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ABSTRACT. We show how an iteration argument inspired by sparse
domination bounds can be used to deduce gradient reverse Holder
inequalities for equations with non-constant coefficients from the
theory for constant coefficient equations. We deal with coeflicient
matrices whose entries are either Holder continuous or just uni-
formly continuous, leading to different results. The purpose of the
approach is to highlight the connection between Schauder theory
and duality of local Hardy spaces and local Holder spaces. In ad-
dition, we prove a sparse bound in the context of Schauder theory
for divergence form elliptic partial differential equations.
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1. INTRODUCTION

In this paper, we work in an open subset €2 ¢ R® with n > 2 and
study local weak solutions to divergence form elliptic partial differential
equations, functions u € W,2?(Q) satisfying

—divAVu =0 (1.1)

in  in the sense of distributions. Here A is a measurable matrix-valued
function satisfying the standard uniform ellipticity conditions

sup A <A, inf € AG)€ > AP (1.2)

zeR™

for some 0 < A < A < o0.
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The well-known result of Meyers [32] (see also [33]) shows that a
weak solution is necessarily VV;,CQ%(Q) regular for some ¢ =(n, A\, A) >
0. This is most conveniently formulated as the validity of a scaling
invariant reverse Holder inequality of the gradient: For all cubes @
(which we assume to be axis parallel from this point on), it holds

(]{2 |Vu(x)|? da:)l/q <C (]gQ |Vu(z)|? da:)m (1.3)

for g = 2+¢ and C = C(n,\,A); 2Q is, as are all the dilations in
this paper, concentric. Values ¢ > 2 even larger are admissible under
additional smoothness assumptions on the matrix function A in (1.1).
For instance, we can set ¢ = oo if the coefficient matrix A is smooth
(see e.g. [21]), Holder continuous [24] or just Dini continuous [29, 19].
An assumption that A is of vanishing mean oscillation is enough for
obtaining (1.3) for all ¢ < oo [18, 28]. The same goes for matrices A
with a small BMO norm [8].

In [34], it was shown that the validity of (1.3) implies the so-called
(2,¢") sparse bounds for the gradient of the solution. The sparse
bounds, in turn, are known to imply LP estimates with Muckenhoupt
weights with a good estimate on the dependency on the A, characteris-
tic of the weight [6]. In that sense, they are an improvement over what
is known as weighted Calderon—Zygmund estimates. In the present
paper, we develop further the method of [34] method, namely,

e we present a new iteration argument similar to that in [34] to
prove (instead of applying it) (1.3) using results on equations
with only constant coefficients as the input, see Theorem 6.2;

e we use the same iteration argument to prove

Fuleniar < COn ) (£, wutetar) (1.4)

for solutions to (1.1) when the matrix A is a-Hélder continuous;
again using only results on equations with constant coefficients
as the input, see Theorem 5.2 and Corollary 5.3, and the Hardy
space theory.

We also show that the sparse form argument from [34] is flexible enough
to include C'® theory. Altogether, this paper together with [34] present
a unified approach that allows one to deduce both Calderén—Zygmund
estimates and Schauder estimates under essentially minimal smooth-
ness hypotheses on the coefficients at once, with no PDE background
except for the theory for constant coefficient equations that can be
found in textbooks such as [21] and [1]. This approach is by no means
simpler than what is commonly known, but the interest of our results
lies in the further extension of the sparse iteration method and the con-
nection between Schauder theory and the theory of local Hardy spaces
that we have not found elsewhere in the literature.
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To state the sparse form estimate, we first have to define sparse
families.

Definition 1.1. Let € € (0,1). A family of cubes G is e-sparse if for
each P € G there exists Ep c P with |Ep| > ¢|P| so that

Y 1p<l.

PeG

In addition, we refer to Section 3 for background on the local Hardy-
norms. Then the sparse estimate relevant for the Schauder theory is
the following.

Theorem 1.2. Let €€ (0,1). Let 0< A< A<oo. Let ae(0,1) and set
p=n/(n+a). Let Q be a cube and let A € C*(6Q;R™") satisfy (1.2)
in 6Q. Let F'e C=(6Q;R"). Assume that u € Wy *(6Q) satisfies for
all test functions n € C(6Q)
f A(z)Vu(z) - () de = f F(z)-v(z) dr.
Then, given g € C*(6Q)) and pg € C(2Q) with
07| < Ce(P) ™ (1.5)

for all v € N™, there exists an c-sparse family G of subcubes of 2Q) such
that

sz wg(z)Vu(z) - g(x)de

1/2
<C Y IPI( £, 1F@) - (FyrP ) lglhsar

PeG 6P
Here, C = C(n,p, \, \,{(Q)*|Alca0), €, pq) is increasing in the fifth
variable, and h}(4P) denotes the local Hardy space as defined in Defi-
nition 35.4.

We refer to Corollary 5.7 on how Theorem 1.2 implies traditional C1#
bounds for all 5 < a. These Holder bounds also show that the exponent
p in the Hardy norm cannot be lowered. A lower exponent would imply
Ce*e estimates for equations with C'@ coefficients, something that is
known to be false (see Remark 5.8). For oscillation spaces such as C®
and BMO, the exponent 2 of the mean oscillations of F' is irrelevant.
However, we suspect that using more refined tools such as weak type
(1,1) or Hardy space space estimates as opposed to L? estimates, one
could lower that exponent. We do not, however, pursue that (equally
interesting) problem here.

Finally, the reader not so familiar with local Hardy spaces may ap-
preciate the simplified yet less efficient version of our argument for
reverse Holder inequalities given in Section 6. There, we use a variant
of the scheme leading to Schauder estimates as above but replacing
the Hardy—Holder duality by a plain application of Holder’s inequality.
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Such an argument is strong enough to give reverse Holder inequality
(1.3) at small scales for equations whose coefficients are uniformly con-
tinuous, but it is not good enough to provide BMO, L* or Hélder
bounds.

Comparison with the literature. The by-now classical argument
that is commonly used for proving Calderén—Zygmund estimates for
various equations goes back to [9]. In that paper, an argument using
a good-lambda argument is given. Also in that case, (1.3) plays a cru-
cial role. Coupled with a clever application of Chebyshev’s inequality,
it gives a gain that is needed to run the good-lambda argument. To
make a comparison, the arguments here and in [34] replace the measure
theoretic inequality (Chebyshev) by a functional analytic one (Holder’s
inequality or Hardy—-Holder duality). This approach will allow us to
treat a variety of function spaces under (most probably) minimal co-
efficient regularity following ideas of [30, 31]. On the other hand, for
the time being, the approach based on duality pairing seems to have
very limited applicability in the realm of non-linear equations, where
measure theoretic methods are very efficient, see e.g. [7] for Schauder
estimates on inhomogeneous but constant coefficient systems and [17]
for Schauder estimates on variational problems with highly irregular
coefficients. One more approach to a variety of regularity estimates is
the way of potential estimates, see [29] for a somewhat complete set
of results for a number of equations (including the ones here) when
the right hand side is a measure. Finally, the reader interested in the
classical approach to Schauder estimates can consult Chapter 6 in [25].

We also mention [5], where the authors derive (1, 1) sparse estimates
for global Leray projectors using Riesz transforms associated to op-
erators. They also study sparse estimates involving LP averages (for
any p > 0) of certain operator-adapted square functions, from which
global operator-adapted Hardy space bounds follow (Remark 7.7 in
[5]). However, the abstract assumptions in [5] on the differential op-
erators (injective, sectorial and maximal accretive on L?; admitting
holomorphic H* functional calculus on L?; generating a semigroup
subject to Davies—Gaffney L? — L? off-diagonal estimates and having a
kernel representation with pointwise Gaussian bounds with constants
uniform in ¢) do not include divergence form elliptic operators with
Hoélder continuous coefficients (see Remark 4.24 in [4] for failure of uni-
form Gaussian estimates). We also remark that the coincidence of the
operator adapted Hardy spaces with the usual ones is a subtle ques-
tion, especially for p € (0,1) (see Theorem 6.1 in [36] for some concrete
positive cases and section 9 in [3] for a more general and complete
discussion).

When it comes to local Hardy spaces in general [11, 13, 22, 26], there
is a vast literature (not admitting a complete review here), including
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conditions on boundedness of Calderén-Zygmund operators [15, 16],
div-curl lemmas of various kinds [12, 27]; applications to partial dif-
ferential equations and much more. As the works closest to our topic,
we mention the estimates for the second derivative for solutions to
non-divergence form equations [35]; the equivalence of Holder type es-
timates on kernels and Hardy bounds for resolvents in the theory of
block form elliptic systems [3], and the results on maximal regularity
in [2].
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2. NOTATIONAL CONVENTIONS

If not otherwise stated, constants C' are allowed to depend on the
parameters as specified in the statement of the theorem in the proof of
which they appear. For inequalities involving such constants, like

a<Cb, b<Ca, éasbsCa

we occasionally use notations
asb, bsa, a~b.

Given a matrix A € R™” we denote its transpose by AT and the set of
its singular values by o0(A). For E' c R® a measurable set, we denote
its Lebesgue measure by |E|. Also, for f e L (R"), we denote

i L I@ = o= (1= £ 17

in function which notation suits best the local typography. We denote
for x e R®

7)o = {ggx|xi|, disteo (2, ) =inf{|x —y|: y € E'}.

For cubes, we write Q(z,7) = {y € R* : |z - y| < r} and we write
NQ(xz,r) = Q(x, Nr) whenever N > 0. Moreover, we set ¢(Q(z,7)) =z
and £(Q(xz,7)) =2r. If Q is a cube, its dyadic subcubes or cubes dyadic
with respect to it are P c () such that there exists N > 0 and x such
that if

Qe{r2((0, )" +j)+x:jeZ" keZ)}
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then
Pe{r2b((0, )" +j)+2:jeZ" keZ}.
The Hardy—Littlewood maximal function of a locally integrable func-
tion is
Mf@)= s g £ If@ldy
zeR™: r>0 Q(z,r)
We will use that this operator is bounded LP(R") — LP(R") for p €

(1,00) with norm bounded by C(n,p) and that there exists C'(n) >0
such that for all A >0

", ¢(n)
{o e R Mf(@) > N« 2 [ 1f(@)lda
for all fe Ll (R®).

loc

3. LOCAL HARDY SPACES
Let ¢ : R® - R"™ be the standard mollifier defined through

noo_ 1
o(x) = Cle(O,l)(x) H e il
i=1

where ¢, is a constant guaranteeing |¢|.1@ny = 1. We denote ¢4(z) =

s¢(x/s) so that ¢4 is a smooth function with supp ¢, = Q(0,s) and
the family {¢s : s > 0} is an approximation to the identity as s — 0.
The local smooth maximal operator M is defined by setting

Msf(x) = sup |¢p* f(2)]

O<r<s/2
whenever f is a distribution. We define the local Hardy spaces following
Goldberg [26] and Chang—Krantz—Stein [13].
Definition 3.1. Let p € (0,1]. For a distribution f, we define

1f re @y = Mo f Lo @ny.-

We define the local Hardy space as the class of distributions for which
this norm is finite, that is,

RP(R™) = {f : || flne(mny < 00}
We define
hp(Q(0,1)) = {fla.) : f € P(R")}
and

[ f Iy = inf | Mo fl o n). (3.1)
(Q(0,1)) FeLr @), Floo.n-f P(R™)

In addition, we define the local Hardy space with vanishing trace as
h2(Q(0,1)) ={f e *(R") : f =1lgen)f}
and
| 200y = a1y flne(rn)- (32)
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Definition 3.2. Let o€ [0,1). Let fe L? (Q(0,1)). We define
I/

A2 (Q(0,1))

1 ) 1/2
= sup (inf — ][ fly)-c dy)
2¢Q(0,1) ceR 720 JQ(zyr) | |

0<4r<distes (2,0Q(0,1))

1 ) 1/2
+ sup (_][ fly dy)
2€Q(0,1) r2e Q(ZJ)| W)

2r<disteo (2,0Q(0,1))<4r
and
A2(Q(0,1)) = {f € L,.(Q(0, 1)) : | fae(@co1)) < oo}
We also define
1 ) 1/2
[ laz @) = sup (1031{7,7& ]g NN dy)

2€Q(0,1)
0<r<distes (2,0Q(0,1))

and
A2(Q(0,1)) = {f € L}, .(Q(0,1)) = | flaz(@eo,1)) < o0}

The spaces A2(Q(0,1)) and A2(Q(0,1)) are spaces of Hélder contin-
uous functions. We write the definition based on L? (R™) hypothesis
at the background, but due to Campanato’s theorem, the definition im-
mediately implies Holder continuity of order a. Moreover, the second
term in the A% norm forces the functions to vanish at the boundary of
@(0,1), and it is clear by inspection that

Lis=0at 090, 1)) (N flae@o.1)) + [ fllas@e.1)) < enalfloa@oy-

The following theorem is due to Chang [11] (Theorem 2.1). It builds
on the atomic decomposition from [13].

Theorem 3.3. Let pe (n/(n+1),1] and a=n(1/p-1). Let a€{z,r}

and be{z,r}~{a}.
o IfL:h5(Q(0,1)) = R is a bounded linear functional, then there
exists g € Ay (Q(0,1)) such that for all f e L*(Q(0,1)) it holds

Lf=fg(y)f(y)dy

and |g)as@.1)) ~ 1Ll rz(o))~r- Here the implicity constants
only depend on p and n.
o If ge AY(Q(0,1)), then for all f e L*(Q(0,1)) it holds

‘f 9(y) f(y) dy

Next we state the scaled versions of the definitions of local Hardy
spaces and the duality theorem. The point here is to make the con-
stants appearing in the theorems independent of the domain. For this
purpose, we define Hardy spaces on polytopes as affine pull-backs of

< Cuplglaz @ | flrz o)
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Hardy spaces in the unit cube. For the special case of affine mappings
preserving cubes, we reserve the following notation. Given a point
r € R™ and a scale s > 0, we define

005 (y) = 5(y - )
so that
51‘,8(@(07 1)) = Q(ZE, S)'
Definition 3.4. Let p € (0,1]. Let A be an invertible affine mapping
R? - R". Let a € {z,7}. Then we say f € hi(AQ(0,1)) if fo Al €
hE(Q(0,1)) and we define
1flnzcageony) = I1f o A_1||hg(cg(o,1))-

Similarly, we say f € AL(AQ(0,1)) if fo At e AL(Q(0,1)) and we
define

[flazca001)) = 1f © A az@o.)-
By change of variable and the definition (3.1) we see that for a € {z,r}

1 - 1/p
e =, il (o [ Miwra) . 63
(@) FeLP(R™), floo,sy=f \ 8"
1 1/p
If hfg(Q(z,s))Z(S—nst(lQ(z,s)f)(y)pdy) : (3.4)

Similarly, by a change of variable, we can state the following corollary
of Chang’s theorem.

Corollary 3.5. Let A be an invertible affine mapping. Let 0 < A < A
be the smallest and largest of the singular values of its linear part. Let
Q =AQ(0,1). Letpe(n/(n+1),1] and a=n(1/p-1). Let a € {z,r}
and be{z,r}~{a}.
o IfL:h5h(Q) > R is a bounded linear functional, then there exists
g € AY(Q) such that for all f € L*>(Q) it holds

Lf= ]gg(y)f(y)dy

and diam(Q)*[gllas@) ~ |Llnz@)~r- Here the implicit con-
stants only depend on p, n, A and A.
o If ge AY(Q), then for all f e L*(Q) it holds

‘Jgg(y)f(y) dy

We will also need the grand maximal function characterization of
the local Hardy spaces. For that, and also other purposes, we set a
notation for normalized bump functions.

< Cppaa diam(Q) [ gl as @) 1 f |1z (q)-
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Definition 3.6. Let () be a cube. We define
Ag={peC(Q): Y 107¢|<€(Q)™}
[v/<No

for a value Ny = Ny(n,p) which will remain fixed for the paper. This
is the number of derivatives required for the grand maximal function
characterization of both global and local Hardy spaces, as stated in
Theorem 11 of [22] (and thus in Theorem 1 of [26]).

We define the local grand maximal function

M. f(z):= sup  sup [ * f(z)]

te(0,5/2) peAq(o,1)

By a change of variables, Theorem 1 in [26] yields the following result.

Lemma 3.7. Let Q be a cube, p € (nf/(n+1),1], and let f € h?(R").
Then

f Mo f ()P dz ~ [ Mo f (@) dz

with the implicit constant only depending on n and p.

Finally, we will need a variant of a special case of Theorem 4 in [20]
assuring that multiplication by a cut-off induces a bounded operator
on local Hardy spaces.

Lemma 3.8. Let Q be a cube and pe (n/(n+1),1]. Let ¢ € Ag.
If f e h2(Q) and f e LP(R") satisfies f = [ in Q, then
|9 f gy < C(n, p) [ Moy, (1o f) | Lorny,
[V fllheo) < Cn, p) Moy [l Lr@ny-

In particular, multiplication by v is a bounded operator both in hy(Q)
and in h2(Q) with norm bounded by a constant only depending on p
and n.

Proof. As ¢ € Ag, we have that @xo’s defined through
g s(w) = (0 - 57)

has the derivative bounds as a function in Ag,1) for all 7o € R™ and

5€(0,4(Q)/2). Hence for all p € Ago,1) and s < £(Q)/2, we have

oo WHWI=| [ e (L) vw)ie) a]

S

1 L) () o
< C@gjggn @ * f(x)]. (3.5)

By definition
9y gy < UQ™ [, Muay(el) (@) da
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and consequently

91y gy < CURQY™ [ Mugy. f (@) do

The operator norm bound follows by applying Lemma 3.7 and taking
infimum over all extensions f. Similarly, setting f = 1g)f, We see
that

[0y < CUQ™ [ Muay(lof (@) da.

4. PRELIMINARIES ON CONSTANT COEFFICIENT EQUATIONS

We start by a Schauder estimate for constant coefficient equations.
For a matrix A € R™" with smallest singular value A\ > 0 and largest
singular value A < oo, we consider its symmetric part A = (A + AT)/2
whose eigenvalues also lie in [, A]. Consider the square root A2 of
A, and define the dilation factors

kxa = 3\/§ >inf{d > 0:Q(0,3) c AY2Q(0,0)}

and

A ~
Ky p:=3\/ nT > sup{|7|e : 7 € AY2Q(0,krn)}.

For a generic axis parallel cube @, we let S 4(Q) be a translate of
A2k, AQ that contains 3Q). For future reference, we also notice that
we have

K/\,AQDSA(Q). (41)
For any smooth vector field F in A/2Q, the solutions u to

—divAvVu =div F

in AY2Q) can be seen to satisfy
~A(uo AV?) =div F

in Q, where F(z) = (AY2)-1F(AY2z). In particular, if u € W,*(AQ),
z € DAY2Q and F = 0 in B(z,2r)nA2Q for some 7 > 0, then uo A has a
harmonic extension @ to a neighborhood of (A'/2)~1z by odd reflections.
Consequently, boundary regularity estimates for u in B(z,r) follow
from interior regularity estimates for u. Now, passing to the Schauder

estimate below follows along the lines of Theorem 10.1 in CVGMT
version of the lecture notes [1].

Lemma 4.1. Let Ay be a (constant) matriz with smallest singular
value A > 0 and largest singular value A. Let Q) be a cube and let
weWy*(S4,(Q)) be a weak solution to

—div AgVu(x) = div F(x)
in §4,(Q) for F e C2(S4, (Q):R").
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Let ac€ (0,1). Then for all z,y € S4,(Q)
[Vu(z) - Vu(y)| < Cle = y[*Flew(s,, @yrm)
where C = C(n,a, \,A\).

In addition to the global Schauder estimate, we will need a local
Holder estimate for the gradient. This is a straigthforward consequence
of, say, Lipschitz estimate for solutions, as derivatives of solutions to
constant coefficient equations are solutions also themselves. The lemma
below hence follows, for instance, from Theorem 2 in Section 6.3 of [21].

Lemma 4.2. Let Ay be a (constant) matriz with smallest singular value
A >0 and largest singular value A. Let Q be a cube. Let u € W12(3Q)
be a (local) weak solution to

—div AgVu(zx) = 0.
Let aw€[0,1). Then for all x,y € Q

|x_y| ¢ 2 1/2
Vu(z) - Vu(y) < C(M) (£, [wute)p )
where C' = C(n,a, A\, A).

Dual to the global Holder estimate from Lemma 4.1, we have a local
Hardy space estimate.

Lemma 4.3. Let Ay be a (constant) matrixz with smallest singular value
A > 0 and largest singular value A. Let p € (n/(n+1),1) and o =
n(1/p-1). Let Q be a cube, Q = S4,(Q) and let w € Wy*(Q) be a weak
solution to

—div AgVu = div BF

for F e L2(;R™) and B € C*(Q2;R™") with o € (0,1).
Then it holds

where C = C(n,p, Ap). If in addition, supp B c €, then
||vu||hf(Q7Rn) S C(HBT”LOO(Q;RTLXTL) +diam(Q)a|BT|Co¢(Q;Rnxn)) HFth(Q,Rn)

Proof. We argue by duality. Let a € {z,r} and b € {z,7} ~ {a}. Let
a =n(l/p-1) and let g € AP(;R"). Then g € L?2(;R") so that
divg e W-12(Q). Let w € Wy*(R2) be the solution (which exists, by
Lax-Milgram theorem) to

div Al vw = div g
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so that AT Vw — g is divergence free. Because u vanishes on 92 in the
Sobolev sense, we can use this and later the equation for u to obtain

‘_/Q vVu(z) - g(x)dz| = US;AOVU(x).Vw(x) dr
| [ B@)F@) o) @]

By Corollary 3.5 and Lemma 4.1 the right hand side is bounded by
O diam (@) | Py | BT T ag )

Using the Campanato characterization of Holder norms (and the bound-
ary values of B for a =1), we see

| BT Vwag(@rny < |BT Vwloa @mn)
< ” BT ||Lw(Q;Rnxn)|vw|Ca(Q;Rn) + ||V'LUHLOO(Q;Rn)|BT|Ca(Q;Rnxn).

Because Ay is constant, w solves also the equation div AT vw = div(g -
(9)a). Hence

[ V] L= @pmy < [{[Vwl)al + diam(2)*|Vw|oe @mn)

1/2
(][ l9(2) = (g)al’ dx) + diam (92)*| Vo« @rn)
so that by Lemma 4.1
HBTVU)”A?(Q;R") < C(”BTHL‘”(Q;R”X")

+ diam(Q)“|BT|Ca(Q;Rnxn))HQHA;:(Q;R”)-

As g is arbitrary, the claim follows by Corollary 3.5 and a change of
variables. U

Finally, for notational convenience, we define the projection to di-
vergence free vector fields as follows.

Definition 4.4. Let 0 < A < A < co. Let P be a cube and let the
smallest singular value of A € R™" be positive. For g € L2(S4(P)), we
let Tp.4(g) be the unique W,*(S4(P)) solution to

div ATV Tp 4(g) = div g.

It follows from the Lax-Milgram theorem that Tp 4 is well-defined.
All estimates in this section apply to VIp 4.

5. EQUATIONS WITH HOLDER CONTINUOUS COEFFICIENTS

The core of the iteration leading to an interior Hélder estimate is
the following bound for a duality pairing. In this section, we consider
a fixed pair of positive ellipticity parameters 0 < A < A. We denote
by F(Q) the family of the interiors of half-open cubes P that are
obtained by partitioning a minimal half open cube containing the open
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cube @ and that satisfy |P| = 277N|Q|, where N = N(\,A) is large
enough so that K AP c (11/10)Q. Also, recall Definition 3.6 of the
bump functions appearing in the statement and Definition 4.4 of the
operator T

Lemma 5.1. Let 0 < A< A <oo, K =Ky, and D >0. Let a € [0,1)
and set p = nf/(n+«a). Let Qo be a cube; let the measurable function
A KQo - R satisfy o(A(x)) ¢ [AA] for all x € KQop, and let
B e C*(KQo; R™™) be such that

UK Qo)™ B = qoirmn) + [ Bloa ko < D.
Assume that u e WY2(K Qo) satisfies for all test functionsn € C=(K Qo)
/ A(z)Vu(z) - vn(z) dz = 0.
Then, if g € L2(Qo; R™), it holds

1/2
BYu-gda| <CDIQ (£ [vulde) " lglhecqumey
0

‘Qo

+

./ (A_AP)VU' ISAP(P)VTRAP(lQO@Z)PBTg) dx
Sap(P)

PeF(Qo)
where Yp € Agp, C = C(n,a,\,\), and
Ap = ][ A(x) da.
3P
Proof. Let g,y be a smooth function with
Lo,y <¥aon <12

and for a cube P = P(xg,79) let

bp(2) = Vo) (x — xo)

To

and

Up
w =
#(#) 2 PeF(Qo) VP

so that

>, Yp=1

PeF(Qo)

in )y and the functions ¢ p satisfy

0<¢p<l, [0"Yp|< Cnﬁ|Q0|—Ivl/n
for all v e N™.
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Now

‘ [ B@Tu@) @) ds

<l X f¢P($)B($)VUP($)'g(:L“)lQo(x)dx
PeF(Qo)

H Y [ er@B@ITVu) - Vup(@)] - g()1g,(2) do
P€.7:(Q0)

SI+11

where we define up € u+ Wy *(Sa,(P)) as the function solving
—divApVup =0, Ap = ][ A(x)dz
3P

in the weak sense.
To estimate I, we apply the Hardy—Holder duality from Corollary
3.5 to estimate

| [ 0r(@)B@)Vur(a) - g(@)10,(+) da

S|P BVup|aazr) [V rglao,
By the assumption on B and by Lemma 4.2
|Blca@py S D,

] 1/2
[e% < aEE—— 2d
|Vup|ca2p) S 0Py (ﬁAP(P) |Vup(x)| x)

weep)- (5.1)

and as

1/2
|Vup|Le@py < [|Vup = (Vup)op|r=(2p) + (]ép |Vup(z)|? d:c) ,
we also have

| B £ 2Py S €(Q0)*D,

(Wurliman s f
Sa

so that all in all
[(P)*BVuplcap) $ Qo) *DIPI™ 2| Vup r2(s, . (p))-

Here, because up solves —div ApVup = 0 with boundary values of wu,
we have

1/2
Vup(x 2dx)
(P)| ()]

P

|2V up| s,y S IPITP IVl 2(sa,py) S Qo1 V] L2xcq0)-
Hence the factor with Vup in (5.1) is bounded by

CDU(Qo)|Qol ™2 V] L2k 0p)-
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To estimate the factor with g in (5.1), we use the definition of Hardy
space with zero trace, the fact suppyp c 2P, and Lemma 3.8. We see
that

|VPglqollne2p)

1 1/p
[2P| f Mpy(Loptpgly,)(z)P dx)

1

1/p
= @fMé(PK%UPngo)(I)pdfC)

|Qol

1/p
@) [Vrglaulreian < Clg

IN

hZ(Qo)*

Hence

1< CDK(Qo)ﬂQOrl/Q ” Vu||L2(KQO) Hg

2@y 2, Pl
PeF(Qo)

1/2
<CDUQurIQl( £, Ivu@Fdz) gl

which is the desired estimate for 1.
We turn the attention to II. Denote wp = u — up so that wp €

W, ?(S4,(P)). Then
[ 6r@B@)Twr(@) - g(2)1q, (@) do

- [ Vwp(a)- AB T, (0B g10,)(x) do
Sap(P)

by the definition of T 4,. Indeed,
div(f - ALVTpa,(f)) =divf-divf=0
holds for all f e L%(Sa,(P);R™) as an identity in W-12(S4,(P)).

Further, we know that
—div ApVwp = —=div(Ap - A)Vu

holds as an identity in W-12(S54,(P)) and so by the weak formulation
of the equation

f Vwp(x) - ABVTp.a, (VpBTglg,) () dx
Sap(P)

B ./SA (P)(AP - A(x))Vu(x) - VTpa, (B glg,)(z) dx

which is the second term on the right hand side of the claimed inequal-
ity. U

The lemma above can be iterated to smaller and smaller scales. This
gives an estimate on the duality pairing of Vu and a test function, from
which we will be able to infer both Holder and supremum estimates.
Note the the seminorm of C*(Q;R™") is not dilation invariant, and
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hence we see the quantity £(Q)*|A|ce(grn<n) appear in the estimates.
That product is dilation invariant.

Theorem 5.2. Let 0 < A< A<oo. Let ae (0,1) and set p=n/(n+a).
Let Qo be a cube and let A € C*(KQo; R™™) satisfy o(A(x)) c [\ A]
for all x € KQo. Assume that uw € WY2(KQq) satisfies for all test
functions n € C*(KQo)

/ A(z)Vu(z) - vn(z) dx = 0.
Then, if g € L2(KQo;R™) and 1y € C(Qo) satisfies

0<e <1,
it holds
1/2
[ do@)vu@)- gty ds| < ClQul( £, 1vut@)Pdz)  ghecaun
Qo KQo
where

C= C(n7 b, )\7 A7 g(QO)a|A|CO‘(KQO;RnX”) ) zﬂo)

Proof. For a family of cubes Q, we define the operation

F(Q) = U F(Q)
QeQ
with F(Q) defined as in the beginning of this Section 5. Starting from
the initial cube @y, we set

FUQ0)={Qo},  FH(Qo) = F(FH(Qo)), k21

For P e F*(Qo) and for j € {0,...,k -1}, we choose a parent PJ ¢
Fi(Qo) such that P c P and P is obtained from PJ in the previously
described subdivision. We let ¢p; be the function as in Lemma 5.1.
We set

Opog = Yoy
Op1g= 1SAP1 PyVTpr g, (Vp11og),
OP,j+lg = 1SApj+1 (P'7+1)VTP'7+17Apj+1 (¢Pj+1 (A - Apj )TOPJ‘Q),

for 1 <j <k-1. Iterating Lemma 5.1, we obtain the estimate

\ fQ o(2)Vu(x) - g(x) dz| < ClAlca (s g K Qol o

- 1/2
e 5 (L gu@lde)  1Omlhr (52)
=0 KP

PeFk(Qo)

Here we also used the bound |Opg
diately following from (4.1).

hE(Sap (P)) S ”OP,kg R2(KP) imme-
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Using Definition 4.4 and Lemma 4.3, we see that for P € F¥(Q,) and
je{l,...;k=-1}
10psu19leqiepiny < CUICA = Aps)T| i proizory
+ (K P72 (A = Aps) T o pivireny ) [$pin Op g lnp (e pivy- - (5.3)
Further, by Lemma 3.8 and the definition of hY norm
|0pi+1Opjglnex pivry < CllOr;g|ne (i psy-

Hence for all j € {0,...,k -1}, the left hand side of (5.3) is bounded
by

C27 NI A ca 1 pisny U Qo) Op 9l e (5 piy-
Iterating this inequality, we get
- 2& (07
[0prglnzcpy < CF275 Qo) | Alga (k0019
where we have used the lower bound
k k(k+1) S k2

j=m
j;) 2 2
for the arithmetic sum. Trivially also

( £ vu@yP dx)w < Nk ( £  vu(@)P dx)

so that the right hand side of (5.2) becomes bounded by

h2(KQo)>»

1/2

1/2
ClQol¢(Q0)*|Alca (ko) (]iQO [Vu(z))? d:):)

x| gllnecxqo) 2LC275 Qo) |Alce ko)
k=0

The sum converges, and we see that it satisfies the claimed dependency
on K(QO)Q|A|C‘1(KQO)- |

Deducing the traditional Holder bound and the L*= bound from the
duality pairing estimate is now straigthforward, taking advantage of
the results recalled in Section 3.

Corollary 5.3. Let0 < A<A<oo andlet K = Ky . Let e (0,1). Let
Qo be a cube and let A € C*(KQo; R™™) be such that o(A(zx)) c [\, A]
for all x € KQo. Assume that uw € WY2(KQy) satisfies for all test
functions n € Ce(KQo)

f A(z)Vu(x) - vn(z)dx = 0.
Then for all x,y € %Qo

[Vu(z) - Vu(y)| < C (%) ( ]i o |Vu(z)[? dz)

where C = C(n,p, A\, A, €(Qo)“A|ca(kQyrnen))-

1/2
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Proof. By Theorem 5.2, Corollary 3.5 and Theorem 2.7 in [13] (density
of L? in h?), taking ¢y € C(Qp) that is identically one in $Qo, we see
that

1/2
Dtz (o0 < c( f 2 ) .
indrulsian <€ (£, [Wu@)Pds
This together with
|Osttl e (2-190) < [Y00iulca(qo) < [Yodiu]as (o)
implies the theorem. U

Corollary 5.4. Let0 < A< A<oo andlet K = Ky . Let e (0,1). Let
Qo be a cube and let A € C*(KQo; R™™) be such that o(A(x)) c [\, A]
for all x € KQo. Assume that u € W2(KQq) satisfies for all test
functions n e C2(KQy)

f A(z)Vu(z) - Vi(z) dz = 0.
Then

sup |[Vu(z)|<C (]iQO |Vu(2)[? dz)l/2

ze1 Qo
where C' = C'(n, o, \, A, £(Q0)?| Alce (kgormn)) -

Proof. By Theorem 5.2, we have for p =n/(n + «)

1/2
[ in@vu@) g di| < Clil( £, [vul@)Pde) " lglheocan

Writing z = ¢(Qo) and so = 50(Qp), we have

Hg||h§(KQo) = ||g ° 5150,50 ”h’z’(Q(O,l)) < ||,¢}g o 51?0,80 HhP(R")

1/p
< Ma(g & by ()

(o

when 1 is a bump function localized in (0, 2).
By Kolmogorov’s inequality (Lemma 5.12 in [20]),

1/p
M2(¢9 © 5x0,50)(33)p dl‘)

< Cf |¢($)g(5m0,50$)|d9€ < C||g||L1(2KQo)'

(oo

Taking supremum over all g with |g[ 1 gn) = 1, we see that the claim

follows.
O
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5.1. A sparse estimate. Next we discuss a sparse estimate in the
context of classical Schauder theory. In [34], estimates as in Corollary
5.4 were shown to imply sparse bound estimates. Using the duality
theory from Section 3, we can state a similar principle in the setting of
Holder spaces, now using Corollary 5.3.

Definition 5.5. Let () be a cube, M > 0 and let Ny be as in Definition
3.6. We define Ag (M) as the family of those ¢ € C(Q) with

07| < (M(Q)) ™
for |v] < Np.

Lemma 5.6. Let 0 < A< A<oo. Let e (0,1) and set p=n/(n+ ).
Then there exist N and C such that the following holds.

Let Q be a cube; let A € C*(6Q;R™™) be such that o(A(x)) c
[\, A] for all x € 6Q and let € > 0. Assume that ¢g € Ag1(N);
F e C*(6Q;R"), and assume that u € W12(6Q) satisfies for all test
functions n € C=(6Q)

f A(x)Vu(x) - vn(z)de = [ F(z)-vn(x)de.

Then, given g € C*(6Q), there exists a family G(Q) of pairwise
disjoint dyadic subcubes of 2(Q) such that

U P

PeG(Q)

<eld)|

and

[ calvute) gy as] <ciai( £, [vueras)” lohgea

_ ‘Lp¢p(x)va($)'g(x)dx

PeG(Q)

where pp € Asp1(N) and where wp € WL2(3P) satisfies for all test
functions n e C=(3P)

f A(z)Vwp(z) - V() do = f F(z) - vi(z) d.

Proof. Define the auxiliary maximal functions

Si(z) = sup ][ vo(2)|Vu(z)?dz, Sy(z)= sup l9lne 2P
Pc3Q J3P Pc3Q

where the suprema are over all dyadic subcubes of 3¢). Clearly both
S and Sy are lower semicontinuous functions. For a constant Cy large
enough, to be fixed later, set

By = {ze3Q: 5 (x) > Col|VulPeo),
Ey:={xe3Q: Sy (x)> COH9||h7’3(4Q)}‘
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By the Hardy-Littlewood maximal function theorem,

¢ IQI
Bl < ———— [ vu(z)|? doe < —=
’ 1| OO<|VU|2>6Q ‘ ( )|
Choosing Cjy large enough, only depending on n and € > 0, we see that
|En| < €lQl/2.

To get a similar estimate for |E,|, consider the Whitney decomposi-
tion of Fs. First, for j >0, let W be the family of all dyadic subcubes
P of 3Q) such that

((P)=3-27%/(Q) and
Pn{zeFEy:27710(Q) < diste (x, ES) <2770(Q)} + D .

Then we let W, be the family of maximal elements in U;so Wj,g. We
let W,o =Wsn Wjﬁ- Note that for Cy large enough, we may ensure
that W, = @ for j < jo for some jy only depending on Cj, that is, there
are not large Whitney cubes. Also, for cubes P in W,, we have P c Ey
and 2P n ES # @. By the first one of these properties,

Colglnzaey < Iglnzr)-
By the second one, we can find fi, a dyadic subcube of 3@ such that
((P)=250(P), PnES+ @, and 2P 2 2P. Then

5\ /P
(r)
l9lmz2p) < (m) Hthf(Zﬁ) < Clglnzae)

where the last inequality followed from the fact that P is not contained
in EQ.

Now, for any P € Wy, let ¥p € C°(3P) be such that ¢¥p =1 in 2P
and [07p| < C,L(P)™M for all v € N*. Taking g with g = ¢ in 2Q
(arbitrary Hardy extension), we see by Lemma 3.8 that for all P € W,
with Pn2Q = @

2Pllg 1y py < [ Mier)(@r) @) de<C [ Miar (@) da.

On the other hand, by the construction of the Whitney decomposition,
we know that

Y 1gp<C

PeWs
for C' only depending on the dimension. Hence we may conclude

Bl< 3 1PI< i3 [ My ) dr

PeWs, Cp” th(4Q) P

<— 00— M 10y G(x)P d.
cp|\gr\hp(4@f e
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Taking infimum over all g as above and applying Lemma 3.7, we bound

| Musara(@)? i < 1@l 12y

and so
|Es| < €]Q]/2

provided Cj is large enough, only depending on p, n and €. This shows
that ) u E5 is an open set such that any family of cubes partitioning
it satisfies the size estimate for G(Q) as in the claim of the statement.
Next we choose carefully the most suitable partition.

We abandon the Whitney decomposition of E,, and we let G(Q)
be the Whitney decomposition of F; u Es, formed by the very same
argument but F; u Ej in place of Fy. If P and P’ are cubes from a
Whitney decomposition, we know that if 2P n 2P’ # @, then ((P) ~
¢(P"). Consequently, we can find smooth functions {¢p : P € G} such
that

0<pp<lop, |0op|<CU(P) D, 1pup, <Y wr < g
PeG

Now, we can estimate

<l £, mu@r ) lohgo
[ er@)Vup(@) - g(w) da

[, eo(@)vu(e)-gz)ds
>

PeG

[ er@lvu@) - vup@)]-g() do

+ )
PeG

=1+ I11+1II
where up € W12(3P) solves
—divAVup =0, in 3P,
up —u e Wy (3P).

The term I is of the desired form and its bound follows from the
bounds for S; and S5 in the complement of E; u F5. The term III is
also of the desired form. For the term II, we apply Corollary 3.5 to
estimate

£ er@vur@)- g@) da] < CUPYTlervurlrsr lglger: (54

Here (similarly as in the proof of Lemma 5.1), we have

K(P)QHSOPVUPHAQQP) < C||€(P)Q<PPVUP||CQ(2P)
< CU(P)*pplca@p)|Vup|Le@p) + C|Vup|ca@p) [L(P)*0p| L= 2p)-
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By the construction of wp, by Corollary 5.3, by Corollary 5.4, the right
hand side is bounded by

o( £, lwur o d“f)m <c( £, Ivup dx)1/2

where the last step used the L? bound for the gradients. The quantity
above, in turn, has the desired upper bound by the Whitney property
of P. To estimate the other factor in (5.4), we see that by the Whitney
property of P

lgllnz2py < Clglneag)-

g

As a straigthforward application of Lemma 5.6, we get the sparse
estimate displayed in the introduction.

Proof of Theorem 1.2. This follows by iterating Lemma 5.6 (compare
to [34]) and using the estimate

|Vulr2@py < CIEF = (F)spl2(6p),
valid whenever u € W, *(6P) is a weak solution to
—div AVu = div F.
Here we used that div F' = div(F - (F)ep). O

Finally, we show that the classical Schauder estimate for equations
with Holder coefficients is hidden inside the sparse form. Unfortunately,
as is common with the sparse form arguments, we do not recover the
endpoint regularity.

Corollary 5.7. Let 0 < A< A<oo. Let a€(0,1). Let Q be a cube and
let AeC(6Q;R™™). Let ueW,?(6Q) be a weak solution to

—div A(z)Vu(z) = div F(x)

in Q for F'e C~(6Q;R").
Let B € (0,a). Then for all x,y € Q

Vu(z) - Vu(y)| < Cle = yl’|Flesqmn)
where C' = C(TL, A A, a?£(Q)a|A|CO‘(6Q;R"X")> o= 6)

Proof. By the definition of the grand maximal function and Lemma
3.7, we have that for any g € LP(R") with g = ¢ in 4Q and all P c 2Q

1/p
1 .
l9lnzapy <C (m /1\6P Myapy,g(x)? dx) .
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Choosing ¢ > p with (= 5)/n =1/p-1/q and using the definitions, we
see that

S PI( £ 1@ - (Fluskds)  lolan

Peg
1/p

< ClF g LIPS ( [, My ity o)
PeG

<ClFll s o) I;g [P[M7inf M (Myag)..g") (x)'?
1/q
< CF Loy ( 5P M (M )0
1/q
< Ol 5 1Bl ] M (M)

1/q
< CIFl 00, ( [ MMy, ) () dm)

1/q
<COlFlrz 60 (fR Mf@@)»ﬁ(flf)qdaﬁ) :

Minimizing over all g as above and using Lemma 3.7, we bound the
right hand side by

CIRINFll ys 6y 191l n242)-

Because

1.1 a-8_1 n(fp-1)-58 _, 5
qg p nop n )

Corollary 3.5 and Theorem 2.7 in [13] (density of L? in h}) imply

[Vules () < [VeVul s agy € ClE 45 6q) < ClFles 6)-
U

Remark 5.8. The argument above misses the endpoint « = 3, in which
case the Holder continuity is known (usually attributed to [10]). We
do not know if there is a way to infer the endpoint Schauder estimates
in analogy to (1,1) sparse bound implying weak type (1,1) estimate
(Theorem E in [14]). In the case 8 > «, the conclusion of Corollary 5.3 is
false. In particular, exponents p < n/(a+n) cannot be used in Theorem
1.2. We recall that an example of a solution to —div AVu = div F' with
Ae C*Rm), F e C°(R") and u € CH*(R") \ Upso CHP(R") can be
constructed as follows (we suppose this is folklore by now):
Let n=2 and a€ (0,1). Denote e; = (1,0) and es = (0,1). Let

p(x) =er+ 2",

q(z) = ey + 2] (2261 — 21€9),

v(r) = q(z) - p(z).
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With this notation, we set

T T T
vpT +puT (v p)pp
Alz) =TI+ P2 P

and define

|x|a+1

=1+ :
ulw) =+ 7

In the vicinity of 0, we have that |p| ~ |¢| ~ 1 and |v| ~ |z|*. Hence
A is elliptic. Moreover, it is a-Holder as the vectors p and ¢ are. The
function u is CH*(R™) and no better. Also g = Ap is no better than
C*(R™). Finally, it holds Vu =p, Ap = ¢ and div g =0 so that u solves
the equation with zero on the right hand side.

If p € C(B(0,5)) is identically 1 in B(0,1), we have that @ = uyp
solves

—div Ava = - div(uAVe) - AVu - V.

Because V¢ = 0 in B(0,1), the argument of the divergence on the
right hand side is smooth and compactly supported. For the same
reason, the second term on the right hand side is smooth and compactly
supported. Its integral is zero so it has a representation as a divergence
of a smooth and compactly supported function (its image under the
Bogovskij operator of B(0,10), see for instance [23] for the definition
and properties). Hence 4 solves —div AVa = div F' with smooth F' and
both V& and AVa have |z|* type beahviour at the origin.

Further, by duality, this example also shows that for equations with
Co(R™) coefficients, the gradient of the solution Vu need not be in any
Hardy space h? when p <n/(n+ «).

6. EQUATIONS WITH UNIFORMLY CONTINUOUS COEFFICIENTS

In this section, we discuss a simplified proof of a weaker version of
Theorem 5.2 in the limiting case of the coefficient smoothness. We
assume that the coefficient matrix A is uniformly continuous. In this
setting, we cannot rely on Hardy space theory, which serves as an
excuse to expose the leading idea behind the proofs in Section 5 with
minimal amount of technical difficulties.

In this section, let F(Q) be the family of the interiors of half-open
cubes P partitioning a half open cube containing the open cube ) and
satisfying |P| = 2737|Q)]. We first prove a lemma analogous to Lemma
5.1. Instead of duality of Hardy spaces, we use Holder’s inequality.

Lemma 6.1. Let 0 < A< A< oo, g€ (2,00). and D >0. Let Q be a
cube; let the measurable function A :3Q — R™™ satisfy o(A) c [\, A],
and let B € L1(3Q;R™™) be such that

3QI™| B La(aqmneny < D.
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Assume that uw e W12(3Q) satisfies for all test functions ne C(3Q)
f A(z)Vu(z) - vi(z) dz = 0.
Then, if g € L2(3Q;R™), it holds

‘fQ B(z)vVu(x) - g(z) dx

1/2
lg HLq’(aQ;Rn)

<cojQ!( £, [vu(e)?ds)

+

> /SP(A - Ap)Vu(z) - VTspa,(1pBTg)(z) dx
PeF(Q)

where C'= C(n,\,A) and
Ap = ][ A(x) da.
3P

Proof. Because F (@) forms a partition of @), up to a set of measure
zero, it holds

/Q B(z)vVu(z) - g(z) dx

< B(x)Vup(z)-g(x)dzx

<, 2 [ B@vur
H Y[ B@)Ivu@) - Vup()] - g(w) do
PeF(Q)

=I1+II

where we define up € u+ W, *(3P) as the function solving
—-divApVu =0, Ap = ][ A(z)dx
3P

in the weak sense.
To estimate I, we apply Holder’s inequality (denoting ¢’ = g/(q—1))
to estimate

/ 1p(z)B(x)Vup(zx) - g(x)dx

Here by Lemma 4.2 and the fact that up solves an equation with bound-
ary values of u in 3P

[Vupliep) < CIPI|Vup| 2op) < 1PVl 12 gap).
Hence it holds

I <CDRQI™|Vul 2 2 1Pl Lo py
P

<|BlrapyIVup| =y lgl L py-

1/2
<CplQ( £, Ivu@Pdr) " ol
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which is the desired estimate.

We turn the attention to II. Denote wp = u — up so that w €
W,?(3P). Then

/P B(z)Vwp(zx) - g(x) dx

= ng Vwp(z) - ALVT3pa, (1pBTg)(x) dx
by the definition of T5p 4,. Indeed,
div(f - ALV T3pa, f) =div f -div f =0

for all f e L?(3P;R"™) as an identity in W-12(3P). Further, we know
that

—div ApVwp = —div(Ap - A)Vu
as an identity in W-12(3P) and so by the weak formulation of the

equation

»/3P Vwp(x) - AEVTgp,AP(lpBTg)(;p) dr
= —/;P(AP — A(2))Vu(z) - VT3pa,(1pBTg)(z) dx

which is the second term on the right hand side of the claimed inequal-
ity. U

Next, we may iterate the lemma and prove a result similar to Theo-
rem 5.2 but the Holder assumption replaced by mere uniform continuity
and the conclusion featuring L? norm as opposed to a Hardy norm.

Theorem 6.2. Let 0 < A< A< oo and g€ (2,00). Let A be a uniformly
continuous matriz valued function satisfying o(A) c [A\,A]. There ex-
ists 6 = 6(A,n,q) >0 such that the following holds. Let Qq be a cube
with £(Qo) < 0. Assume that u e WH2(3Qy) satisfies for all test func-
tions n € C(3Q0)

f A(z)Vu(zx) - vn(z) dz = 0.
Then, it holds

( ]{2 O |Vu(m)|qdas)1/q <C ( ]ng V() da:)m

C=C(A6n,q,\AN).

Proof. For a family of cubes Q, we define F(Q) := Ugeg F(Q). Starting
from the initial cube 3Q)y and iterating the operation JF, for each k € N

where
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we have the family F*(3Qq). For P € F*(3Q,) and for j € {0,...,k-1},
we choose one PJ7 e F7(3@Q)y) such that P c Pi. We set

Opog =9
Op19=VT13p1 4, (1p19)
Opji1g = VTspina,,, (Lpin (A= Ap;) Op;g), 1<j<k-1.

Denote p = gq/(qg—1). Iterating Lemma 6.1, we obtain the estimate
‘f Vu(z) - g(z)dx
Qo
oo 1/2
<cy > (£ Iva@Pds)  10nglge (6

k=0 PEfk(:sQo)

where C' is the constant induced by Lemma 6.1. By uniform continuity
of A, we know that given ¢ > 0, provided that § = d(¢) > 0 is small
enough, then for all P e Uz, F(3Q0)

| A= Ap|L=(3qm <€

Then, using Definition 4.4, the classical LP-bound for the operator
Tpa (e.g. as a corollary of Lemma 4.1 an Corollary 1.3 in [34]), and
the uniform continuity of A, we see that for P € F*(3Q))

|Op 1y L4 (3P) S (Cg)k lg HLq’(3QO) :

Trivially also

([ ocote)" = oo

so that by Holder’s inequality the right hand side of (6.1) becomes
bounded by

cQil( £, 1wuwra) (£, wpas)” Sicay

k=0

1/2

for C'= C(n,p,A\,A). Hence for ¢ = ¢(n,p, \, A) small enough, we see
that the sum converges. Taking supremum over all g € LP(3Q) with
1]l e (300) < |Q0|/P, we see that the claim follows. O

Remark 6.3. Theorem 6.2 together with [34] implies sparse bounds
and further local Calderén—Zygmund theory for equations with uni-
formly continuous coefficients. We also point out a small correction to
[34]: In that paper, the smooth domains Op n ) relative to cubes P
cannot be defined as an intersection as written, but at small enough
scales it is easy to see there exist domains as smooth as {2 contained
in 3P nQ and C'-Dini norms independent of P, which can be used in-
stead. We thank Ya (Grace) Gao from Brown University for bringing
this point to our attention.
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