 27t-periodically in ¢. By a specific invariant curve we mean
the curve that is a perturbation of T x {I;}, for some Ij, but that has the same frequency
w = a(ly). Explicitly, given an analytic curve 7 C T x R, we say that it is F-invariant with
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frequency w if there is an analytic parametrization ¢ : T — T X R of the curve 7 for which
the following equation holds

(23) F(p(8)) = ¢(0 +w),

for all 6 € R. We refer to (23) as the invariance equation for ¢. Then, if ¢ verifies (23),
the curve 7 = ¢(T) is invariant by the map F and the pull-back by ¢ of the dynamics on
T becomes the rigid rotation on T of frequency w, i.e., T, (-) = - + w. Hence, the rotation
number of 7 is w /27 and the dynamics on the curve is quasi-periodic if w /27 is an irrational
number. Actually, to discuss the persistence of this curve, we are going to assume that w /27
is a Diophantine number of type (v, v) (see (26)). Since we are interested in invariant curves
which are isotopic to T x {I;}, we are going to consider parametrizations of the form ¢(6) =
(04 9p(0), 91(0)), with ¢ and @; being 27t-periodic in 6.

The idea of the parametrization method is to solve for ¢ the equation by means of
a quasi-Newton method. This method iteratively modifies ¢, but not the map F which re-
mains unchanged along the process. This fact eases the discussion of which conditions on F
are needed in order to ensure the persistence of the target curve with respect to the classi-
cal approaches to KAM theory which are based on the application of a sequence of canonical
transformations to the map F. To measure the distance of ¢ from being a solution of (23), the
invariance error associated to ¢ is defined as

(24) e(0) =F(¢0)) — (0 +w), 0€T.
Hence, it is usually said that 7 = ¢(T) is a quasi-torus of F if the 27r-periodic function e is
sufficiently small, in the sense of the norm |e||, for some p > 0.
Theorem B. Consider F = F(¢, I) a real analytic and exact symplectic map of the annulus T x R of
the form @22), take a particular action I € R and denote w = a(I;). We suppose:

(H1) F can be analytically extended to U := A(pg) x D(I}, Ro), for some po,Ro € (0,1), with

A(po) being the complex strip introduced in and D(Ij, Ro) being the complex disc:

(25) D(I§,Ro) :={I €C : |I-1I| < Ro}.

(H2) w/27is a Diophantine number of type (vy,v), for some 0 < v < landv > 2, i.e.,

(26) “’P’>7

g _q—v, VpeZ, Vg € N.

(H3) There are positive constants c1, ¢3, ¢3 and ¢, with ¢ < 1, for which the functions «, fp and f;
in satisfy:
o <D<, [N <cs [0 fp(0, D) <c, |92 fi(0, 1) <,
for every (¢,1) € U and 0 < i+ j < 2. In particular, o' (I§) # 0 and the (unperturbed) map
(¢, I) = (I+a(l), 1) is atwist map if I ~ Ij.
Then, there is a constant ¢* > 1, that only depends on 1/cq, ca, c3 and v, and that can be defined in

such a way it is an increasing function of all these quantities, for which the following holds. Assume
that ¢ is small enough so that it verifies

(27) cfc< 72551’ min{C15o/8, 6o/12, R0/3}/ cfe< 274v—2,),45§v+1/

where &g = po/12. Then, there exists a real analytic function ¢* : T — T X R, of the form ¢*(0) =
(0 + ¢3(0), 97 (0)), with ¢z(6), 97 (6) being 27-periodic in 6, and with (¢*)'(0) # 0 for all 6, which
turns out to be a solution of the invariance equation (23). Consequently, ¢* is the parametrization of
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an invariant curve T = ¢*(T) of F with frequency w. Moreover, ¢ is defined for 6 € A(pg/2) and
satisfies:

2c*c 2c*c 2c*c

* * *\/
pO/ZST(%V/ ||(PI_IOHP0/2§,,)/275%V’ H((PS>Hpo/2§W’

*

(28) o

fors e {¢,I}.
The proof of is postponed to Section [3] which in turn is presented in a very

synthetic way, since it is an adaptation to the context of previous results on parametrization
KAM theory. The interested reader is referred to the references [2} 6] quoted above for more
details and for the geometric motivation of the constructions used to prove it.

Remark 3. In order to apply we need ¢ (“the size of the perturbation”) to be smaller than
an expression of O(~*), while classical KAM theory results usually only require c to be smaller than
an expression of O(+?). This discrepancy in the vy exponent between classical and parametrization
methods in KAM theory is due to the way in which the proof of the parametrization results is usually
carried out. Getting a O(y?) condition for c using KAM parametrization methods requires a more
sophisticated approach than the one used here to prove Such approach (see [27] for the
details) is not considered here because a O(y*) condition for c is sufficient for our purposes.

Using we are going to show that the persistence conditions of any unperturbed
curve of the impact map P: (of large enough amplitude) do not depend on the amplitude
of this curve, but only on the Diophantine constant <y of its frequency w. However, despite
P in is an analytic and quasi-integrable exact sympletic twist map of the annulus, some
conditions of are not satisfied by it when Ey — —oco. We mainly stress the fact

. g . —/ _ 4 1
that the twist condition becomes extremely small, since &}(Ey) = vt To address

these shortcomings, we propose a construction in which is not applied directly
to the map P, but to a collection of maps that follow from the localization of P, around a
specific curve T x {Ej } of the unperturbed approximation, followed by an appropriate scaling
depending on the selected action Ej (see Proposition [B). So, the the specific map to which we
apply [Theorem Blis different curve by curve, but the persistence conditions will be uniform in
e for all Ej < 0 and, therefore, for all these maps.

We consider fixed values of ¢ > 0 and of the energy variable Ej < 0. We suppose that, for
this couple, w = w,(Ej) is well defined (later on we will ask w /27 to satisfy an appropriate
Diophantine condition (26)). Then, we consider the change of variables (scaling) adapted to
the selected value of Ej:

(29) §: () (to Eo/\/—E5).
In particular, the new action I corresponding to the selected energy variable E = Ej is [ =
I = —\/—E;. The map F(¢,) that we obtain after conjugation of P, by ¢ (we omit the

explicit ¢ dependence on F since ¢ is set fixed) is a real analytic exact symplectic map, that
takes the form (22), and that verifies the properties stated in Proposition [3|below. For a better
understanding of the statement of the Proposition |3} we point out that the relation between
the variable I < 0 introduced in (29) and the variable yo > 0 of Proposition2]is

(30) yo=yo(l) = \/=V2y5 L,

where y5 = -2 Iy = /—2Ej is the value of yg related to Eg = Ej and I = Ij.
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Proposition 3. With the same notations and hypotheses of Proposition |2} we consider a fixed couple
0 < e < éepandy) > 5 and define E; = —(y3)?/2 and I3 = —y;/\/2. We then perform the
scaling to the map Pe of @1) and we obtain a map F(¢, I) of the form

@1 F(¢, 1) = (¢ +al) + fo(@. 1), I+ f1(9, 1)),

with a(I) = 1%422\/ —V2y} Land fp(¢, 1) and fi($, I) being 27-periodic in ¢. The map F is exact
—ﬂ0€

symplectic with respect to the 1-form Id¢ and it is real analytic if (¢,I) € A(p) x D(I,p) (see

and [25)), where p and § are given in Proposition @ Moreover, there is a constant C, that only depends
on ag, p, and p (see [A8) and (19)), such that

5V2 10v2 25 - —
W) <= WIS [elfien] <

forany (¢,1) € A(p) x D(I5,0),0 < e <ep,and0 <i+j<2

%0]fi(9,1)| <eC,

The proof of Proposition]is given in Section[f] It is worth noting that, if we vary the values
of I* — —oo, after the scaling we have that the size of the twist condition a’(I) has lower an
upper bounds independent on [* in a disk of center I* an radius g independent on I*.

To conclude the proof of [Theorem A} we observe that the scaled impact map satisfies
the conditions of [Theorem B} Explicitly, we select a fixed 0 < & < 8’7‘,, where 8’7‘, is provided
in Proposition |2} and consider a value of y = y; > 5 for the impact map P of the initial
system (2) (see Fig.[2). According to the selected scaling, to such value y = y it corresponds
the action value I = I} = —y;/+/2. Hence, for this given couple (¢,;), the corresponding
frequency of the unperturbed map (¢,I) — (¢ +«(I),I) in is given by w;S = a(ly) =

s yp- Itis clear that, for a fixed ¢, the expression w;S is a strictly increasing function of y;

that goes to +o0 as y; — +oo. Let us assume that if w = w;S, then w /27 is a Diophantine

number of type (7, v) as defined in (26). Then, we take pp = p, Ry = §, c1 = ST\/E, = 103—\/5,

3 = % and ¢ = ¢C, and apply to the map F = F(¢,I) in corresponding to
the selected couple (g, y) in terms of these parameters, at the action I = Ij. Consequently,

all the conditions of are met and we conclude that there exi:.;ts 0 < & < e} such
that F possesses an analytic invariant curve of frequency w = a);s, provided that the selected

¢ is smaller than €*. Moreover, €* does only depend on g, g, C, v, and v, but not on the
selected value of y; > 5 nor on the size of the frequency w;(*). This invariant curve of F is

close to the unperturbed circle T x {I;} and it admits an analytic parameterization ¢* =
((p;8 )*, of the form ¢ (6) = (0 + ¢, (6), ¢7(0)), 0 € T, that solves the corresponding invariance

equation (23). The parameterization ¢* also satisfies the estimates given in (28), for some
constant c* that only depends on v, where 6y = p/12. In particular, this means that if we
define K* = 2¢* Cy~28,2~!, we have the bounds:

Going back to the original variables (tp,x9 = 0,yp) of the impact map P;, we observe that

by considering the above discussed relations t) = ¢ and yo = \/—V2y; I (see and (30)),

we obtain the following analytical parametrization for the corresponding w;a -quasi-periodic

<Ke  lloi =Ll <Ke  [(95)[,, <K se{gT}

p/2

Pp

solution of P, in =% (see (5)), that we denote as 7 = (17;(*))+ (in the following we will often
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omit the dependence on (g, ;) since in this discussion we are dealing with a fixed pair of these
values):

7(6) = (6417 (6),0,7,(6)) = (9+<p§2<9>,0, J—V2y; 4’?(9)) , 6T,

on the understanding that here we are treating ¢ as a variable defined modulus 27, so in fact
we are treating the plane = as a cylinder, that we denote by &*. This parametrization verifies
Pe(nt(0)) =57 (0 + w), where w = w%. Using that y; = —V/2 I}, we observe that

. —V2y5 (91 (0) — I§)

+
’7]/0(9) _yO - 7
V V295 91 (0) + v

o) — V2 91 0) ) (i) - K) (eD'®)
. V290 +vs (V215 01(0) + )\ —V21; 91(6)

These expression allows to obtain the following estimates (we note that although 7™ is an
analytic function, for stability purposes bounds for “real” values of 8 suffice):

1 (O)] < K*e, |y (6) —yil < V2K'e, |(y)'(0)] < K, |(n,)(0)] <2V2K'e, 6€T.

To get the last bound of this list perhaps we have to make &* slightly smaller or to slightly
increase K*, but in any case the obtained value of " or K* depends on the same parameters
as the former one. Consequently, the closed curve 7+ = (7;%)+ = n*(0) C &% is invariant

by the action of the impact map P and it remains close to the circle T x {y}, to which it
is homotopic. For further uses, we also introduce the corresponding invariant curve in the
cylinder £~ defined by the action of P,;" on 71, ie., T~ = (7;%)* = PHTT) c &. Of

course, we have P, (T ) =T".

By integration of 7' by the flow of (4), this curve gives rise to an invariant two-dimensional
torus S = S;S of (), on the understaning that we are still treating f( as a variable defined
moduls 27t. The torus S is continuous, picewise analytic and e-close to the Cartesian product
of the coresponding y-invariant curve of the unperturbed system e = 0 (as displayed in Fig.
by the variable t € T, being homotopic to (¢, x,%) € T x {0} x {yo}. Indeed, S is not smooth
in both the upper curve 7 and the lower curve 7 —, since integration by () means to follow
the flow ®f of (6) from 7 to 7~ and the flow ®] of (7) from 7~ to 7 . Parametrizations of
the right and left components of S are given by ¢ = ((7;6)+ and 0~ = ((T;S)’, respectively,
which can be written as:

ct(6,7) = DNt (0)),  OET, 0<t<T(F(6)e),

and
o (0,T)=®f (5 (), 0T, 0<t<7 (7 (6)¢),

where 77 and 7~ are the impact times introduced in (8) and (10), and we are denoting =~ =
PF(nt)and T and 77~ as the functions defined by the first and third components (t, y) of the
parameterizations 77" and 7, respectively (without the zero of the second component).

Since (4) is 27t periodic in t, to make the variable t a true dynamical variable of the sys-
tem we should lift it from T to R. Then, the torus S = S;S becomes an infinite cylinder of

(t,x,%) € R3, which is perpetually e-close to the Cartesian product of one of the invariant
curves of Fig.[[by ¢ € R. This means that it perpetually confines the trajectories whose initial



BOUNDEDNESS OF SOLUTIONS OF A FORCED DISCONTINUOUS OSCILLATOR 15

conditions belongs inside this cylinder, so that they remain bounded for al time. Furthermore,
the amplitude in the (x, ¥)-plane of these cylinders goes to infinite as y; — +co.

The final part of the proof of is a mere observation. Let us consider wy € R
any given value such that w( /27 is a Diophantine number according to definition (26). E.g.,
we can select wy as 27t times the Golden Mean (/5 — 1)/2. Associated to wy, we have a
particular couple (7, v) in (26), that we set fixed up to the end of this section. We then introduce
wy = w + 27k, where k € IN. On the one side, wy — +o0 as k — 4-o00. Consequently, since

o 4 . . e pe s
we have that W;S = Wyg, then, for any given 0 < & < 1/]ag|, we can define an infinite
sequence of values of y§ = y(e, k) > 5 for which we have ws*(s K = Wik for any k > ko. The

Yo
value of k¢ is independent of & and yjj(e,k) — +o0 as k — +oo. On the other side, wy /27

is also a Diophantine number of type (7, v), for any k € IN. We then select as specific value

of €* in the statement of the one provided by construction above when applied
to any given y; > 5 for which w = w;S is such that w/27 is a Diophantine number of type

(7,v). Since ¢* depends on (1, v), but not on the size of the frequency sz, we conclude that
for each 0 < & < €* we can construct a sequence of two-dimensional tori {S ;3 (eK) } >k, whose

projection onto the plane (x, ¥) confine the trajectories surrounded by each of these tori. Since
the amplitude of these tori go to infiniy with k, we get the desired perpetual stability for this
specific value of «.

3. A PARAMETERIZATION RESULT FOR INVARIANT CURVES OF A TWIST MAP OF THE
ANNULUS: PROOF OF THEOREM 2]

Firstly, we introduce some notations and basic results to be used throughout the proof of
Let ¢ : R — R be a real analytic and 27t-periodic function that we assume that can
be analytically extended to A(p) (see (15)), for some p > 0, and denote by § = g — (g). Then,
forany 0 < 4 < p we have

(1< sl gl <2y, 18pms < 1502,
where the last inequality is a consequence of the application of the classical Cauchy estimates
to g. Since w € R is set to be a fixed number, we introduce the notation f, () = f(- + w)
and we define the operator L, (f) = f+ — f. Let us denote as g(8) = Yz $xe’™? the Fourier
expansion of the 27r-periodic and analytic function g above. If w /27 is an irrational number
and (g) = o = 0, then there is a unique formal 27r-periodic solution f = £!(g) of the linear
equation L, (f) = g, provided that the normalization condition (f) = 0 is assumed on f. This
solution is explicitly given by the expansion:

L= L SE i
€z\{0}

In fact, all the formal solutions of L, (f) = g are of the form f = ¢+ £_,'(g), for any constant c.
If w /27 is a Diophantine number of type (7, v) (see (26)), then so-called Riissmann’s estimates
(see e.g. [6]) show that £,'(g) is also an analytic function and that there is a constant Cg =
Cr(v), for which ||E;,1(g)|\p_5 < CR(75V)_1||g||p. Finally, we recall that being F an exact
symplectic map of T X R, then it is also a symplectic map and consequently the following
equalities are satisfied

(32) F*(dp ndI) =dpAdl and (DF(p))'J(DF(p)) =],
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where DF(p) denotes the differential matrix of F at the point p and | = ((1) ’01) is the matrix
representation of the two form d¢ A dI.

The proof of is performed by means of the iterative application of the lemma
below. It is worthy mentioning that ¢ and the related objects depend on 6, but this dependence
is going to be omitted in most of the expressions.

Iterative Lemma. With the same hypotheses and notations on the statement of let us
consider a parametrization of a curve ¢ : T — T x R of the form ¢(0) = (0 + ¢4(0), 91(8)), for
which the following holds. We suppose that ¢, and ¢ are 27t-periodic functions that can be analytically
extended to A(p) (see [I5)), for some 0 < p < po < 1, and verify:

(33) looll, <00—p, llor—I5ll, < Ro. | op ,SYa and g, </a.

We denote by e the invariance error associated to ¢ and F and we define the scalar functions

(34) Q=(¢)'¢, A=07"'07"(¢}) DF(9)]¢".
We assume that [(A)| > c1/2 and that there is a constant 0 < p < 1 for which |lel|, < u and
||e’||p < u. Then, there is a constant c* > 1, that only depends on 1/c1, cp, c3 and v, and that can be

defined in such a way it is an increasing function of all these quantities, for which the following holds.

We take 0 < 6 < ¢/3 for which
. c'u 1 cu
(35) lor =15, < Ro = “5a. ’4’ 0S4 T

i’
]

for j € {¢, I}. Then, we can define a new parametrization V) = ¢ + Ag, where Agp : T — T x R is
271 periodic and analytic in A(p™), with pV) = p — 36, which verifies:
C*

L 'y
1Bell,m = 262’ and |[(Ag)'|| oy < Y2621

In addition, if we define the invariance error e!) and the function A() analogously as we have defined
e and A for ¢, we also have:

HA(l) - A‘ S 72?254&’ He(l)‘ S ut,  and H(e(l)), o S w,
where u(t) = vf%wzﬂ.

Last formula means that the size of the new invariance error e(!) is (almost) quadratic with

respect to the size of e. Hence, we may expect (under suitable assumptions) that the size of the
error goes iteratively to zero very fast with the step.

Proof. Using Newton’s method as a benchmark tool, a natural way to define the correction
Ag for the initial parametrization ¢ is to try to obtain a new error e(!) of quadratic size with
respect to e. Explicitly:
1
eV = F(pV) — o\l = EV + R(g, Ap),
where
EW = e+ DF(g)Ap —Apy, R(¢,A9) = Fg+Ag) — F(¢) — DF(9)Ag.

Hence, E(!) stands for the linear approximation of e(!) around ¢ and R(¢@, Ag) is the corre-
sponding quadratic reminder. In the aim of Newton’s method, our ideal target is to try to

set E(1) = 0. The functional structure of the problem makes this objective unrealistic, so we
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consider the less ambitious goal of obtaing an expression for E(1) of quadratic size in terms of
the size of e. This is enough for our purposes since it allows to avoid the nocive effect that the
small divisors associated to the problem have on the convergence of the iterative application
of this lemma. A construction like the one used to define A¢ is usually called a quasi-Newton
method. Since hypotheses on the statement of the lemma ensure that {¢’, J¢'} define a basis
of IR? at any point of 8, we look for a correction A¢ of the form:

(36) Ap=ag +bQ7]g¢,

where a and b are small scalar and 27t-periodic functions which we select as the solutions of
following (small-divisors) difference equations

37) Lo(b) = ((¢}) Je) = (¢})"Je and Lu(a) = Ab+ Q7 () e,

with the normalization condition (a) = 0, since selecting a difference value for (a) = 0 only
means a “change of origin” on the curve. To avoid increasing the length of the proof, we omit
details on the analytic and geometric motivations of selecting such specific expressions for a
and b, that are discussed in the references on parametric KAM Theory quoted in the paper.
The right hand side of the equation for b has zero average, so b takes the form b = (b) + b,
where

b= L, (((¢h) " Je) = (¢}) " Je),
and (b) is selected in such a way the right hand side of the equation for 4 has zero average.
Using that by hypothesis (A) # 0, this means that

(b) = =)~ ((AB) + (7 (9)Te) ) -
Finally, we should select
a= L, (Ab+ Q7 (¢ ) Te).

In order to establish that taking A¢ defined in such a way means a quadratic size for E(Y) in
terms of e, key computations are to show that the vectors DF(¢)¢’ and DF(¢)Q~!]¢’ can be
written in the following way

(38) DF(¢)¢’' = ¢/, +¢/, DF(9)Q 'J¢' = A ¢/, + (1+B) Q;']¢,,

where A is defined in the statement and B is the scalar function B = —Q~1(DF(¢)~1e') T ¢'.
Both expressions are straightforward. The first one follows by taking the derivative on the
definition of the invariance error e in and the second one follows by multiplying it by
(¢))" and (¢') " J, and using that DF is a symplectic matrix (see (32)) at any point (we also
recall that JT = J7! = —J and that u' Ju = 0 for any vector u). The fact that ¢ is an analytic
periodic function means that the size of ¢’ (and so the size of B) is “comparable” to the size of e
modulus the application of appropriate Cauchy estimates. In the literature, expressions in (38)
are usually discussed in terms of the concept of quasi-reducibility of the the linearized system
around a quasi-torus of a symplectic map. We refer the interested reader to the references
quoted in the introduction for more details. Using expression in and equation (36) it
follows that:

EV=ae +BbOQ7e, +7V,

where

(W =e+(a—ar+ Ab)gy + (b —b1)Q o = e+ (Ab— Lo(a) ¢y — Lo(0)Q gl
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By using difference equations for a and b and the fact that in the basis {¢’,, Q7'J¢/.} the
invariance error e is written as

e = (Q(¢}) )9 — ((94) T,
we get the expression (1) = —((¢,) " Je)Q; !¢/, . Since we easily show that the size of ¢/, B,
a, and b are all comparable to the size of ¢, the quadratic behaviour in e of E(!) is equivalent to
the quadratic behaviour in e of { (1) above. The fact that (1) has quadratic size is not obvious,
but it is a consequence of the exact symplectic properties of the map F. This is the only point

of the proof in which the exactness of F is considered. We remind that being F exact sympletic
with respect to the 1-form Id¢ means that

F*(Id¢) = Idp +d(V (¢, 1)),
for some function V : T x R — R, 27r-periodic in ¢. By performing the pull-back by ¢ : T —
T x R, we obtain:
(Fog)*(1dg)) = ¢*(Idg) +d(V o 9).
By writting ¢ = ¢(6) and F = (Fyp, 1), and then considering the coordinate representation of
this one-form in terms of the basis df, we obtain the equality:

(Fi(@))(Fp(@)) = (1+ @)1+ (V(9))".
Then, writting e = (eg, e;) and using that Fy(¢) = 0 + w + ¢¢,+ + ey, Fi(¢) = @14 + ey and
that (¢/,) "Je = —ep@) , +e1(14 @p,1), it follows:

(¢%) Je = —Lo((1+ @p)gr) + (V(9)) — eher — (eppr4)-

Since (1+ @) @1, eyer, and ep@y, + are 27-periodic in 6, we conclude that (" )" ]e) = — (eger)-
Consequently:
ED =ad +BbOQTY g, + (epen) O gl

This last computation ends the formal part of the proof of the lemma. Now, we have to perform
the rigorous bounds of all the objects involved in above computations. In particular, bounds
below show that the previous formal computations are well-defined if the hypotheses of the
lemma hold. Our main purpose is to construct a constant c* for which the result holds. To
achieve this aim, during the next sequence of bounds the value of c* is redefined recursively
to meet a finite number of conditions. At the end of this process, the last value of c* obtained
is that of the statement of the lemma.

From bounds on ¢, and ¢/ in (83), we notice that O = (1 + q)fp)z + (@])? verifies | — 1|, <
5/8. Then, 3/8 < [Q)(6)| < 13/8, forany 6 € A(p) and so [|Q)[|, < 2 and HQ”HP < 3. Since
hypotheses in ensure that DF(¢(6)) is well-defined for all 6 € A(p), we conclude that A
is well defined in and verifies an estimate of the form || Al|, < c¢* for some c* that, up to
now, only depends on c; (since we are assuming ¢ < 1).

We then use Riissmann’s estimates to control the size of the solutions for a and b of equa-
tions in (37). Firstly we have:

T T
(@) e = @) Tl _ e
70 R
where cg = cg(v) is the constant provided by Riismann’s result, ¢ is the one in the statement
of the lemma and c* is re-defined to meet both [|A[, < c* and 9), and in such a way it turns

out to be an increasing function of the quantities in which c* depends. To achieve this last
property, we observe that each time we have to re-define c¢* in order to meet a new bound,

) I8l s < x



BOUNDEDNESS OF SOLUTIONS OF A FORCED DISCONTINUOUS OSCILLATOR 19

the new expression of c* turns out to be a polynomial formula involving 1/¢, ¢, c3, v and
the preceding expression of c¢*. Therefore, the new expression of c* is obtained by taking
the maximum between the former expression of c* and this new polynomial expression. By
proceeding in analogous way as we have done to get these bounds, we obtain (by recursively
re-defining c*):

c*u c*u c*u c*u
1< Wlys <S5 Nallyas < ofrr 18002 < o,
/ c*p ) 1 cp?
100l 55 < o 1B, = e BV < S

where we are using standard Cauchy estimates to bound each 0-derivatives and, to bound B,
that the symplectic character of F implies that (DF)~! = —J (DF) T J.
To control the remaining aspects of the proof, we need to ensure that the composition of F

and its derivatives with the new parametrization o) = ¢ + Ag are well defined. By writ-
ting M) = (0 + (pfpl), (pp)) and Ag = (A@y, Agp), and using hypotheses in and (39), we
conclude that for any 6 € A(p — 2J) we have:

()] < @) + o], + A0l -25 < P00 < po,

1
19 ~ 151 < llpr = 151, + 1801l 5 < Ro-

We note that although hypotheses in (35) are formulated in terms of the final value of c*, they
also valid in terms of the value of ¢* defined so far. In particular, bounds above allow us to
define the new error ¢(!). To obtain an estimate for the size of e(l), it only remains to bound
the remainder of the Taylor expansion R(¢,A¢), that we express as R = (Ry, R;). Then,
to estimate R;(¢@, Ap)(0), for any fixed 6 € A(p —2J) and with j € {¢, I}, we introduce the
assistant function g;(s) = Fj(¢ + sAg). Since g;(s) = DF;(¢ +sAg) Ag, integrating g; by parts
we observe that

Ri(9,89) = (1) ~ i(0) ~ £(0) = -~ [ (s~ g/ (5)as.

Thus,

Rillp-as < SuPse[o,l]{Hg;/'/(S)przé}- But, since

87 (s) = 93 Fi(@ +s89) (Apy)® + 20194 Fi(9 + s89) (Agy) (Agr) + 07F (9 + sA9) (Agr)?,
it follows that

Rlpzs < Sl [, < Sl ], s < i

and therefore, the bounds for e(!) and (e(l) )/ are met in terms of the expression for p(l) and y(l)
defined on the statement. To get estimates above on g;’ (s), a crucial aspect is that ¢ + sAg €
A(pp) for any s € [0,1], so that the composition of ¢ + sA¢ with F and its derivatives is well
defined for any s € [0,1]. It only remains to bound A(") — A, where

AW = @) @QP) 7 (91)) DF (M) (M)

We notice that hypotheses in (85) on ¢;, and ¢} and bound above on (A¢)’ guarantee that o)
is well defined in A(p — 39) and verifies the same bounds as Q. To get the bound for AN — 4,
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we consider the telescopic sum
AW — A =(@M) " —a @) (o)) TDE(9M) (oM’
+a7 (@) - (e)) TDF (M) (o)
+Q7 10 ((9)) — ¢) TDE(pM) ] (oM
+Q7'07(¢,) " (DF(¢!") — DF(9))] (9
+07'0 " (¢!) 'DF(9)] (9" — 9)".
Then, we estimate every difference in the equality above leading to a bound of the form
c*u
Jo-as = o

The only expressions involved in this telescopic sum for which the corresponding bounds are

not completely straightforward are (Q("))~1 — Q=" and DF(¢(!)) — DF(¢). For the first one
we write:

HA(l) _

(Q(l))—l —o =01 M1 a-al),
and we estimate the size of Q) — Q) in terms of the size of (¢1)) — ¢/ = (A¢)’ by also
expressing Q1) — () in terms of a telescopic sum analogous to the one above. Indeed, we
get the estimate ||(Q1))~1 — Q! o35 < %. To bound DF(¢(1)) — DF(¢), we proceed
analously as we have done to bound R (¢, A¢). For any fixed 6 € A(p —2J) and for any couple
j.k € {¢,1}, we consider the auxiliary function h;x(s) = 0;F(¢ + sAg), for s € [0,1]. By the
Fundamental Theorem of Calculus, we see that

1
O(9M) = 3jF(9) = [ V(@) (p+s8p)ds- Ag,

where V refers to the gradient operator with respect to (¢, I). Since all the involved compo-
sitions are well-defined for any 6 € A(p —2J) and s € [0,1], we get an estimate of the form

Haij(go(1>) —0iF(9) Hp_% < % for any entry of DF(¢(1)) — DF(¢). O

Proof of Theorem B. Our goal is to prove this result by the iterative application of Lemma
Hence, we start by considering ¢* = ¢*(1/c¢1,¢2,c3,v) > 1 the value provided by this iterative
lemma, that we set fixed from now on along the proof of the theorem.

First step of the iterative scheme. To perform the first application (for n = 0) of Lemma
we select the parametrization ¢(8) = ¢ (8) = (6,13), so that ¢¢(0) = 0 and ¢7(0) = Ij.
We also consider the constant values p = p(?) = pgand & = 6(® = py/12. In particular,
pM) = p® —350) > 0. Clearly, the parametrization ¢ is analytic in A(p) = A(pg), and we can
easily check that:

dO0) = (£p(0,1), f1(6,15)),  AV(0) = —a/(I5) — 31 f5(6, 15).

Hence, we can set u = (%) = ¢ and we have:

#4,(0)
O _o_. _ © © s _ G
Oy _gel _cn? ) s a
H((Ps ) p® 0=3 72(600))2v+17 (AT 21 —c2 2’
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. “(0)
fors € {¢,1}, provided that #{)))zv

guaranteed by hypotheses on the statement. Thus, we can apply Lemma @ to ¢(0) and we
can define a new parametrization of quasi-torus ¢@(!) that verifies bounds on the statement of
the lemma.

A close expression for the iterative error. To iterativelly apply Lemma |3, we are going to
select, at each step n > 0 of the iterative scheme, the constant values § = 5 = 50) /21 and
p=pM = p(o) — 32}1:_01 60), for which we clearly have p(”> > po/2, for any n > 0. Let us
suppose for a moment that we can freely iterate for any n > 0 by dealing with these selected
values. Then, we have u(®) = ¢ and we get the following iterative expression for the error

< min{RO,é(O) /4} and ¢ < ¢1/2, conditions that are

H= y(") after n iterations:

*

(n+1) _ C*(.u(n))z _ ¢ 2(4v+1)n( (n))Z
" T AT T (50 a Wy

Simple computations show that we obtain

% 2" -1
) — <C> QU@ —(1+1)) (1, (0) 2"

A4 (5(0))dv+1
. 1 . on
(40) _ ¢ 27(41/+1)(n+1) 24U+1C F(O)
74(5(0))41/+1 74(5(0))4v+1 !
expression that can easily be verified by induction. In particular, since hypotheses on u(?) = ¢
mean that j:;oiﬁﬁ)l < %, we conclude that this expression verifies y(") — 0as n — oo. In

addition, we also have that the following estimates hold for every n > 0:

C*y(n) - C‘M(O) 1 n C*]l(n) - C*“M(O) 1 n
72((5(;1))21/—,),2(5(0))21/ 2 ! 72(5(n))2u+1—72((5(0))2v+1 2 )

4v+1 %, (0)
20 o %,wehave:

Indeed, using that 2" > n + 1 and that ST =

n+1
C*‘u(n) B 72((5(0))2%1 o (2u41)(n 1) (24”+1c*y(0) )

72(5(11))21/ 22v 74(5(0))41/+1
_ 2w oy (1)
72(60)y2v 2

*,,(0) n
e (1N
= 42(50)2v \ 2
and analogously for the other case.

General step. We iteratively apply Lemma 3| starting with the 0-data selected above and sup-
pose that we have been able to iterate # times, for some n > 1, so we define the family of

corrected parameterizations {(p(]) };.’1:0, for which the estimates provided by Lemma [3| hold

in the corresponding domain A(p(f ) ), for each j =1,...,n. In particular, the size of the errors
leD]| o) and | (eD))|| o(i) is controlled by ) given by expression in (@#0). We want to show that

we can iterate again by showing that ¢ fit into the conditions needed to apply the Iterative
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Lemma. Specifically, we need to check, for any n > 1:

*

C*y(”)

cy(”) 1
P = 4 2(§(n) 201’

72(5(11) )21/ ’

< Ro—

<po—p", [of” -5

pln) = o)

fors € {¢,I},and [(A(M)| > ¢, /2. Notice that
- n=1 oy () #0) n=l 79N/ 2c%34(0)
n) cH cH L CH
’ () ; H ‘ (j+1) < ];) 72(5(]‘))21/ < ,),2(5(0))21/ Z <2> < ,),2(5(0))21/’

j=0
and the same bound holds for Hq)gn) -1

' We proceed analogously to get the bounds

o
2c* y

p(,,) - 2((5 )2v+1’

fors € {¢, I}, by means of the sum of the bounds on H A(ps )

oty
for j=0,...,n — 1. Finally, to control the average (A(")) we start by bounding

pli+D)

1 ' , %4,(0)

Then, bounding the size of the average (A" — A(0)) by the norm of the function and using
the estimate above |(A())| > ¢; — ¢, we obtain:

(AD)] 2 [(AD)] =~ {A® = A0)] 2 (A0)] — 40~ 40 > 01— e 20U
Using that pg — o™ > pg — p() = 36 = py/4, for any n > 1, the bound Hq)sb”)‘ o) <
po — ") is achieved provided that 35;7”(); < po/4. Next, using that ZC(*;([}(,?;ZV < 726(;}(‘;?;
and 72(;”;;2)%1 < WZ(i)(y()%H’ the desired bounds on H(Pl -1 0] o7 (pi™y o and [(A(m)Y],
are fullfiled provided that :;E(S” )) < Ry, 72(35(07};)(;“ 1/4 and ¢ + (zciyézi“ < ¢1/2, re-

spectively. All these bounds are guaranteed by the conditions on ¢ on the statement of the
theorem.
Convergence of the iterative scheme. Once we have verified that hypotheses on the state-

ment allow us to compute the full sequence of iterates {¢(™}%_, the convergence of ¢*

n=0/
limy, 0 @™ in Ap*), with p* = lim, e p") = po/2, is straightforward as the series ¢*
@O 4y Ap™ is absolutely convergent in terms of the norm || - || po/2- Estimates on (p* on

the statement are also straightforward from computations above. g

4. THE IMPACT MAP: PROOF OF PROPOSITION [2]

From the 27t-periodic function p of the statement, we define the functions

T

T
Py (7, o) ::/O p(s+to)ds and  Py(t, to) ;:/0 Py (s, to)ds.

By considering the function P;, P> and ag introduced in (18), we can rewrite P; and P as
(41)
2

- - T - - -
Pi(t,to) = aoT + Pi(to +7) = Pi(to) and  Pa(7,to) = ag— — tPi(to) + Pa(to + 7) — Pa(to).
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With the functions P; and P, defined in we can provide the explicit solutions of the
system originating from (). For xo > 0, we have

tr (to, xo,Yo;€) = T+ to,

(42) xT (to, X0, Yo; €) = Xo + Tyo — %2 +e Py(1, 1),
Y7 (to, X0, Y0; €) = yo — T + £ P (T, to).

If x; < 0, we have
t (1, x1,y15€) = T+,

2
T
(43) xf(tl,xl,yl;s) ZX1+Ty1+?+£P2(T,t1),

yi(t,x1,915€) =y1 + T+e Pi(T, 1).

By expressions in (42) and ({#3), we notice that the times of impact T (to, yo; €) and T~ (t1,y1;€),
introduced in (8) and (10), respectively, cannot be explicitly obtained, so we cannot deal with
explicit expressions for the impact maps P;", P, and Pe. For this reason, we propose the
following approach to deal with them.

Asymptotic behaviour of the first impact time. Since we are interested in discussing the per-
sistence of quasi-periodic invariant curves of P, of arbitrarily large amplitude yy and 0 <
¢ < 1, we start by discussing an asymptotic expression for T (o, yo; €) and T~ (t1,y1;€) when
Yo — +oo and y; — —oo, respectively. Using expressions for P, and for x;, equa-
tion (8) for the first impact time T = 77 (¢, yo; €) reads as:

1 —ape
2

Hence, for yy > 0 sufficiently large, one expects the dominant part of the expression of " to
be:

(44) Ty — (tH)2 — et Py (tg) + ePa(to + 1) — ePy(tg) = 0.

+ .y 2(yo —ePi(t))
(45) T (toyore) = =5 — ——— e

so it is natural to write

(46) T (to, yo;€) = 15 (to, yos €) + €T (fo, Yo €),

where ;" is a small correction (as yy — +o0) satisfying properties to be given in the next
lemma.

Lemma 4. Let P and P, be the real analytic and 27t-periodic functions introduced in which verify
Py =Pyand ||Pl, <P, j=1,2for0<p < land j > 0. Giveny5 > 1,0 < gy < p, pg > 0, and

pg > 0, such that py +4p; < p,, we consider the set Dy = DT (y§,pa, 0y ) (see (I6)) and define
+

el as

1
el = sup {e >0 |age| < 5 and Py +4p] + 288ep <p0}.

Then, for every 0 < e < €, the first impact time T can be written as in and (46), with
Ty (to, yo; €) and T, (to, yo; €) being real analytic functions for (to,yo) € Dy , 27-periodic in ty, and
satisfying:

32
7) Wl < 1 oo <6lwol, 1t i) < 0.
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Moreover, given any 0 < pg < min{py,f }/2, there exists C- = Cf(p,pg ) > 0 such that
j cr
(48) a (tOr yOI ) S T s
ol
for every (to,y0) € D (y§ + 207,05 — 204,05 — 203 ), 0<e<el,and0<i+j<2

Proof. We start by observing that for any (t,y9) € Dy and 0 < ¢ < ¢, the function 75
of satisfies the estimates in (7). This is straightforward by observing that |yo| > y§ > 1,

1 1
lage| < 5 and that e < 5 Indeed, using that 1/2 < |1 — ape| < 3/2, we have:
1 2__2 (1_ Spl(fo)|> < 7y (to, yose) < 2 <1+ €|151(f0)|> <6
2737 [1—aee] [0l Yo 1 — aoe| Yol

If we write 71 as in (6), and we impose that it satisfies equation {#4), we have that 7}t =
7,7 (to, yo; €) satisfies the equation 7,7 = F 1 (7;"), where the non-lineal functional 7 = F," is
defined as:

2(132(t() + T(;r(to,yo;8) + €T(t0,y0; 8)) — pg(to))
(1 —ape) (g + et(to, yos€))
We introduce the Banach space (X, |[|-|||p,+ ) defined by:

FH(1)(to,yo) =

X ={r: Diar — C, f real analytic in D and bounded up to the boundary, H|TH|DO+ < 4oo},

where |HT|HDO+ = sup {|yoT(to,y0)|}. We denote as Bzy; C X the closed ball of center
(toy0) €Dy

zero and radius 32p in terms of the norm ||||HDO+ Since By is a closed set of (X, [||-[[|p+), it

constitutes a complete metric space in terms of the distance induced by the considered norm.

We are going to prove that if ¢ > 0 is as in the statement, then F : 832,3 — B32ﬁ is a contrac-

tion. In this way, using the fixed point theorem we establish the well defined character of ;"

in Dy as well as the bound |7;" (t, yo; )| < P

that 77 (7) is well defined and belongs to X, for every T € Bspp. First of all, we notice that if

T € B3y, (to, o) € Dar and 0 < ¢ < ¢, then (we omit the dependence of T and ’L'O+ on ty, Yo
and ¢ unless necessary)

. To achieve this purpose, first we show that

Im(to + 5 +¢)| = [Im(t0) + ;= (Im(yo) + elm(P 1)) + el (1)

Pa +4pg + 4ep + 32¢p

where we are bounding the size of the imaginary parts of P; and 7 by its norms, and using
that since yj; > 1 then |(to, )| < 32p. This means that the composition P, (ty + ;" + 1) is
well defined and also analytic. Moreover, we also have that:

Yol _  Iyot| 5 [vol (1 _ 64?7) > Iyl S 1
2 [vol 2 vy 4 ~ 4
Computations above guarantee the well defined character of 7. Next, we compute
2(Py(to + 1°) — Pa(t))

(1—age)ty ’

ot +er| = [ | —el| = L2l

FT(0) =
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Using bounds {#7) on ‘L'0+ , we have that

I H(0) (to, yore)| < 16—
lyol

Therefore, |||F +(0)|||D0+ < 16p and, consequently, 7 (0) € Bz;. Now, we take 7,7 € Bazp.
Then:

[FH(r) = F (1) =

2(Py(to + 7 +€1) = Pa(to))  2(Pa(to + 15 +€T) — Da(ty)) ‘

(1 —age) (g +eT) (1 —age) (15 +€T)
<4 Pr(to+ 15" +et) — Pao(to + 15 + €T)
- T et
4 e (Pa(to + 75 +27) — Pa(to)) (T = 7T)
(1 +et) () +e7) ’

Thus, it follows from the Mean Value Theorem that

Dy(to+1 +et) —Do(tg+ 1, +e€T
2( 0 0 3» 2( 0 0 ) S 4€ﬁ|T—f|
Ty TET
On the other hand
Dy(tg+ 1o +eT) — Pyt -7
(P2(to T(i e1) +2(0_))(T )S3Zﬁ|r—’f|.
(tg +eT)(7y +eT)

Then, taking into account both bounds and knowing that 288¢p < 1, it follows that
_ _ _ 1 _
17+ (0) = FH(@)l s < 18467l Tl < 3l — s,

which means that 7 : B3y — X is a contraction. Finally, if T € Bspp, then

17+ @ lps < 17 () = F£(0) + F= (0|1

<[IF7 @) = Fr O llpg +1FT Ol p+
1 -

< Slitllp; +16p

< 32p,

which means that F* : Bzpp — Bspp is well defined and it is also a contraction as wanted.
Consequently, 7 has a unique fixed point 7;% € B35 and, therefore, it satisfies bounds in (48).

In order to obtain the bounds for the first and second order partial derivatives of ;",
with respect ty and v, we apply standard Cauchy estimates to the function 7 (¢, yo;€) =
Yo, (to, yo;€). We use that [y+| < 32p in Df = D (v, 04,0y ) and we shrink the complex
width of the domain by §J when performing each derivative. In this way, it is not difficult to
see that there is a constant C;” = C; (f,f; ) > 0 for which equation holds. O

We can analogously discuss the asymptotic behaviour of the time for impact of the negative
solutions T~ = T~ (#1,1;€). From expressions in for the integration of for x < 0, it
verifies the equation:

1+ age
2

T Y1+ (t7)? —et Py(ty) +ePr(t1 +17) —ePa(t) =0,
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which motivates to write, if y; < 0,
_2(y1 —ePi(h))
1+ ape ’

Estimates concerning 7, (t1,y1;€) and 7,” (t1,y1; €) are stated in Lemma whose proof is com-
pletely analogous to that of lemma

49) T (tyve) =1 (hyse) Fet, (tyse), T (byse) =

Lemma 5. Let Py and P, be as in lemma Giveny; > 1,0 < p; <p,p; > 0,and p; > 0, such
that p; +4p; < py, we consider the set D} = DT (y,py,p1 ) (see (I7)) and define €, as

g, =sup {e > 0: |age| < % and p; +4p; +288ep < P1}-

Then, for every 0 < & < €, the first impact time T~ can be written as in @9), with 7, (t1,y1;€) and
T, (t1, Y1, €) being real analytic functions for (t1,y1) € Dy, 2m-periodic in t1, and satisfying:

32p

1l

Besides that, given any 0 < p; < min{p;, 0, }/2, there exists C; = C. (p,p; ) > 0 such that

@ < |Tf(t1,y1;€)| < 6|y1], 175 (t1,y15€)| <

. C;
‘8;18]%1'* (tl/yl;‘g)‘ S W/
for every (t1,y1) € D™ (y; +2p1, 07 —207,p; —207),0<e<e;,and0<i+j<2

Expressions of Impact Map P.. We use the asymptotic expressions for the impact times 7"
and 7~ obtained in lemmas E] and [5| to provide formulas for the half positive impact map
P.(to,yo) and the half negative impact map P, (t1,y1) which make apparent the dominant
terms of both maps when 1y > 0 and y; < 0, respectively. Then, by composition of both
maps, we obtain the corresponding expression Py = Py~ o P (to, o).

Let us denote (#1(to, yo;€),y1(to, yo;€)) = P (to,yo). Using formulas in (), @2), @5),
and (46), we obtain:

2(yo — ePy(ty))

(50) fi(to,yoie) = to+ T (fo,yoj€) = to+ = — we T e, (to, yose),
and also using ({@1):

yi(to,yo;e) = yo — T (to, yos€) +ePr (T (fo, yos €), to)
(1) = —yo +e (Pr(ti(to, yor€)) + Pi(to) — (1 — age) T, (to, yo; €))-

Let us denote (f(to, yo; €), Jo(to, yo;€)) = Pe(to, yo). By using definitions above, we have that
(fo(to, Y05 €), Jo(to, yos€)) = Pg (t1(to, yo;€),y1(to, Yo;€)). We combine computations and for-
mulas above with those in (11), 43), and to obtain expressions below for fy(to, yo; ¢) and
Fo(to, yos€). Although in these computations t; = t1(to, yo;€) and y1 = y1(to, yo;€) through
formulas in and (5I), we omit their dependence on f, v, and e. We have:

to(to,vo;€) = t1 + 1 (t1,y15€)

2(yo — ePy(to))
1—ape

2(y1 — ePy(t))
1+ ape

4y 4p to 3 —ape _
52) =g+ e (— A+ 2 i) + (tl,yl;f.)) ,
0 0

=ty + + et (fo, yo; €) — +et, (t,y15€)
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and (we also omit the dependence of £y = £(to, yo; €) on tg, Yo, and ) using again and (43),
and formula (49) for t~,

Jo(to,yo;€) = y1+ 1 (t1,y1;€) +eP (T (t,y1;€), 1)
=y1+ (1 +aoe)t (t,y1 ) +e(Pi(fo) — Pi(t))
= —y1+¢ (P (Fo) + Pi(t1) + (1 +aoe) T, (t1,y15¢))
=yo+e(Pi(fo) — Pi(to) + (1 — aoe) T, (to, yo;€) + (1 + ape) Ty (t1,y1;€)) -
Consequently, the impact map in coordinates (to, yo) takes the form:
P { fo = to + ae(yo) +&ft, (o, Yos ),
o = Yo + efys (o, Yoi €),
with

4yo
53 = ,
( ) Xe (y()) 1— a(z)gz

4p1(t0) 3 - aoe

4 t . — —
G followie) = =3 pa T T e ™

F(to,yor€) + 1o (t1(to, yoi €), y1(to, vos €); €),

and

fyo(to, vos€) =Py (Fo(to, yo;€)) — Pi(to) + (1 — age) T.¥ (to, vo, €)
(55) + (14 ape)T, (tl(fO,yO, e),y1(to, Yo, €);€),

where t1(to, yo; €), y1(to, yo; €) are given by (50), (5I), respectively, and fy = fo(to, yo; €) is given
by the first component of (20).
Estimates on the Impact Map P (Proof of Proposition [2). The most important aspect to be
addressed in order to provide quantitative estimates for P is to specify a complex domain
for (to,y0) in which we can ensure that the map is well defined and in which we can use the
estimates on the impact times 7" and 7~ provided by Lemmas 4 and [5, respectively. This is
stated precisely in Proposition 2]and below we give the details of the proof.

With the same notations and hypotheses of Lemma [, we select quantities below to apply
Lemmas 4] and B respectively.
o Wesety; = 3,0, = p, pg = p/8 py = p/48 and pj = p/192 in Lemma[d] Then, the
value ¢/ > 0 on the statement of the lemma is defined by the conditions |ape] < 1/2 and
288¢p < 19p/24. Consequently, if C = C(f, ) > 0 is the constant provided by Lemma @
the following estimates hold if (to,y9) € Dy = D" (4,11p/96,0/96),0 < ¢ < ¢f,and 0 <
i+j<2

0 32 . ct
Wl < o ool < sl o) < 220, ol (o0 <

We observe that in this case Dy C DV (v + 207, pq — 204,03 — 207 )-

e Wesety; = 1,0, = p, 0, = p/3, 0, = p/12and p; = p/48 in Lemma Then, the
value ¢, > 0 on the statement of the lemma is defined by the conditions |ape| < 1/2 and
288efi < p/3. Consequently, if C;- = C; (p,0; ) > 0 is the constant provided by Lemma the
following estimates hold if (t1,y1) € Dy := D~ (2,70/24,0/24),0 < e < e, ,and0 <i+4j <2

B 327 cr
Wl i oo <ol e (el <328, o (e < o5
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Now, what we observe is that D, C D~ (y] +20;,0; — 201,06, — 207 )-

We set p = 11p/96 and p = p/96 as the values in the statement of Proposition [2} so that
we have D" (4,p,0) = Dy . The value ¢ = ¢}, of the proposition is defined by the conditions
lage| < 1/2 and 864ep < p which, in particular, guarantee that ¢}, < min{e, ¢, }. For any
(to,yo) € D and 0 < & < €}, we have (we are using (50), (I), estimates above provided
by Lemmas (4] and [5| and the standard trick of bounding the size of the imaginary part of a
complex number by its modulus when needed):

- 32pe
[Im(t1(to, yo; €))| <[Im(to)| +4 ([Im(yo)| + e[| P1[lp) + |y§| P+12P€ < 24P,
3 32pe 2 12
. < o
(o 30:0)| <lim(uo) -+ (2Pl + 507 ) < g +147 < 2,

where we are bounding |P; (t1(to, yo;€))| < || Py ||, since the first computation guarantees that
[Im(#1 (o, yo; €))| < p. Moreover:

- 332;58) ( 7~> lyol
to,yos€)| = —e|2|Pllp+z+— ) > 1—Zpe| > 22
ly1(to, yo; €)| > [yol ( 1Pyl 2 ol lyol P >

and, in particular, |y1 (fo, yo; €)| > 2. These estimates guarantee that (¢ (to, yo; €), y1(fo, Yo; €)) €
D, . In addition, we also consider (recall that we are denoting t; = t1(to, yo;€) and y; =

y1(to, Yos€)):

_ 16 _ 329 329 49
|Im<to<to,yo;s>>|<|1m<to>|+Imyo>|+e( p72k p)

+ 232 pe <

ol " Tn) ~ 28807 3=
Consequently, all the expressions and compositions of functions involved in formulas
and are well defined within the selected ranges for ty, o and e. So, the map Pe(to, yo; €) is
analytic in D = D" (4,p,0), forany 0 < & < €%,.

To finish the proof of Proposition [} it only remains to establish the existence of a constant
C = C(ag,p, p) for which the bounds on the statement are fulfilled. To do this, we proceed
analogously as we have done to define c] in the proof of the Iterative Lemma 3| of the KAM
part, i.e., we are going to redefine recursively an increasing value for C in order to meet a finite
list of bounds. The value of C in the statement of the proposition is the final value for C thus
obtained. We have checked that all the compositions involved in the definition of P, by means
of formulas from (50) to (55) are well defined. Therefore, all the bounds we have previously
established throughout the proof of Proposition[2]apply to them. Consequently, we can bound
all the objects involved by computing their derivatives by the chain rule and then applying
such bounds to them. As an example, by computing the dertivatives of #1 (fy, yo; €) from (50),
we obtain the following expressions (we omit most of the dependencies in ty, yg and ¢):

e = 2
atot] =1- 1 aoe P{(to) + 8at0T:—, ayotl = 1_7a0£ +€ayOT:—,
Oyh = —1— P "(to) + €T, Ondytt = €d1ydy, Ti Iyt = €0y, T

Hence, we can easily estabhsh the following estimates for them if (fo, y9) € Dy and 0 < & < €%,
(for certain constant C defined recursively):
- - - Ce
Ppt| <C, |yt <G, [9ht] < Ce  [040yt] < | |, \a§0t1| < ol
By proceeding similarly with formula (5I), we obtain analogous bounds for the partial deriva-
tives of 1 = y1(to, yo; €), just by replacing above t1 by y.



BOUNDEDNESS OF SOLUTIONS OF A FORCED DISCONTINUOUS OSCILLATOR 29

Finally, we deal with the first and second order derivatives with respect to ¢y and y of
fro (see (B4)), fo (see and (53)), and fy, (see (55)). We express them in terms of the the
derivatives of t1, y1, 7,5, and 7, , and bound them using all the estimates obtained previously
throughout the proof of the proposition (in particular, we recall that |y1| > |yo|/2). Then, we
obtain the following estimates in the considered domains for ty, yo and e:

. - o ~ C C
|ft0| S C' |at0ft0| < C’ |ay0ft0| < ‘y0|’ |a%0ft[)| < C/ |ai()ay0ft0| < |y0\’ |a§0ft0| < ‘y0|/
_ - _ - _ ~ _ Ce _ Ce
0rf0| < C,  [ayfol <C, [gFol < Ce,  [9y0y,fo] < ol |07, Fol < ol

|fy0| S C! |af0fy0| S C! |ay0fyo| S C' |a%0fy0| S C! |afoayofyo‘ S Cr |a§0fyo| S C

We omit further details because they are not difficult, but cumbersome.

5. THE LOCALIZED IMPACT MAP: PROOF OF PROPOSITION[3]

As noted above, many dependencies on ¢ are omitted as it is set fixed throughout the proof.
Exactness of F with respect to Id¢. We first show that the map F(¢,I) = (¢ 1 o P o ) (¢, I)
generated by applying the conjugation ¢ of 29) to the exact symplectic map P, of is
still exact symplectic. We know, by construction, that there is a function V (¢, Ey), depending
27t-periodically in tg, such that P} (Eqdtg) = Eodtg + dV (to, Eg). Consequently, if we define

Vg, I) = \/%ESV((P' \/—Ej I), then we have:

- - - 1
F(1dg) = § P (1) (1d¢) = ¢ (ﬁ Eodt0>
0

- \/LESW(EOdtO +dV(to, Ep)) = Idg + V(¢ T).
Explicit expression of F. Since Proposition [2| gives us a close control over the properties of
the map P (to,yo) of @0), it is natural to express the map F of in terms of it. Given a
couple (¢, I), we denote (fy, 7o) = Pe(to,yo), and (¢, I) = F(¢,I). Then, we want to express
(¢, 1) in terms of ¢, I, ag, ft,, and f, . Here, we are only concerned with the formal aspects of
these calculations, so we do not discuss in which domain the considered expressions are well

- — - in)2
defined. Using the relations tg = ¢, yo = \/—V2y; I (see B0)), § = fp,and [ = — %;8, we

have:

¢ =ty =to+aes(yo) +eft, (to, vos€) = ¢ + e (\/—\nyS I) +eft, (4),\/—\@% I;e> .

Consequently, x(I) is as given in the statement of Proposition [3|and

(56) fo(9, 1) = efy, (4’/ V—V2y5 I?€> :

Furthermore,

: (90)? 1 2
I =— = — ~+ efy, (to, Yo €
ﬁys 2y (]/O fyo( 0-Y0 ))

1
=- Vark (y% + 20 fyo (to, yoi €) + € (fyo (to, Yo; 8))2)
0
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=] — % (2yofy0(t0/yo;€) + E(fyo(tOIVO"S))2) :

Consequently,

2
wnﬁww=—¢;<mﬁvwwmw,—ﬁ%bwu(mw ﬂ@%m0>.
0

Bounding the action of . As noted above, we can express the conjugation ¢ of 29) as ty = ¢

and yo = \/—Vv2y; I. Now, we want to show thatif (¢,I) € A(p) x D(I§, ) (see (I5) and (25)),

then (to,y0) € D' (4,p, ) (see (16)) by establishing some quantitative bounds on the obtained
value for yo. Clearly, for ty this assertion is obvious. Now let us denote I = Ij + AI, with

—V/2I* and |AlI| < f, which means that I € D(I§, 9). Then, we have:

. j
Yo = Yoy /1 - fM: SZ (1/-2) (ﬁ*M> :
Yo : ] Yo

\ﬂAl\ <

Since y; > 5and p < 1, we clearly have that

defined. Then, it follows :
1/2 V2 |AI '
1) (2 -
Yo j=0

=%(Lwh—“¥m)<mr<@
0

where we have used that ‘ (1; %) ‘ (—1)/—1 (1§2) and that by the Mean Value Theorem we can

2, meaning that the series above is well

)| ()

[e9)

lyo —wol <

bound |1 — v1—x| < @ if |x| < 1/2. In particular, using that y;; is a real number and
bounding the size of the imaginary part of yy — y; by its modulus, we conclude that
[Im(yo)| = [Im(yo — yo)| < [yo — w0l <p
which means that §(A(p) x D(I},p)) C D" (4,p,p), as wanted. Moreover, we also observe
that
Yol 2o —lvo—vol >vo—p >4 [yl <yo+p
Using these bounds, recalling the explicit relation between yg and I, given by yo = yo(I) =

\/—V2y} I, and computing the derivatives d;yp = ‘[y 2 and oryy = (Z;l , one easily
0
obtains the estimates:
V2 ]/0 YR (v5)?
58 < |opyo| < ~=—-20—, $, VI e D(I,p).

Bounding &’ (I ), & (I), fp and fi. The first consequence of (58) are the bounds on a’(I) and
a”(I) in the statement. Actually, we use that a(I) = 4(1 — a2 2)~1yo(I). Then, the bounds
% < |&'(D)] < 103—‘/5 and |a"(I)] < %, VI € D(I§,p), are straightforward from (58), by
observing that since |age| < 1/2 (see Proposmon 2) then 1 < (1 —a3e?)~! < 4/3, and recalling
thaty; > 5and g € (0,1).

As we have shown that {(A(p) x D(Io,p)) C D*(4,p,p), then Proposition [2| allows us
to conclude that expressions for f, and f; in and are well defined and analytic if
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(¢, 1) € A(p) x D(I, p), provided that 0 < e < €}, and y; > 5. Expressions in and
also allow us to obtain explicit formulas for the first and second order derivatives of f, and

f1, with respect to ¢ and I, in terms of the derivatives of fi, fy, and yo(I) = \/ —V2 yo L.
Then, by considering bounds above on yo(I) and its derivatives as well those on fy,, f,, and its
derivatives in D (4, p, §) provided by Proposition it is not difficult to conclude the existence
of a constant C for which hold all the bounds on the statement on f, f; and its derivatives.

6. EXACT SYMPLETIC STRUCTURE: PROOF OF PROPOSITIONI]

It is well known that that the time-T-flow of a Hamiltonian system, the Poincaré map origi-
nating from an autonomous Hamiltonian system (at a fixed energy level) and the stroboscopic
map associated to a periodic in time Hamiltonian system are exact sympletic (see e.g. [26]).
Thus, we dedicate this section to the proof of Proposition [I} which basically shows that the
impact map of a smooth periodic Hamiltonian system has the exact sympletic character if it is
expressed using time-energy variables.

Proof. Let H(x,y) be an autonomous Hamiltonian with n degrees of freedom with respect to

the 2-form dx A dy. We denote by ¢ (xo,y0) = (X" (x0,y0), y* (X0, y0)) the flow associated to

the system originating from H, where T represents the time variable. It is a known result in the

literature (see e.g. [26]) that the time-T-map, for every T € IR, is exact sympletic. Specifically,
xTdyT = (¢T)*(xodyo) = xodyo +dST (x0, yo),

with (pT the time-T-flow of H and with ST being given by

T
ST (x0,y0) = /O [ (x0, y0), 97y* (X0, y0)) + H(9" (x0, y0))1ds.
If set T = T(xp,yo) to depend on the initial conditions, we easily get the relation
(59)  xTCold(yTbevo)) = xodyo + d(STC0Y) (xo,y0)) — H(9" ¥ (x0,y0))d(T(x0, y0))-

We then apply the construction above to the 2-degrees of freedom autonomized Hamiltonian
H(x,t,y,E) = H(x,y,t) + E of the statement of the proposition, being x = (x,t) andy =
(y,E), and we select T(xo, to, yo, Eg) > 0 as the impact time defined as 7(fo, Eo) in (12), but
now for each initial condition (xo, to, yo, Eo) close to the point (0, to, y(to, Eo), Eo) of the section
=. Hence, it verifies:

xT(xOItO,yO,EO) (XO, tO/ Yo, EO) =0.
We define the map
O:U—E&E
(to,Eo) — (0, to,y(to, Eo), Eo),

and perform the pull-back ®* on equation written in the context at hand. Using that
T(tg, Eg) = (T o ®)(to, Ep), the definition of the impact map (t1,E1) = F(tg, Ep), that H = 0
along the solutions starting at Z and that the coordinate x vanishes at booth the points ®(ty, Ey)
and the point obtained after integrating time 7(fy, Eg) the point ®(ty, Ey), we conclude that

F* (t1dE1) = todEy + d§(t0, Eo),

where we are introducing

S(to, Eg) = ST(oFo) (0, £y, y(to, Eo), yo)-
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By using the relation d(#; - E1) = t1dEj 4+ E;dt;, we have:
F*(Eqdty) = d(F*(t1 - E1)) — F*(t1dEy) = d(F*(t; - E1)) — todEg — dS(to, Eo)
= Epdty + dS(to, Eo),

where

S(to, Eo) = F*(t1 - E1) — to - Eo — S(to, Eo)-
We observe that using that t°(®(ty, Eg)) = fo + s but that x°(®(tg, Eo)), y°(P(t, Ep)), and
E*(®(to, Eo)) depend on tg in a 27t-periodic way, we can write

_ f_(thEO) ~ ~
5(to, Eo) = /0 fo - 0:E*(®(to, Eo)) ds + S(to, Eo) = to - (fe, (to, Eo) — Eo) + S(to, Eo),

where S(to, Eo) is 27t-periodic in ty. Then, using that F*(t1 - E1) = (to + f, (to, Eo)) - fE, (to, Eo),
we conclude that

S(tOI EO) - fto (tO/ EO) . fEO (tO/ EO) - §<t01 EO)/
is 27t-periodic in ¢y, as claimed in the statement. g
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