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Abstract

In this paper we consider the planar circular restricted three body problem (PCRTBP), which
models the motion of a massless body under the attraction of other two bodies, the primaries, which
describe circular orbits around their common center of mass. In a suitable system of coordinates,
this is a two degrees of freedom Hamiltonian system. The orbits of this system are either defined for
all (future or past) time or eventually go to collision with one of the primaries. For orbits defined
for all time, Chazy provided a classification of all possible asymptotic behaviors, usually called final
motions.

By considering a sufficiently small mass ratio between the primaries, we analyze the interplay
between collision orbits and various final motions and construct several types of dynamics.

In particular, we show that orbits corresponding to any combination of past and future final mo-
tions can be created to pass arbitrarily close to the massive primary. Additionally, we construct
arbitrarily large ejection-collision orbits (orbits which experience collision in both past and future
times) and periodic orbits that are arbitrarily large and get arbitrarily close to the massive primary.
Furthermore, we also establish oscillatory motions in both position and velocity, meaning that as
time tends to infinity, the superior limit of the position or velocity is infinity while the inferior limit
remains a real number.
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1 Introduction

Understanding the long term dynamics of the 3 body problem is one of the longstanding questions in
dynamical systems. Following the seminal works by Painlevé [46], it is well known that orbits are ei-
ther defined for all positive time or either two or three bodies collide (same happens regarding the past
behavior).

Chazy in 1922 classified the (future and past) final motions of the 3 Body Problem. They are defined
as the possible asymptotic behaviors that the orbits which are defined for all positive (negative) time
can have as time tends to infinity (minus infinity).

Let us denote by q0, q1, q2 the positions of the three bodies and by rk the vector from qi to qj for i ̸= k,
j ̸= k, i < j. The following theorem classifies the possible final motions of the 3 body problem in terms
of the mutual distances ri.

Theorem 1.1 (Chazy, 1922, see also [5]). Every solution of the 3 Body Problem defined for all (future)
time belongs to one of the following seven classes.

• Hyperbolic (H): |ri| → ∞, |ṙi| → ci > 0, i = 0, 1, 2, as t→ ∞.

• Hyperbolic–Parabolic (HPk): |ri| → ∞, i = 0, 1, 2, |ṙk| → 0, |ṙi| → ci > 0, i ̸= k, as t→ ∞.

• Hyperbolic–Elliptic, (HEk): |ri| → ∞, |ṙi| → ci > 0, i = 0, 1, 2, i ̸= k, as t→ ∞, supt≥t0 |rk| <∞.

• Parabolic-Elliptic (PEk): |ri| → ∞, |ṙi| → 0, i = 0, 1, 2, i ̸= k, as t→ ∞, supt≥t0 |rk| <∞.

• Parabolic (P): |ri| → ∞, |ṙi| → 0, i = 0, 1, 2, as t→ ∞.

• Bounded (B): supt≥t0 |ri| <∞, i = 0, 1, 2.

• Oscillatory (OS): lim supt→∞ supi=0,1,2 |ri| = ∞ and lim inft→∞ supi=0,1,2 |ri| <∞.

Note that this classification applies both when t → +∞ or t → −∞. To distinguish both cases we add
a superindex + or − to each of the cases, e.g H+ and H−. Among the admissible final motions, it is
known that any future and past combination of them can be obtained for almost all choices of masses
(see [1, 28, 42]).

Besides the question of existence of such motions, there is the question about their “abundance”. It
turns out that for any combination of past and future final motion it is known whether the set has zero
or positive measure except for OS+ ∩ OS− (see [5]). As is pointed out in [25], V. Arnol’d, in the con-
ference in honor of the 70th anniversary of Alekseev, posed the following question.

Conjecture 1.2. The Lebesgue measure of the set OS+ ∩ OS− is equal to zero.

This conjecture is wide open. Another fundamental question is what is the topology of this set. For
instance, in some restricted 3 body problems, the set of oscillatory motions has maximal Hausdorff di-
mension (see [25]). On the other hand, a famous conjecture by Herman (see [29]), if true, would imply
that the set of bounded orbits is nowhere dense.

The mentioned classification and conjectures refer to orbits defined for all time. That is, they exclude
orbits hitting collisions. How “large” is the set of such orbits? Saari [50, 49] (see also [20, 21]) proved
that the set of orbits hitting a collision has zero measure. However, it may form a topologically “rich”

3



set as stated in the following conjecture by Alekseev [1] (it actually might be traced back to Siegel, Sec.
8, P. 49 in [51]).

Conjecture 1.3. Is there an open subset U of the phase space such that for a dense subset of initial
conditions the associated trajectories go to a collision?

The purpose of this paper is to analyze the interplay between the different types of final motions and
collision orbits in the planar circular restricted 3-body problem (PCRTBP).

1.1 Main results

The PCRTBP models the motion of an infinitesimal body P3 under the attraction of two massive bod-
ies called primaries, labeled as P1 and P2. Since P3 is considered to have zero mass, it does not exert
any force onto the other two bodies, which are assumed to perform circular motions around their com-
mon center of mass and are coplanar with the motion of P3. In this configuration one can normalize
the masses of P1 and P2 as m1 = 1 − µ and m2 = µ with µ ∈ (0, 1/2]. Since in this paper we will
consider µ small, we will refer to P1 as the Sun and to P2 as Jupiter.

Taking the appropriate units and considering rotating coordinates, the PCRTBP is Hamiltonian with
respect to

H(q, p;µ) =
||p||2

2
− q1p2 + q2p1 −

1− µ

||q + (µ, 0)||
− µ

||q − (1− µ, 0)||
, (1.1)

where q, p ∈ R2 and P1 = (−µ, 0) and P2 = (1− µ, 0) are the position of the primaries, which are fixed.

Remark 1.4. From now on, the Hamiltonian H will be referred to as the energy. It should be noted
that this is a shorthand for Jacobi’s integral.

The PCRTBP is reversible with respect to the symmetry

(q1, q2, p1, p2; t) → (q1,−q2,−p1, p2;−t). (1.2)

We define the collision with the Sun as the set

S = {(q, p) ∈ R4 : q = (−µ, 0)}. (1.3)

For the PCRTBP the Chazy classification is reduced to

• Hyperbolic (H±) : lim
t→±∞

||q(t)|| = ∞ and lim
t→±∞

||q̇(t)|| = c > 0.

• Parabolic (P±) : lim
t→±∞

||q(t)|| = ∞ and lim
t→±∞

||q̇(t)|| = 0.

• Bounded (B±) : lim sup
t→±∞

||q(t)|| <∞.

• Oscillatory (OS±) : lim sup
t→±∞

||q(t)|| = ∞ and lim inf
t→±∞

||q(t)|| <∞.

For any µ ∈ (0, 1/2], it is known (see [27, 34]) that

X+ ∩ Y − ̸= ∅ where X,Y = H,P,B,OS.

Note that, when µ = 0, the PCRTBP is reduced to a Kepler problem and therefore in this case OS± =
∅ and H+ = H−, P+ = P−, B+ = B−. On the contrary, for any µ > 0, any combination of past and
future final motion is possible.
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Let us define also the ejection and collision orbits.

Definition 1.5. Consider an orbit (q(t), p(t)) of the Hamiltonian (1.1). Then, we call this orbit

• Ejection orbit (from the Sun) if there exists t0 ∈ R such that lim
t→t−0

q(t) = (−µ, 0).

• Collision orbit (to the Sun) if there exists t1 ∈ R such that lim
t→t+1

q(t) = (−µ, 0).

• Ejection-collision orbit if it is both collision and ejection orbit.

The main results of the present paper are the following. The first one analyzes the interplay between
the different final motions and ejection/collision orbits.

Theorem 1.6. There exists µ0 > 0 such that, for any µ ∈ (0, µ0),

X+ ∩ Y − ∩ S ≠ ∅ where X,Y = H,P,B,OS.

Moreover,

• There exist orbits (q(t), p(t)) of (1.1) which are oscillatory and get arbitrarily close to collision
with the Sun. Namely, they satisfy

lim sup
t→±∞

||q(t)|| = ∞ and lim inf
t→±∞

||q(t) + (µ, 0)|| = 0.

In particular, this also implies that

lim sup
t→±∞

||q̇(t)|| = ∞ and lim inf
t→±∞

||q̇(t)|| <∞. (1.4)

• For any ε > 0, there exists a periodic orbit (q(t), p(t)) of (1.1) satisfying

sup
t∈R

||q(t)|| ≥ ε−1 and inf
t∈R

||q(t) + (µ, 0)|| ≤ ε.

The second main theorem shows the existence of hyperbolic sets (whose dynamics is conjugated to the
infinite symbols shift) which are unbounded and contain the Sun in its closure.

Theorem 1.7. There exists η > 0 and µ0 > 0 such that, for any µ ∈ (0, µ0) and any energy h ∈
(−ηµ, ηµ) there exists, in the energy level H(q, p;µ) = h, a section Π transverse to the flow of (1.1)
such that the induced Poincaré map

P : U ⊂ Π → Π

has an invariant set X which is homeomorphic to NZ and whose dynamics P : X → X is topologically
conjugated to the shift σ : NZ → NZ, (σω)k = ωk+1. Moreover, this invariant set satisfies that its
closure intersects S and contains ejection and collision orbits to S, orbits in P+ and orbits in P−.

This theorem implies that the “set of chaotic motions” accumulate both at collision with the Sun and
at infinity. The construction of these hyperbolic sets accumulating to P± was already achieved in [27,
34]. The main novelty of this theorem is that such sets can be also constructed accumulating to ejec-
tion and collision orbits.
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Theorems 1.6 and 1.7 are proved together in Section 6. In fact, the existence of the periodic and oscil-
latory motions described in Theorem 1.6 are a direct consequence of Theorem 1.7.

We are also able to construct “large” ejection-collision orbits.

Theorem 1.8. There exists η > 0 and µ0 > 0 such that, for any µ ∈ (0, µ0) and any energy h ∈
(−ηµ, ηµ), one can find a sequence of ejection-collision orbits {zk(t)}k∈N, zk(t) = (qk(t), pk(t)) in the
energy level H(q, p;µ) = h such that

lim sup
k→∞

(
sup
t∈R

||qk(t)||
)

= +∞.

Theorem 1.6 gives the existence of periodic orbits and oscillatory orbits which can pass as close to the
Sun as determined and also as large as determined. It also implies, for instance, that, for any ε > 0,
there exists a (forward and backward) parabolic orbit (q(t), p(t)) such that

inf
t∈R

||q(t) + (µ, 0)|| ≤ ε.

Concerning Theorem 1.8, it provides the first proof of existence of “large” ejection-collision orbits. In-
deed, all those provided by the previous results (see Section 1.2 below) were arbitrarily small.

1.2 Literature and previous results

The literature on the analysis of final motions and collision orbits is abundant.

Concerning the combination of different past and future final motions, it can be traced back to the
work by Sitnikov for the nowadays called Sitnikov problem [53], who showed in this model that all
combinations of past and future motion was possible, and in particular constructed oscillatory mo-
tions. A decade later Moser [43] gave a new proof of the same results relying on dynamical systems
tools and relating them to chaotic motions (Smale horseshoes). After Moser, his approach has been
implemented in other restricted three body problems [27, 28, 34] (see [22, 23, 24, 47] for results using
other methods). The first results for the (non-restricted) 3 body problem were obtained by Alekseev [2,
3, 4], which has recently been generalized in [28].

Concerning collision dynamics, as already mentioned, Saari proved that the set of colliding orbits has
zero Lebesgue measure [50, 49]. Even if Conjecture 1.3 is wide open, a partial answer was given in
[26], where the authors prove that the set of orbits leading to collision in the PCRTBP is µα-dense (for
some α > 0) in some open set of phase space.

The first proof of existence of ejection-collision orbits for the PCRTBP was achieved by Lacomba and
Llibre [31, 33] (see also [48]), where they prove their existence for small mass ratio and large Jacobi
constant, which implies that the orbits are very close to collision (in contraposition to those obtained in
Theorem 1.8 which can make arbitrarily large excursions).

These results have been later generalized in [44, 45, 35]. More recently, relying on computer assisted
proofs, Capiński, Kepley and Mireles [9] have constructed ejection-collision orbits involving the two
primaries (and other orbits which close passages to both collisions) and Capiński and Pasiut [10] have
constructed orbits which oscillate between collision and a compact set of phase space away from col-
lision (these orbits are oscillatory in velocity in the sense of (1.4) but not oscillatory in the sense of
Chazy).
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Another dynamics associated to collisions are the so-called punctured tori, that is invariant quasiperi-
odic tori (for the Levi-Civita regularized three body problems) which contain binary collisions [11, 15,
16, 55].

Passages close to collision also allow constructing the so-called second species periodic solutions, which
are periodic orbits such that the massless body has a certain number of close encounters with the small
primary (see [36, 8, 7, 6]).

Triple collision is not possible in the restricted 3 body problem, but it is indeed possible in the full 3
body problem. It has been widely studied since the pioneering results by McGehee [39] (see also [13,
14, 32, 41, 52]). The analysis of triple collisions has lead to the construction of a large variety of mo-
tions in the 3 body problem. In particular, to oscillatory motions both in position and velocity (see
Moeckel [40, 42]). Note that this analysis requires close passages to triple collision and therefore one
must be in the regime of total angular momentum very close to zero. On the contrary, in the present
paper there are two bodies performing circular motion (and therefore have large angular momenta)
whereas the other has small angular momentum.

1.3 Main ideas for the proofs of Theorems 1.6, 1.7 and 1.8

The orbits constructed in Theorems 1.8 and 1.6 rely on developing an invariant manifold theory for
“singular” invariant objects that the PCRTBP possesses. Those are the collision (with the Sun) and in-
finity, which after some compactification can be seen as invariant objects for the regularized flow. This
will require certain changes of coordinates (and time reparameterizations): one to deal with binary col-
lision (similar to that considered by McGehee to analyze triple collision, see [39]) and a different one to
compactify infinity, also first used by McGehee (see [38]). These changes of variables are explained in
Section 2.

After these transformations, on the one hand the collision set S (see (1.3)) becomes an invariant torus
which contains two circles that are normally hyperbolic invariant manifolds and are foliated by criti-
cal points. On the other hand, the “parabolic infinity”, that is the limit of parabolic orbits, at a fixed
energy level becomes a periodic orbit. This periodic orbit is degenerate (the linearization of the vector
field at it vanishes) but it is well known that it possesses stable and unstable invariant manifolds (see
[37]).

We analyze these invariant manifolds and, relying on perturbative methods (suitable versions of Poincaré-
Melnikov Theory) we prove that they intersect transversally. These intersections plus the local analy-
sis close to collision and infinity lead to the construction of the different types of motions provided by
Theorems 1.6 and 1.8.

Let us be more precise.

1. We prove that the stable manifold of infinity intersects transversally the unstable manifold of the
collision and the unstable manifold of infinity intersects transversally the stable manifold of the
collision (see Section 3).

2. Relying on the local analysis close to infinity (at the C1 level) done in [43], one can prove that the
stable and unstable invariant manifolds of the collision set intersect transversally and that these
intersections can be arbitrarily far away from the Sun (see Section 4). This proves Theorem 1.8.

3. We analyze the dynamics close to the collision set, and we prove a C1 Lambda lemma type state-
ment for the passage close to collision (see Section 5). This local analysis leads to transverse in-
tersections between the stable and unstable manifolds of infinity close (but at a fixed distance) to
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collision. Proceeding as in [43], one can construct hyperbolic sets with symbolic dynamics which
contain the homoclinic points to infinity in its closure (but not containing the Sun in its closure).
This leads to oscillatory motions passing close to collision (and combination of past and future
different final motions), but not to oscillatory motions which have the Sun at its closure, and it
does not imply Theorems 1.7 and 1.6.

4. To prove these theorems we have to further analyze the invariant manifolds of infinity and the
collision. We rely on what we call, with a strong abuse of language, triple intersection of invariant
manifolds. It is well known that stable invariant manifolds of different objects cannot intersect.
So let us explain what do we mean by that. For an open interval of energy levels, we have trans-
verse intersections of the stable manifold of collision with the unstable of infinity (and also the
other way around). We say that we have triple intersection if, moreover, these two intersections
belong to the stable/unstable leaf of the same equilibrium point in the collision set. We prove
that there exists an energy level where this happens (see Section 6). Then, relying on the local
analysis close to collision and the tools developed in Moser [43] one can construct the behaviors
provided by Theorems 1.7 and 1.6.

2 Analysis of the invariant manifolds

The first step towards a proof of Theorems 1.6, 1.7 and 1.8 consists on the analysis of the collision and
infinity “invariant sets”. To this end, in Section 2.1, we introduce the so-called McGehee coordinates at
infinity (see for instance [34, 38, 43]) to give a proper definition of the parabolic infinity set and analyze
the dynamics “close” to it. On the other hand, the Hamiltonian (1.1) is singular at the collision set S.
To regularize it, in Section 2.2 we use the McGehee coordinates at collision (see [39, 45]).

2.1 The McGehee coordinates at infinity

To define the McGehee infinity coordinates, we first express the Hamiltonian (1.1) in (synodical) polar
coordinates centered at the center of mass, defined by

q1 = r̂ cos θ̂ p1 = R̂ cos θ̂ − Θ̂

r̂
sin θ̂,

q2 = r̂ sin θ p2 = R̂ sin θ̂ +
Θ̂

r̂
cos θ̂,

(2.1)

which leads to the Hamiltonian

Ĥ(r̂, θ̂, R̂, Θ̂) =
1

2

(
R̂2 +

Θ̂2

r̂2

)
− 1

r̂
− Θ̂− V̂ (r̂, θ̂;µ), (2.2)

where

V̂ (r̂, θ̂;µ) =
1− µ(

r̂2 + 2r̂µ cos θ̂ + µ2
) 1

2

+
µ(

r̂2 − 2r̂(1− µ) cos θ̂ + (1− µ)2
) 1

2

− 1

r̂
, (2.3)

and the symmetry (1.2) becomes

(
r̂, θ̂, R̂, Θ̂; t

)
→
(
r̂,−θ̂,−R̂, Θ̂;−t

)
. (2.4)

Then, we define the McGehee change of coordinates (see [38]) as

r̂ = 2ξ−2, (2.5)

8



in which the parabolic infinity

A =
{
(r̂, θ̂, R̂, Θ̂) : r̂ = +∞, R̂ = 0, θ̂ ∈ T, Θ̂ ∈ R

}
becomes

A =

{
(ξ, θ̂, R̂, Θ̂) : R+ ×T×R2 : ξ = 0, R̂ = 0

}
. (2.6)

Applying the change of coordinates (2.5) to the equations of motion associated to Hamiltonian Ĥ in
(2.2) leads to

dξ

dt
= −R̂ξ

3

4

dθ̂

dt
=

Θ̂

4
ξ4 − 1

dR̂

dt
= −ξ

4

4
+

Θ̂2

8
ξ6 − ξ3

4
∂ξV̂ (ξ, θ̂;µ)

dΘ̂

dt
= ∂θ̂V̂ (ξ, θ̂;µ),

(2.7)

where

V̂ (ξ, θ̂;µ) =
ξ2

2

 1− µ(
1 + ξ2µ cos θ̂ + ξ4

4 µ
2
) 1

2

+
µ(

1− ξ2(1− µ) cos θ̂ + ξ4

4 (1− µ)2
) 1

2

− 1

 .

Note that the change of variables (2.5) is not symplectic, so the new vector field is no longer Hamilto-
nian. Nevertheless, the Hamiltonian (2.2) becomes a first integral of system (2.7) and is given by

Ĥ(ξ, θ̂, R̂, Θ̂) =
1

2

(
R̂2 +

Θ̂2ξ4

4

)
− ξ2

2
− Θ̂− V̂ (ξ, θ;µ).

From (2.7), one obtains that the manifold A in (2.6) is foliated by periodic orbits as A =
⋃

Θ̂0∈R
AΘ̂0

with

AΘ̂0
=
{
(ξ, θ̂, R̂, Θ̂) : R+ ×T×R2 : ξ = 0, R̂ = 0, Θ̂ = Θ̂0

}
. (2.8)

In [37] it was proven that these periodic orbits have stable and unstable manifolds, which we denote by
W s

µ(AΘ̂0
) and W u

µ (AΘ̂0
) respectively. Moreover, these manifolds depend analytically on Θ̂0.

In [27] and [34] it is shown that W s,u
µ (AΘ̂0

) intersect transversally for any µ ∈
(
0, 12
]
if Θ̂0 is big enough.

Theorem 3.3 will guarantee this transversality for small values of Θ̂0 and µ > 0.

Note that the rates of convergence of the invariant manifolds W s,u
µ (AΘ̂0

) are polynomial in t and not
exponential as in the case of normally hyperbolic invariant manifolds. For this reason, in [12] and [27],
the set A in (2.6) is called a normally parabolic invariant manifold.

2.2 The McGehee coordinates at collision

To study the collision set S in (1.3), we express first the Hamiltonian (1.1) in synodical polar coordi-
nates centered at the primary we want to regularize, i.e, S.
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q1 = −µ+ r cos θ p1 = R cos θ − Θ

r
sin θ,

q2 = r sin θ p2 = R sin θ +
Θ

r
cos θ.

(2.9)

In these new coordinates, the Hamiltonian H in (1.1) becomes

H(r, θ,R,Θ;µ) =
1

2

(
R2 +

Θ2

r2

)
− 1

r
−Θ− V (r, θ,R,Θ;µ), (2.10)

where

V (r, θ,R,Θ;µ) = −µ
(
1

r
+R sin θ +

Θ

r
cos θ − 1√

1 + r2 − 2r cos θ

)
.

Moreover, the symmetry (1.2) now reads

(r, θ,R,Θ; t) → (r,−θ,−R,Θ;−t). (2.11)

In these coordinates, the collision set S in (1.3) becomes {r = 0}.

Following [39], we perform the transformation

ψ : R+ ×T×R2 → R+ ×T×R2

(r, θ, v, u) 7→ (r, θ,R,Θ) =
(
r, θ, vr−

1
2 − µ sin θ, ur

1
2 + r2 − µr cos θ

)
.

(2.12)

and the change of time

dt = r
3
2dτ,

so that the equations of motion associated to the Hamiltonian H in (2.10) become

r′ = rv

θ′ = u

v′ =
v2

2
+ u2 + 2ur

3
2 + r3 − 1 + µ

[
1− r2

(
cos θ +

r − cos θ

(1 + r2 − 2r cos θ)
3
2

)]

u′ = −uv
2

− 2vr
3
2 + µr2 sin θ

[
1− 1

(1 + r2 − 2r cos θ)
3
2

]
,

(2.13)

where
′
denotes d

dτ . Observe that (2.13) is now regular at r = 0.

The change of variables in (2.12) is not symplectic but the Hamiltonian H in (2.10) is still a first inte-
gral of (2.13). Moreover, the energy level {H = h} is now given by (H− h) ◦ ψ = 0, where

(H− h) ◦ ψ(r, θ, v, u) = −h+
v2 + u2

2r
− r2

2
− 1− µ

r
+ µ

[
−µ
2
+ r cos θ − 1√

1 + r2 − 2r cos θ

]
.

We now multiply by r to remove the singularity, obtaining

M̃(r, θ, v, u;µ, h) =− rh+
v2 + u2

2
− r3

2
− 1 + µ+ µr

[
−µ
2
+ r cos θ − 1√

1 + r2 − 2r cos θ

]
.

The orbits belonging to the hypersurface {H(r, θ,R,Θ;µ) = h}, including the ejection and collision
ones, now lie in {M̃(r, θ, v, u;µ, h) = 0}. Therefore, we study (2.13) restricted to this manifold. It is
convenient to introduce a last change of coordinates

10



ψ̃ : R+ ×T2 ×R+ → R×T×R2

(s, θ, α, ρ) 7→ (r, θ, v, u) =
(
s2, θ,

√
2(1− µ) + ρ sinα,

√
2(1− µ) + ρ cosα

)
,

(2.14)

such that {M̃ = 0} becomes

0 =M(s, θ, α, ρ;µ, h) = −ρ+ 2s2h+ s6 − 2µs2
[
−µ
2
+ s2 cos θ − 1√

1 + s4 − 2s2 cos θ

]
. (2.15)

Remark 2.1. Note that we have taken r = s2 so, from now on, it is enough to analyze s ≥ 0.

To study the motion in coordinates (s, θ, α, ρ), we define the 3-dimensional submanifold

M = {(s, θ, ρ, α) ∈ R+ ×T×R×T : M(s, θ, ρ, α;µ, h) = 0}, (2.16)

Therefore, using (s, θ, α) as coordinates in M, the vector field (2.13) writes

s′ =
s

2

√
2(1− µ) + ρ sinα

θ′ =
√
2(1− µ) + ρ cosα

α′ =
ρ′

2[2(1− µ) + ρ] tanα
+

√
2(1− µ) + ρ

2
cosα+ 2s3

− µs4 sin θ√
2(1− µ) + ρ sinα

[
1− 1

(1 + s4 − 2s2 cos θ)
3
2

]
,

(2.17)

where ρ can be obtained from (2.15).

The collision manifold {r = 0} expressed in coordinates (s, θ, α) becomes the invariant torus

Ω = {(0, θ, α) : θ ∈ T, α ∈ T} ⊂ M (2.18)

whose dynamics is given by

θ′ = m0 cosα

α′ =
m0

2
cosα

where m0 =
√
2(1− µ). (2.19)

This system has two circles of critical points

S+ =
{
S+
θ
=
(
0, θ,

π

2

)
: θ ∈ T

}
, S− =

{
S−
θ
=
(
0, θ,−π

2

)
: θ ∈ T

}
. (2.20)

Next lemma analyzes the dynamics of system (2.17) close to these circles.

Lemma 2.2. Consider the system (2.17) for 0 ≤ µ ≤ 1
2 . Then

• The invariant circles S± in (2.20) are normally hyperbolic. Moreover, they have 2-dimensional
stable and unstable manifolds W u,s

µ (S±) =
⋃
θ∈T

W u,s
µ (S±

θ
).

11



• W s
µ(S

+) and W u
µ (S

−) are contained in Ω. Moreover, they coincide

Γ =W s
µ(S

+) =W u
µ (S

−) ⊂ Ω.

Therefore

Ω = S+ ∪ S− ∪ Γ,

and Γ is foliated by a family of heteroclinic orbits between S−
θ

and S+
θ
, for θ ∈ T. The hetero-

clinic orbits in Γ ∩ {α ∈ (−π/2, π/2)} can be parameterized as

γh
(
τ ; θ
)
=
(
0, θh

(
τ ; θ
)
, αh

(
τ ; θ
))

such that

θh
(
τ ; θ
)
= θ + π + 2αh

(
τ ; θ
)

αh

(
τ ; θ
)
= 2 tan−1

(
tanh

(m0τ

4

))
.

• W s
µ(S

−) and W u
µ (S

+) belong to M \ Ω. When µ = 0, in coordinates (r, θ, v, u), W u
0 (S

+) can be
parameterized by its trajectories as(

r̃h(τ), θ̃h(τ ; θ), ṽh(τ), ũh(τ)
)
=
(
κe

√
2τ , θ − e

3√
2
τ
,
√
2,−κ

3
2 e

3√
2
τ
)

(2.21)

with θ ∈ T and τ ∈ R satisfying

lim
τ→−∞

(
r̃h(τ), θ̃h(τ ; θ), ṽh(τ), ũh(τ)

)
= (0, θ,

√
2, 0) ∈ S+

θ
.

Symmetry (2.11) gives us an analogous result for W s
0 (S

−).

Proof. The proof of the first item is a direct consequence of the expression of the differential of the vec-
tor field Fµ associated to (2.17) evaluated at the equilibrium points S±

θ
in (2.20), which is given by

DFµ(S
±
θ
) =

±m0
2 0 0
0 0 ∓m0

0 0 ∓m0
2

 ,

where we recall that m0 =
√
2(1− µ), and whose corresponding eigenvalues are

λs = ±m0

2
, λθ = 0, λα = ∓m0

2
.

The proof of the second item follows from integrating (2.19) and the third item from integrating (2.13)
for µ = 0.
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Remark 2.3. The definitions of W s
µ(S

−) and W u
µ (S

+) can be translated to coordinates (r, θ,R,Θ)
by means of the changes (2.12) and (2.14). Abusing the notation, we denote the collision and ejection
manifolds as

W s
µ(S

−) =

{
(r, θ,R,Θ) ∈ R+ ×T×R2 : ∃t∗ = t∗(r, θ,R,Θ) > 0 such that

lim
t→t−∗

Φr
t (r, θ,R,Θ) = 0, lim

t→t−∗

ΦR
t (r, θ,R,Θ) = −∞

}
,

W u
µ (S

+) =

{
(r, θ,R,Θ) ∈ R+ ×T×R2 : ∃t∗ = t∗(r, θ,R,Θ) < 0 such that

lim
t→t+∗

Φr
t (r, θ,R,Θ) = 0, lim

t→t+∗

ΦR
t (r, θ,R,Θ) = +∞

}
,

(2.22)

where Φt refers to the flow of the equations of motion associated to the Hamiltonian H in (2.10).

We stress that, although invariant, they are not stable and unstable manifolds of any invariant objects
since S+ and S− collapse to the singular set {r = 0}.

2.3 The unperturbed case µ = 0

As we will see in Sections 4 and 6, both proofs of Theorems 1.8 and 1.6 are based on the analysis of
the invariant manifolds of infinity and collision respectively. To this end, the purpose of this section is
to study them when µ = 0. Since both synodical polar coordinates (2.1) and (2.9) are identical when
µ = 0, in this section we will use the notation for the synodical polar coordinates (r, θ,R,Θ) to study
the dynamics.

When µ = 0, the PCRTBP in synodical polar coordinates is defined by the integrable Hamiltonian

H(r, θ,R,Θ; 0) =
1

2

(
R2 +

Θ2

r2

)
− 1

r
−Θ. (2.23)

The ejection and collision orbits of this Hamiltonian (see Definition 1.5) belong to {Θ = 0} and, at the
energy level H = 0, correspond to “heteroclinic connections” between S± in (2.20) and A0 in (2.8).

Lemma 2.4. The invariant manifolds W s,u
0 (A0) of the system associated to Hamiltonian (2.23) can be

written as

W s
0 (A0) =

{
φ+
0 (t, θ) : t > 0, θ ∈ T

}
and W u

0 (A0) =
{
φ−
0 (t, θ) : t < 0, θ ∈ T

}
where the trajectories φ+

0 (t; θ) and φ
−
0 (t; θ) are given by

φ+
0 (t; θ) =

(
r+0 (t), θ

+
0 (t; θ), R

+
0 (t),Θ

+
0 (t)

)
=

(
κt

2
3 , θ − t,

√
2

κ

1

t
1
3

, 0

)
∀ t > 0,

φ−
0 (t; θ) =

(
r−0 (t), θ

−
0 (t; θ), R

−
0 (t),Θ

−
0 (t)

)
=

(
κt

2
3 , θ − t,−

√
2

κ

1

|t|
1
3

, 0

)
∀ t < 0,
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where κ = 3
2
3

2
1
3
.

Therefore,

W u
0 (A0) =W s

0 (S
−) =

⋃
θ∈T

W s
0 (S

−
θ
),

W s
0 (A0) =W u

0 (S
+) =

⋃
θ∈T

W u
0 (S

+
θ
).

where W s,u
0 (S±) are defined in (2.22).

2.4 The perturbed invariant manifolds of infinity

The next proposition gives a parameterization, in the synodical polar coordinates (2.1), of the invariant
manifolds W s,u

µ (AΘ̂0
) close to the unperturbed ones obtained in Lemma 2.4, for µ > 0 small enough

and Θ̂0 of order µ.

Note that for µ ̸= 0, the vector field associated to the Hamiltonian (2.2) becomes singular at (r̂, θ̂) =
(µ, π) and (r̂, θ̂) = (1− µ, 0) – which correspond to the position of the primaries P1 and P2 respectively.
Therefore, when extending the invariant manifolds one has to exclude neighborhoods of these points.

We provide the statement for the stable manifold. One can deduce an analogous result for the unstable
one using that the system is reversible with respect to (2.4).

Proposition 2.5. Fix a, b with a < b ∈ R, D̂ ∈ (0, 1/2), Ŵ > 0 and Θ0 ∈ [a, b]. Then, there exists
µ0 > 0 small enough such that for 0 < µ < µ0 and Θ̂0 = µΘ0, a subset of the invariant manifold
W s

µ(AΘ̂0
), which we denote by W̃ s

µ(AΘ̂0
), can be written as

W̃ s
µ(AΘ̂0

) =
{
(r̂, θ̂, R̂, Θ̂) = Υ̂+(ŵ, θ̂, Θ̂0) : (ŵ, θ̂) ∈ D̂+

Ŵ ,D̂

}
where Υ̂+ is real-analytic and of the form

Υ̂+(ŵ, θ̂, Θ̂0) =
(
κŵ

2
3 , θ̂, R̂s

∞(ŵ, θ̂, Θ̂0), Θ̂
s
∞(ŵ, θ̂, Θ̂0)

)
, (2.24)

with

R̂s
∞(ŵ, θ̂, Θ̂0) =

√
2

κ

1

ŵ
1
3

+O1(µ)

Θ̂s
∞(ŵ, θ̂, Θ̂0) =Θ̂0 − µκ

∫
ŵ

+∞

 ŝ
2
3 sin(θ̂ + ŵ − ŝ)(

κ2ŝ
4
3 − 2κŝ

2
3 cos(θ̂ + ŵ − ŝ) + 1

) 3
2

−sin(θ̂ + ŵ − ŝ)

κ3ŝ
4
3

)
dŝ+O2(µ)

(2.25)

where κ = 3
2
3

2
1
3
, and the domain D̂+

Ŵ ,D̂
is defined as

D̂+

Ŵ ,D̂
=
[
Ŵ ,+∞

)
× Î+

D̂
(ŵ)

with
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Î+
D̂
(ŵ) =

{
T−

(√
2
3 − ŵ − D̂,

√
2
3 − ŵ + D̂

)
if Ŵ ≤ ŵ ≤

√
2
3 (1− µ)

3
2 + D̂,

T if ŵ >
√
2
3 (1− µ)

3
2 + D̂.

(2.26)

Proof. We denote by F̂ the vector field associated to the Hamiltonian (2.2), which can be written as

F̂ (r̂, θ̂, R̂, Θ̂) = F̂0(r̂, θ̂, R̂, Θ̂) + F̂1(r̂, θ̂, R̂, Θ̂)

such that

F̂0(r̂, R̂, Θ̂) =

(
R̂,

Θ̂

r̂2
− 1,

Θ̂2

r̂3
− 1

r̂2
, 0

)T

F̂1(r̂, θ̂) =
(
0, 0, ∂r̂V (r̂, θ̂;µ), ∂θ̂V (r̂, θ̂;µ)

)T
,

(2.27)

where V (r̂, θ̂;µ) is the potential in (2.3). The vector field F̂ is regular for r̂ ≥ r̂0, θ̂ ∈ T for any r̂0 > 1.

Observe that for µ = 0, the 2-dimensional invariant manifold W s
µ(AΘ̂0

) can be parameterized as a

graph over r̂, θ̂. For r̂ > 1, we can make use of the regularity with respect to parameters proven by
McGehee in [37] to ensure that the perturbed manifold is µ-close to the unperturbed one given in Lemma
2.4, and therefore still a graph over the same variables. For convenience, we change the parameter r̂
into ŵ by

r̂ = κŵ
2
3 , ŵ > Ŵ .

Then, the graph parameterization of the perturbed invariant manifold is given by

r̂(ŵ) = κŵ
2
3 , θ̂ = θ̂, R̂(ŵ, θ̂) =

√
2

κ

1

ŵ
1
3

+O1(µ), Θ̂(ŵ, θ̂) = O1(µ). (2.28)

Hence, the proof consists on extending the previous parameterization of W s
µ(AΘ̂0

) from {r̂ = r̂0 > 1} to
a section {r̂ = r̂F } satisfying µ < r̂F < 1− µ.

By (2.28), we can fix ŵ0 > κ−
3
2 such that r̂0 = r̂(ŵ0) and we consider the set of points of the form

W s
µ(AΘ̂0

)
⋂

{ŵ = ŵ0} =

{(
r̂0, θ̂0, R̂(ŵ0, θ̂0), Θ̂(ŵ0, θ̂0)

)
, θ̂0 ∈ T

}
. (2.29)

Recall that in Section 2.3, for µ = 0 we have analyzed the invariant manifolds of infinity for the Hamil-
tonian Ĥ in (2.2) restricted to the plane {Ĥ = Θ̂ = 0}. Then, if we denote

z0(t; θ̂0) = Φ̂0

(
t,
(
r̂(ŵ0), θ̂0, R̂(ŵ0, θ̂0), Θ̂(ŵ0, θ̂0)

))
=
(
zr̂0, z

θ̂
0 , z

R̂
0 , z

Θ̂
0

)
,

we have that

zr̂0(t) =

(
r̂(ŵ0)

3
2 +

3t√
2

) 2
3

, zθ̂0(t; θ̂0) = θ̂0 − t, zR̂0 (t) =

√
2

zr̂0(t)
, zΘ̂0 (t; θ̂0) = 0,

where Φ̂0 is the flow of the vector field F̂0 in (2.27).

Then we can compute (t0, θ̂
0
0) such that

zr0(t0; θ̂
0
0) = 1, zθ0(t0; θ̂

0
0) = 0,
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which corresponds to the position of the primary P2 (when µ = 0) and gives

θ̂00 = t0 = −
√
2

3

(
r̂(ŵ0)

3
2 − 1

)
< 0.

Taking 0 < d̂ < 1
4 , we define the following set of “bad” initial conditions close to θ̂00

Bd̂(θ̂
0
0) =

{
θ̂0 ∈ T : |θ̂0 − θ̂00| < d̂

}
.

Any θ̂0 ∈ Bd̂(θ̂
0
0) satisfies that

zr0(t0; θ̂0) = 1, zθ̂0(t0; θ̂0) = θ̂0 − t0 ∈
(
−d̂, d̂

)
.

That is, the unperturbed flow sends Bd̂(θ̂
0
0) to a neighborhood of P2 at the section r̂ = 1 of the form

Bd̂(0) =
{
θ̂ ∈ T : |θ̂| < d̂

}
.

Now we consider µ > 0 small enough. In this case, for each point in (2.29), we denote its trajectory by

zµ(t; θ̂0) = Φ̂µ

(
t,
(
r̂(ŵ0), θ̂0, R̂(ŵ0, θ̂0), Θ̂(ŵ0, θ̂0)

))
=
(
zr̂µ, z

θ̂
µ, z

R̂
µ , z

Θ̂
µ

)
,

where Φ̂µ is the flow of the vector field F̂ in (2.27).

Note that, for µ = 0, any point in W s
µ(AΘ̂0

) has d
dt r̂ = R̂ > 0. Since for θ̂ /∈ Bd̂(0) the vector field F̂ in

(2.27) is regular with respect to µ, we have the same behaviour at W s
µ(AΘ̂0

) for µ > 0 small enough.

Therefore, if we fix D̂ = 2d̂ < 1
2 and we consider a set of initial conditions of the form

Binit
D̂

(θ̂00) =
{
θ̂ ∈ T : |θ̂0 − θ̂00| < D̂

}
then, for every θ̂0 /∈ Binit

D̂
(θ̂00), there exists tµF (θ̂0) < 0 such that zr̂µ(t

µ
F (θ̂0), θ̂0) = r̂F < 1 − µ. In

particular, if we denote by t∗µ(θ̂0) ∈
[
tµF (θ̂0), 0

]
the time such that zr̂µ(t

∗
µ(θ̂0), θ̂0) = 1 − µ, we know that

zθ̂µ(t
∗
µ(θ̂0), θ̂0) = θ̂ /∈ Bd̂(0).

Hence, the perturbed vector field F̂1 in (2.27) is uniformly bounded. Namely, there exist C1, C2, C3 > 0
such that, for t ∈ [tµF (θ̂0), 0] and θ̂0 /∈ BD̂(θ̂

0
0),∣∣∣∣∣∣F̂1

(
zr̂µ(t; θ̂0), z

θ̂
µ(t; θ̂0)

)∣∣∣∣∣∣ ≤ C1 +
C2

(r̂(ŵ0)− µ)3
+ µ

C3(
1− cos d̂

) 3
2

.

This implies that, for θ̂0 /∈ BD̂(θ̂
0
0) we have

zµ(t; θ̂0) = z0(t; θ̂0) +O1(µ). (2.30)

Therefore, the parameterization (2.24) is well-defined for θ̂ defined in (2.26) until the section {r̂ = r̂F }.

The second part of the proof comes as a result of the fundamental theorem of calculus, along with the
fact that

lim
t→+∞

zΘ̂µ (t, θ̂0) = Θ̂0

by definition of W̃ s
µ(AΘ̂0

). The µ-expansion for the equation of d
dtΘ̂, which corresponds to the fourth

component of F̂1 in (2.27), the expression of the potential V̂ in (2.3) and the approximation (2.30) al-
lows us to write the µ-expansion of the Θ̂-component of the curve Υ̂+ in (2.25).
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Although in Proposition 2.5 we give a parameterization of W̃ s
µ(AΘ̂0

), in order to prove the main results
stated in Section 1.1, we need to compare it with the invariant manifolds of collision (see Section 3)
in a common set of coordinates. We do the comparison in polar coordinates centered at P1 (2.9) and
therefore we must reparameterize the invariant manifold of infinity W̃ s

µ(AΘ̂0
) obtained in Proposition

2.5.

Proposition 2.6. Fix a, b ∈ R with a < b, D ∈ (0, 1/2), W > 0 and Θ0 ∈ [a, b]. Then there exists
µ0 > 0 small enough such that for 0 < µ < µ0 and Θ̂0 = µΘ0, a subset of the stable manifold W s

µ(AΘ̂0
),

which we denote by W̃ s
µ(AΘ̂0

), can be written as

W̃ s
µ(AΘ̂0

) =
{
(r, θ,R,Θ) = Υ+(w, θ, Θ̂0) : (w, θ) ∈ D+

W,D

}
,

where Υ+ is a C∞-function of the form

Υ+(w, θ, Θ̂0) =
(
κw

2
3 , θ, Rs

∞(w, θ, Θ̂0),Θ
s
∞(w, θ, Θ̂0)

)
,

where

Rs
∞(w, θ, Θ̂0) =

√
2

κ

1

w
1
3

+O1(µ),

Θs
∞(w, θ, Θ̂0) =Θ̂0 − µκ

∫
w

+∞

s
2
3 sin(θ + w − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ + w − s)

) 3
2

ds

− µ

√
2

κ

∫
w

+∞

cos(θ + w − s)

s
1
3

ds+O2(µ),

(2.31)

with κ = 3
2
3

2
1
3
, and the domain D+

W,D is defined as

D+
W,D = [W,+∞)× I+D(w)

with

I+D(w) =

{
T−

(√
2
3 − w −D,

√
2
3 − w +D

)
if W ≤ w ≤

√
2
3 +D,

T if w >
√
2
3 +D.

(2.32)

Analogously, due to the symmetry (2.11), a subset of the unstable manifold W u
µ (AΘ̂0

), which we denote

by W̃ u
µ (AΘ̂0

), can be written as

W̃ u
µ (AΘ̂0

) =
{
Υ−(w, θ) : (w, θ) ∈ D−

W,D

}
,

where
Υ−(w, θ, Θ̂0) = Υ+(−w,−θ, Θ̂0)

and the domain D−
W,D is defined as

D−
W,D = (−∞,−W ]× I−D(w)

with

I−D(w) =

{
T−

(
−

√
2
3 + w −D,−

√
2
3 − w +D

)
if −

√
2
3 −D ≤ w ≤ −W

T if w < −
√
2
3 −D

(2.33)

In particular, the Θ-component of Υ− can be written as

Θu
∞(w, θ, Θ̂0) = Θs

∞(−w,−θ, Θ̂0). (2.34)
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Proof. We consider the transformation from rotating polar coordinates centered at P1 (2.9) to the ones
centered at the center of mass (2.1)

r =

√
r̂2 + 2r̂µ cos θ̂ + µ2

θ = tan−1

(
r̂ sin θ̂

r̂ cos θ̂ + µ

)

R = R̂
r − µ cos θ√

r2 − 2µr cos θ + µ2
− µΘ̂

r sin θ

r2 − 2µr cos θ + µ2
,

Θ = µR̂
r sin θ√

r2 − 2µr cos θ + µ2
+ Θ̂

r(r − µ cos θ)

r2 − 2µr cos θ + µ2
.

(2.35)

This transformation satisfies

r = r̂ + µ cos θ̂ +O
(
µ2

r̂

)
,

θ = θ̂ − µ
sin θ̂

r̂
+O

(
µ2

r̂2

)
,

R = R̂+O1(µ),

Θ = Θ̂

(
1 +

µ cos θ

r

)
+ µR̂ sin θ +O2(µ).

(2.36)

For any Ŵ > 0, Proposition 2.5 gives us the parameterization of the invariant manifold in (2.24) such

that r̂ = κŵ
2
3 . Therefore, for ŵ > Ŵ , equation (2.36) leads to

r = κŵ
2
3 +O1(µ).

To have a graph parameterization analogous to the one in Proposition 2.5, we define w such that r =
κw

2
3 . Substituting in (2.35) we obtain

ŵ(w, θ) =

(
κ2w

4
3 − 2κµw

2
3 cos θ + µ2

) 3
4

κ
3
2

= w +O1(µ).
(2.37)

Hence, given W > 0, one can find Ŵ = W +O1(µ) so that ŵ > Ŵ when w > W . From this result and
(2.35), we can also relate the parameter θ̂ as follows

θ̂(w, θ) = tan−1

(
κw

2
3 sin θ

κw
2
3 cos θ − µ

)
= θ +O1(µ). (2.38)

Regarding now R̂, Θ̂ as the parameterizations of the invariant manifold W s
µ(AΘ̂0

) in (2.25), substituting

them in (2.36) and changing the parameters (ŵ, θ̂) to (w, θ) using the relations in (2.37) and (2.38), we
obtain that

Rs
∞(w, θ, Θ̂0) =

√
2

κ

1

w
1
3

+O1(µ)

Θs
∞(w, θ, Θ̂0) =Θ̂s

∞

(
ŵ(w, θ), θ̂(w, θ), Θ̂0

)(
1 +

µ cos θ

κw
2
3

)
+ µR̂s

∞

(
ŵ(w, θ), θ̂(w, θ), Θ̂0

)
sin θ

+O2(µ) = Θ̂s
∞(w, θ, Θ̂0) + µ

√
2

κ

sin θ

w
1
3

+O2(µ),
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which implies

Θ̂s
∞(w, θ, Θ̂0) =Θ̂0 − µκ

∫
w

+∞

s
2
3 sin(θ + w − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ + w − s)

) 3
2

ds+ µ
1

κ2

∫
w

+∞

sin(θ + w − s)

s
4
3

ds

+O2(µ).

Integrating by parts the second integral and using the fact that 3
κ2 =

√
2
κ lead to (2.31), completing the

proof.

2.5 The invariant manifolds of the collision

This section is devoted to prove the following proposition, which gives a parameterization, in polar
coordinates centered at P1 (see (2.9)), of the invariant manifolds of the collision, that is W u

µ (S
+) and

W s
µ(S

−) (see Remark 2.3) perturbatively from those obtained in Lemma 2.4 for µ = 0.

Proposition 2.7. Fix r∗ ∈ (0, 1). There exists µ0 > 0 such that for 0 < µ < µ0, the invariant man-
ifolds W u

µ (S
+), W s

µ(S
−), written in polar coordinates centered at P1 (see (2.9)), intersect the section

r = r∗. Moreover, the intersections are graphs over θ of the form

(r, θ,R,Θ) = (r∗, θ, Ru
S+(θ),Θ

u
S+(θ))

(r, θ,R,Θ) = (r∗, θ, Rs
S−(θ),Θ

s
S−(θ)),

(2.39)

which depend smoothly on µ.

Moreover, Θu
S+ can be written as

Θu
S+(θ) = µ

∫
0

t(r∗)

 κs
2
3 sin (θ + t(r∗)− s)(

1 + κ2s
4
3 − 2κs

2
3 cos (θ + t(r∗)− s)

) 3
2

+

√
2

κ

cos (θ + t(r∗)− s)

s
1
3

 ds+O1(µ
2),

(2.40)
where

t(r∗) =

(
r∗

κ

)3/2

and κ =
3

2
3

2
1
3

.

The expression for Θs
S−(θ) comes from the symmetry (2.11) and is given by

Θs
S−(θ) = Θu

S+(−θ). (2.41)

Proof. We provide the proof for the unstable manifold, since the statements for the stable manifold are
just a consequence of the symmetry. We rely on McGehee coordinates to prove this proposition, and
consider then the vector field (2.17) and the transverse section Σs∗ = {s = s∗} with s∗ =

√
r∗ < 1. Note

that the vector field is regular for 0 < s < s∗.

The first observation is that S+ is a normally hyperbolic invariant manifold (by Lemma 2.2) and, by
Fenichel’s theory [17, 18, 19, 54], its unstable and stable invariant manifolds are regular and depend
also smoothly on µ. As a consequence, since in the unperturbed case µ = 0 (see (2.21)) the invariant
manifold intersect the section s = s∗ =

√
r∗ < 1 and, at the section, it is a graph over θ, the same

happens for µ small enough.
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Returning to polar coordinates (2.9) yields the same result since they are regular away from S. This
gives the curve (2.39).

The second part of the proof is devoted to obtain the expression of Θu
S+ in (2.40). We perform a Melnikov-

like approach. That is, we consider a point of the form z(θ0) = (r∗, θ0, R
u
S+(θ0),Θ

u
S+(θ0)) (see (2.39))

and describe its Θ-component by a backward integral.

Since polar coordinates become undefined at collision, we express Θ in McGehee coordinates (2.12) as

Θ = ur1/2 + r2 − µr cos θ.

Then, by (2.13), its evolution in these coordinates is described by the equation

d

dτ
Θ = µ

(
r

5
2 sin θ − r

5
2 sin θ

(r2 − 2r cos θ + 1)
3
2

− rv cos θ + ru sin θ

)
.

Now, we consider the trajectory departing from the point z(θ0) expressed in McGehee coordinates,

φµ(τ ; θ0) = (r(τ ; θ0), θ(τ ; θ0), v(τ ; θ0), u(τ ; θ0)).

Since lim
τ→−∞

r(τ ; θ0) = 0 exponentially and therefore lim
τ→−∞

Θ(τ ; θ0) = 0, one has

Θu
S+(θ0) = µ

∫ 0

−∞

(
r(τ ; θ0)

5
2 sin θ(τ ; θ0)−

r
5
2 sin θ(τ ; θ0)

(r(τ ; θ0)2 − 2r(τ ; θ0) cos θ(τ ; θ0) + 1)
3
2

− r(τ ; θ0)v(τ ; θ0) cos θ(τ ; θ0) + r(τ ; θ0)u(τ ; θ0) sin θ(τ ; θ0)

)
dτ.

When µ = 0, shifting time to fix the initial condition in (2.13), one has

φ0(τ ; θ0) =

(
r∗e

√
2τ , θ0 +

(
r∗

κ

)3/2 (
1− e

3√
2
τ
)
,
√
2,−(r∗)3/2e

3√
2
τ

)
.

Moreover, since we are considering points in the invariant manifold, we have

r(τ ; θ0) = r∗e
√
2τ +O1(µe

Cτ )

θ(τ ; θ0) = θ0 +

(
r∗

κ

)3/2 (
1− e

3√
2
τ
)
+O1(µ)

v(τ ; θ0) =
√
2 +O1(µ)

u(τ ; θ0) = −(r∗)3/2e
3√
2
τ
+O1(µ),

where C > 0 is an adequate constant.

Then, we obtain

Θu
S+(θ0) =− µ

∫
0

−∞

[
(r∗)

5
2 e

5√
2
τ
sin
(
θ0 +

(
r∗

κ

)3/2 (
1− e

3√
2
τ
))

(
(r∗)2e2

√
2τ − 2(r∗)e

√
2τ cos

(
θ0 +

(
r∗

κ

)3/2 (
1− e

3√
2
τ
))

+ 1
) 3

2

+
√
2r∗e

√
2τ cos

(
θ0 +

(
r∗

κ

)3/2 (
1− e

3√
2
τ
))]

dτ

+O2(µ).

To recover formula (2.40), it is enough to apply the change of variables κs2/3 = r∗e
√
2τ .
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3 The distance between the invariant manifolds

Once we have characterized the invariant manifolds of infinity and collision, we analyze their intersec-
tions for µ > 0 small enough at a section r = r∗ = δ2 for some small 0 < δ < 1 independent of µ. To
this end we define, for a fixed energy h = −Θ̂0 = −µΘ0, the following curves

∆s,u
∞ (µ) =W̃ s,u

µ (AΘ̂0
)
⋂

Σh = {r = δ2,H(δ2, θ, R,Θ;µ) = h},

∆u
S+(µ) =W

u
µ (S

+)
⋂

Σh = {r = δ2,H(δ2, θ, R,Θ;µ) = h},

∆s
S−(µ) =W

s
µ(S

−)
⋂

Σh = {r = δ2,H(δ2, θ, R,Θ;µ) = h},

(3.1)

where H is the Hamiltonian (2.10). This definition only involves the first intersection with the section
Σh. Note that for a fixed h = −Θ̂0, the surface H(δ2, θ, R,Θ;µ) = h is 2-dimensional and can be
locally defined by the coordinates (θ,Θ). Moreover, by Propositions 2.6 and 2.7, the curves ∆s,u

∞ (µ),
∆u

S+(µ) and ∆s
S−(µ) can be written as graphs with respect to θ. We characterize the distance between

the curves using the Θ-component.

Hence, we can define ∆u
S+(µ) (the definition of ∆s

S−(µ) comes from the symmetry (2.11)) as

∆u
S+(µ) = {(θ,Θu

S+(θ)), θ ∈ T} , ∆s
S−(µ) = {(θ,Θs

S−(θ)), θ ∈ T} , (3.2)

where Θu
S+ , Θ

s
S− are defined in Proposition 2.7 for r∗ = δ2.

Note that the constant t(r∗) introduced in Proposition 2.7 is given by

t(δ2) =

√
2

3
δ3.

Then, we have
Θu

S+(θ) = µIuS+(θ) +O2(µ) (3.3)

with

IuS+ (θ) = Iu
S+

(
θ +

√
2

3
δ3

)
where

Iu
S+(α) = κ

∫
0

√
2

3
δ3

s
2
3 sin (α− s)(

1 + κ2s
4
3 − 2κs

2
3 cos (α− s)

) 3
2

ds+

√
2

κ

∫
0

√
2

3
δ3

cos (α− s)

s
1
3

ds.

The expression for Θs
S−(θ) is given by the symmetry in (2.41).

On the other hand, by Proposition 2.6, the curves ∆s,u
∞ (µ) are defined as

∆s
∞(µ) =

{
(θ,Θs

∞(wΣ, θ, Θ̂0)), θ ∈ I+D(wΣ)
}
,

∆u
∞(µ) =

{
(θ,Θs

∞(wΣ, θ, Θ̂0)), θ ∈ I−D(wΣ)
}
,

(3.4)

where I±D(w) are defined in (2.32) and (2.33), Θ∗
∞(w, θ, Θ̂0), ∗ = u, s, are in (2.31) and (2.34), and wΣ

is the value such that r∗ = κw
2
3 = δ2, that is

wΣ =

√
2

3
δ3. (3.5)
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Therefore we obtain

Θs
∞(wΣ, θ, Θ̂0) = Θ̂0 − µIs∞(θ) +O2(µ) (3.6)

with

Is∞(θ) = Is
∞

(
θ +

√
2

3
δ3

)
and

Is
∞(α) = κ

∫ √
2
3
δ3

+∞

s
2
3 sin (α− s)(

1 + κ2s
4
3 − 2κs

2
3 cos(α− s)

) 3
2

ds+

√
2

κ

∫ √
2

3
δ3

+∞

cos(α− s)

s
1
3

ds.

Now we measure the distance between the invariant manifolds of infinity and collision. Note that the
sign of the radial velocity R for the curves ∆s

∞(µ) and ∆u
S+(µ) is positive, and negative for the other

two. Hence, we define the transverse sections

Σ>
h = {(r, θ,R,Θ): r = δ2,H(δ2, θ, R,Θ;µ) = h,R > 0} ⊂ Σh,

Σ<
h = {(r, θ,R,Θ): r = δ2,H(δ2, θ, R,Θ;µ) = h,R < 0} ⊂ Σh.

(3.7)

In these sections, we provide an asymptotic formula for the distance between ∆s,u
∞ (µ) and ∆u,s

S±(µ) at
the sections Σ>

h and Σ<
h respectively for a given angle θ. That is,

d+(θ, Θ̂0) = Θs
∞(θ, Θ̂0)−Θu

S+(θ), d−(θ, Θ̂0) = Θu
∞(θ, Θ̂0)−Θs

S−(θ). (3.8)

The next theorem, whose proof is straightforward, gives an asymptotic formula for this distance.

Theorem 3.1. Fix η > 0. There exists µ0 > 0 such that for any µ ∈ (0, µ0) and Θ̂0 ∈ [−ηµ, ηµ], the
distances d+ and d− in (3.8) are given by

d+(θ, Θ̂0) = Θ̂0 + µM+ (θ) +O2(µ) for θ ∈ I+D(wΣ),

d−(θ; Θ̂0) = Θ̂0 − µM−(θ) +O2(µ) for θ ∈ I−D(wΣ)
(3.9)

where wΣ is defined in (3.5) and
M±(θ) = M± (θ ± wΣ) (3.10)

where

M+ (α) = κ

∫
+∞

0

s
2
3 sin (α− s)(

1 + κ2s
4
3 − 2κs

2
3 cos (α− s)

) 3
2

ds+

√
2

κ

∫
+∞

0

cos (α− s)

s
1
3

ds, (3.11)

with κ = 3
2
3

2
1
3
. The functions M−(θ) and M− (α) are given by the symmetry

M−(θ) = −M+(−θ), M− (α) = −M+ (−α) . (3.12)

Once we have an asymptotic formula for the distance between the invariant manifolds of infinity and
collision, we analyze their first order to prove that they intersect transversally.

The next lemma is proven in Appendix A and it is computer assisted.
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Lemma 3.2. For every θ+ ∈ B+ = [−1.72851,−0.583065]∪ [−0.407155, 0.0578054]∪ [0.921743, 4.15633]

d

dθ
M+ (θ+) ̸= 0.

Moreover,
d

dθ
M+ (0) < 0.

The result M′
−(θ−) ̸= 0 for θ− ∈ B−, where B− = 2π − B+, comes as a consequence of (3.10) and

(3.12).

Note that B± ⊂ I±D(wΣ) in (2.32) and (2.33) (with wΣ given in (3.5)) for D = 3
10 . Smaller values of

D will lead to larger intervals of B±, at the cost of increased computational time to obtain the deriva-
tives.

The following theorem, which is a direct consequence of Theorem 3.1, Lemma 3.2 and the Implicit
Function Theorem, gives the transversality of the intersection between the invariant manifolds W u,s

µ (S±)
and W s,u

µ (AΘ̂0
) for some values of Θ̂0.

Theorem 3.3. Consider U+ ⊂ B+ ⊂ I+3
10

(wΣ) an open set satisfying that, for any θ+ ∈ U+, θ
+ − wΣ ∈

I+3
10

(wΣ) and −θ+ + wΣ ∈ I−3
10

(wΣ). Then, for any θ+ ∈ U+, there exists µ0 > 0 such that, for any

µ ∈ (0, µ0) and energy h = −Θ̂0 = −µΘ0 = µM+(θ
+ − wΣ),

• W̃ s
µ(AΘ̂0

)−⋔W u
µ (S

+) at a point

p>(θ
+, µ) = (θ>(θ

+, µ),Θs
∞(θ>(θ

+, µ), Θ̂0)) = (θ>(θ
+, µ),Θu

S+(θ>(θ
+, µ))),

where θ>(θ
+, µ) = θ+ − wΣ +O1(µ).

• W̃ u
µ (AΘ̂0

)−⋔W s
µ(S

−) at a point

p<(θ
+, µ) = (θ<(θ

+, µ),Θu
∞(θ<(θ

+, µ), Θ̂0)) = (θ<(θ
+, µ),Θs

S−(θ<(θ
+, µ))),

where θ<(θ
+, µ) = −θ+ + wΣ +O1(µ).

• Both points p>(θ
+, µ) and p<(θ

+, µ) belong to the surface H(δ2, θ, R,Θ;µ) = h = µM+(θ
+ − wΣ).

Proof. Finding a transverse intersection between W̃ s
µ(AΘ̂0

) and W u
µ (S

+) is equivalent to find a non-

degenerate zero of d+(θ, Θ̂0) (see (3.9)). To this end, consider θ+ ∈ U+, denote Θ̂0 = µΘ0 with Θ0 =
−M+(θ

+ − wΣ) and define

F+(θ, µ) = µ−1 · d+(θ, Θ̂0) = −M+(θ
+ − wΣ) +M+(θ) +O(µ),

which satisfies

• F+(θ
+ − wΣ, 0) = 0.

• d
dθF+(θ

+ − wΣ, 0) =M ′
+(θ

+ − wΣ) = M′
+(θ

+) ̸= 0 due to (3.10) and Lemma 3.2.

Then, the Implicit Function Theorem ensures that there exists µ0 > 0 such that, for any µ ∈ (0, µ0),
there is θ>(µ) with θ>(0) = θ+ − wΣ such that d+(θ>(µ), µΘ0) = 0.

The procedure to obtain a transverse intersection between W̃ u
µ (AΘ̂0

) and W s
µ(S

−) at the same energy
level is completely analogous.
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4 Proof of Theorem 1.8

To prove Theorem 1.8, we show that there exist ejection-collision orbits “close” to the invariant mani-
folds of infinity. To this end, we rely on a suitable return map.

We fix µ ∈ (0, µ0) so that Theorem 3.3 holds and we denote by p> = (θ>,Θ>) the point of intersection
of ∆s

∞(µ) and ∆u
S+(µ) at Σ

>
h (see (3.1) and (3.7)). Since p> ∈ ∆s

∞(µ), then Θ> = Θs
∞(θ>), where

Θs
∞(θ) is defined in (3.6). We consider a sufficiently small “rectangle” U ⊂ Σ>

h defined as

U =
{
(θ,Θ) ∈ Σ>

h : |θ − θ>| < ε,Θs
∞(θ)− ε < Θ < Θs

∞(θ)
}
,

for some ε > 0 small enough. Then, we define the Poincaré map

P : U ⊂ Σ>
h → Σ<

h

p = (θ,Θ) 7→ P(p) = Φµ(tµ(p), (δ
2, θ, R(θ,Θ;h, µ),Θ)),

where Φµ is the flow of the equations of motion associated to the Hamiltonian H in (2.10); R(θ,Θ;h, µ)
is the radial velocity, which can also be computed from (2.10); Σ>

h and Σ<
h are the sections defined in

(3.7) and tµ(p) is the time needed for the orbit with initial condition at p ∈ U to reach Σ<
h . By con-

struction, tµ(p) is well-defined and finite for p ∈ U (but becomes unbounded as p gets closer to the
invariant manifold ∆s

∞(µ)).

Now we consider the C1- curve
γu,> = U ∩∆u

S+(µ),

that, by Theorem 3.3, intersects transversally ∆s
∞(µ) at p>.

Since the points of the curve γu,> are close enough to the point p>, they are close to ∆s
∞(Θ̂0, µ). Hence,

the study of the image P(γu,>) is reduced to the analysis of the dynamics “close” to AΘ̂0
. Thus, one

can easily adapt the approach done by Moser for the Sitnikov problem in [43] (obtained from [27])
to this case, and prove that the image P(γu,>) “spirals” towards ∆u

∞(µ) in (3.1) due to the fact that
θ̇ = Θ

r2
− 1 + µ

r cos θ < 0 (see (2.10)) in this region of the phase space. In particular, we have that

∆u
∞(µ) ⊂ P(γu,>).

Theorem 3.3 ensures that ∆s
S−(µ) and ∆u

∞(µ) intersect transversally in Σ<
h at a point that we denote

by q< ∈W s
µ(S

−)−⋔W u
µ (AΘ̂0

).

Therefore, if we consider a C1-curve γs,< defined as follows

γs,< = V ∩∆s
S−(µ),

where V is a sufficiently small neighborhood of q<, there exists a sequence qk ∈ γs,<∩P(γu,>) such that
lim

k→+∞
qk = q< (see Figure 4.1). In particular, the closer is qk to ∆u

∞(µ), the larger is the time tµ(pk),

where pk is such that P(pk) = qk. Since P(γu,>) ⊂ W u
µ (S

+), the points qk ∈ W u
µ (S

+) ∩W s
µ(S

−) and,
therefore, give rise to ejection-collision orbits.

5 Dynamics close to collision

To prove Theorem 1.6, it is necessary to study first the dynamics close to collision, which is the pur-
pose of this section. To this end, we work with the coordinates (s, θ, α) in (2.14) and in a neighborhood
of the collision manifold (2.18) (defined by s = 0) of the form

Bδ = {(s, α, θ) ∈ M : s ∈ (0, 2δ)} ,
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p>

q<

∆s
∞(µ) ∆u

∞(µ)

γu,>
P(γu,>)

P

γs,<

Σ>
h Σ<

h

Figure 4.1: Representation of the “spiraling effect” of the transition map P on the curve γu,> ⊂
∆u

S+(µ) ⊂ Σ>
h and its transverse intersections with the curve γs,< ⊂ ∆s

S−(µ) ⊂ Σ<
h .

where M is the 3 dimensional manifold (2.16) and δ > 0 is small enough and defined in (3.1).

A first step towards a proper description of the dynamics close to collision consists on “symplifying”
equations (2.17) in a neighborhood of the circles of equilibrium points S± in (2.20) by means of suit-
able changes of coordinates. This is done in Section 5.1, where we perform two changes of coordinates,
each of them defined around the circles S± respectively, which straighten the invariant manifolds of
S± (see Lemma 2.2). In Section 5.2, we define a transition map between Σ<

h and Σ>
h and show that it

sends transverse curves to W s
µ(S

−) to transverse curves to W u
µ (S

+).

5.1 Local straightening of the invariant manifolds

We consider the following neighborhoods of the circles S± in (2.20) respectively

B+
δ =

{
(s, α, θ) ∈ Bδ : α ∈

(π
2
− δ,

π

2
+ δ
)}

,

B−
δ =

{
(s, α, θ) ∈ Bδ : α ∈

(
−π
2
− δ,−π

2
+ δ
)}

.
(5.1)

The following proposition ensures the existence of two sets of coordinates defined in these neighbor-
hoods straightening the invariant manifolds W u,s

µ (S±).

Proposition 5.1. Fix any µ0 ∈ (0, 1/2] and take δ > 0 small enough. Then, for any µ ∈ [0, µ0], there
exists a change of variables

Γ− : B−
δ → (0, 2δ)× (−2δ, 2δ)×T

(s, α, θ) 7→ Γ−(s, α, θ) = (s, β̃, z)
(5.2)

which transforms the system (2.17) into

s′ = −m0

2
s
(
1 + g̃1(s, β̃, z)

)
β̃′ =

m0

2
β̃
(
1 + g̃2(s, β̃, z)

)
z′ = sβ̃

(
4λ(µ, h)s+ g̃3(s, β̃, z)

) (5.3)
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with m0 =
√
2(1− µ), λ(µ, h) = µ2+2h+2µ

4m0
and

g̃1(s, β̃, z) = O2(s, β̃); g̃2(s, β̃, z) = O1(s
2, β̃); g̃3(s, β̃, z) = O3(s, β̃).

Moreover, in these coordinates, S− = {(0, 0, z), z ∈ T} and its invariant manifolds become

W s
µ(S

−) = {β̃ = 0},
W u

µ (S
−) = {s = 0}.

(5.4)

Analogously, there exists a diffeomorphism

Γ+ : B+
δ → (0, 2δ)× (−2δ, 2δ)×T

(s, α, θ) 7→ Γ+(s, α, θ) = (s, ι̃, w)
(5.5)

so that in the coordinates (s, ι̃, w), system (2.17) becomes

s′ =
m0

2
s
(
1 + j̃1(s, ι̃, w)

)
ι̃′ = −m0

2
ι̃
(
1 + j̃2(s, ι̃, w)

)
w′ = sι̃

(
−4λ(µ, h)s+ j̃3(s, ι̃, w)

)
,

(5.6)

where
j̃1(s, ι̃, w) = O2(s, ι̃); j̃2(s, ι̃, w) = O1(s, ι̃); j̃3(s, ι̃, w) = O3(s, ι̃).

In these coordinates, S+ = {(0, 0, w), w ∈ T} and its invariant manifolds become

W u
µ (S

+) = {ι̃ = 0},
W s

µ(S
+) = {s = 0}.

(5.7)

Proof. We start by straightening the local invariant manifolds of S−. Lemma 2.2 implies that W u
µ (S

−)
is already straightened in the coordinates (s, θ, α), since it lies in the hyperplane {s = 0}. Hence, we
only need to straighten W s

µ(S
−) and the fibers W u

µ (S
−
θ ) and W

s
µ(S

−
θ ). We define the following change

of coordinates
β = α+

π

2

y = θ − 2
(
α+

π

2

)
,

(5.8)

to straighten the fibers W u
µ (S

−
θ ). In coordinates (s, β, y), system (2.17) becomes

s′ = −m0

2
cosβs− λ(µ, h) cosβs3 +O5(s)

β′ =
m0

2
sinβ − 3λ(µ, h) sinβs2 + 2s3 +O4(s)

y′ = 4λ(µ, h) sinβs2 − 4s3 +O4(s),

(5.9)

where m0 =
√
2(1− µ) and λ(µ, h) = µ2+2h+2µ

4m0
.

Moreover, the circle S− in (2.20) and B−
δ in (5.1) become

S− =
{
S−
θ = (0, 0, y) : y ∈ T

}
,

B−
δ = {(s, β, y) : s ∈ (0, 2δ), β ∈ (−δ, δ) , y ∈ T} .
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Expanding around s = 0, β = 0, we write system (5.9) as

s′ = −m0

2
s (1 + g1(s, β, y))

β′ =
m0

2
β + g2(s, β, y)

y′ = sg3(s, β, y),

(5.10)

where

g1(s, β, y) =
2λ(µ, h)

m0
s2 − 1

2
β2 +O4(s, β),

g2(s, β, y) = O1

(
s3, βs2, β3

)
,

g3(s, β, y) = 4λ(µ, h)sβ − 4s2 +O4(s, β).

(5.11)

Note that in these coordinates W u
µ (S

−
y0) = {s = 0, y = y0 ∈ T}.

On the other hand, to straighten W s
µ(S

−), we use the fact that it is tangent to the plane {β = 0}.
Therefore, by the stable manifold theorem, W s

µ(S
−) can be written as the graph of a function as

W s
µ(S

−) =
{
(s, β, y) ∈ B−

δ : β = ψ−(s, y)
}
,

where ψ− satisfies
ψ−(s, y) = O2(s). (5.12)

Hence if we perform the change of coordinates

(s, β̃, y) = (s, β − ψ−(s, y), y), (5.13)

then W s
µ(S

−) becomes {β̃ = 0} and, using the expressions of g1, g2, g3 in (5.11), (5.10) becomes

s′ = −m0

2
s
(
1 + g1(s, β̃, y)

)
β̃′ =

m0

2
β̃
(
1 + g2(s, β̃, y)

)
y′ = sg3(s, β̃, y),

(5.14)

with

g1(s, β̃, y) = g1(s, β̃ + ψ−(s, y), y) =
2λ(µ, h)

m0
s2 − 1

2
β̃2 +O4(s, β̃),

g2(s, β̃, y) = ∂β̃g2(s, β̃ + ψ−(s, y), y)
∣∣
β̃=0

+O1(β̃) = O1(s
2, β̃),

g3(s, β̃, y) = g3(s, β̃ + ψ−(s, y), y) = 4λ(µ, h)sβ̃ − 4s2 +O4(s, β̃).

Finally, we straighten the fibers W s
µ(S

−
y0). Indeed, Lemma 2.2 allows us to define W s

µ(S
−) as the union

of fibers W s
µ(S

−
y0), that is

W s
µ(S

−) =
⋃

y0∈T
W s

µ(S
−
y0).

Moreover, since W s
µ(S

−) corresponds to the plane {β̃ = 0}, the stable manifold theorem ensures that
W s

µ(S
−
y0) can be described by the graph of a function as

W s
µ(S

−
y0) =

{
(s, 0, y) ∈ B−

δ : y = χ−(s, y0)

}
,

for some function χ− satisfying

χ−(s, y0) = y0 + a0(y0)s
2 + a1(y0)s

3 +O4(s). (5.15)
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Now we consider the following change of coordinates

(s, β̃, y) =
(
s, β̃, χ−(s, z)

)
, (5.16)

so that system (5.14) becomes

s′ = −m0

2
s
(
1 + g̃1(s, β̃, z)

)
β̃′ =

m0

2
β̃
(
1 + g̃2(s, β̃, z)

)
z′ =

s

∂zχ−(s, z)

(
g̃3(s, β̃, z) +

m0

2
∂sχ−(s, z)

(
1 + g̃1(s, β̃, z)

))
= s · Z(s, β̃, z),

(5.17)

with

g̃1(s, β̃, z) = g1(s, β̃, χ−(s, z)) =
2λ(µ, h)

m0
s2 − 1

2
β̃2 +O4(s, β̃)

g̃2(s, β̃, z) = g2(s, β̃, χ−(s, z)) = O1(s
2, β̃)

g̃3(s, β̃, z) = g3(s, β̃, χ−(s, z)) = 4λ(µ, h)sβ̃ − 4s2 +O4(s, β̃).

(5.18)

The invariance property ensures that Z(s, 0, z) = 0. Therefore

g̃3(s, 0, z) +
m0

2
∂sχ−(s, z) (1 + g̃1(s, 0, z)) = 0.

Using (5.15), (5.18) and comparing coefficients, we have

m0a0(z) · s+
(
−4 +

3m0

2
a1(z)

)
s2 +O3(s) = 0.

Hence

a0(z) = 0, a1(z) =
8

3m0
. (5.19)

Moreover, the fact that Z(s, 0, z) = 0 implies that Z(s, β̃, z) cannot have independent terms in neither
s nor z. Therefore, Z(s, β̃, z) in (5.17) can be computed ignoring the independent terms in s for g̃1 and
g̃3 from (5.18). Namely

Z(s, β̃, z) =
1

1 +O4(s)

(
4λ(µ, h)sβ̃ +O4(s, β̃) +

(
4s2 +O3(s)

)(
−1

2
β̃2 +O4(s, β̃)

))
= β̃

(
4λ(µ, h)s+O3(s, β̃)

)
,

which implies that we can rewrite system (5.17) as in (5.3), completing the proof.

The procedure to straighten the invariant manifolds for S+ is completely analogous to the one explained
for S−, involving the following changes instead:

• The changes to translate S+ and to straighten the fibers W u
µ (S

+
x0
)

ι = α− π

2
,

x = θ − 2
(
α− π

2

)
.

(5.20)

• The change to straighten the unstable manifold W u
µ (S

+)

ι̃ = ι− ψ+(s, x), (5.21)

where ψ+(s, x) has analogous properties as ψ−(s, y) in (5.12), that is

ψ+(s, x) = O2(s). (5.22)

28



• The change to straighten the fibers W u
µ (S

+
x0
)

x = χ+(s, w), (5.23)

where χ+(s, w) has similar properties as χ−(s, z) from (5.15), implying that

χ+(s, w) = w +O3(s). (5.24)

Remark 5.2. We want to stress the relation between coordinates (s, β̃, z) and (s, ι̃, w), which will be of
major importance for the computations in Section 5.2. It follows from (5.8) and (5.20) that

ι = β + π,

x = y mod 2π.
(5.25)

Therefore, one can use (5.13) and (5.25), along with equations (5.20) and (5.21), to relate ι̃ and β̃ as

ι̃ = β̃ + π + (ψ−(s, y)− ψ+(s, x)),

where we recall
ψ−(s, y) = O2(s), ψ+(s, x) = O2(s).

Additionally, one can relate the variables w and z using (5.16) and (5.23), to obtain

w = z +O3(s).

5.2 Transition map close to collision

The main purpose of this section is to define a transition map from Σ<
h to Σ>

h and prove that it sends
transverse curves to W s

µ(S
−) to transverse curves to W u

µ (S
+). To this end, we consider the submani-

fold M (see (2.16)) for a fixed h and we define, in the straightened coordinates (s, β̃, z) and (s, ι̃, w),
the following sections

Σ̃<
h = {(s, β̃, z) : s = δ,−δ < β̃ < δ, z ∈ T} = Σ̃<,+

h ∪ Σ̃<,−
h ,

Σ̃>
h = {(s, ι̃, w) : s = δ,−δ < ι̃ < δ, w ∈ T} = Σ̃>,+

h ∪ Σ̃>,−
h ,

which are transverse to the invariant manifolds. We also define

Σ̃<,+
h = {(s, β̃, z) : s = δ, 0 < β̃ < δ, z ∈ T},

Σ̃<,−
h = {(s, β̃, z) : s = δ,−δ < β̃ < 0, z ∈ T},

Σ̃>,+
h = {(s, ι̃, w) : s = δ, 0 < ι̃ < δ,w ∈ T},

Σ̃>,−
h = {(s, ι̃, w) : s = δ,−δ < ι̃ < 0, w ∈ T}.

(5.26)

This section is devoted to prove the following theorem.

Theorem 5.3. Let δ, σ > 0 be small enough with 0 < σ ≪ δ. Consider a curve γ̃in of the form(
s, β̃, z

)
= γ̃in(ν) = (δ, ν, zin(ν)) , ν ∈ (−σ, σ) (5.27)

where zin is a C1 function, which is transverse to W s
µ(S

−) ∩ Σ̃<
h at

p̃s = γ̃in(0) = (δ, 0, zin(0)) .

Then, if we restrict the curve γ̃in for ν ∈ (0, σ), we have
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• The transition map f̃ : Σ̃<,+
h → Σ̃>,−

h maps the curve γ̃in to a curve γ̃out ⊂ Σ̃>
h , parameterized as

γ̃out(ν) = f̃(γ̃in(ν)) = (s, ι̃, w) =
(
δ,−ν +O1(δν), zin(ν) +O1(δ

2ν, ν2)
)

ν ∈ (0, σ).

Moreover, it has a well-defined limit

p̃u = lim
ν→0+

γ̃out(ν) = (δ, 0, zin(0)) ∈W u
µ (S

+) ∩ Σ̃>
h . (5.28)

• The tangent vector γ̃′out(ν) has a well-defined limit as ν → 0, which is of the form

γ̃′out(0) = lim
ν→0+

γ̃′out(ν) =
(
0,−1 +O1(δ), z

′
in(0) +O1(δ)

)
and, therefore, γ̃out is transverse to W u

µ (S
+) ∩ Σ̃>

h at p̃u.

Remark 5.4. In view of Theorem 5.3, and in particular of (5.28), we can extend continuously the map
f̃ to points in (δ, 0, z) ∈W s

µ(S
−) ∩ Σ̃>

h as

f̃(δ, 0, z) = (δ, 0, z) ∈W u
µ (S

+) ∩ Σ̃>
h .

To prove Theorem 5.3, we are going to consider the following intermediate sections

Σ̃±
1 = {(s, β̃, z) : 0 < s < δ, β̃ = ±δ, z ∈ T},

Σ̃±
2 = {(s, ι̃, w) : 0 < s < δ, β̃(s, ι̃, w) = π ± δ, w ∈ T},

(5.29)

where β̃(s, ι̃, w) is obtained from Remark 5.2 (see Figure 5.1). We split the transition map into three
maps: from Σ̃<,+

h to Σ̃+
1 , from Σ̃+

1 to Σ̃−
2 and from Σ̃−

2 to Σ̃>,−
h . The other case, i.e., the transition map

from Σ̃<,−
h to Σ̃>,+

h , is built analogously.

The following lemma (whose proof is done in Appendix B), provides information regarding the first
transition map.

Lemma 5.5. The transition map
T +
s,1 : Σ̃

<,+
h → Σ̃+

1

(δ, β̃0, z0) 7→ (s1, δ, z1)

takes the curve γ̃in(ν) defined in (5.27) with ν ∈ (0, σ) to a curve γ̃1(ν) defined as

γ̃1(ν) = (s1(ν), δ, z1(ν)) , (5.30)

with
s1(ν) = ν (1 +O1(δ))

z1(ν) = zin(ν) +O1(δ
2ν),

where zin is the z-component of the curve γ̃in(ν) described in (5.27).

Moreover, for ν ∈ (0, σ), its tangent vector is of the form

γ̃′1(ν) =
(
s′1(ν), 0, z

′
1(ν)

)
, (5.31)
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where
s′1(ν) = 1 +O1(δ)

z′1(ν) = z′in(ν) +O1(δ)

and it has a well-defined limit as ν → 0. Thus, γ̃1 is transverse to W u
µ (S

−) ∩ Σ̃+
1 at lim

ν→0+
γ̃1(ν) =

(0, δ, zin(0)).

The next step is to define a map from Σ̃+
1 to Σ̃−

2 (see (5.29)), which we denote by T +
1,2. To this end, we

consider ε > 0 small enough and the following domain

U =
{
(s, β̃, z) : δ ≤ β̃ ≤ π − δ, 0 < s < ε, |z − z1(ν)| < ε, ν ∈ (0, σ)

}
,

where z1 is given in (5.30).

Figure 5.1: Representation of the dynamics near the collision manifold. The line β̃ = 2π is identified
with β̃ = 0. The transition maps are given by the composition of the maps T ∓

2,u ◦ T ±
1,2 ◦ T

±
s,1. Recall that

we are considering different systems coordinates in neighborhoods of the two circles S±.

Note that the values of the variable β̃ in U are no longer small. However, since s is close to 0, the dif-
feomorphism Γ− in Proposition 5.1, which is linear in β̃ and straightens the invariant manifolds of S−,
is still well-defined. Performing the changes (5.13) and (5.16) to system (5.9), as we did in the proof of
Proposition 5.1, but without Taylor expanding in the β̃ coordinate, we obtain the system

s′ = −m0

2
s
(
cos β̃ + G̃1(s, β̃, z)

)
β̃′ =

m0

2
sin β̃ + G̃2(s, β̃, z)

z′ = s
(
λ(µ, h)s sin β̃ + G̃3(s, β̃, z)

)
,

(5.32)

where
G̃1(s, β̃, z) = O2(s), G̃2(s, β̃, z) = O2(s), G̃3(s, β̃, z) = O3(s).
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The following lemma (whose proof is done in Appendix C), analyzes the transition map T +
1,2.

Lemma 5.6. The transition map T +
1,2 from Σ̃+

1 to Σ̃−
2 , defined in (5.29) and expressed in coordinates

(s, β̃, z),

T +
1,2 : Σ̃

+
1 → Σ̃−

2

(s1, δ, z1) 7→ (s2, π − δ, z2),
(5.33)

maps the curve γ̃1 in (5.30) to a curve γ̃2 given by

γ̃2(ν) = (s2(ν), π − δ, z2(ν)), ν ∈ (0, σ) (5.34)

with
s2(ν) = ν (1 +O1(δ)) ,

z2(ν) = zin(ν) +O1(δ
2ν, ν2),

where zin is to the z-component of the curve γ̃in in (5.27).

Moreover, for ν ∈ (0, σ), its tangent vector is of the form

γ̃′2(ν) =
(
s′2(ν), 0, z

′
2(ν)

)
(5.35)

and
s′2(ν) = 1 +O1(δ),

z′2(ν) = z′in(ν) +O2(δ).

and it has a well-defined limit as ν → 0. Thus, the curve γ̃2 is transverse to W s
µ(S

+)∩Σ̃−
2 at lim

ν→0+
γ̃2(ν) =

(0, π − δ, zin(0)).

Note that γ̃2 is expressed in coordinates (s, β̃, z), whereas the section Σ̃−
2 is defined in coordinates (s, ι̃, w).

The following corollary, whose proof is straightforward from Remark 5.2, gives an expression of the
curve γ̃2 of Lemma 5.6 in the latter variables.

Corollary 5.7. The curve γ̃2 given in (5.34) for ν ∈ (0, σ) can be expressed in coordinates (s, ι̃, w) as

γ̃2(ν) = (s2(ν), ι̃2(ν), w2(ν)) (5.36)

with
s2(ν) = ν (1 +O1(δ)) ,

ι̃2(ν) = −δ +O2(ν),

w2(ν) = zin(ν) +O1(δ
2ν, ν2),

and zin is to the z-component of the curve γ̃in in (5.27).

Moreover, its tangent vector is of the form

γ̃′2(ν) =
(
s′2(ν), 0, w

′
2(ν)

)
where

s′2(ν) = 1 +O1(δ)

w′
2(ν) = z′in(ν) +O1(δ)

and has a well-defined limit as ν → 0. Thus, the curve γ̃2 is transverse to W s
µ(S

+)∩ Σ̃−
2 at lim

ν→0+
γ̃2(ν) =

(0,−δ, zin(0)).
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Finally, the following lemma (whose proof is done in Appendix B), defines the transition map from Σ̃−
2

to Σ̃>,−
h in an analogous way as in Lemma 5.5.

Lemma 5.8. The transition map
T −
2,u : Σ̃

−
2 → Σ̃>,−

h

(s2, ι̃2, w2) 7→ (δ, ι̃u, wu)

(see (5.29) and (5.26)) takes the curve γ̃2 in (5.36) with ν ∈ (0, σ) to a curve γ̃out defined as

γ̃out(ν) = (δ, ι̃out(ν), wout(ν))

such that
ι̃out(ν) = −ν +O1(δν)

wout(ν) = zin(ν) +O1(δ
2ν, ν2).

Moreover, its tangent vector is of the form

γ̃′out(ν) =
(
0, ι̃′out(ν), w

′
out(ν)

)
where

ι̃′out(ν) = −1 +O1(δ)

w′
out(ν) = z′in(ν) +O1(δ)

and its limit as ν → 0 is well-defined and, therefore, γ̃out is transverse to W u
µ (S

+) at lim
ν→0

γ̃out(ν) =

(δ, 0, zin(0)) = p̃u.

To complete the proof of Theorem 5.3, we observe that the transition map f̃ is obtained as the compo-
sition of the maps from Lemmas 5.5, 5.6 and 5.8 respectively, i.e.

f̃ = T −
2,u ◦ T +

1,2 ◦ T
+
s,1.

6 Proof of Theorems 1.6 and 1.7

The purpose of this section is to prove Theorem 1.6. To this end, we recall the following notation which
is used along the section:

• The curves ∆s,u
∞ (µ),∆u

S+(µ) and ∆s
S−(µ) defined in (3.1) are the intersection of the corresponding

invariant manifolds with Σh. They admit a graph parameterization in polar coordinates (θ,Θ), as
shown in (3.2) and (3.4).

• The sets I±D(wΣ), defined in (2.32) and (2.33) (with wΣ as in (3.5)), where the graphs of the curves
∆s,u

∞ (µ) are defined.

• The graph parameterizations Θs
∞(θ, Θ̂0),Θ

u
S+(θ) (defined in (3.6) and (3.3) respectively) and

Θu
∞(θ, Θ̂0), Θ

s
S−(θ) (obtained from the symmetries in (2.34) and (2.41)).

The key step in the proof of Theorem 1.6 is Proposition 6.2 below. To state it, we introduce the termi-
nology triple intersection between invariant manifolds. Certainly, this is an abuse of language, since it
is well known that two stable (or unstable) manifolds cannot intersect. Therefore, let us explain what
we mean by that.

Definition 6.1. We say that the invariant manifolds W u
µ (S

+), W̃ u
µ (AΘ̂∗

0
) and W̃ s

µ(AΘ̂∗
0
) have a triple

intersection at p∗> = (θ>,Θ>) ∈ Σ>
h∗ (see (3.7)) if
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• ∆u
S+(µ) and ∆s

∞(µ) intersect at p∗> = (θ>,Θ>) ∈ Σ>
h∗,

• ∆s
S−(µ) and ∆u

∞(µ) intersect at p∗< = (θ<,Θ<) ∈ Σ<
h∗ (in the usual sense),

• The point p∗> belongs to the unstable fiber within W u
µ (S

+) of a point (0, θ̄, π/2) ∈ S+ and the
point p∗< belongs to the stable fiber within W s

µ(S
−) of a point (0, θ̄,−π/2) ∈ S−.

Note that this can be phrased as saying that the continuous extension of the local map f̃ given in The-
orem 5.3 (see Remark 5.4) maps p∗< to p∗>. Moreover, note that f̃ maps ∆u

∞(µ) \ {p∗<} to a curve in Σ>
h∗

which as p∗> as endpoint. Then, we say that the triple intersection is transverse if this curve and the
curves ∆s

∞(µ),∆u
S+(µ) intersect pairwise transversally at p∗>.

Next proposition proves the existence of a transverse triple intersection at a suitable energy level. Note
that, since we parameterize the curves as graphs, the angles are taken in [−π/2, π/2].

Proposition 6.2. There exist µ0, δ0 > 0 such that, for any µ ∈ (0, µ0), δ ∈ (0, δ0), there is an angular
momentum Θ̂∗

0 satisfying
Θ̂∗

0 = Θ̂∗
0(µ, δ) = µ

(
M+(0) +O1(µ, δ

2)
)

(where M+ is defined in (3.11)) such that, for h = h∗(µ, δ) = −Θ̂∗
0

• The invariant manifold W̃ u
µ (AΘ̂∗

0
) intersects the section Σ>

h∗ and this intersection can be written

locally as graph as (θ,Θu,>
∞ (θ)) in a neighborhood of the image of the point p∗< ∈ ∆u

∞(µ) −⋔ ∆s
S−(µ)

under the (continuous extension of the) local map provided by Theorem 5.3.

• The invariant manifolds W u
µ (S

+), W̃ u
µ (AΘ̂∗

0
) and W̃ s

µ(AΘ̂∗
0
) intersect transversally at p∗> = (θ>,Θ>) ∈

Σ>
h∗ (see (3.7)) where

θ> = O1(µ, δ
2), Θ> = Θs

∞(θ>, Θ̂
∗
0) = Θu

S+(θ>) = Θu,>
∞ (θ>).

• For a fixed ε > 0 small enough independent of µ, denote by Bε(p
∗
>) ⊂ Σ>

h∗ a ε-neighborhood of p∗>,
and define the following C1-curves parameterized by θ

γs,>∞ (θ) =W̃ s
µ(AΘ̂∗

0
) ∩Bε(p

∗
>),

γu,>∞ (θ) =W̃ u
µ (AΘ̂∗

0
) ∩Bε(p

∗
>),

γu,>
S+ (θ) =W u

µ (S
+) ∩Bε(p

∗
>).

(6.1)

Hence, the angles

A = ∡(γu,>∞ (θ>)
′, γs,>∞ (θ>)

′), B = ∡(γu,>∞ (θ>)
′, γu,>

S+ (θ>)
′) (6.2)

(taken in [−π/2, π/2]) satisfy

−π
2
< A < B < 0, (6.3)

leading to the configuration depicted in Figure 6.1.

The proof of this proposition is divided into two parts: in Section 6.1 we prove that the triple intersec-
tion p∗> (in the sense of Definition 6.1) exists and in Section 6.2 we establish the transversality between
the curves in (6.1) in p∗> as well as the ordering given by (6.3). Now we prove Theorems 1.6 and 1.7
relying on Proposition 6.2.
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Proof of Theorems 1.6 and Theorem 1.7. At h = h∗, there exist transverse heteroclinic orbits be-
tween the stable invariant manifold of infinity and the unstable manifold of the collision set S and be-
tween the unstable manifold of infinity and the stable manifold of S which guarantees the existence of
a parabolic ejection/collision orbit. Moreover, this transversality ensures that, for h = h∗, the manifolds
W̃ s

µ(AΘ̂0
), W̃ u

µ (AΘ̂0
) also intersect transversally in the sense of Definition 6.1.

Then, one can adapt the construction done by Moser in [43] to our setting (see also the work of Simó
and Llibre in [34]; and the work of Guardia, Martin and Seara in [27]) to prove the existence of a hy-
perbolic set (at a suitable Poincaré section transverse to the flow) whose dynamics is conjugated to the
shift of infinite symbols and which accumulates to the invariant manifolds of infinity. This leads to the
existence of any combination of hyperbolic, parabolic, periodic and oscillatory orbits in forward and
backward time at the energy level h∗.

The classical Moser approach requires a transverse homoclinic point of the invariant manifolds of infin-
ity. This does not exist in the present setting since we only have a triple intersection point in the sense
of Definition 6.1. However, the Moser approach can be easily adapted to this setting. Let us explain
how.

First, recall that at the section Σ>
h∗ (within the energy level h = h∗), the curves γs,>∞ , γu,>∞ and γu,>

S+ in-
tersect transversally at p∗> (in the sense of Definition 6.1) and have the ordering depicted in Figure 6.1.
We define a return map from a suitable open domain in this section, which contains the triple intersec-
tion point at its closure.

Σ>
h∗

θ

Θ

p∗> γu,>
∞

′(θ>)

γs,>
∞

′(θ>)

γu,>

S+
′(θ>)

B

A

Figure 6.1: Representation of the “ordering of the invariant manifolds” given by the angles A and B in
(6.2). The region shaded in green represents the set D where the forward and backward return maps
to the section Σ>

h∗ are well defined. That is, the region where the construction made by Moser in [43] is
performed.

To this end, we consider first the following domains. Let us fix ε > 0 and consider the points p∗>, p
∗
<
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introduced in the Definition 6.1. Then, we define

• D> as the points in Σ>
h∗ , ε-close to p∗>, whose forward orbit hits Σ<

h∗ .

• D< as the points in Σ<
h∗ , ε-close to p∗<, whose backward orbit hits Σ>

h∗ .

To characterize the domains D> and D<, consider first two ε-neighborhoods of the intersection points
p∗> and p<, which we denote by Bε(p

∗
>) ⊂ Σ>

h∗ and Bε(p<) ⊂ Σ<
h∗ respectively.

The curve ∆s
∞(µ) in (3.1) intersects Bε(p

∗
>), dividing it into two connected open regions within Bε(p

∗
>).

By definition, ∆s
∞(µ) corresponds to points whose forward orbits are parabolic. As a result, one of

these regions contains points whose forward orbits escape infinity, classifying them as hyperbolic, while
the other region contains points whose forward orbits return and intersect the section Σ<

h∗ . The lat-
ter region, corresponding to the domain D>, is defined by points with smaller radial momentum than
those on the curve ∆s

∞(µ). Namely

D> =
{
(θ,Θ) ∈ Bε(p

∗
>) : R(δ

2, θ,Θ;h∗) < Rs
∞(θ)

}
⊂ Σ>

h∗

where
Rs

∞(θ) = R(δ2, θ,Θs
∞(θ), h∗) > 0

is obtained from the Hamiltonian (2.10).

Similarly, the curve ∆u
∞(µ) in (3.1) separates Bε(p

∗
<) into two connected components within Bε(p<). In

this case, the domain D< corresponds to the points with smaller radial momentum (in absolute value)
than those on ∆u

∞(µ). Therefore

D< =
{
(θ,Θ) ∈ Bε(p

∗
<) : R(δ

2, θ,Θ;h∗) > Ru
∞(θ)

}
⊂ Σ<

h∗

where
Ru

∞(θ) = R(δ2, θ,Θu
∞(θ), h∗) < 0 (6.4)

is also obtained from the Hamiltonian (2.10).

As the points in D< are close to p<, one can map this domain to Σ>
h∗ by means of the (continuous ex-

tension of the) local map analyzed in Theorem 5.3.

To this end, let (θ0, R0) denote an arbitrary point in D<. Then, we apply the changes of coordinates ψ
and ψ̃ introduced in (2.12) and (2.14) to translate the point into coordinates (θ, α) obtaining

α0 = − arcsin

(
δ (R0 + µ sin θ0)√
2(1− µ) + ρ(θ0)

)

where ρ(θ0) = ρ(δ, θ0) is defined in (2.15) and satisfies

ρ(θ) = O1(δ
6, µδ2).

Once in coordinates (θ, α), we apply the diffeomorphism Γ− from Proposition 5.1 to express the point
in coordinates (β̃, z) such that

β̃0 = α0 +
π

2
− ψ−(δ, y0), z0 = χ−1(δ, y0)

where
y0 = θ0 − 2

(
α0 +

π

2

)
36



and ψ− and χ− are defined in (5.12) and (5.15) respectively. Therefore, they are of the form

β̃0 = α0 +
π

2
+O2(δ), z0 = y0 +O3(δ).

Now we are ready to apply the transition map f̃ from Theorem 5.3 to the point (β̃0, z0), which leads to
the following point in Σ>

h∗ expressed in coordinates (ι̃, w)

(ι̃1, w1) =
(
−β̃0 (1 +O1(δ)) , z0 + β̃0O1(δ

2, β̃0)
)
.

Finally, we apply the inverse of the diffeomorphism Γ+ from Proposition 5.1 and the inverse of the
changes (2.12) and (2.14) to express it back to polar coordinates (θ,R) yielding

θ1 = χ+(δ, w1)− 2 (ι̃1 − ψ+(δ, χ+(δ, w1)))

R1 =
√

2(1− µ) + ρ(θ1) sin
(
ι̃1 + ψ+(δ, χ+(δ, w1)) +

π

2

)
− µ sin θ1

where ψ+ and χ+ are defined in (5.22) and (5.24) respectively. They satisfy

θ1 = θ0 +O2(δ), R1 = −R0 +O2(δ).

This result gives the domain D̃<, defined as

D̃< =
{
(θ,R) ∈ Bε(p

∗
>) : R < Ru,>

∞ (θ)
}
⊂ Σ>

h∗ ,

where Ru,>
∞ (θ) corresponds to the image through the continuous extension of the transition map of

Ru
∞(θ) in (6.4).

Alternatively, by the conservation of the Hamiltonian (2.10), the domains D> and D̃< can be also de-
fined as

D> = {(θ,Θ) ∈ Bε(p
∗
>) : Θ < Θs

∞(θ)} ⊂ Σ>
h∗ ,

D̃< =
{
(θ,Θ) ∈ Bε(p

∗
>) : Θ < Θu,>

∞ (θ)
}
⊂ Σ>

h∗ ,

where Θu,>
∞ (θ) is introduced in Proposition 6.2.

Recall that Proposition 6.2 gives the “ordering” of the invariant manifolds at the triple intersection. It
implies that the transition of the points from D< to D̃< has not gone through collision. Therefore, the
domain D = D> ∩ D̃< contains points in Σ>

h∗ , ε-close to p∗>, whose backward and forward orbit hit Σ>
h∗ .

Hence, proceeding as Moser in [43], one can analyze the return map in the domain D and prove that

• There exists a hyperbolic set which accumulates to the triple intersection point p∗>. Note that in
the domain D the return map is well-defined. The only difference between the classical setting
and the present one is the passage close to collision. However, by Theorem 5.3 we have a very
precise description of local map close to collision, which in good coordinates is close to the iden-
tity (in C1 regularity). This allows to apply the approach in [43], which leads to a hyperbolic set
homeomorphic to NZ whose dynamics is conjugated to the shift of infinite symbols. Moreover,
this set contains the triple intersection in its closure. Indeed, the symbols in the sequence NZ la-
bels the closeness of the corresponding orbit to the invariant manifolds. The higher the symbol,
the closer is the point to the invariant manifold.

Then, unbounded (forward and backward) sequences in NZ correspond to oscillatory orbits which
accumulate also to collision. Periodic sequences correspond to periodic orbits which by taking
high enough symbols can be as large and as close to collision as prescribed.
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• The complement of D within Bε(p
∗
>) contains points whose orbits are either parabolic or hyper-

bolic. As shown in [43], the image of D under the return map hits both ∂D and Bε(p
∗
>) \ D (both

forward and backward in time). Then, one can construct parabolic and hyperbolic excursions af-
ter any given number of returns to the section. Moreover, since this analysis can be done both for
the forward and backward return maps, one can combine any future and past final motions.

6.1 Existence of the triple intersection

Fix µ > 0 small enough. Then, for any θ+ ∈ U+, fix an energy level h = −Θ̂0 = −µΘ̄0 = µM+(θ
+−wΣ)

so that Theorem 3.3 holds and consider the point

p< = p<(θ
+, µ) = (θ<(θ

+, µ),Θ<(θ
+, µ)) ∈ ∆s

S−(µ)
−⋔ ∆u

∞(µ), (6.5)

where Θ<(θ
+, µ) = Θu

∞(θ<(θ
+, µ), Θ̂0) = Θs

S−(θ<(θ
+, µ)).

Since the changes of coordinates ψ, ψ̃ (defined in (2.12) and (2.14)) and Γ− (defined in (5.2)) are dif-
feomorphisms, we can apply Theorem 5.3 and Remark 5.4 so that the (continuous extension of the)

transition map f̃ sends p̃s =
(
Γ− ◦ ψ̃ ◦ ψ

)
(p<) to a point p̃u ∈ Σ̃>

h ∩ W u
µ (S

+) defined in (5.28).

Then, applying the change of coordinates Γ+ in (5.5), this point can be written as pu> = (θu>,Θ
u
>) =(

ψ−1 ◦ ψ̃−1 ◦ Γ−1
+

)
(p̃u), and therefore Θu

> = Θu
S+(θ

∗
>). Abusing notation (in the same sense as in Defi-

nition 6.1) we say that pu> ∈ ∆u
S+(µ)

−⋔ W̃ u
µ (AΘ̂0

). In particular, the θ-component of both points can be
related as

θu> = θu>(θ
+, µ, δ) = θ<(θ

+, µ) +O2(δ).

To guarantee the triple intersection we need that pu> = p>(θ
+, µ) ∈ ∆u

S+(µ)
−⋔ ∆s

∞(µ) from Theorem
3.3. Namely, we look for θ+ such that

θu>(θ
+, µ, δ) = θ>(θ

+, µ) (6.6)

which is equivalent to solve
θ+ +O1(µ, δ

2) = 0, (6.7)

given that wΣ in (3.5) is of order δ3.

Hence, the Implicit Function Theorem ensures that there exist µ0, δ0 > 0 such that, for all (µ, δ) ∈
(0, µ0) × (0, δ0), there exists a unique θ+(µ, δ) with θ+(0, 0) = 0 satisfying (6.7) and therefore (6.6).
Since θ+(µ, δ) ∈ U+ for µ, δ > 0 small enough (see Theorem 3.3), the point

p∗> = (θ>(µ, δ),Θ>(µ, δ)), Θ>(µ, δ) = Θu
S+(θ>(µ, δ)) (6.8)

belongs to W̃ s
µ(AΘ̂∗

0
) ∩ W̃ u

µ (AΘ̂∗
0
) ∩W u

µ (S
+) at

h∗ = h(µ, δ) = −Θ̂∗
0(µ, δ) = µM+(θ

+(µ, δ)− wΣ) = µ(M+(0) +O1(µ, δ
2)). (6.9)

6.2 Transversality and ordering at the triple intersection

From now on, we consider h∗ as in (6.9), and use the expression for θ> given in Theorem 3.3 with the
value of θ+ obtained in (6.7) and denote by

θ> = θ>(µ, δ) = θ+(µ, δ)− wΣ +O1(µ) = O1(µ, δ
2) ∈ I+3

10

(wΣ) ∩ I−3
10

(wΣ),

θ< = θ<(µ, δ) = θ>(µ, δ) +O2(δ) = θ> +O2(δ) = O1(µ, δ
2) ∈ I+3

10

(wΣ) ∩ I−3
10

(wΣ),

d±(θ) = d±(θ, Θ̂
∗
0), Θu,s

∞ (θ) = Θu,s
∞ (θ, Θ̂∗

0),

(6.10)
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the θ-components of p< and p∗> in (6.5) and (6.8) respectively, the distances in (3.9) and the values
of the angular momenta of the points in ∆u,s

∞ (µ). For a fixed ε > 0 small enough, we consider an ε-
neighborhood of θ> containing θ< (see (6.10)) which we denote Bε(θ>), and the following C1-curves

γu,<∞ =
{
(θ,Θu

∞(θ)) : θ ∈ Bε(θ>)
}
⊂ ∆u

∞(µ) ⊂ Σ<
h∗ ,

γs,<
S− =

{
(θ,Θs

S−(θ)) : θ ∈ Bε(θ>)
}
⊂ ∆s

S−(µ) ⊂ Σ<
h∗ ,

γs,>∞ =
{
(θ,Θs

∞(θ)) : θ ∈ Bε(θ>)
}
⊂ ∆s

∞(µ) ⊂ Σ>
h∗ ,

γu,>
S+ =

{
(θ,Θu

S+(θ)) : θ ∈ Bε(θ>)
}
⊂ ∆u

S+(µ) ⊂ Σ>
h∗ .

(6.11)

Observe that γu,<∞ , γs,>∞ and γu,>
S+ are the curves in (6.1).

Note that, by Theorem 3.3, these curves satisfy

p<(µ, δ) ∈ γu,<∞
−⋔ γs,<

S− , p>(µ, δ) ∈ γs,>∞
−⋔ γu,>

S+ .

Moreover, in Section 6.1 we have seen that

p>(µ, δ) = p∗> = (θ>,Θ
u
S+(θ>)) ∈ ∆u

S+(µ) ∩∆s
∞(µ) ∩ W̃ u

µ (AΘ̂∗
0
) ∈ Σ>

h∗ . (6.12)

Then, the following lemma (whose proof is done in Appendix D) gives us information regarding the im-
age of γu,<∞ through the transition map f̃ obtained in Theorem 5.3, translated into coordinates (θ,Θ).

Lemma 6.3. Denote by

γu,>∞ =
(
ψ−1 ◦ ψ̃−1 ◦ Γ−1

+ ◦ f̃ ◦ Γ− ◦ ψ̃ ◦ ψ
)
◦ γu,<∞ ⊂ Σ>

h∗

where γu,<∞ is the curve in (6.11) and

• The diffeomorphisms ψ and ψ̃ are defined in (2.12) and (2.14) respectively.

• The diffeomorphisms Γ− and Γ+ are given in Proposition 5.1.

• The transition map f̃ from Σ<
h∗ to Σ>

h∗ is given in Theorem 5.3.

Then, the curve γu,>∞ can be written as a graph as

γu,>∞ =
{(
θ,Θu,>

∞ (θ)
)
: θ ∈ Bε(θ>)

}
,

where the function Θu,>
∞ (θ) satisfies

Θu,>
∞ (θ) = Θu

S+(θ) +O1(µδ),

Θu,>
∞

′(θ>) = Θu
S+

′(θ>) + d′−(θ>) +O1(µδ
2),

(6.13)

where d−(θ) is defined in (6.10).

As a result, the transversality condition of the triple intersection is guaranteed once we prove that

Θu
S+

′(θ>)−Θs
∞

′(θ>) ̸= 0

Θs
∞

′(θ>)−Θu,>
∞

′(θ>) ̸= 0

Θu
S+

′(θ>)−Θu,>
∞

′(θ>) ̸= 0.
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By (3.8) and (6.13), these inequalities can be written as

Θu
S+

′(θ>)−Θs
∞

′(θ>) = −d′+(θ>) ̸= 0,

Θu
S+

′(θ>)−Θu,>
∞

′(θ>) = −d′−(θ>) +O1(µδ
2) ̸= 0,

Θs
∞

′(θ>)−Θu,>
∞

′(θ>) = d′+(θ>)− d′−(θ>) +O1(µδ
2) ̸= 0.

(6.14)

Using (6.10), the first and second inequalities are given by the first and second items of Theorem 3.3
respectively. Finally; by (3.9), (3.10) and (3.12) we have

d′+(θ>) = −d′−(θ>) = µ
(
M′

+(0) +O1(µ, δ
2)
)
, (6.15)

and therefore the third inequality can be written as

µ
(
2M+

′(0) +O1(µ, δ
2)
)
̸= 0.

Lemma 3.2 implies this inequality for µ, δ small enough.

Following (6.14) and (6.15), we compute the angles in (6.2) as follows

sinA =
Θs

∞
′(θ>)−Θu,>

∞ ′(θ>)√(
1 + (Θs

∞
′(θ>))

2
)(

1 +
(
Θu,>

∞ ′(θ>)
)2) =

µ
(
2M′

+(0) +O1(µ, δ
2)
)√(

1 + (Θs
∞

′(θ>))
2
)(

1 +
(
Θu,>

∞ ′(θ>)
)2)

sinB =
Θu

S+
′(θ>)−Θu,>

∞ ′(θ>)√(
1 +

(
Θu

S+
′(θ>)

)2)(
1 +

(
Θu,>

∞ ′(θ>)
)2) =

µ
(
M′

+(0) +O1(µ, δ
2)
)√(

1 +
(
Θu

S+
′(θ>)

)2)(
1 +

(
Θu,>

∞ ′(θ>)
)2) .

Lemma 3.2 ensures that M′
+(0) < 0, leading to (6.3). See Figure 6.1 to see the relative position of the

curves.
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A Proof of Lemma 3.2

The proof of Lemma 3.2 is computer-assisted. We rely on the CAPD libraries developed in [30].

We compute the integrals involved in the derivative of the Melnikov function M+(θ) in (3.11) (the re-
sult for M−(θ) follows from (3.12)), which can be written as

d

dθ
M+(θ) = I1(θ)− I2(θ), (A.1)

with

I1(θ) = κ

∫
+∞

0

 s
2
3 cos (θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 3
2

− 3κs
4
3 sin2(θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 5
2

 ds,

I2(θ) =
√

2

κ

∫
+∞

0

sin(θ − s)

s
1
3

ds,

(A.2)

where κ = 3
2
3

2
1
3
.

Note that I2(θ) can be computed explicitly (by means of a Laplace transform)

I2(θ) =
√

2

κ
Γ

(
2

3

)(
sin θ

2
−

√
3

2
cos θ

)
. (A.3)

To compute I1(θ) we proceed as follows. We consider two constants c, C > 0 and we split it as

κ−1I1(θ) = i(0, c; θ) + i(c, C; θ) + i(C,+∞; θ)
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with

i(0, c; θ) =

∫
c

0

 s
2
3 cos (θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 3
2

− 3κs
4
3 sin2(θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 5
2

 ds,

i(c, C; θ) =

∫
C

c

 s
2
3 cos (θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 3
2

− 3κs
4
3 sin2(θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 5
2

 ds,

i(C,+∞; θ) =

∫
+∞

C

 s
2
3 cos (θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 3
2

− 3κs
4
3 sin2(θ − s)(

1 + κ2s
4
3 − 2κs

2
3 cos(θ − s)

) 5
2

 ds.

(A.4)

Taking c <
(
1
κ

) 3
2 < C, we have the following uniform bounds for i(0, c; θ) and i(C,+∞; θ)

|i(0, c; θ)| ≤

∫
c

0

 s
2
3(

1− κs
2
3

)3 +
3κs

4
3(

1− κs
2
3

)5
 ds ≤ 3

5

c
5
3(

1− κc
2
3

)3 +
9κ

7

c
7
3(

1− κc
2
3

)5 ,
|i(C,+∞; θ)| ≤

∫
+∞

C

 1

s
4
3

(
κ− s−

2
3

)3 +
3κ

s2
(
κ− s−

2
3

)5
 ds

≤ 3

C
1
3

(
κ− C− 2

3

)3 +
3κ

C
(
κ− C− 2

3

)5 .
(A.5)

From these estimates, we can obtain the intervals where I1 and I2 in (A.2) belong using computer
computations1.

Figure A.1: Representation of M′
+(θ) from the computer assisted algorithm.

To this end note that, to have a well-defined formula for M+(θ), the conditions of Theorem 3.1 must
be satisfied. In particular, we have to consider values of θ ∈ I+D(wΣ) defined in (2.32) (with wΣ given in

(3.5)). In our case, we have taken θ ∈ T−
(√

2
3 − 0.45,

√
2
3 + 0.45

)
⊂ I+D(wΣ) for D = 0.3.

1The code to compute the expressions in (A.4) and the data plotted in Figure A.1 can be found at
https://github.com/JoseLamasRodriguez/CAPD-Code.git.
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For the estimates in (A.5), we have considered c = 0.001 and C = 100. Smaller values of c or higher
values of C may result in better approximations for the derivative M′

+(θ) in (A.1) at the expense of
increased computational time to evaluate i(c, C; θ), defined in (A.4). Finally, the integral i(c, C; θ) is
estimated using a computer-assisted algorithm.

The provided implementation iterates through a range of angles, dividing it into N = 10000 equidistant
intervals of size 2π

N + eps, where eps = 10−5 is introduced to ensure that these intervals intersect with

one another. For each angle within the range, the code ensures that it belongs to T−
(√

2
3 − 0.45,

√
2
3 + 0.45

)
where, as previously stated, the Melnikov function can be computed. It then estimates the integrals
I1 and I2 defined in (A.2), where I1 is estimated using the previous results and I2 is estimated from
(A.3). Finally, the difference between these integrals, and therefore the derivative M′

+(θ), is computed
and written in the corresponding files.

As a result, we obtain the representation of M′
+(θ) depicted in Figure A.1. Moreover,

M′
+(0) ∈ [−5.15341,−4.56572].

B Proof of Lemma 5.5 and Lemma 5.8

The first part of this section is devoted to prove Lemma 5.5. The proof is divided into two parts. The
first part consists on finding the curve γ̃1 in (5.30). Then, we show that the tangent vector γ̃′1 is of the
form (5.31). Both proofs rely on a fixed point argument.

To study the evolution of the curve γ̃in defined in (5.27), instead of using equation (5.3), we consider
the equations of the orbits

ds

dβ̃
= − s

β̃

(
1 + G̃s(s, β̃, z)

)
dz

dβ̃
=

2

m0
sG̃z(s, β̃, z),

(B.1)

where G̃s and G̃z satisfy

G̃s(s, β̃, z) = O1(s, β̃), G̃z(s, β̃, z) = 4λ(µ, h)s+O3(s, β̃),

∂sG̃s(s, β̃, z) = O0(s), ∂sG̃z(s, β̃, z) = 4λ(µ, h) +O2(s, β̃),

∂zG̃s(s, β̃, z) = O1(s, β̃), ∂zG̃z(s, β̃, z) = O3(s, β̃),

(B.2)

and λ(µ, h) = µ2+2h+2µ
4m0

. For simplicity we denote λ = λ(µ, h).

We denote by Φβ̃(s0, β̃0, z0) the general solution of (B.1). Then,

γ̃1(ν) = (s1(ν), δ, z1(ν)) = Φδ(δ, ν, zin(ν)).

To compute the functions s1 and z1, we analyze the evolution of Φβ̃ from β̃ = ν to β̃ = δ by a fixed
point argument.

To this end, for fixed ν ∈ (0, σ], we consider the set of continuous functions f : [ν, δ] → R and two
different norms: the classical supremum norm, which we denote by ∥ · ∥, and

||f ||Zs = sup
β̃∈[ν,δ]

(
β̃

δν

∣∣∣f(β̃; ν)∣∣∣) ,
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We denote by C0 and Zs the associated Banach spaces.

Hence, the functional space Zs × C0 is also a Banach space under the norm

||(fs, fz)||Zs×C0 = max (||fs||Zs , ||fz||) .

Now we define the following operator acting on Zs × C0

F : Zs × C0 → Zs × C0

(fs, fz) 7→ F(fs, fz) =
(
F1(fs, fz),F2(fs, fz)

)
,

(B.3)

with

F1(fs, fz) = δ
ν

β̃
exp

(
−
∫ β̃

ν

G̃s(fs(α; ν), α, fz(α; ν))

α
dα

)

F2(fs, fz) = zin(ν) +
2

m0

∫ β̃

ν
fs(α; ν) · G̃z(fs(α; ν), α, fz(α; ν)) dα,

(B.4)

which corresponds to the solution Φβ̃(δ, ν, zin(ν)) of the equations of the orbits of (B.1) such that at
the initial time β̃ = ν satisfy s = δ and z = zin(ν).

Once we have defined the operator, a fixed point theorem argument allows us to estimate the compo-
nents s1(δ; ν) and z1(δ; ν) in (5.30) and prove the first part of the lemma.

Relying on the estimates in (B.2), we can estimate F(0, 0) by

||F1(0, 0)||Zs ≤ sup
β̃∈[ν,δ]

exp

(
−
∫ β̃

ν

G̃s(0, α, 0)

α

)
≤ eC(δ−ν) ≤ eCδ

||F2(0, 0)|| = |zin(ν)|.

for some constant C > 0. Therefore,

||F(0, 0)||Zs×C0 ≤ max

(
eCδ, max

ν∈(0,σ]
|zin(ν)|

)
=M.

We define now the ball

B2M = {(fs, fz) ∈ Zs × C0 : ||(fs, fz)||Zs×C0 < 2M},

and we prove that the operator F is Lipschitz in B2M .

Consider (fs, fz), (gs, gz) ∈ B2M . The norm ||F1(fs, fz)−F1(gs, gz)||Zs can be estimated as follows

||F1(fs, fz)−F1(gs, gz)||Zs

≤

∣∣∣∣∣exp
(
−
∫ β̃

ν

G̃s(fs, α, fz)

α
dα

)
− exp

(
−
∫ β̃

ν

G̃s(gs, α, gz)

α
; dα

)∣∣∣∣∣
≤

∣∣∣∣∣exp
(
−
∫ β̃

ν

G̃s(gs, α, gz)

α
dα

)∣∣∣∣∣ ·
∣∣∣∣∣exp

(∫ β̃

ν

G̃s(gs, α, gz)− G̃s(fs, α, fz)

α
dα

)
− 1

∣∣∣∣∣
≤

∣∣∣∣∣exp
(
−
∫ β̃

ν

G̃s(gs, α, gz)

α
dα

)∣∣∣∣∣
·

∣∣∣∣∣
∫ ν

β̃

G̃s(fs, α, fz)− G̃s(gs, α, gz)

α
dα

∣∣∣∣∣ · exp
(∣∣∣∣∣
∫ ν

β̃

G̃s(fs, α, fz)− G̃s(gs, α, gz)

α
dα

∣∣∣∣∣
)
.

(B.5)
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We now use the following properties, satisfied for any (fs, gs) ∈ Zs and any α ∈ [ν, β̃] (we recall that
β̃ ∈ [ν, δ])

|gs(α; ν)| ≤
δν

α
||gs||Zs ≤ 2M

δν

α
≤ 2Mδ,

|fs(α; ν)− gs(α; ν)| ≤
δν

α
||fs(α; ν)− gs(α; ν)||Zs .

(B.6)

The last inequality of gs(α; ν) is written to stress the fact that any function in Zs is small (of size δ) in
terms of | · |. Clearly, the function fs satisfies the same bound.

Therefore, by (B.2), the first factor in the last term in (B.5) can be estimated as∣∣∣∣∣exp
(
−
∫ β̃

ν

G̃s(gs(α; ν), α, gz(α; ν))

α
dα

)∣∣∣∣∣ ≤ exp

(
C

∫ ν

β̃

(
|gs(α; ν)|

α
+ 1

)
dα

)
≤ exp

(
C

∫ ν

β̃

(
2Mδν

α2
+ 1

)
dα

)
≤ exp

(
2CMδν

[
1

ν
− 1

β̃

]
+ C|ν − β̃|

)
≤ eC(2M+1)δ,

(B.7)

for some constant C > 0.

For the rest of the estimates we use the following result, which is a consequence of (B.2) and (B.6).
The function

ht(α; ν) = (hts(α; ν), α, h
t
z(α; ν)) = (tfs(α; ν) + (1− t)gs(α; ν), α, tfz(α; ν) + (1− t)gz(α; ν)),

satisfies

|hts| ≤ 2M
δν

α
≤ 2Mδ, |htz| ≤ 2M.

Then, there exists a constant C > 0 such that∣∣∣G̃s(fs, α, fz)− G̃s(gs, α, gz)
∣∣∣ ≤ ∫ 1

0

(∣∣∣∂sG̃s(h
t)
∣∣∣ · |fs − gs|+

∣∣∣∂zG̃s(h
t)
∣∣∣ · |fz − gz|

)
dt

≤ C
δν

α
||fs − gs||Zs + C

(
2Mδν

α
+ α

)
||fz − gz||.

Then, the second factor can be bounded as follows∣∣∣∣∣
∫ ν

β̃

G̃s(fs, α, fz)− G̃s(gs, α, gz)

α
dα

∣∣∣∣∣ ≤
∫ ν

β̃

|G̃s(fs, α, fz)− G̃s(gs, α, gz)|
α

dα

≤ Cδν||fs − gs||Zs

∫ ν

β̃

1

α2
dα+ C||fz − gz||

∫ ν

β̃

(
1 +

2Mδν

α2

)
dα

≤ C(2M + 1)δ (||fs − gs||Zs + ||fz − gz||) .

(B.8)

Finally, the last factor can be bounded as

exp

(∣∣∣∣∣
∫ ν

β̃

G̃s(fs, α, fz)− G̃s(gs, α, gz)

α
dα

∣∣∣∣∣
)

≤ e8CM(2M+1)δ, (B.9)

which follows from (B.8).

Estimates (B.7), (B.8) and (B.9) yield the following bound for the norm ||F1(fs, fz)−F1(gs, gz)||Zs

||F1(fs, fz)−F1(gs, gz)||Zs ≤ δK1 (||fs − gs||Zs + ||fz − gz||) ,
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with K1 = C(2M + 1)e(8M+1)(2M+1)Cδ.

On the other hand, the norm ||F2(fs, fz)−F2(gs, gz)|| can be bounded as follows.

First note that proceeding as for the other component,∣∣∣G̃z(fs, α, fz)− G̃z(gs, α, gz)
∣∣∣

≤ δν

α
C
(
4λ+ (|fs|+ |gs|)2 + α2

)
||fs − gs||Zs + C

(
(|fs|+ |gs|)3 + α3

)
||fz − gz||

≤ C
δν

α

(
4λ+ 16M2 δ

2ν2

α2
+ α2

)
||fs − gs||Zs + C

(
64M3 δ

3ν3

α3
+ α3

)
||fz − gz||.

(B.10)

Therefore,

||F2(fs, fz)−F2(gs, gz)|| ≤
2

m0

∣∣∣∣∣
∫ β̃

ν

(
fs · G̃z(fs, α, fz)− gs · G̃z(gs, α, gz)

)
dα

∣∣∣∣∣
≤ 2

m0

∫ β̃

ν
|fs − gs| · |G̃z(fs, α, fz)| dα+

2

m0

∫ β̃

ν
|gs| ·

∣∣∣G̃z(fs, α, fz)− G̃z(gs, α, gz)
∣∣∣ dα.

The first term can be estimated as

2

m0

∫ β̃

ν
|fs − gs| · |G̃z(fs, α, fz)| dα ≤ 2

m0
δν||fs − gs||Zs

∫ β̃

ν

4λ|fs|+ C
(
|fs|3 + α3

)
α

dα

≤ 2

m0
δ2ν

(
8Mλ+ C

(
8M3 + 1

)
δ2
)
||fs − gs||Zs ≤ δk1||fs − fg||Zs

and the second as

2

m0

∫ β̃

ν
|gs| ·

∣∣∣G̃z(fs, α, fz)− G̃z(gs, α, gz)
∣∣∣ dα

≤

(
16MC

m0
λδ2ν2

∫ β̃

ν

dα

α2
+

64M3C

m0
δ4ν4

∫ β̃

0

dα

α4
+

4MC

m0
δ2ν2

)
||fs − gs||Zs

+

(
256M4C

m0
δ4ν4

∫ β̃

ν

dα

α4
+

4MC

m0
δ4ν

)
||fz − gz|| ≤ δ (k2||fs − gs||Zs + k3||fz − gz||) ,

where we have used (B.2), (B.6) and (B.10), and k1, k2, k3 are defined as

k1 =
2

m0
δν
(
8Mλ+ C

(
8M3 + 1

)
δ2
)
,

k2 =
4MC

m0
δν
(
4λ+ 16M2δ2 + ν

)
,

k3 =
4MC

m0
δ3ν

(
64M3 + 1

)
.

Denote by K = max (K1,max(k1, k2, k3)). Then

||F(fs, fz)−F(gs, gz)||Zs×C0 ≤ δK (||fs − gs||Zs + ||fz − gz||)
≤ 2δK||(fs, fz)− (gs, gz)||Zs×C0 .

That is, for δ > 0 such that 2Kδ < 1/2, the operator F is contractive and satisfies F(B2M ) ⊂ B2M .
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Then, the Banach fixed point theorem ensures that there exists a unique fixed point in B2M for the
operator F in (B.3), which we denote by (s(β̃, ν), z(β̃, ν)) and satisfies∣∣∣s(β̃, ν)∣∣∣ ≤ 2M

δν

β̃
and

∣∣∣z(β̃, ν)∣∣∣ ≤ 2M. (B.11)

Moreover
||(s, z)−F(0, 0)||Zs×C0 = ||F(s, z)−F(0, 0)||Zs×C0 ≤ 4MKδ.

Therefore, for all β̃ ∈ [ν, δ],

|s(β̃; ν)−F1(0, 0)(β̃; ν)| ≤ δν

β̃
||(s, z)−F1(0, 0)||Zs ≤ 4MKδ2

ν

β̃

so, using that (B.2), we can write s(β̃, ν) as

s(β̃; ν) = F1(0, 0) +O
(
δ2
ν

β̃

)
= δ

ν

β̃
exp

(
−
∫ β̃

ν

G̃s(0, α, 0)

α
dα

)
+O

(
δ2
ν

β̃

)
=
ν

β̃
δ (1 +O (δ)) .

(B.12)

To obtain an expression for z(β̃; ν), we can replace (B.12) in the integral equation for z(β̃; ν) in (B.4)
obtaining

|z(β̃; ν)− zin(ν)| =
2

m0

∣∣∣∣∣
∫ β̃

ν
s(α; ν) · G̃z(s(α; ν), α, z(α; ν)) dα

∣∣∣∣∣
≤ 2

m0

∫ β̃

ν

(
2M

δν

α

(
4λ|s(α; ν)|+ C

(
|s(α; ν)|3 + α3

)))
dα ≤ 4Mδν

m0

∫ β̃

ν

8Mλ δν
α + C

(
8M3 δ3ν3

α3 + α3
)

α
dα

≤ 32M2

m0
λδ2ν +

32M4C

m0
δ4ν +

4MC

m0
δ5ν,

where we used (B.2) and the fact that s(α; ν) ∈ Zs (and therefore satisfies (B.6)), leading to (5.30) and
finishing the first part of the proof.

For the second part of the proof concerning the existence and expression of the tangent vector γ̃′1(ν) in
(5.31) at the point γ̃1(ν), we rake formally the corresponding derivative on the integral equations for
s(β̃; ν) and z(β̃; ν) in (B.4). We denote by s∂(β̃; ν) = d

dν s(β̃; ν) and z∂(β̃; ν) = d
dν z(β̃; ν) respectively,

and they have the following expressions

s∂(β̃; ν) =
s(β̃; ν)

ν

(
1 + G̃s(δ, ν, zin(ν))− ν

∫ β̃

ν

∂sG̃s(s, α, z) · s∂(α; ν) + ∂zG̃s(s, α, z) · z∂(α; ν)
α

dα

)

z∂(β̃; ν) =z
′
in(ν)−

2δ

m0
G̃z(δ, ν, zin(ν)) +

2

m0

∫ β̃

ν

(
s∂(α; ν) · G̃z(s, α, z) + s(α; ν)

(
∂sG̃z(s, α, z) · s∂(α; ν)

+ ∂zG̃z(s, α, z) · z∂(α; ν)
))

dα.

where s, z refer to s(α; ν), z(α; ν) respectively.
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To estimate the solutions, we proceed as before. To this end, for fixed ν ∈ (0, σ], we consider the set of
continuous functions f : [ν, δ] → R and two different norms: the classical supremum norm and

||f ||Z∂
= sup

β̃∈[ν,δ]

(
β̃

δ

∣∣∣f(β̃; ν)∣∣∣) ,
We denote by C0 and Z∂ the associated Banach spaces. Hence, the functional space Z∂ × C0 is also a
Banach space under the norm

||(fs, fz)||Z∂×C0 = max (||fs||Z∂
, ||fz||) .

Now we define the following affine operator acting on Z∂ × C0

F∂ : Z∂ × C0 → Z∂ × C0

(fs, fz) 7→ F∂(fs, fz) =
(
F1
∂ (fs, fz),F2

∂ (fs, fz)
)
,

with

F1
∂ (fs, fz) =

s(β̃; ν)

ν

(
1 + G̃s(δ, ν, zin(ν))− ν

∫ β̃

ν

∂sG̃s(s, α, z) · fs + ∂zG̃s(s, α, z) · fz
α

dα

)

F2
∂ (fs, fz) = z′in(ν)−

2δ

m0
G̃z(δ, ν, zin(ν))

+
2

m0

∫ β̃

ν

(
fs · G̃z(s, α, z) + s(α; ν)

(
∂sG̃z(s, α, z) · fs + ∂zG̃z(s, α, z) · fz

))
dα,

which is well-defined and continuous.

Once we have defined the operator F∂ , we prove it has a fixed point. We start estimating F∂(0, 0).
Each component satisfies

||F1
∂ (0, 0)||Z∂

= sup
β̃∈[ν,δ]

(
β̃

δ

∣∣∣∣∣s(β̃; ν)ν

(
1 + G̃s(δ, ν, zin(ν))

)∣∣∣∣∣
)

≤ 2M (1 +O1(δ, ν)) ≤ 4M

||F2
∂ (0, 0)|| ≤

∣∣∣∣z′in(ν)− 2δ

m0
G̃z(δ, ν, zin(ν))

∣∣∣∣ ≤ |z′in(ν)|+
2

m0
δ2
(
4λ+ 2Cδ2

)
,

obtained from (B.2) and the estimate of s(β̃; ν) in (B.11). Therefore

||F∂(0, 0)||Z∂×C0 ≤ max

(
4M, max

ν∈(0,σ]
|z′in(ν)|+

2

m0
δ2
(
4λ+ 2Cδ2

))
=M∂ .

We define then the following ball

B2M∂ = {(fs, fz) ∈ Z∂ × C0 : ||(fs, fz)||Z∂×C0 < 2M∂},

and we prove that the operator F∂ is Lipschitz in B2M∂ .
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Take (fs, fz), (gs, gz) ∈ B2M∂
. Then, the norm ||F1

∂ (fs, fz)−F1
∂ (gs, gz)||Z∂

can be bounded as follows

||F1
∂ (fs, fz)−F1

∂ (gs, gz)||Z∂

≤ sup
β̃∈[ν,δ]

∣∣∣∣∣ β̃δ · s(β̃; ν)
∫ β̃

ν

∂sG̃s(s, α, z) · (fs − gs)− ∂zG̃s(fs, α, fz) · (fs − gs)

α
dα

∣∣∣∣∣
≤2Mν

∫ β̃

ν

|∂sG̃s(s, α, z)| · |fs − gs|+ |∂zG̃s(s, α, z)| · |fz − gz|
α

dα

≤2CMν

∫ β̃

ν

|fs − gs|
α

dα

+ 2CMν

∫ β̃

ν

(|s(α; ν)|+ α)|fz − gz|
α

dα ≤ 2CMδ (||fs − gs||Zs + ν (2M + 1) ||fz − gz||) ,

where we have used (B.2), that s(α; ν) ∈ Zs and therefore satisfies (B.11) and also that, since fs, gs ∈
Z∂ , for all α ∈ [ν, β̃]

|fs(α; ν)− gs(α; ν)| ≤
δ

α
||fs − gs||Z∂

. (B.13)

Therefore, if we define K1 = 2CM max(1, ν(2M + 1)), we obtain the following estimate

||F1
∂ (fs, fz)−F1

∂ (gs, gz)||Z∂
≤ δK1 (||fs − gs||Z∂

+ ||fz − gz||) .

On the other hand, the norm ||F2
∂ (fs, fz)−F2

∂ (gs, gz)|| is bounded as follows

||F2
∂ (fs, fz)−F2

∂ (gs, gz)||

≤ 2

m0

∫ β̃

ν

(
|G̃z(s, α, z)| · |fs − gs|+ |s(α; ν)|

(
|∂sG̃z(s, α, z)| · |fs − gs|+ |∂zG̃z(s, α, z)| · |fz − gz|

))
dα

≤ 2

m0
δ||fs − gs||Z∂

∫ β̃

ν

|G̃z(s, α, z)|
α

dα

+
2

m0
δ||fs − gs||Z∂

∫ β̃

ν

|s(α; ν)|
α

· |∂sG̃z(s, α, z)| dα+ ||fz − gz||
∫ β̃

ν
|s(α; ν)| · |∂zG̃z(s, α, z)| dα.

Then, for the first term, we use that∫ β̃

ν

|G̃z(s, α, z)|
α

dα ≤
∫ β̃

ν

4λ|s(α; ν)|+ C(|s(α; ν)|3 + α3)

α
dα ≤ k1,

with k1 = 2Mδ2
(
8Mλ+ Cδ2

(
8M3 + νδ

))
. For the second term,∫ β̃

ν

|s(α; ν)|
α

· |∂sG̃z(s, α, z)|dα ≤ 2Mδν

∫ β̃

ν

4λ+ C
(
|s(α; ν)|2 + α2

)
α2

dα ≤ k2,

with k2 = 2Mδ
(
4λ+ Cδ

(
4M2δ + ν

))
and, for the third,∫ β̃

ν
|s(α; ν)| · |∂zG̃z(s, α, z)|dα ≤ k3δ,

with k3 = 2MCδ3ν
(
8M3 + 1

)
.

To obtain these estimates, we have used the results in (B.2) and the fact that s(α; ν) satisfies (B.11)

and (B.13). Hence, if we denote by K2 = max
(

2
m0
k1,

2
m0
k2, k3

)
, we have

||F2
∂ (fs, fz)−F2

∂ (gs, gz)|| ≤ δK2 (||fs − gs||Z∂
+ ||fz − gz||) ,
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leading to the following estimate of ||F∂(fs, fz)−F∂(gs, gz)||Z∂×C0

||F∂(fs, fz)−F∂(gs, gz)||Z∂×C0 ≤ 2δK||(fs, fz)− (gs, gz)||Z∂×C0 ,

with K = max(K1,K2), proving that, taking δ small enough, it is contractive and satisfies F∂(B2M∂ ) ⊂
B2M∂ .

Hence, there exists a unique fixed point in B2M∂ of the operator F∂ , which we denote by (s∂(β̃; ν), z∂(β̃; ν)).
We can estimate its value as follows

||(s∂ , z∂)−F∂(0, 0)||Z∂×C0 = ||F∂(s∂ , z∂)−F∂(0, 0)||Z∂×C0 ≤ 2δK||(s∂ , z∂)||Z∂×C0 ≤ 4δM∂K.

Therefore, for all β̃ ∈ [ν, δ]

|s∂(β̃; ν)−F1
∂ (0, 0)| ≤ 4M∂K

δ2

β̃

|z∂(β̃; ν)−F2
∂ (0, 0)| ≤ 4M∂Kδ.

The expression of the tangent vector γ̃∂1 in (5.31) is obtained by taking β̃ = δ,

s∂(δ; ν) =F1
∂ (0, 0) +O1 (δ) =

s(δ; ν)

ν

(
1 + G̃s (δ, ν, zin(ν))

)
+O1 (δ)

z∂(δ; ν) =F2
∂ (0, 0) +O2(δ) = z′in(ν) +

2δ

m0
G̃z(δ, ν, zin(ν)) +O1 (δ) .

Using (B.12), this leads to
s∂(δ; ν) =1 +O1(δ)

z∂(δ; ν) =z
′
in(ν) +O1(δ),

which implies that the curve γ̃1 in (5.30) is transverse with W u
µ (S

−)∩ Σ̃+
1 , which is given by {s = 0}, at

the point limν→0 γ̃1(ν) = (0, δ, zin(0)).

The proof of Lemma 5.8 is completely analogous, using instead the equations of the orbits associated to
system (5.6) obtained in Proposition 5.1, given by

dι̃

ds
= − ι̃

s
(1 + Jι̃(s, ι̃, w))

dw

ds
=

2

m0
ι̃Jw(s, ι̃, w)

where
Jι̃(s, ι̃, w) = O1(s, ι̃), Jw(s, ι̃, w) = −4λ(µ, h)s+ sO1(s, ι̃).

C Proof of Lemma 5.6

To prove Lemma 5.6, note that, for s = 0, the equations of motion (5.32) are reduced to

β̃′ =
m0

2
sin β̃

z′ = 0,

which describe the heteroclinic connections between W u
µ (S

−) and W s
µ(S

+) given in Lemma 2.2. They
can be parameterized as

β̃h(τ) = 2 tan−1

(
e

m0
2

τ tan

(
δ

2

))
zh(τ) = z,

(C.1)
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by fixing the initial condition at τ = 0 as (0, δ, z) ∈ Σ̃+
1 .

Denote by τh > 0 the time such that β̃h(τh) = π− δ. Then, if we consider a point (s, δ, z) ∈ Σ̃+
1 , one can

see that there exist a time τ̄(s, z) so that the orbit hits Σ̃−
2 by an Implicit Function Theorem argument.

Indeed, define,
F(τ, s; z) = Φβ̃ (τ ; s, δ, z)− (π − δ),

where Φβ̃ refers to the β̃-component of the flow Φ, then

• F(τh, 0; z) = 0.

• d
dτF (τh, 0; z) =

m0
2 sin(β̃h(τh)) =

m0
2 sin δ ̸= 0.

Therefore, we can apply the Implicit Function Theorem to ensure that for 0 < s < δ and δ > 0 small
enough, there exists a unique τ̄ = τ̄(s; z) with τ̄(0; z) = τh satisfying

F(τ̄(s; z), s; z) = 0.

As a result, for any initial condition (s, δ, z) ∈ Σ̃+
1 , there exists a time τ̄(s; z) satisfying Φβ̃ (τ̄(s; z); s, δ, z) =

π − δ for the flow Φ. Therefore, we define the map T +
1,2 in (5.33) as

T +
1,2(s, δ, z) = Φ(τ̄(s; z); s, δ, z) = (Φs(τ̄(s; z); s, δ, z), δ,Φz(τ̄(s; z); s, δ, z)) ∈ Σ̃−

2 . (C.2)

The remaining task is then to compute the expansion with respect to s of the map. Equivalently, s-
expansions of τ̄ and the flow components Φs and Φz.

Perform a Taylor expansion at s = 0 of the flow Φ with initial condition at Σ̃+
1 , we obtain

Φs(τ ; s, δ, z) = s · ξ1s,0(τ ; z) +O2(s)

Φβ̃(τ ; s, δ, z) = β̃h(τ) + s · ξ2s,0(τ ; z) +O2(s)

Φz(τ ; s, δ, z) = z + s · ξ3s,0(τ ; z) +O2(s),

(C.3)

with
ξ1s,0(τ ; z) = ∂sΦs(τ ; 0, δ, z), ξ2s,0(τ ; z) = ∂sΦβ̃(τ ; 0, δ, z), ξ3s,0(τ, z) = ∂sΦz(τ ; 0, δ, z).

To obtain ξ1s,0(τ ; z), we expand each side of the equation

d

dτ
Φs(τ ; s, δ, z) = Fs(Φs(τ ; s, δ, z),Φβ̃(τ ; s, δ, z),Φz(τ ; s, δ, z)),

where Fs corresponds to the s-component of the vector field associated to motion (5.32), around the
unperturbed solution (0, β̃h(τ), z). We obtain

d

dτ
Φs(τ ; s, δ, z) = s · ξ1s,0′(τ, z) +O2(s)

Fs(Φs(τ ; s, δ, z),Φβ̃(τ ; s, δ, z),Φz(τ ; s, δ, z)) = −m0

2
s · ξ1s,0(τ ; z) cos(β̃h(τ)) +O2(s).

This gives the equation for ξ1s,0,{
ξ1s,0

′(τ ; z) = −m0
2 ξ

1
s,0(τ ; z) cos(β̃h(τ))

ξ1s,0(0; z) = 1.

whose solution is
ξ1s,0(τ ; z) = ξ1s,0(τ) = cosh

(m0

2
τ
)
− cos δ sinh

(m0

2
τ
)
. (C.4)
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Following a similar procedure, we obtain

ξ2s,0(τ ; z) = 0, ξ3s,0(τ ; z) = 0,

leading to the following result

Φs(τ̄(s; z); s, δ, z) = s · ξ1s,0(τ̄(s; z); z) +O2(s)

Φβ̃(τ ; s, δ, z) = β̃h(τ) +O2(s)

Φz(τ̄(s; z); s, δ, z) = z +O2(s).

Then, by the second equation the function τ̄ obtained by the Implicit Function Theorem is of the form

τ̄(s; z) = τh +O2(s).

Hence, using the fact that β̃h(τh) = π − δ, the expression of β̃h in (C.1) and the definition of ξ1s,0(τ ; z)

in (C.4), one can see that ξ1s,0(τh; z) = 1 and therefore

ξ1s,0(τ̄(s; z); z) = 1 +O2(s).

This leads to
Φ(τ̄(s; z); s, δ, z) = (s+O2(s), π − δ, z +O2(s)) ∈ Σ̃−

2 .

Taking the curve γ̃1(ν) = (s1(δ; ν), δ, z1(δ; ν)) in (5.30) as the initial condition yields the curve

γ̃2(ν) = T +
1,2(s1(δ; ν), δ, z1(δ; ν))

satisfying (5.34), where T +
1,2 is defined in (C.2).

The regularity of the map T +
1,2 with respect to s (consequence of (C.3)) and the curve γ̃1(ν) (conse-

quence of Lemma 5.5) allows us to compute the tangent vector γ̃′2(ν) directly from (5.34), resulting in
(5.35) and completing the proof.

D Proof of Lemma 6.3

This section is devoted to express the transition map provided by Theorem 5.3 in polar coordinates
centered at P1. To this end, we follow the notation of Sections 5 and 6, and we recall the following
facts.

• The parameterizations χ± of the invariant manifolds W s
µ(S

−
y0) and W

u
µ (S

+
x0
) provided in (5.15),

(5.24) (see also (5.19)) satisfies the following properties

∂zχ−(δ, z) = ∂wχ+(δ, w) = 1 +O4(δ)

∂yχ
−1
− (δ, y) = ∂xχ

−1
+ (δ, x) = 1 +O4(δ),

(D.1)

where χ−1
± denote the inverse of the functions z 7→ χ±(δ, z).

• By the definition and properties of ψ− and ψ+ in (5.12) and (5.22), the derivatives ∂yψ−(δ, y) and
∂xψ+(δ, x) satisfy

∂yψ−(δ, y) = ∂xψ+(δ, x) = O2(δ). (D.2)
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To prove Lemma 6.3, we first apply the changes of coordinates ψ and ψ̃ introduced in (2.12) and (2.14)
respectively to translate the curves γu,<∞ and γs,<

S− defined in (6.11) into coordinates (θ, α).

This leads to curves parameterized as graphs as

γu,<∞ =
{(
θ, αu,<

∞ (θ)
)
: θ ∈ Bε (θ>)

}
, γs,<

S− =
{(
θ, αs,<

S− (θ)
)
: θ ∈ Bε (θ>)

}
(D.3)

such that

αu,<
∞ (θ) = − arccos

(
Θu

∞(θ) + µδ2 cos θ − δ4

δ
√
2(1− µ) + ρ(θ)

)
, αs,<

S− (θ) = − arccos

(
Θs

S−(θ) + µδ2 cos θ − δ4

δ
√
2(1− µ) + ρ(θ)

)
.

To obtain approximations of αu,<
∞ (θ) and αs,<

S− (θ) (and their derivatives), we recall the results from
Proposition 2.6 and Proposition 2.7, which give us estimates for both angular momenta Θu

∞(θ) and
Θs

S−(θ) respectively. In fact, ρ(θ) = ρ(δ, θ) (defined in (2.15)) admits the following approximation

ρ(θ) = O1(δ
6, µδ2), ∂θρ(θ) = O1(µδ

4), (D.4)

since h = −Θ̂0(µ) = O1(µ). Note that

• We take the − sign for both αu,<
∞ (θ) and αs,<

S− (θ) since we are close to the circle S− (which is
characterized by α = −π

2 as shown in (2.20)).

• For θ = θ< ∈ Bε(θ>) it is satisfied that αu,<
∞ (θ<) = αs,<

S− (θ<).

For further computations it will be necessary to approximate both derivatives αu,<
∞ ′(θ<) and α

s,<
S−

′(θ<),
which are given by

αu,<
∞

′(θ<) =
Θu

∞
′(θ<)√

2(1− µ)δ
+O1(µδ), αs,<

S−
′(θ<) =

Θs
S−

′(θ<)√
2(1− µ)δ

+O1(µδ) (D.5)

where we have considered 0 < µ ≪ δ small enough, and we have used the approximations in (D.4) and
the fact that both Θu

∞
′(θ<) and Θs

S−
′(θ<) are of order O1(µ) (see Propositions 2.6 and 2.7).

Once in coordinates (θ, α), we apply the diffeomorphism Γ− from Proposition 5.1 to express the curves
γu,<∞ and γs,<

S− in (D.3) in coordinates (β̃, z), yielding the following parameterizations in terms of θ ∈
Bε(θ<)

γ̃u,<∞ (θ) =
(
β̃u,<∞ (θ), zu,<∞ (θ)

)
, γ̃s,<

S− (θ) =
(
β̃s,<
S− (θ), zs,<

S− (θ)
)

(D.6)

such that
β̃u,<∞ (θ) = αu,<

∞ (θ) +
π

2
− ψ−

(
δ, yu,<∞ (θ)

)
, zu,<∞ (θ) = χ−1

−
(
δ, yu,<∞ (θ)

)
,

β̃s,<
S− (θ) = αs,<

S− (θ) +
π

2
− ψ−

(
δ, ys,<

S− (θ)
)
, zs,<

S− (θ) = χ−1
−
(
δ, ys,<

S− (θ)
)
,

(D.7)

with
yu,<∞ (θ) = θ − 2

(
αu,<
∞ (θ) +

π

2

)
, ys,<

S− (θ) = θ − 2
(
αs,<
S− (θ) +

π

2

)
.

The goal is to express the curve γ̃u,<∞ in (D.6) as a graph in terms of β̃ to apply Theorem 5.3.

To this end, we make use of the following fact: since the curve γ̃s,<
S− (θ) ⊂ W s

µ(S
−) for all θ ∈ Bε(θ>), it

satisfies that β̃s,<
S− (θ) = 0 as stated in equation (5.4). Therefore, we can rewrite β̃u,<∞ (θ) in (D.7) as

β̃u,<∞ (θ) = β̃u,<∞ (θ)− β̃s,<
S− (θ) = αu,<

∞ (θ)− αs,<
S− (θ)−

(
ψ−
(
δ, yu,<∞ (θ)

)
− ψ−

(
δ, ys,<

S− (θ)
))

(D.8)
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and therefore

β̃u,<∞
′(θ<) =

(
αu,<
∞

′(θ<)− αs,<
S−

′(θ<)
)
(1− 2∂yψ−(δ, y∗)) ,

where y∗ = yu,<∞ (θ<) = ys,<
S− (θ<).

Hence, using (D.2) and (D.5), β̃u,<∞ ′(θ<) admits the following approximation

β̃u,<∞
′(θ<) =

d′−(θ<)√
2(1− µ)δ

+O(µδ), (D.9)

where d−(θ) = d−

(
θ, Θ̂0(µ)

)
is defined in (3.8). By (3.9), (3.10) and Lemma 3.2 it satisfies

C−1µ ≤ |d′−(θ<)| ≤ Cµ, (D.10)

for some C > 0 independent of µ and δ. This implies that, for 0 < µ≪ δ small enough, β̃u,<∞ ′(θ<) ̸= 0.

Hence, in a sufficiently small neighborhood of θ< (for instance, we can consider Bε(θ>)), the Inverse
Function Theorem defines an inverse for β̃u,<∞ (θ), which we denote θu,<∞ (β̃), in an interval B̃u with 0 ∈
B̃u (since β̃u,<∞ (θ<) = β̃s,<

S− (θ<) = 0) and

θu,<∞ (0) = θ<, θu,<∞
′(0) =

1

β̃u,<∞ ′(θ<)
. (D.11)

Therefore, we can express the curve γ̃u,<∞ in (D.6) as a graph in terms of β̃ of the form

γ̃u,<∞ =
{(

β̃, zu,<∞ (β̃)
)
: β̃ ∈ B̃u

}
, (D.12)

with zu,<∞ (β̃) = zu,<∞ ◦ θu,<∞ (β̃) satisfying

zu,<∞
′(0) =zu,<∞

′(θ<) · θu,<∞
′(0) = ∂yχ

−1
− (δ, y∗) · yu,<∞

′(θ<) · θu,<∞
′(0)

= (1 +O4(δ))
(
1− 2αu,<

∞
′(θ<)

)
·
(
β̃u,<∞

′(θ<)
)−1

=(1 +O4(δ))

(√
2(1− µ)

δ

d−′(θ<)
− 2

Θu
∞

′(θ<)

d−′(θ<)
+O2(δ)

)
=(1 +O4(δ))

√
2(1− µ)

δ

d−′(θ<)
,

(D.13)

with d′−(θ<) satisfying (D.10) and y∗ = yu,<∞ (θ<) = ys,<
S− (θ<). The result follows from (D.1), (D.5),

(D.7), (D.9) and (D.11).

Denoting β̃ = ν, we are now ready to apply the transition map f̃ from Theorem 5.3 to the curve (D.12),
which leads the following curve

γ̃u,>∞ (ν) = (ι̃u,>∞ (ν), wu,>
∞ (ν)) =

(
−ν +O1(δν), z

u,<
∞ (ν) +O1(δ

2ν, ν2)
)
,

for ν ∈ (0, ν0) with ν0 > 0 small enough, which satisfies

γ̃u,>∞
′(0) = (ι̃u,>∞

′(0), wu,>
∞

′(0)) =
(
−1 +O1(δ), z

u,<
∞

′(0) +O1(δ)
)
. (D.14)

This curve is expressed in coordinates (ι̃, w). Now, we apply the inverse of the diffeomorphism Γ+ from
Proposition 5.1 to express the curve γ̃u,>∞ in coordinates (θ, α), which yields to the following parameter-
ization

γu,>∞ (ν) =
(
θu,>∞ (ν), αu,>

∞ (ν)
)

(D.15)
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such that
θu,>∞ (ν) = χ+(δ, w

u,>
∞ (ν))− 2

(
ι̃u,>∞ (ν)− ψ+(δ, χ+(δ, w

u,>
∞ (ν)))

)
αu,>
∞ (ν) = ι̃u,>∞ (ν) + ψ+(δ, χ+(δ, w

u,>
∞ (ν)) +

π

2

where θu,>∞ (ν) satisfies θu,>∞ (0) = θ> = θ< +O2(δ) and

θu,>∞
′(0) = (1 + 2∂xψ+(δ, x∗)) · ∂wχ+ (δ, w∗) · wu,>

∞
′(0)− 2ι̃u,>∞

′(0)

= (1 + 2∂xψ+(δ, x∗)) · (1 +O4(δ)) ·
(
zu,<∞

′(0) +O1(δ)
)
+ 2 +O1(δ)

=zu,<∞
′(0) + 2 +O1(δ),

where x∗ = χ+(δ, w∗) and w∗ = wu,>
∞ (0). This expression is obtained from (D.1), (D.2) and (D.14). It

follows from (D.13) that, taking 0 < µ≪ δ small enough, θu,>∞ ′(0) ̸= 0.

Therefore, the Inverse Function Theorem ensures the existence of an inverse νu,>∞ (θ) for θ ∈ Bε(θ>)
satisfying

νu,>∞ (θ>) = 0, νu,>∞
′(θ>) =

1

θu,>∞ ′(0)
, (D.16)

allowing us to express the curve γu,>∞ (ν) in (D.15) as a graph of the form

γu,>∞ =
{(
θ, αu,>

∞ (θ)
)
: θ ∈ Bε(θ>)

}
, (D.17)

such that
αu,>
∞ (θ) = αu,>

∞ ◦ νu,>∞ (θ) = ι̃u,>∞ ◦ νu,>∞ (θ) + ψ+(δ, χ+(δ, w
u,>
∞ ◦ νu,>∞ (θ))) +

π

2
. (D.18)

In order to get a proper approximation of both αu,>
∞ (θ>) and α

u,>
∞ ′(θ>), we use an analogous argument

to (D.8), using in this case the curve γu,>
S+ in (6.11) as a reference. To this end, following the changes

(2.12), (2.14) and the diffeomorphism Γ+ in Proposition 5.1, we obtain the curve γu,>
S+ expressed in co-

ordinates (ι̃, w), parameterized by θ ∈ Bε(θ>) as follows

γ̃u,>
S+ =

{(
ι̃u,>
S+ (θ), wu,>

S+ (θ)
)
: θ ∈ Bε(θ>)

}
,

such that
ι̃u,>
S+ (θ) = αu,>

S+ (θ)− π

2
− ψ+

(
δ, χ+(δ, w

u,>
S+ (θ))

)
, wu,>

S+ (θ) = χ−1
+ (δ, xu,>

S+ (θ)) (D.19)

with

αu,>
S+ (θ) = arccos

(
Θu

S+(θ) + µδ2 cos θ − δ4

δ
√
2(1− µ) + ρ(θ)

)
, xu,>

S+ (θ) = θ − 2
(
αu,>
S+ (θ)− π

2

)
. (D.20)

We recall that w∗ = wu,>
∞ (0) = wu,>

S+ (θ>) corresponds to the w-component of the intersection p∗> in
(6.12).

Since γ̃u,>
S+ ⊂W u

µ (S
+), by (5.7) the component ι̃u,>

S+ (θ) = 0, yielding the following identity

αu,>
S+ (θ) =

π

2
+ ψ+

(
δ, χ+(δ, w

u,>
S+ (θ))

)
.

Then, we can rewrite αu,>
∞ (θ) in (D.18) as

αu,>
∞ (θ) =αu,>

S+ (θ) + ι̃u,>∞ ◦ νu,>∞ (θ) +
(
ψ+(δ, χ+(δ, w

u,>
∞ ◦ νu,>∞ (θ)))− ψ+

(
δ, χ+(δ, w

u,>
S+ (θ))

))
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Moreover, the derivative at θ> is given by

αu,>
∞

′(θ>) =α
u,>
S+

′(θ>) + ι̃u,>∞
′(0) · νu,>∞

′(θ>)

+ (∂xψ+(δ, x∗) · ∂wχ+(δ, w∗))
(
wu,>
∞

′(0) · νu,>∞
′(θ>)− wu,>

S+
′(θ>)

)
.

The expressions ι̃u,>∞ ′(0) and wu,>
∞ ′(0) from (D.14) and νu,>∞ ′(θ>) from (D.16) allow us to obtain

ι̃u,>∞
′(0) · νu,>∞

′(θ>) =(−1 +O1(δ)) ·
1

θu,>∞ ′(0)
= (−1 +O1(δ)) ·

1

zu,<∞ ′(0) + 2 +O1(δ)

=(−1 +O1(δ)) ·
1

δ
√

2(1−µ)

d′−(θ<)
− 2Θu

∞
′(θ<)

d′−(θ<)
+ 2 +O1(δ)

=(−1 +O1(δ)) ·
1

√
2(1−µ)δ

d′−(θ<)

(
1− 2

Θu
∞

′(θ<)−d′−(θ<)

δ
√

2(1−µ)
+O1(µ)

)
=(−1 +O1(δ))

[
d−

′(θ<)

δ
√
2(1− µ)

(
1 +

2Θs
S−

′(θ<)

δ
√

2(1− µ)
+O1(µ)

)]

=(−1 +O1(δ))

[
d−

′(θ>)

δ
√
2(1− µ)

(
1 +

2Θs
S−

′(θ>)

δ
√

2(1− µ)
+O1(µ)

)]
,

wu,>
∞

′(0) · νu,>∞
′(θ>) =

zu,<∞ ′(0) +O1(δ)

zu,<∞ ′(0) + 2 +O1(δ)
= 1 +O1

(µ
δ

)
.

since θ< = θ> +O2(δ) so

d′−(θ<) = d′−(θ> +O2(δ)) = d′−(θ>) +O1(µδ
2),

Θs
S−

′(θ<) = Θs
S−

′(θ> +O2(δ)) = Θs
S−

′(θ>) +O1(µδ
2).

The computation of wu,>
S+

′(θ>) is obtained from (D.19) and (D.20) as

wu,>
S+

′(θ>) = ∂xχ
−1
+ (δ, x∗) · xu,>S+

′(θ>) = (1 +O4(δ))
(
1− 2αu,>

S+
′(θ>)

)
= 1 +O1

(µ
δ

)
given 0 < µ ≪ δ small enough, where x∗ corresponds to the x-component of the intersection p>(µ)
in (6.12), ∂xχ

−1
+ (δ, x∗) follows from the estimate (D.1) and αu,>

S+
′(θ>) is obtained from (D.20) (and

whose approximation is equivalent to those in (D.5)). This result, along with the approximations of
∂wχ+(δ, w) and ∂xψ+(δ, x) in (D.1) and (D.2) respectively, give us the following result

αu,>
∞

′(θ>) = −
Θu

S+
′(θ>) + d−

′(θ>)√
2(1− µ)δ

+O(µδ). (D.21)

Finally, applying the inverse of the changes (2.12) and (2.14) on the curve γu,>∞ in (D.17), we obtain
the curve γu,>∞ in coordinates (θ,Θ) as a graph of the form

γu,>∞ =
{
(θ,Θu,>

∞ (θ)) : θ ∈ Bε(θ>)
}
,

where

Θu,>
∞ (θ) = δ

√
2(1− µ) + ρ(θ) cos

(
αu,>
∞ (θ)

)
+ δ4 − µδ2 cos θ

with ρ(θ) as defined in (D.4). This expression and its derivative can be approximated by (D.21) respec-
tively, yielding (6.13) and completing the proof.
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Vol. 11. 9. A. Hermann, 1894.

[47] J. Paradela and S. Terracini. Oscillatory Motions in the Restricted 3-body Problem: A functional
analytic approach. 2022. doi: 10.48550/arXiv.2212.05684.

[48] C. Pinyol. “Ejection-collision orbits with the more massive primary in the planar elliptic restricted
three body problem”. In: Celestial Mech. Dynam. Astronom. 61.4 (1995), pp. 315–331. issn: 0923-
2958,1572-9478. doi: 10.1007/BF00049513. url: https://doi.org/10.1007/BF00049513.

[49] D.G. Saari. “Improbability of collisions in Newtonian gravitational systems”. In: Trans. Amer.
Math. Soc. 162 (1971), 267–271, erratum, ibid. 168 (1972), 521. issn: 0002-9947,1088-6850. doi:
10.2307/1995752. url: https://doi.org/10.2307/1995752.

59

https://doi.org/10.1007/BF01230662
https://doi.org/10.1007/BF01230662
https://doi.org/10.1007/BF01230662
https://doi.org/10.1007/BF01421955
https://doi.org/10.1007/BF01421955
https://doi.org/10.1007/s00332-022-09873-y
https://doi.org/10.1007/s00332-022-09873-y
https://doi.org/10.1007/s00332-022-09873-y
http://www.numdam.org/item?id=AIHPA_1995__62_3_211_0
https://doi.org/10.1016/0022-0396(73)90077-6
https://doi.org/10.1016/0022-0396(73)90077-6
https://doi.org/10.1007/BF01390175
https://doi.org/10.1007/BF01390175
https://doi.org/10.1007/BF01390175
https://doi.org/10.1007/BF00251426
https://doi.org/10.1007/BF00251426
https://doi.org/10.1007/BF00251426
https://doi.org/10.2307/2374233
https://doi.org/10.2307/2374233
https://doi.org/10.1134/S1560354707050012
https://doi.org/10.1134/S1560354707050012
https://doi.org/10.1134/S1560354707050012
https://doi.org/10.1016/j.cnsns.2020.105294
https://doi.org/10.1016/j.cnsns.2020.105294
https://doi.org/10.1016/j.cnsns.2020.105294
https://doi.org/10.1016/j.cnsns.2017.07.013
https://doi.org/10.1016/j.cnsns.2017.07.013
https://doi.org/10.1016/j.cnsns.2017.07.013
https://doi.org/10.48550/arXiv.2212.05684
https://doi.org/10.1007/BF00049513
https://doi.org/10.1007/BF00049513
https://doi.org/10.2307/1995752
https://doi.org/10.2307/1995752


[50] D.G. Saari. “Improbability of collisions in Newtonian gravitational systems. II”. In: Trans. Amer.
Math. Soc. 181 (1973), pp. 351–368. issn: 0002-9947,1088-6850. doi: 10.2307/1996638. url:
https://doi.org/10.2307/1996638.

[51] C.L. Siegel. Vorlesungen iiber Himmelsmechanik. Springer, Berlin, 1956, pp. 18–178.
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