CARLESON CONDITIONS FOR WEIGHTS: THE QUANTITATIVE
SMALL CONSTANT CASE
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AssTrRACT. We investigate the small constant case of a characterization of A,
weights due to Fefferman, Kenig and Pipher. In their work, Fefferman, Kenig
and Pipher bound the logarithm of the A, constant by the Carleson norm of
a measure built out of the heat extension, up to a multiplicative and additive
constant (as well as the converse). We prove, qualitatively, that when one of these
quantities is small, then so is the other. In fact, we show that these quantities are
bounded by a constant times the square root of the other, provided at least one of
them is sufficiently small.

We also give an application of our result to the study of elliptic measures
associated to elliptic operators with coefficients satistying the “Dahlberg—Kenig—
Pipher” condition.

1. INTRODUCTION

The purpose of this work is to study the small constant version of a characteriza-
tion of A, weights due to Fefferman, Kenig and Pipher [FKP91]. The theory of
(Muckenhoupt) A, weights, initially introduced in the study of maximal functions
and singular integral operators, has played a fundamental role in the L? solvability
of elliptic equations. In the paper [FKP91], the authors were investigating the sta-
bility of the A, property of elliptic measure under certain perturbations quantified
by a Carleson condition. In order to produce a counterexample (to show their main
theorem was sharp) they introduced the Carleson characterization of A, weights
investigated here.

Some time later, Korey [Kor98a] studied a qualitative, asymptotic version of this
A characterization. We also mention the related works on ideal weights [Kor98b],
functions of vanishing mean oscillation [Sar75] and continuity of weighted esti-
mates [PV12]. It is however not clear from the arguments neither in [FKP91] nor
in [Kor98a], whether the qualitative, asymptotic estimates in [Kor98a] can be made
effective or quantified. Our main result shows that this is the case, and we can even
assert quantitative (square root) control at the asymptotic limit. This is the content
of the following theorem and its converse, Theorem 3.23. For the Carleson norm
|ltewlle and the Ao, characteristic [w]s,, see Definitions 2.5 and 2.2 below.

Theorem 1.1. Let w be a doubling weight on R". Set ¢(x) := 7 2e~ N and define
the measure (1, on (0, 00) X R" by

dp(r, x) = |V log(y = w)(0)I*r dxdr,
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where ¢.(x) := r"¢(x/r). There exist € > 0 and C1,Cy > 0 depending on n and
the doubling constant of w such that if the Carleson norm of u,, satisfies ||uyllc < &,

then it holds
log[wla,, < C1Vlluwlle,  Mog wlizmo < Cavlluwlle-

Remarks 1.2. (1) We suspect the bound |[log w||gyro < +/lluwllc would be the sharp
asymptotic power dependence in the second inequality. We discuss this briefly in
Section 5.

(2) Theorem 1.1 also holds for doubling measures. If v is a doubling measure, then
one can define du,(x, r) in the same manner and if ||u,||c < oo, then v is absolutely
continuous with respect to Lebesgue measure and du, = du,, for w := %, see

[BTZ, Lemma 2.19].

The proof of Theorem 1.1 is contained in Theorem 3.4. The main idea is to use
a heat flow identity as in [FKP91] to interpret the weight of the Carleson measure
as a right hand side of a heat equation. To make the estimates asymptotically
quantitative and effective, we use the underlying heat equation more efficiently than
what was done in [Kor98a]. Our proof is short and very easy to read in comparison
with the more geometric arguments in [Kor98a].

As mentioned above, we also prove a converse of Theorem 1.1 (up to powers),
see Theorem 3.23. The proof there is a little more geometric, but very different
from [Kor98a]. In particular, two ingredients are central to the proof of Theo-
rem 3.23. First, we use sharp estimates on A, and reverse-Holder constants for
weights whose logarithm has small BMO norm (Lemma 3.10). Second, we exploit
how such weights act when integrated on two disjoint subsets of a ball with half
measure (Corollary 3.14) in order to get cancellation from the fact that V,¢ is odd.

Our second motivation for reinvestigating the work of Fefferman, Kenig and
Pipher comes from some recent developments in the study of elliptic equations
with variable coefficients which satisfy an oscillation condition, sometimes known
as the Dahlberg—Kenig—Pipher (DKP) condition. This condition was first intro-
duced by Dahlberg and then studied by Kenig and Pipher [KPO1] (see also [DPP07,
HLOI]). It was shown very recently by David, Li and Mayboroda [DLM?22a]
that the Green functions for such operators in the upper half-space have gradi-
ents that are quantitatively small in tangential directions. The first author, Toro and
Zhao [BTZ] showed that these estimates can be used to control the Carleson norm
of u,, in Theorem 1.1, when w is the elliptic measure. Combining Theorem 1.1 and
the results in [BTZ], we prove that if the constant in the (weak) DKP condition is
small, then the elliptic measure has close to optimal A, constant (Theorem 4.13).
This quantitative control is what is needed in order to push the small/vanishing con-
stant theory to rougher settings' (Lipschitz graphs and chord arc domains). Further
details are provided at the end of Section 4.

We point out that a dyadic version of Theorem 1.1 can be deduced from the work
of Fefferman, Kenig and Pipher [FKP91, Theorem 3.22] (see also’ [Buc93, Theo-
rem 2.2 (iii)]). While the dyadic arguments include the (implicit or explicit) use of

IThis was indeed done in [DLM22b] after the first version of the present article was posted.
2There are differences in the proofs in [Buc93] and [FKP91], and [Buc93] gives a comprehensive
study of dyadic A, and summation conditions similar to those in [FKP91].
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martingales, a special role in the computations for the continuous setting is played
by the heat kernel. Interestingly, the Fefferman—Stein change of kernel argument
shows that the heat kernel itself is not important in the Carleson condition. While
the present work provides a very concrete and quantitative approach for a Carleson
condition based on the heat kernel, we still need the change of kernel argument to
deal with more general kernels that are needed for the applications, such as The-
orem 4.13. It is unclear to us if there is a way to treat the setting with dyadic
martingales and the continuous setting with general kernels in a unified way with-
out resorting to the change of kernel argument.

Acknowledgment. This work was supported by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation) under Germany’s Excellence Strategy
— EXC-2047/1 — 390685813 and CRC 1060, by the ANR project RAGE ANR-18-
CE40-0012 and by ‘Verein von Freunden der Technischen Universitidt zu Darm-
stadt e.V.’. The first author would like to thank Tatiana Toro and Zihui Zhao for
some helpful comments about the paper.

2. NOTATION

We fix a dimension n € N throughout. In what follows, w will always denote a
weight, that is, a non-negative locally integrable function. As is customary in the
study of weights, we will abuse notation and write w also for the measure w dx so
that for a Borel set E we have w(E) = fE w(x) dx. We denote the Lebesgue measure
of E by |E|. Given a locally integrable function f, we use the notation

fi = ff(x)dx = iff(x)dx
E lEl JE

for the mean value of w over the set E. Throughout, we set A(x, ) to be the open
Euclidean ball in R” with center x € R” and radius r > 0. If A(x,r) C R" is a ball,
we associate with it the Carleson box

T(x,r):=T(A(x,r)) :=(0,r) X Alx, r)

in R"*! = (0, 00) x R”. For any function f : R” — R and any number r > 0, we
denote

fr(X) =" f(x/r).
We reserve the symbol ¢ for the heat kernel
o(x) := a2,
Definition 2.1 (Doubling). Given a Borel measure v on R", we say v is doubling if
v is non-trivial and there exists a constant C,, such that
v(A(x,2r)) < Cov(A(x,r)), Y¥xeR",r>0.
We call the least C, the doubling constant for v.

Definition 2.2 (A, weights). Given a weight function w, we define the A, constant
as
[W]a,, := supwa exp (— JC log w(x) dx) s
A A
where the supremum is taken over all Euclidean balls A.
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We use the original definition of HrusCev of the A, constant, but we remark that
the choice of the definition is not unique [DMRO16] and that the different defini-
tions of A, constants lead to very different values in general [HP13]. Although for
instance [PR18] prefers to study the so-called Fujii—Wilson constant for asymp-
totically sharp reverse Holder inequalities, the constant from Definition 2.2 seems
to arise very naturally in our considerations. It remains, however, an interesting
question if results similar to Theorem 1.1 and Theorem 3.23 hold for other Ay
constants.

Definition 2.3. Given a locally integrable function f, we define its BMO norm as

lfllBmO := Supflf(y) — faldy,
A Ja

where the supremum is taken over all Euclidean balls A.

Remark 2.4. If w is a weight and log w is in BMO, then it follows from the John—
Nirenberg inequality that [w]s_ < 1 + C|llog w|[smo with C only depending on the
dimension, provided ||log w||smo is sufficiently small (depending on dimension).
Therefore we could drop the assumption that w € A, in Subsection 3.2, but we
prefer to keep it for the sake of clarity.

Definition 2.5 (Carleson measure). Given a Borel measure v on Rﬁ“, we define
its Carleson norm as

2.6) IVl += sup WIA)

Al

where the supremum is taken over all Euclidean balls A.

3. QUANTITATIVE ESTIMATES ON WEIGHTS

Let w be a doubling weight in the sense of Definition 2.1. Denote by u,,(7, x) :=
¢ 7 * w(x) the heat extension of the weight w, so that d,u,, — %Axuw = 0. Define

the measure y,, on R*! by
du,,(r, x) := |V log uw(rz, x)|2r dxdr.

In the following, we abbreviate u = u,,, 4 = p,, V = V., A = A,. Also, we
use the above relations between the symbols w, u and u without further mention in
this section. Thanks to doubling of w, a dyadic decomposition of the convolution
integral yields comparability of u(r?, x) and w(A(x, r)):

2 0 J
1 < u(r-, x) <Z C;,

< < < — < 00
n2e — w(A(x, 1)) an2ed !

(3.1)
j=1

The characterization of the A, class by Fefferman—Kenig—Pipher [FKP91] is ex-
plained by the heat flow identity

2

1 1
(3.2) dlogu(s,y) = 7Alogus,y) = 7 |Vlogu(s, )

where the right hand side corresponds to the relevant Carleson measure. We need
precise estimates for contributions arising from the three terms in (3.2). These are
proved in the following two subsections, first in terms of small Carleson constants
and then in terms of small A, constants.
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3.1. Case of small Carleson norm. We start with a pointwise estimate that is
needed in the proof. For any x € R" and r > 0, denote W(x, r) := (r/2,1r) X A(x, 1).

Lemma 3.3. Let w be a doubling weight. There exists a constant C depending only
on dimension and the doubling constant such that for all (r, x) € R,

ZA 2 Vv 2 \vJ t2 2
rl Mgr , X)) N rl u(; U < ff | u(2 ,yZI ¢ dydt.
u(r=, x) u(r=, x) IA(x N JIreer  u(t=,y)
flroof. Fix x e R" and r > 0. Let k € {1,2}. Denote W := (r/2,r) X A(x, r) and
W .= (3r/4 r) X A(x, r/2). By the local estimate in [Eva98, Section 2.3c] we have

1
—_— Vu(, y)*tdydt = ——— Vu(t,y)|* dydt
r2= l)JrllWl fl Pty KA x, )l f(;’2/4,r2)><A(x,r)| ut 0 dy

>C sup |Viu(?, y)*
(t.y)eW

Using the parabolic Harnack inequality [Eva98, Section 7.1b] and then (3.1) to-
gether with the doubling property of the weight, we obtain

sup u(t ,W<C mf u(2r ,) < C inf_ u(?® ,¥).
ty)ew yeA(x (ty)eW

Together, these two imply

1 VPP s o gy WUCIP
ACe ] Ly w2 T e WP

and in particular, by smoothness of u and since (r, x) is on the boundary of W,

rkIV"u(rZ,X)I _[PVue P 1 Vu(@®, P dvdr
u(r?, x) u(r?, x)? AN Jdw w22, y)?
which is the claimed inequality. O

Theorem 3.4. Let A(x,r) C R" be a ball and w a doubling weight. There exist
constants C > 1 and &€ > 0 only depending on the dimension and the doubling

constant such that if \/|[1rx2npwllc < & then
65 e f woidy- £ toew)dy < C \fitruamle
A(x,r) A(x,r)

(3.6) f [ og(y) — (10| dy < € f17ceampmllc.
A(x,r)

In particular, if \/lluwllc < €, then

log[wla., < Cllwlle,  Mogwllpmo < Clluwllc-

Proof. Without loss of generality, we assume x = 0 and » = 1. The claim then
follows by scaling and translation. We start by proving (3.5). We denote A(0, 1) =
A for brevity. We start by writing

0 < log wa—(log w)s = (log wa—(log u(1,))a)+ ((log u(1,))a —(log w)a) = T+1I.
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By the fundamental theorem of calculus and the heat flow identity,

1
1
II = ff az log l/t(l, y) dtdy = — ff (A log Lt(t, y) + |V 10g u(t, y)|2) dtdy.
A JO 4|A| T(A)
By definition,

1 ff 2 1 2 2
—_— |V 1og u(t, y)|~ dtdy = —ff |V 1og u(t~, y)|” tdtd
HA] Sy BTN AL Z QAL J Sy B P IAEY

1
< gll L7 2)mwllc-

By the divergence theorem and Lemma 3.3,

1 ff 1 !
o || avoguey < o [ [ 9 togut < € itz
HAl JI 1y 8 4Al Joa Jo ¢ rO27wIe

This concludes the estimation of the term II.
For the other term I, we write

(3.7) I = (logwa —suplogu(l,y)) + (suplogu(l,y) — (log u(1,-))a).
yeA yeA

By the fundamental theorem of calculus and Lemma 3.3,
suplogu(l,y) — (logu(1,)s < 2sup|Vlogu(1,y)| < C [lll7o2mmllc:
yeA yeA
To bound the other term in (3.7), we compute
wa = supyea u(1,y)
( supye (1, ) ] ’
where log, s = logmax{s, 1}. Estimating the supremum in the numerator by the

average, applying the fundamental theorem of calculus, using that u is a solution
to the heat equation and using the divergence theorem, we obtain

(logwa — suplogu(1,y)) < log,
yeA

WA = Supyea u(l,y) 1
Pyea < f Vu(t, y)| dedy.
supyep u(1,y) sup,ep u(l, y) |A| aA
This is bounded by
0

o 3w w0l [ f Vute
e—oo 2 1<s<2ky€8Au(l y)lAl oA Jok-1 u(t,y)

u(s,y)
< CLJIlro2uwllc Z 22 sup S%IZ u(l, i)
S

jA—, 2k— l<s<2k

where the last inequality is due to Lemma 3.3. Here,

u(s,y)
u(l,y)

and by the heat equation and Lemma 3.3,

1 1

1 Au(t,y) 1

—f 8,10gu(t,y)dt=——f Y dr < \“llT(OZ)#w“CIOg_
P 4 Js u(t,y)

1
= exp (logu(s,y) — logu(l,y)) = exp (— f 0, log u(t, y) dt)
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Exponentiating, we conclude

usY) e fitroamlc,

u(l, y)
and provided C +/|l1702)uwllc < 1/4, the sum in (3.8) converges to an absolute
constant and the proof of (3.5) is complete. The second inequality (3.6) follows
from (3.5) by Theorem 6 in Section 3.5 of [Kor98b]. |

Remark 3.9. One may argue similarly to the Theorem 3.4 to obtain for all balls
A(x,r) CR"?

f | log w(y) — (log W)a(en| dy
A(x,r)

IVM(IZ,)’)I
< C| Il re2ntwllc +  sup ﬂ didy|.
( (2nfiw N CA(x2r) N Ty u(t?,y)

Such an estimate does not imply the conclusion of Theorem 3.4 but it could be used
for instance in the setting of Holder continuous coefficient matrix in our application
(Theorem 4.13), see the remarks in Section 5.

3.2. Case of small weight constant. Next we prove an analog of Lemma 3.3, but
now we seek a right hand side with A, constant instead of the Carleson norm. We
start with an auxiliary result on A, weights. Given p > 1, we denote

-1 1 1/p
[Wla, := supwa (JC w(y)/d=p) dy) . [wlg, :=sup — (J[ w(y)? dy) .
A AW A

A A
Note that by Jensen’s inequality 1 < [w]a, < [wla,. The following has been
proved in [Kor98b, Theorem 9]. We state the result in terms of |[log w||gmo instead
of [w]a,, which is an intermediate step in the proof of [Kor98b, Theorem 9]. In
fact, the author is only using the smallness of the BMO norm provided by the
(small) A, constant.

Lemma 3.10. There exist constants €y > 0 and K > 0 depending only on dimen-
sion such that the following holds. Let w € A with |[logw|lsmo < € for some
0 <& < gy Then for p =1+ Ke it holds

max{[wla,, [Wlg,,,_,,)} < p

In particular, since [wla,, < (Wla,, it follows that [w]s,, < 1+ Ke.

Lemma 3.10 is used in conjunction with the following two corollaries. It helps
to give precise estimates for ratios of weighted measures of sets.

Corollary 3.11. There exist constants gy > 0 and K > 0 depending only on dimen-

sion such that if w € As with ||logwllsmo < € for some 0 < & < &y, then for any

ball A and any measurable subset E C A
w(E)

(3.12) <(+Ke )(

|E| )1—K8
w(A)

A
and

|E| 1+Ke W( )
3.13 — + Ke)——.
G-13) (|A|) =(U+KaTw
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Proof. The claim follows by Hélder’s inequality and the definitions. More pre-
cisely, inequality (3.12) takes advantage of the By (,-1) condition whereas inequal-
ity (3.13) uses the A, condition. The (standard) computation is left for the reader.

O

Corollary 3.14. There exists g > 0 and a constant C only depending on the

dimension such that the following holds. If w € A with ||logwllsmo < & for some

0 < € < g, then for all balls A and all measurable subsets E, F C A with
EUF=A |ENnF|=0, |E|=|F|

it holds

Proof. Let g9 and K be as in Corollary 3.11. Making &y smaller if needed, we can
assume Keg < 1/2. Let & < g be positive. By Corollary 3.11,

w(E)  w(E) w(A)
w(F) — w(A) w(F)
where we estimated the first ratio by (3.12) and the second ratio by (3.13). The
claim then follows by Taylor’s theorem. O

< (1 + Ke)?2°Ke,

From now on, g is fixed such that the three Lemmas 3.10, 3.11 and 3.14 all
hold.

Lemma 3.15. Let &9 > 0 be as above. There exists C only depending on the
dimension such that the following holds. If w € A« is a weight with ||[log w|lpmo < &
for some 0 < & < &, then for all r > 0 and x € R",

V(¢ * W) _ Ce
(@rxw)x) ~ 1
Proof. Since V(¢, * w)(x) = r‘l((Vqﬁ)r * w)(x), we see by translation and scaling
invariance of the assumption on w that it suffices to prove the claim for » = 1 and
x = 0. Clearly, for instance by Corollary 3.11, w is a doubling measure with an
absolute doubling constant D. Since
(¢*w)(0) = 77" w(AO, 1),
it will be enough to prove
(3.16) (V@ = w)(0)] < Cew(A(0, 1)).
Recall that Vo (x) = —(x/|x]) - 227~/2|x|e”. As this function is odd, it holds
w(y) —w(=y)
(6w = | [ Vo)™ gy
Rn
Splitting the domain of integration into dyadic annuli, Cy := A(0,2), C; := A0, 2/ I\
A(0,2/) for j > 1, and bounding |V¢| by its maximum on each set yields

G17) (V9= w0 < 3 4r 220 f M‘ dy.
P A0,27+1) 2

Fixing j for a moment, we denote
Xj = {y € A0, 27 s w() — w(=y) > 0},
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Y; =y € A0, 27 s w(y) - w(=y) <0},

Z) = {y € M0,27"") - w(y) — w(=y) = 0}.
It holds |X;| = |Y;| and |Z;. NH| = IZ;.|/2 for any half space H with 0 € 0H. We
fix one half space H and denote Z; := H N Z;.. Introducing E; := X; U Z;, we

obtain essentially disjoint sets E; and —E; such that E; U (-=E;) = A(0, 2/*1) and
|Ej| = | — E}j|. This allows us to bring Lemma 3.14 into play. We get

f w(y) - W(-)’)‘ dy = zf
A2/ 2 E;

w(E))
w(=E})
where the second equality used that w(y) — w(—=y) > 0 in E;. Noting that

w(y) — w(=y)
2 ’ dy

(3.18)

= w(E)) - w(-E}) = ( l)w(—Ej) < Cew(-E)),
w(=E;) < w(AQ0,27*1)) < D w(A(0, 1))
by doubling, we conclude the proof of (3.16) by combining (3.17) and (3.18). O

In addition to Lemma 3.15, we need an estimate to control the ratio of ordinary
averages and heat averages.

Lemma 3.19. Let &y be as before and w an Ay, weight with ||log wllgmo < & for
some € < &y. Letr >0,y € R" and x € A(y, 7). Then

(3.20) |10g(, * W)(x) - log wag,| < Ce,
where C only depends on the dimension.

Proof. As in the proof of Corollary 3.14, we may use Corollary 3.11 to conclude
that

WA, 1) wAG.2r)| _

w(A®Y,2r) wA(x, ) |~

Hence, it suffices to prove the claim for x = y. By translation invariance, we may

assume that x = y = 0 and then by scaling invariance we may also assume r = 1.
We denote

[log WAy, — log wa,nl < |log

(3.21) () = (= logn" N2, (1) := — exp(-1*'*),

ﬂ-n/2

where 1 € (0,77"/2) and s € (0, ). Note that ¢* is the inverse function of vs. We
write by the Cavalieri principle

" W(AO, (1))

w(A(0, 1)) “j.

a1/
(322)  log(@ * w)(©) — logwa.1, = log (m(o, D) fo

If «(1) > 1, we apply (3.13) to estimate
w(A(0, «(2)))

w(A(0, 1))
If «(1) < 1, we apply (3.12) to estimate
w(A(O, «(2)))

w(A(0, 1))

< (1 + Key()U+kom,

< (1 + Kep()-Ken,
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In order to match the exponents of (1) in the estimates above, we note that for all
O<a<lands>1/2,

(1+Ke)n
|latl=Kem _ gd+Kem) < f I(log a)a®|ds < Ce
(1-Ke)n

with C only depending on the dimension. We have Kegg < 1/2, see the proof of
Corollary 3.14. Hence, we can use this estimate with a = (1) when (1) < 1 and
conclude

f””” WA, (1))
o w0, 1)

—n/2

d1< Ce+ (1 +Ke) f w)IHEm g4
0

1+ Ke

IACO, DI Jgn
where y1.+ke is as defined in (3.21) and the last equality follows by the Cavalieri
principle. By the fundamental theorem of calculus,

1+Ke
f Yisks(YDdy =1 + f f Osys(yDdsdy < 1+ Ce.
Rl‘l n 1

The previous two displayed estimates yield an upper bound by 1 + Ce for the term
inside the logarithm on the right of (3.22).

In order to obtain a lower bound of the same type, we would simply reverse the
roles of (3.13) and (3.12) at the beginning of the proof and then repeat the argument
up to the obvious changes. Thus,

=Ce+ Yi+ke(y) dy,

[1og(¢ * w)(0) — log wa(o,n| < log(l + Ce)
and the claimed inequality (3.20) (when x = y = 0) follows by applying Taylor’s
theorem. o
Theorem 3.23. There exists € > 0 depending on dimension such that if w is an A
weight with |[log w|lsmo < &, then

(3.24) lluwlle < Cilllog wllsmo < C5 ylog[wla,,,

where the constants C i s Cé > 0 depend on the dimension.

Proof. We let 0 < & < g as before. By the usual scaling, it suffices to check
the Carleson condition on the unit tent 7°(0,1) = (0,1) x A(0, 1). Recalling the
heat flow identity (3.2), we can use the fundamental theorem of calculus and the
divergence theorem as in the proof of Theorem 3.4 to conclude

1
Z ff |V10g u(s,y)|2 dyds
4 JJro.n

1, !
< f log “d:Y) dyl + cf f IV log u(s, )| dH" ' (y)ds =: 1+11.
A1) w(y) 0 Jaao,n
Let us recall that u(r,y) = (¢ N w)(y). Thus, we control I by

1< + JC (log WA(@,1) — logw(y)) dy
A(0,1)

JC (log(q) * w)(y) - log WA(O,I)) dy
A(0,1)

3In contrast with Theorem 1.1, we can control the doubling constant using the A, constant when
llog wllgmo is small.
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< Clllog wllsmo + log[wla..,

where we used Lemma 3.19 for the first and the definition of [w]4_, for the second
integral. To estimate II, we simply apply Lemma 3.15. We have shown

I+1ID/IA, DI < C(|[log wllsmo + log[wla,,).

which, upon applying Lemma 3.10, yields the first inequality in (3.24).
The second inequality in (3.24) is a direct consequence of the first and [Kor98b,
Theorem 4], which states that |[log w|[gmo < C /log[w]a_ if [w]a, < 2. m]

Remark 3.25. Again by [Kor98b, Theorem 4] the a priori smallness in Theo-
rem 3.23 can equivalently be assumed for log[w],_, .

4. AN APPLICATION TO ELLIPTIC EQUATIONS SATISFYING THE DAHLBERG—KENIG—PIPHER
CONDITION.

Here, we apply our quantitative estimates to the study of elliptic measures for el-
liptic operators satisfying the Dahlberg—Kenig—Pipher (DKP) condition. We need
to give several definitions before stating our application. The reader may also wish
to consult [AGMT?22, Section 2.4] and [BTZ].

Definition 4.1 (Elliptic matrices and operators). Fix A > 1. We say a matrix-
valued function A : R — M, (R) is A-elliptic if [|A|| ey < Aand

(AX)E &) > ANeP, VEeR™! X e R

We say A is elliptic if it is A-elliptic for some A > 1. The smallest such A is
called the ellipticity constant of A. We say L is a divergence form elliptic operator
(on Rﬁ”) if L = —divAV (viewed in the weak sense) for an elliptic matrix A. We
denote by A” the transpose of A and by LT the associated operator. Given Q C R"*!
open, we say u € Wllo’f(Q) is a weak solution to Lu = 0 in Q if

ff AVu-VFdX =0, VF e C®(Q).
Q

For every elliptic operator there is an associated family of elliptic measures.

Definition 4.2 (Elliptic measure). Let L = —divAV be a divergence form ellip-
tic operator on R”*!. There exists a family of Borel probability measures on R”,
{@w)}xepn1, such that for f € CZ(R") the function

u(X) = , fO) dwf ()

is the unique weak solution to the Dirichlet problem

Lu =0in R,
(D) "
uljoyrr = f,

X

satisfying u € C(RTI) and u(X) —» 0 as |X| » oo in R’fl. We call the measure w;

the elliptic measure with pole at X.
There is a Green function associated to L in R*+!,

GL(X,Y) R xR\ (X =V} - R,
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which satisfies the following [AGMT22, Lemma 2.6]. For fixed X € R™*! the
Green function can be extended, as a function in Y, to a function that vanishes con-
tinuously on the boundary R". The following ‘Riesz formula’ holds and connects
the elliptic measure and the Green function: If f € C°(R") and F € C‘L’."(R””) are
such that Fljoyxg» = f, then

4.3) f fO)dwi(y) - F(X) = —ff AT(VyGL(X, Y) - VyF(Y)dY.
Rn RTI

There is also a notion of Green function and elliptic measure with pole at infinity.
Lemma 4.4 ([BTZ, Lemma 3.5]). Let L be a divergence form elliptic operator on
Rﬁ“ with Green function Gp(X,Y). Let Z; = (2%, 0) for k a natural number, zero
included. Define the sequence of functions uy : R™' — R by
_ G Y)

GL(Z, Zo)’

where we have extended uy to the boundary by zero as u;(0,y) = 0 for all y € R,
There exists a subsequence uy, that converges uniformly on compact subsets of

uk(Y) :

R to a function U with the following properties.
U,y)=0forally e R",

ua,0) =1,

e UY)>O0forall Y e R,

U € C(R™),

U solves LU = 0 in R,

Moreover, there exists a locally finite doubling measure w;’ on R" with

such that the following Riesz formula holds:
(4.5) f fO) WP () = = f f ATXVyUY) - VyF(Y)dY,
R" R

whenever f € C;°(R") and F € CﬁO(R””) are such that Flioyxgr = f.

We call w;’ the elliptic measure with pole at infinity and U the Green function
with pole at infinity.

We define the following coefficients which measure the oscillation of an elliptic
matrix on various regions.

Definition 4.6 (Oscillation coefficients). Let A be a A-elliptic matrix-valued func-
tion on R"*!. For x € R” and r > 0 we define

12
@(r,x) = inf (365 |A(s,y) — Aol d ds) ,
AoeA(A) (/2. 1XA(x,7) Y Y

where A(A) denotes the collection of all constant A-elliptic matrices.

Now we recall the weak DKP condition and the associated norm.
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Definition 4.7 (Weak DKP condition). We say a A-elliptic matrix A satisfies the
weak DKP condition if v defined by

dxdr

r

dv(r, x) := ay(r, )c)2

is a Carleson measure. If A satisfies the weak DKP condition, we call ||v||c the
weak DKP norm of A.

Remark 4.8. There are other similar oscillation coefficients that are either con-
trolled by, or comparable to, @ (r, x). For instance, the weak DKP condition here
is implied by the original DKP condition. Since this is not the focus of the present
work, we do not go into the details. See [DPP07, DLM22a, BTZ].

Lemma 4.9 ( [BTZ, Theorem 4.1]). Let A be a A-elliptic matrix-valued function
on R and let w be the elliptic measure for L = — div AV with pole at infinity. Let
¢ > 0 be a non-zero smooth function with compact support in A(0,2) and define
the measure

* 2
du(r,2) = IV, og(g, » w)(Prdxdr = 2 = QIO dxdr
r = )P 7

Suppose that A satisfies the weak DKP condition and define
dxdr

dv(r, x) := ax(r, x)2

with ay(r, x) the oscillation coefficients of A. Then w < L" and there exists a
constant C3 depending on n, A and ¢ such that

llullc < Cslivile-

In the theorem L is n-dimensional Lebesgue measure and the statement w <
L follows from the fact that ||u|lc < oo, see Remark 1.2.

Although the heat kernel used in Section 3 does not satisfy the condition re-
quired from ¢ in Theorem 4.9, the Carleson norms generated by different kernels
are comparable. We quote the following formulation of [Kor98a, Corollary 12].

Lemma 4.10. Let w be a doubling weight on R", let ¢ the heat kernel as in Sec-
tion 3 and let ¢ be a non-trivial smooth function with support in A0, 2). Define the
measures (i, and [i,, by

dy(r, ) = |V log(¢, = w)(x)PPr dxdr
and
“4.11) dfi,,(r, x) 1= |V log(ep, * w)(x)lzrdxdr.

Then ||uyllc < oo if and only if ||fillc < 0. Moreover, there exists a finite constant
C > 1 depending on n, the doubling constant of w and the Schwartz seminorms of
¢ such that

1
(4.12) Elluwllc < llawlle < Clipwlic-

From Lemmata 4.10 and 4.9 and Theorem 4.13 we may immediately deduce the
following, which is our main application of the present work.
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Theorem 4.13. Fix A > 1. There exist 6 > 0 and C3,C4 > 0 depending only on
n, A such that the following holds. If A is a A-elliptic matrix-valued function on
R, w is the elliptic measure for L = — div AV with pole at infinity, and A satisfies
the weak DKP condition with

IMlc <6,
then w € Ay and

loglwla. < Csvibe,  |ftog 22 ” i,

where v is defined by

dxd
dv(r. x) = an(r, x? L

ay(r, x) being the oscillation coefficients of A.

After the first version of this article had been posted, it was shown in [DLM22b]
that one can push small constant A, results to the context of Lipschitz domains
with small constant (as in [DPP07]) by using the ‘Dahlberg-Kenig-Stein pullback’
[Dah86] and further to even more exotic/rough geometric settings, as was done in
the pioneering work of [KT97] for constant coefficient operators. The extension
of these estimates to rough settings uses however a novel approach because the
coeflicients in [DLLM?22b] do not play nicely with subdomains.

5. FUurRTHER REMARKS

5.1. Sharpness. One may ask about the correct power dependence in Theorem 1.1.
For instance, whether it is true that

(5.1 log[wla., < lluwlle

with constants only depending on dimension and doubling. In the dyadic case, one
can track the constants in [Buc93] to see that this is true. In fact, in the dyadic
setting much more is known about these kinds of inequalities due to the Bellman
function approach, see [VV20] for overview and [BR14] for a more specific ex-
ample. The validity of (5.1) is an interesting question, and armed with (5.1), one
would obtain

(5.2) llogwlismo < Vloglwla,, < Vlluwlle,

that is, a square root bound in Theorem 1.1 of the form ||logwlizgpo < Vlluwllc-
Indeed, it is shown in [Kor98b] that the first inequality in (5.2) is asymptotically
sharp, see the remark on p.504 in [Kor98b].

5.2. Holder coefficients. One may use the results here to investigate a variant of
Theorem 4.13 where the Carleson norm of v vanishes at a particular rate rather
than just qualitatively with respect to the scale. A prime example of this is when
the coefficient matrix A is 8-Holder continuous with 0 < 6 < 1. Using either
the hypothetical square root dependency instead of our actual weighted estimates,
one would be able to recover the correct 8-Holder estimates for the logarithm of
the elliptic measure (by perhaps modifying the arguments in [DL.M22a] using this
stronger L™ control). Alternatively, the different L!-type Carleson condition of
Remark 3.9 can be used to the same effect. Such results are not new as they follow
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from [GG84] or the more general results in [DEK18]4, and the techniques here
combined with [DLM?22a] do not seem to provide considerable generalization.
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