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Abstract. We prove bounds in the strict local L2pRdq range for
trilinear Fourier multiplier forms with a d-dimensional singular
subspace. Given a fixed parameter K ě 1, we treat multipli-
ers with non-degenerate singularity that are push-forwards by K-
quasiconformal matrices of suitable symbols. As particular ap-
plications, our result recovers the uniform bounds for the one-
dimensional bilinear Hilbert transforms in the strict local L2 range,
and it implies the uniform bounds for two-dimensional bilinear
Beurling transforms, which are new, in the same range.
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1. Introduction

Let d ě 1 and let Γ0 be the linear subspace of R3ˆd that consists of
all vectors pξ1, ξ2, ξ3q with ξ1 ` ξ2 ` ξ3 “ 0. Trilinear Fourier multiplier
forms on Γ0 are studied in order to understand mapping properties of
bilinear Fourier multiplier operators on Rd. In the present paper, we
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prove bounds in the strict local L2 range for multipliers whose singular
set can be written as an image of the d-dimensional diagonal of R3ˆd

under a block K-quasiconformal matrix. Our bounds depend on the
matrix through the parameter K alone, in this sense we prove bounds
uniform in isotropic dilations and rotations. We comment more on the
motivation for such bounds after stating the main result.

We normalize the Fourier transform of a Schwartz function as

pfpξq “

ż

Rd

fpxqe´2πix¨ξ dx.

Let 1 ă p ă 8. We denote the Lp norm of a measurable function by

∥f∥pp –

ż

Rd

|fpxq|p dx.

Let K ě 1. A linear map

L “ L1 ‘ L2 ‘ L3

mapping R3ˆd to itself is said to be block K-quasiconformal if for all
n P t1, 2, 3u we have Ln : Rd Ñ Rd and

∥Ln∥dop ď K detLn.

We say that L is non-trivial if additionally

L1 ` L2 ` L3 “ 0.

Theorem 1.1. Let d ě 1, K ě 1 and
1

p1
`

1

p2
`

1

p3
“ 1, 2 ă p1, p2, p3 ă 8.

There exists a constant C “ Cpd,K, p1, p2, p3q such that the following
holds.

Let m : R3ˆd Ñ C satisfy

|Bγ11 B
γ2
2 B

γ3
3 mpξq| ď supt|ξ ´ pτ, τ, τq|´|γ| : τ P Rd

u (1.1)

for all γ P N3ˆd with |γ| ď 100d. Let L be a non-trivial block K-
quasiconformal matrix. Define

Λmpf1, f2, f3q “

ż

R3ˆd

δ0pξ1 ` ξ2 ` ξ3q pf1pξ1q pf2pξ2q pf3pξ3qmpL´1ξq dξ

where δ0 is the Dirac mass at origin.
Then for all triples of Schwartz functions f1, f2 and f3 on Rd

|Λmpf1, f2, f3q| ď C
3

ź

n“1

∥fn∥pn .

We use a symbol m defined on all of R3ˆd for convenience, but in-
stead of that, a symbol only defined on Γ0 with conditions stated using
directional differential operators within the space Γ0 could be used as
well. Similarly, the use of the mapping L in the definition of the form
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is a compact way to express a set of certain anisotropic symbol esti-
mates on m through the simple condition (1.1). We point out that the
restriction of Theorem 1.1 to the strict local L2 range is likely not to
be sharp. Moreover, we do not see any obvious obstruction for an anal-
ogy of our result for higher orders of multilinearity. The only missing
ingredient for the latter seems to be a suitable generalization of the
uniform paraproduct estimate as in [27]. However, we did not attempt
any of these extensions in order to keep the technicalities in this paper
more limited and have better focus on some of the key ideas of our
approach. For related work in d “ 1 extending the range of exponents
the bilinear Hilbert transform, see [30], [19], [31], [28], and [5].

The simplest interesting special case of the Theorem 1.1 is d “ K “

1, when L “ pL1, L2, L3q is a vector of nonzero real numbers adding up
to 0 and

mpξ1, ξ2, ξ3q “
L1ξ1 ` L2ξ2 ` L3ξ3

a

pL1ξ1 ` L2ξ2 ` L3ξ3q2 ` pξ1 ` ξ2 ` ξ3q2
,

which restricted to the hyperplane ξ1 ` ξ2 ` ξ3 “ 0 reads as

mpξ1, ξ2, ξ3q “ sgnpL1ξ1 ` L2ξ2 ` L3ξ3q.

In this case, Λm is a scalar multiple of the trilinear form dual to the
bilinear Hilbert transform, which can be written on the spatial side as

p. v.

ĳ

R2

f1px ` M1tqf2px ` M2tqf3px ` M3tq
dx dt

t
, (1.2)

whereM “ pM1,M2,M3q is a unit vector perpendicular to both p1, 1, 1q

and L. No two components of M are equal, because no component of
L is zero. This condition is referred to as non-degeneracy of M . The
case of (1.2) with two components of the unit vector M equal is called
degenerate. If for example M3 “ M1, we have

Λmpf1, f2, f3q “

ż

R
f1pxqf3pxq

„

p. v.

ż

R
f2px ` tq

dt

t

ȷ

dx.

One obtains Lp bounds for this form by Hölder’s inequality and bounds
for the linear Hilbert transform. Bounds for the nondegenerate case of
the bilinear Hilbert transform require a different argument and were
shown in the exponent range of Theorem 1.1 in [18], albeit with con-
stants blowing up as M tends to a degenerate value. Bounds uniform
in M were later proven in [12] for the first time. These results are
covered by Theorem 1.1.

The simplest example of our main theorem which is new is the case
where d “ 2, K “ 1 and pL1, L2, L3q is a triple of conformal matrices
adding up to zero. In this case, we identify R2 with C and view the
application of the matrices Ln as multiplication by complex numbers.
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Moreover, we set

mpζ1, ζ2, ζ3q “
pL1ζ1 ` L2ζ2 ` L3ζ3q

2

|L1ζ1 ` L2ζ2 ` L3ζ3|2 ` |ζ1 ` ζ2 ` ζ3|2 .

Similar computations as for the bilinear Hilbert transform identify Λm
as a scalar multiple of what one might call the bilinear Beurling trans-
form

p. v.

ĳ

C2

f1pz ` M1ζqf2pz ` M2ζqf3pz ` M3ζq
dApzq dApζq

ζ2

where A denotes the area measure. Thus our main theorem implies Lp
bounds in the strictly locally L2 range for the bilinear Beurling trans-
form uniformly in M . The Beurling kernel ζ´2 can be replaced by any
standard Calderón–Zygmund kernel arising from a Mikhlin multiplier.

In dimension d “ 1, the cases for L allowed in Theorem 1.1 together
with a small number of easily understood degenerate cases provide an
exhaustive picture of all cases of L. The situation in higher dimen-
sions is more complicated. There are completely non-degenerate cases,
completely degenerate cases in the sense that Ln “ 0 for some n, and
further there is a zoo of distinct cases that one may call partially de-
generate. For fixed K, our main theorem proves uniform bounds for
the non-degenerate cases as one approaches the completely degener-
ate cases inside a cone that stays away from the partially degenerate
cases. Within the conformal context, our theorem covers all cases in-
cluding the degenerate ones. In this respect, we show that the setting
of one complex dimension is quite analogous to the setting of one real
dimension.

Concerning the general case, a list, not exhaustive, of five partially
degenerate cases for d “ 2 were described in [4], and four of them were
shown to be bounded, albeit without any attempt to prove uniform
bounds. The remaining one, called the twisted paraproduct, was later
treated in [16] (see also [1] for preliminary results and [7, 8] for further
work). A further partially degenerate case is the triangular Hilbert
transform described in [17], where one dimension of the kernel is inte-
grated out because it projects to zero in the arguments of all functions.
The triangular Hilbert transform is not known to satisfy any Lp bounds,
and it is well-understood that presently known techniques are insuffi-
cient to obtain such bounds. A version of Theorem 1.1 with uniformity
in K, as opposed to our assumption on K being fixed, would imply
bounds for the triangular Hilbert transform. Bounds for the triangular
Hilbert transform as well as some of the known bounds for other par-
tially degenerate cases in d “ 2 would, in turn, imply bounds for the
so-called Carleson operator in the corresponding Lp spaces, see [2], [9]
and [14]. A more systematic classification of the partially degenerate
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cases appears in [32], where also some uniform bounds are proven in a
discrete model.

The main technical novelty of the current work is the application of
our previous work [10], where we improved and extended the method
of phase plane projections, previously studied in [26] in dimension one,
to higher dimensions. In order to apply the set-up introduced in [10],
we have to reformulate the standard phase space decomposition of the
form Λm in a new way. Unlike the existing literature using either stop-
ping times and outer measures, see [6], or a tree-selection algorithm
with various size functionals acting on families of multitiles, see [18],
[30] and [12]; our proof arranges the tree-selection in a different way. In
particular, unlike our main inspiration [26], we put emphasis on choos-
ing the top intervals and top frequencies and let them define regions in
phase space, the trees. Each tree, a region in the phase space, is then
divided into a boundary and a core. The treatise of these two parts
can be separated into two independent modules. The estimation of the
boundaries is completely independent of paraproduct theory of any
kind, just invoking Hölder’s inequality. The estimation of the cores in
turn relies on two real analysis lemmas, one on paraproduct estimates
and one on phase space localization, which are stand-alone results that
do not make any explicit reference to the notion of a tree. Clarifying
the roles of the core part and the boundary part of a tree is the main
insight we are communicating. Later, at the level of tree selection, we
further notice that almost all non-trivial phase space interaction of the
selected trees is encoded in their boundary parts. Summing up, while
the paraproduct theory of boundaries is very simple and that of cores
more complicated, the orders of complexity are swapped when carrying
out the tree selection.

We close the introduction commenting a bit more on the background
context of the study uniform bounds for multilinear operators. On one
hand, one may use uniform bounds over parametrized families of singu-
lar operators to conclude bounds for superpositions of these operators
as the parameter varies. While integrable rather uniform dependence
on the parameter may suffice for this purpose in some applications,
even integrable dependence may need more work than the basic non-
uniform bounds. We refer to [23], [24] and [25] for a discussion about
connections to Calderón commutators and the Cauchy integral over
Lipschitz curves, as the original motivation for studying the bilinear
Hilbert transforms. Secondly, multilinear forms whose multipliers are
characteristic functions of convex sets E are closely related to uniform
bounds for multipliers which are characteristic functions of half planes
relative to tangent lines of E. This connection appears in [22], [13], [3],
[20], [29], and [21].

Finally, we describe the structure of the present paper. Section 2
contains the outline of the proof of Theorem 1.1, which is organized into
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four propositions. These principal propositions are proved in Sections
3, 4, 5 and 6, one proposition in each section. Theorem 1.1 is deduced
from the contents of the outline Section 2 in Section 7. Sections 3-
6 are independent of each other and only make reference to Section
2. Section 7 depends on arguments in Sections 3-6 only through the
propositions stated in Section 2. Section 5 is slightly longer than its
siblings, and it is divided further into an outline part and five further
numbered subsections, which only refer to Section 2 and the overview
part of Section 5. The sections that are a part of the logical scheme
just described appear in the table of contents while subtitles beyond
the logical scheme do not appear there.
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project numbers 390685813 (EXC 2047: Hausdorff Center for Mathe-
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Agency through the Severo Ochoa and María de Maeztu Program for
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2. Outline of the proof

We fix the dimension d ě 1, dilation parameters k2 ą k1 ą k0 ě 3
with ki ´ kj ą 100d for 0 ď j ă i ď 2 and the triple of exponents
pp1, p2, p3q satisfying

1

p1
`

1

p2
`

1

p3
“ 1, 2 ă p1, p2, p3 ă 8.

Let
ε “ mintp1 ´ 2, p2 ´ 2, p3 ´ 2u.

In addition, we fix a number α ą 2d, α ă 8d. We further fix linear
maps L1, L2 and L3 as in Theorem 1.1. For n P t1, 2, 3u, we choose
vn P Z such that

2vn´1
ă ∥Ln∥op ď 2vn .

Fix an index n˚ P t1, 2, 3u such that

vn˚
“ mintv1, v2, v3u. (2.1)

As the condition (1.1) is invariant under scaling ξ ÞÑ λξ, we may assume
that vn˚

“ 0.
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Denote by Bpx, rq the open ball centered at x P Rd and with radius
r. For ξ P R3ˆd, r ą 0, and n P t1, 2, 3u, define Qnpξ, rq Ă Rd to be
the minimal open rectangular box with sides parallel to the coordinate
axes containing Bpξn, 2

vnrq. Let

Qpξ, rq “ Q1pξ, rq ˆ Q2pξ, rq ˆ Q3pξ, rq.

Let
Γ “ tpL1τ, L2τ, L3τq : τ P Rd

u.

Let W be a maximal set of pairwise disjoint rectangles of the form
Qpξ, 2´jq with ξ P R3ˆd and j P Z with

Γ X Qpξ, 2k0´j
q “ H

and
Γ X Qpξ, 2k0`1´j

q ‰ H.

For all N ą 0 let WN be the finite subset of W defined by

WN “ tQpξ, 2´j
q P W : |ξ| , |j| ď Nu.

For a cube with sides parallel to the coordinate axes I Ă Rd, define
the mollified distance ρI by

ρIpxq “ inftr ą 1: x P p2r ´ 1qIu,

where aI denotes the cube with same center as I and a times the
side-length. Moreover, for a Borel set F Ă Rd, define

ρIpF q “ inftρIpxq : x P F u.

Definition 2.1 (Frequency cut-offs). Let E Ă R3ˆd be bounded with
open interior. Define Φα

npEq to be the set of continuous complex valued
functions ϕ on Rd with

|ϕpxq| ď 2pvn´jqdρ´α
r0,2j´vn qd

pxq

for all x P Rd and
supp pϕ Ă tξn : ξ P Eu,

where j P Z is maximal such that there exists ξ P R3ˆd with E Ă

Qpξ, 2´jq.

In Section 7, Theorem 1.1 is reduced to Proposition 2.2 below, where
the multiplier is replaced by a sum of tensor multipliers.

Proposition 2.2 (Weak estimate for tensor model). Let
1

q1
`

1

q2
`

1

q3
“ 1, 2 ă q1, q2, q3 ă 8.

There exists a constant C “ Cpd, α, k0, q1, q2, q3q such that the following
holds.

For Q P W and n P t1, 2, 3u, let ϕQ,n P Φ4α
n pQq. For each n P t1, 2, 3u

let fn P L2pRdq be a function such that

∥fn∥8 ď 2.
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Then, for all N ą 0,∣∣∣∣∣ ÿ

QPWN

ż

Rd

3
ź

n“1

rϕQ,n ˚ fnpxqs dx

∣∣∣∣∣ ď C
3

ź

n“1

∥fn∥2{qn
2 . (2.2)

The proof of Proposition 2.2 can be found in Section 6. It requires
several intermediate results, which we state next. The following fre-
quency localized version of Proposition 2.2 will play a role inside the
proof. While the singularity of the bilinear multiplier in Proposition 2.2
can still be truly d-dimensional, Proposition 2.3 only deals with a point
singularity in the spirit of more classical Coifman-Meyer multilinear
multipliers. Proposition 2.3 will be proven in Section 3.

Proposition 2.3 (Frequency localized estimate). Let k be a positive
integer and

1

q1
`

1

q2
`

1

q3
“ 1, 2 ă q1, q2, q3 ă 8.

There exists a constant C “ Cpd, α, k0, k, q1, q2, q3q such that the fol-
lowing holds.

Let η P Γ. For Q P W and n P t1, 2, 3u, let ϕQ,n P Φ4α
n pQq. For each

n P t1, 2, 3u let fn P LqnpRdq. Then, for all N ą 0,∣∣∣∣∣∣∣∣
ÿ

QPWN

ηP2kQ

ż

Rd

3
ź

n“1

rϕQ,n ˚ fnpxqs dx

∣∣∣∣∣∣∣∣ ď C
3

ź

n“1

∥fn∥qn .

The reduction of Proposition 2.2 to Proposition 2.3 features a stop-
ping time argument, which introduces spatial truncations in addition to
the mere frequency localization discussed so far and utilizes the notion
of trees defined below.

For k P Z, let Dk “ t2kpr0, 1qd ` lq : l P Zdu and D “
Ť

kPZDk. An
element of D is called a dyadic cube.

Definition 2.4 (Multitile, n-tile). A product IˆQ is called a multitile
if I P D and Q P W and |Qn˚

|´1
“ |I|. For a multitile I ˆ Q and

n P t1, 2, 3u, we call the product I ˆ Qn an n-tile. If P “ I ˆ Q is a
multitile, we write IP for I and QP for Q.

Definition 2.5 (Tree). Let V be a finite subset of multitiles, let ξ P Γ,
and let I0 P D. Assume there exists at least one P P V with IP “ I0 and
ξ P 2k2`1QP . Then the triple pξ, I0,Vq defines a tree T . We write ξT
for ξ, IT for I0, VT for V, and jT for the top scale log2 |I0|

1{d. Attached
to the tree T are the following objects.

‚ The family PT of multitiles in V with IP Ă IT and

ξT P 2k2`1QP .
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‚ The family BT of multitiles P P PT with

ξT P 2k2`1QP z2k1`1QP .

‚ The family IT of dyadic cubes I P D such that there exist P
and P 1 in PT zBT with IP Ă I Ă IP 1.

The following definition gives a gauge to the size of a functions near
a tree.

Definition 2.6 (Main sizes). Let 1 ď p ď 8, n P t1, 2, 3u and f P

LppRdq. Let T be a tree. We define

Σbdr
n,p,f pT q “ sup

PPBT

sup
ϕPΦ4α

n pQP q

∥ρ´α
IP

rϕ ˚ f s∥p
|IP |1{p

,

Σsum
n,f pT q “

˜

1

|IT |
ÿ

PPBT

sup
ϕPΦ4α

n pQP q

∥1IP rϕ ˚ f s∥22

¸1{2

,

Σcor
n,p,f pT q “ sup

iPZ
sup

IPDiXIT
sup

ϕPΦ4α
n pQT,iq

∥ρ´α
I rϕ ˚ f s∥p
|I|1{p

,

where QT,i “ QpξT , 2
k1`5d´iq and 1{8 is understood to be 0.

Heuristically, the core size is large enough to control a phase space
paraproduct, but it is slightly too imprecise in terms of phase space
localization. In order to maintain the information about frequency
localization of a tree, the frequencies seen as peripheral with respect to
the top-frequency must be measured with a different kind of size, the
sum size. The pair of sum-size and core-size are together strong enough
to control the paraproduct and maintain the phase space localization,
but in order to sum together the trees of different amplitudes, this
couple still fails by a logarithmic blowup. To adjust this last piece,
a multiplicative fraction of the sum-size is replaced by the boundary
size, which is a sup-size again, but of nature lacunary with respect
to the top frequency. After this last adjustment, the triple of sizes
succeeds in the task of controlling the paraproduct, maintaining phase
space localization and recovering summability over amplitudes. In the
following proposition, we control the phase space paraproduct by the
sizes. The proof can be found in Section 4.

Proposition 2.7 (Phase space localized estimate). Let
1

q1
`

1

q2
`

1

q3
“ 1, 2 ă q1, q2, q3 ă 8.

There exists a constant C “ Cpd, α, k0, k, q1, q2, q3q such that the fol-
lowing holds.

Let T be a tree. For each P P PT and n P t1, 2, 3u, let ϕP,n P

Φ4α
n pQP q. Then for any n1 P t1, 2, 3u
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PPBT

ż

Rd

1IP pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx

∣∣∣∣∣
ď C |IT |Σbdr

n1,8,fn1
pT q

ź

n‰n1

Σsum
n,fnpT q, (2.3)∣∣∣∣∣∣

ÿ

PPPT zBT

ż

Rd

1IP pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx

∣∣∣∣∣∣ ď C |IT |
3

ź

n“1

Σcor
n,qn,f pT q. (2.4)

The remaining ingredient of the proof of Proposition 2.2 is a partition
of the set of all multitiles into trees, to which Proposition 2.7 can be
applied. This last proposition will be proved in Section 5.

Proposition 2.8 (Decomposition of the phase space). There exists a
constant C “ Cpd, α, k0, k1, k2q such that the following holds.

Let N,N 1 ą 0. Let V be the finite subset of multitiles defined by

V “ tP : QP P WN , IP Ă r´N 12N , N 12N s
3ˆd

u

with W as in Proposition 2.2. For each M P Z Y t´8u there exists a
family of trees TM such that

V “
ď

MPZYt´8u

ď

TPTM

PT

and the following hold for each n P t1, 2, 3u.
‚ For each tree T P TM for which there exists P P PT with
2k1`1QP Q ξT , it holds

Σcor
n,2,fnpT q ď 2M{2∥fn∥2.

‚ For every tree T P TM , it holds

Σbdr
n,2,fnpT q ` Σsum

n,fnpT q ď 2M{2∥fn∥2.
‚ For every tree T with VT Ă V, it holds

Σcor
n,2,fnpT q ` Σbdr

n,2,fnpT q ` Σsum
n,fnpT q ď C∥fn∥8. (2.5)

‚ It holds
ÿ

TPTM

2M |IT | ď C. (2.6)

Complementary notation. We conclude the section on outline of
the proof by listing some notational conventions that we intentionally
omitted when describing the strategy of the proof but which will be
worth memorizing for reading the proofs. In what follows, constants C
will depend on d, α, ε, k0, k1, and k2. The exact dependence will be
implicit in our arguments. We occasionally use the shorthand notation
A À B when A ď CB for such a constant C.

Concerning the frequency cut-offs, see Definition 2.1, we use the
following shorthand notations:



UNIFORM BOUNDS 11

‚ Given ξ P R3ˆd and j P Z, we denote

Φα
n,jpξq “ Φα

npQpξ, 2´j
qq.

‚ Given ξ P R3ˆd and j P Z, we denote

Ψα
n,jpξq “ Φα

npQpξ, 2´j
qzQpξ, 2´j´2

qq.

‚ Given ξ P R3ˆd, we denote by Mnpξ, Eq the set of ϕ such that

sup
τPRdztξnu

∣∣∣pτ ´ ξnq
β
B
β

pϕpτq

∣∣∣ ď 2´vn|β|, supp pϕ Ă E

for all β P Nd with |β| ď 100d. We call such a ϕ a normalized
n-Mikhlin cut-off to E at ξ.

3. Proof of Proposition 2.3. Paraproduct

Let η and ϕQ,n be given as in Proposition 2.3. By a translation on
the Fourier transform side we may assume η “ 0. By definition of
W , for each Q P W it holds 0 R 2Q. Hence there exists n P t1, 2, 3u

such that 0 R 2Qn. By splitting into three cases and estimating (2.2)
in each case separately, we may assume without loss of generality that
0 R 2Q1 for all Q P W . Further, for each j P Z there exists at most
Cpd, kq distinct elements Q P W with 2kQ Q 0 and |Qn˚

| “ 2´jd. By
splitting into Cpd, kq further subcases, we may assume there exists at
most one such Q. Even further, for each Q with |Qn˚

| “ 2´jd, there
exist Cpd, kq, rCpd, kq, and tcj1,n : |cj1,n| ď rCpd, kq, |j1 ´ j| ď Cpd, kqu

such that

ϕQ,n “
ÿ

j1 : |j1´j|ďCpd,kq

cj1,nϕj1,n, ϕj1,n P Φ4α
n,j1p0q.

Hence we may further reduce the study to the case where ϕQ,n is re-
placed by ϕj,n as above and vn replaced by v1

n with |vn ´ v1
n| ď Cpd, kq.

Hence we aim at bounding∣∣∣∣∣ÿ

jPN

ż

Rd

cj

3
ź

n“1

rϕj,n ˚ fnpxqs dx

∣∣∣∣∣
where N Ă Z is finite, ϕj,1 P Ψ4α

1,jp0q and ϕj,n P Φ4α
n,jp0q for n P t2, 3u.

Let χ be a Schwartz function on Rd such that pχpτq “ 0 for |τ | ě 2
and pχpτq “ 1 for |τ | ď 1. Define for l P Z

χlpxq “ 2´ldχp2´lxq

and for each j P N and n P t2, 3u, define

pρj,n “ pϕj,n ´ pϕj,np0q zχj´vn .

By the triangle inequality, it suffices to prove for any collection

tcj : |cj| ď 1, j P N u



12 MARCO FRACCAROLI, OLLI SAARI, AND CHRISTOPH THIELE

bounds for the tree expressions

I “

∣∣∣∣∣ÿ

jPN

ż

Rd

rcjϕj,1 ˚ f1pxqs rρj,2 ˚ f2pxqs rϕj,3 ˚ f3pxqs dx

∣∣∣∣∣ , (3.1)

II “

∣∣∣∣∣ÿ

jPN

ż

Rd

rcjϕj,1 ˚ f1pxqs rχj´v2 ˚ f2pxqs rρj,3 ˚ f3pxqs dx

∣∣∣∣∣ , (3.2)

III “

∣∣∣∣∣ÿ

jPN

ż

Rd

rcjϕj,1 ˚ f1pxqs rχj´v2 ˚ f2pxqs rχj´v3 ˚ f3pxqs dx

∣∣∣∣∣ (3.3)

separately.
We begin with (3.1). We estimate it with Cauchy-Schwartz in N

and Hölder in Rd by∥∥∥∥∥´

ÿ

jPN
|ϕj,1 ˚ f1|2

¯1{2

∥∥∥∥∥
q1

∥∥∥∥∥´

ÿ

jPN
|ρj,2 ˚ f2|2

¯1{2

∥∥∥∥∥
q2

∥∥∥∥sup
jPN

|ϕj,3 ˚ f3|
∥∥∥∥
q3

.

The term (3.2) is estimated similarly by∥∥∥∥∥´

ÿ

jPN
|ϕj,1 ˚ f1|2

¯1{2

∥∥∥∥∥
q1

∥∥∥∥sup
jPN

|χj´v2 ˚ f2|
∥∥∥∥
q2

∥∥∥∥∥´

ÿ

jPN
|ρj,3 ˚ f3|2

¯1{2

∥∥∥∥∥
q3

.

In both cases, we can apply the standard square function estimate (see
Theorem 5.1.2 in [11]) and maximal function estimates to obtain the
desired bound. This completes the proof for I and II.

It remains to estimate (3.3). We telescope χj´v2 and χj´v3 into
functions ψl – χl´1 ´ χl and thus write

III À

´v1`10
ÿ

m1“´v1´10

ˆ

∣∣∣∣∣∣∣
ÿ

m2ě´v2
m3ě´v3

ÿ

jPN

ż

Rd

rϕm1`j ˚ f1pxqs

3
ź

n“2

rψmn`j ˚ fnpxqs dx

∣∣∣∣∣∣∣
(3.4)

where ϕm1`j “ ϕj,1 ˚ ψm1`j.
Fix a triple pκ1, κ2, κ3q P Z3 and restrict the sums to mn P κn `

1000dZ for n P t2, 3u and j P rN “ κ1 ` 1000dZ. By triangle inequality
and summation over the p1000dq3 values of pκ1, κ2, κ3q, it suffices to
bound the restricted sum. Consider then a fixed term in the sum (3.4).
Such a term is non-zero only if

0 P psupp pϕm1`j ` supp pψm2`j ` supp pψm3`jq.

Recalling that we work with indices modulo 1000d, this happens only
if two of the numbers in tm1,m2,m3u are equal and the remaining one
is larger.
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Assume first m1 “ mn ď mn1 for fixed n, n1 P t2, 3u. Then, for
m “ maxpm1,´vn1q, we bound (3.4) by∣∣∣∣∣∣

ÿ

mn1 ěm

ÿ

jPĂN

ż

Rd

rϕm1`j ˚ f1pxqsrψm1`j ˚ fnpxqsrψmn1 `j ˚ fn1pxqs dx

∣∣∣∣∣∣
ď

ż

Rd

ÿ

jPĂN

|ϕm1`j ˚ f1pxq| |ψm1`j ˚ fnpxq|

∣∣∣∣∣ ÿ

mn1 ěm

ψmn1 `j ˚ fn1pxq

∣∣∣∣∣ dx
ď

∥∥∥∥∥∥
´

ÿ

jPĂN

|ϕm1`j ˚ f1|2
¯1{2

∥∥∥∥∥∥
q1

∥∥∥∥∥∥
´

ÿ

jPĂN

|ψm1`j ˚ fn|2
¯1{2

∥∥∥∥∥∥
qn

ˆ

∥∥∥∥∥sup
jPĂN

∣∣∣∣∣ ÿ

mn1 ěm`j

ψmn1 ˚ fn1

∣∣∣∣∣
∥∥∥∥∥
qn1

.

These factors are bounded by the square function estimate and maxi-
mally truncated singular integral estimate, which completes the proof
in this case.

Assume then that m2 “ m3 ď m1. Now, for m “ maxp´v2,´v3q, we
bound (3.4) by∣∣∣∣∣∣

ÿ

jPĂN

ż

Rd

rϕm1`j ˚ f1pxqs

j`m1
ÿ

k“j`m

rψk ˚ f2pxqsrψk ˚ f3pxqs dx

∣∣∣∣∣∣
“

∣∣∣∣∣∣
ż

Rd

ÿ

kPZ

rψk ˚ f2pxqsrψk ˚ f3pxqs
ÿ

jPĂNXtk´m1,...,k´mu

rϕm1`j ˚ f1pxqs

∣∣∣∣∣∣ dx
ď

∥∥∥∥∥´

ÿ

kPZ

|ψk ˚ f2|2q1{2

∥∥∥∥∥
q2

∥∥∥∥∥´

ÿ

kPZ

|ψk ˚ f3|2
¯1{2

∥∥∥∥∥
q3

ˆ

∥∥∥∥∥∥supkPZ

∣∣∣∣∣∣
ÿ

jPĂNXtk´m1,...,k´mu

ϕm1`j ˚ f1

∣∣∣∣∣∣
∥∥∥∥∥∥
q1

.

Again, the bound follows by the square function estimate and maxi-
mally truncated singular integral estimate and the proof is complete.

□

4. Proof of Proposition 2.7. Tree estimate

Boundary part. Given any family of multitiles F Ă PT , we denote

ΛFpf1, f2, f3q “
ÿ

PPF

ż

Rd

1IP pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx.

We start with the easier bound (2.3).
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Proposition 4.1. There exists a constant C such that for any n1 P

t1, 2, 3u

|ΛBT
pf1, f2, f3q| ď C |IT |Σbdr

n,8,fn1
pT q

ź

n‰n1

Σsum
n,fnpT q.

Proof. By Hölder’s inequality in Rd and the Cauchy-Schwartz inequal-
ity in BT

|ΛBT
pf1, f2, f3q| ď sup

PPBT

∥1P rϕP,n1 ˚ fn1s∥8

ˆ
ź

n‰n1

˜

ÿ

PPBT

∥1P rϕP,n ˚ fns∥22

¸1{2

.

This concludes the proof. □

We turn to estimating the form ΛBT zPT
, which is the main source

of difficulty in the proof. Here we will need several auxiliary tools,
including Proposition 2.3 and some results from [10].

Phase space projections. Define for j P Z

IT,j – tIP : P P PT zBT u X Dj, E0
j –

ď

IT,j.

Define further for each integer k ě 1

IkT,j – tI P Dj : ρIpE
0
j q ď ku, Ek

j –
ď

IkT,j.

Finally, for ξ P R3ˆd and n P t1, 2, 3u, we let Modn,ξ be the mapping
such that

FTpModn,ξ fqpτq “ pfpτ ` ξnq,

where FT is the Fourier transform. We define the phase space local-
ization by using the construction from [10].

Definition 4.2 (Phase plane projection). Let v ě 0 be an integer,
n P t1, 2, 3u and T be a tree. Let h be a Schwartz function. We define
ΠT,nh “ Modn,´ξ g where g is the output of Theorem 1.1 in [10] based
on the input parameter m “ vn, input function f “ Modn,ξ h, input
cube U “ IT , and the input M being the family of minimal cubes in
Ť

jPZ IT,j .

By scaling, we can now quote the following result from [10].

Theorem 4.3 (Theorem 1.1 in [10]). Let 1 ď p ď 8 and 1{p` 1{p1 “

1. Let α ą d and 0 ď k ď k1 ` 4d. There exists a constant C “

Cpd, α, p, k0, k1q such that the following holds.
Let T be a tree and fix n P t1, 2, 3u. Then for every j ď jT and

J P Dj

∥ΠT,nf∥p ď CΣcor
n,p,f pT q |IT |1{p , (4.1)

and
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ÿ

iďjT

ÿ

IPIT,i

IĂJ

sup
ϕPΦ4α

n,i´kpξq

|I|1{p1

∥ρ´3α
I rϕ ˚ pf ´ ΠT,nfqs∥p

ď CΣcor
n,p,f pT q |J | . (4.2)

For every j ď jT and J P Dj such that I Ć 3J for any I P IT,j
ÿ

iďjT

sup
IPDizIT
IĂJ

sup
ψPΨ4α

n,i´kpξq

|I|´1{p ∥ρ´3α
I rψ ˚ ΠT,nf s∥p

ď CΣcor
n,p,f pT q∥17IT ρ´α

J ∥8. (4.3)

Proof of Proposition 2.7. It remains to prove∣∣ΛPT zBT
pf1, f2, f3q

∣∣ ď C |IT |
3

ź

n“1

Σcor
n,qn,fnpT q.

as by Proposition 4.1 we already know (2.3) to hold.

Core part. By decomposing ΛPT zBT
into Cpd, k0, k1q many distinct

sums, we can assume that for each j P Z, there is at most one Q P W
such that QP “ Q and |IP | “ 2jd for some P P PT zBT . We pick a
sequence of functions

ϕj,n P Φ4α
n pQq

such that

∣∣ΛPT zBT
pf1, f2, f3q

∣∣ ď
ÿ

jPZ

max
P : QP “Q

∣∣∣∣∣
ż

Rd

1E1
j
pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx

∣∣∣∣∣
ď C

ÿ

jPZ

ż

Rd

1E1
j
pxq

3
ź

n“1

rϕj,n ˚ fnpxqs dx.

We define

ΛCT pf1, f2, f3q –
ÿ

jPZ

ż

Rd

1E1
j
pxq

3
ź

n“1

rϕj,n ˚ fnpxqs dx,

ΛCT ,cpf1, f2, f3q –
ÿ

jPZ
E0

j ‰∅

ż

Rd

1pE1
j qcpxq

3
ź

n“1

rϕj,n ˚ fnpxqs dx.

We compute

|ΛCT pf1, f2, f3q| ď |ΛCT ,cpΠT,1f1,ΠT,2f2,ΠT,3f3q|
` |ΛCT pΠT,1f1,ΠT,2f2,ΠT,3f3q ` ΛCT ,cpΠT,1f1,ΠT,2f2,ΠT,3f3q|

` |ΛCT pf1 ´ ΠT,1f1,ΠT,2f2,ΠT,3f3q|
` |ΛCT pf1, f2 ´ ΠT,2f2,ΠT,3f3q|

` |ΛCT pf1, f2, f3 ´ ΠT,3f3q| “: I` II` III` IV`V .

(4.4)
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For clarity, we state three auxiliary facts before estimating the five
terms above.

Lemma 4.4. For each j P Z, there is nj P t1, 2, 3u and coefficients ci,j
and functions ϕi,j P Ψ4α

n,j`ipξT q such that

ϕP,nj
“

´k0`1
ÿ

i“´k1´3d

ci,jϕi,j,
´k0`1

ÿ

i“´k1´3d

|ci,j| ď Cpdq.

Proof. For each j P Z and P P PT zBT with |IP | “ 2jd, we know that
ξT R 2k0QP . Hence there exists at least one nj P t1, 2, 3u such that
pξT qnj

R 2k0Qnj
. The claim follows from this. □

Lemma 4.5. Let A be the set of dyadic cubes I maximal with |I| ď |IT |
and J Ă 3I for no J P IT with |J | ď |I|. Then Aj “ tJ P A : |J | ě

2jdu is a partition of RdzE1
j .

Proof. Disjointness follows from maximality. If x P Rdz
Ť

Aj, then
J P Dj with x P J satisfies 3J Ą I for some I P IT with |I| ď |J |.
Then pI P Dj with pI Ą I satisfies pI P IT,j and J Ă 3pI. Hence J Ă E1

j .
The inclusion

Ť

Aj Ă RdzE1
j follows by definition. □

Lemma 4.6. Let j P Z and J P Dj be such that 5J Ą I for some
I P IT,j. Then

∥1J rϕj,n ˚ ΠT,nfns∥qn ď C |J |1{qn Σcor
n,qn,fnpT q

Proof. This follows by applying (4.2) applied to J and restricting the
sum on the left hand side to a single term as

∥1J rϕj,n ˚ΠT,nfns∥qn ď ∥1J rϕj,n ˚ pΠT,nfn ´ fnqs∥qn ` ∥1J rϕj,n ˚ fns∥qn
ď C |J |1{qn Σcor

n,qn,fnpT q.

□

Now we can estimate the five terms in (4.4). To estimate I, we recall
that for each j P Z, there exists nj P t1, 2, 3u as in Lemma 4.4. We fix nj
to be one of them so that the three sets Nn “ tj P Z : E1

j ‰ ∅, nj “ nu

partition the subset of Z appearing in the definition of I. Then

I “ |ΛCT ,cpΠT,1f1,ΠT,2f2,ΠT,3f3q|

ď

3
ÿ

ν“1

ż

Rd

ÿ

jPNν

1pE1
j qc

3
ź

n“1

|ϕj,n ˚ ΠT,nfnpxq| dx

ď

3
ÿ

ν“1

˜

ź

n‰ν

∥MHLΠT,nfn∥qn

¸
∥∥∥∥∥ ÿ

jPNν

1pE1
j qc |ϕj,ν ˚ ΠT,νfν |

∥∥∥∥∥
qν
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where MHL is the Hardy–Littlewood maximal function. By the maxi-
mal function theorem and (4.1) from Theorem 4.3

∥MHLΠT,nfn∥qn ď C|IT |
1{qnΣcor

n,qn,fnpT q.

By Lemma 4.5 and Minkowski’s inequality∥∥∥∥∥ ÿ

jPNν

1pE1
j qc |ϕj,ν ˚ ΠT,νfν |

∥∥∥∥∥
qν

qν

“
ÿ

JPA

∥∥∥∥∥∥1J
ÿ

jPNν

ÿ

IPDjzI1
T,j

1I |ϕj,ν ˚ ΠT,νfν |

∥∥∥∥∥∥
qν

qν

ď
ÿ

JPA

¨

˚

˚

˚

˝

ÿ

jPNν

¨

˚

˚

˝

ÿ

IPDjzI1
T,j

IĂJ

∥1Irϕj,ν ˚ ΠT,νfνs∥qνqν

˛

‹

‹

‚

1{qν
˛

‹

‹

‹

‚

qν

.

By Lemma 4.4 and (4.3) from Theorem 4.3

ÿ

jPNν

¨

˚

˚

˝

ÿ

IPDjzI1
T,j

IĂJ

∥1Irϕj,ν ˚ ΠT,νfνs∥qνqν

˛

‹

‹

‚

1{qν

ď |J |
1{qn

´k0`1
ÿ

i“´k1´3d

ÿ

jPNν

sup
IPDjzI1

T,j

IĂJ

sup
ψPΨ4α

ν,j`ipξT q

∥1Irψ ˚ ΠT,νfνs∥qν
|I|1{qν

ď C|J |
1{qνΣcor

ν,qν ,fν pT q∥17IT ρ´α
J ∥8.

Summing the qνth power over J concludes the proof.
To estimate

II “ |ΛCT pΠT,1f1,ΠT,2f2,ΠT,3f3q ` ΛCT ,cpΠT,1f1,ΠT,2f2,ΠT,3f3q| ,

it suffices to apply the global paraproduct estimate Proposition 2.3 and
the Lp estimate for the phase space projection, (4.1) in Theorem 4.3.
The desired bound follows.

We move to estimate III` IV`V. Note that for n P t1, 2, 3u and
J P I1

T,j by definition of Σcor
n,p,f pT q

∥1J rϕj,n ˚ fns∥qn ď |J |1{qn Σcor
n,qn,fnpT q

and further by Lemma 4.6

∥1J rϕj,n ˚ ΠT,nfns∥qn ď C |J |1{qn Σcor
n,qn,fnpT q.

By these estimates and Hölder’s inequality
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III` IV`V ď C max
nPt1,2,3u

# ˜

ź

n1‰n

Σcor
n1,qn1 ,fn1

pT q

¸

ˆ
ÿ

jPZ

ÿ

JPI1
T,j

|J |1´1{qn ∥1J rϕj,n ˚ pfn ´ ΠT,nfnqs∥qn

+

,

from which the claim follows by (4.2) of Theorem 4.3. □

5. Proof of Proposition 2.8. Tree selection

We start by defining two auxiliary sizes that are needed to comple-
ment those in Definition 2.6.

Definition 5.1. Under the set-up of Definition 2.6, define

Σbdr,top
n,p,f pT q “ sup

PPBT
IP “IT

sup
ϕPΦ4α

n pQP q

∥ρ´α
IT

rϕ ˚ f s∥p
|IT |1{p

,

Σcor,top
n,p,f pT q “ sup

ϕPΦ4α
n,jT ´k1´5dpξT q

∥ρ´α
I rϕ ˚ f s∥p
|IT |1{p

.

We formalize the idea of greedy selection by stating the following
definition.

Definition 5.2 (Selection). Let V be a finite set of multitiles. Let T
be the family of all trees in any of the subsets of V. Let S be a positive
integer. A selection is a mapping σ : t1, . . . , Su Ñ T such that

‚ σp1q is a tree in Vσp1q “ V;
‚ σpi`1q is a tree in Vσpi`1q “ VσpiqzPσpiq for all i P t1, . . . , S´1u.

To prove Proposition 2.8, we will construct several selections over
the initial set of multitiles. We first show that selections based on top
size defined above have good orthogonality properties and as a second
step we show that convexity properties allow us to infer estimates for
main sizes of Definition 2.6 from those for the auxiliary top sizes of
Definition 5.1. There will be three different selection processes. The
first selection serves to identify the trees with large core size. The
following proposition shows that they have controlled overlap.

Proposition 5.3. There exists a constant C such that the following
holds.

Let D ą 1. Let f P L2pRdq. Let V be a finite set of multitiles and let
σ be a selection in V. Let M ą 0. Assume the following properties of
the selection.

‚ If Ii is the top cube of σpiq and if Ii`1 is the top cube of σpi`1q,
then |Ii`1| ď |Ii| for all i P t1, . . . , S ´ 1u.
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‚ For each i P t1, . . . , Su, there exists Ai P Pσpiq with 2k1`1QAi
Q

ξσpiq.
‚ For each i P t1, . . . , Su, it holds M ď pΣcor,top

n,2,f ˝ σqpiq ď DM .
Then

˜

S
ÿ

i“1

M2
∣∣Iσpiq

∣∣¸1{2

ď CD∥f∥2.

The next selection serves to remove the trees that contain a lacunary
multitile, not treated by the core size, that however happens to gives
a large contribution.

Proposition 5.4. There exists a constant C such that the following
holds.

Let D ą 1. Let f P L2pRdq. Let V be a finite set of multitiles and let
σ be a selection in V. Let M ą 0. Assume the following properties of
the selection.

‚ If Ii is the top cube of σpiq and if Ii`1 is the top cube of σpi`1q,
then |Ii`1| ď |Ii| for all i P t1, . . . , S ´ 1u.

‚ For each i P t1, . . . , Su, it holds M ď pΣbdr,top
n,2,f ˝ σqpiq ď DM .

Then
˜

S
ÿ

i“1

M2
∣∣Iσpiq

∣∣¸1{2

ď CD∥f∥2.

The third selection removes the trees whose boundaries are contribut-
ing a lot to the right hand side of Proposition 2.7. While the choice
order of the previous selections was based on metric geometry, only
using the size of the top cube, the treatise of the lacunary parts of the
trees requires us to carry out a cone decomposition and consider an
order of selection based on that.

Proposition 5.5. There exists a constant C such that the following
holds.

Let D ą 1 and let e be a unit vector orthogonal to d ´ 1 coordinate
axes. Let f P L2pRdq. Let V be a finite set of multitiles and let σ be a
selection in V. Let M ą 0. For each i P t1, . . . , Su, denote

Ci “ tξ P Rd :
∣∣ξ ´ ξσpiq

∣∣ ď 2pξ ´ ξσpiqq ¨ eu

and let µi P Mnpξσpiq, Ciq. Assume the following properties of the selec-
tion.

‚ For all i P t1, . . . , S ´ 1u, assume that ξσpiq ¨ e ě ξσpi`1q ¨ e.
‚ For each i P t1, . . . , Su, it holds M ď pΣsum

n,µi˚f
˝ σqpiq and

pΣbdr
n,2,µi˚f

˝ σqpiq ď DM .
Then

˜

S
ÿ

i“1

M2
∣∣Iσpiq

∣∣¸1{2

ď CD∥f∥2.



20 MARCO FRACCAROLI, OLLI SAARI, AND CHRISTOPH THIELE

To apply the propositions stated above, we still have to solve the
discrepancy between the definitions of sizes in Definition 2.6 and Def-
inition 5.1. This is the content of the last proposition of this section.
We need one more definition.

Definition 5.6 (Convex collection). A finite family of multitiles V is
a convex collection if for any tree T on V and

jmin “ min
PPPT

log2 |IP |
1{d

the condition j P ZX ti : jmin ď i ď jT u implies that there exist P P PT
with |IP | “ 2jd and the condition that 2k1`1QP Q ξT for some P P PT
implies 2k1`1QP 1 for a P 1 P PT with IP 1 “ IT .

For the purpose of the proof of our main theorem, the convex col-
lections are the only ones that matter. The importance of the convex
collections lies in the fact that every tree on a convex collection has a
subtree whose size is attained by one of its top multitiles.

Moreover, for a tree T we set

ΘpT q “

#

1, if there exists P P PT with 2k1`1QP Q ξT .

0, otherwise.

Proposition 5.7. Let V be a convex family. Let teδ : 1 ď δ ď 2du

be the unit vectors orthogonal to the pd ´ 1q-dimensional coordinate
hyperplanes. Let

Ce “ tξ P Rd :
∣∣ξ ´ ξσpiq

∣∣ ď 2pξ ´ ξσpiqq ¨ eu.

Let µδ,n P MnpCeδq with
2d
ÿ

δ“1

pµδ,npξq “ 1, ξ ‰ 0.

For a tree T on V, we set pµδT,npξq “ pµδ,npξ ´ pξT qnq.
Let M P Z be such that for all trees T on V

max
1ďδď2d
nPt1,2,3u

max
!

Σbdr
n,2,fnpT q,Σsum

n,µδ,nT ˚fn
pT q,ΘpT qΣcor

n,2,fnpT q

)

ď 2M{2∥fn∥2.

Then there exists a selection σ on V such that

rVM´1 “ Vz

S
ď

i“1

Pσpiq

is a convex family such that for all trees on rVM´1

max
1ďδď2d
nPt1,2,3u

max
!

Σbdr
n,2,fnpT q,Σsum

n,µδ,nT ˚fn
pT q,ΘpT qΣcor

n,2,fnpT q

)

ď 2pM´10dq{2∥fn∥2 (5.1)
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and
S

ÿ

i“1

2M
∣∣Iσpiq

∣∣ À 1. (5.2)

Auxiliary propositions for almost orthogonality. In this subsec-
tion, we prove two additional estimates that are needed in the proofs
of Propositions 5.3, 5.4 and 5.5.

Proposition 5.8. Let α ą 2d. There exists a constant C such that the
following holds.

Let j P Z, k ě 0, ξ P Rd and f P L8pRdq. Let φ P Φ4α
n,j´kpξq and I be

a cube with |I| “ 2jd. Denote by MHL the Hardy–Littlewood maximal
function. Then for all x P Rd∣∣φ ˚ pρ´α

I fqpxq
∣∣ ď CρIpxq

´αMHLfpxq.

Proof. As for j1 ď j we have ρr0,2j1
qd ě ρr0,2jqd , then for any φ P

Φ4α
n,j´kpξq and x P Rd, it holds∣∣∣ραr0,2j´kqd

pxqφpxq

∣∣∣ ď 2pj´k`vnqdρ´3α
r0,2j´k´vn qd

pxq.

We also have
ρ´α

r0,2jqd
px ´ yqρ´α

I pyq ď Cρ´α
I pxq

for all x, y P Rd. Indeed, if 2ρIpyq ě ρIpxq, this is clear, and if 2ρIpyq ď

ρIpxq, then

ρr0,2jqdpx ´ yq ě ρIpxq ´ ρIpyq ě
ρIpxq

2
.

In conclusion,∣∣φ ˚ pρ´α
I fqpxq

∣∣
“

∣∣∣∣ż
Rd

ρα
r0,2jqd

px ´ yqφpx ´ yqρ´α
r0,2jqd

px ´ yqρ´α
I pyqfpyq dy

∣∣∣∣
ď CρIpxq

´α
r2pj´k`vnqdρ´3α

r0,2j´k´vn qd
˚ pρ´α

I |f |qspxq.

This concludes the proof. □

The second auxiliary proposition is essentially a restatement of Lem-
mata 5.1, 5.2 and 5.3 in [26]. Also this estimate is needed in the proofs
of all the Propositions 5.3, 5.4 and 5.5.

Proposition 5.9. Let A1 be a positive constant and let α ą d. Then
there exists a constant A2 such that the following holds.

Let J P D. Let I Ă D be a family of cubes satisfying
ÿ

IPI
IĂI 1

|I| ď A1 |I 1|
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for all cubes I 1 and |I| ď |J | for all I P I. For each I P I, let gI P L2pRq

be given. Then∥∥∥∥∥ρ´α
J

ÿ

IPI
|I|1{2 gIρ

´α
I

∥∥∥∥∥
2

ď A2 |J |1{2 sup
IPI

∥gI∥2. (5.3)

Proof. We first prove the reminiscent inequality∥∥∥∥∥ÿ

IPI
|I|1{2 gI1DI

∥∥∥∥∥
2

ď 2Dd
a

5A1 sup
IPI

∥gI∥2

˜

ÿ

IPI
|I|

¸1{2

(5.4)

for all odd numbers D ě 3. Here the non-local cut-off functions are
replaced by sharp cut-off functions.

Fix a family I and the corresponding functions gI . Let I 1 Ă I
be finite. Let A be the sharp constant for the inequality (5.4) when
considered over all finite subfamilies of I 1. Then∥∥∥∥∥ÿ

IPI1

|I|1{2 gI1DI

∥∥∥∥∥
2

2

ď 2
ÿ

IPI1

ÿ

JPI1

DJĂ5DI

x|I|1{2 gI1DI , |J |1{2 gJ1DJy

ď 2
ÿ

IPI1

|I|1{2 ∥gI∥2

∥∥∥∥∥∥∥
ÿ

JPI1

DJĂ5DI

|J |1{2 gJ1DJ

∥∥∥∥∥∥∥
2

ď 2ADd{2 sup
IPI1

∥gI∥22
ÿ

IPI1

|I|1{2

¨

˚

˝

ÿ

JPI1

JĂ5DI

|J |

˛

‹

‚

1{2

ď 2
a

5A1AD
d sup
IPI1

∥gI∥22

˜

ÿ

IPI1

|I|

¸

.

Consequently A ď 2Dd
?
5A1. As this constant is independent of I 1

and the functions gI , the proof of (5.4) is complete.
To prove (5.3), we write

ρ´α
I ď

8
ÿ

k“1

k´α1p2k´1qI

and

ρ´α
J ď 1J `

8
ÿ

l“1

l´α1p2l`1qJzp2l´1qJ .

Set Ik,l “ tI P I : p2k ´ 1qI X p2l ` 1qJ ‰ ∅u. Then∥∥∥∥∥ρ´α
J

ÿ

IPI
|I|1{2 gIρ

´α
I

∥∥∥∥∥
2
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ď

8
ÿ

k,l“1

k´αl´α

∥∥∥∥∥∥1p2l`1qJzp2l´1qJ

ÿ

IPIk,l

|I|1{2 gI1p2k´1qI

∥∥∥∥∥∥
2

ď

8
ÿ

k,l“1

k´αl´α

∥∥∥∥∥∥1p2maxtl,ku`2qJ

ÿ

IPIk,l

|I|1{2 gI1p2k´1qI

∥∥∥∥∥∥
2

À

8
ÿ

k,l“1

2´d{2k´α´d{2l´α |p2maxtl, ku ` 2qJ |1{2
À |J |1{2 .

□

Finally, we state as a separate proposition the obvious fact that
elements of W with overlapping projections are close to each other in
the product space too, something that is a direct consequence of the
defining inequalities of W .

Proposition 5.10. Let a ě 0. Let Q,Q1 P W satisfy |Q| ě |Q1|.
Assume that for some n P t1, 2, 3u there exist

ξ P 2aQn X 2aQ1
n, η P 2aQ X Γ, ζ P 2aQ1

X Γ.

Then 2a`4Q Ą Q1.

Proof. First we note that the projection P : Γ Ñ Rd defined through
Pξ “ ξn is a bijection. This follows from the regularity of L and the
fact Γ “ tLpτ, τ, τq : τ P Rdu. Consider the metrics

distfullpξ, ηq “ inftr : η P Qpξ, rqu,

distnpξn, ηnq “ inftr : ηn P Qnpξn, rqu

The left inverse P´1 is a 2-Lipschitz mapping pRd, distnq Ñ pΓ, distfullq
following directly from the definition of the metrics. We infer that

distfullpP
´1ξ,P´1Pηq ď 2 distnpξ,Pηq,

distfullpP
´1ξ,P´1Pζq ď 2 distnpξ,Pζq

so that
distfullpP

´1Pζ,P´1Pηq ď 2a`2 diamQn.

where the diameter diam is computed with respect to dn. As |Q| ě |Q1|,
we conclude 2a`3Q X Q1 ‰ ∅ and the claim follows. □

As an immediate corollary of Proposition 5.10, we conclude that the
multitiles P P BT have all their frequency projections supported far
from the projections of the top frequency. This will imply important
L2 orthogonality properties for the sum size.

Proposition 5.11. Given P P BT with |IP | “ 2jd for some j P Z, we
have for all n P t1, 2, 3u

pQP qn Ă Rd
zQnpξT , 2

´j´k2q.
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Proof. Denote Q “ QP . By construction 2k0`1QXΓ ‰ ∅. On the other
hand, as P P BT , we know that ξT R 2k1`1Q. Set Q1 “ QpξT , 2

´j`k1{50q.
Then Q1XQ “ ∅. It follows by Proposition 5.10 that Q1

nXQn “ ∅. □

5.1. Proof of Proposition 5.3. Core size. For each i P t1, . . . , Su,
we find

ϕi P Φ4α
n,jσpiq´k1´5dpξσpiqq

such that

ci “ ∥ρ´α
Iσpiq

rϕi ˚ f s∥2, M
b∣∣Iσpiq

∣∣ ď ci ď DM
b∣∣Iσpiq

∣∣.
Let

gi “
ρ´α
Iσpiq

rϕi ˚ f s

∥ρ´α
Iσpiq

rϕi ˚ f s∥2
.

Now
S

ÿ

i“1

M2
∣∣Iσpiq

∣∣ À

S
ÿ

i“1

ci
∣∣Iσpiq

∣∣1{2
xf, ϕ̄i ˚ pρ´α

Iσpiq
giqy

ď ∥f∥2

∥∥∥∥∥ S
ÿ

i“1

ci
∣∣Iσpiq

∣∣1{2
rϕi ˚ pρ´α

Iσpiq
giqs

∥∥∥∥∥
2

.

Expanding the square and using the symmetry, we obtain∥∥∥∥∥ S
ÿ

i“1

∣∣Iσpiq

∣∣1{2
cirϕi ˚ pρ´α

IT
giqs

∥∥∥∥∥
2

2

À D2M2
S

ÿ

i“1

∣∣Iσpiq

∣∣1{2
S

ÿ

l“i

∣∣Iσplq

∣∣1{2
xρ´α
Iσplq

gl, ϕl ˚ rϕi ˚ pρ´α
Iσpiq

giqsy.

(5.5)

Let
Ai “ tl P ti, . . . , Su : supp pϕl X supp pϕi ‰ ∅u

By Proposition 5.8, for all l P Ai

ϕl ˚ rϕi ˚ pρ´α
Iσpiq

giqs ď Cρ´α
Iσpiq

MHLgi

where MHL is the Hardy–Littlewood maximal function. Using this esti-
mate, Cauchy–Schwarz inequality and the Hardy–Littlewood maximal
function theorem, we bound the right hand side of (5.5) by

CD2M2
S

ÿ

i“1

∣∣Iσpiq

∣∣ ∥∥∥∥∥ 1∣∣Iσpiq

∣∣1{2

ÿ

lPAi

∣∣Iσplq

∣∣1{2
glρ

´α
Iσplq

ρ´α
Iσpiq

∥∥∥∥∥
2

.

By hypothesis, for each l P t1, . . . , Su there exists a top multitile Al P

Pσplq with ξσplq P 2k1`1QAl
. Hence given l, j P Ai with l ą j we have

p2 supp pϕlq X p2 supp pϕjq ‰ ∅.
Therefore, we have
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p2 supp pϕlq X p2 supp pϕjq ‰ ∅ and Iσplq X Iσpjq ‰ ∅
only if

∣∣Iσplq

∣∣ Á
∣∣Iσpjq

∣∣ as otherwise Proposition 5.10 would imply

2k2`1QAl
Ą 2k1`5QAl

Ą 2k1`1QAj
Q ξσpjq,

which in turn would contradict Al P Vσplq. By the definition of selection∣∣Iσplq

∣∣ ď
∣∣Iσpjq

∣∣. Moreover, for every fixed Iσpjq there are only up to
Cpd, k0q elements l P Ai such that Iσpjq “ Iσplq, so we can conclude that
for any i P t1, . . . , Su ∥∥∥∥∥ÿ

lPAi

1Iσplq

∥∥∥∥∥
8

À 1,

hence tIσplq : l P Aiu is a Carleson family. By Proposition 5.9∥∥∥∥∥ 1∣∣Iσpiq

∣∣1{2

ÿ

lPAi

∣∣Iσplq

∣∣1{2
glρ

´α
Iσplq

ρ´α
Iσpiq

∥∥∥∥∥
2

À 1

and we have shown the claim for the sum over all i P t1, . . . , Su. □

5.2. Proof of Proposition 5.4. Boundary size. For each i P

t1, . . . , Su, we find
ϕi P Φ4α

n pQiq

where Qi “ QPi
and Pi is a top multitile of σpiq such that

ci “ ∥ρ´α
Iσpiq

rϕi ˚ f s∥2, M
b∣∣Iσpiq

∣∣ ď ci ď DM
b∣∣Iσpiq

∣∣.
Let

gi “
ρ´α
IT

rϕi ˚ f s

∥ρ´α
IT

rϕi ˚ f s∥2
.

Now
S

ÿ

i“1

M2
∣∣Iσpiq

∣∣ À

S
ÿ

i“1

ci
∣∣Iσpiq

∣∣1{2
xf, ϕ̄i ˚ pρ´α

Iσpiq
giqy

ď ∥f∥2

∥∥∥∥∥ S
ÿ

i“1

ci
∣∣Iσpiq

∣∣1{2
rϕi ˚ pρ´α

Iσpiq
giqs

∥∥∥∥∥
2

.

Fix κ P t0, . . . , 99u. Write L “ ti P t1, . . . , Su : log2 |Ii|
1{d

P κ` 100Zu.
Expanding the square and using the symmetry, we obtain∥∥∥∥∥ÿ

iPL

∣∣Iσpiq

∣∣1{2
cirϕi ˚ pρ´α

IT
giqs

∥∥∥∥∥
2

2

À D2M2
ÿ

iPL

∣∣Iσpiq

∣∣1{2
ÿ

lPL
|Il|ď|Ii|

∣∣Iσplq

∣∣1{2
xglρ

´α
Iσplq

, ϕl ˚ rϕi ˚ pρ´α
Iσpiq

giqsy.
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Let

Ai “ tl P L : l P ti, . . . , Su, supp pϕl X supp pϕi ‰ ∅u.

By Proposition 5.8, Cauchy–Schwarz inequality and the estimates for
the Hardy–Littlewood maximal function as above, it suffices to prove
a bound by constant of∥∥∥∥∥ 1∣∣Iσpiq

∣∣1{2

ÿ

lPAi

∣∣Iσplq

∣∣1{2
glρ

´α
Iσplq

ρ´α
Iσpiq

∥∥∥∥∥
2

.

Indeed, by triangle inequality we can then sum over κ P t0, . . . , 99u to
conclude the proof. By Proposition 5.9, it hence remains to show that
tIσplq : l P Aiu is a Carleson family.

Given l, j P Ai with l ą j ě i, hence
∣∣Iσplq

∣∣ ď
∣∣Iσpjq

∣∣, we have

pQjqn X pQiqn ‰ ∅, pQlqn X pQiqn ‰ ∅.
Therefore, we have

Iσplq X Iσpjq ‰ ∅
only if

∣∣Iσplq

∣∣ “
∣∣Iσpjq

∣∣ as otherwise Proposition 5.10 would imply

2k2`1Ql Ą 2k2`1Qj Q ξσpjq,

which in turn would contradict Pl P Vσplq. Therefore Iσpjq and Iσplq are
pairwise disjoint unless Iσpjq “ Iσplq. However, as above, for every fixed
Iσpjq there are only up to Cpd, k0q elements l P Ai such that Iσpjq “ Iσplq.
Hence tIσplq : l P Aiu is a Carleson family and the proof is complete. □

5.3. Proof of Proposition 5.5. Sum size. Consider an index i P

t1, . . . , Su. For θ ě 1, we define

Cipθq “ tξ P Rd :
∣∣ξ ´ ξσpiq

∣∣ ď θpξ ´ ξσpiqq ¨ eu.

Denote

aipj, θq “ Cipθq X pQnpξσpiq, 2
´j`1

qzQnpξσpiq, 2
´j

qq.

We let
Bij “ tP P Bσpiq : pQP qn X aipj, 2q ‰ ∅u.

We note that if P P Bij, then by Proposition 5.11

pQP qn Ă

j`50k2
ď

k“j´50k2

aipk, 10q.

For each P P Bij, we find ϕP P Mnpξσpiq, pQP qnq with pϕP Ă pQP qn such
that for

cP “ ∥ρ´α
IP

rϕP ˚ f s∥2
it holds

ÿ

jPZ

ÿ

PPBi
j

c2P Á M2
∣∣Iσpiq

∣∣ , cP ď DM
a

|IP |.
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Let

gP “
ρ´α
IP

rϕP ˚ f s

∥ρ´α
IP

rϕP ˚ f s∥2
if P P Bij for some i and j and gP “ 0 otherwise.

Now
S

ÿ

i“1

M2
∣∣Iσpiq

∣∣ À

S
ÿ

i“1

ÿ

jPZ

ÿ

PPBi
j

cP xf, ϕ̄P ˚ pρ´α
IP
gP qy

ď ∥f∥2

∥∥∥∥∥∥
S

ÿ

i“1

ÿ

jPZ

ÿ

PPBi
j

cP rϕP ˚ pρ´α
IP
gP qs

∥∥∥∥∥∥
2

.

By triangle inequality, we may restrict the sum over j P Z to a sum
over j P κ`1000k2Z and integer κ. For fixed κ and every i P t1, . . . , Su

we define
E iκ “

ď

jPκ`1000k2Z

Bij.

Squaring the second factor and using symmetry, we compute∥∥∥∥∥∥
S

ÿ

i“1

ÿ

PPEi
κ

cP rϕP ˚ pρ´α
IP
gP qs

∥∥∥∥∥∥
2

2

À

˜

sup
PP

ŤS
i“1 Ei

κ

c2P
|IP |

¸

ˆ

S
ÿ

s“1

ÿ

PPEs
κ

|IP |1{2
S

ÿ

l“1

ÿ

P 1PEl
κ

|IP 1 |ď|IP |

|IP 1|1{2
xρ´α
IP 1
gP 1 , ϕP 1 ˚ rϕP ˚ pρ´α

IP
gP qsy.

(5.6)

Fix s and P P Pσpsq and let

AP “

#

P 1
P

ď

jď0

Bsjσpsq`1000j : supp pϕP X supp pϕP 1 ‰ ∅

+

.

By Proposition 5.11, we may apply Proposition 5.8 to bound

ϕP 1 ˚ rϕP ˚ pρ´α
IP
gP qs À ρ´α

IP
MHLgP .

By Cauchy–Schwarz inequality and the Hardy–Littlewood maximal
function theorem as above, we hence obtain

ÿ

P 1PAP

|IP 1 |1{2
xρ´α
IP 1
gP 1 , ϕP 1 ˚ rϕP ˚ pρ´α

IP
gP qsy

À
ÿ

P 1PAP

|IP 1|1{2
xρ´α
IP
ρ´α
IP 1
gP 1 ,MHLgP y

À

∥∥∥∥∥ ÿ

P 1PAP

|IP 1 |1{2 ρ´α
IP
ρ´α
IP 1
gP 1

∥∥∥∥∥
2

À |IP |1{2 ρIP pRd
zIσpsqq (5.7)
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where the last inequality followed by Proposition 5.12 below, the fact
that for every fixed IP there are only up to Cpd, k0q elements P 1 P AP

such that IP “ IP 1 , and Proposition 5.9.

Proposition 5.12. Assume that L P σplq, H P σphq and L,H P AP .
Assume additionally that |IH | ă |IL| ă |IP |. Then

IL X IH “ ∅, pIL Y IHq X IP “ ∅.

Proof. Because L,H P AP ,

pQLqn X pQP qn ‰ ∅, pQHqn X pQP qn ‰ ∅.
As 22000k2 |IH | ď 21000k2 |IL| ď |IP |, this implies by Proposition 5.10

ξσpsq P 2k2`1QP Ă 2k2`1QL Ă 2k2`1QH . (5.8)

Further,
alpj, 10q X ahpj1, 10q ‰ ∅

with j1 ď j ´ 10k2 only if ξσplq ¨ e ą ξσphq ¨ e. Hence s ă l ă h and the
claim follows by (5.8) as otherwise it would contradict L P Vσplq and
H P Vσphq. □

Applying the estimate (5.7) to the second factor on the right hand
side of (5.6), we obtain

S
ÿ

s“1

ÿ

PPEs
κ

|IP |1{2

∥∥∥∥∥ ÿ

P 1PAP

|IP 1 |1{2 ρ´α
IP
ρ´α
IP 1
gP 1

∥∥∥∥∥
2

À

S
ÿ

s“1

ÿ

PPPσpsq

|IP | ρ´α
IP

pRd
zIσpsqq À

S
ÿ

s“1

∣∣Iσpsq

∣∣ 8
ÿ

k“0

k2´k
À

S
ÿ

s“1

∣∣Iσpsq

∣∣ .
This concludes the proof. □

5.4. Proof of Proposition 5.7. Recursion. To streamline the lan-
guage, we introduce the following definition.

Definition 5.13 (Admissible tree). Let V be a finite subset of multi-
tiles. A tree T “ T pξ, I0,Vq is said to be n-admissible with respect to
boundary size if

Σbdr
n,2,fnpT q ď Σbdr,top

n,2,fn
pT q.

It is said to be be n-admissible with respect to core size if

Σcor
n,2,fnpT q ď Σcor,top

n,2,fn
pT q.

Proposition 5.14. Let N,N 1 ą 0. The family of multitiles

V “ tP : QP P WN , IP Ă r´N 12N , N 12N s
3ˆd

u

with W in Proposition 2.2 is a convex collection. If σ is a selection on a
convex collection, then Vσpiq is a convex collection for all i P t1, . . . , Su.

Proof. Clear. □
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Now we can proceed to the actual proof. We define the selection on
V as follows. For notational purposes, we set Iσp0q “ Rd, Pσp0q “ ∅ and
Vσp0q “ V . Finally, without loss of generality and only for notational
convenience, assume ∥fn∥2 “ 1 for all n.

Suppose σpi ´ 1q has been defined. A tree T is called X-tree if it
holds XpT q ě 2pM´10dq{2 for some size X. We first define the selection
by choosing repeatedly Σcor,top

n,2,fn
-trees with n “ 1 such that trees with

larger top cubes are chosen first, only admissible trees are chosen and
only trees T with ΘpT q ‰ 0 are chosen. We denote by sn the number
of steps at which we reach the last tree chosen. This number is finite
as there are only finitely many multitiles in the original collection V .

We replace V with VσpsnqzPσpsnq. We repeat the same process with
X replaced by Σcor,top

n,2,fn
first with n “ 2 and then with n “ 3. This way,

we create three selections. The first of them is σ1 on V . The second
one is σ2 on Vσps1qzPσps1q and the third one is σ3 on Vσps2qzPσps2q. By
Proposition 5.3, each of these selections satisfy (5.2). Set

V1 “ Vz

3
ď

n“1

sn
ď

i“sn´1`1

Pσpiq.

A tree T on V1 is either inadmissible or satisfies

ΘpT qΣcor,top
n,2,fn

pT q ď 2pM´10dq{2.

For admissible trees the latter condition is the desired size bound. On
the other hand, if an inadmissible tree violates the size bound, then
by convexity of the reference family it contains an admissible subtree
violating the size bound. But this possibility was just ruled out. This
concludes the treatise with respect to the core size.

We repeat the same selection process with Σbdr,top
n,2,fn

instead of ΘΣcor,top
n,2,fn

and this gives us three more selections σ4, σ5 and σ6 and a family V2

such that the trees in selections satisfy (5.2) by Proposition 5.4 and by
the argument as in the case of the core size also the size bound is valid.

It remains to treat the sum size. Let teδ : 1 ď δ ď 2du be the
unit vectors orthogonal to the pd ´ 1q-dimensional hyperplanes. Let
µδ,n P MnpCeδq with

2d
ÿ

δ“1

pµδ,npξq “ 1, ξ ‰ 0.

For a tree T on V2 or any of its subfamilies, we set pµδT,npξq “ pµδ,npξ ´

pξT qnq. We run the selection choosing trees T such that

Σsum
n,2,µδ,n˚fn

pT q ě 2pM´10dq{2

so that ones with maximal eδ ¨ pξT qn are chosen first. Again, we repeat
this process for each n and each δ. Each of the 6d-selections satisfy the
hypotheses of Proposition 5.5, and the trees not chosen satisfy (5.1).
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Collecting the trees in all of the selections constructed so far, we obtain
the family TM and the proof is complete. □

5.5. Conclusion of the proof of Proposition 2.8. Because the fam-
ily of multitiles V in the hypothesis of the proposition is finite, there
exists M such that the hypothesis of Proposition 5.7 holds. The claim
except for (2.5) follows by induction.

To prove (2.5), we first note that for any tree T and any p P r1,8s

Σcor
n,p,fnpT q ` Σbdr

n,p,fnpT q ď Cpdq∥fn∥8

is obvious. It remains to bound the sum size.
Let η be a smooth function with η Á 1IT and supp pη Ă Qn˚

p0, 2´jT q.
Let tφP P Φ4α

n pQP q : P P BT u be functions to almost achieve the supre-
mum in the definition of the sum size. First, we note

ÿ

PPBT

∥1IP rφP ˚ p1Rdz3IT fnqs∥22

À ∥fn∥8

ÿ

PPBT

|IIP | ρ´α
IP

pRd
z3IT q À |IT | ∥fn∥8.

Second, we note

ÿ

PPBT

∥1IP rφP ˚ p13IT fnqs∥22 À

k2
ÿ

k“k1

ÿ

jďjT

∥1T rφj,k ˚ p13IT fnqs∥22 (5.9)

for a family of sequences ttφj,k P Ψ4α
n,j´kpξT q : j ď jT u : k P tk1, . . . , k2uu.

Without loss of generality we fix k and we drop it from notation. For
terms with jT ´ j ď 100, we estimate

∥1T rφj ˚ p13IT fnqs∥22 À |IT | ∥fn∥8

as in the cases of core and boundary sizes. For terms with jT ´ j ą 100
we note that

rRd
zQnpξT , 2

´j`k´100
qs Ą psupp pη ` supp pφjq Ą suppppη ˚ pφjq.

Consequently it holds suppppη ˚ pφjq X suppppη ˚ pφj1q “ ∅ whenever
|j ´ j1| ě 100, and

ř

jăjT ´100 pη ˚ pφj is a Mikhlin multiplier with bounds
only depending on the dimension.

We bound each inner sum in (5.9) by

ÿ

jăjT ´100

∥ηrφj ˚ p13IT fnqs∥22 À

100
ÿ

l“1

ÿ

jPl`100Z
jăjT ´100

∥ηrφj ˚ p13IT fnqs∥22

À

100
ÿ

l“1

∥∥∥∥∥∥∥η
ÿ

jPl`100Z
jăjT ´100

rφj ˚ p13IT fnqs

∥∥∥∥∥∥∥
2

2

À ∥13IT fn∥22
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where the last step followed by the Mikhlin multiplier theorem. The
claim then follows. □

6. Proof of Proposition 2.2. Tensorized model form

By dominated convergence, there exists N 1 “ N 1pd, α, ε, k0, fn, Nq ą

0 such that for the finite subset of multitiles V “ tP : QP P WN , IP Ă

r´N 12N , N 12N s3ˆdu we have∣∣∣∣∣ ÿ

QPWN

ż

Rd

3
ź

n“1

rϕQ,n ˚ fnpxqs dx

∣∣∣∣∣
ď 2

∣∣∣∣∣ÿ

PPV

ż

Rd

1IP pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx

∣∣∣∣∣ .
Consider the families of trees TM as in Proposition 2.8. By triangle

inequality, we get an upper bound by
ÿ

MPNYt´8u

ÿ

TPTM

∣∣∣∣∣ ÿ

PPPT

ż

Rd

1IP pxq

3
ź

n“1

rϕP,n ˚ fnpxqs dx

∣∣∣∣∣ .
By Proposition 2.7, we get an upper bound by

ÿ

MPNYt´8u

ÿ

TPTM

|IT |

˜

Σbdr
n˚,8,fn˚

pT q
ź

n‰n˚

Σsum
n,fnpT q `

3
ź

n“1

Σcor
n,qn,fnpT q

¸

,

(6.1)
where the second summand in brackets appears if and only if PT zBT ‰

∅, i.e. if there exists P P PT with 2k1`1QP Q ξT .
By log-convexity and (2.5) from Proposition 2.8, we have

Σcor
n,qn,fnpT q À Σcor

n,2,fnpT q
2{qn , Σsum

n,fnpT q À Σsum
n,fnpT q

2{qn .

By the local Bernstein’s inequality (see e.g. Proposition 1.2 in [10])

Σbdr
n,8,fnpT q À 2dvn{2Σbdr

n,2,fnpT q, Σcor
n,qn,fnpT q À 2dvnp1{2´1{qnqΣcor

n,2,fnpT q.

In addition, we know by Proposition 2.8 that for all n P t1, 2, 3u and
T P TM

Σbdr
n,2,fnpT q À mint1, 2M{2∥fn∥2u,
Σsum
n,fnpT q ď 2M{2∥fn∥2,

Σcor
n,2,fnpT q À 1.

Moreover, if there exists P P PT with 2k1`1QP Q ξT we also have

Σcor
n,2,fnpT q ď 2M{2∥fn∥2.

Recalling that there is n˚ such that vn˚
“ 0, we hence bound (6.1) by

ÿ

MPNYt´8u

ÿ

TPTM

|IT |mint1, 2M{2∥fn˚
∥2u

ź

n‰n˚

2M{qn∥fn∥2{qn
2



32 MARCO FRACCAROLI, OLLI SAARI, AND CHRISTOPH THIELE

À
ÿ

MPNYt´8u

mint2´M{qn˚ , 2Mp1{2´1{qn˚ q∥fn˚
∥2u

ź

n‰n˚

∥fn∥2{qn
2

À

3
ź

n“1

∥fn∥2{qn
2

where the first inequality used (2.6) from Proposition 2.8. This con-
cludes the proof of Proposition 2.2. □

7. Proof of Theorem 1.1

The integral
ż

R3ˆd

δ0pξ1 ` ξ2 ` ξ3q pf1pξ1q pf2pξ2q pf3pξ3qmpL´1ξq dξ (7.1)

is absolutely convergent for Schwartz functions f1,f2 and f3. Approx-
imating m with a symbol supported in a compact set not meeting
tpτ, τ, τq : τ P Rdu, we conclude by the Lebesgue dominated convergence
theorem, boundedness of m and absolute convergence of the integral
that it suffices to assume m is compactly supported.

By multilinear interpolation [15], it suffices to prove a bound for the
integral (7.1) by

C
3

ź

n“1

∥fn∥qn

when fn “ 1En for a measurable sets En of finite measure and C is a
constant independent of all En and m. Because m is assumed to be
compactly supported, the integral (7.1) is absolutely convergent even
with fn “ 1En . By standard convolution approximation and dominated
convergence theorem, we see that it suffices to bound the integral (7.1)
by

C
3

ź

n“1

|En|1{qn

whenever fn is a smooth function with

∥fn∥8 ď 2, ∥fn∥2 ď 2 |En|1{2 .

Indeed, the convolution mollification converges in all Lp norms with p
finite, in particular with p P t2, qnu. We see that for each n P t1, 2, 3u

the function fn satisfies the assumptions on Proposition 2.2.
Next we form a Whitney type decomposition of R3ˆdzΓ. For each

ξ P R3ˆdzΓ, set

rξ “
3

4
inftr ą 0: Qpξ, rq X Γ ‰ ∅u,

where Qpξ, rq Ă R3ˆd is the open rectangular box defined in Section 2.
Let

A “ tQpξ, rq : r “ 2´k0rξu.



UNIFORM BOUNDS 33

We let W be a maximal pairwise disjoint family of Q P A such that
QXr´2N , 2N s3ˆd ‰ ∅, where N ě 100 is an integer such that suppm Ă

L´1pr´2N , 2N s3ˆdq. It is clear that for each fixed k ď k0

t2kQ : Q P Wu

has bounded overlap. Note that

suppm Ă L´1

˜

ď

QPW
5Q

¸

.

For Q P W , we denote Qn “ tξn P Rd : ξ P Qu. Let tηQ : Q P Wu

form a partition of unity adapted to W , meaning that for each Q P W
the smooth function ηQ ě 0 is supported in 6Q and satisfies the bounds

|Bγ11 B
γ2
2 B

γ3
3 ηQpξq| ď Cγ |Q1|´|γ1|{d |Q2|´|γ2|{d |Q3|´|γ3|{d

for constants Cγ only depending on γ “ pγ1, γ2, γ3q P N3ˆd.
Let χQ,n be a smooth function with

17Qn ď χQ,n ď 18Qn , |BγχQ,npτq| ď Cγ |Qn|´|γ|{d

for all γ P Nd and |γ| ď 100d. Let χQpξq “ χQ,1pξ1qχQ,2pξ2qχQ,3pξ3q for
ξ P R3ˆd.

Let AQ be a linear mapping sending 7Q´ PpξQq into r0, 2πq3ˆd and
such that AQpr8Q ´ PpξQqsqzp´2π, 2πq3ˆd ‰ ∅, where ξQ is such that
Q “ QpξQ, rq and P is the orthogonal projection of R3ˆd onto Γ. Such
a matrix is of block form AQ “ AQ,1 ‘ AQ,2 ‘ AQ,3. We expand as a
Fourier series

mQpL´1ξq – ηQpξqmpL´1ξq “ χQpξq
ÿ

kPZ3ˆd

aQ,k

3
ź

n“1

e2πikn¨Anξn

so that m “
ř

QPW mQ.
Denote mQ,k,npL´1

n ξnq “ χQ,npξnqe2πikn¨Anξn and ak “ supQPW |aQ,k|.
For the function ϕQ,k,n defined by

pϕQ,k,npτq “ p1 ` |kn|q´4αmQ,k,npL´1
n τq

we have cϕQ,k,n P Φ4α
n pQq up to a bounded multiplicative constant c

independent of Q, k, and n.
Now we can write∣∣∣∣ż

R3ˆd

δ0pξ1 ` ξ2 ` ξ3q pf1pξ1q pf2pξ2q pf3pξ3qmpL´1ξq dξ

∣∣∣∣
ď

ÿ

kPZ3ˆd

|ak|

∣∣∣∣∣ ÿ

QPW

ż

R3ˆd

δ0pξ1 ` ξ2 ` ξ3q
3

ź

n“1

mQ,k,npL´1
n ξnq pfnpξnq dξ

∣∣∣∣∣
À

ÿ

kPZ3ˆd

|ak| p1 ` |k|q12α
∣∣∣∣∣ ÿ

QPW

ż

Rd

3
ź

n“1

rϕQ,k,n ˚ fnpxqs dx

∣∣∣∣∣ .
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By Proposition 2.2, this is bounded by

C
3

ź

n“1

|En|1{qn
ÿ

kPZ3ˆd

|ak| p1 ` |k|q12α.

By smoothness of the symbol m and the upper bound on α, we know
|ak| ď C |k|´12α´3d´1, and hence the proof is complete. □
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