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Abstract. We provide sparse estimates for gradients of solutions
to divergence form elliptic partial differential equations in terms of
the source data. We give a general result of Meyers (or Gehring)
type, a result for linear equations with VMO coefficients and a
result for linear equations with Dini continuous coefficients. In
addition, we provide an abstract theorem conditional on PDE esti-
mates available. The linear results have the full range of weighted
estimates with Muckenhoupt weights as a consequence.

1. Introduction

Let θ ∈ (0,1). A family of cubes Q in Rn, n ≥ 1, is said to be θ-sparse
if for each Q ∈ Q there exists EQ ⊂ Q such that ∣EQ∣ ≥ θ∣Q∣ and for all
x ∈ Rn

∑
Q∈Q

1EQ
(x) ≤ 1.

An operator T acting on some test function class is said to satisfy a
θ-sparse (s, r)-bound if for each pair of test functions (f, g) there exists
a θ-sparse family Q such that

∣∫ Tf(x)g(x)dx∣

≤ C ∑
Q∈Q

∣Q∣ (
1

∣3Q∣
∫

3Q
∣f(x)∣s dx)

1/s

(
1

∣3Q∣
∫

3Q
∣g(x)∣r dx)

1/r

. (1.1)

Despite its repelling appearance, a sparse bound is a useful estimate.
Its validity implies immediately Lp bounds for s < p < r′. Another
immediate consequence is the quantitative weighted estimate, which
we detail in Proposition 6.1, quoted from [5].

Sparse bounds were originally introduced in the context of quanti-
tative weighted estimates for Calderón–Zygmund singular integrals by
Lerner [29]. Their use led to astonishingly simple proofs of the A2 the-
orem [27, 30, 32], whose original proofs in the cases of Beurling–Ahlfors
transform [36], the Hilbert transform [35] and also in the general case
[21] are somewhat challenging. Lerner’s original work involved so-called
sparse domination in Banach function spaces norms, which was later
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improved to pointwise bounds [11, 31]. The bounds in terms of dual-
ity pairings as in (1.1) were first used in [5], where their applicability
outside of the theory of singular integral operators was demonstrated.
Although weaker than pointwise bounds, they are extremely important
as they can be used to model Lp bounds on a restricted range unlike the
pointwise bounds. This opened the door for using the sparse approach
to many operators previously out of reach. Since the publication [35],
sparse bounds have been proved for the spherical maximal function
[28], pseudodifferential operators [2], bilinear Hilbert transforms and
generalizations [12, 3] and many other operators. The literature has
become very extensive, and it is impossible to give an exhaustive list.

The purpose of the present paper is to study sparse bounds themati-
cally close but historically far from their origins. We consider solutions
to Dirichlet problems to elliptic partial differential equations of the
form

div a(x,∇u(x)) = divF (x)

where F ∈ L2
loc(Rn) is a source term and a a coefficient function as

in Definition 2.1. Estimating ∣∇u∣ in terms of ∣F ∣ is the topic of the
other branch of Calderón–Zygmund theory. The literature on various
Lp and weighted Lp bounds for various coefficient functions a is again
too vast to be listed. In addition to the linear theory, there has been
a number of works studying related questions for nonlinear equations
[22] and nonlinear potential theory [17, 26], and there have been works
addressing more and more irregular coefficients such as [9]. To the best
of our knowledge, however, not too many sparse bounds are known in
the context of differential equations. Results in [5] do not deal with the
exact setup we are interested in and the results in [2] only deal with
pseudodifferential operators whose symbols are too smooth to really
be applied here. Hence we try to give an overview on phenomena in
Calderón–Zygmund theory of linear and nonlinear equations from the
sparse point of view.

Our first main result is a sparse analogue of Meyers’ estimate, which
deals with source data almost in the natural energy space. Here the
setup is completely nonlinear. We do not assume any spatial smooth-
ness on the coefficients and consequently this is a result that does not
have an obvious analogue in the point of view based on kernels. See
Section 2 for precise definitions.

Theorem 1.1. Let θ ∈ (0,1), 0 < λ ≤ Λ < ∞, Q0 be a cube, and a
(λ,Λ)-elliptic coefficient a in Q0 be given. Let Ω ⊂ Q0 be a Lipschitz
domain. There exists q = q(λ,Λ, n,Ω) > 2 such that the following holds.

Let p ∈ (2, q], F ∈ Lp(3Q0;Rn) and f ∈ Lp∗(3Q0) where p∗ = np/(n +
p). Let u ∈W 1,2

0 (Ω) be a solution to

div a(x,∇u(x)) = divF (x) + f(x), x ∈ Ω

and let g ∈ L∞(3Q0) be non-negative.
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Then there exists a (1 − θ)-sparse family P of cubes P such that for
all P ∈ P it holds 3P ⊂ 3Q0 and

∫
Ω
∣∇u(x)∣g(x)dx ≤ C ∑

P ∈P
∣P ∣⟨∣F ∣⟩3P,2⟨g⟩P,q′

+C ∑
P ∈P

∣P ∣3`(P )⟨∣f ∣⟩3P,2∗⟨g⟩P,q′

where C = C(λ,Λ, n, q,Ω, θ).

Note that by Hölder’s inequality and a maximal function argument,
the sparse estimate above implies

∥∇u∥Lp(Ω) ≤ C∥F ∥Lp(Ω) +C∥f∥Lp∗(Ω).

Estimates of this latter type were first proved by Bojarski [7], Meyers
[33], Elcrat–Meyers [34] and Gehring [18]. The Lp theory for general
nonlinear equations with less restricted range of p is quite well devel-
oped, and we refer to [9] as an example of a more general result with
BMO coefficients. When it comes to sparse estimates, however, a pecu-
liarity of the linearization argument we use impedes us from advancing
beyond the Meyers type result in the nonlinear setting. No matter how
smooth the coefficient function is, we end up with a linearization that
has no a apriori smoothness beyond measurability.

In the setting of linear equations, a duality argument allows us to
make the range of admissible (s, r) for a sparse bound a symmetric
rectangle centred at (1/2,1/2). We postpone a more quantitative state-
ment to the bulk of the paper, but here we give an example of what
we can say about relatively good equations. We start with the case
where all Lp-bounds are known to hold. Recall that a coefficient ma-
trix A = [Aij]n×n is said to be of vanishing mean oscillation (see [37])
if for each Aij with 1 ≤ i, j ≤ n it holds

lim
s→∞
Vs(Aij) < ∞, lim

s→0
Vs(Aij) = 0

where

Vs(Aij) = sup
x∈Rn,r≤s

inf
c∈R

1

rn ∫Qr(x)
∣Aij(y) − c∣dy.

Here we denote

Qr(x) =
n

∏
i=1

[xi − 2−1r, xi + 2−1r].

Theorem 1.2. Let θ ∈ (0,1), 0 < λ ≤ Λ < ∞, Q0 be a cube, and a linear
(λ,Λ)-elliptic coefficient A in Q0 be given. Let Ω ⊂ Q0 be a C2-domain.
Assume that A is of vanishing mean oscillation. Let q ∈ (2,∞) be given.
Let p ∈ (2, q] and F ∈ Lp(3Q0;Rn). Let u ∈W 1,2

0 (Ω) be a solution to

divA(x)∇u(x) = divF (x), x ∈ Ω

and let g ∈ L∞(3Q0) be non-negative.
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Then there exists a (1−θ)-sparse family P of cubes P ⊂ Q0 such that
for all P ∈ P it holds 3P ⊂ 3Q0 and

∫
Ω
∣∇u(x)∣g(x)dx ≤ C ∑

P ∈P
∣P ∣⟨∣F ∣⟩3P,q′⟨g⟩P,q′

where C = C(A,n, q,Ω, θ).

This is a sparse variant of the results of Di Fazio [13], Iwaniec–
Sbordone [23] and Kinnunen–Zhou [24, 25] (linear case only). We have
omitted the function f on the source data for simplicity. It could be
included, but additional restrictions on the exponents would appear
and make reading more difficult.

The sparse bound as above has a corollary easy to state in terms of
Muckenhoupt weights. Recall that a locally integrable function w ≥ 0
is said to be an Ap weight with 1 < p < ∞ if

[w]Ap ∶= sup
Q

(
1

∣Q∣
∫
Q
w(x)dx)(

1

∣Q∣
∫
Q
w(x)−1/(p−1) dx)

p−1

< ∞,

where the supremum is taken over all axis parallel cubes in Rn. A
version of Corollary 1.3 with continuous coefficient matrix can be found
as Theorem 2.5 in [8] and with VMO regular coefficient matrix as
Theorem 2.1 in [1]. These smoothness conditions are not optimal,
and further generalizations can be found for instance in [15], where
coefficients with small BMO norm are treated.

Corollary 1.3. Let A be a (λ,Λ)-elliptic coefficient matrix in Q0. Let
Ω ⊂ Q0 be a C2-domain. Assume that A is of vanishing mean oscil-
lation. If p ∈ (1,∞), w ∈ Ap, F ∈ Lp(Ω,wdx) and u ∈ W 1,2

0 (Ω) is a
solution to

divA(x)∇u(x) = divF (x), x ∈ Ω,

then

∥∇u∥Lp(Ω,wdx) ≤ C∥F ∥Lp(Ω,wdx)

where C = C(A,p, [w]Ap , n,Ω).

We do not have good control on how the bound depends on the Ap
constant. We refer to Proposition 6.1 for some estimates in this setting.

Next we turn to the setting of Dini continuous coefficients, where we
get exactly as good results as in the singular integral theory of Dini
continuous Calderón–Zygmund kernels. Recall that ω ∶ [0,1) → [0,∞)

is said to be a Dini function if there are constants c1, c2 > 0 such that
whenever 0 < s < t < 2s < 1, it holds

c1ω(s) ≤ ω(t) ≤ c2ω(2s)

and for all t ∈ (0,1)

∫

t

0

ω(s)

s
ds < ∞.
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A function g ∶ 3Q0 → R is said to be of ω-Dini mean oscillation if

ωg(r) = sup
x∈Ω

⨏
Qr(x)∩Ω

∣g(y) − ⟨g⟩Qr(x)∩Ω∣dy

is a Dini function.

Theorem 1.4. Let θ ∈ (0,1), 0 < λ ≤ Λ < ∞ and let Q0 be a cube.
Let Ω ⊂ Q0 be a C2-domain. Let a linear (λ,Λ)-elliptic coefficient A
with Dini mean oscillation in Ω be given. Assume ωA(r) ≤ c∣ log r∣−2 for
some c and all r ∈ (0,1/2). Let F ∈ Lp(3Q0;Rn) for some p ∈ (1,∞).
Let u ∈W 1,2

0 (Ω) be a solution to

divA(x)∇u(x) = divF (x), x ∈ Ω

and let g ∈ L∞(3Q0) be non-negative.
Then there exists a (1 − θ)-sparse family P of cubes P such that

3P ⊂ 3Q0 and

∫
Ω
∣∇u(x)∣g(x)dx ≤ C ∑

P ∈P
∣P ∣⟨∣F ∣⟩3P,1⟨g⟩P,1

where C depends on (λ,Λ, n,Ω, θ) and the Dini data of A.

Corollary 1.5. Let A be a (λ,Λ)-elliptic coefficient matrix in 3Q0. Let
Ω ⊂ Q0 be a smooth domain. Assume ωA(r) ≤ c∣ log r∣−2 for some c and
all r ∈ (0,1/2). If p ∈ (1,∞), w ∈ Ap, F ∈ Lp(Q0,wdx) and u ∈W 1,2

0 (Ω)

is a solution to

divA(x)∇u(x) = divF (x), x ∈ Ω

then

∥∇u∥Lp(Ω,wdx) ≤ C[w]
max( 1

p−1 ,1)
Ap

∥F ∥Lp(3Q0,wdx)

where C depends on (n, p, λ,Λ,Ω) and the Dini data of A.

We conclude the introduction with a few words about our proofs.
We were mostly inspired by the arguments of Lerner [30] and Lerner–
Ombrosi [32]. After putting the PDE and singular integral theory quan-
tities in a correspondence and finding all the necessary estimates, our
proof is very similar to theirs. However, our formulations go through
boundary value problems rather than Poisson problems as would be
closer to the spirit of their writing. Although it might be possible to
reduce the Dini theorem to a situation where their result can be ap-
plied as a black box, we do not believe there is much gain of insight or
brevity in attempting to do that. Hence we stick to the way of Dirichlet
problems. The idea of using reverse Hölder inequalities as a workhorse
comes from two sources. In PDE, our original plan and motivation was
to follow the work of Caffarelli and Peral [10]. In the sparse context,
the reverse Hölder inequalities were exploited very efficiently by Lacey
in [28]. However, we note that several arguments become invalid when
the coefficient a appearing in the equation becomes too rough. This is
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why we present two arguments, one for the general setting (which car-
ries us until the VMO theorem) and another one which takes advantage
of full regularity theory for equations with Dini continuous coefficients,
in particular the estimates of Dong, Escauriaza and Kim [16, 14].
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2. Preliminaries

2.1. Notation and generalities. We work in Rn and its open subsets.
For a measurable set E ⊂ Rn, we denote its n-dimensional Lebesgue
measure by ∣E∣. Given a function h ∈ L1

loc(Rn), a measurable set E of
finite measure and a number s ∈ (0,∞), we denote

⨏
E
h(x)dx ∶=

1

∣E∣
∫
E
h(x)dx, ⟨h⟩E,s ∶= (⨏

E
∣h(x)∣s dx)

1/s
.

We write ⟨h⟩E ∶= ⟨h⟩E,1.
By a cube we mean a cartesian product of n equally long intervals.

Given a cube Q, we denote its side length by `(Q) = ∣Q∣1/n. The
standard set of dyadic cubes is

D = {2k([0,1)n + j) ∶ k ∈ Z, j ∈ Zn}.
Given a cube Q0 ⊂ Rn, let Θ be the translation and scaling with
Θ(Q0) = [0,1)n. We denote

D(Q0) = {Θ−1(Q) ∶ Q ∈ D, Θ−1(Q) ⊂ Q0}.

We refer to D(Q0) as dyadic subcubes of Q0.
Given a reference cube Q0, we define the standard and fractional

maximal functions as

Mf(x) = sup
P ∈D(Q0)

1P (x)⟨f⟩3P

and for s ∈ (0,∞)

Msf(x) = sup
P ∈D(Q0)

1P (x)(3`(P ))s⟨f⟩3P .
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The standard theory includes the bounds

∥M∥L1(Rn)→L1,∞(Rn) ≤ Cn < ∞, ∥M∥Lp(Rn)→Lp(Rn) ≤ Cp,n < ∞ (2.1)

for all p ∈ (1,∞], see for instance Theorem 2.1.6 in [19], and the frac-
tional maximal function bounds

∥Ms∥Lp(Rn)→Lq(Rn) ≤ Cs,n,p < ∞ (2.2)

for
s

n
=

1

p
−

1

q
, q >

n

n − s
,

see for instance Chapter 6 in [20]. We denote the upper and lower
Sobolev conjugates as

p∗ =
pn

n + p
, p∗ =

pn

n − p

and we denote the Hölder conjugate as p′ = p/(p − 1) when p ∈ (1,∞)

and 1′ = ∞ and ∞′ = 1.

2.2. Solutions. We axiomatize the properties of the coefficients of the
equations that we study. The definition below is standard.

Definition 2.1. Consider an open and connected set Ω. Let 0 < λ ≤

Λ < ∞ be real numbers. We call a function a ∶ Ω ×Rn → Rn a (λ,Λ)-
elliptic coefficient in Ω if the following conditions hold.

● x ↦ a(x, ξ) is measurable for all ξ, and ξ ↦ a(x, ξ) is continu-
ously differentiable for all x.

● for all x ∈ Ω and ξ, η ∈ Rn, we have a(x,0) = 0 and

∣a(x, ξ) − a(x, η)∣ ≤ Λ∣ξ − η∣. (2.3)

This is referred to as Lipschitz condition in gradient variable.
● for all x ∈ Ω and ξ, η ∈ Rn, we have

(a(x, ξ) − a(x, η)) ⋅ (ξ − η) ≥ λ∣ξ − η∣2. (2.4)

This is referred to as strong monotonicity.

The next definition of a solution is standard.

Definition 2.2. Let a be a (λ,Λ)-elliptic coefficient in Ω. Let F ∈

L1
loc(Ω;Rn), f ∈ L1

loc(Ω) and h ∈ W 1,2(Ω). We call a function u ∈

W 1,2(Ω) a solution to

div a(x,∇u(x)) = divF (x) + f(x), x ∈ Ω (2.5)

u(x) = h(x), x ∈ ∂Ω

if u − h ∈W 1,2
0 (Ω) and it holds for all test functions ϕ ∈ C∞

c (Ω)

∫
Ω
a(x,∇u(x)) ⋅ ∇ϕ(x)dx = ∫

Ω
F (x) ⋅ ∇ϕ(x)dx + ∫

Ω
f(x)ϕ(x)dx.
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We remark that by approximation, the smoothness condition on test
functions can always be relaxed down to one Sobolev derivative in the
relevant Lp(Ω) space.

The key property of solutions to equations with zero right hand side
is that their gradients satisfy a reverse Hölder inequality. The strength
of the reverse Hölder inequality for the gradients of solutions to homo-
geneous equations determines the quality of sparse, weighted and Lp

bounds that the general solutions satisfy. The exponent on the right
hand side is usually taken to be 1 or 2 instead of the 1/2 here, but it
is a general property of reverse Hölder inequalities for solutions that if
they hold for one exponent on the right hand side, then they hold for
all them, see Appendix B of [4]. This is in strong contrast with the
exponent on the left hand side, which cannot be changed freely.

Definition 2.3. Let Ω be a domain and let w ∈ L1
loc(Ω) be non-

negative. Let q > 2. We say w satisfies a q-weak reverse Hölder in-
equality in Ω if there exists a constant Cw,q such that for all cubes
P ⊂ Rn

(⨏
P

1Ω(x)w(x)q dx)
1/q

≤ Cw,q (⨏
2P

1Ω(x)w(x)1/2 dx)
2

.

If this only holds for P such that 2P ⊂ Ω, we say w satisfies a local
q-weak reverse Hölder inequality in Ω. Similarly, if this only holds for
P such that P ∩ Ω ≠ ∅, we say w satisfies a boundary q-weak reverse
Hölder inequality in Ω.

For the proof of the sparse bound, we will need a reverse Hölder
inequality for gradients of differences of solutions rather than solutions
themselves. For linear equations, there is of course no difference, but
in the case of nonlinear equations, this seems to be an important point.
To keep the exposition of linear and nonlinear cases unified, we set a
definition to capture this discrepancy.

To state the next definition, we introduce a family of smoothened
cubes. We let O0 be a smooth domain such that

299

100
[−1/2,1/2]n ⊂ O0 ⊂ 3[−1/2,1/2]n.

Given any cube Q ⊂ Rn, we let OQ be the smooth domain such that
if AQ is the scaling and translation mapping AQQ = [−1/2,1/2]n, then
OQ = A−1

Q O0. Heuristically, OQ is 3Q but with corners smoothed away.

Definition 2.4 (Admissible upper exponent). Let Ω be a domain. Let
a be a (λ,Λ)-elliptic coefficient in Ω. Given a cube Q, define the class
U(Q) as the family of pairs (u, v) such that u, v ∈W 1,2

0 (Ω) and

div a(x,∇u(x)) = div a(x,∇v(x))

holds in OQ ∩Ω in the sense of Definition 2.2.
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A number q > 2 is called an admissible upper exponent for a if for
any cube Q and any pair (u, v) ∈ U(Q) the function

12Q∣∇u −∇v∣

satisfies a local or boundary q-weak reverse Hölder inequality in Ω∩2Q.
For an admissible upper exponent q > 2, we denote

NΩ
h,bdr(a, q) = sup

Q
sup

(u,v)∈U(Q)
sup

P⊂2Q∶P∩Ω≠∅

⟨∣∇u −∇v∣⟩P,q
⟨∣∇u −∇v∣⟩2P,1/2

,

NΩ
h,loc(a, q) = sup

Q
sup

(u,v)∈U(Q)
sup

P⊂2Q∶2P⊂Ω

⟨∣∇u −∇v∣⟩P,q
⟨∣∇u −∇v∣⟩2P,1/2

.

where the supremum in Q is over all cubes.

Notice that NΩ
h,bdr may be infinite a priori. For concrete applications

of our results, verifying finiteness of this quantity is separated from
the main sparse argument of Section 3. When proving the theorems
in the introduction, we have three cases. For Theorem 1.1, we rely on
global Meyers type estimates valid in Lipschitz domains, which we state
and prove as Proposition 4.3. For Theorem 1.2, we use the boundary
regularity results of Kinnunen and Zhou [25]. Finally, for Theorem
1.5, we can take advantage of the boundary regularity estimates of
Escauriaza, Dong and Kim [14].

The second key property of solutions is an energy estimate. An
energy estimate as below is always valid for q = 2, but in order to carry
out a bootstrap argument, we write a generic definition. Unlike in
the case of admissible upper exponent, the case of lower exponents is
interesting only in the case of estimates holding up to the boundary.
Local versions do not suffice for running our arguments.

Definition 2.5 (Admissible lower exponent). Let a be a (λ,Λ)-elliptic
coefficient in Ω. A number 1 < q ≤ 2 is called an admissible lower
exponent for a if there exists a finite number NΩ

l (a, q) such that for all
cubes P , for any source data F ∈ Lqloc(Ω) and f ∈ Lq∗loc(Ω), and for any

solution u ∈W 1,2
0 (OP ∩Ω) to (2.5) in OP ∩Ω it holds

∥∇u∥Lq(OP∩Ω)

≤ NΩ
l (a, q)(∫

OP∩Ω
∣F (x)∣q dx + (∫

OP∩Ω
∣f(x)∣q∗ dx)

q/q∗
)

1/q

.

If q∗ ≤ 1, we require f ≡ 0.

3. A general result

In this section, we prove the following general result.

Theorem 3.1 (Local sparse bound). Let θ ∈ (0,1), 0 < λ ≤ Λ < ∞

and Q0 be a cube. Let a (λ,Λ)-elliptic coefficient a in 3Q0 be given.
Let ql ∈ (1,2] be an admissible lower exponent for a in the sense of
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Definition 2.5. Let qh ∈ (2,∞) be an admissible upper exponent for a
in the sense of Definition 2.4. Denote

A = NΩ
l (a, ql), B = NΩ

h,loc(a, qh).

Let p > ql and assume that F ∈ Lp(3Q0;Rn) and f ∈ Lp∗(3Q0). If f is
not identically zero, assume ql∗ > 1. Let u ∈W 1,2

0 (3Q0) be a solution to

div a(x,∇u(x)) = divF (x) + f(x), x ∈ 3Q0

according to Definition 2.2. Let g ∈ L∞(3Q0) be non-negative.
Then there exists a (1 − θ)-sparse family P of cubes P such that for

all P ∈ P it holds 3P ⊂ 3Q0 and

∫
Q0

∣∇u(x)∣g(x)dx ≤ C ∑
P ∈P

∣P ∣⟨∣F ∣⟩3P,ql⟨g⟩P,q′h

+C ∑
P ∈P

∣P ∣3`(P )⟨∣f ∣⟩3P,ql∗⟨g⟩P,q′h

where

C = 9n/ql(AΛ + 1)AB (
∥M∥L1(Rn)→L1,∞(Rn)

θ
)

1/ql
.

For the totality of this section, we fix the notation as in the hypoth-
esis of Theorem 3.1. Clearly a will be a (λ,Λ)-elliptic coefficient in all
subcubes Q ⊂ 3Q0. For such a cube Q, we denote by uQ the solution

u ∈W 1,2
0 (OQ) to

div a(x,∇u(x)) = divF (x) + f(x)

in OQ. We denote

L(Q) ∶= ∫
Q
∣∇uQ(x)∣g(x)dx.

The main ingredient of the proof is an iteration formula for this quan-
tity.

Lemma 3.2. Let Q be a cube, θ ∈ (0,1), and let notations and as-
sumptions of Theorem 3.1 remain valid. Then there exists a family P
of pairwise disjoint cubes such that 3P ⊂ 3Q for all P ∈ P; it holds

L(Q) ≤ C ∣Q∣(⟨∣F ∣⟩3Q,ql + 3`(Q)⟨∣f ∣⟩3Q,ql∗)⟨g⟩Q,q′h + ∑
P ∈P

L(P ) (3.1)

with

C = 9n/ql(AΛ + 1)AB (
∥M∥L1(Rn)→L1,∞(Rn)

θ
)

1/ql

and

∣Q ∖⋃P∣ ≥ (1 − θ)∣Q∣.
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Proof. For brevity, we write u = 1OQ
uQ. Then u ∈ W 1,2(Rn) as uQ ∈

W 1,2
0 (OQ). Consider the set

Ξ = {x ∈ Q ∶M(∣∇u∣ql)(x) >Dql}.

Then

Ξ ∪N ⊃ {x ∈ Q ∶ ∣∇u(x)∣ql >Dql}

for some N ⊂ Rn with ∣N ∣ = 0. Denote

D = A(
∥M∥L1(Rn)→L1,∞(Rn)

3−nθ
)

1/ql
(⟨∣F ∣⟩3Q,ql + 3`(Q)⟨∣f ∣⟩3Q,ql∗).

We let P be the family of maximal cubes P ∈ D(Q) such that

⟨∣∇u∣ql⟩3P >Dql .

Then ⋃P = Ξ and for all P ∈ P, it holds ⟨∣∇u∣ql⟩3P ≤ 2nDql . By (2.1)
and the definition of the admissible lower exponent (Definition 2.5)

∣Ξ∣ ≤
∥M∥L1(Rn)→L1,∞(Rn)

Dql ∫
3Q

∣∇u(x)∣ql dx

≤
Aql∥M∥L1(Rn)→L1,∞(Rn)

Dql
(∫

3Q
∣F (x)∣ql dx + (∫

3Q
∣f(x)∣ql∗ dx)

ql/ql∗
)

≤ θ∣Q∣.

In addition, the family P is pairwise disjoint by maximality. Hence it
remains to prove the claimed inequality (3.1) for L(Q).

We write

∫
Q
∣∇u(x)∣g(x)dx ≤ ∫

Q∖⋃P
∣∇u(x)∣g(x)dx

+ ∑
P ∈P

∫
P
∣∇u(x) − ∇uP (x)∣g(x)dx + ∑

P ∈P
∫
P
∣∇uP (x)∣g(x)dx

= I+ II+ III .

Now

I ≤D∫
Q∖⋃P

g(x)dx ≤D∣Q∣⟨g⟩Q,q′

by the fact Q ∖⋃P = Q ∖Ξ and by Hölder’s inequality.
To estimate II, we first notice that by Hölder’s inequality

∫
P
∣∇uP (x) − ∇u(x)∣g(x)dx ≤ ∥∇uP −∇u∥Lqh(P )∥g∥Lq′

h(P ).

By construction, the equation

div a(x,∇uP (x)) = div F̃ (x) (3.2)

with F̃ (x) = a(x,∇u(x)) holds in OP . Hence u and uP are a pair in
U(P ) as in Definition 2.4. By the fact that qh is an admissible upper
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exponent in the sense of Definition 2.4, we invoke that definition to
estimate

∥∇uP −∇u∥Lqh(P ) ≤ B∣P ∣1/qh⟨∣∇uP −∇u∣⟩2P,ql

≤ B∣P ∣1/qh(⟨∣∇u∣⟩2P,ql + ⟨∣∇uP ∣⟩2P,ql).

Applying Definition 2.5 of admissible lower exponent to the equation
(3.2) we bound further

⟨∣∇uP ∣⟩2P,ql ≤ (3/2)n/qlAΛ⟨∣∇u∣⟩3P,ql .

Hence by maximality of the cubes P

∥∇uP −∇u∥Lql(2P ) ≤ 3n/ql(AΛ + 1)BD

and by Hölder’s inequality

II ≤ 3n/ql(AΛ + 1)BD ∑
P ∈P

∣P ∣1/qh∥g∥
L
q′
h(P ) ≤ 3n/ql(AΛ + 1)BD∣Q∣⟨g⟩Q,q′

h
.

Finally, by definition
III = ∑

j

L(Pj).

This concludes the proof. �

Proof of Theorem 3.1. We construct the sparse family by a recursion.
Let S0 = {Q0}. For j ≥ 0 given, we apply Lemma 3.2 to each Q ∈ Sj to
recover a pairwise disjoint family P(Q) as in Lemma 3.2. Let Sj+1 =

⋃Q∈Sj P(Q). By induction, we have constructed a Sj for each j ≥ 0.
Denote P = ⋃

∞
j=0 Sj. By Lemma 3.2, for all j ≥ 0

∫
Q0

∣∇u(x)∣g(x)dx = L(Q0)

≤ C
j

∑
k=0

∑
P ∈Sk

∣P ∣(⟨∣F ∣⟩3P,ql + 3`(Q)⟨∣f ∣⟩3Q,ql∗)⟨g⟩P,q′h + ∑
P ∈Sj+1

L(P ).

To complete the proof, we show that the family P is sparse and that
the right-most sum tends to zero as j →∞.

For P ∈ Sj, we set

EP ∶= P ∖ ( ⋃
Q∈Sj+1

Q) = P ∖ (
∞
⋃
k=j+1

⋃
Q∈Sk

Q)

where the second equality follows by the construction: a cube Q ∈ Sk
with k ≥ j + 1 is a subcube of a cube Q′ in Sj+1. It is then clear that

∑
P ∈P

1EP
≤ 1.

Further, by Lemma 3.2, for P ∈ Sj

∣EP ∣ = ∣P ∖ ( ⋃
Q∈Sj+1

Q)∣ ≥ (1 − θ)∣P ∣.

Hence S is (1 − θ)-sparse.
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By the definition of the sets EP , for each j ≥ 0

∣ ⋃
P ∈Sj+1

P ∣ = ∣ ⋃
P ∈Sj

⋃
P ′⊂P
P ′∈Sj+1

P ′∣ = ∣ ⋃
P ∈Sj

P ∖EP ∣ ≤ ∑
P ∈Sj

∣P ∖EP ∣

= ∑
P ∈Sj

(∣P ∣ − ∣EP ∣) ≤ θ ∑
P ∈Sj

∣P ∣ = θ∣ ⋃
P ∈Sj

P ∣

where the last equality used that the cubes P are pairwise disjoint by
Lemma 3.2. Iterating the estimate in the display above, we conclude

∣ ⋃
P ∈Sj

P ∣ ≤ θj ∣Q0∣.

Finally by Hölder’s inequality and the definition of the lower admissible
exponent (Definition 2.5)

L(P ) ≤ ∥∇uP ∥Lql(P )∥g∥Lq′
l(P )

≤ C∥g∥∞∣P ∣ (⟨∣F ∣⟩
ql
3P,ql

+ 9`(P )ql⟨f⟩ql3P,ql∗)
1/ql

≤ C ∫
P
(M(13Q0 ∣F ∣ql)1/ql +M1(13Q0 ∣f ∣

ql∗)1/ql∗).

Summing and applying Hölder’s inequality in the integral, we bound

∑
P ∈Sj+1

L(P )

≤ C ∣⋃Sj+1∣
1/p′

∥M(13Q0 ∣F ∣ql)(x)1/ql +Mql∗(13Q0 ∣f ∣
ql∗)(x)1/ql∗∥

Lp(Q0)

≤Kθj

where the constant K is finite by the maximal function theorem, the
fractional maximal function theorem and by the assumption on the
source data. Sending j →∞, we conclude the proof. �

Next we discuss a global version of the sparse bound. Under the
current set of definitions, the proof is essentially identical as the differ-
ence between local and boundary estimates is captured by the question
whether or not the constant NΩ

h,bdr(a, q) (as opposed to NΩ
h,loc(a, q))

from Definition 2.4 is finite. To address the presence of the boundary
of the domain, we hence only have to modify the notation. Given
a cube Q ⊂ 3Q0 and the reference domain Ω ⊂ Q0, we let UQ be
the smooth domain such that if AQ is a scaling and translation with
AQQ = [−1/2,1/2]n, then UQ = Ω ∩ A−1

Q (O0). We denote by uΩ
Q the

solution u ∈W 1,2
0 (UQ) with source data F and f . We denote

LΩ(Q) ∶= ∫
Q
∣∇uΩ

Q(x)∣g(x)dx.

Replacing uP by uΩ
P in the proof of Theorem 3.1, we see that the same

argument works mutatis mutandis with the constant B replaced by
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NΩ
h,bdr(a, qh). To apply Theorem 3.3 to real problems, one still has

to prove that NΩ
h,bdr(a, qh) appearing on the right hand side of the

sparse bound is finite, and this is where more geometric considerations
involving density of the complement of the domain or flattening the
boundary appear. That is done in Section 4 and Section 5. More
precisely, the geometric input comes through the application of the
main theorem in [25] and Proposition 4.3. With this discussion, we
state the final abstract theorem.

Theorem 3.3 (Global sparse bound). Under the hypotheses of Theo-
rem 3.1, when Ω ⊂ Q0 is a domain and the additional assumption

NΩ
h,bdr(a, qh) < ∞

holds, we have that

∫
Ω
∣∇u(x)∣g(x)dx ≤ C ∑

P ∈P
∣P ∣⟨∣F ∣⟩3P,ql⟨g⟩P,q′h

+C ∑
P ∈P

∣P ∣3`(P )⟨∣f ∣⟩3P,ql∗⟨g⟩P,q′h

where

C = 9n/ql(NΩ
l (a, ql)Λ + 1)NΩ

l (a, ql)N
Ω
h,bdr(a, qh)

× (
∥M∥L1(Rn)→L1,∞(Rn)

θ
)

1/ql
.

4. Applications

4.1. Nonlinear equations. In this section, we apply the abstract
Theorem 3.3 to two concrete partial differential equations. We start
with the results for nonlinear equations. Our remaining task is to iden-
tify the admissible upper and lower exponents according to Definition
2.4 and Definition 2.5.

Proposition 4.1. Let Q be a cube and Ω a domain. Let 0 < λ ≤ Λ <

∞, a (λ,Λ)-elliptic coefficient a be given, and let u ∈ W 1,2
0 (OQ ∩ Ω),

F ∈ L2(OQ;Rn) and f ∈ L2∗(OQ) be as in Definition 2.2. Then

∫
OQ∩Ω

∣∇u(x)∣2 dx ≤
2

λ2 ∫OQ

∣F (x)∣2 dx +
2c2
n

λ2
(∫

OQ

∣f(x)∣2∗ dx)

2/2∗
.

In other words, 2 is an admissible lower exponent for a in Ω with
NΩ
l (a,2) ≤ (1 + cn)

√
2/λ where cn is the constant from W 1,2(Rn) ↪

L2∗(Rn) Sobolev inequality.

Proof. We identify all the three functions u, f and F with their exten-
sions by zero to globally defined functions, that is, we set u(x) = f(x) =
F (x) = 0 for all x ∉ OQ ∩ Ω. Because u ∈ W 1,2

0 (OQ ∩ Ω), we have that
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the corresponding extension is in W 1,2(Rn). By strong monotonicity
and the definition of solution

λ∫
3Q

∣∇u(x)∣2 dx ≤ ∫
3Q
a(x,∇u(x)) ⋅ ∇u(x)dx

= ∫
3Q
F (x) ⋅ ∇u(x)dx + ∫

3Q
f(x)u(x)dx.

By Hölder’s inequality and by Sobolev inequality, we have for the zeroth
order term on the right hand side

∫
3Q
f(x)u(x)dx ≤ ∥u∥L2∗(3Q)∥f∥L2∗(3Q) ≤ cn∥∇u∥L2(3Q)∥f∥L2∗(3Q)

≤
ε

2 ∫3Q
∣∇u(x)∣2 dx +

c2
n∥f∥

2
L2∗(3Q)

2ε
,

where the last step followed for any ε > 0 from Young’s inequality. The
constant cn is the constant of Sobolev inequality. By Young’s inequality
again, we have for the first order term on the right hand side

∫
3Q
F (x) ⋅ ∇u(x)dx ≤

ε

2 ∫3Q
∣∇u(x)∣2 dx +

1

2ε ∫3Q
∣F (x)∣2 dx.

Choosing ε = λ/2, we conclude the proof. �

A classical result of Meyers [33] shows that gradients of solutions
to homogeneous problems satisfy a reverse Hölder inequality. For com-
pleteness, we provide below a short argument for the inequality exactly
in the form in which we need it. Note that this estimate holds up to
the boundary. We assume a Lipschitz condition on Ω to have control
over ∣3Q ∩Ωc∣/∣3Q∣ for cubes Q with 2Q ∩Ωc ≠ ∅. This gives further a
control over the constant appearing in Sobolev inequality for functions
u on 3Q vanishing in Ωc.

Proposition 4.2. Let Ω be a Lipschitz domain and let Q0 be a cube.
Let 0 < λ ≤ Λ < ∞, let a be a (λ,Λ)-elliptic coefficient, and let u ∈

W 1,2
0 (Ω). Assume that u ∈W 1,2

0 (Ω) is a solution to

−div a(x,∇u(x)) = 0

in OQ0∩Ω with some boundary data (not necessarily zero at ∂OQ0∖∂Ω).
Then there exists q = q(n,Λ/λ,Ω) > 2 and C = C(q, n,Λ/λ,Ω) such that

(⨏
Q0

1Ω(x)∣∇u(x)∣
q dx)

1/q
≤ C (⨏

2Q0

1Ω(x)∣∇u(x)∣
1/2 dx)

2

.

Proof. We identify u with its extension by zero to a global Sobolev
function. Given any cube Q such that 3Q ⊂ 3Q0, let ϕ ∈ C∞(Rn) be
such that ∥∇ϕ∥∞ ≤ 2`(Q) and 1Q ≤ ϕ ≤ 12Q. Then uϕ2 ∈ W 1,2

0 (Ω) is
a valid test function. We obtain by strong monotonicity and product
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rule

λ∫ ∣∇u(x)∣2ϕ(x)2 dx ≤ ∫ a(x,∇u(x)) ⋅ ∇u(x)ϕ(x)2 dx

= ∫ a(x,∇u(x)) ⋅ ∇[u(x)ϕ(x)2]dx

− 2∫ u(x)ϕ(x)a(x,∇u(x)) ⋅ ∇ϕ(x)dx

where the first term is zero by the equation and the second term is
bounded by

1

ε ∫
u(x)2∣∇ϕ(x)∣2 dx + εΛ2

∫ ϕ(x)2∣∇u(x)∣2 dx.

Setting ε = λ/(2Λ2), we conclude

∫ ∣∇u(x)∣2ϕ(x)2 dx ≤
4Λ2

λ2 ∫ u(x)2∣∇ϕ(x)∣2 dx =∶ T.

If 2Q ⊂ Ω, we may replace u by u− ⟨u⟩2Q as u− ⟨u⟩2Q is a solution and
(u − ⟨u⟩2Q)ϕ is a test function. We may then apply Sobolev–Poincaré
inequality on T . If 2Q ∩Ωc ≠ ∅, we may apply Sobolev inequality for
Sobolev functions vanishing in an ample portion of 3Q. Altogether, we
obtain the bound

(⨏
Q

1Ω(x)∣∇u(x)∣
2 dx)

1/2
≤

2cn,ΩΛ

λ
(⨏

3Q
1Ω(x)∣∇u(x)∣

2∗ dx)
1/2∗

where cn,Ω is larger of the constants of Sobolev–Poincaré inequalities
with vanishing at the boundary or with mean value zero. This estimate
holds for all cubes Q with 3Q ⊂ 3Q0. Consequently, we may apply
Gehring’s lemma (Theorem 3.22 in [6]) together with the Appendix B
of [4] to conclude that there exists q = q(Λ/λ,n,Ω) and C = C(q) such
that for all cubes Q with 3Q ⊂ 3Q0

(⨏
Q

1Ω(x)∣∇u(x)∣
q dx)

1/q
≤ C (⨏

2Q
1Ω(x)∣∇u(x)∣

1/2 dx)
2

.

This is the claimed inequality. �

We first remark that the number q in the above proposition is an
admissible upper exponent in the sense of Definition 2.4 for linear co-
efficient functions a in Ω with NΩ

h,bdr(a, q) ≤ C(n, q,Λ/λ,Ω). Indeed,
the difference of two solutions to the same linear inhomogeneous equa-
tion is a solution to the homogeneous linear equation with the same
coefficient matrix, and so we can apply the inequality to the difference
appearing in the Definition 2.4. This proves that Definition 2.4 applies
to the difference of a pair of solutions to any fixed linear equation. For
the case of nonlinear equations, the difference of two solutions to the
same inhomogeneous equation need not be a solution to the homoge-
neous equation with the same coefficient function. However, in case the
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nonlinear equation admits a linearization, we can show that the differ-
ence is a solution to a homogeneous equation with similar structure.
Precisely, we can prove the following.

Proposition 4.3. Let 0 < λ ≤ Λ < ∞. Let Ω ⊂ Rn be a bounded
Lipschitz domain and let a be a (λ,Λ)-elliptic coefficient in Ω. Then,
in the sense of Definition 2.4, there exists an admissible upper exponent
q = q(n,Λ/λ,Ω) > 2 and a finite constant C = C(n, q,Λ/λ,Ω) such that
NΩ
h,bdr(a, q) ≤ C.

Proof. Let u and v be as in the definition of admissible exponent. Then

div a(x,∇u(x)) − div a(x,∇v(x)) = 0

in the weak sense. In case a is linear, we immediately see that u − v
is a solution and the claim follows from the Meyers’ estimate, Propo-
sition 4.2. In case a is not necessarily linear, we use the fact that a is
continuously differentiable in the second variable. Then

a(x,∇u) − a(x,∇v)

= ∫

1

0
∇ξa(x, t∇u(x) + (1 − t)∇v(x))(∇u(x) − ∇v(x))dt,

and we note that u − v is solution to

divA∇(u − v) = 0

where

A(x) = ∫
1

0
∇ξa(x, t∇u(x) − (1 − t)∇v(x))dt

is uniformly elliptic matrix with entries measurable in x. Indeed, x ↦
t∇u(x) + (1 − t)∇v(x) is measurable and and the Jacobian matrix of
a is continuous. Hence the composition is measurable. We can invoke
Meyers’ estimate from Proposition 4.2 to complete the proof. �

Proof of Theorem 1.1. By Proposition 4.1, 2 is an admissible lower ex-
ponent. By Proposition 4.3, there exists an upper admissible exponent
q > 2 so that NΩ

h,bdr(a, q) is finite. By Theorem 3.3, the claim fol-
lows. �

4.2. Linear equations. In the linear setting, we dispose over several
powerful tools that we have not been able to use in the case of nonlinear
equations. As we focus on the linear problem, we fix a matrix A ∶ Ω→
Rn×n such that for all x, ξ ∈ Rn

a(x, ξ) = A(x)ξ.

Then our assumptions on the coefficient a convert into the standard
ellipticity and boundedness assumptions on the matrix A with measur-
able coefficients.
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Proof of Theorem 1.2. By Theorem 1.5 in Kinnunen–Zhou [25], we see
that any q > 2 is an admissible upper exponent and NΩ

h,bdr(A, q) is finite,
that is, the estimates hold up to the boundary. By Theorem 2.1 in Di
Fazio [13], we see that any p > 1 is an admissible lower exponent. The
claim follows by Theorem 3.3. �

Proof of Corollary 1.3. Given w ∈ A2, there exists ε = ε([w]A2 , n) ∈

(0,1) such that it holds w ∈ A2−ε (Corollary 9.2.6 [19]) and w ∈ RH1+ε
with [w]RH1+ε = C(n, [wA2]) (Theorem 9.2.2 [19]). Choose q′ > 1 so
that 2/q′ > 2 − ε and (q/q′)′ = 1/(2 − q′) < 1 + ε. Concretely, we can set
q′ = 2/(2− ε2). By Theorem 1.2, a (q′, q′) sparse estimate holds. Using
the fact

∥f∥L2(Rn,wdx) = sup
∥g∥L2(w−1dx)≤1

∣∫ f(x)g(x)dx∣ ,

we can invoke Proposition 6.1, to conclude from the sparse estimate
above that

∥1Ω∇u∥L2(Rn,wdx) ≤ C(n,A,Ω, [w]A2)∥F ∥L2(Rn,wdx).

As this bound holds for all weights w ∈ A2, we can apply the Rubio
de Francia extrapolation theorem (Theorem 9.5.3 in [20]). We hence
conclude that for all p and all w ∈ Ap

∥∇u∥Lp(Ω,wdx) ≤ C(n, p,A,Ω, [w]Ap)∥F ∥Lp(Rn,wdx).

Restricting the attention to F vanishing in Ωc and using density of
C∞
c (Ω) in Lp(Ω,wdx), we conclude the proof. �

5. Case of Dini coefficients

In this section, we discuss the case where A ∶ Ω → Rn×n is assumed
to be of Dini mean oscillation as defined in the introduction. We only
see this assumption through the results quoted from [14]. The fol-
lowing Proposition follows by Lemma 2.11 of [14] and the well-known
properties of reverse Hölder inequalities, see Appendix B in [4].

Proposition 5.1. Let Ω be a C2-domain and let v ∈ W 1,2
0 (Ω) be a

solution to
divA(x)∇v(x) = 0

in OP ∩Ω and set v = 0 in Ωc. Then

∥∇v∥L∞(P∩Ω) ≤ C (⨏
2P

1Ω(x)∣∇v(x)∣
1/2 dx)

2

(5.1)

for C = C(λ,Λ, n,DiniA,Ω).

The second strong estimate we need is Theorem 1.9 from [14].

Proposition 5.2. Let Ω be a C2-domain and let P be a cube. Let
F ∈ L2(OP ∩Ω). Let v ∈W 1,2

0 (OP ∩Ω) be a solution to

divA(x)∇v(x) = divF (x)
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in OP ∩ Ω. Assume ωA(r) ≤ c∣ log r∣−2 for some c and all r ∈ (0,1/2).
Then for all µ > 0

∣{x ∈ OP ∩Ω ∶ ∣∇v(x)∣ > µ}∣ ≤
C

µ ∫OP∩Ω
∣F (x)∣dx (5.2)

for C = C(λ,Λ, n,DiniA,Ω).

Using the proposition above, we can prove a weak type (1,1) bound
for an auxiliary operator. This operator takes the place of the auxiliary
maximal function of Lerner and Ombrosi [32]. Given a cube Q, we
denote by uQ the function such that as a restriction uQ ∈W 1,2

0 (OQ∩Ω)

is a solution to
divA(x)∇u(x) = divF (x)

in OQ ∩Ω and uQ = 0 in (OQ ∩Ω)c.

Proposition 5.3. Fix a cube Q. For a cube P ⊂ OQ ∩ Ω, we write
wP = uQ − uP . We define an auxiliary function for all x ∈ 3Q as

S(x) = sup
P ∈D(3Q)

1P (x) sup
y,y′∈P

∣∇wP (y) − ∇wP (y
′)∣.

Then there exists a constant C = C(λ,Λ, n,DiniA,Ω) such that for all
µ > 0

∣{x ∈ OQ ∩Ω ∶ S(x) > µ}∣ ≤
C

µ ∫OQ∩Ω
∣F (x)∣dx. (5.3)

Proof. As always, we extend all the functions appearing in the proof
by zero to be globally defined functions. Note that wP solves a homo-
geneous equation in OP ∩Ω. By (5.1), for any x ∈ OQ ∩Ω

S(x) ≤ C sup
P ∈D(3Q)

1P (x) (⨏
2P

∣∇wP (y)∣
1/2 dy)

2

≤ C sup
P ∈D(3Q)

1P (x) (⨏
2P

∣∇uP (y)∣
1/2 dy)

2

+CM(1OQ∩Ω∣∇u∣
1/2)2(x).

By Kolmogorov’s inequality (Exercise 2.1.5 in [19]) and Proposition
5.2 applied in OP , the first term is bounded by maximal function of F .
Hence

∥S∥L1,∞(OQ∩Ω) ≤ C∥M(1OQ∩ΩF )∥L1,∞(OQ∩Ω)

+C∥M(1OQ∩Ω∣∇u∣
1/2)2∥L1,∞(OQ∩Ω).

Because the maximal function is bounded L2,∞(Rn) → L2,∞(Rn) and
L1(Rn) → L1,∞(Rn), we conclude by an application of Proposition 5.2
in OQ

∥S∥L1,∞(OQ∩Ω) ≤ C∥M(1OQ∩ΩF )∥L1,∞(OQ∩Ω) +C∥∇u∥L1,∞(OQ∩Ω)

≤ C ∫
OQ∩Ω

∣F (x)∣dx.

This completes the proof. �
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Now we are in a position to prove the strong iteration lemma for u
solving an equation with Dini continuous coefficients. We denote again

L(Q) ∶= ∫
Q
∣∇uQ(x)∣g(x)dx.

Lemma 5.4. Let θ ∈ (0,1) and let Q be a cube. Let g ∈ L∞(3Q). Then
there exists a family P of pairwise disjoint cubes P ⊂ 3Q such that

L(Q) ≤ C ∣Q∣⟨∣F ∣⟩3Q,1⟨g⟩Q,1 + ∑
P ∈P

L(P ) (5.4)

with C = C(λ,Λ, n,DiniA,Ω, θ) and

∣Q ∖⋃P∣ ≥ (1 − θ)∣Q∣.

Proof. For brevity, we write u = uQ. Consider the set

Ξ = {x ∈ Q ∶ max(∣∇u(x)∣, S(x),M(13QF )(x)) >D}

where D = 12n+1 max(Cw,CS, ∥M∥L1(Rn)→L1,∞(Rn))⟨∣F ∣⟩3Q,1/θ and Cw is
the constant from (5.2) and CS is the constant from (5.3). We let P
be the family of maximal cubes P ∈ D(Q) such that

∣P ∩Ξ∣

∣P ∣
> 2−n−1.

Then

⋃
P ∈P

P ⊃ Ξ. (5.5)

Now

∣⋃P∣ ≤ ∑
P ∈P

∣P ∣ ≤ 2n+1
∑
P ∈P

∣P ∩Ξ∣ = 2n+1∣ ⋃
P ∈P

P ∩Ξ∣ ≤ 2n+1∣Ξ∣

and by (5.2), (5.3) and the weak (1,1) estimate of the maximal func-
tion,

∣Ξ∣ ≤
3(Cw +CS + ∥M∥L1(Rn)→L1,∞(Rn))

D ∫
3Q

∣F (x)∣dx ≤ θ∣Q∣.

Hence it remains to prove the claimed inequality (5.4) for L(Q).
We write

∫
Q
∣∇u(x)∣g(x)dx ≤ ∫

Q∖⋃P
∣∇u(x)∣g(x)dx

+ ∑
P ∈P

∫
P
∣∇u(x) − ∇uP (x)∣g(x)dx + ∑

P ∈P
∫
P
∣∇uP (x)∣g(x)dx

= I+ II+ III .

Now by definition of the cubes P

I ≤D∫
Q∖⋃P

g(x)dx ≤D∣Q∣⟨g⟩Q,1.

Next we estimate II. By maximality of P , it always holds

∣P ∩Ξ∣

∣P ∣
≤

1

2
. (5.6)
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Let N = 4 ⋅3nCw. Recall that uP is identically zero in (OP ∩Ω)c. Hence
by (5.2)

∣{x ∈ P ∶ ∣∇uP (x)∣ > ND}∣

≤ ∣{x ∈ OP ∩Ω ∶ ∣∇uP (x)∣ > ND}∣ ≤
Cw
DN ∫

3P
∣F (x)∣dx

≤
3nCw
DN

∣P ∣ inf
x∈P

M(13QF )(x) ≤
3nCw
N

∣P ∣ ≤
1

4
∣P ∣

where we used the fact ∣P ∖Ξ∣ ≥ ∣P ∣/2, following by (5.6), to bound the
maximal function. Hence there exists xP ∈ P ∖Ξ with

max(∣∇uP (xP )∣, ∣∇u(xP )∣) ≤ ND.

Denote wP = uP − u. We write

∫
P
∣∇uP (x) − ∇u(x)∣g(x)dx = ∫

P
∣∇wP (x)∣g(x)dx

≤ ∣∇wP (xP )∣ ∫
P
g(x)dx + ∫

P
∣∇wP (x) − ∇wP (xP )∣g(x)dx.

Here

∫
P
∣∇wP (x) − ∇wP (xP )∣g(x)dx ≤ inf

x∈P
S(x)⟨g⟩P,1∣P ∣

≤ ∣P ∣S(xP )⟨g⟩P,1 ≤D∣P ∣⟨g⟩P,1

and

∣∇wP (xP )∣ ≤ ∣∇uP (xP )∣ + ∣∇u(xP )∣ ≤ 2ND.

This concludes the estimate for II.
Finally, by definition

III = ∑
j

L(Pj).

This concludes the proof. �

Proof of Theorem 1.4. The result follows by iterating Lemma 5.4. See
the iteration at the end of the proof of Theorem 3.1, which is an iden-
tical argument. �

Proof of Corollary 1.5. This follows at once by Theorem 1.4 and Propo-
sition 6.1 with r = 1 = s′. Indeed for σ = w1−p′ and any g ∈ L∞(Rn) ∩

Lp
′
(Rn, σdx), we get

∫ 1Ω∣∇u(x)∣∣g(x)∣dx ≤ C∑
P

∣P ∣⟨13Q0 ∣F ∣⟩3P,1⟨13Q0g⟩3P,1

≤ C[w]
max(1, 1

p−1)
Ap

∥13Q0F ∥Lp(Rn,wdx)∥g∥Lp′(Rn,σdx).

The claim follows by taking supremum over the family of all g as above
and satisfying ∥g∥Lp′(Rn,σdx) ≤ 1. �
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6. Sparse forms

We recall here how the sparse bounds imply weighted bounds. Recall
that a locally integrable w ≥ 0 is in RHs with s ≥ 1 if there is a constant
[w]RHs such that for all cubes P ⊂ Rn

(⨏
P
w(x)sdx)

1/s
≤ [w]RHs ⨏

P
w(x)dx.

The following proposition is essentially Proposition 6.4 in [5]. Although
the exact wording differs slightly from that in [5], an inspection of the
proof quickly shows that this statement follows from the very same
proof. For the reader’s convenience, we outline the short proof of the
case r = s′ = 1 below.

Proposition 6.1. Assume 1 ≤ r ≤ 2 < s ≤ ∞ and θ ∈ (0,1). Let
p ∈ (r, s), with the understanding ∞′ = 1 and 1′ = ∞. Then there exists
a finite constant C such that the following holds. If P is a θ-sparse
family, then for all non-negative test functions f, g ∈ Cc(Rn)

∑
P

∣P ∣⟨f⟩3P,r⟨g⟩3P,s′

≤ C([w]Ap/r[w]RH(s/r)′)
β∥f∥Lp(Rn,wdx)∥g∥Lp′(Rn,w1−p′dx)

where

β = max(
1

p − r
,
s − 1

s − p
) .

We do not need the exact quantitative form except for the proof of
Corollary 1.5. In that case, we have r = s′ = 1. We reproduce the simple
proof modulo quoting some basic results in this special case. First, by
the Three Lattice Theorem (Theorem 3.1 in [31]), it suffices to bound

∑
P

∣P ∣⟨f⟩P,1⟨g⟩P,1 = ∫ (∑
P

1P (x)⟨f⟩P,1) g(x)dx

with all cubes P in the sparse family being dyadic. By the Rubio de
Francia extrapolation theorem (Theorem 9.5.3 in [20]), it suffices to
deal with the case p = 2. Denoting σ = w−1, we write

⟨f⟩P,1 =
σ(P )

∣P ∣
(

1

σ(P )
∫
P
f(x)σ(x)−1σ(x)dx)

and

⟨g⟩P,1 =
w(P )

∣P ∣
(

1

w(P )
∫
P
g(x)w(x)−1w(x)dx) .

Here for a measurable set E and a non-negative locally integrable func-
tion v, we denote

v(E) = ∫
E
v(x)dx.
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Define

Mσf(x) ∶= sup
P ∈D

1P (x)⟨f⟩
σ
P ∶= sup

P ∈D

1P (x)

σ(P )
∫
P
f(x)σ(x)dx.

Then the sparse form can be bounded as

∑
P

∣P ∣⟨f⟩P,1⟨g⟩P,1

≤ ∑
P

∣EP ∣
w(P )σ(P )

∣P ∣2
inf
x∈EP

[Mσ(fσ−1)(x) ⋅Mw(gw−1)(x)]

≤ [w]A2∑
P
∫
EP

Mσ(fσ−1)(x)Mw(gw−1)(x)dx

= [w]A2 ∫ Mσ(fσ−1)(x)w(x)−1/2 ⋅Mw(gw−1)(x)w(x)1/2 dx

≤ [w]A2∥M
σ(fσ−1)∥L2(Rn,σdx)∥M

w(gw−1)∥L2(Rn,wdx)

≤ 4[w]A2∥fσ
−1∥L2(Rn,σdx)∥gw

−1∥L2(Rn,wdx)

= 4[w]A2∥f∥L2(Rn,wdx)∥g∥L2(Rn,σdx).

The penultimate inequality used the inhomogeneous dyadic maximal
inequality, which holds for all weights with constant 2 (see for instance
Theorem 15.1 from [31]).
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