ON SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS VIA

EXPONENTIALLY SMALL HOMOCLINIC SPLITTING
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ABSTRACT. Breathers are nontrivial time-periodic and spatially localized solutions of nonlinear dispersive
partial differential equations (PDEs). Families of breathers have been found for certain integrable PDEs but
are believed to be rare in non-integrable ones such as nonlinear Klein-Gordon equations. In this paper we
show that small amplitude breathers of any temporal frequency do not exist for semilinear Klein-Gordon
equations with generic analytic odd nonlinearities.

A breather with small amplitude exists only when its temporal frequency is close to be resonant with the
linear Klein-Gordon dispersion relation. Our main result is that, for such frequencies, we rigorously identify
the leading order term in the exponentially small (with respect to the small amplitude) obstruction to the
existence of small breathers in terms of the so-called Stokes constant, which depends on the nonlinearity
analytically, but is independent of the frequency. This gives a rigorous justification of a formal asymptotic
argument by Kruskal and Segur [60] in the analysis of small breathers.

We rely on the spatial dynamics approach where breathers can be seen as homoclinic orbits. The
birth of such small homoclinics is analyzed via a singular perturbation setting where a Bogdanov-Takens
type bifurcation is coupled to infinitely many rapidly oscillatory directions. The leading order term of the
exponentially small splitting between the stable/unstable invariant manifolds is obtained through a careful
analysis of the analytic continuation of their parameterizations. This requires the study of another limit
equation in the complexified evolution variable, the so-called inner equation.
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1. INTRODUCTION

Breathers are nontrivial time-periodic and spatially localized solutions of nonlinear dispersive partial
differential equations (PDEs). This kind of solutions play an important role in physical applications and the
interest in their existence or breakdown gives rise to a fundamental problem in the mathematical study of
the dynamics of such PDEs.

So far breathers have been constructed mostly for completely integrable PDEs. As far as the authors
know, the sine-Gordon equation

(sG) O2u — O%u + sin(u) = 0,

is one of the first PDEs found to admit a family of breathers (see e. g. [1]), which is given explicitly by
i t

(L.1) u®(z,t) = 4arctan <7Zc?;1}1((:n35)) , omyw >0, m?*+w?=1.

They are viewed as the locked states of a kink and an anti-kink in the integrable theory. Along with spatial
and temporal translation, the breathers form a 3-dim surface in the infinite dimensional phase space of (sGJ).

1.1. Non-existence of small amplitude breathers. The sine-Gordon equation (sG)) is a particular case
of the family of nonlinear Klein-Gordon equations in one space dimension. In this paper, we study the
existence/non-existence of small breathers of a class of nonlinear Klein-Gordon equations

(1.2) Otu — u+u — %u?’ — f(u) =0,

where the nonlinearity f satisfies
(1.3) f(u) is a real-analytic odd function and f(u) = O(u”) near 0.

While their signs are natural restrictions, the coefficients 1 and % in the above equation are not. In fact,
given any nonlinear Klein-Gordon equation (02v — 0% )v + F(v) = 0 with a smooth real valued odd function
F(v) with F'(0) > 0 and F"'(0) < 0, it is always possible to rescale v(X,T) = Au(aX,aT) so that u(z,t)
satisfies .

Let w > 0 denote the temporal frequency of a possible breather u(z,t) of . A solution u(z,t) of
is a breather of temporal frequency w if u(z,t) is 2U’T—periodic in ¢t and

lim wu(z,-)=0
r—+oo

in some appropriate metric. Due to the Lagrangian structure of (1.2),

(14) H= /; (;(&EU)Q + %(atuﬁ _ %ﬁ + %u‘* + F(u)) dt,  where F(u) = /Ou F(8)ds = O(|ul®),

is a constant in z for any 2j’r—periodic—im—t solutions of (1.2)), which vanishes for any breather of temporal
frequency w.
27

Any real valued function Z*-periodic in ¢ can be expressed as a Fourier series

+oo .
(15) w)= Y (=5)memt u =
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FIGURE 1. Multi-bump (left) and single-bump (right) functions according to Deﬁnition

where the factor —% is purely for the technical convenience when the problem is reduced to functions odd

in ¢ represented in Fourier sine series. We denote

. = 400 +o00
w “ —inw
(1.6) Molu) = up = — [ u(@)e™™dt,  ulle, = > lunl = Y [Maful].

Sometimes, with slight abuse of the notation, we also use II,[u] to denote the mode —%unem‘“t. Just like
|| - [|zs=, the above norm || - ||, is invariant under the rescaling in ¢, but controls the former. As we shall also
take the advantage of the conservation (in the variable x) of H, Sobolev norms like || - ”H{“ (-z.2) will be
involved as well.

To state the first main result of the paper, we introduce the function space F,. of the nonlinearity f under
consideration and the definition of single bump (in z) breathers (see Figure [1).

Fr = {f :{u e C: |ul <r} — C, f odd and real-analytic,

Jw) =37 fu 1 f e Ry fll = D1l < oo},

k>2 k>2

(1.7)

which is equivalent to the Banach space of real valued sequences (f)72 o with the above weighted ¢; norm.

Definition 1.1. Let o € (0,1) and w > 0. We say that a 2Z-periodic-in-t function u(z,t) is o-multi-bump
in x in the {1 norm if there exist x1 < o < x3 < x4 < x5 such that

max{|u(z;,, e, [ 1 €1,3,5} < ominflu(z;,, )l | j2 € 2,4}
A function u(z,t) is said to be o-single-bump if it is not o-multi-bump.

Here x5 and x4 can be viewed as two bumps separated by a trough at x3. The following theorem is the
first main result of this paper. It will be a consequence of the more detailed Theorems and below.

Theorem 1.2. Fix r > 0. Then there exists an open and dense set U C F, such that for any f € U the
following holds. For any o € (0,1), there exists p* > 0 such that there does not exist any solution u(x,t) to

(1.2) which:

(1) is 2Z-periodic in t for some w > 0,

2) is o-single-bump in the ¢4 norm in the sense of Deﬁm'tz'on
3) satisfies that, as |x| — +o0,

(
(
(18) 0 gy (g )+ 100y g ) =0
(
)

4) satisfies
(1.9 sup J|u(z,)|le, < min{l, p*w?}.

zeR
Some comments on Theorem [[.2] are in order.
(1) About U: in the more detailed Theorems and below we give a more precise characterization
of the set U C F,. where Theorem holds. Indeed, the complement of I/ in F, is the preimage of
zero of a certain analytic non-trivial function Cy, : F,. — C.
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2) Regarding the smallness: it is worth pointing out that, for a function 2Z-periodic in ¢, while the norm
w
|- lle, is at the same level as || - | L= in scaling and controls the latter, the smallness in the theorem

(see (T.9)) is measured uniformly in w in terms of w™2 ||u(z,-)|ls,. Even though this quantity looks
to depend on w € RT, in scaling it is comparable to || -|[2(_ = =) involved in the conserved (H). This
norm is weaker than || - || 1 clearly the above theorem also implies the nonexistence of single-bump
breather solutions, small in the energy norm (as in )

(3) Theoremis only concerned with small single-bump-in-x breathers and it does not rule out possible
small periodic-in-¢ solutions which decay as |z| — oo but with multiple bumps. Clearly if u(z,t) is
o-multi-bump, then it is also multi-bump for any ¢’ € (o, 1). Hence the constant p, of the smallness
increases as o increases.

(4) Breathers with exponentially small tails: while small single-bump breathers are not expected for
for most nonlinearities f, a more generic phenomenon is the existence of small breathers with
exponentially small (with respect to the amplitude), but non-vanishing, tails for certain values of w.
Such solutions are usually called generalized breathers (see [43]). Proposition below gives precise
estimates on the tails of those generalized breathers.

Before stating the more detailed Theorems [I.3] and [T-4] let us put our result into some context.

Breather type solutions represent important structures in high energy physics etc. Moreover, they are
of fundamental importance since they serve as building blocks organizing the infinite dimensional dynamics
of the underlying evolutionary PDE. In [14], Chen, Liu, and Lu proved the soliton resolution of using
the integrable theory. Namely, in certain weighted Sobolev norm, solutions to decay (at an algebraic
rate in ¢) to a finite superposition of kinks, anti-kinks, and breathers, where breathers are the only spatially
localized class. Therefore breather type structures could play a crucial role in the asymptotic dynamics of
the nonlinear Klein-Gordon equations. In particular, unlike relative equilibria such as kinks, standing waves,
etc., breathers may be of arbitrarily small amplitudes and energy and thus give rise to obstacles to possible
nonlinear dispersive decay or scattering of small energy solutions. (Small amplitude breathers become large
in certain weighted norms adopted in some literatures, e.g. [34 [I'7, [14] etc.)

The breathers are obtained based on the complete integrability of . However, for non-
integrable Klein-Gordon equations, the existence of (small amplitude) breathers is a completely different
problem due to the lack of effective tools such as the inverse scattering method. It is a fundamental question
to assert whether the existence of breathers is a special phenomenon due to the integrability or it occurs
more generally. In fact, the existence of breathers for non-integrable nonlinear wave equations is expected
to be rareﬂ (see [20 [62, 12]).

In the seminal work [60] from 1987, Kruskal and Segur used an ingenious formal asymptotic expansion to
show the nonexistence of small O(e) amplitude breathers in a class of nonlinear Klein-Gordon equations for
w which is e2-close to the resonant frequency w = 1. The obstacle to solving for breathers is exponentially
small in € < 1. For the past more than thirty years, as far as the authors know, no rigorous justification of
their leading order exponentially small asymptotics had been given for such nonlinear PDEs. A fundamental
part of the proof of Theorem is to provide a rigorous proof of Kruskal and Segur’s formal argument (for
odd analytic nonlinearities) as well as rule out the existence of breathers for other frequencies (either close
to other resonances or away from resonances). This is stated more precisely in Theorem below.

Among other works on small breathers, in [39], the authors proved that small breathers odd in z do
not exist for by establishing certain asymptotic stability in the phase space of odd-in-z functions. The
oddness is, however, contrary to the well-known examples — the breathers are even in x. Breathers
have also been proven not to exist for some generalized KdV equations and the Benjamin-Ono equation, see
[51, 52]. In [13], small breathers of a 1-dim nonlinear wave equation in periodic (in z) media were obtained.
They play an important role in theoretical scenarios where photonic crystals are used as optical storage. In
this model, the periodic media causes the spectra of the linearized problem to be rather different, and this
makes the existence of small breathers possible.

For breathers of O(1) amplitude, in the classical works [20], 211, [12], Denzler and Birnir-McKean-Weinstein
studied the rigidity of breathers, namely, the persistence of (infinite subfamilies of) breathers when
is perturbed as

O2u — 0%u + sin(u) = eA(u) + O(e?),

10On the contrary breathers are more likely to exist in Hamiltonian systems on lattices, see for instance [46] [45], [72] [56] [57].
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where A is an analytic function in a small neighborhood of u = 0. They proved that breathers corresponding
to infinitely many amplitudes m = v/1 — w? persist only if A(u) results from a trivial rescaling of . In
31, was also singled out as the only 1-dim nonlinear Klein-Gordon equation admitting breathers in
certain form (see also [47]). These rigidity results are consistent with the generic non-existence of breathers.
Even though for small amplitude, might also be viewed as close to in the C*° class, it does not
help much in the analysis of the exponential small obstruction to the existence of breathers (see Theorem
below) since the nonlinearity of the former is not a perturbation to that of the latter in the analytic
function class.

The nonlinear Klein-Gordon equation is also quite different from the one studied in [63] (see also
[T1]). The spatial variable in [63] [L1] is taken in R? (which gives stronger dispersion than in R) and an extra
potential term V(z)u is added. This term creates an isolated oscillatory eigenvalue of the linear problem
whose interaction with the continuous spectra leads to slow radiation. In contrast, does not contain a
potential term and its small breathers have temporal frequencies slightly less than 1, which is the end point of
the continuous spectrum of linearized at 0. In [58], temporally periodic and spatially decaying solutions
were found for the nonlinear Klein-Gordon equation with cubic nonlinearity, i.e. f(u) = 0, for x € R3. These
solutions are close to some steady solutions (not necessarily small) with O(1/|z|) spatial decay. Such decay,
which is too slow for the solutions to be in the energy space, is due to the 3-dim Helmholtz equation, whose
solutions would only be in L> and oscillate if 2 € R'. Hence these solutions are more analogous to the
breathers with tails constructed in [61] in 1-dim.

1.2. Main quantitative results: leading order of the exponentially small obstruction. Theorem
[[.2) is a consequence of the more detailed Theorems and below. In seeking small breathers, which
are conceptually born from the end point of the continuous spectra of the linear Klein-Gordon equation, it
is essential that the temporal frequency w is close to resonant. Hence, to state the more detailed theorem,
we divide w € R into two primary classes

1 1

(1.10)  Ix(g0) = l m, k‘) , keN, and Ji(g0) =

1 1
k+ 1"\ k(k+¢ed)

), k e NU {0},

where 0 < g < 1/2is a parameter to be determined later. Note Jy(gg) = [1, 00) and (0, 00) = (UkenIi) U (Uk>0Jk)-
We shall comment more on these sets in the context of spatial dynamics in Section
Theorem 1.3. Fizr >0 and consider f € F, (see (1.7))), then the following statements hold.

(1) There exists p; > 0 such that for any eo € (0,1/2], w € Ji(eo), k € NU{0}, if u(w,t) is a 2=-
periodic-in-t solution to (1.2)) satisfying

as r — +0oo or —oo, then
(1.12) sup ||u(x, -)||le, > pi min{1, Eow%}.
z€R

(2) There exists Ci, € C and p3 > 0 depending on f such that, for any yo > 0, there exist g, M > 0
such that for any

1
1.1 =|———= €] >1
(1.13) o=\ py € W) YEZ L
27

there erist unique =-periodic and odd in t solutions uj, (x,t), x = s,u, to (1.2), only containing

Fourier modes n € kZ with odd 3 in (L.5)), such that
a) Forx > ——%— forx =35 and x < -2 for x = u, they can be approrimated as
E\/ELIJ 6\/EUJ

1 U:Vk*(fcat) _ " v (evkwa) sin fw
1 (kw)Qat) <<3m:?/%(ft)> Vi ((vh)'(ax/ﬁwx)) K t)
2v2 .

coshy’

(1.14) < Mk 380" (eVkwa),

£y

where v" (y) =
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b) They also satisfy i |0,ul, (0,-)| =0, x = s,u, and
wk

(115) (1= 07 = 112 (utse = ) + 0 (i — w3 (0,8) = 4v2Che™ H5

g 1 :
6~ 5logk —loge
(c) A 2 -periodic-in-t solution u(z,t) to (L.2) satisfies
v 1
(1.16) sup [[u(z, -)[le, < pow?
r€R

and (1.11) as x — —oo (or as x — +o0) iff u¥, satisfies (1.16) and u(x,t) = u¥, (x +zo,t +1o)
(oru(z,t) = ul, (x+x0,t+1t0)) for some xg,ty € R. Consequently, there exists a solution u(z,t)

to (1.2) satisfying (L.16) and (L.11) as |x| — oo iff there exists r € R such that uly (x +r,t) =
ul, (z,t) for all x and t and satisfies (1.16]).

In this theorem, while the non-existence of small breathers is confirmed in the case of temporal frequency
w € Ji(eo), the only possible (up to translations) candidates uk, (x,t), * = s,u, of small breathers with
w € Ir(ep) are identified along with optimal estimates. In particular, it gives a necessary and sufficient
condition (in statement (2c)) on the existence of small breathers that v}, , x = s, v, must remain small for
all z € R and coincide after a translation. The most important result of the theorem is statement (2b) which
rigorously identifies the exponentially small leading order term and its coefficient Cj, in the splitting of u},,
* = s,u, when they get close in an infinite dimensional space (of periodic functions of the variable ¢) in their
first opportunity in x.

From Theorem H(2ab) one may verify that x = 0 is the only critical point of Iy [uf, ( )] for 2 <

* = u,s. Therefore, if Ci, # 0, then there does not exist |r| <

Hence Cj, # 0 excludes the existence of small single bump breathers due to (1.14]) and (1.15| 7 which are the
simplest and the most natural class of small breathers including those given in (1.1)) for (sG 1 (see Figure )

Note then that Theorem[I.3]is conditional, since it proves the nonexistence of single-bump small amplitude
breathers provided the constant Ci, = Ci,(f) € C satisfies Cj, # 0. In particular, it proves Theorem as
long as Cin(f) # 0 for an open and dense set of f € F,.. Next theorem, proven in Section shows that this
is indeed the case. In fact, we also give an explicit family of nonlinearities f(u,u), involving a parameter p,
such that Ci,(f) # 0 for all but a discrete set of p € R.

\/E I
7 such that ug sr(@t) = uly (x + 1, t).

Theorem 1.4. Fizr > 0. The map Cin : Fr — C introduced in Theorem[1.3(2) is analytic and non-constant.
Moreover, the set U = F, \ C;;*(0) is open and dense.

As already mentioned, even if small single-bump breathers are not expected to exist for (1.2)) with most
f, the more generic phenomenon is the existence of small breathers with non-vanishing tails which are
exponentially small with respect to the amplitude. This is stated in the next proposition.

Proposition 1.5. Fizr >0 and consider f € F,, then the following holds. There exist g, M > 0 such that

forany k € N and w =,/ (,HEQ) € I(eo0):

(1) There always exist 2T -periodic-in-t solutions u(z,t) such that

V2km

H' - 62 - 1| (U - uwk + Hat(u 7u:vk)(z7)”[lf(7g)%) < Mk%eiTa

Moz 2,

for both all x > 0 with x = s and:c§0 with*:u.
(2) Suppose that the constant Ciy, introduced in Theorem satisfies Cy, # 0. Then, the breather with
tails u(zx,t) given by item (Z) also satisfies

H| — 7 - 1|%(“_“ HL2 _xoxy T H@ — i) (2 HL2 _= x) > 19

ww ww

for both all x > 0 with x =s and x < 0 with x = u.

We give several remarks on Theorems [I.3] [.4] and Proposition

(1) The constant Cj, introduced in Theorem is often referred to as the Stokes constant in the
literature, which is the coefficient of the leading order term in the exponentially small obstruction
in . We emphasize that the non-existence of small single bump amplitude breathers holds for
all frequencies under the single condition Cj, # 0. This constant depends on the full jet of the real
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analytic nonlinearity f, but is independent of k£ or w. No simple closed formula has been identified
for Cj, in the literature. We expect that one should be able to develop a computer assisted proof
to check the nonvanishing of Cj, for given nonlinearities (following the ideas developed in [4] for a
3-dimensional Hopf-zero bifurcation). In Section below, we conjecture a formula of the Stokes
constant in terms of a series.

(2) The relative scale between u and O,u in the estimates in Theorem 2) is consistent with the
quadratic part of the Hamiltonian H, where | —d? — 1| is somewhat degenerate of the order O(k~1?)
when applied to the k-th Fourier mode e**“.

(3) The generalized small amplitude breathers given by Proposition have frequency w slightly smaller
than each % This % is consistent with the fact that small breathers have periods slightly
greater than 2kw. Each of these breather-like solutions to (L.2]) with exponentially small tails is the

_1
superposition of a small exponentially localized-in-z wave of order O(sk*%e’fk 2 |“") with an L%

correction up to order O(k%&t’le’ Ve ). In the generic non-degenerate case of C, # 0, the infimum

of the tails of such generalized breathers is also bounded below by this exponential order.

(4) In contrast to the fact that the breathers of form a 3-dim manifold in the infinite dimen-
sional space of solutions, the breathers with exponentially small tails actually form a family of finite
codimension (see Proposition below).

(5) Asul,, * = u,s, are special solutions of high regularity, the norm in Theorem 2ab) actually could
be refined to be H* for any n > 0. In contrast, since the set of breathers with exponentially small
tails is of finite codimension in the energy space of the spatial dynamics, the norms in Proposition
[[-F] arising from the quadratic part of the Hamiltonian H are not expected to be improved.

(6) In the generic case of Cj, # 0 provided by Theorem which implies that does not have
small breathers, the asymptotic behavior of small solutions in the energy space H}(R) x L2(R) is
a natural but intriguing question. Even though the breathers with exponentially small tails u(x,t)
obtained in Proposition are not in the energy space H!(R) x L2(R), they still shed some light
on the dynamics of (1.2). Take k = 1 for simplicity. Let v € C§°(R,R) be a cut-off function
satisfying y(s) = 1 for |s| < 1 and wu(x,t) be a sufficiently smooth breather like solution with
exponentially small tails (see Proposition . Consider the solution a@(z,t) to with initial

NPL

value y(He™ = z)(u(z,0),u(x,0)). Its HL x L2 norm is of the order O(y/€). The propagation
speed of (1.2)) being equal to 1 implies that @ is periodic in ¢ for |z, |t| < 0(6*36@). Hence,
this exponential time scale has to be relevant in studying the asymptotic dynamics of small energy

solutions of (|1.2]).

Breathers with small tails as well as some other similar types of solutions had already been obtained, but
often with only exponentially small upper bound estimates on the tails, instead of their precise orders or lower
bounds (and without the explicit exponent —@) In [43], Lu derived breathers with tails bounded by
O(e~ %) for some unspecified ¢ > 0. In a sequence of papers, Groves and Schneider considered small amplitude
modulating pulse solutions to a class of semilinear [30] and quasilinear [31] [32] reversible wave equations.
These are solutions consisting of pulse-like spatially localized envelopes advancing in the laboratory frame
and modulating an underlying wave-train of a fixed wave number £y > 0, which are time-periodic in a moving
frame of reference. They would become breathers if §; = 0. For quasilinear reversible wave equations, Groves
and Schneider constructed solutions u(z,t) of this type with tails bounded by O(e_ﬁ) but only defined for

|z < O(eﬁ ). The finite length of the domain in = was mainly due to difficulties arising in quasilinear PDEs.
In the semilinear case, such solutions could be derived globally in x € R with the same O(e_%) estimates
on the tails. The upper bounds of the tails in these papers were obtained by making the error terms small
through consecutive applications of partial normal forms, e. g. as in [53] [36].

The proof of Theorems and Propositionrely on the spatial dynamics method (see, e.g. [38,[71]).
This method is often an effective approach in constructing certain coherent structures for nonlinear PDEs
where a spatial variable = plays a distinct role. In such a framework, the desired solutions are sought as
special solutions in an evolutionary system where this x is treated as the dynamic variable.

We fix a temporal frequency w > 0 and consider in the rescaled variable 7 = wt,

(1.17) w?0?u — O*u +u — %ug — f(u) =0.
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5 d

FIGURE 2. Multi-bump (left) and single-bump (right) solutions in the spatial dynamics framework.

Considering z as the evolutionary variable, it is a globally well-posed infinite dimensional Hamiltonian system
in appropriate spaces of 2m-periodic-in-7 functions where its Hamiltonian can be derived from H.

Breathers of correspond to 2m-periodic-in-7 solutions of which decay to 0 as |x| — oo, namely,
orbits homoclinic to the equilibrium 0 due to the intersection of its stable and unstable manifolds. Note that,
on the one hand, the notions of single-bump and multi-bump breathers (see Definition get translated to
homoclinics as in Figure[2l On the other hand, small amplitude breathers correspond to small homoclinic
loops. From this point of view, the proof of Theorem will rely on analyzing the (finite dimensional)
stable and unstable invariant manifolds of u = 0 and on whether their intersections lead to small homoclinic
loops. Proposition [I.5] will rely on analyzing the center-stable and center-unstable invariant manifolds and
constructing small homoclinic loops to the center manifold.

In the next section we first present an abstract setting for analyzing (the breakdown of) small homoclinic
loops through a dynamical system approach. Then, we show how the Klein Gordon equation fits into
this framework regarded from the spatial dynamics point of view.

1.3. Birth of small homoclinics via “eigenvalue collision”: exponentially small splitting of sep-
aratrices. Let us consider an N-dimensional system, N < oo, (P,) involving a parameter o € I C R, which
has a steady state at 0. We want to analyze whether this steady state has small homoclinic loops.

Assume the following happens in (Py).

(a) “Figenvalue collision” at o« = 0. Namely, in a neighborhood of 0 € C, there are exactly two
eigenvalues +A(a) ~ £/ (modulo symmetries, but counting the algebraic multiplicity) of the
linearization of (P,) at 0. As « increases, they move towards 0 from the imaginary axis iR and then
move into the real axis R after coinciding at 0 when o = 0.

(b) For a > 0, the normal form of the local nonlinear system (P, ) near 0 projected to the 2-dimensional
eigenspace M associated to +\(«) is equivalent to

(1.18) i — Ma)?u4+u™ =0, m>2,

where the “+” sign matters only when m is odd. Apparently this normal form system has one or
2

two small homoclinic orbits of amplitude O(A(a)™-1) for 0 < o < 1.
(¢) The system (P,) has a first integral which is locally positive definite in the center manifold around
the steady state.

Note that, under these assumptions, small homoclinic loops cannot exist either of @ < 0 or if a > 0 is
“not close to 0”. One first observes that they cannot exist in the center manifold W¢(0) since the steady
state is isolated at its level of energy inside W¢(0). Hence homoclinic orbits exist only at the intersection of
the stable and unstable invariant manifolds W*%(0). However, if « is not small, then the dynamics inside
the stable and unstable manifolds W*"(0) are conjugate to the linear dynamics in a large neighborhood of
0. Then any orbit in them (and in particular any possible homoclinic orbits) must first go away at a uniform
distance from 0. In conclusion, small homoclinic loops can only exist for small o > 0.

If the whole system (P,) is 2-dimensional, & = 0 corresponds to one type of the Bogdanov-Takens
bifurcations. In this case the existence of a conserved quantity leads to the existence of small homoclinic
orbit for all small o > 0.

When (P,) is of higher dimensions, then the dynamics in the directions transverse to M is at a fast scale
and thus (P,) is a typical singular perturbation system.

If the fast dynamic is hyperbolic, then by the standard normally hyperbolic invariant manifold theory, a
2-dimensional slow manifold M, persists for 0 < a < 1 and the existence of small homoclinic orbit can
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be reduced to the above 2-dim case on M. This mechanism indeed happens in the construction of some
special solutions in some nonlinear PDEs including [13] (or more of the elliptic type PDE, see, e.g. [50]).

However, if there are fast elliptic/oscillatory directions (as happens for the Klein-Gordon equation )7
then there does not necessarily exist a slow manifold and one cannot reduce (P,) to 2 dimensions. Without
such reduction, one is forced to find small homoclinic orbits as the intersection of the low dimensional stable
and unstable manifolds W*#(0) of 0 close to M in the N-dimensional phase space of (P,), but this is highly
unlikely simply by counting the dimensions. Homoclinic orbits are generated via such eigenvalue collision
mechanism only in some very lucky/rare systems, such as the completely integrable where the family
of breathers actually can be also extended to large amplitudes.

In a generic system of the above normally elliptic case with rapid oscillations, while the stable and unstable
invariant manifolds, denoted by W**(0), do not intersect, the existence of a conserved quantity whose Hessian
is positive definite in the center direction of the linearized (P,) at 0 often ensures the transverse intersection
of the center-stable and center-unstable manifolds W¢¢%(0). This intersection yields a finite co-dimensional
tube homoclinic to the center manifold, which corresponds to generalized breathers for the Klein-Gordon
equation (I.17)). Moreover, the distance between W**(0) determines how close this homoclinic tube is to 0
which, in the present paper, corresponds to how small the tails of the generalized breathers of the nonlinear
Klein-Gordon equations can be.

Regarding the distance between W™*(0), the strong averaging effect of the fast oscillations makes W*#(0)

very close to each other — usually O(a™) if (P,) has finite smoothness and (’)(e_a%) if (P,) analytic. A leading
order approximation such as the one obtained in Theorem 2ab) provides accurate information of this
distance, usually called splitting distancdﬂ

To summarize, the mechanism of eigenvalue collision leading to a Bogdanov-Takens type bifurcation
embedded in a normally elliptic singular perturbation problem is primarily responsible for the birth of small
homoclinic orbits/breathers with small tails for the nonlinear Klein-Gordon equation (I.17). It yields exact
breathers in some very special cases such as the completely integrable .

In fact, this general mechanism leads to what is usually called exponentially small splitting of separatrizs,
a phenomenon that usually arises in analytic systems with two time scales with i.) fast oscillations and
ii.) slow hyperbolic dynamics with a homoclinic loop (also called separatrix), as in the setting explained
above. Other settings where this phenomenon occurs are the resonances of nearly integrable Hamiltonian
systems and close to the identity area preserving maps. Analysis of such phenomena is fundamental in the
construction of unstable behaviors in these models such as Arnold diffusion or chaotic dynamics.

The study of the exponentially small splitting of separatrixs goes back to the seminal paper by Lazutkin
[40], which dealt with the standard map. His strategy can be described as follows:

(1) The singular limit has a homoclinic orbit whose time parameterization is analytic in a strip
containing the real line and has singularities in the complex plane.

(2) One looks for parameterizations of the perturbed invariant manifolds which are close to the unper-
turbed homoclinic. They can be extended to complex values of the parameter which are close to the
singularities of the unperturbed homoclinic with smallest imaginary part.

(3) One analyzes the difference between the perturbed stable and unstable manifolds close to these
singularities. To this end, one has to look for the leading order of the perturbed invariant manifolds
in these complex domains. Then, one is encountered with two different situations:

(i) In some problems, the perturbed invariant manifolds are also well approximated by the unper-
turbed homoclinic solution near its singularities. In this case, one can show that the classical
Melnikov method gives the first order of the difference between these manifolds.

(ii) In most of the problems, like the problem at hand, the unperturbed homoclinic is not a good
approximation of the perturbed invariant manifolds in these complex domains. Therefore, one
must look for new first order approximations. These first orders are solutions of the so-called in-
ner equation, which is a singular limit equation independent of the perturbative parameter. The
analysis of this equation gives the asymptotic formula for the difference between the invariant
manifolds. In particular, it provides the Stokes constant Cj, appearing in Theorem

(4) The last step is to translate the analysis in the complex domain to the real parameterizations of the
invariant manifolds.

2It also sheds light for the future study of scattering maps [I8] induced by the homoclinic tube and multi-bump homoclinics.
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In the present paper we apply this strategy to the nonlinear Klein-Gordon equation , or equivalently
. It is explained heuristically in more detail in Sections and below.

In the last decades this strategy or similar ones relying on analytic continuation of the parameterization
of the invariant manifolds has been applied to various problems mostly in finite dimensions. The first
category (case 3(i) above), where the Melnikov function provides the leading order of the splitting distance,
includes fast periodic forcing of integrable Hamiltonian systems [35, 59l [19] 27] and non-generic unfoldings
of the Hopf-zero singularity [9]. This category can also be handled by other methods such as direct series
expansions [24], [69] [70]. Problems falling into the second category (case 3(ii) above), where one needs an
inner equation, are more common. Among them are near identity maps [28 26 48] [49], resonances of nearly
integrable Hamiltonian systems [29, (54, [3 [§], and generic local bifurcations [41], 2] [T0L [5 6] [7, 25] 23]. This
category can also be handled by a different method, the so-called continuous averaging by Treschev [68].

Exponentially small splitting phenomena also arise in the construction of solitary and traveling waves in
PDEs and lattices [2] 22] [65] [4T], [64, [42], 66}, [67, [55]. However, in all the above papers involving leading order
analysis of the exponentially smallness the fast oscillatory dimentions are finite (often two). As far as the
authors know, the present paper is the first one dealing with an infinite number of oscillatory directions.

1.4. The spatial dynamics approach for the Klein-Gordon equation. We devote this section to
implement the spatial dynamics approach for equation and to write it as a system having the features
of the class of models P, introduced in Section [1.3] To thlb end, we denote

1
(1.19) g(u) = fu + f(u).
In terms of the Fourier series expansion (1.5 (see also ), the equation reads
(1.20) (02 +n*w? — Vu, = 11, [g(u)], n€Z.

The eigenvalues of the linearization equation at 0, that is
02u — w?Pu —u =0,

are *v,,, where
vy, =V 1—n2w?,

and their eigenfunctions can be calculated using the Fourier modes.
Consider w € [k+1’ 1) for some k > 0. For 0 < |n| < k, the eigenvalues £v,, € R\ {0} are hyperbolic,

while the center eigenvalues +v, = +id,, 9, = vVn?w? — 1, correspond to |n| > k + 1. Recall the two
primary classes of intervals I(eo), k € N, and Ji(eo), k € NU {0}, of the frequency w defined in for
some gqg € (0, %) Clearly the dimension of the hyperbolic eigenspace of 0 increases by 1 as the frequency w
decreases through + moving from Ji_1(go) into Ix(eo).

In the strongly hyperbolic case of w € Ji(gg), k > 0, the smallest hyperbolic eigenvalue satisfies

o
Vi > \/@
Based on the general local invariant manifold theory (see, e.g. Theorem 4.4 in [I6]) and this spectral gap
along with the cubic nonlinearity of wave type equation (1.17)), one expects that the local stable/unstable
manifolds of 0 are close to the stable/unstable subspaces in a neighborhood of 0 of radius of the order
(’)( % ) and all orbits on both these manifolds leave such neighborhood eventually. This argument

is carried out uniformly in k£ and w in Section |§| and statement (1) of Theorem follows consequently.
Therefore they cannot intersect in such a neighborhood to produce small homoclinic orbits.

In contrast to the above case, when w decreases through and enters Ij(eg), k > 1, vy, can be arbitrarily
small. The linearized ( is only weakly hyperbolic in the k-th modes — the newly generated hyperbolic
directions — and small homochnlcs might be generated through a Bogdanov-Takens bifurcation as described
in Section The fact w € I (gp) is consistent with that the periods of small breathers are close
to 2km. The different scales in = in these weakly hyperbolic directions and the other much faster directions
make the local dynamics of near 0 a singular perturbation problem. More precisely, let

W ik

(1.21) . % (; _ k2> € (0,20)
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and consider the following rescaling of the amplitude and z,

(1.22) u = eVkwv and y = eVkwz.
Thus, u(z, 7) satisfies if, and only if, v(y, 7) satisfies
1 1
2 2 3
(123) 3yv — ?kaq_'l} — mv + g’U -+ 53k2w3 <€fw’l1) = 0
which is a Hamiltonian PDE in the dynamical variable y with the Hamiltonian
(Oyv)?  (0rv)? v? vt F(evVkwo)
1.24 = — — 4+ ——— | dT.
(1.24) (v, 9yv) /T ( 2 "ok 2k T 12T ekt |7
Using the projection II,, defined in (1.6)) and denoting - = d/dy, we obtain (see (1.20))),
. (n?w? — 1) 1
(1.25) Un=—"55 3 Un~ TN IL, [g(sx/ﬁwv)} , n€Z.
By (L.21)),
1 1 1
An = 7| > 3 for each |n| # k.

Using this notation, (|1.25) becomes

A2 1

Un = 5 Un — mﬂn {g(ex/ﬁwv)} , n| <k,

1

(1.26) ijik: = V+k — 3k; Hik [ (E\/va)} 5

. A2 1 Vi

= =5 vn = ETERE] I, {g(s kwv)} , n| > k.

2
Notice v_, = =7y, and (ekzw)3g(evkwv) = O(|v[?) is smooth with bounds uniform in ev/kw. The stable
and unstable invariant manifolds W#(0) and W*(0) of 2k + 1 real dimensions correspond to solutions v® and
v* of (1.26]) satisfying the asymptotic COHdlthnSﬂ

(1.27) lim vy (y)= lim o)(y)= lim vi(y)= lim o,(y) =0, forall neZ.

y—+0o0 y—+o0 Yy——0o0 Yy——00
The singular perturbation problem can be written as
EVp, = ApWn
Eliy = Apvp — A le Tk 2w 3, [g(sx/Ev)} . In| <k,

(1.28) b = ~Auvn — A;te kRO, [g(eVwn)] , Inl > k,

Vip = Vg — (sﬂw)*gﬂik [Q(E\/EW’U)} .
The formal singular limit of this system as ¢ — 0 defines a critical manifold
M={(v,w) | v, =w, =0 forall n#+k}

of real dimension 4 due to v_,, = —v,. The limiting dynamics on M is given by the Duffing equation
. 1 a3 1
(1.29) b = vp — gﬂk[(lm(vke”‘ )] =k — Z|’Uk|2'Uka

which is integrable with the phase symmetry. It is known that in (1.29) the 2-dimensional stable and
unstable manifolds of 0 coincide. In particular, it has a unique real homoclinic orbit to 0 satisfying vy > 0

and ©5(0) = 0, which is given by (see Figure |3)

2v2
1. ="

(1.30) vp = 0" (y) = cosh( )

3The Hamiltonian restricted to the center manifold is positive definitive locally around v = 0 for all w > 0 and, therefore,
all orbits backward/forward asymptotic to « = 0 must belong to the unstable/stable manifold (see Corollary below).
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A1

FIGURE 3. Real positive homoclinic (1.30)) to 0 of the Duffing equation (1.29) in the critical manifold M.

For 0 < € < 1, the special solutions u}, , * = u, s, given in Theorem 2) and principally supported in
the k-modes, are the ones on the (2k + 1)-dimensional invariant manifolds W*(0) with the weakest decay,
which are natural deformations of v"(y)sin k7 with proper rescaling. In Section we prove that ul, is
the only possible intersection of W*(0), x = u, s, in an O(k~2) neighborhood of 0 (much greater than the
amplitude O(ek™2) of u,).

Most of the analysis in the paper is devoted to identifying the exponentially small leading order term of

the splitting (ul, — ud,)|z=0, where & = 0 corresponds to the first opportunity when they get close, and
deriving the leading order coefficient Cj, (see Theorem [1.3|2b)).

Structure of the paper. The core of the proof of most of the results in Theorem 2ab) is for the case
k=1, w € Ii(eg), and under the oddness assumption in ¢. The main results for this particular setting
are stated in Section [2} Theorem deals with the break up of single bump breathers and Proposition 2.2
deals with the existence of generalized breathers. The proof of Theorem is given in Section [3| (Section
- [7| contain the proofs of some of the statements in Section . Then, Proposition is proven in Section
Section [J] is devoted to prove the nonexistence of breathers for frequencies which are far from resonant,
that is item (1) of Theorem Section [10| explains the reduction of the general case of close to resonant
frequencies to that considered in Section oddness in t assumption and w € I;(gg). This completes the
prove of item (2) of Theorem Finally, in Section we prove Theorem (1.4

2. ANALYSIS OF THE FIRST BIFURCATION (k = 1) WITH ODDNESS ASSUMPTION IN ¢

We devote this section to analyze the stable and unstable manifolds of v = 0 and their splitting for
equation with ¥ = 1 and w € I;(g9) (see (L.10)). We also analyze the center-stable and center-
unstable manifolds to construct the generalized breathers provided by Proposition [1.5

To make the function space setting precise, recall the norm || - ||, defined in which is simply the ¢;
norm of the Fourier coefficients in 7. Since

If1felles < [ fillesl f2llens
treating y as the evolution variable, the local-in-y well-posedness of (1.23) with (v,dyv)(y,-) € X, where

(2.1) X := {(v,w) | v,w are 27-periodic in 7 and ||(v,w)|x := ||[v|e, + |[(1 + |0-]) " w]ls, < 00},

follows from a standard procedure. Here the operator |0,| is simply the multiplication of |n| to the n-th
Fourier modes for each n. For some results where the conservation of energy is used, we also consider the
energy space H! x L2 which is a dense subspace of X where is also well-posed.

Due to the oddness assumptions on f, the subspace

(2.2) X, ={(v,w) e X|v,ware odd in 7} C X

of 2m-periodic odd functions of 7 is invariant under the flow of (1.23]), so we first restrict the analysis to this
subspace. For such odd functions (of real values) of 7, the Fourier series (1.5) turns out to be

+oo .
(2.3) v(t) = Z (—;) sgn(n)v), " = Z vpsin(nt), 7T=wt, ,[v]=v, €R, neN.

n=-—oo n>1
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With a slight abuse of notation, sometimes we may also use II,,[v] to denote the n-th mode v, sin nr. Later
in Section we extend the analysis to the general setting.

As explained in Section we refer to the analysis in the setting of k¥ = 1 and w € I1(go) as the first
bifurcation. Indeed, for w € I(gp), the linearization around v = 0 possesses (in the odd-in-¢ functions space
X,) a pair of weak hyperbolic eigenvalues and all the other eigenvalues are elliptic. In particular the stable
and unstable manifolds, W*#(0) and W*(0), are one dimensional.

Next theorem gives an asymptotic formula for the splitting between W*(0) and W#(0) in the cross section

(2.4) Y ={(v,04v) € X, : II; [9yv] = 0},
(see Figure {4).

Theorem 2.1. Fiz r > 0. Consider the equation (1.23)) with f € F, (equivalently (1.26) or (1.28)) for
k=1 and w € I1(eg) defined as in (1.13)). Then, there exist a constant Ci, € C such that for any fized

yo > 0 there exists e, M > 0 such that, for every 0 < e < gg, the following statements hold.

(1) The invariant manifolds W*(0) and W*(0) of (1.23) in X, correspond to unique solutions v*(y,T)
and v¥(y,7) of (1.26)) satisfying (1.27)), which are real-analytic in y, 2w-periodic in T, and satisfy
II; [0,v*?®] (0) = 0, respectively. Moreover, Iy [v*°] =0, for every ! € N and
|02 (0" (y, 7) = " (y) sinT) ||, + [|020, (v (y,7) — o™ (y)sin7)]|,, < Me*"(y)  fory < yo,
H@Z (ys(y’ T) — yh(y) sin T) Hél + Haiay (vs(y,T) — vh(y) sin 7') Hzl < Mg%h(y) fory > —yo,
where v" is the homoclinic orbit given in (1.30]).

(2) Aty =0, their difference satisfies

_nV2
Me™ =

glog(e—1)’

(|—02— w_2|%(v“ —v°) 4 iedy (v"* —v*))(0,7) — 4—\/56_ =2 in SI(37)

(2.5) -

We highlight that Theorem [2.1]is concerned with the distance between the stable and unstable invariant
manifolds at the first crossing with the transversal section . This does not exclude intersections at further
crossings and thus existence of multi-bump breathers. See Figures [2] and

Theorem proves statements in Theorem [1.3|2ab) for k = 1 and w € I1(go) (restricted to the odd in ¢
setting) which deal with the one-dimensional stable and unstable manifolds .

The next proposition analyzes the intersection between the center-stable and center-unstable invariant
manifolds of v = 0.

Proposition 2.2. Fiz r > 0. Consider the equation with f € Fp for k=1 and w € I1(gp) defined
as in . For any fized yo > 0, there exists e, M > 0 such that, for every 0 < € < gq, the following
statements hold.

Let W C X be the intersection near (v"(0) sinT,0) of the center-stable manifold W(0) and center-unstable
manifold We*(0) of in X, when they intersect the hyperplane ¥ for the first time in y. Then,

(1) Let
N ={(v,0,0) | M|l = 92 = w™?|2 (v = v*(0)) || o + 1850 — By (0)]| 2
< M(e7H|| - 02— w_2|%(11“(0) —v°(0))]] 2 + 040" (0) — Byv*(0)[| p2), * = u, s}
Then W NN # 0 and the Hamiltonian H evaluated at solutions in W NN satisfies

: - 2 -1/ s 2 u s 2 :
At H <2 = 2 w2l (0%(0) — 0*(0) |72 + 10,07 (0) — By* ()3 < M ink M.

(2) Each (v,0,v) € W corresponds to a single bump homoclinic orbit (v(y,T),0yv(y, 7)) to W¢(0), i.e
(v,0,v) is asymptotic to two orbits (vE(y),yvE(y)) in the center manifold We(0) as y — +oo.
Moreover, (v, 0yv) satisfies

_ _91 . 2 .
(26) &M@, 0,0) <= 02 — w2 (u(y) — v (W) |32 + 10y0(0) — 0,0* W3 < MH(w,0,0),

fory > —yo with x = s and y < yo with x = u.
(3) If v* = v®, where v*,v® are the solutions obtained in Theorem then it is a homoclinic orbit to
0, otherwise the intersection We(0) N W<(0), which is codimension 2 in X,, is transverse in N .



14 O. M. L. GOMIDE, M. GUARDIA, T. M. SEARA, AND C. ZENG

A 01 W (0)

w=(0)

FIGURE 4. The (infinite dimensional) transverse section ¥ (see (2.4)) where we measure the distance between the
perturbed manifolds W*(0) and W*(0).

Remark 2.3. In the case v* # v®, the transversality of the intersection of the codimension-1 W< (0) and
Wev(0) actually implies that a dense subset of W consists of functions smooth in 7. See Remark below.

This proposition implies Proposition for k =1 and w € I1(gg), which deal with generalized breathers
with exponentially small tails. Indeed, Proposition [2.2] implies the existence of a family of orbits homoclinic
to the center manifold with exponentially small energy. They correspond to breather like solutions u(z,t) of

(T-2) which are 2T-periodic in ¢ and decaying in z like O(ce~¢I7!) subject to perturbations whose LS°(H}! x L?)

norm is bounded by O(1e™ = ).

Theorem [2.1] and Proposition [2.2] are proven in Sections [3] and [§] respectively. We devote the rest of this
section to give some heuristics on the proof of Theorem [2.1] in particular, on why the distance between the
invariant manifolds is exponentially small and on how to obtain its asymptotic formula.

2.1. Heuristics of the proof of Theorem exponentially small bounds. Looking at formula (2.5
one can see that the distance between the one dimensional invariant manifolds W*(0) and W#(0) of (]%
is exponentially small in €. In this section we give some intuition why and we explain which are the steps
needed to obtain upper bounds on this distance. Later, in Section [2:2] we show how to obtain the asymptotic
formula for it.

Since the invariant manifolds are one-dimensional, one can parameterize them as solutions of the second
order equation for k = 1, which satisfies

3 -
B =, — %1 + Oy, (IIv) + O(2)

%y, = — Ayun + O, (€%0%), n>2,
for small ﬁv, where we have introduced the following notation, which is also used in the forthcoming sections

(2.7) (v) = v — I (v) sinT = Z Uy, sin(nr).

n>2

Imposing decay at infinity (as y — +oo for W*(0), as y — —oo for W*(0)) and 9,v;"*(0) = 0, item (1) of
Theoremlooks natural: the distance between the perturbed and unperturbed manifolds (v, IIv) = (v, 0)
is of the same order as the perturbation (notice the singular character of the model and the different size
of each component of the vector field). These estimates can be proven through a fixed point argument by
using the standard Perron method.

Even if the perturbed invariant manifolds are O(g?) close to the unperturbed ones, the singular character
of the model makes their difference beyond all orders in e, in fact exponentially small. Let us give some
heuristic ideas of why this phenomenon happens. We have chosen parameterizations such that d,v;"*(0) = 0.
Moreover, as the system conserves the Hamiltonian, both manifolds belong to the energy level of the saddle-
center critical point v = 0. Therefore, the difference v} — v{ at y = 0 can be recovered from the differences
projected to the rest of directions, namely II(v* — v®) and ﬁ(ayv“ — 9yv®). Thus, we focus on measuring
these differences. Let us write the equations for these components as a first order equation for n > 3 (recall
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that IIg0™® =0 for I > 0),
Uy, = W,
, A2 1
Wy = — — 52 ’I’L+ 3 31_‘[ [g(EWU)]
As the parameterizations of both invariant manifolds satisfy the same equation, their difference
(An,Ep) = (vy — 05, dyvy — Oyvy)
satisfies a linear equation for n > 3,
A, =%,
. )\2
2, = ”A + 101, [M (v*,v®)A].

Since the last term is much smaller than the oscillating one, to give a heuristic idea of the phenomenon
taking place, let us assume that M = 0. Then, the system becomes a linear system of constant coefficients
which we can diagonalize by taking

n = A\, +icE,

(2.8) O, =\, A\, —icE,
to obtain
r,=-— iﬁf‘n
€
) M\,
0, =1—0,,.
€

The solutions of this system can be easily computed as
Faly) = e-i%"@-y“r (")
Only) = # W 0, ()

for any points y*.
By the definition of (T',, ©,,) in (2.8), one has

To(y™) =n(vn(y™) —va(y") +i@yvp(y ™) — Oy (y™))
On(y™) =An(vy(y ) vp(y™)) = ie(@yvn(y™) — dyup(y™))-

The main observation here is that, if we are able to extend both the stable and unstable manifolds v**(y)
to some complex values y= = +io, o > 0, one obtains the following estimates for y € R near y = 0,

I (y)| <e 7|0, (io)|
10.(y)] <™ |0, (~i0),

which are exponentially small in € and strongly depend on the size of the unstable/stable solutions at the
complex points y* = +io.
For the nonlinear system, we will find the solutions

vy (y) for Rey > 0, v (y) for Rey <0

as perturbations of the singular limit solution v; = v"(y), v, = 0, n > 2, where v"(y) is the unperturbed
homoclinic solution . As this function has poles of order one at the points y* = +im/2, it is natural
to expect that the optimal value for ¢ is in a neighborhood on the lower side of 7/2. In Theorem to be
proved in Section [4| we show that, for y close to +im/2,

2 2
s,u _ h . 13 o 2\/§ . 13
(2.9) v (y, ) = v"(y)sinT + Oy, <|y2 + T|3> = Coshy sint + Oy, m .
Therefore, we see that

0" (y™)| S

1 ™
—, at yyr = *+io, with o= 5~ ke and some K > 0.
€
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Consequently, [T, (y7)| < 1, 10,(y~)| S L. Therefore, one expects that for y € R close to y =0,

Tn(y)l <

As A, > A3 =22+ O(e) for n > 3, one obtains an upper bound for the difference

Apm |

OO

M | =

1 _ vor 1 _3r
Pl S ze %, 10uly)| S ze 2

and similar bounds are satisfied by A, (y) = v%(y) — vi (y).

Observe that these bounds fit with the estimates (2.5)) given in Theorem However, Theorem gives
certainly more information since it provides an asymptotic formula for A.

2.2. Strategy of the proof of Theorem exponentially small asymptotics. As we have seen in
Section to obtain an asymptotic formula of v® — v*, one needs a deeper study of these functions near
y* = +i(1/2 — ke) for some k > 0.

According to , for real values of y, the invariant manifolds are e2-perturbations of the unperturbed

homoclinic orbit, but, when y F % = (O(e) we have that both the homoclinic and error term become of

the same size O(1) and therefore v*"(y, ) are not well approximated by the homoclinic solution v"(y) sin T
anymore. Thus, we look for suitable leading orders of v**(y, 7) for y such that y F ’7” = O(e).

We focus on the singularity y = im/2 (the same analysis can be performed near the singularity y = —imr/2
analogously). We proceed as follows. We perform the singular change to the inner variable

:_1 —z>
z=c¢ (y 12

d(z,7) =ev (zg + 52,7) .
From (|1.23)), one can deduce the equation satisfied by ¢(z, 1),
1 1 . 1 1
02— 02 — — ~*+ — =0 = —

The first order of this equation corresponds to the regular limit ¢ = 0, which gives the so-called inner
equation

and the scaling

1
020" — 070" — 6"+ 3(6°)* + f(¢°) = 0.
The estimates ([2.9) show, that, after these changes, the stable/unstable manifolds behave as
2i

2 1
¢S7u(za T) = - \/> sinT + (/)@1 (3> .
z z

Therefore, it is natural to look for solutions of the inner equation which “match” these asymptotics. This is
done in Theorem [3.3| below where we obtain and analyze two solutions ¢®*, ¢*: of the inner equation which
are the first order of the unstable/stable manifolds “close to the singularity” y = iw/2. They are of the form

2v/2i
¢*% (2, 7) = — \Zfz sint + ¢°(z,7), for Rez >0

2.10
@ (z,T) = — . sint 4+ ¢¥"(z,7), for Rez <0,

with %% = (’)(Z%) in suitable complex domains satisfying |z| > & and containing the negative imaginary

axis §z < —k (recall that z = e~ 1(y — %r) and therefore y = 0 lies on this negative imaginary axis of z).
Again these solutions contain only odd modes in 7.

Moreover, in Theorem [3.3] we provide a formula for the difference of these two solutions which reads

(2.11) O (—ir, ) — @O (—ir, ) = e 2V (Cin sin(37) + Oy, (i)) as T — 400.

This asymptotic formula can be obtained relying on different techniques. In the literature, one can find
proofs relying either on fixed point arguments for the difference [3, [I0] or on Borel resummation techniques
and Ecalle Resurgence Theory [54] (applied to finite dimensional inner equations). In the present paper, we
obtain this formula through a different method relying on invariant manifolds and foliations for a an ill-posed
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associated PDE, which is more in line with the techniques used throughout the paper. Let us give here a
(very) heuristic idea of the origin of this result from this new point of view.
Writing a solution of the inner equation as ¢° = Y ¢2 sin(n7) we obtain

® o 1, .04 0
@fbl - 1(¢1) =I (¢ )
(2.12) g
@qﬁ +p2ed =F, (¢°), n>3,
where ' = d/dz, u, = vn? — 1, and F,, contain higher order terms.

Let us assume that F,, = 0 to give an heuristic idea of the process. First, let us make the change z = —ir
and write system (2.12]) as a first order system through the change

elr) = (W00, i i) ) W = i) VTR i), = (s )i

which gives

im; _ 4y e _1u,_
dr dr ’
dge_1gny3 dy S 1

e =7 (ve) gy Yt =vnt =10 .

Observe that ¥ = 0 is a critical point with a center manifold W¢ given by ¥+ = ¥~ = 0, and a center-stable
manifold W€ given by ¥+ = 0. Moreover, W¢* possesses the classical stable foliation. Indeed, given a point
U = (V¢ U~ 0) € We there exists a point ¥, = (¥¢,0,0) € W€ such that [®,(V) — &,.(¥;)| < O(e™?7), as
2 € (0,v/3%2 — 1), where ®,. is the flow on W which is well defined for » > 0. The points whose trajectories
are asymptotic to a given ¥, € W€ form a leaf of the foliation.

This foliation allows us to give an asymptotic formula for ¢%%(z) — ¢*%(2):

e The first observation is that our solutions ¢%*(2), ¢%%(z), when restricted to the negative imaginary
axis away from 0 and written in these coordinates, correspond to W**(r) = (Wis U™ W *)(r)

satisfying
lim ©*“(r) =0.
r——4o00
Therefore, they belong to W and, in this simplified model, should have the “unstable coordinate”
UPe(r)=0.

e The second observation is that we know, by (2.10)), that
1
[T (r) — U (r)]| < Oy, (3> , as r — 400,
r

which implies that they should have the same “central coordinate” (U¥(r) = ¥(r) in this simplified
model) and therefore they belong to the same leaf in the stable foliation. One can see this fact
using the linearized fundamental solutions in the central coordinates which give: W¥(r) — Us(r) ~
c1772 + ¢cor® and the decay of this difference immediately gives ¢; = ¢ = 0.

e Now that we know that ¥“*(r) = (¥.(r), ¥**(r),0), we only need to compute the difference in the
stable coordinate S_(r) = U¥ (r) — U* (r) which satisfies:

D5 =ap, A= diag(—v/n2 1)
and this immediately implies that
B_(r) =e" AL _(ry) = 672\/5(7"77"0),637_(7‘0) sin(37) + Oy, (e7°").
Calling C' = 62\/5”’53,7(7“0) we have
lim V2 3_ (r) — Csin3r = 0.

r—4o0

Using these ideas, in Theorem below, we incorporate the dismissed higher order terms (see (2.12))) and
give a complete proof of the asymptotic formula for the difference between the solutions of the inner equation.
Note that the constant C' above corresponds to the constant Cj, in (2.11).
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Once we obtain the difference between the inner solutions ¢** — ¢%*, we must show that this difference
gives indeed a first order of the difference between the perturbed invariant manifolds. That is, we must
estimate the function (¢* — ¢%) — (¢%* — ¢%*) in some appropriate complex domain. To this end, it starts
with showing that the solutions of the inner equation ¢%%(z), °*(z), when written in the original variables
y = i5+¢z, are good approximations of the stable and unstable solutions v, v® for y satisfying yF % =0(e).
Such analysis is done in Theorem

From such estimates, applying the ideas in Section [2.1} we obtain smaller exponentially small errors at
y = 0. This shows that the difference of ¢%* — ¢%° provides the main term of the exponentially small
distance between v* and v® and that the first order of this distance is given by the Stokes constant Ci,.

3. DESCRIPTION OF THE PROOF OF THEOREM [2.1]

We describe the main steps of the proof of Theorem [2.1| where £ = 1 and the odd symmetry of functions
in 7 is assumed.

3.1. Estimates of the invariant manifolds in complex domains. In order to estimate the distance
between the perturbed invariant manifolds W#(0) and W*(0) in X, we consider suitable parameterizations
for them. Since the invariant manifolds W*(0) and W#(0) are one dimensional, they are the images of
solutions v* and v*® of (|1.26)) with the asymptotic conditions

lim v*(y,7) = hm v*(y,7) =0, forall 7 €T.

Yy—+00

We write equation (1.26) as

v3 1 v3
vl—v1—1+< S8 [g(va)]+41>,

A2 1

Up — Wﬂn [g(ewv)], n > 2,

where II,, is the Fourier projection given by (2.3) and ¢ is given by (1.19).
We study the solutions v, v® as perturbations of the homoclinic orbit v"(y)sin7 given by (1.30]), which
satisfies " = v" — (v)3/4. Thus, we set

Ey, ) =v(y,7) — )sinT = an sin(nT)
n>1

whose Fourier coefficients satisfy

) h\2 he2 3
51251—3(04) §1_3U4£1 —i—i—(—

: A2 1 ,
£ = -3 ne — 53?Hn(g(ew(f +vlsinT))), n > 2.

(& + Uh)?’) 7

(g(ewle + v sinm))) + ST

Define the operators

(3.1) c© = (6-a+ 208 Ia Jsinr 3 (604 2§n)sm<m>

n>2

(& ‘zvh)s _ 3”251 §1> sin 7.

To obtain solutions v*, * = u, s, of ([1.23)) satisfying (|1.27)) is equivalent to find solutions £* of the functional
equation
(3.3) L&) = F (&),
satisfying
(3.4) lim &“(y,7) = lim £°(y,7) =0, forall 7eT.
Yy—00

Yy——00

(3.2) F(&) =- ss—isg(ecu@ + vl sinT)) + (
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FIGURE 5. Outer domains D%""% and DS""°.

We analyze these parameterizations in the following complex sectorial domains, usually called outer do-
mains,

Dot = {y € C; [Im(y)| < —tan S Re(y) + % - HE}
Dy = {y € C;—y € D"},

(3.5)

where 0 < 8 < w/4 is a fixed angle independent of € and k > 1 (see Figure . Observe that DO%* x = u, s,
reach domains at a ke-distance of the singularities y = +in/2 of v" (see Section [2.1)).
The next theorem proves the existence and estimates of the functions £“,£%. It is proven in Section [

Theorem 3.1 (Outer). Consider the equation (1.23|) with k = 1. There exist ko > 1 big enough and g9 > 0
small enough, such that, for each 0 < € < g9 and k > kg, the invariant manifolds W*(0) C X, of (1.23)),
* = u, s, are parameterized as unique solutions of equation (1.23) by

v*(y,7) =v"(y)sinT + £ (y,7), y € DI, T €T,

where v"* is given by (1.30) and £* : D°"* x T — C are functions real-analytic in the variable y such that

(1) They satisfy the asymptotic condition (3.4), 0,111[£*](0) = 0 and Iy [*)(y) =0 for l € N.
(2) There exists a constant My > 0 independent of € and k, such that

1€ ) < 2B p e Dt A | Re(y)] > 1}
= Teosh(y)] e /

N Me? u
”5 ||£1 (y) < |y2 —|—7T2/4|3 fOT‘ ye Dz t,% n {‘ Re(y)| < 1}

Moreover, the derivatives of £* can be bounded as

(1) Fory e D*** N {|Re(y)| > 1},

2
2 ox 29, &*
o267, ). 120,671 < e

(2) Fory € D%* N {|Re(y)| <1},

M1€2

< M1€2
Ty /AP

lozex ., () S Tt

and  [|070,€*(|,, ()
Remark 3.2. While the 1-dim stable and unstable manifolds of the equilibrium 0 are determined by their
exponential asymptotic behavior as y — too where the freedom of translation in y is fized by 0,111 [{*°] = 0,

it is important that the precise order of the error £° = O(ﬁ) is obtained near the singularity y = £51.
y T

This does not only allows one to identify the correct scaling leading to the limit of the inner equation in the

next subsection, but also uniquely fix the solutions of the inner equation optimally approzimating v**.
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3.2. Analysis close to the singularities. Notice that the parameterizations v*(y,7) of W*(0), * = u, s
given by Theorem [3.1} are e2-close to the homoclinic orbit v"(y)sin(7) for y € RN D°"*. Nevertheless, at
distance O(¢) of the poles y = +im/2 of v", v ~ =1 has comparable size to the error £* ~ 71,

To obtain a first order approximation of the invariant manifolds at distance O(e) of the poles y = +im/2
we proceed as follows. We focus on the singularity y = im/2 since similar results can be derived near the

singularity y = —im/2 by the conjugacy. Consider the inner variable
(3.6) P (y—z%)

and the scaling
T
(3.7) ¢(z,7) =evw (25 +ez, T) .
Writing equation (T.23)) for ¢(z,7) and recalling w = (1 +£2)~2, we obtain
1 1 1
2 2 3 —

This equation coincides with the original Klein-Gordon equation (I.17)f} However, notice that now the
evolution variable is z = z — i——.

2e
The first order of (3.8) corresponds to the regular limit & = 0, which gives the so-called inner equation
1
(39) 0240 — 020" — 6 + 5 (") + (6°) = .

We are interested in identifying certain solutions of (3.9) with the same first order of the outer solutions
v"5(y, ) given in Theorem near the pole y = im/2. Therefore, we look for solutions ¢**(z,7), * = u, s,
of (3.9) which have the same leading order expansion as ¢*°(z,7) = ev™* (l (g + Ez) ,T). Near the pole

y = im/2, by Theorem we have

e\ -2V2i . e
GE) = T 0w /%) + 0 (s )

which, in the inner variables (3.6 and (3.7]), corresponds to

v (y, 7) = o™ (y) sinT + O (

¢ (z,7) = _2;/§i sint 4+ O(e%2) + O < ! ) .

23

Taking into account the change of variables (3.6 and the shape of the outer domains (3.5)), this asymptotic
condition must hold for Im z < 0 and Re z < 0 for ¢* and for Imz < 0 and Rez > 0 for ¢°.
Therefore we consider the inner domains

Dy'™ = {z € C;|Tm(z)| > tan Re(z) + },
(3.10) B ,
Dy ={z€C;—z € Dy},
for 0 < 6 < 7/6 and k > 0 (see Figure @, and we look for solutions of the inner equation of the form

—2./3i 1 ,
" * (2, 7) = V2i sinT +v¢*(z,7), with ¥*=0 (3> , for (2,7) e Dyl xT, x=u,s.
z z :

We present the results concerning the existence of these solutions ¢** of (3.8), x = u,s. Moreover we give
an asymptotic expression for the difference ¢*%(z,7) — ¢**(2,7) as Im(z) — —oo, which will be crucial to
compute the first order of the difference v* — v*. The following theorem will be proved in Section

Theorem 3.3 (Inner). Let 0 € (0,%) and r > 0 be fived and consider f € F,. There exists ko > 1 big
enough such that, for each Kk > Ky,

4Warning: It is the original one for ¢ = w¢, but will be analyzed near a singular complex function.



SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS 21
s,in u,in
DB,;@ DQ,K

/_ K 1K \

sl <
/ i =r

/
J\

FIGURE 6. Inner domains DZ’:’ and Dg’:‘.
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<
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R
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FIGURE 7. Domain Ry’
)

(1) Equation (3.9) has two solutions ¢%* : D;’in x T — C, x =u,s, given by

K

(3.11) ¢ (z,7) = — 2?2 sinT +¥*(z, 1),

which are analytic in the variable z. Moreover, Ty [d)o’*] = 0 for every Il € N, and there exists a
constant My > 0 independent of k such that, for every z € Dy and z' € D

M. M.
(3.12) |\63¢*!|a (2) < ﬁ Haﬁazw*ﬂh (') < ﬁ

(2) The difference Ag®(z,7) = ¢%%(z,7) — ¢**(2,7) is given by (see Figure @,
(3.13) A@°(2,7) = e #3% (Ciy sin(37) + x(2,7)), z€ Rierj;:r = Dg;;n N Dg:;n N{z; Re(z) =0,Im(z) < 0}

*,in
20,4k

in,+
0,k 7

where us = 2v/2, Cin € C is a constant, and x is analytic in z and satisfies that, for z € R

M- M-
T2 and  (|0.x]le (2) € —

o, < .
” XHe1(z) = |Z| |Z|2

(3) The constant Ciy, = Cin(f) € C depends analytically on f € F;.

Remark 3.4. It is interesting to see that the stable and unstable solutions ¢°*, x = u, s, are identified by the
O(|z|71) decay as Re z — 400, where the same Lyapunov-Perron approach works. The freedom of translation
in z, which causes a variation of the order O(|z|72) is fived by the O(|z|~3) restriction of the error terms.
The splitting A¢® between ¢*% and ¢°° would turn out to be the principal part of the splitting between v*
and v®. The leading order form of A¢® can be understood in two different perspectives. On the one hand, it
is related to the Borel summation of divergent power series and the readers are referred to Section[I1.2 for
related discussions and our conjecture on how to compute Ci,. On the other hand, along the real direction of
z, the inner equation 1s hyperbolic in the PDFE sense and oscillatory. However, when we view it along
the imaginary axis, it becomes strongly hyperbolic in the dynamical systems sense and elliptic in the PDE
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FIGURE 8. Matching domains DmCh “ (on the left) and DmCh ' (on the right).

sense (and dynamically ill-posed). All the originally oscillatory directions become hyperbolic in the dynamical
systems sense and thus in particular the stable manifolds become infinite dimensional containing ¢**. The
splitting A¢° is dominated by the weakest exponential decay rate and the Stokes constant Ci, basically comes
from the difference between the weakest stable coordinates of % and ¢,

Remark 3.5. The constant Cin(f) in Theorem is the constant appearing in Theorem |2.1. Theorem
(3) provides its analyticity with respect to f as stated in Theorem . In Section we prove that,
typically, it does not vanish.

Our next step is to prove that the solutions of the inner equation obtained in Theorem [3.3] are good
approximations of the parameterizations v*(y, 7), * = u, s, obtained in Theorem near the pole y = in/2.
To prove this fact we introduce the following matching domains.

Take 0 <y < 1,0< 81 < f < B2 < 7/4 constants independent of € and k. Then, we consider the points
y; € C, j = 1,2 satisfying

(1) Im(y;) = —tan B, Re(y;) + 7/2 — ke;
(2) |y; — i(m/2 — e)| = £7;
(3) Re(yl) < 0 and Re(yz) > 0.
(4) 2P — =502 20,
Note that Im(y2) < § — xe < Im(y;). Then, consider the following matching domains (see Figure ,

DTC:U = {y € C; Im(y) < —tanB; Re(y) + /2 — ke, Im(y) < —tan By Re(y) + 7/2 — ke,

tiy) > () — o (252 ) (Rey) ~ Re)

(3.14)
DT,C;’S = {y eC—ye DmCh“} .
Notice that there exist constants M7, Ms > 0 independent of € and x such that
Mye" < |y; —in/2] < Mae?, ji=12
Mike < |y —im/2| < Mae”, for ye DTC,?“.
In terms of the inner variable z (see (3.6))), the matching domains are given by
Dfﬁ?’* ={ze€Cez+in/2 € DmCh*} *x = u, s.
Notice that,
Mie?"™! < |zj| < Mae? ™1, ji=1,2
Mk < |z| < Mae? ™! for, z¢€ ’ch,?u

where z; and 2o are the vertices of the inner domain y; and ys, respectively, expressed in the inner variable.
Next theorem estimates the difference in the matching domains ) between the functions ¢*, * = u, s
in and the functions ¢%*, * = u, s, given by Theorem The theorem is proven in Section @

Theorem 3.6 (Matching). Fiz v € (1/3,1). Let qS*(zm) = ev*(im/2 + €2,T), x = u, s, where v* is the
parameterization obtained in Theorem- Then, there exist €9, dg > 0 sufficiently small such that, for each
0 < e <eg and K satisfying kel =7 + ‘logal < g, and z € DmCh >,

¢*(2,7) = ¢ (2,7) + ¢* (2, 7),
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FIGURE 9. Domain R.

where ¢%* is the solution of the inner equation (3.9) obtained in Theorem [3.9, and ©* satisfies that for
(2,7) € fo?’*

Ms(et=7 +e3771) | loge|
rlz[?

Ms(e' =7 + 377 1)| log g
|22

)

1020 ley (2) < and [|020:0"[le, (2) <

where M3 > 0 is a constant independent of ¢ and k.
Remark 3.7. Notice that v = 1/2 minimizes the size of |¢*||¢, .2, * = u, s, in Theorem[3.6, In this case,
102" 01,2 < M|logele'/?[2| 2.

Remark 3.8. The idea to obtain the above matching estimate is that y; and ys are connected by a segment
with nontrivial slope in the complex plane, where the linear part of the problem becomes somewhat elliptic in
the 1-dim variable z (in the PDE sense) except in the direction of the mode sinT. Therefore p*, x = u, s, is
nicely determined by the values at y; and y which simply come from the asymptotic form ¢%* and ¢*. The
order O(|z|~2) is largely determined by the mode sinT.

3.3. The distance between the invariant manifolds. Our next step is to give an asymptotic formula
for the difference

(3.15) Ay, ) = v"(y,7) = v*(y,7) = "y, 7) — £ (v, 7),

where % are the functions obtained in Theorem [3.1] (recall that ITy;[Av] = 0 for every [ > 0), in the domain

(see Figure [9).
R, = D" N DO (4R,

Next lemma shows that the difference A satisfies a linear equation.

Lemma 3.9. The function A introduced in (3.15|) satisfies the linear equation
£(A) =Ty [mi(y, DL A sin 7 + na(y, )T[A] sin T + g (y, 1) A,

where L is the operator given in (3.1) andn; : R, xT — C, j = 1,2, 3, are functions analytic iny. Moreover,
there exists a constant M > 0 independent of k and € such that

Me? M
< d <
lmlle, (y) < 2 + w2 /4]’ and [|nz2lle, (y), [m3lle, () < 42 + 72 /4]2

Proof. From (3.3)) and Theorem [3.1} we have that
L(A) = F(&") = F(&),
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where F is the operator given in (3.2). Using the expression of F (see also (4.5])), we obtain that

F(E) - F(E&) = II [g(ew(€" + v sinT)) — glew (& + oM sinT))]

S
-1 [({f + v")%sin? Tﬁ(gu) — (& 4+ v")?sin? Tﬁ(fs):| sinT
— 0y [(& + ") sin (THE"))? = (&5 + ") sinm(TI[¢"))?

1

+3 (E? - (ie?) | sine

n (—531)3111 [F(ew(€ + " sinT)) — f(ew(&® + " sin))]

B - ) (e (éf)3> sin
4 4 |

The proof follows from calculations based in the power series expansion of g and f and the estimates

M Me?
h u,s
|1’ (y)| < mv € ||e1 (y) < m

obtained in Theorem [3.1] O

The idea to obtain the exponentially small splitting estimate is that y* = +i(5 — ke) (see Figure @
are connected by a vertical segment where the linear operator £ becomes elliptic (in the PDE sense) in the
1-dim variable y except in the direction of the mode sin7. This has two implications: a.) the solution is
determined by the values at the two boundary points y* and b.) the Green’s function principally in the
form of exponential functions leads to the desired splitting estimate at y = 0. The mode sin T seems to be
an exception. Recalling 9,11 [A]|y=o = 0, the splitting in the direction IT;[A]|,—¢ will be handled by the
conservation of energy due to the Hamiltonian structure.

As explained in Section to prove that the distance between the stable and unstable manifold is
exponentially small is crucial the fact that the model considered has a conserved quantity. Indeed, if the
system would not have a first integral, the distance between the invariant manifolds would be “tipically” of
order of some power of €. Therefore, in this section we must rely on the conservation of energy to analyze
A.

Let us rewrite equation as

Oyv = w,
1 1 1

3
v— -0
e2w? 3 g3w3

1
Oyw = 6—2821) + f (ewv),

which is Hamiltonian with respect to
1 w?  (0,v)? v? vt F(ewv)
=— - - - d
Hvw) =2 /T < 3 T ez o Tt g )4
where F is an analytic function such that F’(z) = f(2) and F(z) = O(z5).
Notice that the solutions v*(y, 7) of (1.23), x = u, s, obtained in Theorem are contained in the energy

level {# = 0}. We use the Hamiltonian # to obtain the variable IT;[A] in terms of the variables IT[A], II; [Z]
and II[Z] where = = 9,A = w" — w® = Jyv" — O, v°.

Lemma 3.10. The functions A, = satisfy

o .
(3.16) ML [A](0) = T AT ElG) + AE)(0) + B ()
where A and B are linear operators such that, for y € R,
_ Me? _
(1) [AE) )| < m”inll (y)

(2) [B(I[A)(y)| < M|TA]|le, (1)
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Proof. As the projections IT; and II are orthogonal (see (2.3) and (2.7)), H is given by

_ (Mw)?  (Lp)* 1 /((ﬁ[w]>2 (O] _ () ot F(w))dT.

2 + 2e2 26242 +E+ edwt

Using that H(v*, w*) = 0, x = u, s, integrating by parts the 9, term and the Mean Value Theorem, we have
that
0=H(",w") — H(v*, w")
_hfwt] + I w) o L [et] + o)

5 11, [ 5 11, [A]
1| Ow) + Ow’) = 1 9] + 92TI[v*] ~ [v"] + H[v*] ~
+ - /T 5 E- = 5 M[A] - == 55— [A] | dr

4L /T [(v“)3+(vu)2(v8) 1';(1)“)(118)2-1-(118)3 At (5313 /O ! fewlov® + (1 - )ov®)) dg) A] .

Using
v* =oMsin(r) + & (y,7), 9" =" — (v")3/4 = V2(cosh(2y) — 3) sech®(y),
and observing that #"(y) is strictly negative, for every y = iy with 5 € (—7/2,7/2), one has
0= —"(1 + a(y))IL [A] + o"11, [E] + A(Z) + B(TI[A))
By the estimates in Theorem and using that ©"(y) has a third order pole at y = +im/2, we have

Me? M
1 <7 <= f .

and, also for y € R,

~ M
and ‘B(H[A])‘ (y) < To2 + 72/4]®

Me?

(y) < mIIEHa(y) ITTA] e, (3).

‘/T(E)

Moreover, using the estimate (3.17) and taking x big enough, we have
[D(y)~!| < Mly® + 7% /4%, y € Ry, where D(y) = i"(y) (1 + a(y)).
Hence, it follows that

WL [E] + A(E) + B(II o ~
m[a) - 2t ]thl(j:)B(H[AD = s[5l + A(E) + BIA)),

where A and B are the linear operators

- AE)(y) " (y) -
A= =— - a(y)I;[2
B =T+~ P+ a) W HEW
= B(II[A])
B(II[A]) = -
A =5 aw)
The proof of the proposition follows directly from the estimates of A(Z), B(II[A]), a and the fact that &"
and 9" have a third and second order pole at the points y = +im/2, respectively. ([l

Lemma [3.10] allows to study the difference between the invariant manifolds without keeping track of the
component Ap. In other words, we use coordinates (ITyw, ﬁv, ﬁw) to analyze the level of energy ‘H = 0 and
therefore we measure the difference between the functions v* and v*® through the components (21, ﬁA, ﬁE)
The inconvience of the energy reduction is that the equation loses the second order structure since it also
depends on Z = 9, A.
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To capture the exponentially small behavior of (ﬁA, ﬁE) it is convenient to write the second order equation
as a first order system in diagonal form. Thus, we define

I'= Z F2k+1(y) sin((?k + 1)7‘), F2k+1 = )\2k+1A2k+1 + i552k+1
E>1

© =Y O p1(y)sin((2k +1)7),  Oapp1 = Aapp1Aakp1 — ieS0k 41
k>1

(3.18)

From now on we measure the difference between the invariant manifolds (within the energy level H = 0) by
the difference “vector”

(3.19) A = (2,,T,0).
Notice that the estimates of Theorem imply that A satisfies

Me?
2 2 u 2¢s
> NiaalBorra )l < MIZE o (0) + MIZE ,0) < Lo

k>1

along with a similar estimate on =, therefore the functions I' and © are well defined for y € R, and satisfy

Me? Me?
A r < d A <
> X1 Tonr (v)] < Py > Xokr1|Ori1 ()] < 2+ /A
k>1 k>1
Proposition 3.11. The function A = (E1,T,©) satisfies the equation
L(B) = M(A),
where L is the differential operator
~. - vh_ . A2k+1 .
LELT,0) = |Z1— 5E0 ) (Toeer +i=Tap | sin((2k + D7),
E>1
(3.20)
. A
Z (92k+1 —1 2ht1 @2k+1> sin((2k + 1)7’)
E>1 €
and M is a linear operator which can be written as
mw (y)Z1 + Mw (I',0)
(3.21) M(Z1,1,0) = [ mosc(y, T)E1 + Mosc(I,0) |,
_mosc(y; T)El — Mose (F7 6)
where myy : Ry — C, meoge : R X T — C are functions analytic in y satisfying
Me? Me
< T 9 , _9 7412 d OsC S T o9 . o 741
|mW(y)| = |Z/2 n 7T2/4|3 an Hm ||£1 (y) |y2 + 7T2/4|
and Myy, Moqsc are linear operators such that, for y € R,
M
r,e < —F—(|IT (C]
M (T, 0)(y)| < e (ITNlex () + [1©]]e, (1))
Me
[Moc(T. O, ) < e (T )+ 1011, 0)
where M > 0 is a constant independent of € and k .
Proof. From ({3.18) and Proposition we have that, for each k > 1,
Torr1 = Xorg1Zont1 +icloppy
/\2
(3.22) = Aok1Z2k+1 + 1€ (— 2:;1 Aopy1 + Iopqn [773(?/,7)A]>
Aok+1

= 4 Topy1 + ielopyr n3(y, 7)A].
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Analogously, for each k > 1,

Ooky1 — tellopry 3(y, 7)A].

: A
(3.23) Ogpyy = i 241

Moreover, for the variable Z1, by (3.1)) and Proposition we have that

= = (1 - 3(“:)2) A+ 1L [nl(y,T)Al sin(7) + nz(ym)ﬁ[A]} :

2
Using (3.16) for A; and <1 _ 30 > " = v we obtain

4
21 = Z—:El + (1 - 3(U4h)2) (A(E) + B(ﬁ[AD)
10 sl (51 + A + BUAA) ) sntr) + (A

_ sy (1 - W) A(E; sin(r)) + IT {m(y,f) (2251 +AE sin(7))> sinr]

w(1- 2 ) + B(HA))
) (ad

[A])) sin 7 + n2(y, T)ﬁ[A]} .

+1I [m Y, T
Finally, using (3.18]),

. ey 3 2 ’(‘]h _ ' )
= = Uh =, + (1 _ (v ) A(EysinT) + 11 [nl(y, T) (ﬁhEl + A(E smr)) SIDT:|

] 4
1 Dokt1 +Oopyr .
—AT-0©)+B ————sin((2k + 1)7
(2 (Z Dors (( )7)

+

o
oo

+12(y, 7) (Z Dots ¥ O2mr1 o 4 1)T)>
n>2

k>1

2i ) sin(r) +m(y,7)B (Z Taki1 + Ookin sin((2k + 1)7)) sin T

2\
i1 2k+1

2X2k+41

For the other components, as

iell [ns(y, 7)A] = iell _773 (y,7)

VEEL+ A sin(r >>) sinm:

~ Tr
+iell [ng(y_;T)A(l" — O)sin(1) + n3(y, 7)B (Z %e%ﬂ sin((2k + 1)7)) sin(7)
i1 2k+1

r +0 :
+n3(y, 7) Z W sin((2k + 1)7)
=1 2k+1
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the proof is concluded by using (3.22)) and (3.23]) and taking

_ 3?2\ o _ _ .
mw (y)E; = 1—T AEysinT) + Iy |m(y, 7) ij—h:1—|—A(:1smT) sin 7

3(v")? 1 Togy1 + Oopt1 .
I =(1-— — AT — 3 2 1
My (T, 0) < 1 9ie ( 0) + ,}>1 Do sin((2k + 1)7)

r S
+1I; m\Y. 7) (y, 7) AT — ©)sin(7) + n1(y, 7)B Z 241 F D2kl sin((2k + 1)7) | sint
2ie = 2X k41

r +06 :
+m2(y, 7) Z w sin((2k + 1)7)
=1 2%k+1

nh

—_ . v —_ . .
Mose (Y, T)E1 =iell |:773(y77') (i}hZI + A(E1 sin T)) sin ’7':|

Mese(T, ) =iell |ns(y, ) iA(F —O)sinT + B Z w sin((2k + 1)7) | sinT
k>1

Pog+1 + Oakt1 .
2k +1
+ ;;1 T, Sn((2k+ 1))

)

and using the bounds for the functions 7n;, 7 = 1,2,3 and the operators A and B provided in Propositions
3.9 and B.101 O

We characterize the function A as the unique solution of a certain integral equation. To this end, we
introduce some notation. Given a sequence a = (agx+1)k>1, we define the functions
A
T)= Z aspr1€”" ey sin((2k + 1)7)
E>1
(3.24) st
Z agpi1€’” < ey sin((2k + 1)7).

E>1
We also define the following linear operator, which is a right inverse of the operator L in (13.20)),
(3.25) P(f.9:h) = (P (£),P"(9). PO (h)) ,

where

V() =ity [ g

0 Uh(s)
Y x
=S Phal@)sin(@ D), Phalo)) = [ e EH O I gl(s)ds
k>1 yt
Zp2k+l sin((2k + 1)7), Psrr1(h) /6 i~ (o Y ap1[h](s)ds
k>1 y

and -
yi:ii(g—ﬁ:e).
Using the just introduced functions and operators and recalling that by, Theorem =1(0) = 0,&3(0) —
0,63 (0) = 0, it can be easily checked that the function A must satisfy the integral equation

(3.26) A =(0,Ir(c), To(d)) + M(A),  with  M(A) =P o M(A),
where M is given by (3.21)) and Zr(c¢), Ze(d) are given in (3.24)) with

Aokl 4+ a2kl —
(3.27) car1 = Dopqa(yF)e! =< ¥ and dog1 = Oopq1(y Je "= Y

7
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(note that T'(y™,7) = Zr(c)(y*,7) and O(y~,7) = Zo(d)(y~,T))-

Now we are ready to define the leading order of the function A. We first give some heuristic explanation.
In Section [7l we shall first show that M is small and thus we expect that the main term of A for the (T,0)
is given by (Zr(c),Zo(d)). Let us analyze how these functions behave. We do the reasoning for I' since the
one for © is analogous.

A
i 21;+1(

Ir(o)(y, ) = Z Popyi(yF)e v=v") sin((2k + 1)7)

k>1
Recalling A3 = V8 — 2, uz = 2v/2, (3.18), that Top1(yh) = Xong1lopr1(yT) + i€8or 41 (yh) and using
Theorem to approximate the functions v** at the point y = y* by the corresponding solutions of the

inner equation (see Theorem and the asymptotic formula for the difference between ¢** and ¢%° at
2+ = (y* —im/2)/e, also in Theorem [3.3] one has

+ )\3 —i y+_i% 1
L3(y™) = 2?6 Ha™e Cin+0O(=))+hot
K

yt—i T

1 . 1
Popri(yh) = ge*““ =0 (K> +h.o.t.

Therefore,

23 _inyprii 1
Ir(o)(y) = T‘O’e—lz\/ﬁ = (C’in sin37 + O </{>) +h.ot

To prove Theorem [2.1] it suffices to justify the above leading order expansion of A.

Proposition 3.12. Take k = i|log5|. There exists M > 0 independent of small € such that, for any
y € Ry, it holds

= M _23 (7 |1y
|':’1(y)| S me 53(2 |I (y)l)’

HF(W) - &(Jmeﬂ'?*/L:7 sin3r|| < _M ez )
€ o €llogel

)

for some constant M independent of €. Moreover ©(y, ) = I'(y, T) satisfies a similar estimate.

The proof of this proposition is deferred to Section [7} Recall that Z,(0) = 9,v"*(0) — 9yv°*(0) = 0 (see
Theorem. However, we also need to estimate this component for y € R,; to obtain the estimate of (T', )
due to the coupling (see Section . The definition of T" and the above inequality imply inequality (2.5
except for the missing sin 7 mode, which easily follows from =;(0) = 0 and the estimate on II; [A] given by
Lemma

4. ESTIMATES OF THE INVARIANT MANIFOLDS: PROOF OF THEOREM [3.1]

4.1. Banach Spaces and Linear Operators. In this section we prove Theorem through a fixed point
argument in some appropriate Banach spaces. We consider only the unstable case, since the stable one is
completely analogous.

Given k > 1 and a real-analytic function h : DS"* — C (see (3.5))), we define

(4.1) 1Allm,a = sup | cosh(y)™h(y)| + sup [(y® + 72 /4)*h(y)|,
yEDY™  {Re(y)<—1} yED “N{Re(y)>—1}

and given a function £ : D" x T — C which is real analytic in y € D2""“, we define
1€llerma = D ITLalE]llm.a
n>1
and the Banach spaces
Ema = {€: D" — C; € is real-analytic in y, and [|€||m,q < 00}
Etyma = {€: D" x T — C; £(y,7) is real-analytic in y and [|€]/s, m.a < 00}

Lemma 4.1. There exists M > 0 depending only on 8 such that, for any g,h : D""" x T — C, it holds
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(1) If ag > a1 > 0, then
M

)OCZ*QI || ||£1;m7042 .

Hh’”fl,m ay = MHhH@l,m a and ”h”@l,m,al < (I{E

(2) ]f aq, 0 2 O) and HgHel7m1,a17 ||h’||él7m27a2 < o0, then
||gh||41,m1+m2,041+a2 < ||g||41,m1,041||h||£1,m27a2'

This lemma actually applies to general functions 2m-periodic in 7, not just to odd functions. The proof
of this lemma is straightforward and we omit it.

Firstly to solve the linear equation ££ = h, we introduce the operator G(h) acting on the Fourier coefficients
of h as

Z G (hy) sin(nt) Z Gn(hy)sin(nt) = ﬁ[g(h)]7

with

(42) Gu(hn) = ~a0) [ Gem)is+ a6 [ aemds

(4.3) Go(hn) = —gef%"y/_y =i sp (s )ds+ﬁe—l*y /_y ¢2E5h (5)ds, > 2.
where

(4.4) G() Mm and  G(y) gcijj;;(;) (6y — 4 coth(y) + sinh(2y)),

are linearly independent solutions of

. h2
<7<+¥c:o (see (B-1)).

Remark 4.2. When —oo is involved in the above integrals, it should be understood that the integral is along
horizontal lines. As the integrands are analytic functions, integral paths may be modified to yield better
estimates in certain cases.

Proposition 4.3. The following statements hold.

(1) 9,111 (G(£))(0) = 0.

(2) GoL(§) =LoG() =¢.

(3) For anym > 1 and a > 5, there exists a constant M > 0 independent of ¢ and k such that, for every
h€&nma,

1G1(M)l1,q—2 + 104G1(A)ly oy < MI|Blm.a-
(4) For any m > 1, a > 0, there exists M > 0 such that for everyn > 2 and h € &, o,

2
& 3
1Gn (P) | .0 < )\2 IIhIIma, 19y Gn ()l o0 < M =[Pl [0yGrn (P 0 < M [Oyhllm e

The proof of this proposition is deferred to Appendix [A] In particular, the last item indicates a gain of
an extra order regularity in 7 for G(£) compared to general solutions to wave equations and an improvement
in the estimate of 8,G,,(h) when d,h € &,, o, which is a typical trading between the smoothness and the
smallness in problems involving rapid oscillations.

4.2. Fixed Point Argument. Now, we use Proposition to rewrite (3.3) as £ = G o F(£), where F is
given in (3.2]). We analyze the operator

Fi=GoF
defined on the closed ball
Bo(Re?) = {¢ € &as | I€lleas+ 10y€lles 1,4 < REP}
for some R > 0.
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Proposition 4.4. There exists M, ko,e0 > 0, such that, if ¢ € (0,&9), R > 0, and k > HoR%, then the
operator

F i En13 D Bo(Re?) — Epy s

is well defined and satisfies

G2 FHO) 15 + 1620, 72(0) e 1.4 < M,
G2 (€) — FHENeyn,0 + 1920, FH(E) — FHE e nn < g (U = € llrs + 194 — 0,8 e 1),
T FH(E) — FHE s + 10,10 [FH(€) — F(E] s

e~ €llrns +19,€ — 0,8 v a) + M (ITTLE — ey 5 + 19,11 — €y 1.0

K2

<M

Notice that the above bounds on 92F%(¢) immediately implies those on F*#(£) as the zeroth mode is not
included.

Proof. First, we rewrite the operator F given in (3.2)), in order to make explicit some cancellations. Recall
that g(u) = u®/3 + f(u) is given by (1.19)). Then,

F&) = _53%9(&)(5 +oPsinT)) + <<§1 —th)3 - 31}26% - f) sin 7
= gl glew(e ot sinm)] + {21 | (6 + o) sin(r) + T1())
T Es Y 4 3! ! T
hy3 he2 g3
—53%111 [f(ew(§ +v"sinT))] + (& ZU ) 3“451 _ il}sim'

= —Es%ﬁ [g(aw(ﬁ + ’l}h SiDT))] + {_;Hl |:(51 + vh)3 Sin3 T4+ 3(61 4 Uh>2 Sil’l2 Tﬁ[&]

+3(60 o) sin (€))7 + (€] — T [Flew(€ + o sinT)]

+ (6 + ) - et & } sin 7.

4 4 4
Therefore,

F(E) = — 11 [gew(€ + " sinT))] + {Hl[— (&1 +v")2(sin? 7)TT[E] — (& + ") (sin 7)(Ti[E])?

(4.5) o 1 P
- (H[f])g] - Wnl [f(ew(& +v"sinT))] — 1)4 L _ 41} sin 7.

which implies

1 = 1

F(0) = II [g(ew(v" sinT))] — mﬂl [f(ew(v™sinT))] sinT.

23w
Let g and f have the power series expansion

(e.¢] o9}

1

g(u) = Zgzd+1u2d+17 flu) = 292d+1u2d+1, g3 = 3
d=1 d=2

with a positive radius of convergence. Using Lemma [£.1] and Proposition [1.3] one may estimate

oo

102G F(0)llev 1,8 S € NTLF(O)l|eg1,8 S €% D (ew)* 2| gaaal | (0" sinT) > gy 1.
d=1

< 2 (W) 22 B \2d+1 < .2 o~ (w242 hjj2d+1 < .2
Y (5)  Hganll @ sinm) o gasrzen SN0 (2)T lgaan 03T S <2
d=1 d=1
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for reasonably large k. In particular, in the above the operator 92 creates a Fourier multiplier of n? to the
mode of sinn7, which is cancelled by the A2 in the estimate of G,, in Proposition In order to obtain
the desired estimate on ||0,GF(0)]|¢, 1,4, we also need

1 o0
0y F(0) = —mg’(ew(vh sin7))(v") sinT = — Z(2d + 1) (ew)? 2 gagy1 (v")??0, 0" sin®* 1 1

d=1

which implies

10y F(0)lex,1,0 S Z(Qd +1)(ew)** 2| g2as1 || (0") 240y 0" sin® T 7, 14

@d+1) ()7 lgaarll 0200 sin®* 1 7]l 2041 2042

M8 EMW‘

2d—2
@d+1) (£)7 lgaaral 0174

a
Il
—

for reasonably large . Hence the estimates related to | - ||l¢,,1,4 estimate related to Hygf (0) follows from
Proposition Again, using Lemma [£.1] and Proposition one may also estimate

G T F(0) 1,5 S ITFO)[ls5 < Y (£w)* 2 |gaara || (") 155
d=2

e oo
(ew)? Z ( ) |92d+1|||( "2 lagar 21 S (ew)? Z ( ) |92d+1||\vh||2f“rl < g2
d=2 s

for reasonably large x. The estimate on 9,GII;[F(0)] is obtained in a similar fashion. The sum of these
inequalities imply the estimate on F#(0).
To estimate the Lipschitz constant of F¥, let &, ¢’ € By(Re?), we have

F(E-F(E)=~ II [g(ew(€ + v" sinT)) — g(ew (€ + v" sinT))]

+ { — 0y [ (€ +v")2(sin 7)(IT[g] — T — (&0 +v")? = (& +©")?) (sin? )|

Ty [(6 + o) sin )2 ~ TET) — (60— &) sim )] - 210 [file]® — Tl

Uh 2 (¢1)\2 3 (¢1\3
B @Hl [f(ew(€ +v"sinT)) — flew(€ +v"sinT))] — 30" (&7 . ))& 4(51) }sinT.

For any d > 2, m >0, a > 0, and (,¢’ € &, m,a, it is straight forward to estimate

16? = (") llex.am.da S AUNCNE om0+ 1S m IS = ¢ llesm.a

where the constant is independent of d. Another useful inequality is

1

| =
A

1€lle, 10 + 10y€lles 1.2 S (58) T2 (€ller 1,3 + 110y€ller1,4) S ., €€ Bo(Re?).
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Hence one may use Lemma [£.1] and Proposition [£.3] to estimate
102G (&) = F(E)lev1.8 S 2 ITF(E) = FE)ller1.3

S22 3 (w1 2lgaaealI(€ + o sin ) — (¢ 4 ot sin ), g
W\ 2d—2 ] )
(E) |g2a1[[1(€ + 0" sin )2 — (& 0" sin )24, 241,201
2 > w\ 24— /
<23 (D) gnana (U €30+ 1€ 1 DE €l

o0
P WA 2d—2 ) ,
w23 a(E) lgnaralle ~ s S 577N~ € lesns

for K > R reasonably large. To estimates ay§ [F(&) — F(&')], in a similar fashion one needs to compute
10, (F (&) = F(E)) lles.1.4

< Z d(ew)?*2|gaq11] H (€ +v"sin7)2%(9,& + O sinT) — (€' 4+ 0" sin7)24(9,¢" + 9, sinT)

~

d=1

l1,1,4

hE

2d—2
SYd(2) lgaanl| (€ o sin)2(0,€ + 0,0" sin )

&
Il
—

— (& 4+ v"sinT)?%(9,¢ + 9" sinT)

01,2d+1,2d+2

SIE =€ Mlevaa +110y€ = 048 ey, 1.2 < (52) T2(N€ = E'lles, 1.3 + 1046 — 0y€ lles,1,4),

where in the derivation of the third < we applied ||-||¢, 1,1 norm to all &, &', and v" and ||||4, 1,2 norm to all 9,¢&,

9,¢', and d,v". Along with Proposition [4.3[this inequality yields the desired estimate on O Q[ (&) — F(&N)].
The G; component can be estimated much as in the above. In fact,

G [F(§) = F (€5 + 10y GiI [F(§) — F(E)]ll1a S ML [F(E) — F(E)]]

S (el + " sinm) = Flewle + 0" sin ) 5+ 1)~ HE 15

+ (I€ler a0+ 1ENZ, 10 + 1€ e+ 1EN7 1016 = € ller13

where all the £, ¢, and v" sin 7 in front of € —¢&’ were taken the |||/, 1,1 norm. The f terms can be estimated
much as in the above

3,5

@ | f(ew(€ +v"sinT)) — flew(e +v"sinT))||e, 3.5

oo

Z ew)??7 2| gog 1| (ke) TR || (€ + vl sin )2 — (¢ 4 0" sinT) 2|y, 2a41 2401
d=2

K Zd 24 goas1 € = € ler 13 S H21E =€ o3

for k > R reasonably large. Summarizing the above estimates, the proposition follows. O

With the above preparations, we are ready to prove Theorem

Proof of Theorem We claim that, if & is sufficiently large, then F* is a contraction on the set

S={¢€& 13 |IIM[Els+ |10,1[¢]]1,a < (1 + M)%?
ITIE )l ey15 + 10, T1E] ey 1,0 < (1 + M)e?} € By(Re?), R = (1+M)(2+ M),
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equipped with the metric

€1r = T €] 11,5 + 10, T (€] 11,0 + (4 M) (ITIE] ey 1,3 + 10, TTE] ey 1,9),

where M is the constant from Proposition[{:4] In fact, using Proposition [£.4]it is straight forward to estimate
that, for any £ € S,

1+ R
T [FHE 3 + 10T [FHE)1a <NIFHO)ley1.8 + 10y FF(0)lle, 1.4 + MTRE2 + M(1+ M)e?
( 1 +R

(1 +M)> < (1+ M)3?
~ ~ M
ITFHE ler 1.8 + 0, TIFH ()]s 1.0 SHf”(O)Ilel,l,s + 10,7 (O)ller 1.0 + —5 Re?
< (M+ J\ZR) e? < (14 M)e?
K
and for any &,& € S,
# f( et 1+R M ! 7 ! l
FHE) = FHE) I < ( M—5= + (14+ M) = | (IT[¢ = &'Tll13 + M€ = ETer, 1,3 + [0y [E = €110
+ 10, T1€ = ey 1,4) + MITIE = ey 1,3 + 10,TIE — € lley.1,0)

R M M
< (a5 e+ )l €l

Therefore our above claim holds if % is large and F* has a unique fixed point &* € S C By(Re?). It
clearly satisfies all desired properties in Theorem Using that g given in is an odd function, a
straightforward computation shows that the operator F in leaves invariant the subspace of functions
& Dot x T — C satisfying Iy [€] = 0, VI > 0. Consequently, £ satisfies that [1[¢%] = 0, VI > 0 which
completes the proof of Theorem

5. THE INNER EQUATION: PROOF OF THEOREM [3.3]

We look for solutions odd in 7 of the inner equation (3.9) as

(5.1) ¢ = ¢)sin(n7).

n>1

Substituting (5.1]) into (3.9)), we obtain that

1
65:2) (@4 (0 = 1) T |36+ )| =0 n>1
As explained in Section [3, we look for solutions of the form
—2vV21
(5.3) ey = 2V

Then, by (5.2), ¥(2,7) = >_, 51 ¥n(z) sin(n7) must satisfy

sin(r) + 6(z7)  with  $=0 (1> .

23

6
P2 — S = -,

_;%sinz(T)ﬁ[w] 2‘/ sin(7)y? + w3+f< 2v/2i sin(r)+w)

02, + 124 = —II, % (‘i@ sin(r) + w) by < V) w) L n>2

where ' = d/dz, and p,, = vVn? — 1.
We observe that the nonlinearity f(u) = O(|ul®) in (5.2)) does not have to be a real analytic function, so
we complexify the space F., r > 0, in (1.7]), into a complex Banach space

(5.5) {f {ueC:|ul <r} —C, f is odd, analytic, and f(u kaquH 1l < oo}
k>2

(5.4)
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where
(5.6) Il = [felr®, for fu) = fuuk.
k=0 k=0
We define the operators
(5.7) ()= (afwl - 2621/}1> sin(1) + Z (024, + p2iby,) sin(nr)
n>2
(58) W) =~ T |~ st 0] - 22 (02 + 2 sin(r)
. 3 .
—1II é <_22 20 sin(1) + w> —f <_2;/§Z sin(7) + 1/J)

and notice that, for x = u, s, to find a solution ¢** of (3.9) satisfying (5.3) is equivalent to find a solution
1* of the functional equation

(5.9) Z(y) = W(f,¥),

which satisfies ¢* ~ O(z73) for z € Dg:;n, * = u,s, as defined in (3.10). In the remainder of this section,
we look for solutions of with such asymptotics through a fixed point argument and analyze their
dependence on f € FF. As before, we consider only the unstable case, since the stable one is completely
analogous.

5.1. Banach Spaces and Linear Operators. Given o > 0 and an analytic function A : Dg’;n — C, where
Dg;;n is given in (3.10)), consider the norm
[hllo = sup [z%A(z)],

ZGDB“”;“
and the Banach space
Xo = {h:Dy™ = C; his an analytic function and ||h||, < o0}

Moreover, for h : Dg’;n x T — C, analytic in the variable z, we define

Hh”ha = Z 17 flovs

n>1

and the Banach space
Xy o = {h : Dg”;n x T — C; h is an analytic function in the variable z and ||h|¢ 0 < oo} i

Lemma 5.1. Let r > 0. Given an analytic function f: {u € C: |u| <r} - C and g, h : ng’;n x T — C, the
following statements hold for some M depending only on 8 and r,

(1) Ifa> B3>0, then
M
hllera—s < —Fllhlera-
(2) Ifa, 820, and HgH@hOA? ”h”Zl,ﬁ < 00, then
1ghllesats < llgller.alllle s
(3) Ifa >0, gvh € Xh,a and ”g”Zl,O} ||hH£170 < T/2; then
1£(9) = F(M)ler,a < M fllllg — Plley o
(4) Given n >0, if f*)(0) =0, for every 0 <k <n—1, and ||g|l¢, 0 < 7/2, then
1 (Dllerna < MI|fllrCllglle o)™

M also depends on n.
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(5) If h € Xy, o (with respect to the inner domain D™ ), then 8,h € Xi, a1 (with respect to the inner
domain D;ﬁ;iin}, and
||8zh||él,a+1 < MHh”fLOC'

Proof. Ttems (1)(2)(5) of this lemma are proved as Lemma 4.3 in [3]. To prove (3) and (4), let f(u) =
> neo fruF. One may estimate using item (2),

0o k oo k
1£(9) = £ s = (9 = 1) > fi Sog |, <3 enl 3 ol A AN, o
= j=0 “ k=0 =0

<kt Dl ienl (5) g = Ml = 30 L a5 g — il
k=0

g— h”ll,a

which implies item (3). Again based on item (2), the proof of item (4) is similar

o0
1£ @)l me = || 3 frg™|, < Z FellgllE e gl o < Z Ll gl
k=n 1,

and thus item (4) follows. O

Now, define the linear operator acting on the Fourier coefficients of 1)

= Z TIn (%) sin(nr),

n>1
where
1 z
1/11 f@ s34p1(s)ds
(5.10) o
1 S
Tultbn)(2) = / e (s)ds o [ @ (s)ds, 2 2,
2ip, J_ 2ipn J oo

See Remark [.2] regarding the integral paths.

Proposition 5.2. Consider k > 1 big enough. Given a > 2, the operator (0%)o J : Xeyat2 = Xey o 15 well
defined and the following statements hold.

(1) ToZ(¢) =LoT(¢) = ¢.

(2) For any « > 2, there exists a constant M > 0 independent of k such that, for every h € Xq2,
[T ()l < M][B]|at2-

(3) For any a > 1, there exists a constant M > 0 independent of k and n such that, for every h € X,,
M
[Tn(P)llg < ljz\lhﬂa-

Again the above estimates represent the gain of one more order of derivative in 7. The assumption o > 1
in the above last inequality ensures the convergence of the integral in the definition of 7, and also allows
one to adjust the path of the integral in certain ways.

Proof. The proof of item (1) is straightforward. For [J,,, n > 2 and « > 1, one can use the same trick as in
the proof of Lemma 4.6 in [3], by using the Cauchy Integral Theorem to move the integral paths to the rays
{z — se*¥ . 5 > 0} for the two integrals respectively, to obtain that for h € X, and z € Dy,

« 10 —1i0

z%
24,

e 0 z%e > i0

. i . . ) .

/ ethnse h(z _ sew)ds _ : / e thnse h(Z _ Se—zé))ds
0 2ipn Jo

< (/ e Hn (S0 Sl p (2 — 5ei)|ds + / e Hn(Sn0)s| 1o p (o se_“g)|ds> < — |7l
2un \Jo 0 K

2% Tn(h)(2)] =
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For J1, taking h € Xoq2, > 2 and z € D;‘;L“,
a zot3 7 h(s) La—2 2
FamEl = [ e T [ Shss

<M|lh ) |Z|a+3d T < g
= || ||Oé+2 | |a+4 + |S|O‘71 S| = || HCYJFQ'
-0

The proof of the proposition is complete. O

5.2. The fixed point argument. By Proposition [5.2] we rewrite (5.9) as
v=WHL9), Wi=ToW,  feF [¥lao<r
where W is given by (5.8). In the following proposition we study some properties of the operator W*.

Proposition 5.3. Given r > 0, for big enough x > max{1,100/r} and R < min{x?,rx>/100}, the operator
WH: F¢ x Bo(R) — Xi, 3 (where Bo(R) C Xe, 3 is the ball of radius R) is analytic in both f and ¢ and the
following statements hold.

(1) There exists a constant My > 0 depending only on 6 and r such that ||[02W*(f,0)|l¢,.3 < M1 (14| f]l+)-
(2) There ezists a constant My > 1 depending only on 6 and r such that, for every 1,9’ € Bo(R) C Xy, 3,

IWECF, ) — WE(F, ||H<M2( L+ R+ | f >|w—w'||zl,3+||ﬁ[w1—ﬁwel,g).

Furthermore,

2 (T, o) — VA )|, < 22 0k R ) 1 = e s

01,3

Proof. W(f,0) is given by

. 3 .
W(f,0) = —TI ;<_2;/§Z sin(7)) _y (‘2}5@ sm(T)).

Thus, since f(z) = O(z2), it follows from Lemma [5.1{4) that

—2V2i ’
LY, 0)lls < MIfll || ——sin(r)| < M|/ fl-,
Zl,l
3 5
T _2\/i . r _2\@ . _
[y, | < szsm(f) e ”i! — = sin(r) N <M (14572 f],) -

Hence, from Lemma [5.1] and Proposition [5.2] there exists M; > 0 such that
H82VVii f;0 He 3= HaQ [ (f70)] sin(7 He 3 ( [ (f, )])

o (I ol + o o>1H£173) <M (1),

01,3

To prove item (2) on the Lipschitz property, assume that ||¢||¢, 3, [|%']|¢,,3 < R, and notice that

2v/2i .
z

W(f7 dj) - W(f’ 1/)/) = - Hl Sln(T) (/(/)2 - (¢l)2)

— S si(r) (T - 1) -
_ 3 3
3 (60— ) sintr) - 3T <_2fz sinr) + w) ( 2V () + w')

—f( 2ﬂ51n<7)+¢>+f< 224 ()+w>
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Thus, again from Lemma

I () = Wl <[ Ssinto)| - w1,
31,2 1,3
2v21
Y2 inr)| s 0 [ 0+ g | 1=
51,1
+ / 7 ( 22 in(r) s 1 - sm’) dsl| =1l
01,2

1
, T B 1Y~ w’llgl,e,)

1
( LRI 6= s )
and, recalling from ) that g(z) = 2 + f(z) = O(z3), we have that

3

~ L —2v 21
[rove.e) -wiswl|, <)o < f sin(r) + st + (1 - sw') ds|| =l
’ 01,0
M M '
<l e i DY I P

Item (2) follows from the estimates above and Proposition
Finally we prove the analyticity of W¥(f,). Since J is linear, it suffices to show that W(f,) is analytic

in f € F¢ and ¢ € By(R) C Xy, 3, which is equivalent to the analyticity of (f,v) — f(=22 =2v2i sin(7) + ) as
the analyticity of the other terms is obvious. For any vy € By(R), let us denote

—Z\fz

o = in(7) + o,
which, due to Lemma satisfies
lpolles1 <3+ w7 2[tolle, 3 <3+ 2R < 4.

Consider also f € F,
=Y fib, freC, fr=0,Vke{jeN:2jorj<5}, |fll, < oo,

where the coefficient sequence (fi) can be viewed as the coordinates of f. Near 1o, one may compute

o k
(= 2\[zsm()+1/}o+¢)=f(900+1/1 ka@o-H/f :kaz | ,soo T
Jj=
Z(Z )fkwk j)iﬁjéZAg wo)(f, 0
j=0 :j Jj=
where

> k! i
Aj(po)(f.9) = Zj mmé Ty,

The (j + 1)-linear transformation A;(y) of f and ¢ can be estimated by Lemma as, for j =0,

3—k
[Ao(0) (f,¥)ller,3 < Z | felllgtllers < Z el leolls o lleollZ, 1 < MZ | el ( ) < M| fl,

k=5 k=5
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and for j > 1,
© k! P
14 (00)(f, ) ler,3 < Z WVHH% TP ey 3
k=max{j,5} ’
< lle 3 Z | felr” (ki_) rFleoller el
k=max{j,5}
[ee]
) kl4k— “k k2
< |1¥l7, 3 Z | filr ki_.,r Frmhm s,
k=max{j,5} J( ‘7)
Since, using =] ) < k7, for any k > max{j, 5},
L S P S 1 i 4k 37 TENTI (k. TR\ ko]
Mk—n " S Rt () :j!4m2j73(1°g1) ((}k’gi)e ’ 4)

9153 ~j —j
<Lr (4/{ log 4) SMj_%H3<4/€210g %) )

- ]!69

where the Stirling’s approximation was used in the last step. Hence, A;(yo) is a bounded multi-linear
transformation, which satisfies

1 TE\ I j
145(00) () v, < My~ (462108 5 ) IS llel,
This estimate also implies the analyticity of f(=22 2‘[1 sin(7) +v) in f and . O
Proof of Theorem[3.5(1). Much as in the proof of Theorem we use an equivalent norm on Xp, 3

9]« = [|v1 13 + 2M | T[] le, 3,

where M is the constant resulted in Proposition [5.3(2). Let Ry > 0 and consider f € F¢ with | f||, < Ro.
Using Proposition it is straight forward to verify that, with in the above norm || - ||« for sufficiently large
k > 0, W¥ is a contraction on the closed ball of Xy, 3 with radius R = 3M; (1 +2Mz)(1 + Ry) with Lipschitz
constant k= 2(1+ R+ Ro)Ma(1 + 2My) + % < % The unique fixed point ¢* depends on f € Ff analytically
and gives the unstable solution ¢** in the form of which satisfies the desired estimates. Using the
same arguments in the proof of Theorem one can conclude Iy [¢*] =0, VI > 0. ]

5.3. The difference between the solutions of the Inner Equation. This section is devoted to prove
the second and third statement of Theorem [3.3] We consider the two solutions ¢*® of the inner equation
which are given by (3.11]) and we study the difference

Ap(z,7) = 67 (2,7) = ¢ (2,7) = YU (2, 7) — ¥ (2, 7),

for z € ’Rm + = Dy’ ;n N Dy, MLz ze iR and Im(z) < 0} and 7 € T. For this purpose, we actually work

on as an ill-posed dynamlcal system of real independent variable along Rm A

Remark 5.4. We are interested in the behavior of the difference in the connected component Rm+ of

D;":‘ N D;g‘ NiR because the change z = e~ 1(y — im/2) brings the origin y = 0 into z = —ie " 17w/2 € R1“’+.
Let 7 > 1. We define the change of variables

(5.11) z=—ir, Ui(r)=¢Y(—ir), V,ui(r)=0,(¢5(—ir)) £ \/7¢0 (—ir), n>3.

That is

(5.12) ¢ (—ir,7) = Uy (r) (r) = U,_(r))sinnr,

. 1
sin T + Z ﬁ(‘yn_’_

(5.13) 0y (8°(—ir, 7)) = 8,1 (r)sinT + Z U,,_(r))sinnr.

n>3
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Then, equation (3.9)) takes the form

OrV,y = +vn?2 — 10,4 + F,(7),

where
F= (R, R =I[Z@ +760] - 0 Fa®) =[5+ @0, n>3

Since i\If‘;’ in the nonlinearity is isolated into the left side of , the cubic terms in Fy do not include W3.
Note that, by item (1) of Theorem we can restrict to the space of odd n’s.

Let W*(r), * = u, s, be the functions ¢**, x = u, s, expressed in the coordinates introduced in (5.11). We
are interested in ¥®—WU" as r — +o00 where, since we shall consider certain local invariant manifolds/foliation
which are not necessarily analytic submanifolds, we work in the space /5 with the smooth norm

IWIZ, = 012+ 0,002+ > n2 (W W)
n=3,odd

and treat Uy,0,¥1, ¥,,+ as 2-dim real vectors. We also define
\ch = (qjlaar\lll)v \Ijj: = (len:I:)SLO:}

Part (1) of Theorem implies that U** do belong to the ¢5 space.

It is easy to see that F' defines a smooth mapping on the /5 space. Due to both positively and negatively
unbounded exponential growth rates caused by the linear parts, is ill-posed both forward and backward
in r. However, after multiplying a smooth cut-off function based on ||-||¢, to the nonlinearities F, the standard
Lyapunov-Perron approach still yields smooth local invariant manifolds and foliations near ¥ = 0, including
an infinite dimensional center-stable manifold W where (5.14)) is well-posed for r > 0 (see e. g. Theorem
4.4 in [16]), the 4-dim center manifold W¢ C W (again see Theorem 4.4 in [16]), and stable fibers inside
Wes transverse to W€ (see e. g. Theorem 4.3 in [15]) We shall outline a framework to derive of W and
W€ and the stable foliation inside W€ for .

Following the standard cut-off technique, take v € C*°(R, R) satisfying supp(y) C (—2,2) and y|j_; 1) = 1.
Let 6 > 0 and

FH (U F#(0))™ F# = 117, FL(T) 4 Ld F# = 117, F (T >3
( ) (n( ))n:1’ 1 =7 52 1( )+Z 1> n — 7 52 (71( ))7n_ .
Consider

920, = FH (v
(5.15) L= FE)

ar\I/ni =+v/n? — 1\I/7li + F#(‘I’),

whose nonlinearity has small Lipschitz constants for § < 1. We shall work on the global center-stable and

center manifolds and stable foliations of ((5.15)). It is clear that solutions of ([5.14)) and (5.15) coincide in the

d-ball of £ and thus we obtain local invariant manifolds and foliations of (5.14]) containing ¥**(r).

Center-stable manifold. The center-stable mainfold W = {¥ = (¥, U_)} of (5.15) is represented
as a graph of a mapping h°° satisfying
o hes € O, DIhes(0) = 0, j = 0,1,2, and h*® is odd, i. e. A (=T, —U_) = —h (T, T_).
e Invariance: if U, € We, then there exists a unique solution ¥(r) € W r > 0, to (5.15)) such that
W(0) = ¥, and

() c &= {yp e C[0,00),) | sg;o) e "[Y(r)]le, < o0}
e Any solution ¥(:) € £°° to (5.15|) satisfies ¥(r) € W for any r > 0.

5Even though the linear operators in [I5] [16] are assumed to be sectorial operators generating analytic semigroups, which
is not satisfied by wave type PDEs, the same proofs and results still hold when the nonlinearity are smooth mappings on the
phase spaces (i. e. without loss of regularity), which is the case of (5.14) when posed in ¢2 space.
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To outline its construction, one observes that a solution ¥(r), r > 0, to (5.15)belongs to £ iff
r
U (r) = W4 (0) + 1,01 (0) + / (r — 7)FF (W(r)dr,
0

U, (r)=¢V ”2_17"\1171,(0) + / eV "2_1(T_T)F#(\If(7))d7',
0

+oo
Uy (r) = ‘/ VD EE (W (7)) dr

n

Denote the above righthand side as T (¥.(0), U_(0), ¥(-)). Following the proof of Theorem 4.4 (mostly
consisting of Lemma 3.1 — 3.4) in [I6] (or that of Theorem 4.2 in [I5]), one may prove that, for § < 1,

a.) T is a contraction in ¥(-) € £ possessing a unique fixed point \I/(-, U.(0), \I/_(O)) € £° depending
on parameters ¥.(0) and ¥_(0);
b.) the mapping h°®, defined by
he(W(0), U (0)) = Ty (r, Te(0), T_(0)) |, _,
from this fixed point, gives the smooth center-stable manifold W€ invariant under (5.15]).
The oddness of h® is obtained from the fact ¥(-) € £°° is a solution iff so is —¥(-) € £°° due to the oddness

of (1.

The property Dh(0) = 0 always holds and corresponds to the tangency of W€ to the center-stable
subspace. Here the extra D?h(0) = 0 is a natural consequence of the oddness of A from that of ([5.15)).
More essentially, it is implied by the lack of the quadratic nonlinearity in (5.15)).

Inside W*°: the center manifold We€. Inside the center-stable invariant manifold there is the 4-
dimensional center manifold W¢ = {¥ € W | U_ = h¢(¥.)} of (5.15)), which is represented as a graph of
a mapping h° satisfying
o he e Ctis odd, DIhe(0) =0, j = 0,1,2.
o Invariance: if U, € W€, then there exists a unique solution ¥(r) € W€, r € R, to (5.15) such that
¥(0) = ¥, and

() C &= {y € OOR, ) [ supe (), < oo}

e Any solution ¥(-) € £° to (5.15)) satisfies U(r) € W€ for any r € R.
Due to the invariance of W, when restricted to We, (5.15)) is equivalent to

(5 16) 872\111 = Flcs(\llcv \IJ—)
' 0V, =—n2 =1V, + F*(V,, ¥_),
where

FeS (W, W) = (FS* (U, W) > 1= F# (W, U, (W, W),
The construction of W€ is essentially that of an unstable manifold in W and thus again can follow from
Theorem 4.4 in [I6] as illustrated in the above framework for Wes.

Inside W*°*: stable foliation and fiber coordinates. The invariant foliation theorem (e. g. Theorem 4.3
in [I5]) implies that, for § < 1, there exist h*(¥,, ¥_) € R* (which we call the stable foliation mapping)

and ¥ =T'(U., ¥_) on W (which we call the stable fiber coordinate system) such that
e h* € Cis odd, D7h*(0) =0, j =0,1,2, and h*(¥,0) = 0 for any V..
o U= (U, ,U_ U,)=T(T.,V_) is defined as
(5.17) V=T, +h* (U, U ), W_=heU)+T_, U, =h=T, ¥ ).
o Let W;(r) = F(\Ni/w'(r), T_(r)), j = 1,2, 7 > 0, be solutions to and ¥, 1(0) = ¥, 5(0), then

— W.q(r) = W o(r) for all 7 > 0 (invariance), and
— there exists M > 0 depending only on f such that

11 (r) = 2 (r)lle, < Me [T 1(0) = U 5(0)]lezs V7 20.
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e Consequently W¢ = {T'(¥,,0) : ¥, € R*} and, if U(r) = T(V.(r), ¥_(r)) € W, r > 0, is a solution
to (5.15)), then Wy (r) = [(T.(r),0) € W€ is also a solution to (5.15)), called the base solution of ¥(r).
For each W, the submanifold given by the image I‘(qlc, -) is often referred to as a stable fiber.
Note that the functions A°® and h¢ have been already obtained. Therefore, to construct I' we only need to
show the existence of h*. To this end, we only need to work with (5.16). Let (¥&(r), U¢ (r) = h(¥<(r)) € W©
be solution to (5.16). One may compute that (PS(r), ¥ (7)) + (P(r), U_(r)) where

(We(-), ¥_() € E% = {(Yhe, 1) € CO([0, +00), £5) | sup || (he ) lle, < o0},
is also a solution to iff, for all r > 0,
+o0 - N
i) =~ [ (=) (FPOUr) + (), 02 (7) + () - B (WE(), ¥ (1)) d,
U, (r) =e V" I"U_(0) + /OT e~ Vni—1lr=7) (Fﬁs(\llg(r) + W (r), W (7) + U_(r)) — F(Ue(r), U< (7'))) dr.

Following the proof of Theorem 4.3 (mostly contained in Section 3) in [15]), for 6 < 1,
a.) the above right side is a contraction in £%° possessing a unique fixed point (\i'c (~, U_ (0)) LW (-, U_ (O)) €
&% depending on the parameter ¥_(0);

b.) the desired mapping h* is given by h*(¥_(0)) = ¥, (r, ¥_(0))|,—o. The oddness of h* is also obtained
from the oddness of (5.16)).

Splitting estimates. By item (1) of Theorem and (5.11)), the stable/unstable solutions ¥** to (5.14))
satisfy lim,_, o0 U**(r,7) = 0 and therefore they belong to the center-stable manifold We. Thus, we can
express them in the stable fiber coordinates,

(5.18) U (r) = D(W85(r), B°(r)), W3 (r) = (B7°(r), 0, 01°(r)),
and let W;"* be their base points
Uy (r) =T(TE*(r),0) = (iﬂg’s(r),hc(@g’s(r)),hcs(\ilg’s(r), h“(\ilg’s(r)))> e we,
which are solutions to ([5.14) themselves and satisfy
[0 (r) = " (r)[le, < O(e™2"), as r — 4oc.

Lemma 5.5. U%(r) = U3(r).

Proof. From item (1) of Theorem and Lemma 0, U™ 3(r) have exactly the same leading order term
proportional to r~!sin7 with remainders of O(r=2) in ¢ metric and 9, ¥**(r) with remainders of O(r=%).
Since Dh¢(0) = 0 and Dh®(0) = 0, we have, for r > 1,

O(r=2) 2| W*(r) = U(r)le, = [|U5(r) = 5 (7)[le, — O(e™™") > 1|‘I’l‘(7“) — W (r)| = O(e™?),
and thus
(5.19) (W (r) = W3 (r)| < O(r?).

Let
(Br(r), 0,B1(r)) = Wi(r) = We(r), B(r) = sup(r)P|Ue(r') — U3(r')| < oo,

r'>r
where is also used. Recall that W,"*(r) are solutions to contained in the center manifold W€,
governed by the dynamics of their center coordinates W% *(r). Substituting h¢ and h°® into the term F; (%) in
5.14)), using Dh¢(0) = 0 and Dh°*(0) = 0 along with the leading order expansion of ¥*:*(r) corresponding to
3.11)), and observing that the cubic nonlinearity F;(¥) does not contain the term W3 in its Taylor expansion,
we have

o2 35 = Gy =0 (5l o) <0 (2F)).
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As in the definition of J; in (5.10), a fundamental set of solutions of 8351 - 7%31 =0 are given by r—2 and
r3. Therefore the general solutions of the above equation is

_ 3 r ~ 1 r
Bi(r) = r 2+ eord 4+ % G(s) ds

5 ~
- — G(s)ds,
S 52 +Oos (s)ds

which implies
|B1(r) — cr 2 —eprd| < C’)(r_4B(r)).
In the view of (5.19), we conclude ¢; = ¢; = 0 and thus |3 (r)] < O(r~*B(r)). In turn it also implies

18,81 (r)| < O(r=°B(r)) and leads to a contradiction to the definition of B(r) for 7 > 1, unless B = 0. The
lemma is proved. |

Finally we are ready to prove the estimate on the difference between ¥*%*(r).
Proof of item (2) Theorem . Due to Lemma to complete the proof of the theorem, we need to estimate
2 2 o u s T, u T, S T, u TS +oo
B = (Bp-)n 23 = Wh(r) = U2(r) = VL (r) = U2 (r) = (U, _(r) = 7 _(r)),, ;.

where the second equal sign is due to the definition (5.17)) of the stable fiber coordinate system I'. From
(5.14) and using | DF(¥)]| 1,y = O(||V[|7,) for [|¥]ls, < 1 and [|[¥*5(r)||,, = O() for r > 1, we have

Onf- = AB_ +TU[F (DB (r), 8" (r))) — F(D(B2*(r), ¥ ()] £ 45_ + A_()i_,
where

AV _

(—Vn?—19,.)"
1

(A (), (/0 [[((DF,) 0 T)Dg T] (2°(r), (1= 1)F (1) + 7% (1) dr )0,

which satisfies

A= (")l ey = O (r72) .
Consequently,
O, (V¥ ) = (A+ VB)eV® B+ A_(r)eVj_.
As A+ /8 <0, [|A_(r)| Lty = O(r~2) implies

sup {e‘/grﬂﬁ_ (r)||g2} < +o0.
r>0
Write e\/gr,/;’_ using the variation of constants formula,
e\/grﬁ_ (r) = er(A+\/§)B_ (0) + / e(r—r’)(A—&-\/g)Av_ (T’)e\/grlﬁ_ (r")dr.
0

Now, since II3(A + v/8) = 0 and (I — II3)(A 4+ v/8) < —v/24 + /8 < —2, one may estimate, for 7 > 1,

I = T13)e* B (1)lles <™ 13- O)lex + s1p €Y 8- (") / e 2T AL () | ey’
—2rn A 3 —2(r—r") , T e—2(7‘—r’) ,
<O+ [ o+ [0
1
<o(%)

Co= Ao+ [ W[40 B0

Defining

which converges since || A_ (")l L(es) = O(r~2), then we obtain

B 5 " +eo L
leV®" Bs_(r) — Cialle, < o e A (T”)H&/ 14-(Dlzendr’ s O <T) |
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To complete the proof of Theorem we need to estimate e‘/g’”(gbO*“ — ¢%%) and 9, (e‘/gr(qﬁo’“ — ¢0*S)).
From (5.12) and Lemma [5.5]
VB A (—ir) =eV®" (67 (—ir) — ¢ (—ir))
eV8r

_ \8r u s . u s n .
=V (VY (r) — ¥i(r))sinT + ———(Ur., (r) = U, (1) — Bp(r) ) sinnr.
”%:3 2vn? — 1 ( - * )

Therefore, for Cj, = —%Cﬁn, from the definition of B_(r) and the cubic leading order of h“*°* in the stable
fiber coordinates T'(W., ¥_), we have

||oF (e\/gTAqSO(—ir) — Cinsin 37) ||, Se‘/§r|(hs(\j/Z’s(T), T (1)) — he (TS (r), U5 (7‘))|
+ VB (T () = B (1) ey + eV (B Insslle, + eV Bs—(r) — Cial
<M (r=2eYSMIB-()lles + ¥ (Bu-)nsslles) + O ™) < O,
Similarly from

10y (6‘/§TA¢50(—17“))||51 :He\/gT Z (W(\I}ZJF(T) - (r)+ '7;2;\/27_1\[3“(7”)) sinnt
n>3

+ 0, (VB (W (r) — Wi (r))) sinT

£y
<M (r2eY¥ (18- (n)lles + ¥ (Bu-)nsalles) < O(r2).
Since A¢Y(z) is analytic, the estimate on 9, (e\/g’"Acz)O(fir)) implies the same estimate on 9, (e“/gZAgbO(z))
and this completes the proof of Theorem [3.3 (]
Finally, we prove that the Stokes constant is analytic with respect to f € Ff¢

Proof of item (3) of Theorem|[3.5 This proof is based on the analytic dependence of ¢**(2,7), x = u, s, on
f € F¢ in Theorem 1) and the asymptotics (3.13) in Theorem [3.3(2) just proven. For s € (—oc0, —k), let

~ 1 [
C(s,f) = 7/ e 13 A¢°(is, T) sin 3rdr,
™ —T
which is complex analytic in f € F¢. From (3.13) we have Ciy(f) = lims— oo 5(5;7 f) uniformly in f with
[I£1l- < Rp. So we obtain the analyticity of Ci,(f) in f € F¢, which also implies its analyticity in f € F,.. O
6. COMPLEX MATCHING ESTIMATES: PROOF OF THEOREM

As usual, we consider only the unstable case, and in order to simplify the notation, we omit the superscript
“u” of the solutions. Moreover, in this section, we use the domain DTC,? " instead of Dy’ (see (3.10) and
(3.14)) but we work on the same notation for the norms and Banach spaces introduced in Section

Proposition 6.1. Let ¢(z,7) and ¢°(z,7) be solutions to (3.8) and (3.9), respectively. The function ¢ :
D_TC,?U x T — C defined as

(61> (,0(21,7') = ¢(Z7T) _¢O(ZaT)'

satisfies the following differential equation

(6.2) Z()(z,7) = (L()(=) + L)) (2) ) sin(r) + K(9)(2,7) + Conen (2, 7),

where I is the operator given by (5.7), L : Xp, 0 — Xata, L: Xevo =+ Xago, and K : Xp, o — Xy at2 are

linear operators and Cper : D_TC,?" X T — C is an analytic function in the variable z. Moreover, 11 o K =0

and there exists a constant M > 0 independent of € and Kk such that, for 0 < v < 1, € sufficiently small and
K big enough

(1) T o]l < M1 and |02 T[]

) I1L(P)la+a < Mlielley,a5
B3) IL(P)llate < Mllelle, a5

< Me?;

1,3
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4) 1K(@)llev.at2 < Mllglley,a, j = 0,1,2.

Proof. Since ¢ and ¢ satisfy (3.8)) and (3.9)), respectively, we have that ¢(z, 7) satisfies
1 . . 1 _1
(6.3) Do~ o~ o=~ 3(0° — (6°)) — S (wo) + f(6°), w=(1+) 7%

Now, recall that ¢(z,7) = ev(im/2 + €2, 7), where v(y, T) = v"(y) sin(7) + £(y, 7), v" is given by (.30 and
¢ is given by Theorem An easy computation shows that

2421
\Z[Z +ll(Z)a

el (im/2 +e2) = —
where 1 is an analytic function such that |I;(z)| < Me?|z|, for each 2 € DTC,?“ Thus,

(6.4) ey = - 22

sin(7) + 11 (2) sin(7) + e€(in/2 4+ ez, 7).
Using Theorem [3.1]and y = iw/2 + £z, we have
. 1
led2E(im/2 + e2,7)|ley 3 < ;2”335(1/77)”@1,1,3 <M,

where || - ||¢,,1,3 is the norm introduced in Section
Since Mk < |z| < Me¥~! for every z € DT?:’", it holds

(6.5)

<M

)

02 <¢0(z,7') + Zfi sin(7)>

0.3
and using that ||¢|l¢, 1, [|¢%le,1 < M, f(2) = O(2°), we obtain from the Mean Value Theorem that

1
5 (60— @) = SO+ F0) = 3 (0 + () [ Flsot (1= 5)8)ds
(6.6 :

= Z%Hl[go] sin(7) — Z%Hl[gp] sin(37) + Lo () + Is(I1 [¢)]),

where Iy 1 Xp, o = Xy, ata and I3 : Xy, o = Xy, o2 are linear operators such that,
[l2()ller,a+a < Mllolley,a  and  [ll3(9)[ler,a+2 < M|@]lera-
The proof of the proposition follows from (6.3)), (6.4), and and by taking,
o Coch = €20 + f(®) - wigf(wéﬁ)v
o L(p) =1L [la(¢)],

~

o Lip) =T [1s(T1[])].

o K(p) =Tt |- Sfelsin(31) + 12(¢) + o)
(|

Let z; = e Y(y; —im/2), j = 1,2, where y; and y, are the vertices of the matching domain Df_mf“

given by (3.14). Consider the following linear operator acting on the Fourier coefficients of h(z,7) =
> k>0 hakt1(2) sin((2k + 1)7).

(6.7) T(h) = Touya(hari) sin((2k + 1)7),

k>0
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where

2 2
5 J.,, s 522 /.,

1 3 25 /z1 3 35 (2122)° /Z2 hi(s)
- - = h d - —d
|7 3) [, ot (24- 020 [T

z h2k+1(s)e—iuzk+1(3—z) z h2k+1 (S)eiﬂ2k+1(3_z)
Tors1(hog :/ - ds—/ ’ ds,
2i+1 (Rzice) 22 2ip12k41 % 2ipiok41

3 z z
Ti(hy) = Z—/ () ds — 1 hi(s)s®ds

n sin(pog+1(z2 — 2)) /Zl h2k+l(s)67w2k+1(sle)ds
sin(por41(21 — 22)) 29 2009k 41
S e /Z2 han (e v v for k> 1
sin(por+1(21 — 22)) J», 2ipi2k+1 ’ -

Observe that 7 is chosen such that Zo 7 =1Id and 7 (h)(z;,7) =0, j =1,2.
Moreover, consider the analytic in z function Q : Df‘:: " x T — C given by

(6.8) Oz, 7) = Z Qop+1(2) sin((2k + 1)7),
k>0
which is defined using ¢ in (6.1)) as follows, where k& > 1,
1 1
Q1) = o2 (F(Beaten) - eaten) -  (Hon(a) - Aea(e)).
2 A4

sin(pok+1(2 — 22)) _ sin(pari1(z — 21))
sin(piop+1(21 — 22)) sin(por41(21 — 22))
Observe that Q satisfies ZQ = 0 and Qog+1(2j) = Yar+1(25), 5 = 1,2.

In conclusion, observe that if h, $ : ch,? " x C — C are analytic in z functions such that

I@)=h,  @(z)=e(z), j=12,
where ¢ is given in (6.1)), then, we have that
@(Zv T) = Q(Zv T) + T(h)('zv T)v

where 7 and Q are given by (6.7) and . In particular, as the function ¢ satisfies (6.2)) by Proposition
it can be written as

69 (=)= Q@)= 1) + T (Coenlz,7) + (L(#)(2) + L(TTlp))(2) ) sin(r) + K(9)(z,7) )

Qop+1(2) = Yopt1(21) Vort1(22).

We use this expression for ¢ to obtain estimates of this function for z € ch,? “

The next lemma gives estimates for the operators 7 and Q given in , and .

Lemma 6.2. There exists § > 0 depending only on B2 (see (3.14) ), such that, for ke'=7 < §, the following
statements hold.

(1) The linear operator Ty : Xo — Xo—2 is well defined and
[Ti(M)[go < MR, , >4 [[Ti(h)|l; < M|logel[[h]l,, a=4.
(2) Fork>1 and h € X,, with a > 0,

M
T2kl < 25 [, -
(3) Q satisfies

[Qill, <M (5(0‘_3)(“’_1) +52+("‘+1)(7_1)> , > 2; ‘ < Mele=d0=D o > .

(03

o211[Q)

Proof. Due to the assumption e5("=F1) — ¢=502 -£ (0 when § is small, it holds

1
(6.10) M@““l <z1l, |2al, |20 — 2Bl5 < M k< |2| < M"Y Vz e ch,?u



SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS 47

Therefore,

1 # M||khllo [ M]||h||a|2])?>7, 4,
L [ s <M [ prog (MR
522 /., || E2) M|logel||h|lalz[*~%, a =4,

and, for a > 4,

23 ? h(S) 3 8 1 2—a
1

Z1

AW M||hlla [ M||h| e~ DA
e <Z3 _ zg) / h(S)SSdS S || 2” / |s|3—ocd8 S H || € 5 S M||h|‘a|2|2_a
5(z5 — 27) 22) )., |2| 2 |2|
1 55 (2122)° / h(s) 5, |2l / 1
5 _ sl < M|k, ——d
50— =) < s ) [, b= Mbe (R T ) | s

|22/°
2|2
where the integral f;lz was simply taken along the arc of the circle centered at —ixe. Hence, we finish the
proof of item (1) of the theorem.

To deal with the higher modes, we will see that
sin(por+1(2; — 2))
sin(u2k+1 zZ1 — 22))

(
In fact, recalling that |sin®(z)| = 3(cosh(2Im(z)) — cos(2Re(z))), we have

< M|l (z|3 n ) D10 < a2,

(6.11) <M, j=12VzeD{M VE>1

sin(pok41(2; — 2)) ‘2 < cosh(2po41 Im(z; — 2)) + 1
sin(papr1(21 — 22))| — cosh(2uapr1Im(z; — 22)) — 1°
Since Im(2; — 22) = Ke7~! and |Im(2; — z)| < |Im(21 — 22)|, we obtain (6.11).
Assume that o > 0. For each z € Dﬂfi"“, there exist 8}, 35 (depending on z) between ; and 3 and
t5,t% > 0 (depending on z) such that zp = z + e~} and 2; = z + /" P1)¢5. Thus, we have that

t2
</
0

t3 o—p2k41sin(B5t) oo s
SthkH”a/ c —7 ’ dt < Hh%H”a/ e Hart1sin(Bat) gy
0 lzteTPte |2| 0

/h2k+1(8)€7iuzk+1(57z)d8

z2

hokt1 (z +e P2 t) ‘ e Hart1sin(B3t) gy

< M||h2k+1||o<.
fak+12|*

Analogously, we prove that
M| hog+1]la

fakg]z]®

/ Rkt (S)Giﬂszrl(s_Z)ds’ <
z1

and in particular, using that |z;| > M|z|, j = 1,2,

/ h2k+1(3)€_i“2k+1(s_zl)d3’

Z2

Mlhztalla o Ml[Pok1lla

pors1lzi]|® T pogga]z]®

< M|hog 11l < M”th—HHa.
tok+1]22]® Pakt1|2]*

IN

zZ2 .
/ hgk“(s)e’“""““(k”)ds
21

Hence,

M
(6.12) | T2kv1(hors1)la < —5—llh2ksillar £ >1, @ >0.

2k+1
Ttems (2) follows (6.12)).
To estimate Q, observe that using (6.4) and (6.5)), one has

o(z,7) =l1(2)sinT + b(z,7), with b(z,7) =e(in/2 + e2z,7) — (d)o(z,T) +

2/2i . )
sinTt |,
zZ
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where 5 is given in (6.4)). Then, ||92b||¢, 3 < M and |l1(z)| < Me?|z|, for each z € DTC,?" Thus, from (6.10)),
we can see that

191 (21, 22)(2)| !

1
2 (26 - Feae) - 5 (Benten) - fin(a) )|

29 — 21
|21 |23

(|so1<z1>|+|sol<zz>|+| Lol + 2 |sol<z2>|)

1 2|22‘3
< M( + 2|za| + .
|22]|2[? |2[?

101 (21, 22)||,, < M <€(u—3)(v—1) +52+(“+1)(7_1)) .
Finally, from (6.11]) and (6.8), we can see that, for « > 0 and k > 1,

a g2 , _ | smpania (2 = 22) g _
|Z TQ2k+1(Zl 22)(2)| Sln(ﬂ?k—i—l(zl — 2’2)) ‘rcp?kﬂLl(Zl)

21

IN

Therefore for a > 2,

sin z—z
. (/1'2k+1( 1)) aach2k+1(22)
sin(par+1(21 — 22))

PAE < ME|[Tgpqa [B] ]3P,

< ME* | Mk 41 [b]]l37——

and thus
102 Qaper1(21, 22)|la < M@0 a >0, k> 1,
which completes the proof of item (3). O

End of the proof of Theorem[3.6 To obtain the estimates for ¢ stated in the theorem, we just need to
estimate [|¢[/s 2. From , and Propositions and 6.2 . we have that

lerls = @ 21,22)+71(n1[mch]+1;( )+ L))

IN

19121, 22)lly + M| log el (I Conenllly + 12O + || Z(TTeD)|, )

¢ m)
,2> '

IN

M= 4 e4560-D) 1 M loge ( + llell 0 + | T

oge
< (e togel + BB o+ logel i

Moreover, since II; o K = 0, we have that

2] s T azﬁoQ(zl,ZQ,go)+a$T(ﬁ[Cmch]+K(<p)) -
< H&EﬁoQ(zl,zg,@) 172+M<Hﬁ[cmch]H[h2+||K(S0)||el,2>
< M(e:Y 4 £2H30- 1>)+M( + lleell,, )
<

_ _ 1
M <51 T g1y p ||(p||e1’2) .

Since k2| loge| is assumed to be small, it follows from multiplying the second inequality by 2M|loge| and
adding it to the first one that

lo1ll2 + M|loge|[07T1[¢]lle, > < 2M|loge] (177 +7171) .
Finally, the estimate on 0,¢ could be derived by differentiating the formula of ¢ with respect to z. Al-
ternatively, from Lemma 8.1 of []], reducing the domain DTC;‘ " (see (3.14])), with vertices y; and yo
such that |y; — i(m/2 — ke)| = &7, j = 1,2, to DTC;H“ C DTC,?U having vertices y; and ¥z such that
ly; —i(m/2 —2ke)| =¢e7, j = 1,2, and 0 < ¢ < 1, we obtain that

M
1070:¢]le, 2 < — loge|(e' ™7 +7771).
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It completes the proof of this theorem. In order to simplify the notation, we make no distinction between

mch,u mch,u
Dy and Dy 5,0 g

7. THE DISTANCE BETWEEN THE MANIFOLDS: PROOF OF PROPOSITION [3.12)]

7.1. Banach Space and Operators. We devote this section to prove Proposition We start by
defining the functional setting. Given an analytic function f: R, — C (see Figure E[), we define the norm

F e = sup (52 + 724y (F 100 gy
YER
and the Banach space
Xoexp = {f : R = C; f analytic, || flla.exp < 0}
Moreover, given an analytic function f: R, x T — C odd in 7 € T, we define the corresponding norm and
the associated Banach space

1 llercvexp = Y IMana [l
k>1
Xoy oexp ={f : R x T — C; f is an analytic function in the variable y such that
I [f] = [f] =0,V > 0 and || f|l¢;,a,exp < 00} -

Finally, we consider the product Banach space

yfl,Z,exp = XZ,exp X X&,O,exp X X&,O,expa
endowed with the weighted norm

1
[[(fvga h)ﬂll,Q,cxp - g”f'

The next lemmas give estimates for the operators and functions given in Section [3.3]

Lemma 7.1. The components of the operator P in (3.25)) have the following properties.

(1) For a = 2,5, the operator PW . Xoexp = Xoexp @5 well defined. Moreover, there exists a constant
M > 0 independent of € and k such that,
o For h € Xoexp, [PV (B)[l2,0xp < Me||]2,0xp-

o For h € X5 exp, [|PV (B)]l2,exp < %Hh”&exp'

(2) For o > 1, the operators Pr.po . Xeyaexp — Xy 0,exp are well-defined. Moreover, there exists a
constant M > 0 independent of € and x such that, for every h € Xp, o exps

M
IPE (B ler.0.xp: 1P ()4 0.0 < Wllhﬂel,a,exp

2,exp + Kl9lle1,0,exp + Kl lle;,0,exp-

Proof. We first prove item (1). We take h € X, 2 exp and, recalling that 4" has a a pole of order 3, we obtain
the following estimate for Im(y) > 0,

23 (z-|m(y)l) v
L&(l_“m(y”) 2 2 2:h Y h(S) e \2 h(S)
e’ ly? + 72 /476" (y) | ——ds| < / ds
o (s) 12+ 724 Jy |9n(s)
23 (z 1 m(y)) v
e € 2 _Q T Im
<Ml Tz [, € F Ol

2 (5-tn) i) e

§M|h||2,cxp|./2|/ |077T/2|67T(5*0)d0
Yy —m 0

A3

e ¢ (%_Im(y)) 2% N
M —Asr
< ‘|h||2,eXpmAﬂ€T€ 3T edr

Me||hll2exp (€ 7 23 e m
P L et b A — -1 _ 2 Im(y) [ = _
STy —inja \o, T3 ) —e N 2

1
< Ml (3 +1) € Mellbzony
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Analogously, one can obtain the same estimate for Im(y) < 0.
For h € Xy, 5 exp, One obtains,

2B (z-|Im(y)|) v
S (52 2 gy [P BE) |_e h(s)
e (51 (U)|)|y + 7% /4|0 (y)/o i}h(s)ds < A Sy |70 ds
2 (3-1mW)) v ,—22(F-1Im(s)])
< M||h|5.ex d
<MMlses -y |, o
< Mlls exp —*illm(y)\/ye%llm(s)lds
- 143353 0
M||h||5,cxp
= K3g2

We prove item (2) only for the operator P, since the result for P© follows analogously. Let h(y,7) =
> k>1 hek+1(y) sin((2k + 1)7). We bound each component of the operator Pl as

PL o (har )e = G| < pgy, | /y+ 2 (3-tm) € 2 EOD o d
65 a,ex eE © —e € 8
2k+102k+1 = 2k+1lla,exp ; |S2+ﬂ-2/4‘o¢
H ” T ke %(A?)lo" A2kt10—(A3] Im(y)|—A2k+1 Im(y)))
S h2k+1 «@,ex / do.
P Im(y) |U _7‘-2/4‘

Now, since the functions fx(t) = A3|t| — Aagr1t are decreasing for ¢ € R and k > 1, 0 > Im(y), and recalling
that a > 1, we obtain

Az 3 ke 1 M
P hoky1)e= (5-1Mm()1) < | hok+1]a,ex / do < hok+1l|a,exp-
2k+1( + ) H + || p Im(y) |O’2 — 7T2/4|O‘ (/Qs)a_l ” + H P

In next proposition, we obtain estimates for the right hand side of equation (3.26]).

Proposition 7.2. There exists a constant M independent of € and k such that the following statements
hold.

(1) The operator M : Vi 2.exp = Yoy 2,exp introduced in (3.26) is well-defined and
[FEre] | <MiEr o), s
01,2,exp =
Moreover, denoting M= (ﬂl,ﬂg,Mg), we have that
(I, 0.0+ 1€l 0 0x0)

M .
(HFHZhO exp+ ||®||€1,0 exp) J = 2a3

Hﬂl (E,,T, @))

IN

2,exp

M
<

HMVJ (E1,1,0) o

Z1,0,€Xp
(2) The function A defined in [3.19) satisfies
A= (I-M)"0,Zr(c), Zo(d)) and [A - (o,zp(c),z@( N]es 2iexp <

where Ir(c), Zo(d) are the functions defined in and (3.27).

Proof. Assume that (Z1,T,0) 6 Ve, 2,exp- To estimate the first component of M, using the estimates for
mw and My, in Proposition and Lemma n for the estimates on PW,

M (El,r,@)HZQXP < [PV (mwED)|y ey + 1PV Mw (T.0)],..,

< 10, 7e(0), To (@) e, 2

2}{3 ||mWE‘1H5,cxp + Me ||MW(F7 9)”2,cxp

M _
< 5 1Z1 ey + M2 (Il 05 + 1611y 0,050 -
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Now we estimate Mvg. The estimates for Mvg can be done analogously. Using as before Proposition and

Lemma [7-1]
| M2 E1.1,0)

< P (moscZ1) 1, g exp + 1P (Mose(T O], g 0

£1,0,exp

=22 ||m086~1||£1 3,exp E [| Mose (T, 9)||£1,2,cxp

M M
< S Il pop + — (I 0,0mp + 1€, 0,000 -
Ttem (2) of the proposition is simply a direct consequence of item (1) and (3.26)). O

The rest of this section is devoted to estimating (0,Zr(c),Ze(d)).

1
Lemma 7.3. Take x = 2—| loge|. There exist eg > 0 and a constant M > 0 independent of € such that,

for each e € (0,2¢),

Proof. From Theorems and (see also (3.7), the function A given in (3.15) can be written as
1 — /2 1 — /2
A(yaT) = 7¢u (y / aT> - 7¢S <y / aT>
€ € € €
= EA(bO (y _iﬂ-/277_) + l@u (y _7;71-/2’7_) _ }(ps (y_iﬂ-/Qﬂ_)
€ € € € € €
1 . yin —im/2
= ZeTimsT— /2 <Cin sin(37') +x <:UW,T)>
€ €
1 —im/2 1 —im/2
e ()L (52,
€ € € €

1 y—imj2
= = e s /2 sin(37) + Ef‘(y,T) + E;‘(y,T),

M

2p3 ;s
Tr(e) — B 0pe 2 =i/ gin(3 2
r(c) 5 e sin(37) < Tloge]

2
To(d) — 53 Cin Cinet 2 win/2) sin(37)

£1,0,exp £1,0,exp

for every y € Rmch .= D_rfc,i1 N Df_m,? MR and « satisfying assumptions in Theorems and @ where
Ef’ , E2 : Rmch,x X T — C are analytic functions in the variable y. It follows from Theorem that

y— 1«/2 y— 17r/2
M|e~iHs | M|e~ s |
7.1 0. E; _ d 0,E;+ _
( ) H 1 ”51 (y) — |y 7/7_[_/2| an || Y1 ||£1 (y) — |y 27_(_/2‘2
and from Theorem choosing v = 1/2, we obtain
£3/2|log | Me'/?|loge|
7.2 O*ES _— d 628, Ef < V7
( ) || ||41 ) ‘y Z71'/2|2 an || TYYH2 Ilél (y> — K?|y o ’L’/T/2|2

Analogously, since A is real-analytic one can deduce that for y € R ={z:z¢€ Rmch ot

mch,k

yt+im/2

1 .
Aly, ) = _Cwe™® = sin(37) + By (y,7) + B (4, 7),

_ T e s .
where E; (y,7) = E (y,7), which satisfy

M| ins y+17r/2| M| zu3y+”/2|
o Ale” - 1 oand ||0,E” ale” - |
o7 e () < 1 ana om0 <
M53/2\10g5| Me'/?|loge|
5 E5 _—— d |0,Es < — 7"
|| 2 ||£1( ) |y+Z7T/2|2 al || Y2 ”fl(y) = KJ|y+Z7T/2|2
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Using (3.18) and recalling that A3 = u3 + O(e?), we obtain that for (y,7) € R

Dy, 1) = Z(/\zk+1A2k+1(y) +ie0yAok11(y)) sin((2k + 1)7)
E>1

x T,

mch,x

2 - y— 2
e Yo e ‘ (14 O(e?))sin(37)

+ ) NowpaTlonr [Ef + Ef] sin((2k + 1)7) + iell [0, B + 0, E5 | (y,7).
E>1

Moreover, using (|7.1)) and (7.2), we have that

> Nowaloprn [EY + Ef sin((2k+ 1D)7)|| (y) <M (|0-E [le, () + 10-E |6, (1))

k>0
car [l S loge]
B ly —im/2] |y —im/2|?

s Y= 1"/2
(y)<M<€|e - | lloge] )

ly —im /27 kly —im/2?

21

=T [0, B + 0,5 ]

£y

Then, for (y,7) € R*

mch,x

x T, T satisfies
2 in
I(y,7) = L2 Cpnem =52 sin(37) + Bt (v, 7),
5

where EJr RT

mehx X T — C is an analytic function in the variable 7 such that

—ina W/Q| £3/2|loge|
Bt <Ml 5el ).
1B, () < ( y—im/2l g in/2

Proceeding in the same way for the function
O(y,7) = Z(/\2k+lA2k+1(y) — i€0yAsk41(y)) sin((2k + 1)7),
k>0

we conclude that there exists a function Eg : R, X T — C analytic in the variable y such that © can be

written as

mch,x

23 —— . i
O(y,7) = %C’inezm‘“s = sin(37) + Eg (y, 1), for (y,7) € R x T

mch,x

and ins
|eina =7 €82 loge]

HEéHel (y) < M ( o in/2] + |y+iﬂ'/2|2> ) for y € Rpen -

Now that we have good estimates for the functions I’ and © in the domains RE
functions Zr(c), Zo(d). Recall that Zr(c)(y*) = T'(y™). Therefore

meh W analyze the

2 2
Ir(c) — %C we T E W2 sin3n)| (yt) = |0 %cne—zﬂy i/2) sin(37) || (y)
Zl ‘61
= [lBll, &)
yt—ir
< M et == | €3/ loge]
- \y+—27f/2| [yt —im/2?
e M3k 23/2|loge|
s M ( e T Re? ) ’
and notice that, from (3.24]), we have that
2 . : 2
Ir(c) — ﬁCme_’ATS(y_”/Q) sin(37) = Mor ’Ip(c) MSC e 12 =in/2) sin(37)|| (y),
€ £1,0,exp V2
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1
and thus, taking x = —— log(e™!), we have that
ePa—ms)n 23/2] logee“") < M

23
01.0.0xp KeE K2e

The estimate on Zg(d) follows analogously and it completes the proof of the lemma. O

Proposition follows directly from Proposition [7.2] and Lemma [7.3)

9 . .
Ir(c) — %C’ineﬂ%@_”ﬂ) sin(37)

~ e|loge|’

8. BREATHERS WITH EXPONENTIALLY SMALL TAILS: PROOF OF PROPOSITION 2.2

To prove Proposition we analyze the intersection of the center-stable manifold W< (0) and center-
unstable manifold W (0) of the zero solution which form a tube homoclinic to the center manifold W°(0)
in the phase space. In the original coordinates, they correspond to an infinite dimensional family of waves

of (1.2)) which are w-periodic in ¢ (with w given in (1.21]) with & = 1) and of the order

u(z, t) = O(ee~19) + O(e= ).

In particular, the exponentially small oscillating tails do not decay as |x| — oco. The construction of such
generalized breathers is largely based on the approach in [61], 44, 43], so we shall adapt the problem into the
framework in [44].

We shall adopt a slightly different coordinate system and phase space in this section compared to that in
Section Bl Let

(8.1) ¢=(01.42)7 = (01, y01)", Q = (¢7MM[v], (=07 — w™*)"*1T[By0])
In the above, the operator (—82 — w=2)~2 is bounded uniformly in & on kerII;. In the (g, Q) variables,

equation (1.2)), or equivalently (|1.23)), takes the form

Oyq = Aq+ F(q,Q,¢)
8?JQ = %Q + G(Qa Qag)v

T

(8.2)

where

A= <(1) (1)> J= (02— w?)s (_01 (1)> : HY(SY Nker I — L2(SY) Nker 1Ty,

and with v = ¢ sin7 + II[u],

14 1 @ T
Fg,Q.e) = (0’ -7+ (—egwgfh lg(ewv)] + 4)) 7

T
6(0.Q.6) = (0, ~ s (-2 — w7 il g(ewn)])

While ¢ € X := R?, we take Y = L?(S!) Nker IT;. Apparently
J:YODWJ)=Y, =Y, Yy :=H(S)Nkerll;, J*=—J,

where L2 and H' stand for the standard Sobolev space of square integrable functions and the subspace of
L? functions with square integrable first order derivatives. It is straight forward to verify that X; = X, Y,
Y1, A, J, F, and G fit into the framework of [44] and satisfy all assumptions (A1-A5) in Section 2, (B1-B5)
and (C1-C2) in Section 4, and (D1-D5) in Section 6 there. (In fact G satisfies a stronger estimates

|Gl < M, ||DélD8G||L((R2XL2)®(®ZI+1271(R2 le)),R2xL2) < M53l2a
for some M > 0 independent of small € > 0, on any bounded set in X x Y7.) Therefore smooth local invariant
manifolds of 0, including the 1-dim stable and unstable manifolds analyzed in details in this current paper,
exist with sizes and bounds (in (g, @) variables) uniform in ¢ (Theorems 4.2, 4.9-4.11 in [44]).

In the following, we consider the homoclinic tube formed by the intersection of the center-stable manifold
We$(0) and the center-unstable manifold W<*(0). We also include the estimate of the minimal value of the
Hamiltonian H on the homoclinic tube which in turn yields an estimate on the minimal amplitude of the
oscillating tails of the corresponding generalized breathers.



54 O. M. L. GOMIDE, M. GUARDIA, T. M. SEARA, AND C. ZENG

e Notation. In this section all differentiation D are only with respect to the variables (¢, Q) in the phase
space, but never with respect to e.

e The local invariant manifolds and the restriction of the Hamiltonian # there. Let ¢, and g5 be
the coordinates of ¢ in the eigenvector expansion

¢=qu(1,1)" +q,(1, -1)"
in term of the stable and unstable eigenvectors. According to Theorem 4.2 in [44], locally the center-unstable

(or center-stable, center) manifold W<*(0) € X x ¥ (or W¢*(0), W¢(0)) can be represented as the graph of
a smooth mapping h¢ (-, &) : {|qul, |Qlly; <} C Y1 xR = R (or h°, he):

We(0) N {lqul; lgs|; RNy, <6} = {gs = h™(qu, @, €)},
W) 0 {lguls lgs], 1Qllyvy <6} = {qu = h(¢s, @, )},
W0) N {lqul; lasl, 1Ry, < 0} = {(qu, as) = h(Q,€)},

for some § > 0 independent of sufficiently small € > 0. Moreover h*(g,, Q@ = 0,0), x = u, s, is well-defined
and correspond to the 1-dim stable and unstable manifold of (1.29)) with & = 1. They satisfy the following
estimateﬂ For [ > 1 and some M > 0 independent of ¢, for x = u, s,

|h‘c*(q*7075) - h/c*(Q*a 0) 0)| + |Dq*hc*(q*a 075) - Dq*hc*(q*7070)‘ + HDQhC*(q*; 076)“(1—[1)* S ME?
Dhe*(0,0,6) =0, Dh%(0,e) =0, | D'+ ||D'h¢| < M.
In the (gy, gs, w) variables the Hamiltonian H defined in (|1.24) takes the form
1 9 _av1 |12 vt F(ewv)
H(qu: 45, @:€) = =2mqugs + 5 H(—@ —w )ZQ‘ 12 +/T (12 + i )4
which is smooth in (¢, Q) € R? x Y7 and ¢ due to F(u) = O(u%) near u = 0. Since

] 1
D§#(0,0,0,6)(Q,Q) = [|(=07 —w™*)2Qll72 > §||QH%(1,

it is straight forward to obtain the uniform quadratic positivity of H restricted on the center manifold W€(0)

(53)  DAH(Q2).Q2)(@Q) > 5l Q. M (Q).Que) > gl vQ € Vi, [Ql, <5

The quadratic positivity implies that the center manifold W¢(0) is unique and 0 is stable both forward and
backward in y on W¢(0) for (with & = 1). By the conservation of energy and the invariant foliation
structure (Theorems 5.1, 5.3, and 5.4 in [44]), we have that % > 0 on W°*(0) and it achieves 0 exactly at
W*(0), * = u, s. Therefore, at any U € W*(0), |U||g1 <0, x = u, s,

TyWe*(0) = ker DH(U,¢), ker (D*H(U,e)|r,wes(0)) = TuW*(0).

Here ker DH(U,¢) is viewed as a linear functional on R? x Yy and D?*H (U, )|, we(0) & bounded linear
operator on Ty We*(0) induced by the symmetric quadratic form on Ty We*(0). Moreover, for any hyperplane
P in the tangent space Ty We*(0) C R? x Y7 transversal to Ty W*(0), there exists o > 0 such that

(8.4) ID*H(U,e)|pllLiperr) = o
e Analyzing W (0) N W°(0). In terms of the (¢, Q) = (q1, g2, Q) coordinates, let
A={g=0} CR?xY;
be the hyperplane perpendicular to the unperturbed homoclinic orbit
= {("(y), 00" (y),0) |y e R} CR? x Yy,  (see (L.30)),

at Up = (v"(0),0,0).

By Theorem 2.2 and 2.3 in [44], for any fixed time T > 0 the time—T map of is smooth in the phase
space R? x Y} with its derivative bounded uniformly in . (Even though only the first differentiation was
carefully estimated in [44], the uniform in ¢ bounds of the higher order derivatives simply follow from a
similar argument inductively.) Due to the uniform in ¢ sizes and bounds on W¢(0) and W**(0), they can

6Actually some better estimates have been obtained in this current paper.
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be extended to stripes along I'*. For + = u, s, consider the following intersections with A for the first time
after W°*(0) are extended from a neighborhood of 0 by the flow of ({8.2)),

W (0) = W*0)NA, U, =(q1..,0,Q,) = W*0) N A € W*0).

Clearly, here U, corresponds to the values of the stable and unstable solutions (v*(O), ayv*(())) analyzed in
Theorem 211
We shall start with the decomposition A = (R(l,O)T) @ Y7 to set up a coordinate system to analyze

Wer (0), * = u, s. Here in particular we notice

(85) {q = 0} X Yl = ker DH(U0,0) N A, (q17 q2, Q) = VH(U(),O) = Lf(l, 0, 0)

Clearly WC*(O) is a hypersurface in A. Due to the conservation of the Hamiltonian H by the flow map, it
holds

H(U,,e) =0, Ty, W(0)=ker DH(U,,e), Tu.W(0)=ker DH(U,,e) N A,

which implies that locally {#(-,e) =0} N A and WC*(O) can be expressed as the graphs of smooth mapping
from Y7 — R. In fact, due to the smoothness of H in & and the uniform in ¢ bounds of W**(0) near 0 and
the flow map, there exist § > 0 independent of € and h%, h®* : Y7 — R, x = u, s, such that inside the box

{lgr = 0" (0)],|Q — Qull s < 6} in A,
(H(e)=0}NA={q =1%Q,2)}, h°(Qu,€) = qru,*x = u,s
W (0) = {g1 = h(Q,8)}, A (Qu,€) = qixr % = 1, 5,

where h° and he* along with their derivatives are bounded uniformly in small .

Due to , it is clear
(@1,0,Q) € W (0)NW(0) <= g1 = h“(Q, €) = h**(Q. €) <= H(h*(Q,¢),0,Q,¢) = H(h*(Q,¢),0,Q,¢),
By and , there exists C' > 0 such that
(8.6) 0 <H(h*(Q,2),0,Q,¢) = H(h*(Q,€),0,Q,¢) — H(R%(Q,¢),0,Q,¢) < C(h*(Q, ) — h°(Q,¢)),

which implies

(8.7) h*(Q,e) = h(Q,¢), and “=" holds iff Q = Qu, *=1u,s.

Moreover, from ([8.4)), the conservation of H, and the uniform in € bound on the flow map, we have
- 1

(8.8) CllQ — Q3 = H(h(Q,¢),0,Q,¢) > cle- Qill%:, *=u,s,

Therefore if Q,, = Qs, clearly U, = Us; and W#(0) = W*(0) which gives rises to a homoclinic orbit to 0.
In the case of Q, # Qs, (8.7)) implies

hQg,e) > hY(Qs,€) = h(Qs, ) and h*(Qu.e) > h®(Qu,€) = h(Qu,€).

Therefore, there exists Q, e.g. on the segment connecting @, and Q, such that %C“(Qv,e) = Ecs(é,a) and
thus

(q1,42,Q) = (h°(Q,¢),0,Q) € W(0) N We(0) C W(0) N W*(0).
This completes the proof of We(0) N W<*(0) # @, which had been also obtained in [43]. Moreover,
and (8.8]) imply that such that

Dhe*(Qu,e) =0, D*h*(Qu,e) > L >0,  *=u,s.

Since @, and @5 are exponentially close and the derivatives of h* are bounded uniformly in €, we obtain the
transversality of the intersection of W (0) NW<*(0) near the above mentioned @ on the segment connecting

Q. and Q; if Q, # Qs. See Figure This completes the proof of Proposition 3).
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A

wes (0 Weu (0)

W (0) W (0)

FIGURE 10. Intersection between W€°*(0) and W°"(0) giving rise to a breather with an exponentially small tail.

Remark 8.1. The above argument is carried out in the energy space (v, 0,v) € HL(SY)x L2(St) which heavily
depends on the coercivity of the conserved energy. Hence We(0)NW<“(0) is obtained in the energy space. In
fact, locally it contains a dense a subset consisting of smooth functions of T in the case of Q. # Qs. To see
this, one observes that the transversality of the intersection implies that each nearby point in W (0)NW*(0)
can be realized as a transversal intersection of W (0)NW<*(0) and a smooth curve C connecting Us and U,,.
It is easy to see that the proof of Theorem[3.1] can be carried out in any Sobolev space of higher regularity in
7, hence Ug and Uy are smooth in 7 as well. Approximating C by a curve in any higher order Sobolev space,
we obtain a nearby point in W (0) N W<*(0) of higher reqularity in 7.

Each orbit (q(y), Q(y)) starting in Wes(0)NIWe(0) is homoclinic to W¢(0). Due to the invariant foliation
structure within W*(0) (Theorems 5.1, 5.3, and 5.4 in [44]), as y — oo it converges to two orbits in W¢(0),
which in the original coordinates (see (8.1))) can be written as (v (y), 9,vE (y)) € W€(0). Moreover, by (8-3),

EH(@,Q) = FHW, 0yvy) < e |l 7 + 19,0 1172 < CH(vZ, 8y07) = CH(g, Q).

According to , H(q(O),Q(O)) can be used as an equivalent measure between the (q(O),Q(O)) and
(v*(O),ﬁyv*(O)), * = u,s. For y on any finite interval, the square of the distance between (q(y),Q(y))
and (v*(y), d,v*(y)) is proportional to H(q(0),Q(0)) simply due to the uniform-in-e boundedness on the
derivatives of the flow maps. When (q(y), Q(y)) is close to 0 (within a small O(1) distance), the distance
between (¢(y), Q(y)) and (v*(y), yv*(y)), where x = u for y < 0 and * = s for y > 1, can be estimate using
the stable/unstable foliations which along with their derivatives are bounded uniformly in e (see Section 5
of [44]). Combined with

1QI +1af ~ [l = 82 = w21 v][,, + 190l
uniformly in &, this finishes the prE)Sf of and thus of Proposition (2)
Finally, we estimate infH on W (0) N W<*(0). Let @ € Y; such that |Q — Q.|lp: < ¢ and (q1 =
TLC“(Q,E),O, Q) ewen WC“, then implies
1Q — Qullm < CllQ — Qsllgr and [|Q — Qsl[mr < Cl|Q — Qulla,
which further yields
ClQ = Qullin > 1Qu — Qullan, +=1u,s.
Taking into account again, one obtains

~ 1
H(hc*(Q7 5)7 0) Q7 E) > 6”@“ - Qs”%{l .
Moreover, if such @ is on the segment connecting @, and @, one has
H(%C*(Qv 5)7 Oa Qa 8) S C”Qu - QS”%{I

Therefore we obtain

) 1
ClQu=Qullfn > inf > ZQu—Qullin,
Wew (0)NWes (0)

and Proposition 1) follows from the above argument.
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9. NON-EXISTENCE OF SMALL BREATHERS: STRONGLY HYPERBOLIC CASE w € Jk(50)

This section is devoted to proving statement (1) of Theorem that is the results for the case w € Ji(go),
k > 0. The other case w € I(gg) will be proved in Section The oddness of u in ¢ is not assumed to start
with in these two sections.

For any w € Ji(eg), k > 0, we adopt the rescaling 7 = wt and the nonlinear Klein-Gordon equation
turns into the form of . Treating x as the dynamic variable and recalling that u is 27-periodic in 7,
the unknown wu(z,7) can be expanded in Fourier series

o0

u(z,7) = Z Un (2)e™T ) Uy = T

n=—oo

(Note this Fourier series is different from the rest of the paper by a ratio of —%. The latter was adapted so
that u,, is the real coefficient of the Fourier sine series when u is odd in ¢.) The eigenvalues of the linearization

of (1.17)) at 0, that is
0?u — w?0*u —u =0,

are +v,,, where

(9.1) Vp =V 1—n2w?

and their eigenfunctions can be calculated using the Fourier series. The hyperbolic eigenvalues correspond
to0 <n<kand

€0 vV 2k +1
JEta k1
while the center eigenvalues correspond to n > k + 1 and

(93) 12%% :iﬁn, 0 S??k+1 Sl?kJrQ S

)

(92) VOZ-~-ZVI<:€<

Let WX(0), x = ¢, s,u, denote the locally invariant center, stable, and unstable manifolds of 0 for the
equation in the energy space H! x L2. Their existence and smoothness follow from standard argu-
ments (see Theorem 4.4 in [16], for example) since the nonlinearity g(u) : HX — H2 < L2 is analytic in u.
Due to the uniqueness, W2(0), x = s,u, are also obviously the local stable and unstable manifolds of 0 in
the ¢; based phase space (u,d,u) € X defined in . On such finite dimensional submanifolds, different
metrics including H! x L2 and || - ||x, all induce the same equivalent topology. Clearly dim W}(0) = 2k + 1,
* = s,u, while W5(0) is of codim-(4k + 2). Statement (1) of Theorem [1.3|for the case of w € Ji(g¢), k > 0,
will be proved by showing a.) some uniform-in-k-and-w estimates on the size of W*(0) in ¢1, x = s, u, where
the norm is dominated by the energy norm, and b.) no solutions converging to 0 along W<(0) C H! x L2.

e Estimates on the local stable/unstable manifolds for w € Ji(gg). Usually the sizes of the local
stable/unstable manifolds in phase spaces are determined by the power nonlinearity and the minimal absolute
value of the real parts of the stable/unstable eigenvalues, which is v, > —=2— according to (9.2]). We prove

the following proposition on a lower bound of the sizes of W2 (0) in X.

Proposition 9.1. There exists p, M > 0 such that, for any g € (0,1/2), w € Ji(eo), k > 0, there exist
O, Q% 1 Bport1 (0, pry) — X, where Bgers1(0, pry) is the ball in R?*T1 centered at 0 and with radius pvy,
such that, the image Q* (B]R2Ic+l(07pl/k)) is an open subset of W2 (0), x = s,u, and

Q*(0,7) =0, [9(a,") = (@, )le + v 19 (a, ) = (@ )ley < My *(|aff +af)la — aly

where
k _ k _
Q*(a, 1) = < Z ane” + Qi (a, ), Z (Fvn)ane™ + Qg(a,7)> ,
n=—=k n=—=k

and a and a are parameters of (2k + 1)-dim (real) satisfying

k
(9.4) a=(a_g,...,ar), an €C, a_p, =0y, “k<n<k, la;:= Z lan| < pvg.

n=—k
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Aon{u_py=-=u_1=up=u; = =uy =0}

FIGURE 11. Parameterization of the local stable manifold W (0) by Q°.

Here we identified complex numbers a,, with 2-dim real vectors. These * can be viewed as coordinate
mappings of W*(0) (see Figure [11)). They can actually be proved to be analytic in a, but our main focus
here is the sizes of their domains and the error estimates.

We use the classical Perron method and will only outline the argument to prove the proposition for the
stable manifold. Consider the following Banach space

Es ={h:]0,+00) x T — R; h is analytic in z, and [|h|,, ¢ < oo},

where
[Bllver = Y Nnlly,  and (B, —Sup\e”’““”h ()],

n>1

and define the linear operator S acting on the Fourier modes of a function h(z,7)

(9.5) Z Sn(hy) sin(nT),

n>1
with

Su(h) = —— (

2Up,

/ e’ (=) (s)ds — / e”"(f”s)h(s)ds> for 1 <n <k,
0

“+o00
Sahy = [ @) for s
+oo 19“

where we recall v,, = iv,,.
Note that we are including in Jj(go) the case w = 1/(k + 1). For this value of w, one has that ¥, = 0.
In this case, one can take the limit 9411 — 0 in Sg41(h) to obtain

Sk+1(h) = /I (z — s)h(s)ds.

+o0
We also define the function

2(a,z,7) E Qp e vnEtinT,

n=—=k
where a = (a_g,...,ax) are parameters satisfying (9.4). One can check that a solution wu(z,7) of (1.17)
belongs to the stable manifold of u = 0 if, and only if, it is a fixed point of the operator
S(a,u) = Z(a) + S(g(w)),

for some @ as in (9.4), where g is the nonlinearity introduced in (T.19).
The following lemma is a direct consequence of the particular form of the operator S in (9.5 and the fact

that the function g is of order 3 near u = 0.
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Lemma 9.2. There exists M,r1 > 0 independent of k > 0 and w € Ji(go) such that, for any 0 < r < rq
and a € R***1 the operator S : B(0,7) C Es — Es is a well-defined Lipschitz operator which satisfies

~ M3 ~ M3
HS(a,u) <lah + . |08 w)|  <lah+>=,  Vue B(0,r)C&s
v, 01 vy v, 01 Vi
and its Lipschitz constant on B(0,r) satisfies
- M2 _ Mr2
Lip,(S) < ,  Lip,(0,8) < .
(8 < S Lin,(0,8) < 2

Consequently, there exists p > 0 independent of £ > 0 and w € Ji(g¢) such that, for any a € Brer+1(0, prg),
by taking r = 2|al;, there exists a unique fixed point h.(a) € B(0,7) C Es of S(a,-) which also satisfies

h«(a=0)=0 and
|(he@) = Z(@) — (ha(@ —Z@),, . < M2(al? +1f)a — al

Haz( (@) — =(a)) — 0, (h.(a) — =(a))

I, e, < Mvg(al} + [al})|a — dlr.
Let
Q%(a,7) = (h«(a,0,7),8:hs(a,0,7)).

The conclusions of Proposition follow from standard and straight forward arguments.

e Nonexistence of decaying solutions on the center manifold. Recall that, when x is viewed as the
dynamic variable, the nonlinear Klein-Gordon equation (1.17) conserves the Hamiltonian H(u, 0yu) where

/1 1 1
H(ug,uz) :/ (2u2 (8 up)? — §u% Tk —|—F(u1)) dr

is smoothly defined on the energy space H! x L2. Let W5(0) be a center manifold of (0,0) for (1.17). The
following lemma holds for all w > 0, not just those in Iy (g9) or Ji (o).

Lemma 9.3. For any w > 0, (0,0) is a strict local minimum of H restricted on its local center manifold .

Proof. There exists unique k > 0 such that w € [1/(k +1),1/k). Let Y¢,Y" C H! x L? denote the center
and hyperbolic subspaces of the linearization of (1.17)) at (0, 0)

Y = {(ur,us) € H! x L2 | uj(r Z i€, Uj_y =T,y 5= 1,2},
[n|>k+1
Yh {(ulaUQ | u] Z Uj, ne y Uj—m = m ] = 132}
In|<k

Locally W£(0) can be represented as the graph of a smooth mapping v¢(u1, uz) from a small neighborhood
of (0,0) in Y to Y". Due to the lack of quadratic nonlinear terms in (1.17)), v¢ satisfies

7 (ur,uz) = O([Jua iy + lluzllzz)-

Due to F(u) = O(|ul%) for small u and the orthogonality between Y¢ and Y, for small (uy,us) € Y©,

1 1
—u? + 1—u1d7 + (9(Hu1||H1 + ||U2||L2)

WQ
Hl(unsun) + o (un.0) = [ G+ 2 0rn)? - 5

2

1
*||U2HL2 +7 Ot + 5 lluallze — O(lunllfn + lluzllzs ).
2dn 2 z Z
In|>k+1
If w# k%rl, then there exists § > 0 such that
192
1+ n?

0
> 6, Vn| > k+1 = Z Intd = ol
n==k+1
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Therefore in this case (0,0) is clearly a non-degenerate local minimum of H on W5(0). If w = %H’ then
U+ (k+1) = 0 and there exists § > 0 such that

,02
n_>6, VYn| >k +2.
1+ n2
Let
’l’jbl — Z ul,neinT
In|>k+2

and then we have
H((u1,u2) +7°(u1, uz)) Z%HWHQL; + gHﬂlH?{; + ﬁ|ul,i(k+l)|4 = O(llan]1% + g ) |° + lluz2ll72)-
Again (0,0) is clearly a strict local minimum of H on W£(0). O
Due the conservation of H, we immediately obtain

Corollary 9.4. For any w > 0, (0,0) has a locally unique center manifold W5(0) and is stable on W£(0)
both forward and backward in x. Moreover, except (0,0) no solution on WS(0) converges to (0,0) as x — 400
or —00.

Finally we are ready to complete the proof of statement (1) of Theorem [1.3

Proof of statement (1) of Theorem[1.3 Let gy € (0,1/2), k > 0, and w € Ji(o). Since the || - ||, norm
is invariant under a rescaling in 7, we can work on equivalently. Without loss of generality, assume
u(x,7) is a solution such that (u,d,u) converging to (0,0) in H: x L2 as z — +o0. Such a solution must
belong to the local center-stable manifold of (0,0) for z > 1 (see Theorem 4.4 in [I6] or the outline of
the arguments in Section . It is well-known that the center-stable manifold is foliated into stable fibers
based on the local center manifold W35(0) (for example, see Theorem 4.3 in [I5]). The dynamics of all
initial data on each fiber is shadowed by that of the based point on WS5(0). According to Corollary
no non-trivial solutions on W£(0) converges to (0,0) as & — +00, the based point of the decaying solution
u(z,7) must be (0,0) € W2(0) and thus it belongs to the stable manifold W2(0). From Proposition
locally the stable manifold W5 (0) = Q°(Bpzr+1(0, prg;)) and Q° is a small perturbation of the isomorphism
(E(a), diag(v_g, ..., vx)=(a)). In the coordinates (a_p, ..., ax), the dynamics on W5(0) is governed by

Z—; = (DZE + D,Qi(a,")) 1( — diag(v_g, ..., vk)E(a) + Q3(a, ) = —diag(v_y, ..., v)a + O(vkp*|alr),

where the estimates on 27 and Q3 given in Proposition were used. It is straightforward to prove that,
as z evolves backwards, every solution on W2(0) must exit through its boundary where the u; component
(corresponding to u(z, ) itself) satisfies |lu1|ls, > 3pv. Finally statement (1) of Theoremfollows from

1 3 i 1
Vi 1 5 \2 5 k2 k 2 _ € .
e _ (2 g > | JE(k L I L R
w? (w w) ( o) kre) - ke T2 T

and vp =1if k= 0. O

10. BIFURCATION ANALYSIS FOR w € Ii(eq)

We devote this section to the completion of the proof of Statement 2 of Theorem and Proposition
that are the statements concerning w € I (gg). For such w, there are two pair of (weakly) hyperbolic
eigenvalues along with 2k — 1 pairs of stronger ones (see ) Our strategy is to reduce the problem to
w € I1(gp) and u(z,t) odd in ¢.

We analyze the birth of small homoclinic loops taking

= L with k>1, 0<e<egyg <
=)/ 1 —.
v k(k +¢e2) = =0 =9

—_
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We expand the (real) solution u(z, 7) to the nonlinear Klein-Gordon equation ((1.17)) in Fourier series in 7 as

= i nT —
u(z,7) = Z ~3 un(1)e™T, u_p = —Ty,

n=—oo

where the —i/2 factor is simply for the technical convenience that, if u(x,7) is odd in 7, then u,(y), n > 0,
coincides with the coefficient in its Fourier sine series expansion. Subsequently (1.17) is equivalent to a
coupled system of equations in the form of

(10.1) OPup = viu, — I, [g(u)], n€Z,

where II,, is the projection from u(7) to the n-th mode u,, as in the above expansion and

(102) vp=vV1-n22% 1=vy>.. . >vp=clk+c>)"2, vy=i0pn, Vps1 <Vppo<...,n>k+1,
are same as those in and . In particular,

(2+&2)k —€2k+1

10.3 W
(10.3) k+§ TN TRkt e2)

Linearizing at u = 0, clearly |n| < k corresponds to 2k + 1 pairs of hyperbolic directions, and |n| > k + 1
to codim-(4k + 2) center directions. From the same argument as in the proof of statement (1) of Theorem
(see Section [9) based on Lemma [9.3] a solution u(z, 7) satisfies ||(u, du)[|x — 0 as @ — Fo0 if and only
if (u,0yu) € WZ(0), *x = s,u. Hence we shall focus on the estimates of the sizes and the splitting distance
between WY (0) and W5(0).

10.1. Estimates on the local stable/unstable manifolds for w € I(gp). For a semilinear PDE like
, the standard theorems (see, for example, Theorem 4.4 in [16]) yield the existence of smooth local
invariant manifolds W2 (0), x = s,u, ¢, cs, cu, in the phase space X defined in . There are two issues,
however. On the one hand, usually the sizes of the local invariant manifolds are generally determined by the
gap between the real parts of the eigenvalues. While v, > k=2 for |n| < k — 1, the weakest stable/unstable
eigenvalues +v, = (9(6/4;_%) of are too small for the analysis of possible breathers of amplitude
lulle, = O(k=2). On the other hand, the “angles” between the stable and unstable eigenfunctions in X
of can be rather small for n ~ k. In this subsection, we shall outline the construction of W2 (0),
* = §,u, with desired estimates based on the specific structure of , or equivalently . Essentially
our strategy is to construct W3(0) as the union of strong stable fibers based on a weak stable manifold.
Observe

i ,

Z, = {(ul,uQ) e X |u;(r) = Z (—2) uj,;mem’” = Zuj,;m sin(knt), ujrn €R, j = 1,2} ,
neZ neN

is an invariant subspace under (1.17)), or equivalently (10.1). Any such solution w(z,-) € Z is odd and

actually ——pemodlc in 7. Let

e<e 7 =kT, @:kw:(1+§2)*%, Yy =Ewxr, U=EQV,

mb—‘

E=k~
then v(y, 7) is 2m-periodic and odd in 7 and satisfies

1 1 1 1
az‘j‘u—?a%v—g% U+3U +~3 5 f (Ewv) = 0.

Note that this is in the form of (1.23) with & = 1 (and note that 0 < € < € < gg). Therefore for any
Yo € R, there exists 9, M > 0 (independent of k) such that, for € € (0 ol Theoremu applies to imply the
existence of the unique odd-in-7 stable and unstable solutlons 03 (y, 7) of (1.17) such that (v, dyve,) € X,

(see (2.2)) and

i ueen((G5) (), <. - 22

)
o coshy




62 O. M. L. GOMIDE, M. GUARDIA, T. M. SEARA, AND C. ZENG

Wg(0)
U Uk

WE(0

FIGURE 12. We construct the stable manifold W (0) as the union of the strong stable fibers based on the weak
stable manifold formed by the solution uy,, (and its 7-translations), which lives in the invariant subspace of 27 /k-
periodic-in-7 functions. We proceed analogously for the unstable manifold W (0).

for y > —yo for x = s or y < yo for x = u. One notices that we replaced 92 in Theorem [2.1] which does
not change the estimates as v}, (y,7) are odd in 7. Moreover 9,II;[v, (0, )] = 0 and they satisfy the
exponentially small splitting estimate at y =0

H( 82 \%(vgk — Vg ) €0y (v — vak)) 0,) — 4fC -V sin 37

< _
6~ Elog(e)1t
Proposition there exist solutions v(y,7) in X, homoclinic to either 0 or its center manifolds, which have

bounds in terms of the values of their Hamiltonian H. From the estimates on the splitting and the inf 7 in
Theorem these orbits satisfy

-} _ V2w

1 * ~ V2m
2 (v — v + 10y (v = vl 2 (—p ) < ME™7e™ 75,

(10.5) e -02- %

HL?_(—T(JT)

for y > —yo with x = s and y < yo with x = u. When Cj, # 0, a lower bound of the same order also holds.
We rescale and obtain the unique stable and unstable solutions

uty (2, 7) = Vkewvr, (Views, k),

of (1.17) such that (u},,0uf,) € Z, for any z € R. For any x¢ € R, there exists €9, M > 0 independent of
k such that, for € € (0, ],

152 w (2, 7) v (evVkwa) '\ . 3.3
(10.6) (1—7207) <<aw1i7%k€(za"')> — Vkew ((vh)’(gx/ﬁwx)) sin k‘T) § < Mk~ 23w (eVEwe),

T = < % for x = u. Moreover O, Il [u, (0,-)] = 0 and they satisfy the
exponentially small splitting estimate
Me™ ke

HﬁO — W02 — 1|2 (Ul — uly) + i(Dpuly — O uwk)>( ) — 4V2C5e” Vo sm3kT

- %logkflogsl

Since 0 < 1 — (kw)? < %, the stable and unstable solutions prove statements (2a-b) of Theorem I The
existence and estimates of breathers with exponentially small tails (in Z,) follow from the same rescaling
and thus Proposition is also proved.

We shall prove statement (2c) of Theorem in the rest of the section. The translations (in 7) of
these solutions (u}, (z,- + ), 0yuk, (x,- + 0)) form locally invariant 2-dim surfaces, parametrized by z and
0 eR/ (%Z), of the nonlinear Klein-Gordon equation , or equivalently 7 where solutions grow or
decay at weak exponential rates. It is worth pointing out that (u}, (x,-), O,ul, (2, ), z € R, corresponds to
only one of the two branches of the 1-dim stable/unstable manifold of in Z,, while the other branch
corresponds to (—ul, (z,-), —0,ul, (z,-)). When = oo is included, the 2-dim surface generated by the
translation in 7 does include 0 in the interior and the other branch (corresponding to & = 7). Obviously they
are submanifolds of the (2k + 1)-dim stable/unstable manifolds and actually we shall construct the latter
based on these weak ones (see Figure [12)).

Proposition 10.1. There exist M > 1,¢q, p1 independent of k > 1 and w, and unique mappings for any

g€ (0,g0) and w given in (L.13),
C* = (Cf(raevé)acg(neva)) €X, fe R/(%Z)v §= (51—ka .- 'a(sk—l) € CQkil? dn=— n; |6|1 < pl
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u

forre [— \2;9 ,—l—oo} ifx=sandr € [ 00, } if x = u, where y§ are any values satisfying

é

luscllco, = [lusl < usadleo, 2 flugad ; <o
s 00 (re[ o0, ] i) = VE e (re[~ M voo] Iri<n) = VE
such that
Hn[c;]iVanKﬂ =0, v|n| Sk—la * = U, S, H—HK*] :Hn[c*]v VnEZ; C*(T’G’O):Ov
1CE (r,6,8) = G (r,0,0)lley + VEICE(r,60,6) = G5 (r,0,0)[le, < EM(|[ulscllGo, + 1613 + (81915 — 61,
Yo

and the images of £*(r,0,0) is an open subset of W} (0) C X where
5*(T, 05 5) = (5;(7"7 97 6)3 55(7'7 07 6)) = (u:vk(r7 -+ 9)7 aru:\,k(Ta -+ 0)) + E*(J) + C*(Ta 03 6)7
B0 = Y (=%5) 0™ (1 k1), x=u,s.

In|<k—1

Moreover, the orbits (of the dynamic variable x) on W3 (0) takes the form £ (z +r,6,0(z)) with

> 10u00 F vaba| < My (lfadZe +18)101, %= u,s.
In|<k—1 0

Remark 10.2. By including r = too, where ul, (£o00,-) = 0pul, (£00,:) = 0 for + = s,u, the images of
&* do contain a whole open neighborhood of the zero solution in the stable/unstable manifolds W2 (0) C X.
In fact, £*(£00,0,0) become independent of 8 and give the (2k — 1)—dimensional strong stable/unstable
manifolds corresponding to the eigenvalues +v,, |n| < k — 1. In the (r,d) coordinates on the invariant
manifolds W*(0), the PDE corresponds to a vector field whose r component is always 1 and the 6
components depend on v and § which is a small perturbation to +v,d,. The following proof could be carried
out in the spaces with high regularity in T such as (1+|0;|)"NX for any N > 0 and thus the local invariant
manifolds W2(0) C (1+10,-])VX enjoy the same properties. The smoothness of (* in 1 and 0 is also true,
for which we refer the readers to, for example, Theorem 4.3 in [15] for details, while we focus on the needed
quantitative estimates on the sizes and the Lipschitz constant in §. Alternatively, one may also work on the
rescaled variables as in and obtain equivalent estimates.

Proof of Proposition (10.1. The proof follows the standard Lyapunov-Perron method which we shall only
outline for the unstable case. Given parameters r and 6, we see solutions to (1.17)) (or equivalently (10.1)))
in the form of

w(z,7) = ugg (r + 2,7+ 0) + U(z,7), 2 <0,
which decay to 0 as © — —oo. The equation satisfied by U takes the form

(10.7) LoU = Fo(U)
where
Lk:U = Z ((82 )Un)einT7 ‘Fk(’r707 U) = g(uzka + U) - g(uzka)a for U ZE 7- Z U ””-'
nez neEZ

Here we used the fact ul, = u¥, (r+z,7+6) is an exact solution. The decay property of u(z, ) as  — +o00
is built into the Banach space which U belongs to

2l/ T
P ={U € C°((~00,0),01) | |U[lp := supe 3 FEU @) ley < oo}

To set up the Lyapunov-Perron integral equation, define the linear transformation

(Gr(h))(z,7) = Z (Grn(hn))(z)e™, where h(z,T) Z B (x)e™, <0,
nez nez
with
(G () (@) = e / T oy (2')da! — e / " et (o), ] < k- 1,
’ 2u, 0 2vy, oo -

(Genlrn) () = o [ s (e — 2 haa) Il 2 b,

Un J_oo
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. . . _1
which serves as an inverse of L. Here we note that for |n| > k, v, = i, and ¢, > k=2 and thus
sinh (v, (z — 2')) = isin (J,(z — 2’)). We also define

EGar) = Y (L) spernatinm,
[n|<k-1
The desired solution U satisfies the fixed point equation
U =F(r,0,6,U) == Z(5) + G (Fu(r,0,0)).
Using and , it is straightforward to verify
100

~ 1
1=l < 511y, lIGk()llp < —o—[hll»,
k—1

1F5(r,6,0) = Fi(r,0,0)|p < M(llugsc |20, + IUN3 + 1U1)IU = Ull».
Yo

Therefore there exists p; > 0 independent of € and k > 1, such that, for |0|; < £ F is a contraction on

LT VR
the ball of radius % in P. Let U%(r,0,0,x,7) be the unique fixed point of F,

Ci(r,0,8) = U%(r,0,0,0,-) —2(6,0,-), (Y(r,0,8) = 8,U"(r,0,6,0,-) — 0,2(6,0,-),

and £" accordingly. The desired estimates on (" follow from straightforward calculations. The invariance of
WH(0) = image(£°) is a direct consequence of the uniqueness of the decaying solutions in P, which implies
that solutions on WY(0) are parametrized by 6(z) and take the following two forms

u(z, ) =uly (r+z,-+0) + U"(r,6,6(0),z,)
:ﬂ‘(r +x,0, 6(:3)) =ug (r+ax,-+0)+ U"(T +x,0,0(x),0, )
The invariance also allows us to obtain a more general identity along this solution u(x) is
U(r,0,000),z +2',") =u(@+a,) —ulbp(r+a+a', - +0)=U"(r +,0,6(x),a',).
From the definition of G, one may compute, for |n| < k — 1,
Sn(2) =L, [ (I + vy, ' 00 ) U™ (r + 2,0,6(2), 2/, )] w—o = 1y, [(I+v,'0,)U"(r,0,6(0),z+2',-)]
Therefore, differentiating this identity and using ,
020, () = V0, () + v, 'L [Fr(UY)] |( )= VnOn () + v, 'L, [Fe(U™)] |(

z'=0"

r,0,5(0),x r+x,0,§(z),0) :

Letting = = 0, we obtain the estimate on 0,,¢ straightforwardly and complete the proof of the proposition. [
The following corollary is direct consequence of the proposition and ((10.6)).
Corollary 10.3. For any yo > 0, there exist €9, p1, M > 0 independent of k and w, and unique mappings

C*, x =u,s, for any € € (0,e0) such that the results in Proposition along with ”u:kaCSO < M- hold

N
forre |- Ey‘;w,—l—oo}, if*=s andr € [ — oo, E\";%w} if x = u.

10.2. Small homoclinic solutions. We first show that, regarding small breathers, u},, * = u, s, is the
only object that matters.

Proposition 10.4. There exist €9 > 0,p2 > 0 independent of k > 1 and w, such that, for any e € (0,e9)
and w gwen in (L.13), a 2mw-periodic-in-T solution u(x,T) to (L.17)) exists satisfying

sup (e, ey < F and Y uCe ) + Ju(e. )2z =0

if and only if
sup (e, ey < 22 and u(e,7) = uly(x + 7,7+ 6)
z€R

for some r,8 € R. Similarly u(z,7) = u, (x + xo, 7 + 0) for some x¢,0 € R if instead the above limit holds
as T — +00.
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Proof. The “<=" direction is obvious by (10.6). We shall only consider the “ = " direction. Let M >
l,eg > 0,p1 > 0,8 = (£1,83),¢* = (¢F,¢3), B = (E7,E5), * = u, s, be given by Proposition and

po = min{p;, M~1}/20.
We shall work on the case of x = u only as the proof for the other case is verbatim. The convergence of

u(z,7) as & — —oo implies that u(z,-) € W2%(0) which is also the unstable manifold of 0 in the || - ||,,-based
phase space X. Hence, for all z < —1, there exists 7,6 € R such that u(z,-) = &} (7‘ + x,@,é(m)) for some

§(z) € C*~1 satisfying 6_,,(z) = —d0, ().
Let
mi=sup{z € R|Va' <w, u(@,) = € (r+a',0,8(")), & 18(a) 1, g (r + 2", ) ley < 222} < o0,

Clearly 21 > —oo since the image of £ is a neighborhood of 0 in WX(0). The estimates on ¢* given in
Proposition and the 2%ﬁperiodicity—inﬂ' of u¥, (z, ) imply that, for any =z < x4,

% = H ngfﬂ:l H”[u(mr )] £y Elf (5(x)) ! nlgk:lnn [Clu (T M 676(1‘))] 15 %

In turn, along with Proposition it yields
e (r + 2, ) ley = lJu(e, ) = E§ (8(2)) = (@ +7,0,8()) ey < L&+ 3[0(x))s < 2, Vo <.

The definition of z; immediately implies 2; = +o00 and, in particular, ||ul, (z, )|, < % < % for all z € R.
Again according to Proposition [I0.1} £* and ¢*, x = u, s, are well-defined near all r € R. Finally, from the
estimate on the evolution 9,6 of 6(z), we have, for any z € R and |n| < k — 1,

10260 (2) = v (2)1 < 2225y < 20M pFre—1[0(@)]s < (va/2)[6()]1-

= e
Therefore
16, (2)|1 < €™ F N8,z + N)|1 < 267 F Nk 7y,
which implies 6, (x) = 0 by taking N — 400, and thus u(x,7) = u¥, (r +z,7 +6). O

As an immediate corollary, there exists a small breather solution u(x,7) to the nonlinear Klein-Gordon
equation (1.17) satisfying (1.8)) as |x| — oo and sup,¢p ||u(z, )|l < % iff ¥, (z+7,7) = ud,(x,7) for some
r € R, namely v}, (z,-), x = u, s, are small and have the same orbits. The translation in 7 is not needed
since u}, are both primarily supported in the k-th mode if 7 and odd in 7. This proves Theorem 2c).

11. THE STOKES CONSTANT

We devote this section to analyze the Stokes constant Cy, appearing in Theorems and As proved
in Theorem Cin depends on the nonlinearity f € F, analytically. In Section [11.1} we complete the proof
of Theorem by showing that Cj, # 0 in an open and dense set in F,.. In Section we give some more
discussions on Cj, and conjecture a formula for Cj, in terms of a power series.

11.1. Proof of Theorem To complete the proof of Theorem [[.4] first we recall the inner equation
introduced in Section

1
(11.1) 039" = 70° = ¢° + 5 (¢ + £(#°) = 0,

where f is a real-analytic odd function such that f(u) = O(u®) for |u| < 1. More concretely f € F,., where
F is given in (1.7). Observe that F, is a Banach space with the norm || - ||,
Notice that (|11.1)) can be rewritten as

(11.2) 9260 — 020 + % sin(v/260) + A(do) = 0,

where A and f are related through

(11.3) Afu) = — (\% sin(v2u) — u+ %UB +fw).
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From Theorem equation ([11.1]), and therefore equation (11.2)), admit two solutions ¢%* : Dg ;n x T —
C, * = u, s, such that
lim ¢**(z,7) =0, ¥(2,7) € Dy" x T.

|z]—o00
In order to make explicit the dependence of these solutions on A, we shall denote ¢°* by ¢&*.
We also recall, that in Theorem [3.3] we have proved that for
z € Rm -+ Dg”;n N D;::’ N{z; z € iR and Im(z) < 0},
we have
(11.4) IR (2,7) — OX° (2, 7) = €737 (Cin(A) sin(37) + x(2, 73 A)),  pz = 2V2,
where we have denoted Ci, (A) = Cin(f), the Stokes constant, and xa(z,7) = x(z,7; A) are analytic functions
in the variables z satisfying
M M, in,
Ixalle(2); [10-xalle (2) < |7|2 and [0=xalle, (2) < 2 vz € Ry

For A = 0, which corresponds to the sine-Gordon equation, from the explicit formula (|1.1)) and the asymp-
totics (3.11)) of ¢%*, a direct computation allows us to verify that the inner equation (11.2)) admits the
solutions

w 0 B *iarc an 7isin(7)
(11.5) @° (Z,T)—(;SO (,2,7')fgi)][0)(z,7')f\/i t < . >,

which implies that Ci,(0) = Cin(f*8) = 0, where f58(¢g) = f% sin(v/2¢0) + ¢o — é(qﬁo)‘g.

To prove Theorem we also consider the parameterized inner equation:

(11.6) 020 — 020 + % sin(v260) + pA (o) = 0.

where p € R is a parameter.
Observe that equation (11.6] corresponds to taking in equation ([11.1), the y-dependent function:

f(¢o, 1) = *7 sin(v/2¢0) + ¢o — (bo — 1A(¢o)-

As equation ([11.1]), with f(¢o, ), depends analytically (in fact hnearly) on , by Theorem so do the
solutions ¢** and the Stokes constant Ci,(f(-, 1)) = Cin ().
For a given function A € F,, let us denote by
Cﬁ (1) = Cin(nA)

which is an analytic function of u. Consider the directional derivative

& F.—=C
(11.7) dcs
A e (A) = Zin ),
dp
By the analyticity of Ciy, cf, : F, — C is a bounded linear operator. We first state the following propositions.

Proposition 11.1. For any A ¢ ker(c{)), the set
{peR: Cin(nA) =0}
is a discrete subset of R.

This proposition follows directly from 1.) the analyticity of Ci,(uA) in p as given in Theorem [3.3|(3) and
2.) Cin(pA) does not vanish identically due to the assumption A ¢ ker(c).

Proposition 11.2. The operator ¢ satisfies cf, # 0.

We shall prove this proposition after we show that
V={AeF., Cn(A)#£0}
is open and dense, which completes the proof of Theorem [I.4] In fact
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V C F, is open due to the continuity of Ci,(A) in A as given in Theorem (3.3

¢t # 0 implies that there exists A; € F, \ ker(cf). Therefore for any A € F,, there exists
(p1, p2) € R? arbitrarily close to (1,0) such that A + uaA; ¢ ker(cf)) and Cin (1 (A + paAy)) # 0,
which implies the density of V C F,.

In fact, since the real dimension of ker(cﬁl) is at most 2, the implication of the above propositions is
much stronger than that V is open and dense.

The rest of the section is devoted to prove Proposition m We shall first derive a formula for cf (A)
defined in (11.7) for A € F,.. In order to do this, we consider the parameterized inner equation (11.6) and
i10)

we shall compute cfn(A) through a Melnikov-like analysis. Thus, we write the solutions of equation (
as

* * * * d *
0L8)  GREN =R i) F PR A, v = (k)| o r=ws,

where ¢} is given in (11.5) and R*(z,7; A, u) is analytic in the variable 2 and also in the parameter u. Note
that the functions ¢ satisfy the same estimates as 1* in (3.12) in Theorem[3.3] A direct computation shows
that 17 satisfies the non-homogeneous linear equation

(11.9) D297 — 247 + cos(V200) 07 — A(p) = 0.

As in the standard Melnikov analysis, each solution to the corresponding homogeneous equation — the
variational equation of (|11.6)) around gbg at 4 = 0 — can be used to measure the splitting between )} and
1§ in a certain direction, which yields the splitting of ¢2’K (z,7) and ¢2’Z(z, 7) in the leading order of u for
|| < 1. Next lemma gives the solutions of the variational equations around ¢.

Lemma 11.3. The homogeneous linear partial differential equation

(11.10) D2¢ — 8¢ + cos(V2¢0)E = 0
has a family of solutions given by
2
(1111) ff(sz) = /.1,72 (XriL(Z7T)_an(27T))7

wheren € N, n > 2, u, = vn? — 1 and, for each | € Z, let are the functions given by

. 92 -
Xli(sz) _ e:tiHLZ+ilT (1 . SIHZZ(T)>

(11.12)

i+ i

A Lcos(r)sin(r) i@
4 22

(12 4 1) sin®(7)
22 2 22 4 '

The proof of this lemma is obtained through a direct verification. In fact, the result is a consequence of
a particular case of Lemma 4 in [20].
Next proposition gives a Melnikov integral type expression of the desired function cf (A):

Proposition 11.4. For any function A € F,, ¢ (A) € C satisfies

d

LNENON) :

d _
(11.13) i (A) = i

) 2
/ / ARz + 5,7)E (= + 5, 7)drds,
—o0 JO

n=0

which is independent of z € Ri(;;j, where f;r is gwen in (11.11)).
Proof. Consider &5 given in (TI.11)). Since 9% satisfies (11.9), multiplying it by &5, we obtain
(11.14) &f (0201 — 920t + cos(V2aR)ut ) = & A9)).

Thus, for z € Dy, we have

0 27

0 2m
(11.15) /_ /o & (Ofwf — 02y} + cos(ﬂ(bg)zb“f) (s +z,7)drds = / ETA(BY) (s + 2, T)dTds.

—o0 J0
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This integrals are well defined since ¥} satisfies the estimates (3.12]) in Theorem Integrating by parts
with respect to 7 twice and using that the functions are 2m-periodic in 7 we have that

0 2m 0 27
(11.16) / &5 (s + 2,102V (s + 2, 7)drds = / V(s + 2,7)0265 (s + 2, 7)drds.

—o0 J0 —o0 JO

Now, integrating by parts with respect to s twice and using the expression of 5; , we have that

0 27 0 27
/ / {gr (s + z, T)B?Wf(s + z,7)drds = / / Pi(s + z, 7)855;(5 + z,7)drds
(11.17) >0 T 0

27
— /0 (w%(zm)azgg(z, ) — 0.4 (2, 7)&F (2, T)) dr.

Replacing (I1.16),(TT.17) in (T1.15) and using that &; satisfies (I1.10]), we have

0 27 27
(11.18) [ /0 A((bg(s + 2, T))ég'(s + z,7)drds = /0 [wf(z,T)ﬁzE;(z,T) — 821/)1“(2,7')5;(,2,7)] dr.

Analogously, if z € D;’Ln, we obtain

0 27 27
(11.19) / / A(qﬁg(s + z,7’))§;(s + z,7)drds = / [zbf(z, T)azfg'(z,T) — 8zwf(z,7')§;(z,7')] dr.
400 JO 0
Hence, subtracting , we obtain

“+oco 27 27
/ A((s + 2.7))E (s + 2, 7)drds = / (W — )2, 7)0:ES (2, 7)dr
(11.20) —oo V0 0

2T
- / 0. (0¥ — 43) (2, 1) (2, 7).

Recall that, if ¢ = 0, then Cjn(0) = 0 and x(z,7;0) = 0 in (11.4). Now, using (11.8) and (11.4)), expanding
Cin(pA) and x around g = 0 and taking p — 0, it follows that

) d
B (2r7) — (2, 7) = e iH5? (ducmwm

(11.21) - sin(37) + dux(z,7; 0))

= e 5% (¢ (A)sin(37) + O, (271)) .

1mn

Since (11.11]) and (11.12)) yield
& (z,7) = €% (sin(37) 4+ Op, (7)), 0.4 (2,7) = ipze™* (sin(37) + O, (z71)) , as 2| = oo,

a straightforward computation of the right-hand side of ((11.20]) shows that, for each z € Ri;;ﬁﬂ

+oo 27
(11.22) / A((;Sg(s + 2z, T))f;r(s + z,7)drds = 27riugc;1n(A) + Q(z,7),
— o0 0

where Q(z,7) = Oy, (271). Since the left-hand side of (11.22)) does not depend on z (one can just make the
change of variables o = s + z), the decay of @ implies that @ = 0, and thus ([11.13)) holds. O

With a formula for ¢l (A), A € F,., the following lemma finishes the proof of Proposition m

5
Lemma 11.5. If Ag(u) = (—itan (fu)) (1 + tan? (fu)), then

(e’ 2 26 2
& (Ag) = / Ao(p)(z + 5, 7)) (2 + 5,7)drds = 175: i.
—oo J0

Proof. First, notice that

sin® (7 in?(r
Aol + ) = - 250 (1- 220



SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS 69

and
eiQﬂ(erz)
& (s+2,7) = e (4 sin(7) + (8(s + 2)2 + i4v/2(s + 2) — 5) sin(37) + sin(57)) .
sin“ (7
8 2 1 -~ 7
(42 ( (s+z)2)
Therefore,
o) 2m 0o
/ Ao(p)(z + 5,7)&5 (2 + 5, 7)drds = / F(z,s)ds,
—o0 JO —00
where
7T.ei2\/§(s+z) ) )
F9) = Gt (—33 +i10v/2(s + 2) + 20(s + 2) ) .
Recall that this integral is independent of z € Riarjj:r. Since z = —ik, for some k > 0 sufficiently big, we have

that F'(—ik,s) has a pole at s = ik.
For R > k sufficiently big, consider Cr = {z; |z| = R, $(z) > 0} and Ly be the line segment between the
points —R and R. Let yr(0) = Re?, 0 < § < 7, be a parameterization of Cr and notice that

B rei2V2(Re —ix)
 64(Ret? —ir)7

which means, for some M > 0 independent of R,

F(—ik,vr(9)) (—33 +i10V2(Re? — ix) + 20(Rei® — mﬁ) ,

672\/§Rsin(9)
F(—i N <M——-—— .
| ( ZKJ?VR( ))‘ = |R619—i1€|5
Since 0 < # < 7, we have

lim F(—ik,s)ds = 0.
R—o00 Cr

From Residue Theorem, it follows that
2672
Z,
15

f F(—ik,s)ds = 2miRes(F(—ik, s),ik) =
CRrRULR

which implies

O

11.2. A conjecture on the Stokes constant. As stated in Theorem [I.4] generically Cj, does not vanish.
We heuristically explain this fact from points of views different compared to those given in Sections [5| and
Consider first a toy model of near the breather decomposed into Fourier modes in the
form of . A “simplified” equation for the third mode can be taken the form

oo

W (2) + p3s(z) = g(2) = >

=3

]
2

where we may start with the assumption that the power series on the righthand side is convergent outside
a disk centered at the origin. The same proof as in Section [5| yields two solutions «*, v* such that

Y (2)=0("%), zeDy™ x=u,s,
where Dg’,i: are the sectorial complex domains with vertex at z = +oo defined in (3.10). However, in general,

yYsS cannot be extended to analytic functions defined in a neighborhood of co. In fact, v** have the same
formal asymptotic expansion 7, as |z| — oo,

oo (552

u,s ~ Y s —2(4+1 (l — 1)'

)~ = = W e e, 128,
1=3 j=0 :
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where [b] denotes the greatest integer no greater than b. We observe that % is generally a divergent series,
but in the Gevrey-1 class, namely
1
T
sup m < 00
! l!

Hence, one may expect v* # ~* in general. There are several ways to see that and to provide an algorithm
to compute their difference.

Borel resummation. One possibility is using the Borel resummation method as well as the Resurgence
theory of Ecalle. The main idea is to consider the formal Borel transform 4 (the inverse of the Laplace
transform) term by term of the series ¥

=3

If 4 is of Gevrey-1 class, then 4 is a convergent series in a disk around £ = 0 which gives an analytic function
that we also denote 4. As a first step, one can study the analytic extension of this function 4 to the complex
plane and its singularities.

In our toy model, one can easily compute the equation satisfied by 4,

(€% +13)3(6) = 3(6)

where §(&) = > ;25 5+¢'~! is an entire function. Clearly, in this model, the only singularities of 4 are simple
poles located at £ = +pusi.

The second step to recover the original functions is to compute the Laplace transform of the function %
along “rays” to infinity. The existence of singularities of 4 makes the Laplace transforms to be different when
choosing different paths according to their decay requirements, obtaining two different functions v**, whose
difference can be computed by means of the residuum theorem. Again, using our toy model and assuming
growth conditions on 4 of the form |§(z)| < eCl€l one can recover 4** by choosing Laplace transforms of 4
along positive or negative real axis

¥ (z) = /000 e~ #4(€)d¢, for Rez > C,

~(z) = /OOO e~ #4(€)de, for Rez < —C.

One can easily study the analytic continuation of these functions by changing the paths of integration. In
this way we extend the functions to sectorial domains similar to D;:;n and study its difference. For instance,
for z = —ik, kK > 0, for 7, we change the path to I'" = {arg(¢) = 6}, 6 € (0,7/2). For v*, we change the

path to '™ = {arg(§) = m — 0}. Hence, we have

yin) (i) = [ e~ [ e
(11.23) . m

= —27TZ'ReS(eiR€’Ay(§)7£ = pgt) = _We—MSHM7
H3
as we have assumed that 4 has moderate growth at infinity and, since 4(§) = égf;)ﬂ’ it has a simple pole at
3
& = pgt with residuum %_

Resurgence theory gives rigor to this argument when one construct the solutions ¢**, x = u, s, for the full
nonlinear equation . Roughly speaking, the constant Cj, appears in the computation of residue of the
extension of such 4 in the singularity closest to the origin. Using these ideas, one can develop an algorithm
to compute Cjy.

A more direct approach through Perron integrals. Let us end this section by proposing another
approach to illustrate v* # v* and also giving an algorithm to compute Cj,. We can write an integral
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representation of the functions v°, v* using their decay at infinity:

1 # ) 1 2
v (z) = — 67”‘3(572)9(5)&9 - — / eZM(S*Z)g(s)ds,

2ips J oo 2ips
z
(z) = L e~ ita(s—2) (s)ds — L etta(s—2) (s)ds
T S I s gits

For k > 0, let B, C C be the disk centered at 0 with radius x and S be the path going from —oco to —k
along the negative real axis, then to k along the lower half of B, then to 400 along the real axis. By the
Cauchy integral theorem we obtain

Y(—ik) — ¥ (—ik) == e Hs(5HiK) (&) ds — — /ei‘“(”m) s)ds
" (=in) =" (=iw) = [ o)is -z [ (s
e M3k ) o0 Z‘lflﬂl—Q

— _ i3S ds = —me H3E § 3 .

2ipi3 ?gBN Hgla)ds e — (-1 “

The above right side are related to g, the Borel transform of g, evaluated at ius and gives the difference
between v* and +*. In fact, this formula is exactly the same as . This means that in the derivation
of the stable/unstable solutions ¢"*, x = u, s, through the Lyapunov-Perron approach, a nonzero splitting
appears even after the first iteration.

An algorithm to compute Cj,. As mentioned above, by the Borel-Laplace summation theory, ¢%* and
¢%°, while analytic on their own domains and non-equal in the intersection of the domains, share the same
formal series as z — oo in suitable sectors
b.
0, el
o~

Jj=3

which is generally divergent, but belongs to the Gevrey-1 class, Moreover, the right hand sides F,, of (2.12)
are also associated to formal series
R )~ 3 %,

in the Gevrey-1 class. The above considerations motlvate us to make the following conjecture.

Conjecture. The constant Cy, introduced in Theorem[I1.3 can be expressed as
[ — 1 l 2

WZZ 531

Even though the formula of the splitting constant C’in in this conjecture is still very complicated, if proved,
it would give an algorithm to compute Cj, which may be implemented by numerical computations. The
proof of this conjecture is beyond this paper.

APPENDIX A. PROOF OF PROPOSITION [£.3]

Unless stated otherwise, M denotes any constant independent of x and e. The proof of items (1) and
(2) are straightforward using that (3.1]) acts on the Fourier coefficients of £. To prove item (3), we consider
h € Em,o and we estimate G1(h1) and G, (hy,) (see ([4:2) and (4.3)). For G,, using Lemma 5.5 in [33], one can
see that

Me?
(A1) 1Gn (M) [lm,a < )\THhHm,aa n>2.

Now we estimate G; given by

Gi(h)(y) = —Ga(y /Cz $)ds + Ca(y / Gl

First, we bound Gj(h)(y) for values of y in DS""* N {Re(y) < —1}. Notice that the functions ¢;(y), (2(y)
given in (4.4) satisfy
M

(A.2) IC1(y)] < Teosh(y)] and  [C2(y)| < M|cosh(y)],
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for every
ye D" n{y eC; |Im(y)| < —KRe(y)}  where K = (tan(ﬁ) + g - Hs) :

The second integral in G; satisfies that, for every y € D" N {Re(y) < —1},

0 1 Il m,a
’/ <1 dS <MHh||ma/ m—+1 dSSM%
—oo | cosh (s +y) | cosh W)l
Therefore
M|[h|[m,a
A3 :
(A.3) Gy / Guls - \coshm( )|

Now, to estimate the first integral in G, let y* be the unique point in the segment of line between 0 and y
such that Re(y*) = —1. Hence, it follows from (A.2)) that,

(1) If s is in the line between 0 and y*, then

ca(sino) < S S < At

(2) If s is in the line between y* and y, then

Ml
)| < oo e

Thus since m > 1, using the previous estimates, we have that

/ Ca(s)h(s)ds

M| |hllm,a
- |c0sh( )

s)ds| +

s)ds| <

Gy / Ca(s
Now, from (4.2), (A.3) and (A.4]), we obtain that

(A.5) sup |cosh(y)G1(h) ()] < M||Allm.a-
yeD" " N{Re(y)<—1}

< M{|Allm, o

and consequently

(A.4)

For the region D%"%* N {Re(y) > —1}, we consider a new set of fundamental solutions {¢;,(_} of £1({) =0
which has good properties at +im/2. We rewrite the solutions (; (y) and (2(y) as linear combinations of {4 (y)
and (_(y) and use them to obtain a new expression of the operator G;. We emphasize that the operator G;
is already defined. We only express it in a different way.

Lemma A.1. The functions

C+(y) = Gi(w) /iyw ﬁds = —g coshlz W <3y si;h(y) —cosh(y) + isinh(y) sinh(2y) F z?% sinh(y))

are solutions of equation L£1({) =0 and have the following properties.

o The Wronksian satisfies
3
W(Cs,¢o) = (il — (G =— 16"

and therefore (1 are linearly independent.
e They can be written as
(y Fim/2)°
(y £ in/2)?

where Ny are analytic functions in D" N {Re(y) > —1} uniformly bounded (with respect to € and

K).

(A.6) C+(y) = n+(y),
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e The operator Gy given by (4.2)) can be rewritten as

Gi(h) = i 16( ¢y / ¢ (s)h(s)ds + C_( / Cols ds)+<2<y> /°m<1<s>h<s)ds

where (1,2 are given in .

The proof of this lemma is a straightforward computation using the relation between (4 and (3, (5.

73

Using this lemma, we bound G;(h) for y € D" satisfying Re(y) > —1. First, notice that we can use

(A.2) to see that

\ / OOO () (s)ds

IN

IN

MRl a-

1 1 0 1
Iy -t
Il (/_oo | cosh™ ! (s)] o /—1 | cosh(s)(s* + w2 /4)*] ds)

From the expression of (2(y) in (4.4)), we have that (2(y) has poles of order 2 at +im/2 + i2k7. Since a > 5,

sup (y* 4 72 /4)* 3¢ / Ci(s)h(s)ds| < M||h|m,a-
yeDR" " N{Re(y)>~1}
Now, we use that o > 5 and equation (A.6) to see that
v ly —im/2° (¥ |s +im/2
_(s)h(s)d M h(s)|d
o) [ Clomas| < arl T [T ) as
ly —im /23 /y 1
< M| ~llm.a - - , d
< Miklma 2270 o T im2e s =iz
M||h[m,a
T
We conclude that
sup 0+ 70272 0) [ € (s)ds| < Ml
yeD " N{Re(y)>—1}
In a similar way, we can prove that
w2072 [ )] < Ml
yeD"""N{Re(y)>—1}
Therefore
(A7) sup (v + 72 /) 2G1 () (y)| < M|[Allm,a-

yeDY " N{Re(y)>—1}

Hence, using (4.1)), (A.1)), (A.5) and , one obtains item (3) of Proposition
To prove the estimates on 9,G(h) and 92G(h) it is sufficient to use (A.1)) and

Ma[02G (k)] = —n?I1,[G(h)).
Finally, for item (5), notice that

1 n y y AN 1 y n y ; n
0y 0 Gn(h) = iez%y/ e_’%sh(s)ds + 56_1%7’/ el%sh(s)ds, n>2,
and thus, one can easily obtain
Me

Hay © gn(h)”m,a < T”h”m,a; n > 2.

The decay of 9, o G, (h) for n > 2 also implies that 9, o G,,(h) = G(9,h) and thus we also have

Me?
19y © Grn(h) [ m,a < ATHf)yhllm,m n>2.
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For the first mode, since

0,011 =iz (~¢Lo) [ ¢ eImtepas +' /c+ (105) + 40 /<1 ds
e /cg $)ds + Cy(y /cl (s)ds

one has |0y 0 G1(R)|11,a—1 < M||A]|m,a-
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