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ABSTRACT. We provide sparse estimates for gradients of solutions
to divergence form elliptic partial differential equations in terms of
the source data. We give a general result of Meyers (or Gehring)
type, a result for linear equations with VMO coefficients and a
result for linear equations with Dini continuous coefficients. In
addition, we provide an abstract theorem conditional on PDE esti-
mates available. The linear results have the full range of weighted
estimates with Muckenhoupt weights as a consequence.

1. INTRODUCTION

Let 6 € (0,1). A family of cubes @ in R", n > 1, is said to be f-sparse
if for each @ € Q there exists Eg c @ such that |Eg| > 6|Q] and for all
reR"®

QeQ
An operator T acting on some test function class is said to satisfy a
O-sparse (s, r)-bound if for each pair of test functions (f, g) there exists
a f-sparse family Q such that
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Despite its repelling appearance, a sparse bound is a useful estimate.
Its validity implies immediately LP bounds for s < p < r’. Another
immediate consequence is the quantitative weighted estimate, which
we detail in Proposition 6.1, quoted from [5].

Sparse bounds were originally introduced in the context of quanti-
tative weighted estimates for Calderéon—Zygmund singular integrals by
Lerner [29]. Their use led to astonishingly simple proofs of the Ay the-
orem [27, 30, 32], whose original proofs in the cases of Beurling—Ahlfors
transform [36], the Hilbert transform [35] and also in the general case
[21] are somewhat challenging. Lerner’s original work involved so-called
sparse domination in Banach function spaces norms, which was later
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improved to pointwise bounds [11, 31]. The bounds in terms of dual-
ity pairings as in (1.1) were first used in [5], where their applicability
outside of the theory of singular integral operators was demonstrated.
Although weaker than pointwise bounds, they are extremely important
as they can be used to model L?P bounds on a restricted range unlike the
pointwise bounds. This opened the door for using the sparse approach
to many operators previously out of reach. Since the publication [35],
sparse bounds have been proved for the spherical maximal function
28], pseudodifferential operators [2], bilinear Hilbert transforms and
generalizations [12, 3] and many other operators. The literature has
become very extensive, and it is impossible to give an exhaustive list.

The purpose of the present paper is to study sparse bounds themati-
cally close but historically far from their origins. We consider solutions
to Dirichlet problems to elliptic partial differential equations of the
form

diva(x, Vu(z)) = div F(z)

where F' € L? (R") is a source term and a a coefficient function as
in Definition 2.1. Estimating |Vu| in terms of |F| is the topic of the
other branch of Calderén-Zygmund theory. The literature on various
LP and weighted LP bounds for various coefficient functions a is again
too vast to be listed. In addition to the linear theory, there has been
a number of works studying related questions for nonlinear equations
[22] and nonlinear potential theory [17, 26], and there have been works
addressing more and more irregular coefficients such as [9]. To the best
of our knowledge, however, not too many sparse bounds are known in
the context of differential equations. Results in [5] do not deal with the
exact setup we are interested in and the results in [2] only deal with
pseudodifferential operators whose symbols are too smooth to really
be applied here. Hence we try to give an overview on phenomena in
Calderén—-Zygmund theory of linear and nonlinear equations from the
sparse point of view.

Our first main result is a sparse analogue of Meyers’” estimate, which
deals with source data almost in the natural energy space. Here the
setup is completely nonlinear. We do not assume any spatial smooth-
ness on the coefficients and consequently this is a result that does not
have an obvious analogue in the point of view based on kernels. See
Section 2 for precise definitions.

Theorem 1.1. Let 6 € (0,1), 0 < A < A < o0, Qo be a cube, and a
(A, A)-elliptic coefficient a in Qo be given. Let Q c Qo be a Lipschitz
domain. There exists q = q(\, A, n,Q) > 2 such that the following holds.

Let pe (2,q], F e LP(3Qo;R™) and f € LP+(3Qg) where p, =np/(n+
p). Let ue Wy*(Q) be a solution to

diva(z, Vu(x)) =div F(x) + f(z), z€Q
and let g € L=(30Q) be non-negative.
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Then there exists a (1 —60)-sparse family P of cubes P such that for
all P € P it holds 3P c 3Q)¢ and

[ wu@lg@)de <€ ¥ 1PUIFDsralo)n
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where C' = C(\,A,n,q,,0).

Note that by Holder’s inequality and a maximal function argument,
the sparse estimate above implies

[Vulie) < ClE o) + Cf [ 1o -

Estimates of this latter type were first proved by Bojarski [7], Meyers
[33], Elcrat—Meyers [34] and Gehring [18]. The LP theory for general
nonlinear equations with less restricted range of p is quite well devel-
oped, and we refer to [9] as an example of a more general result with
BMO coefficients. When it comes to sparse estimates, however, a pecu-
liarity of the linearization argument we use impedes us from advancing
beyond the Meyers type result in the nonlinear setting. No matter how
smooth the coefficient function is, we end up with a linearization that
has no a apriori smoothness beyond measurability.

In the setting of linear equations, a duality argument allows us to
make the range of admissible (s,r) for a sparse bound a symmetric
rectangle centred at (1/2,1/2). We postpone a more quantitative state-
ment to the bulk of the paper, but here we give an example of what
we can say about relatively good equations. We start with the case
where all LP-bounds are known to hold. Recall that a coefficient ma-
trix A = [Ajj]nxn is said to be of vanishing mean oscillation (see [37])
if for each A;; with 1 <4, j <n it holds

lim VS(A”) < 00, IIH(}VS(AZ]) =0
where

. 1
Vs(A;;) = sup inf — ./;2 o |A;;(y) — | dy.

n
zeRn p<s CER T

Here we denote
Q. (x) = l—I[xz 27+ 27 4],
i=1

Theorem 1.2. Let € (0,1), 0< A< A< oo, Qo be a cube, and a linear
(A, A)-elliptic coefficient A in Qo be given. Let Q c Qg be a C%-domain.
Assume that A is of vanishing mean oscillation. Let q € (2,00) be given.
Let pe(2,q] and F e LP(3Qu; R"). Let u € Wy*(Q) be a solution to

div A(z)Vu(x) =div F(z), xe€
and let g € L=(3Qg) be non-negative.
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Then there exists a (1-0)-sparse family P of cubes P c Qo such that
for all P €P it holds 3P c 3Qy and

[ vu@)lg(@) de <€ ¥ 1PUIFsralo)ng

PeP
where C = C(A,n,q,$,0).

This is a sparse variant of the results of Di Fazio [13], Iwaniec—
Sbordone [23] and Kinnunen—Zhou [24, 25] (linear case only). We have
omitted the function f on the source data for simplicity. It could be
included, but additional restrictions on the exponents would appear
and make reading more difficult.

The sparse bound as above has a corollary easy to state in terms of
Muckenhoupt weights. Recall that a locally integrable function w > 0
is said to be an A, weight with 1 <p < oo if

[w]a, —Sup(|Q|fw(x)dx)(|Q|fw(x)_l/(p_l)dx)p1<oo,

where the supremum is taken over all axis parallel cubes in R™. A
version of Corollary 1.3 with continuous coefficient matrix can be found
as Theorem 2.5 in [8] and with VMO regular coefficient matrix as
Theorem 2.1 in [1]. These smoothness conditions are not optimal,
and further generalizations can be found for instance in [15], where
coefficients with small BMO norm are treated.

Corollary 1.3. Let A be a (A, A)-elliptic coefficient matriz in Qq. Let
Q c Qg be a C?>-domain. Assume that A is of vanishing mean oscil-
lation. If p e (1,00), w e A,, F € LP(Q,wdz) and u € Wy *(Q) is a
solution to
div A(z)Vu(z) =div F(z), xeQ,
then
HVUHLP(Q,de:) < CHFHLP(Q,wde‘)

where C' = C(A,p,[w]a,,n,Q).

We do not have good control on how the bound depends on the A,
constant. We refer to Proposition 6.1 for some estimates in this setting.

Next we turn to the setting of Dini continuous coefficients, where we
get exactly as good results as in the singular integral theory of Dini
continuous Calderén—Zygmund kernels. Recall that w: [0,1) — [0, c0)

is said to be a Dini function if there are constants ¢, cs > 0 such that
whenever 0 < s <t <2s< 1, it holds

cw(s) <w(t) < cow(2s)

ftw(s)ds<oo
0o s ’

and for all ¢ € (0,1)
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A function g: 3@y — R is said to be of w-Dini mean oscillation if

w. (1) =8su _ i d
9( ) 966(12) Qr(z)n2 |g(y) <g>Qr( )ﬂQ| Y

is a Dini function.

Theorem 1.4. Let 0 € (0,1), 0 < A < A < o0 and let Qy be a cube.
Let Q c Qg be a C?-domain. Let a linear (X, N)-elliptic coefficient A
with Dini mean oscillation in Q be given. Assume wa(r) < c|logr|=2 for
some ¢ and all r € (0,1/2). Let F € LP(3Qo;R") for some p € (1,00).
Let u e Wy2(Q) be a solution to

div A(z)Vu(z) =div F(z), z€Q

and let g € L=(30Q) be non-negative.
Then there exists a (1 — 6)-sparse family P of cubes P such that
3P c3Qq and

fQ Vu(@)lg(x)dz < C ) [PI|Fl)spa{g)pa

PeP
where C' depends on (A, A,n,$,0) and the Dini data of A.

Corollary 1.5. Let A be a (A, A)-elliptic coefficient matriz in 3Qq. Let
Qc Qo be a smooth domain. Assume wa(r) < c|logr|=2 for some ¢ and
allr € (0,1/2). Ifpe(1,00), we A,, F e LP(Qo,wdz) and u e W,>(Q)

18 a solution to
div A(z)Vu(z) =div F(z), z€f
then

max(p%l,l)

| Vul Lr@uiny < Clw] ) | F]| e (300 wde)
where C' depends on (n,p, A\, \,Q) and the Dini data of A.

We conclude the introduction with a few words about our proofs.
We were mostly inspired by the arguments of Lerner [30] and Lerner—
Ombrosi [32]. After putting the PDE and singular integral theory quan-
tities in a correspondence and finding all the necessary estimates, our
proof is very similar to theirs. However, our formulations go through
boundary value problems rather than Poisson problems as would be
closer to the spirit of their writing. Although it might be possible to
reduce the Dini theorem to a situation where their result can be ap-
plied as a black box, we do not believe there is much gain of insight or
brevity in attempting to do that. Hence we stick to the way of Dirichlet
problems. The idea of using reverse Holder inequalities as a workhorse
comes from two sources. In PDE, our original plan and motivation was
to follow the work of Caffarelli and Peral [10]. In the sparse context,
the reverse Holder inequalities were exploited very efficiently by Lacey
in [28]. However, we note that several arguments become invalid when
the coefficient a appearing in the equation becomes too rough. This is



6 OLLI SAARI, HUA-YANG WANG, AND YUANHONG WEI

why we present two arguments, one for the general setting (which car-
ries us until the VMO theorem) and another one which takes advantage
of full regularity theory for equations with Dini continuous coefficients,
in particular the estimates of Dong, Escauriaza and Kim [16, 14].
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2. PRELIMINARIES

2.1. Notation and generalities. We work in R™ and its open subsets.
For a measurable set £ c R", we denote its n-dimensional Lebesgue
measure by |E|. Given a function h € L} (R"), a measurable set E of
finite measure and a number s € (0, ), we denote

f i ::ﬁ [ rydz, (s, = ( £ |h(x)|sd:v)1/s.

We write (h)g = (h)g1.

By a cube we mean a cartesian product of n equally long intervals.
Given a cube @, we denote its side length by £(Q) = |Q|'/*. The
standard set of dyadic cubes is

D={2"[0,1)"+7):keZ, jeZ"}.
Given a cube @y c R”, let © be the translation and scaling with
©(Qo) =[0,1)". We denote
D(Qo) ={07'(Q): Qe D, ©71(Q) < Qo}-
We refer to D(Qy) as dyadic subcubes of Q.

Given a reference cube @)y, we define the standard and fractional
maximal functions as

Mf(r)= » SDU(B ) Lp(z)(f)sp

and for s € (0, 00)

M. f(x) = o )1P($)(3€(P))S(f)3p-
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The standard theory includes the bounds
HMHLl(Rn)_)Ll,oc(Rﬂ) S On < OO, ||MHLp(Rn)_>Lp(Rn) S Cp’n < o0 (21)

for all p € (1, 00], see for instance Theorem 2.1.6 in [19], and the frac-
tional maximal function bounds

||MS ||Lp(Rn)_>Lq(]Rn) S CS,TL,p < 00 (22)
for
s 1 1 n
— =, q> )
n p q n-—s

see for instance Chapter 6 in [20]. We denote the upper and lower
Sobolev conjugates as

pn «_ 1

p*:n+p’ p :n—p

and we denote the Holder conjugate as p’ = p/(p—1) when p € (1,00)
and 1’ = oo and oo’ = 1.

2.2. Solutions. We axiomatize the properties of the coefficients of the
equations that we study. The definition below is standard.

Definition 2.1. Consider an open and connected set 2. Let 0 < A <
A < oo be real numbers. We call a function a : Q x R* - R a (A, A)-
elliptic coefficient in  if the following conditions hold.

e r — a(x,£) is measurable for all £, and & — a(x,§) is continu-
ously differentiable for all x.
o for all x € Q and &, € R, we have a(z,0) =0 and

la(z, €) —a(z,n)| < Al§ - n]. (2.3)

This is referred to as Lipschitz condition in gradient variable.
o for all x € Q2 and &, € R", we have

(a(z,) - alz,m)) - (§=n) 2 Alg - nf*. (2.4)
This is referred to as strong monotonicity.

The next definition of a solution is standard.

Definition 2.2. Let a be a (A, A)-elliptic coefficient in . Let F €
Ly (;R"), fe Ly (Q) and h € W12(Q2). We call a function u €

loc

W12(Q) a solution to
diva(z, Vu(z)) =div F(x) + f(z), x€Q (2.5)
u(x) =h(x), zedfd

if u—h e Wy(Q) and it holds for all test functions ¢ € C(Q)
/Q a(xz,Vu(z)) - Ve(x)dr = fQ F(z)-vo(z)dx+ /;2 f(x)p(x)de.



8 OLLI SAARI, HUA-YANG WANG, AND YUANHONG WEI

We remark that by approximation, the smoothness condition on test
functions can always be relaxed down to one Sobolev derivative in the
relevant LP(2) space.

The key property of solutions to equations with zero right hand side
is that their gradients satisfy a reverse Holder inequality. The strength
of the reverse Holder inequality for the gradients of solutions to homo-
geneous equations determines the quality of sparse, weighted and LP
bounds that the general solutions satisfy. The exponent on the right
hand side is usually taken to be 1 or 2 instead of the 1/2 here, but it
is a general property of reverse Holder inequalities for solutions that if
they hold for one exponent on the right hand side, then they hold for
all them, see Appendix B of [4]. This is in strong contrast with the
exponent on the left hand side, which cannot be changed freely.

Definition 2.3. Let 2 be a domain and let w € L; () be non-
negative. Let ¢ > 2. We say w satisfies a ¢g-weak reverse Holder in-

equality in 2 if there exists a constant C,,, such that for all cubes
PcR”

(]é lo(x)w(x)? d:c)l/q <Cuyy (][;P Lo(x)w(x)'? da:)2 .

If this only holds for P such that 2P c €2, we say w satisfies a local
g-weak reverse Holder inequality in 2. Similarly, if this only holds for
P such that Pn () # @, we say w satisfies a boundary ¢-weak reverse
Holder inequality in 2.

For the proof of the sparse bound, we will need a reverse Holder
inequality for gradients of differences of solutions rather than solutions
themselves. For linear equations, there is of course no difference, but
in the case of nonlinear equations, this seems to be an important point.
To keep the exposition of linear and nonlinear cases unified, we set a
definition to capture this discrepancy.

To state the next definition, we introduce a family of smoothened
cubes. We let Oy be a smooth domain such that

299 1/2,1/2]" € Oy € 3[-1/2,1/2]".

100
Given any cube @ c R", we let Og be the smooth domain such that
if Ag is the scaling and translation mapping AgQ = [-1/2,1/2]", then
Og = AE;OO. Heuristically, Og is 3Q) but with corners smoothed away.

Definition 2.4 (Admissible upper exponent). Let Q2 be a domain. Let
a be a (A, A)-elliptic coefficient in . Given a cube @, define the class
U(Q) as the family of pairs (u,v) such that u,v € W;*(Q) and

diva(z, Vu(z)) = diva(z, Vo(z))
holds in Og N in the sense of Definition 2.2.
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A number ¢ > 2 is called an admissible upper exponent for a if for
any cube @ and any pair (u,v) € 4(Q) the function
lag|Vu - Vv

satisfies a local or boundary g-weak reverse Holder inequality in Q2n2Q).
For an admissible upper exponent ¢ > 2, we denote

(IVu-vu|)p
N -(a,q) =sup sup sup 4
o (@:0) Q (un)et(Q) Pe2@:Pnaz (VU — VU )op1/2
(IVu - vul)pg

Ni.(a,q) =sup  sup sup .
" (a.9) Q (uv)eu(Q) P2@2p<q (VU = VU|)ap1/2

where the supremum in @) is over all cubes.

Notice that NV, ,?b 4 may be infinite a priori. For concrete applications
of our results, Vérifying finiteness of this quantity is separated from
the main sparse argument of Section 3. When proving the theorems
in the introduction, we have three cases. For Theorem 1.1, we rely on
global Meyers type estimates valid in Lipschitz domains, which we state
and prove as Proposition 4.3. For Theorem 1.2, we use the boundary
regularity results of Kinnunen and Zhou [25]. Finally, for Theorem
1.5, we can take advantage of the boundary regularity estimates of
Escauriaza, Dong and Kim [14].

The second key property of solutions is an energy estimate. An
energy estimate as below is always valid for ¢ = 2, but in order to carry
out a bootstrap argument, we write a generic definition. Unlike in
the case of admissible upper exponent, the case of lower exponents is
interesting only in the case of estimates holding up to the boundary.
Local versions do not suffice for running our arguments.

Definition 2.5 (Admissible lower exponent). Let a be a (A, A)-elliptic
coefficient in €2. A number 1 < ¢ < 2 is called an admissible lower

exponent for a if there exists a finite number N{*(a,¢) such that for all
cubes P, for any source data F' € L] () and f e L% (Q), and for any

loc

solution u € Wy*(Op nQ) to (2.5) in Op N it holds

|Vulzaopnn)

N f, G (f 1

If g, <1, we require f =0.

afas\ 11
q*dm) ) )

3. A GENERAL RESULT

In this section, we prove the following general result.

Theorem 3.1 (Local sparse bound). Let 6 € (0,1), 0 < A < A < o
and Qo be a cube. Let a (N, A)-elliptic coefficient a in 3Qy be given.
Let q; € (1,2] be an admissible lower exponent for a in the sense of
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Definition 2.5. Let q, € (2,00) be an admissible upper exponent for a
in the sense of Definition 2.J. Denote

A=Na,q), B=Ng,.(a,q)

Let p> q; and assume that F € LP(3Qo; R™) and f € LP+(3Qq). If f is
not identically zero, assume q. > 1. Let u € WOM(SQO) be a solution to

diva(z, Vu(z)) =div F(x) + f(x), €3Qq

according to Definition 2.2. Let g € L= (30Qy) be non-negative.
Then there exists a (1 —0)-sparse family P of cubes P such that for
all P € P it holds 3P c 3Q)y and

fQO Vu(z)|g(z) dz < C Y [PIF)spq{9)ra

PeP
+C Y IPBUP)(Ifspa(9)ra,
PeP

where

HMHLl(Rn)_)LI,oo(Rn) 1/ql
C=9"4(AN+1)AB J .

For the totality of this section, we fix the notation as in the hypoth-
esis of Theorem 3.1. Clearly a will be a (A, A)-elliptic coefficient in all
subcubes () c 3Q)y. For such a cube @), we denote by ug the solution
ueWy?(0g) to

diva(z, Vu(z)) = div F(z) + f(x)

in Og. We denote

L(Q) = [Q Vg (2)|g(x) da.

The main ingredient of the proof is an iteration formula for this quan-
tity.

Lemma 3.2. Let Q) be a cube, 6 € (0,1), and let notations and as-
sumptions of Theorem 3.1 remain valid. Then there exists a family P
of pairwise disjoint cubes such that 3P c 3Q) for all P € P; it holds

L(Q) < CIOI(|Fsq.q + 30@)If e ){9)aq, + X L(P)  (3.1)

PeP
with

HM“LI(]Rn)_)Ll,oo(Rn) 1/‘”
C=9"u(AN+1)AB

0

and

Q~UPI2(1-0)IQ)



SPARSE BOUNDS 11

Proof. For brevity, we write u = 1lo,ug. Then u e W12(R") as ugq €
Wy*(0g). Consider the set

E={reQ: M(|Vu|®)(z)> D"}.

Then
EUNo{zreQ:|Vu(z)/® > D%}
for some N c R™ with |NV|=0. Denote

“ M HLI(RTL)*}LI,OO(R’IL

1/a
) (g + 3@ i,

We let P be the family of maximal cubes P € D(Q) such that

D4

(Ivul®)sp > D
Then UP = = and for all P € P, it holds (|Vu|#)sp < 2"D%. By (2.1)
)

and the definition of the admissible lower exponent (Definition 2.5

‘M”Ll (Rn)qu,oo(Rn)
> f3 vu(@)p da

Aa ” M|‘L1(Rn)_>L1,OO(Rn)
< = [ i@+ ( [ 1@

—_— |
— | <
— >

a/qi«
qi% d./l/‘) )

<0|Q.

In addition, the family P is pairwise disjoint by maximality. Hence it
remains to prove the claimed inequality (3.1) for L(Q).
We write

[ wu@la@drs [ gu(@)lg(a) da
% [ Ivu(@) - vur@lg(@) o+ Y. [ [vup(@)g(e) da

PeP PeP
=I+IT+1I1.

Now
I<D / drx <D /
o 1) < DIQlg)a,

by the fact @ ~UP =@ \ = and by Holder’s inequality.
To estimate II, we first notice that by Holder’s inequality

[ Ivur(@) - u@)g(@) dz < |[up - Vul e lg] 4
By construction, the equation
div a(z, Vup(z)) = div F(z) (3.2)

with F(x) = a(z, Vu(z)) holds in Op. Hence u and up are a pair in
U(P) as in Definition 2.4. By the fact that ¢, is an admissible upper
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exponent in the sense of Definition 2.4, we invoke that definition to
estimate

|Vup = Vul g py < BIPM"(|[Vup - Vul)apy,
< BIP|Y((|Vul)2pg + ([Vup])2pg)-

Applying Definition 2.5 of admissible lower exponent to the equation
(3.2) we bound further

([Vupl)2pq < (3/2)" 4 AM|VUl)spq,-
Hence by maximality of the cubes P

|Vup - Vu| papy < 3" (AA +1)BD
and by Holder’s inequality

1< 3" (AN +1)BD Y |P|Yan|g]
PeP

ey S 3" (AA+ 1) BDIQN(g) .,
Finally, by definition
1T = Z L(P;).
J

This concludes the proof. O

Proof of Theorem 3.1. We construct the sparse family by a recursion.
Let So = {Qo}. For j >0 given, we apply Lemma 3.2 to each Q € S; to
recover a pairwise disjoint family P(Q) as in Lemma 3.2. Let Sj1 =
Uges, P(Q). By induction, we have constructed a S; for each j > 0.
Denote P = U732 S;. By Lemma 3.2, for all j >0

1., [vu@la(z)dz = L(@Q0)

<CZ > [PICEFspg + 30Q)(If s {9 pa, + D L(P).

k= OPESk P€$j+1

To complete the proof, we show that the family P is sparse and that
the right-most sum tends to zero as j — oo.
For P € S;, we set

ey @) (0,00

Q63j+1 k=j+1 QeSk

where the second equality follows by the construction: a cube @ € S
with k > j +1 is a subcube of a cube Q' in Sj;1. It is then clear that
Yo lg, <1
PeP
Further, by Lemma 3.2, for P e S;

.9

Ep| = P~ > (1-0)|P|.

Hence § is (1 - 0)-sparse.
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By the definition of the sets Ep, for each j >0

U P\= U u Pl
PESJurl PES PcP
P'e j+1

U P\EP <
PES]'

Z ‘P\EP|

PESj

= > (IPI-|Ep) <0 3 |P|=

PeS; PeS;

PeS ‘

where the last equality used that the cubes P are pairwise disjoint by
Lemma 3.2. Iterating the estimate in the display above, we conclude

U P|<#|Qu|-

PGSj

Finally by Holder’s inequality and the definition of the lower admissible
exponent (Definition 2.5)

L(P) < [Vupliney 9] o

1/
< Cllgleal P ((1F 8 + 9LCPY!( Vi, )"
<C [ (M(Lsq|FI) " + Mi(Laq,f

Summing and applying Holder’s inequality in the integral, we bound

2. L(P)

PeSjq

1 /
< OISl | M(Lsgq | F12) (@) + My, (1,

qix )1/%r )

qis )(x)l/qz*

LP(Qo)
< Ko7

where the constant K is finite by the maximal function theorem, the
fractional maximal function theorem and by the assumption on the
source data. Sending j - oo, we conclude the proof. O

Next we discuss a global version of the sparse bound. Under the
current set of definitions, the proof is essentially identical as the differ-
ence between local and boundary estimates is captured by the question
whether or not the constant N3, (a,q) (as opposed to thc(a q))
from Definition 2.4 is finite. To address the presence of the boundary
of the domain, we hence only have to modify the notation. Given
a cube () c 3Q) and the reference domain {2 c )y, we let Uy be
the smooth domain such that if Ag is a scaling and translation with
AQQ = [-1/2,1/2]", then Uy = Qn AZ'(Op). We denote by ug) the
solution u € Wy*(Ug) with source data F and f. We denote

LQ) = [Q vul(2)lg () da.

Replacing up by u$ in the proof of Theorem 3.1, we see that the same
argument works mutatis mutandis with the constant B replaced by
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N,gb 4 (@,qn). To apply Theorem 3.3 to real problems, one still has
to prove that Nj%. (a,q,) appearing on the right hand side of the
sparse bound is ﬁﬁite, and this is where more geometric considerations
involving density of the complement of the domain or flattening the
boundary appear. That is done in Section 4 and Section 5. More
precisely, the geometric input comes through the application of the
main theorem in [25] and Proposition 4.3. With this discussion, we
state the final abstract theorem.

Theorem 3.3 (Global sparse bound). Under the hypotheses of Theo-
rem 3.1, when ) c Qg 1s a domain and the additional assumption

Nﬁbdr(%%) <00

holds, we have that

JIvu@la@ de < C 3 1PUIFsralo)rg

PeP
+C Y |PBUPY|f)3p.a.(9) P,

PeP

where
C= 9n/ql(NlQ(a7 Q)+ 1)ng(a, QI)Nl?,bdr(aa qn)

(M)
: |

4. APPLICATIONS

4.1. Nonlinear equations. In this section, we apply the abstract
Theorem 3.3 to two concrete partial differential equations. We start
with the results for nonlinear equations. Our remaining task is to iden-
tify the admissible upper and lower exponents according to Definition
2.4 and Definition 2.5.

Proposition 4.1. Let QQ be a cube and ) a domain. Let 0 < A < A<
0o, a (A, A)-elliptic coefficient a be given, and let u € Wol’Z(OQ nQ),
F e L?(Og;R") and f € L*(Oq) be as in Definition 2.2. Then

2c2

e

9 2/2+
Joalvu@rars 5 [ p@paes 53 f e a)

In other words, 2 is an admissible lower exponent for a in Q with
N(a,2) < (1+¢,)V2/\ where ¢, is the constant from W12(R") o
L% (R™) Sobolev inequality.

Proof. We identify all the three functions u, f and F' with their exten-
sions by zero to globally defined functions, that is, we set u(x) = f(x) =
F(z) =0 for all z ¢ Ogn Q. Because u € Wy*(Og n Q), we have that
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the corresponding extension is in W12(R"). By strong monotonicity
and the definition of solution

)\ng |Vu(x)* dr < /SQ a(x,Vu(z)) - Vu(z) dx
= f3Q F(z)-vu(z)dx + /3:@ f(x)u(x)de.

By Holder’s inequality and by Sobolev inequality, we have for the zeroth
order term on the right hand side

f3 o f @) dr < flul 2 ) | f |2 ) < enl Vil 2oy [ f 22 )

2 2
g 2 Ch ”f”Lh (3Q)
<= de + ———==<7
<3 '/3Q|Vu(x)| x 5o ,

where the last step followed for any € > 0 from Young’s inequality. The
constant ¢, is the constant of Sobolev inequality. By Young’s inequality
again, we have for the first order term on the right hand side

£ 2 1 2
_/SQ F(z)-vu(z)dz < 3 [(}Q |Vu(x)|* de + 5 f3Q |F(z)]* du.

Choosing € = A/2, we conclude the proof. g

A classical result of Meyers [33] shows that gradients of solutions
to homogeneous problems satisfy a reverse Holder inequality. For com-
pleteness, we provide below a short argument for the inequality exactly
in the form in which we need it. Note that this estimate holds up to
the boundary. We assume a Lipschitz condition on €2 to have control
over [3Q N Q¢|/|3Q| for cubes Q with 2Q n Q¢ # @. This gives further a
control over the constant appearing in Sobolev inequality for functions
u on 3@ vanishing in ¢,

Proposition 4.2. Let Q) be a Lipschitz domain and let QQy be a cube.
Let 0 < A < A < oo, let a be a (A A)-elliptic coefficient, and let u €
W, 2(Q). Assume that u e W, (Q) is a solution to

—diva(z,Vu(z)) =0
in Og,N§Y with some boundary data (not necessarily zero at 00g, ~0S2).
Then there exists ¢ = qg(n, AJX,Q) >2 and C = C(q,n,AJ\, Q) such that

2

(]20 Lo(z)|Vu(z)|? dg;)l/q <C (]ng 1o(2)[Vu(z)[V2 da:) '

Proof. We identify u with its extension by zero to a global Sobolev
function. Given any cube @ such that 3Q) c 3Qy, let ¢ € C(R") be
such that |Ve|e < 20(Q) and 1g < ¢ < lag. Then up? € Wy?(Q) is
a valid test function. We obtain by strong monotonicity and product
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rule
A f V() Po(x)? de < f a(z, Vu()) - Vu(z)p(x)? d
- [ ate, Vu(@) - Vu(@)e(w)?] do
—2/u(a:)gp(x)a(x,Vu(x))-Vgo(:B) dx

where the first term is zero by the equation and the second term is
bounded by

> [y ve@)P e en? [ p(a)lva(oP d.

Setting € = A/(2A?), we conclude
2

[ 1vu@)Pear < Sy [u(eyive(n)de=T.

If 2Q c Q, we may replace u by u—(u)ag as u — (u)sq is a solution and
(u—(u)2g)p is a test function. We may then apply Sobolev—Poincaré
inequality on T'. If 2Q) n Q¢ # @, we may apply Sobolev inequality for
Sobolev functions vanishing in an ample portion of 3Q). Altogether, we
1/2 2 A
< Cn,Q

obtain the bound
(f @) < oot ( ]£Q19<x>|w(a:)2*dx)”2*

where ¢, o is larger of the constants of Sobolev—Poincaré inequalities
with vanishing at the boundary or with mean value zero. This estimate
holds for all cubes @ with 3Q c 3Q,. Consequently, we may apply
Gehring’s lemma (Theorem 3.22 in [6]) together with the Appendix B
of [4] to conclude that there exists g = ¢(A/A,n,Q) and C' = C(q) such
that for all cubes @) with 3Q) c 3Q,

1/q

(]glg(x)Wu(x)de) gC(]gQ 1Q(x)|vu($)|1/2dx)2,

This is the claimed inequality. U

We first remark that the number ¢ in the above proposition is an
admissible upper exponent in the sense of Definition 2.4 for linear co-
efficient functions a in Q with N, (a,q) < C(n,q,A/X, Q). Indeed,
the difference of two solutions to the same linear inhomogeneous equa-
tion is a solution to the homogeneous linear equation with the same
coefficient matrix, and so we can apply the inequality to the difference
appearing in the Definition 2.4. This proves that Definition 2.4 applies
to the difference of a pair of solutions to any fixed linear equation. For
the case of nonlinear equations, the difference of two solutions to the
same inhomogeneous equation need not be a solution to the homoge-
neous equation with the same coefficient function. However, in case the
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nonlinear equation admits a linearization, we can show that the differ-
ence is a solution to a homogeneous equation with similar structure.
Precisely, we can prove the following.

Proposition 4.3. Let 0 < A < A < co. Let 2 ¢ R® be a bounded
Lipschitz domain and let a be a (A, N)-elliptic coefficient in Q. Then,
in the sense of Definition 2./, there exists an admissible upper exponent
q=q(n,A/X\, Q) >2 and a finite constant C = C(n,q, AJ\,Q) such that
Niar(a,q) < C.

Proof. Let u and v be as in the definition of admissible exponent. Then
diva(z, Vu(z)) - diva(z, vo(x)) =0

in the weak sense. In case a is linear, we immediately see that u —v
is a solution and the claim follows from the Meyers’ estimate, Propo-
sition 4.2. In case a is not necessarily linear, we use the fact that a is
continuously differentiable in the second variable. Then

a(x,Vu) —a(z, Vo)

= [ Vea(n,19u(2) + (1= )T0(@)(Tu(x) - Vo)) dr,
and we note that v — v is solution to
divAV(u-v)=0
where
A(x) = fﬂ ' Veala, tvu(z) - (1 - )Vo(z)) dt

is uniformly elliptic matrix with entries measurable in x. Indeed, x —
tvVu(zx) + (1 —t)Vo(zx) is measurable and and the Jacobian matrix of
a is continuous. Hence the composition is measurable. We can invoke
Meyers’ estimate from Proposition 4.2 to complete the proof. U

Proof of Theorem 1.1. By Proposition 4.1, 2 is an admissible lower ex-
ponent. By Proposition 4.3, there exists an upper admissible exponent
g > 2 so that Ni% (a,q) is finite. By Theorem 3.3, the claim fol-
lows. O

4.2. Linear equations. In the linear setting, we dispose over several
powerful tools that we have not been able to use in the case of nonlinear
equations. As we focus on the linear problem, we fix a matrix A: Q) —
R™*" such that for all x,& € R

a(z,§) = A(x)S.

Then our assumptions on the coefficient a convert into the standard
ellipticity and boundedness assumptions on the matrix A with measur-
able coefficients.
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Proof of Theorem 1.2. By Theorem 1.5 in Kinnunen—Zhou [25], we see
that any ¢ > 2 is an admissible upper exponent and N }?b 4 (A, q) is finite,
that is, the estimates hold up to the boundary. By Theorem 2.1 in Di
Fazio [13], we see that any p > 1 is an admissible lower exponent. The
claim follows by Theorem 3.3. U

Proof of Corollary 1.3. Given w € Aj, there exists € = e([w]a,,n) €
(0,1) such that it holds w € As_. (Corollary 9.2.6 [19]) and w € RHy,.
with [w]grm,,. = C(n,[wa,]) (Theorem 9.2.2 [19]). Choose ¢’ > 1 so
that 2/¢’ >2—-¢ and (q/q')' =1/(2-¢") < 1+¢e. Concretely, we can set
q' =2/(2-¢2). By Theorem 1.2, a (¢’,q") sparse estimate holds. Using
the fact

”f”L2 R™,wdz) = sup

. | 1@y de
I L2 (w-1dz)<

we can invoke Proposition 6.1, to conclude from the sparse estimate
above that

H]-QVUHLQ(R",wdx) < C(TL, A7 Q? [w]Az)”F”LQ(R",WdJU)‘

As this bound holds for all weights w € Ay, we can apply the Rubio
de Francia extrapolation theorem (Theorem 9.5.3 in [20]). We hence
conclude that for all p and all w e A,

Y

“VUHLP(Q,WdI) < C(nap7 A7 Q7 [w]Ap)”F”LP(R",wdx)-

Restricting the attention to F' vanishing in Q¢ and using density of
C(Q) in LP(Q,wdzx), we conclude the proof. O

5. CASE OF DINI COEFFICIENTS

In this section, we discuss the case where A : ) - R™" is assumed
to be of Dini mean oscillation as defined in the introduction. We only
see this assumption through the results quoted from [14]. The fol-
lowing Proposition follows by Lemma 2.11 of [14] and the well-known
properties of reverse Holder inequalities, see Appendix B in [4].

Proposition 5.1. Let Q be a C%-domain and let v e Wy(Q) be a
solution to

div A(z)Vu(z) =0
i Opn§ and set v =0 in Q°¢. Then

2
IVolionay < O £ Ta(@)vo(@) 2 dr) (5.1
for C'=C(\, A,n,Diniy, Q).
The second strong estimate we need is Theorem 1.9 from [14].

Proposition 5.2. Let Q be a C?-domain and let P be a cube. Let
Fel*(0pnQ). Let ve Wy*(OpnQ) be a solution to

div A(x)Vu(zx) = div F(x)
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in Opn Q. Assume wa(r) < c|logr|=2 for some ¢ and all r € (0,1/2).
Then for all >0

C
{2 eO0pnQ:|[Voz)|> u} < = f F(2)| dx (5.2)
,u OPOQ
for C'=C(\,A,n,Diniy, Q).

Using the proposition above, we can prove a weak type (1,1) bound
for an auxiliary operator. This operator takes the place of the auxiliary
maximal function of Lerner and Ombrosi [32]. Given a cube @, we
denote by ug the function such that as a restriction ug € Wy *(Og N <)
is a solution to

div A(z)Vu(z) = div F'(z)
in OgnQ and ug =0 in (Og N Q)°.
Proposition 5.3. Fiz a cube Q). For a cube P c Og n (), we write
wp =ug —up. We define an auziliary function for all x € 3Q) as

S(x)= sup 1p(x) sup [Vwe(y) - Vwp(y')|.
PeD(3Q) y,y'eP

Then there exists a constant C' = C'(\,A,n,Dinia, Q) such that for all
>0
C
{zeO0gnQ:S(x)>pu} <= f ()| d. (5.3)
M OQOQ
Proof. As always, we extend all the functions appearing in the proof
by zero to be globally defined functions. Note that wp solves a homo-
geneous equation in Op N €. By (5.1), for any 2 € Og nQ

S(x)<C sup 1p(x) (]ép IVwp(y)|H? dy)2

PeD(3Q)
2
<C sup 1p(a0) (£, [Vur()dy) +CM(Logualvul?)(x).
PeD(3Q) 2p

By Kolmogorov’s inequality (Exercise 2.1.5 in [19]) and Proposition
5.2 applied in Op, the first term is bounded by maximal function of F'.
Hence

IS] 21 0gne) < CIM (Logna )|l Lre=(0gne)
+ OHM(lOQmQ|vu|1/2)2HLl,N(OQmQ).

Because the maximal function is bounded L**°(R") - L%*(R") and
LY(R") - LY (R"), we conclude by an application of Proposition 5.2
in OQ

HS“L1»°°(OQmQ) < CHM(lonQF)HLLw(onQ) + C”VU”LLw(OQmQ)

<C F dz.
<CJ GJF@lds

This completes the proof. U
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Now we are in a position to prove the strong iteration lemma for u
solving an equation with Dini continuous coefficients. We denote again

L(Q) = /Q Vg (2)]g(x) dz.

Lemma 5.4. Let 0 € (0,1) and let Q be a cube. Let g € L°(3Q). Then
there exists a family P of pairwise disjoint cubes P c 3Q) such that

L(Q) < CIQKIFl)sq.lgdqr+ Y L(P) (5.4)

Pe
with C'= C(\, A,n,Diniy, Q,0) and ’
Q~NUPI2 (1-0)IQ).
Proof. For brevity, we write u = ug. Consider the set
E={z €@ :max(|Vu(x)|,S(z), M(130F)(x)) > D}

where D = 12n+1 maX(C’w, Cs, HM“LI(RTL)_)L:LOO(RW))<|F|>3Q71/0 and Cw is
the constant from (5.2) and Cyg is the constant from (5.3). We let P
be the family of maximal cubes P € D(Q) such that

|Pﬂ E| > 2—n—l
1P|
Then
U Po=. (5.5)
PeP
Now

IUPI< > [Pl <2 Y [PnE[=2"" | PnE[<2"[E|
PeP PeP PeP

and by (5.2), (5.3) and the weak (1,1) estimate of the maximal func-

tion,

[1]

3Cw+C + M 1 ny)_ ,00 n
5| < ( s+ | gL (R")>LL(R")) /3Q|F(x)|dx§9|Q|.

Hence it remains to prove the claimed inequality (5.4) for L(Q).
We write

| wu@la@drs [ gu(@)lg(a) da
+ ZL!Vu(x)—Vup(x)|g(x)dx+ > /P|Vup(x)|g(x)dx

PeP PeP
=I+1I+1II.

Now by definition of the cubes P
<D [ g@)de < DIQlg)as
Q\UP

Next we estimate II. By maximality of P, it always holds
|IPnZ| 1

< -

Pl 2

(5.6)



SPARSE BOUNDS 21

Let N =4-3"Cy,. Recall that up is identically zero in (Opn€2)¢. Hence
by (5.2)

{z € P:|Vup(x)|> ND}|

<z eOpnQ: [Vup(@) > NDY < 22 [ 1F(2)) da

DN Jsp
3nCy, .. 3"Cy,
o [PHnE M (L F)(x) < —

where we used the fact |P\ Z| > | P|/2, following by (5.6), to bound the
maximal function. Hence there exists zp € P\ = with

<

1
IPl<5IP

max(|Vup(zp)|,|Vu(zp)|) < ND.

Denote wp = up — u. We write
[ vur(@) - vu(@)lg@) de= [ [vwp()lo) ds

S|VwP($P)|/PQ(5U)d$+ﬁ|VwP($)—VwP($P)|g($)d$-

Here

[ Ivwr(@) - Vwp(ep)lg(@) do < inf S(0)(g)ralP)
<|PS(zp)(g)p1 < DIP[(g)pa
and
[Vwp(zp)| < [Vup(zp)| + |Vu(zp)| < 2ND.

This concludes the estimate for II.
Finally, by definition

111 = Z L(P;).
J
This concludes the proof. Il

Proof of Theorem 1.J. The result follows by iterating Lemma 5.4. See
the iteration at the end of the proof of Theorem 3.1, which is an iden-
tical argument. O

Proof of Corollary 1.5. This follows at once by Theorem 1.4 and Propo-
sition 6.1 with r = 1 = ¢’. Indeed for 0 = w'?" and any g € L*(R") n
LY (R™, odx), we get

[ 1alve@llg(@)ldz < C 3 1P1squl Fllspa{lsgugsrs
P

max(l,

1
<Clwly, 7 Mago Pl o e win) |91 v (20 gy

The claim follows by taking supremum over the family of all g as above
and satisfying |9/ g gar) < 1- O
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6. SPARSE FORMS

We recall here how the sparse bounds imply weighted bounds. Recall
that a locally integrable w > 0 is in RH, with s > 1 if there is a constant
[w] gy, such that for all cubes P c R”

(]é w(SC)Sda:)l/s < [w]grm, ]éw(x) dr.

The following proposition is essentially Proposition 6.4 in [5]. Although
the exact wording differs slightly from that in [5], an inspection of the
proof quickly shows that this statement follows from the very same
proof. For the reader’s convenience, we outline the short proof of the
case r = s’ = 1 below.

Proposition 6.1. Assume 1 <7 <2 < s < oo and 6 € (0,1). Let
p € (r,s), with the understanding oo’ =1 and 1' = co. Then there exists
a finite constant C' such that the following holds. If P is a 0-sparse
family, then for all non-negative test functions f,ge C.(R™)

; |P|<f)3P,r<9>3P,sf

< O([wla,, [w]r ) 1 Lo@n win) 9] o (g at-+aa)

1 -1
ﬂzmax( ,S )
p-7r $-p

We do not need the exact quantitative form except for the proof of
Corollary 1.5. In that case, we have r = s’ = 1. We reproduce the simple

proof modulo quoting some basic results in this special case. First, by
the Three Lattice Theorem (Theorem 3.1 in [31]), it suffices to bound

SIP ol = [ (S 160 oo o

with all cubes P in the sparse family being dyadic. By the Rubio de
Francia extrapolation theorem (Theorem 9.5.3 in [20]), it suffices to
deal with the case p = 2. Denoting o = w™!, we write

o(P) .
(f)p1= e ( [f(x o(z)” a(x)da;)

where

and
_w(P)( 1 o
(9)p1= P (w(P)/I;g(:c)w(x) w(:c)dx).

Here for a measurable set E and a non-negative locally integrable func-
tion v, we denote

U(E)=[Ev(x)dx
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Define

M7 f(z): —igglp(xx )y _%:g o(

Then the sparse form can be bounded as

;|P|(f)P1(9)P1

< S 1A it (M () @) - M o) (o)

< w]AQZ f M (fo ) (z) M (gw) () dx

- [uwla, f M7 (o) (@pw(e) 2 M (gt (2w () P da
<[]y M7 (o) e ey I (0™ 2 e
<Alw]a, |l fo 2@ e |90 22N wae)
= 4], | 2R oty 191 22 ey

The penultimate inequality used the inhomogeneous dyadic maximal
inequality, which holds for all weights with constant 2 (see for instance
Theorem 15.1 from [31]).
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