PHASE SPACE LOCALIZING OPERATORS
MARCO FRACCAROLI, OLLI SAARI, AND CHRISTOPH THIELE

ABSTRACT. We construct phase space localizing operators in all
dimensions. These are frequency localized variants of the condi-
tional expectation operator related to a dyadic stopping time. Our
construction is an improvement over the so-called phase plane pro-
jections of Muscalu, Tao and the third author in one dimension.
The motivation for such operators comes from time-frequency anal-
ysis. They are used in particular to prove uniform estimates for
multilinear modulation invariant operators.

1. INTRODUCTION

Given a dyadic cube U and a finite partition P of U into smaller
dyadic cubes, the corresponding conditional expectation operator is the
orthogonal projection in L?(U) onto the subspace of functions mea-
surable with respect to the sigma algebra ¥p generated by P. The
conditional expectation g of a function f € L?(U) can be written as

9= Arf, (1.1)

IeP

Af@) = 1) | S (12

The conditional expectation g satisfies
Al(f=g9)=0 (1.3)

whenever a dyadic cube [ is in ¥p and
l;g—Arg=0 (1.4)

whenever [ is not in X p. If we define

Si= sup | Arf oo, (1.5)

then the conditional expectation ¢ satisfies

lglle < S. (1.6)
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In the context of Fourier analysis, the sharp cutoffs in the definition
of A; destroy frequency information and are undesirable. Instead of A;
as above, one works with phase space localized operators of the type

Arf = pr® x (o = f)- (1.7)

Here p; is a weight growing with relative distance to I, a > 0 is suffi-
ciently large, and ¢ is a convolution kernel whose Fourier transform
is supported in the ball of radius |I|~! about the origin. There is long-
standing interest in constructing operators with similar properties as
the conditional expectation but based on the smoother operators (1.7).
The obvious attempt to define a map from f to g as in (1.1) but with
the operators A; as in (1.7), an operator that is sometimes used in
similar context, for example in slightly modified form in [2], fails for
our purpose. Such a map does not satisfy strong enough replacements
for (1.3), (1.4), (1.5) and (1.6).

The purpose of the present paper is to construct in Theorem 1.1 a
function g based on a partition P and a function f so that suitable
modifications of (1.3), (1.4), (1.5) and (1.6) hold, namely, in this or-
der, (1.10), (1.11), (1.8) and (1.9). In place of unrealistically strong
vanishing properties as in (1.3), (1.4), one has very strong estimates
(1.10) and (1.11) in terms of estimates at least as strong as Carleson
measure estimates. Such Carleson measure estimates are also called
sparseness or outer L®(¢') bounds ([4], [5]) in different parts of the
literature. Note that we allow for a ratio 2™ between |I| and the scale
of ¢ in (1.7). Uniformity of our estimates in the parameter m is im-
portant for applications to uniform estimates for multilinear forms. A
precedent and motivating example for our phase space localizing oper-
ators appears as so-called phase plane projections in [14] in dimension
d = 1. We generalize the result to higher dimensions, simplify the
construction, and strengthen the statement.

To state the main result in detail, we fix a dimension d > 1. For
a finite axis-parallel cube I < R? and r > 1, let rI denote the axis-
parallel cube with the same center but r times the side length. Define
for a point y € R? and a Borel set F' < R the mollified distance

pr(y) = inf{r > 1y e 2r— DI}, pr(F) = infpr(y).

For an integer j and a real number a > d, let ®% be the set of continuous
functions ¢ on R? with

6] < 279 ppa

and ngS(f) = 0 if [¢| = 277, where the Fourier transform is defined as

~

36 = | wlae et

Let W% be the set of functions ¢ € ®¢ with @Z(f) =0 for |£] < 27972,
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For j € Z and k € Z%, let Q;1x be the dyadic cube consisting of all
points y € R? with y,, € [27k,, 27 (k, + 1)) for 1 < n < d, where y, and
k, are the components of y and k respectively. Let D; be the set of
cubes Q; 1 with k € Z%. Let D = UjeZ D; be the set of all dyadic cubes.
For a finite collection M of pairwise disjoint cubes contained in a cube
U, let My be the set of cubes J € D such that there exists I € M with
IcJcU.

Theorem 1.1 (Main theorem). Let 1 < p < o0 and 1/p+ 1/p’ = 1.
Let o > d be real. There exists C = Cp 44 > 0 such that for allm e N
the following holds.

Let ig € Z and U € D,,. Let M be a finite non-empty collection
of pairwise disjoint cubes contained in U. There exists a linear map-
ping sending each locally bounded measurable function f on R? with
| fp®llo < o0 to a Borel function g supported in 5U with the following
properties. Denote

Sesp sp s 29l (1)
i€Z IEDi('\MU ¢>e<1>‘.1a

i—m—2

Then
lgll, < C52°%P, (1.9)
and for every j < 1y and every J € D; it holds
ST sup 2| (f - g)ll, < OS2, (L10)
i<io [ED;n My $€®%,,

IcJ

and if no J' € D; with p;(J') <1 contains an element of My, it holds

sup  sup 277 p % e g, < CS|lups . (111)

i< 1D\ yewe,

To emphasize dependence on parameters, denote the quantity in
(1.8) by S, . One obtains estimates similar to (1.9), (1.10) and (1.11)
with S, , replaced by Ss, with different parameters by using the fol-
lowing easy proposition.

Proposition 1.2. Let 1 < p,q < w0 and o > d. There exists C > 0
such that the following holds. Let i, U, M f, m as in Theorem 1.1.
If p < q, then

Sorra2)p < CSag. (1.12)

qp

If ¢ < p, then
Sap < CSLP| fo® (5 (1.13)

and
Sew < C298,, 1. (1.14)
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The estimate (1.13) loses control in the size by virtue of the power
q/p and is thus more useful for ¢/p close to one. The estimate (1.14)
loses uniformity in the parameter m and is more useful for small values
of m. Using Proposition 1.2 together with Theorem 1.1, we recover all
the estimates that one might want to infer from Proposition 7.4 of [14].
We emphasize that the square sum term in the definition of the size in
that paper is not needed to estimate the phase space localization errors
in Theorem 1.1.

Concerning the technical aspects of the present paper, our construc-
tion starts with a telescoping sum involving characteristic functions of
cubes as in [14]. We then correct the jump discontinuities appearing in
the construction with a family of coronas based on smooth restrictions
of certain primitives of Littlewood—Paley pieces. The correction part
constructed here is different from that in [14] and more amenable to
our setup. It provides vanishing of higher moments, which is needed
when d > 1. It also provides control over derivatives of the phase space
projection, which is needed to prove (1.11) when d > 1. As a conse-
quence, we can treat general trees with a unified construction without
distinguishing lacunary and non-lacunary trees as in [14]. In dimension
d = 1, our construction provides a simple and streamlined substitute
to [14].

Concerning applications of our main theorem, we recall that the
precedent for our main theorem, the one-dimensional phase plane pro-
jections appearing in [14], was used to prove uniform estimates for mul-
tilinear singular integrals with modulation invariance. In such modula-
tion invariant setting, one typically conjugates a Theorem like 1.1 with
modulations. In more detail, one applies the theorem to the functions
M_, f, where the modulation M, is defined by

M, f(x) i= f(x)e?mion.

Let g1 and go be obtained by applying the theorem to M_,, f and
M_,, f respectively with possibly different collections of cubes . If n
and 7y are sufficiently far from each other, measured in terms of the
geometry of the cubes, then M, g, and M,, g, are almost orthogonal to
each other thanks to the good frequency localization in Theorem 1.1.
This is crucial in the application to modulation invariant operators.
In the companion paper [6], we use Theorem 1.1 to obtain uniform
bounds for multilinear singular integrals with modulation symmetries
in the plane and space.

For further background on related uniform bounds in d = 1, we refer
to [17], 7], [10], [12] and [18] for uniform bounds for bilinear Hilbert
transforms in various regions of exponents and to [13], [8], [1], [11] and
[16] on bilinear multipliers closely related to uniform bounds for the
bilinear Hilbert transform. We also point out that the classical dyadic
conditional expectation is used similarly together with Walsh—Fourier
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modulations in the context of Walsh models for multilinear singular
integrals; see for example [15] and [9]. Finally, we mention that phase
plane projections in time-frequency analysis are not only utilized for
establishing uniform bounds; see [3| for an application to vector valued
estimates.
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2. CONSTRUCTION OF THE PHASE SPACE PROJECTION

Let @ > d. The letter C' will denote a sufficiently large positive
number that may be implicitly re-adjusted from inequality to inequality
and that may depend on o and d. We denote the Lebesgue measure of
a measurable set E by |E|. For a multi-index [ € N4, we denote

d

d
=D, =],
n=1

n=1

and for k,1 € N¢, we write k <[ if k, <, forall 1 <n <d.

Let m € N. By dilation and translation that observe the dyadic grid,
it suffices to prove Theorem 1.1 for iy = 0 and U the unit cube [0, 1),
a normalization that we henceforth assume. Let M and f be given as
in the theorem. Define for j € Z

T=My, T)=TnD; E=|]JT}.
Define further for an integer k£ > 1
T} = {IeD;:p/(E)) <k}, Ej=|]T},
and for an integer k£ > 0
BY = TFNT).
Define FF to be RY\E¥.
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Let 7 be a Schwartz function on R such that 7(¢) = 0 if |¢| > 2 and
7(&) = 1if |¢] < 1. Consider the approximation of unity formed by the
family of convolution kernels

7i(x) = 27907 (279 ).
For the purpose of telescoping, define the difference kernels
Y =Ti1 — T
We observe ¢;(€) = 0 if |¢] = 2277 or |¢| < 279,
2.1. Cone decomposition. We decompose 1; using the open cones
On = {€ e R?: 2d|&.[* > ¢}

for 1 < n < d. Any point & € R? not covered by any of the cones
satisfies

d d
dlgP? = D [E)P = ] 2d|&,)* = 2d|¢P,
n=1 n=1

and thus £ = 0. It follows that there is for each n a smooth function
Xn With X, (€) = 0 if £ ¢ O,, such that

2 X\n(f) =1

if 1 <[] < 4. Define
Xnj(T) = 2795, (27792),  ny = Ui * Xy

In particular, we observe

d
1/Jj = Z ¢n,j-
n=1

2.2. Construction. The function ¥,, vanishes on the set 2d|¢,|> < 1.
Hence we find Schwartz functions 6, ; that satisfy

d+1
an Hn,j = ¢n,j'

The function é\mj has the same support as "@n,j, in particular gn,j =0
unless 277 < €] < 2277, Let s be a smooth function mapping R? to
[0,0) with k(z) = 1 for |z| < 271 and k(z) = 0 for |z| = 27°. For
j€Z and j <0, we set kj(x) = 279%%;(277x). Define

Ong = (gt + Kjom * > 1) X (Onjom* ). (2.1)

1€D;_p—3,p1(E})<2

The function o, ; is supported on the set of points which have positive
distance at most 27! from Ejl, in particular it is supported on EJ2
and vanishes on Ej.

The following lemma follows immediately from the construction.
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Lemma 2.1. For each non-positive j € Z, 1 < n < d, the function
Gn,j = (en,jfm * f)(il')lE]l + On,j (22)

is infinitely differentiable in R?. For a multi-index B € N?, one has for
almost almost every x

"G j(x) = (0" 0njmm * ) (@)L () + 0700 5(2), (2.3)
where 0P, ; is the classical derivative at points outside the boundary

of E]1 and remains undefined at points of the boundary of Ej1

Define
Gn,j = 5d+1Gw~. (2.4)

X = Kom * Z 1]7

IeD__3,pr (EY)<2

Finally, we set

so that x(z) =1 for z € E} and x(z) = 0 for all z € F?.
Define

d
9= (Tom = X+ D D nj- (2.5)
n=175<0
In particular, g is zero outside HU.
We note for later use that

Pn.; € CUL

(2.
Jj—2 (2

0'0,,,; € CPTIDge, 1) < 3d + 3, (2.
|0l < C271 1| < 3d + 3, (2.

for some C depending on the above choices of the Schwartz functions.
We shall assume these functions are chosen so as to nearly minimize
this C, hence C' can be considered depending only on d and «.

3. PROOF OF INEQUALITY (1.9)

The construction of g was independent of p. To avoid notational
differences between finite and infinite p in this section, we shall assume
1 < p < w0 and prove bounds uniformly in p. The case p = o then
follows by a limiting process as p tends to oo.

We begin the proof of (1.9) by writing

d



8 MARCO FRACCAROLI, OLLI SAARI, AND CHRISTOPH THIELE

with
hi= (Tom* )X + 2 (¥jm g, (3.1)
J<0
k= > 0% 0, (3.2)
§<0

By the triangle inequality, it suffices to prove ||A||, < C'S and ||k,], <
CS for each n separately. We begin with h.

Definition 3.1. Let j <0 be an integer. We define Z; to be the set of
dyadic cubes in D; which are contained in EY , but not contained in

f Jj+1
E;. We setT = U

z<0

Lemma 3.2. The family T partitions E;.

Proof. Let z € E}. By nesting of the sets E]1 and finiteness of M, there
is a minimal j < 0 such that x € EJIJrl The cube I € D; containing x
is then in Z;. Hence Z covers Ej.

To see that the cubes in Z are pairwise disjoint, assume to get a
contradiction that I < J for some : < j < 0 and [ € Z; and J € Z;.
Then I < Ej,, and thus I ¢ E}. By the dyadic structure, J E1

This contradlcts the choice of J. D
Lemma 3.3. Let I €Z. Then
|h1]l, < CS|T|VP. (3.3)

Proof. Fix i <0 and I € Z;. As I < E}, | but I is disjoint from E}, we
have by telescoping

hl[ = (Ti+1 m ¥ f)l]
Moreover, there is a K € T).; with px () < 2. We have

Tit+1—m € C(I)4a

1—m)

and thus by the definition of S in (1.8),
||h’1[”]7 < CHpK(Ti_;_l_m * f)HP < 0522‘1/10
O

As 7 is a partition of E} = 3U by Lemma 3.2 and as h is supported
on 3U, we obtain with Lemma, 3.3

Il < Yt < €5y 2 < 08
IeT Iel

This completes the proof of the bound for h.
It remains to prove the bound for k,,. Note that aﬁ“am is supported
in | B}

Lemma 3.4. For eachi <0, 1 <n <d, I € B} and each multi-index
Il € N% with |I| < 2d + 2 it holds

1170042 < CcPart=—m@Hi=lihgr 1|, (3.4)
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E; = Z 1;.

IED; _pm—3,p1(E})<2

Proof. We define

We apply the Leibniz rule in the interior of I to estimate the left hand
side of (3.4) by

3 L 10" (15, * i) (@) [P0 (O + f) ()P d.

l1+1lo=1

We estimate
L1 (2)[0" (1, * Ry () < 220111 ()

by a rescaled version of (2.9). Using the control (2.8) on 020, ; ,, we
see that

f 0% Onim = N[ dy < Crrmmerizithsr,
I

where we also used the definition of S for a cube J € T? with p,;(I) < 2.
This concludes the proof of the lemma. O

Lemma 3.5. For 1 <n <d and k, from (3.2), it holds
|knllp < CS. (3.5)
Proof. We estimate

el < D Y L0 ol < D > PSP

i<0 JeB} 1<0 JeB}

where we applied Lemma 3.4 with |[| = d + 1. To conclude (3.5), it
now suffices to show that the cubes in | J,, B} are pairwise disjoint
and contained in 3U. Containment in 3U is clear by definition. To see
disjointness, first note that the cubes in B} are pairwise disjoint for
each i. Now let i < k < 0 and assume J € B} and K € B} with J c K.
Then there is a point x in the closure of EY such that p;(z) < 1.
But then pg(z) < 1 and z must be in the closure of E?, which is a
contradiction to K € B}. This proves disjointness and completes to
proof of the lemma. Il

4. PROOF OF INEQUALITY (1.10)

In this section, we fix 1 < p < oo. In particular, notation in this
section applies to p = o0 as well.

We begin with a preparatory lemma that allows us to commute a
weight past certain convolution and truncation operators. Let 1p de-
note the characteristic function of a set F'.

Lemma 4.1. For all i € 7Z, all finite cubes I € D;, all Borel sets
F c R?, all functions ¢ with

[p(a)] < 20 ppg gi-mpa(z) ',
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and for all functions g in LP(RY), we have

lpr (¢ = (1rg))llp < Cllor *gllopr(F) 7. (4.1)

We remark that given & < 0 and ¢ € the function 2*9¢
satisfies the assumption of the lemma.

i—m+k>

Proof. By simultaneous translation of I, F', and g, if necessary, we
may assume that [ contains the origin. Let J € D be a cube in D;_,,
containing zero, so that

|¢| < Oz(m—i)dp;4a.

For every = € R, we estimate

1976 = (Lpg)) ()| < C2 f P (@) p5 e (2 — )1 (y) 9] () dy

(4.2)
For |y| = 2|z|, we estimate

pr(z) =1, ps(z—y)=Cpr(y).

For |y| < 2|z|, we estimate

ps(x—y) =1, pr(z) = Cpr(y).
We thus obtain for (4.2) an upper bound by

Com-d f 7% — ) (07> L) () (07 191) () dy

Using Young’s convolution inequality and the uniformly bounded L!
norm of 2(m_i)dp;a, one obtains the lemma. U

We write almost everywhere

d
f — g = (T—m + Z % -m 1F1 - Z ad+10_n]’ (43)

7<0 n=1

which follows from

f=(r_m= —1-2% —m* [,

J<0

d
9= (Tm* XA+ D (Wjom = Pl + D 0 0w
n=1

j<0
Lemma 4.2. For all integers i < j <0 and all I € T), we have
o7 Gicm + ((Tom + £)(1 = X))Hp < CSpi(Fy) ™, (4.4)

107 Gim * (gm = P)Lp)llp < OSP Py (FF)~2,
1072 Gim * (00 0 ) |, < CS2UPpy(F) 72 (4.6)
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The right-hand sides of both of the inequalities (4.5) and (4.6) are
bounded by

KeBY

Proof. We begin with (4.4). As 1—Yy is supported in Fy, we use Lemma
4.1 with ¢;_,,, € ®¢°, and then I < U to estimate the left-hand-side of
(4.4) by

Cor(Fy) *lpr*(m=m = Py < Cor(Fe) >Nl pg™ (7=m * )l-

With the definition of S, using the control (2.6) of 7_,, and U € T', this
proves (4.4).

To estimate the left-hand-side of (4.5), choose a cube J € D, that
contains /. Using Lemma 4.1 as above, we estimate the left-hand-side

of (4.5) by

Cor(F}) o7 Wjmm = Nl < Cor(F) 75 (e * )l

Using the control (2.7) of ¢;_,,, and J € T, this proves (4.5).
As 0,5 is supported in E} n F}, we estimate the left hand side of
(4.6) again with Lemma 4.1 by a constant multiple of

pr(F)) ™ pr® D k0t oyl < CSpr(F)) 7229 " sup pr* ().
KeB! KeB! vek

In the last inequality, we used equation (3.4) from Lemma 3.4 and that
each K € Bj is contained in F}. This proves (4.6), because i < j and

thus for every integer n > 0 there are at most C(1 + |n|)4! cubes
K € Bj such that

In| + 1 < inf pr(z) < [n| +2,
zeK

and thus

Kep! T€K nez

We turn to showing the upper bound (4.7). By nesting, p(F}) >
pr(F}). On the other hand, there is a cube in B}J between I and Fjl.
Hence p;(F}) = 277%, and we estimate the right-hand side of (4.5) and
(4.6) by

C’Sde/pZ_a(j_i)pI(F-l)_o‘ < Cszid/pQ—(a—d/p)(j—i)p](F,l)—a‘

As there is a cube in B? as close to I as to F}, we have

p(EL <inf Y o) <271 Y ol
zel
KeB) KeBY?

This proves (4.7) and completes the proof of the lemma. O
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Lemma 4.3. We have for all integers j < i < 0, every dyadic cube
IeT? and every 1 <n <d,

7

1975 6im * (ngm * £y = 010 )
< C520 N dImgidf Z o7 “Ls lh (4.8)

0
JeB].

Proof. Note that the term in brackets on the left-hand-side of (4.8) has
a smooth extension to R? by Lemma 2.1. By a (d + 1)-fold integration
by parts and the sufficient decay of 0%¢;_,, for all 1 < k < d, we rewrite
and then estimate the left hand side of (4.8) as follows:

19728 i) » (B * F)Lry = 7 )y

< o> (03 Giman * (Onjm * £)11))llp (4.9)
+ 1o (08 Gim + (1500,)) - (4.10)
JEB}

We first estimate (4.10). As 0%*+1¢;_,, € 2(m=D@+D e we estimate
each summand in (4.10) first with Lemma 4.1 and then apply equation
(3.4) from Lemma 3.4 to obtain an upper bound by

CQ(m—i)(d+1) ”IO[_a 1J0n,j »
< ng(mfi)(dﬂ)Q(jfm)(dﬂ)gjd/pHp;ahHOO
< §2U~1)(+d/p)g—id/p’ o711

We used j < 7 in the last inequality to conclude that p;“ is essentially
constant on J. The desired estimate for (4.10) follows from summing
over J € B}.

To estimate (4.9), we write it as

prsaaﬁfH@'—m *Tj—m * ((en,jfm * f)lel)Hpv

because Tj_,,+1 is constant one on the support of d4tl¢,  ~ when i >
J + 1. By Lemma 4.1, this is estimated by

C2m =D 5o (75 it (O * ey
< 2D N g E) L (Tymmar * (Orgm = HLeD)

KEDj

[e7

Fix K € D;. First assume K < EJ1 Because 1x < pg°®, it follows

by Lemma 4.1 that

1k (Tjmsr # (Ongmm = )L Do < Cor(F) 7k O * )l

< CS2(j_m)(d+1)2jd/ppK(Fj1)—2a < CS2(j—m)(d+1)2jd/p 2 pJ(K)_2a,
JeB}
J
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The penultimate inequality followed by K < E}, and thus there exist-
ing a cube K’ € T; with distance at most 2/*! from K, and applying
the definition of S to K’. The last inequality followed by choosing a J
in B} closest to K so that

IOK(F]'1>72D[ < CpK('])iﬂl = CIOJ(K)72Q7

where the last identity follows from equal side length of J and K.
Assume then K < Fjl. As 0, ;_, vanishes on the support of 7;_,,+1
and 1Fj1 + 1E]1 =1, we have

1k (Tjmme1 * (Onmm = F)LE)) lp = e (Tjmmsr # ((Onjmm = £) 1))l
< Cox(E;) 7 |lpx Ongm * Fllp (4.11)
Now let K’ be a cube in B;-) closest to K, so that
pic(ED)™ < Cor (K) ™
With the triangle inequality, we conclude
picr () < Cpi (2)px (E})
so that
pr(@) = prer (@) px (E5) " = pror () prc (Ej) ™"
and hence we can estimate (4.11) by

pic(K') |03 B = )l < 52070 N ()~

0
Jij

Putting the above estimates together, we estimate (4.9) by

C 50U N pre(K) Y py ()™

KeD; JeB]l.

< OS2I I | T e

JeBJl.

< O §2U—(d/p+1)9id/p Z [P ¥
JeB]

< O §2U—d/p+1)g—id/p’ Z o711
JeBj

Here we used j < i in the estimation of integrals. U

We are now ready to prove inequality (1.10). We claim that it suf-
fices to prove inequality (1.10) under the additional assumption J € 7.
Assume we have proven the inequality under this additional assump-
tion. Let J be arbitrary and consider the collection J of maximal
dyadic cubes [ satisfying I < J and I € T. Applying the assumed
inequality with J replaced by an element of J and summing over the
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disjoint cubes in J we obtain the inequality for the given J. Hence we
can make the auxiliary assumption.

Following the decomposition (4.3) and splitting the sum on the left
hand side of (1.10) along the cases k < i and ¢ < k, we may apply
Lemma 4.2 to the terms with k£ < ¢ and Lemma 4.3 to the terms with
1 < k. Hence we are left with estimating

CsY, 2 22 Y el (4.12)

17 [eT? I J i<k<0 KeBY?
e(k—1 —a
+CSY > 2320 Y ekl (4.13)
i<j IeT? I J k<i KeB)

where ¢ = min(a — d/p, 1 + d/p), by the right hand side of equation
(1.10). We estimate (4.12) and (4.13) separately.
We first estimate (4.12) from above by

CSY > D el <S> pxtlh

iSj IeT? IcJ  KeBY? i<j KeB?
id —a
<osy | > 2+ Y el
i<j \ KeBY Kc3J KeBY K3J

< OSP4+ €8 ) 2=t < Ci597,

1<j

Then we estimate (4.13) by

ST Y S e Y Il

k<j k<i<j IeT?,IcJ KeB)
<8y Y o S ik
k<j k<i<j KeB)
<8 ikl < CSllpzell < 527,
k<j KeB?

These are the desired estimates for (4.12) and (4.13). The proof of
inequality (1.10) is complete.

5. PROOF OF INEQUALITY (1.11)

In this section, we assume 1 < p < 0. We will prove estimates with
constants independent of p and thus the estimates will extend to the
case p = o0.

We first prove estimates for cubes that are far away from 7.

Lemma 5.1. Let i <0 and I € D; satisfy I & 7TU. Then
27 o7« gllp < CS2 | 1upy e (5.1)
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Proof. As g = 1519, we can apply Lemma 4.1 to obtain

o720 = gll, < Cpr(BU)**|lgp7|l,-

We use the L? bound (1.9) on g, which we have already established,
and that the support of g is contained in 5U, to conclude

lgor Iy < lgllp[1sv 1l < CSIupT oo-

In the last inequality, we replaced 5U by U, thanks to the assumptions
on size and location of I. As i < 0 and I ¢ 5U, inequality (5.1) then
follows from p;(5U) 72 < 2% < 2i@Qid/p, O

Let P be the collection of maximal dyadic cubes K such that K < 7TU
but 3K does not contain any cube from 7. By maximality, the cubes
in P are pairwise disjoint. They also have side-length at most 1.

Lemma 5.2. Leti < k <0, [ € D; with I < 7U and v € ¥ . If
there exists K € P n Dy, such that I < K, then

27 o x glly < CS (pr(GE)) > +27%) . (5.2)

Proof. We write g as sum of small scales and large scales,

k—1 d
gs = Z ((%‘—m * f)lEJl + 2 @Tlan,j) ; (5.3)
j=—00 n=1
’ 0 d
9= (Tom* X+ ), <<wj_m ITEDY a:i“an,j) SN GXY
j=k n=1

By the triangle inequality, it suffices to prove analogs of (5.2) for the
summands separately.

Small scales. Let F' be the union of dyadic cubes B € Dy_, with
pp(EL_y) < 1. The term corresponding to the small scales satisfies
gs = 1pgs, and we have by Lemma 4.1

17 (¢ g)llp < Cor(F) (o7 gs -

As the interior of K is disjoint from E}, we conclude the interiors of
%K and F' are disjoint so that

pr(F)7* < pr((3K)°) 7>
Our estimate of g; will be complete once we show
lor*gsll, < 28,
For h and k,, as defined in (3.1) and (3.2), it holds

d
9s=—lp (Te—1-m* [) +h + Z k. (5.5)
n=1

We estimate the three summands separately.
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We start by noticing that for any J € D; with j < k—1and J ¢ Ej
it holds p;(I) = 2. Suppose that such a cube J is given. If j > i, then

pi(J) = C2 7 py(I) = C'sup py (y)
ye

and for j <
pr(J) = Csup pi(y) (5.6)

yed

is immediate. We conclude that for all cubes J as above the inequality
(5.6) holds.

First term in (5.5). For each cube J € Dy_; with J < E}_,, we note
that

lor Ly (Theaem = ) < pr(J) =PI (Thmrom = )5 < CPSPpr(J) 1T

(5.7)
In the last inequality, we have estimated the LP norm using the defi-
nition of S and that there is an cube near J in T |. As p;(I) > 2,
we can invoke (5.6). Summing over the disjoint cubes J € Dy_; with
J < El_, and using (5.7), we hence obtain

o7l (Tetm= f)|E < CPSP f pi(y)? dy < CPSP|1|.

This gives the desired bound for the first term in (5.5).

Second term in (5.5). We turn to the second term in (5.5). We use
the decomposition given in Lemma 3.2

1Eli 1 Z L.
Jelcp—
Fix a cube J € Z; with j < k — 1. By Lemma 3.3
lor “Lsnlly < CPpi(J)~*"SP|J].
Using now the fact p;(I) > 2 and its consequence (5.6), we estimate
Z C?pr “pSp\J]<C'pSpJ 1(z) P de < CSP|I.
JEL k1

This proves the desired estimate for h.

Third term in (5.5). To bound the term k, in (5.5), we apply (3.4)
in Lemma 3.4 and estimate

lem‘ak‘ Il < C? Z Z Y, pi(@E] 0 o)™ P ||Ly00 o sllh

j=—wn=1 JeBl

<Cr 2 > pi(OE} A aJ)7or2ilsr (5.8)

Jj=—®© JeBJl.
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For each J e le- there exists J < E]1 with
p1(OE} n 0J) = Cpi(OE} n dJ n dJ).

We can then use p;(I) = 2 to apply (5.6) to J and to estimate
p1(0E; 0 0J) = Csuppi(y) = C sup pir(y).

yeJ yed—1J

This together with disjointness of J € le- for all 7 implies
k-1 ‘
C* > > pi(@E] nag)rit < o7 f pr(z) ™ dz < CP|I|
J=—% JeBj

so that the right hand side of (5.8) is bounded by C?|I|S? as claimed.
This concludes the proof of the bound for the small scales (5.3).

Large scales. We turn to estimate (5.4). Consider first the sum

i i (Wngom = g + 0 005) (5.9)

Following section 2.1, we form the cone decomposition

d
P = %y,
v=1

where the Fourier transform of 1), vanishes whenever 2d|,|? < |€]%
We notice

27(d+1)(i+m)a;d71wy c C(I)4oz

1—m?

d j—m) Ad 4o
o(d+1)(j )3y+1wn,jim c C\Ijjim

where 0,471 is used to denote the Fourier multiplier operator with
symbol (2mi&,) 4!

The summands in (5.9) are d + 1 times differentiable by Lemma 2.1,
and integrating by parts we obtain

o7t = (Wnsm * N1y + 02105 )l
= lor™ ;0 + (0 g = DLy + 208 005)
<170,y (02 b jom * el
+ 0 e« 0 O ol (5:10)
By Lemma 4.1, the first term is bounded by
C2VED | pra (2D e )l

Because 5 > k, we can find T with T e D; and I > K > I. We know
by maximality that 9K contains a cube from T', and hence p;(E}) < 2.
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Because p;* < plfa7 we conclude that

AHVEIC o0ty ),

0
=k

J
< 2=k ((A=1/p)d+1)+id/p g

which is the claimed upper bound for the first term on the right hand
side of (5.10).

To estimate the second term on the right hand side of (5.10), we
note that by Lemma 4.1

0
llprteo, ey + 02 00 gy 4, <
j=k

1/p
C Y 2D (N o ()00 00 sl | (541)

Jj=k JeB}

Let I € D; be the dyadic cube with I < I. Then p;(J) = p;(J). By
Lemma 3.4

||1J85+1&Z+10n7j“p < CQ(m—j)(d+1)2jd/pS’

and consequently we estimate the right hand side of (5.11) by

0 0
CS Z 9(d+1)(i—7) ||plj2a||p <CS 2 9(d+1)(i—j)+5d/p
j=k j=k
< 02d1=1/p)+1)(i~k) goid/p

which is the desired upper bound.

First term in (5.4). The remaining term in (5.4)

o7 = (7o = £)0 ]y

is estimated identically to the first term in (5.10) as x is smooth. As
we have given estimates for the contributions from each of the terms
in (5.3) and (5.4), the proof of the lemma is complete. O

Lemma 5.3. Let i < 0 and [ € D;. If [ < 7U and I & K for all
K € P, then there is J € T; with p;(J) < 1.

Proof. By definition, 3/ contains an element J from 7. Assuming J is
the maximal element contained in 31, we see that either J € T, and
I<JorJeT;and pr(J) < 1. O
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Now we can complete the proof of inequality (1.11). If J 07U = &,
we use Lemma 5.1 to estimate the left hand side of (1.11) by

csY sup [1%10pr e < CS|1ups®le

iSO UL
IcJ

which is the desired right hand side.
If JnTU # @, we find a K € P such that J ¢ K and we use Lemma
5.2 to estimate the left hand side of (1.11) by

CS > sup pr((3K))™ + (|I|/|K|)"* < CS. (5.12)

IeD AT

1<iQ
cJ

This concludes the proof.

6. PROOF OF PROPOSITION 1.2
Assume first 1 < p < ¢ < oo. By Hélder’s inequality, we have

P
lor " 6w fl < o " T+ flos

and thus for some universal constant C

Sarize)y S CSaq,

—a(1+L2

which proves (1.12).
Assume now 1 < ¢ < p < 0. We use logarithmic convexity

S Sq/psl a/p.

a,q ™ a,00
To bound S, o, we proceed 81m11ar1y as in Lemma 4.1 and note that
for i < iy, I € D; n My, and ¢ € &

i—m—2)

lo7 (& * oo < llpr (@ * p5) ol oy flloo
and
lo7 (6 pi) e < Clloy *pirlee < C
This proves (1.13).
Finally, if one is willing to lose uniformity in the parameter m, one
can use a local Bernstein’s inequality. Let ¢ be a Schwartz function
on R? so that (&) = 0 for |¢] > 1 and p(x) = ¢4 > 0 for z € U for a

dimensional constant ¢;. Denote p;(x) = @(277(z — ¢(J))) for j € Z
and J € D; and ¢(J) the center of J. Then for I € D; and ¢ € ®}*,

lo7¢ % floo < C D3 pr(1) |0 * flloo

JeD;
< €21 N o () s+ fli < C24m Doy x £,
JGDi

Here we used that the Fourier transform of ;¢ « f is supported in a
ball of radius 23*™~% and Bernstein’s inequality. This completes the
proof of (1.14).
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