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ABSTRACT. In this article we study two classical problems in convex geometry asso-
ciated to A-harmonic PDEs, quasi-linear elliptic PDEs whose structure is modeled
on the p-Laplace equation. Let p be fixed with 2 < n < p < oo. For a convex
compact set E in R", we define and then prove the existence and uniqueness of
the so called A-harmonic Green’s function for the complement of F with pole at
infinity. We then define a quantity C4(E) which can be seen as the behavior of this
function near infinity.

In the first part of this article, we prove that C 4(-) satisfies the following Brunn-
Minkowski type inequality

1 1 1
[CAAEL + (1 = NE2)]7=7 = A [Ca(Er)]7~" + (1= A) [Cal(E2)]7"

when n < p < oo, 0 <\ <1, and Fy, F> are nonempty convex compact sets in R”.
While p = n then

CAAEL + (1 = N E2) > AC4(E1) + (1 = A\)Ca(E2)

where 0 < A <1 and E1, E5 are convex compact sets in R™ containing at least two
points.

Moreover, if equality holds in the either of the above inequalities for some Ej
and Fs, then under certain regularity and structural assumptions on A4 we show
that these two sets are homothetic.

The classical Minkowski problem asks for necessary and sufficient conditions on a
non-negative Borel measure on the unit sphere S”~! to be the surface area measure
of a convex compact set in R"™ under the Gauss mapping for the boundary of this
convex set. In the second part of this article we study a Minkowski type problem
for a measure associated to the A-harmonic Green’s function for the complement
of a convex compact set £ when n < p < co. If ugp denotes this measure, then
we show that necessary and sufficient conditions for existence under this setting
are exactly the same conditions as in the classical Minkowski problem. Using the
Brunn-Minkowski inequality result from the first part, we also show that this prob-
lem has a unique solution up to translation.
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Part 1. The Brunn-Minkowski inequality for A-harmonic Green’s
function

1. INTRODUCTION

The classical Brunn-Minkowski inequality states that
(1.1) [VOI(AE; + (1 — A)E3)]* > A[VOl(E))]* + (1 — A) [Vol(Ey)]*

whenever Ey, Fy are compact convex sets with nonempty interiors in R” and A € [0, 1].
Here Vol(-) denotes the usual volume in R™ and the summation (AE; + (1 — \)E»)
should be understood as a vector sum(called Minkowski addition). Moreover, equality
in (1.1) holds precisely when E; and E, are equal up to translation and dilatation
(i.e. E; is homothetic to Ey). In fact, this inequality holds for bounded measurable
sets as well and it is one of the most important and deepest results in the theory of
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convex bodies. The inequality (1.1) essentially says that [Vol(-)]l/ " is a concave func-
tion with respect to Minkowski addition. The Brunn-Minkowski inequality has con-
nections with many other inequalities including the isoperimetric inequality, Sobolev
inequalities, Gagliardo-Nirenberg inequalities. Inequalities of Brunn-Minkowski type
have been obtained for various other homogeneous functionals including; torsional
rigidity, the first eigenvalue of the Laplacian, Newtonian capacity (for more details
see the survey paper of Gardner [Ga] and the book of Schneider [Sc]). Combining re-
sults from [CS, B1, CJL], the following p-capacitary version of the Brunn-Minkowski
inequality has been shown for 1 <p <n

(12)  [Cap,(\Ey + (1 — N E2)] ™7 > A [Cap,(Ey)] ™7 + (1= \) [Cap,(E)] ™7

whenever Ey, F, are compact convex sets with nonempty interiors in R”. Here Cap,(-)
denotes the p-capacity of a set defined by

Cap,(E) = inf{ / |VolPdz . v e CP(R"), v(z) > 1 for x € E} :
Rn

Moreover, equality in (1.2) holds precisely when E; is homothetic to 5. In [AGHLV],
the first, second, and fourth authors of this article along with Jasun Gong and Jay
Hineman studied a generalized notion of p-capacity for 1 < p < n associated with
“A-harmonic PDEs” (see Definition 2.1) and denoted by Cap 4(-). It was shown in
that article that the Brunn-Minkowski type inequality holds:

[Cap A(AE1 + (1= NE)|&7 > A [Cap 4(E1)] 77 + (1= ) [Cap ()] &7

when 1 < p <n, 0 < XA <1, and Ey, Fy are convex compact sets with positive
A-capacity (so E; or Fy can have an empty interior). Moreover, if equality holds in
the above inequality for some F; and FEs, then under certain regularity and structural
assumptions on A, it was concluded that these two sets are homothetic.

We note that when p > n, Cap,(B(z,7)) = 0 (see [HKM, Example 2.12]) for any
r > 0. Borell in [B2] and Colesanti and Cuoghi in [CC] considered an analogous
problem when p = n. To describe their work, consider a convex compact E with
non-empty interior. It can be shown that there exists a unique v which is n-harmonic
in R"\ E with continuous boundary values 0 on OF and u(z) = log|z| +a + o(1) as
|z| = oo. Now u and a € R are uniquely determined by E. If we let C,(E) := e~ then
Borell in [B2] when n = 2 and Colesanti and Cuoghi in [CC] for p = n > 2 showed that
Cn () satisfies the Brunn-Minkowski inequality (1.2) with power 1/(n—p) replaced by
1 for n > 2. In these articles, it was also shown that if equality holds for some convex
compact sets F; and Fy with non-empty interiors then they are homothetic. When
n = 2, Cy(-) is often called logarithmic capacity so the authors of [CC] called C,(+) an
n-dimensional logarithmic capacity. In the first part of this article, using a similar
approach, we study a Brunn-Minkowski inequality associated with an A-harmonic
Green’s function when n < p < oco. To our knowledge this study is the first of its
kind when n < p < oo.
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2. NOTATION AND STATEMENT OF RESULTS

Let n > 2 and denote points in Euclidean n-space R" by y = (yi,...,y,). Let S"!
denote the unit sphere in R". We write e,,,1 < m < n, for the point in R" with
1 in the m-th coordinate and 0 elsewhere. Let E,0F, and diam(E) be the closure,
boundary, and diameter of the set ' C R™ respectively. We define d(y, E') to be the
distance from y € R” to E. Given two sets E and F' in R", let

dy(E, F) = max(sup{d(y, F) : y € F},sup{d(y, F) : y € E})
be the Hausdorf distance between the sets E and F'. Also
E+F:={s+y:xe€EyecF}

is the Minkowski sum of £ and F. We write E+x for E+{x} and if p is a non-negative
real number set pE = {py : y € E}. Let (-,-) denote the standard inner product on
R™ and let |y| = (y,y)'/? be the Euclidean norm of y. Put

B(z,r)={y € R": |z —y| <r} whenever z € R" and r > 0.

Let dy denote the n-dimensional Lebesgue measure on R™. Let H*, 0 < A < n, denote
the A\-dimensional Hausdorff measure on R™ defined by

HNE) —%g%mf{Z'rj, ECUB T, 7j), jgé}

where the infimum is taken over all possible d-covering { B(z;,7;)} of E. If O C R™ is
open and 1 < ¢ < oo, then by W19(0) we denote the space of equivalence classes of
functions h with distributional gradient Vh = (hy,, ..., h,, ), both of which are ¢-th
power integrable on O. Let

1Pllg = WIllg + 1TV AL

be the norm in W4(0O) where || - ||, is the usual Lebesgue ¢ norm of functions in the
Lebesgue space L(0O). Next let C5°(O) be the set of infinitely differentiable functions
with compact support in O and let W %(O) be the closure of C5°(O) in the norm of
W14(0). By V- we denote the divergence operator.

Definition 2.1. Let p,«a € (1,00) and
A= (A,....A) : R*"\ {0} = R",

be such that A = A(n) has continuous partial derivatives in ng for k = 1,2,...,n
on R"\ {0}. We say that the function A belongs to the class M,(«) if the following
conditions are satisfied wheneverf € R" andn € R™\ {0}:

6.A

(i) Ellipticity: o |n[P~2|¢]* <

(n)&&;  and Z!VA ()] < anP2,
=1

zgl

(i1) Homogeneity: A(n) = |n[*~"A(n/ |77|)-



THE BRUNN-MINKOWSKI INEQUALITY AND A MINKOWSKI PROBLEM 5
We put A(0) = 0 and note that Definition 2.1 (7) and (i7) implies
(2.1) (Il + 1 D=2 n =" = (Al =A0r),n =)

whenever 7,7 € R™\ {0} and the proportionality constants depend only on p,n, and
a.

Definition 2.2. Let p € (1,00) and let A € My(«) for some a € (1,00). Given an
open set O we say that u is A-harmonic in O provided u € WP(Q) for each open G
with G C O and

(2.2) /(A(Vu(y)), VO(y))dy =0 whenever § € W,*(G).

We say that u is an A-subsolution (A-supersolution) in O if u € WHP(G) whenever
G is as above and (2.2) holds with = replaced by < (>) whenever § € Wy (G) with
0 > 0. As a short notation for (2.2) we write V- A(Vu) =0 in O.

Remark 2.3. We remark for O, A, p,u, as in Definition 2.2 that if ' : R™ — R" is
the composition of a translation and a dilation then

i(z) = u(F(2)) is A-harmonic in F~*(0).

Moreover, if F : R® — R™ is the composition of a translation, a dilation, and a
rotation then

i(2) = u(F(2)) is A-harmonic in E=*(O) for some A € M,(«a).

We note that A-harmonic PDEs have been studied in [HKM]. Also dimensional
properties of the Radon measure associated with a positive A-harmonic function wu,
vanishing on a portion of the boundary of O, have been studied in [A, ATLV12, ALV,
LN, AGHLV], see also [LLN, LN4].

In this article, we often assume that £ C R™ is a convex compact set usually
containing at least two points or equivalently having positive H! measure. Note that
when p = 2 and A(n) = (m,...,m.), n € R™\ {0}, then one gets Laplace’s equation
in R™. If we additionally let n = 2 and Q = R?\ E, then the logarithmic capacity
of E can be defined through the behavior of the Green’s function near co. That is,
the Green’s function u(-,00) with pole at oo has continuous boundary values zero
on OF, and has a representation u(z,00) = log |2| + H(z,00) in Q where H(z,00) is
harmonic, bounded, and continuous at co. The quantity H (oo, 00) = a is known as
the Robin’s constant for E. Thus u(z,00) = log|z| +a+o(1) as |z| — oco. Classically
the logarithmic capacity of E in the plane is defined by Cap,(E) = e~ More about
logarithmic capacity in the plane can be found in [GM, Chapter I1I] and in [La, Page
167].

When A(n) = [n|P=2n for n € R™\ {0} and 1 < p < oo then one gets the p-
Laplace equation V - (]Vu[P"2Vu) = 0 and solutions are called p-harmonic functions.

In R", n > 2, log || is an n-harmonic function and |z|» 1 is a p-harmonic function
in R"\ {0} when 1 < p # n < oo. As in the planar case, given a convex compact
set £ C R™ with non-empty interior, there exists a unique p-harmonic function u
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such that V - (|[Vu|P™2Vu) = 0 in R™ \ F with continuous boundary values 0 on JE
satisfying
log |z| +a+ o(1) when p =n,
() = p—n as |x| — oo.
|z|»=T +a+ o(1) when n < p < oo,

Here a € R when p = n and @ < 0 when n < p < oo. So based on the classical
function theory, p = 2,n = 2, case, a natural definition of C,(FE) is C,(F) = e~* when
p =mn and Cy(E) = (—a)’"! when n < p < oco. It can be shown that u and a are
uniquely determined by E. Moreover, t — C,(tE) for t € (0, 00) is homogeneous of
degree 1 function when p = n while this function is homogeneous of degree p — n
when n < p < oc.

Using the above approach but a more PDE inspired normalization, we will define
C4(F), whenever n < p < oo, and E contains at least two points when p = n or is
nonempty when p > n. We will show in §4 that there exists a unique u, satisfying

V. A(Vu) =0in R"\ E,
(2.3) u=0on JF,
u(z) = F(z) +a+o(l) as |z| — o0

where F'(z) is the so called fundamental solution to an .A-harmonic PDE with pole
at infinity (see Lemma 4.2 and Lemma 4.4). Here F(z) = log|z|, when p = n and

F(z) ~ |z|*1 when n < p < 0o as  — co. Given E as above we call u the A-
harmonic Green’s function for R™ \ E with pole at co. We will also see in §5 that u
and a are uniquely determined by F. Thereupon, we define

e~/ when p = n,
Ca(E) = { (—a)P"! when n < p < oo.

Here 7y is a non-negative constant (see Lemma 4.4). With this notation we prove that
C4(+) satisfies the following Brunn-Minkowski type inequality when n < p < co. In
particular, our first main result is

Theorem A. Let Ey and Ey be compact convex sets in R™, n > 2. Assume that both
sets contain at least two points when p = n and that both sets are nonempty when
p>n. If A€ [0,1] and if p=n then

(2.4) CAAEr + (1 = M) E2) > XCa(E1) + (1 — N)Ca(E>).

While if n < p < oo then

(2.5) CANE: + (1= N)Ep)]77 > ACA(ED) 77 + (1 — \)Ca(Ey) 7.
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If equality holds in (2.4) orin (2.5) and A satisfies

(2.6)

(i) There exists 1 < A < oo such that OA; (n) — 8.,4,@- (M| < Al —1||n|P~3
om; on;

whenever 0 < 5 |n| < || < 2| and 1 <i < n,
g of
(i) Adn) = 3

then Es is a translation and dilation of E provided that both sets contain at least two
points.

for 1 <i < n where f(tn) =t*f(n) whent >0 andn € R™\ {0},

)

We first remark that the work in [CC, B2] corresponds to the case p = n and
A(n) = |n|"2n, whereas in Theorem A we consider all possible values of p, n < p < 0o
and general A € M,(a) for o € (1,00). Second, in [CC, B2], the convex compact sets
FE, and FE5 are required to have interiors, unlike our “bare bones” assumption on E
and Ey. We consider it a very interesting question as to whether (2.6) is needed in
Theorem A. Finally, Theorem A will be used to prove uniqueness in the Minkowski
type problem associated with an A-harmonic Green’s function for the complement of
a compact convex set when p > n (see §7).

3. BASIC ESTIMATES FOR A-HARMONIC FUNCTIONS

In this section we state some fundamental estimates for A-harmonic functions. Con-
cerning constants, unless otherwise stated, in this section, and throughout the paper,
¢ will denote a positive constant > 1, not necessarily the same at each occurrence,
depending at most on p, n, o, A which sometimes we refer to as depending on the data.
In general, c¢(aq, ..., a,) denotes a positive constant > 1, which may depend at most
on the data and ay,...,a,, not necessarily the same at each occurrence. If B ~ C'
then B/C is bounded from above and below by constants which, unless otherwise
stated, depend at most on the data. Moreover, we let max u, m}n& be the essential

supremum and infimum of @ on F' whenever F' C R" and @ is defined on F'. Finally
in this section, unless otherwise stated, we assume that 1 < p < co. We shall start
with a definition of thickness and fatness of a closed set

Definition 3.1 (Thickness). Given A > 0 and 19 > 0, a closed set E is called
(1o, A)-thick if there exists ¢ > 0 such that

HA(ENB(w,r)) >cr™ forall 0<r<r, and w€ E.

Here H2, denotes the Hausdorff content of a set (take the infimum in the definition
of H* over all possible covering of the set). The classical definition of the p-capacity
of a compact set E inside a bounded domain D is defined by

Cap,(E, D) = inf{ / |VolPdz : v e C5°(D), v(x) > 1 for z € E} :
D

Note that when D = R" one has Cap,(E£,R") = Cap,(£) as defined earlier.
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Definition 3.2 (Fatness). A closed set E C R™ is called uniformly (rq, p)-fat if

Cap,(E rj B(w, ), B(w, 2r))

Cap,(B(w,r), B(w,2r))

forO<r <ryandallwe E.

We note from [HKM, Example 2.12] that for n < p < oo,

Cap, ({0}, B(xo,2r)) = Cap,(B(zo,7), B(xo,2r)) = r"7.

Thus if p > n and 0 < ry < co then any nonempty closed set is uniformly (7, p)-fat.
On the other hand, if 1 < p < n, it follows essentially from Frostman’s lemma that if
a closed set E is (ro, A)-thick for some r9 and A > n — p then E is uniformly (7o, p)-
fat (see [AH, Corollary 5.1.14]). Thus a compact convex set containing at least two
points is uniformly (7, n)-fat with capacitary ratio (i.e, ¢ in Definition 3.2) depending
only on n when ry = diam(F). Finally, uniform (ro, p)-fatness for some ry > 0, is a
sufficient condition for solvability of the Dirichlet problem for A-harmonic PDEs in a
bounded domain €2 in the sense that if every point w € R™\ €2 is uniformly (r¢, p)-fat,
then

= = OQ.

/ro {Capp((R” \ Q) N Blw, r), B(w,2r)) 157 dr
0 Cap,(B(w,r), B(w,2r)) r

That is, uniform (7, p)-fatness implies Wiener regularity (see [HKM, Theorem 6.33]).
Next we state some basic estimates for A-harmonic functions.

Lemma 3.3. Given p, 1 < p < oo, assume that A € M,(«) for some a € (1,00) in
R™, n > 2. Let i be a A-harmonic function in B(w,4r) for some r > 0. Then

(z) PP / Vil dy < c¢(max |a])? < 027’_”/ |a|? dz,
B(w,r/2) B(w,r) B(

w,2r)

(3.1)
(#3) Ifu >0 in B(w,2r) then max 4 < ¢ min 4.
B(w,r) B(w,r)
Furthermore, there exists & = (p,n,«) € (0,1) such that
e _ z—y|\7 .
_ <ecl=2—Z
i) fato) = )l < () e
whenever x,y € B(w,r).

Proof. A proof of this lemma can be found in [S]. O

Lemma 3.4. Let p,n, A, a,w,r, @ be as in Lemma 3.3. Then @ has a representative
locally in W'P(B(w, 4r)), with Hélder continuous partial derivatives in B(w, 4r) (also
denoted ). Moreover, there exist B € (0,1] and ¢ > 1, depending only on p, n, and
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«, such that if x,y € B(w,r), then
(a) ¢ |Vii(z) — Vi(y)| < (Jz—yl/r)° nax V| < er™t (lz = yl/r) a(w),

(3.2) n
(b) / D VAP iy, [Pdy < er™ P i(w).
B(w,r) ij=1
If

yrta < |Va| <y 'r7'a on B(w,2r)
for some v € (0,1) and (2.6) (i) holds then @ has Holder continuous second partial
derivatives in B(w,r) and there exist € (0,1) and ¢ > 1, depending only on the
data and v, such that
(3.3)

n 1/2

3 (e, () = iy, (9))* | < ellz = yl/r)’ hax (Z Iﬂxixj|>
ij=1
1/2
< &2 |z —y|/r zwd:v
’ ’/ (Z B(w,2r) ' )

<&r*(jx —yl/r)
whenever z,y € B(w,r/2).

Proof. A proof of (3.2) can be found in [T]. Also, (3.3) follows from (3.2), the added
assumptions, and Schauder type estimates (see [GT]). O

Lemma 3.5. Fizp with 1 < p < oo and assume that A € M,(a) for some o € (1,00).
Let E C B(0, R), for some R > 0, be a uniformly (ro,p)-fat compact convex set where
ro = diam(E). Let ¢ € C°(B(0,2R)) with (=1o0nB(0,R). If0 < is A-harmonic
in B(0,4R) \ E, and u¢ € Wy*(B(0, 4R) \ E), then @ has a continuous extension to
B(0,4R) obtained by putting =0 on E. Moreover, if0<r <R andw € E then

(3.4) (i) o / ValPdy < c (max a)p.

B(w,2r)
B(w,r)

Furthermore, there exists 6 € (0,1), depending on p,n,c, and the uniform (ro,p)-
fatness constant for E, such that

(i) |a<x>—a<y>|Sc('x‘y')& max @

r

whenever x,y € B(w,r) and 0 < r < diam(E).

Proof. Here (i) is a standard Caccioppoli inequality and (ii) for y € E follows from
uniform (rg, p)-fatness of E and essentially Theorem 6.18 in [HKM]. Combining this
fact with (3.1) (7i7) we obtain (7). O
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Remark 3.6. As an application of Lemma 5.5 observe from the remarks following
Definitions 5.1 and 5.2 that if p > n then Lemma 3.5 is valid for any compact set
E C B(0, R) with diam(E) in (3.4) (ii) replaced by R. If p = n and E is conver,
containing at least two points, then E contains a line segment so is (1o, 1)-thick and
thus uniformly (ro,n)-fat. Hence Lemma 3.5 applies in this situation as well.

Lemma 3.7. Let A, p,n,«, E, 1o, R, @ be as in Lemma 5. 5. Then there exists a unique
finite positive Borel measure i with support contained in E such that

(3.5)  (4) / (A(Va(y)),Vo(y)) dy = — / Gdfi  whenever ¢ € C°(B(0,2R)).

Moreover, there exists ¢ > 1, with the same dependence as in Lemma 3.5 such that

(ii) ¢ rP " u(B(w, ) < Br(rllﬂa;) P! < er? " i(B(w, 4r))

whenever 0 < r < rg and w € E.

Proof. For the proof of (i) see [HKM, Theorem 21.2] or [KZ]. The left-hand inequality
in (i7), follows from (7) in (2.1) with n" = (0,...,0), and Holder’s inequality, using
a test function, ¢, with ¢ = 1 on B(w,r). The proof of the right-hand inequality in
(3.5) (it) follows from [EL] or [KZ]. O

4. EXISTENCE AND UNIQUENESS OF A FUNDAMENTAL SOLUTION

Let p and « be fixed with 2 < n < p < oo and a € (1,00). In this section,
for A € M,(«), we will show existence and uniqueness of a fundamental solution to
A-harmonic PDE. The cases p > n and p = n require different proofs and slightly
different definitions. We begin with the more difficult case p = n.

4.1. Existence and uniqueness for p = n.

Definition 4.1. If p = n we say that F is a fundamental solution to V- A(VF) =0
in R™ with pole at 0 if
(1) F is A-harmonic in R™\ {0}, F € WLA(R™) for1 <1 < n,

loc

(4.1) and |F(z)| = O(log |x|) in a neighborhood of cc.

(i) /(A(VF(z)), VO(2))dz = —0(0) whenever 6 € Cg°(R").

In order to show existence and uniqueness of F' we require several preliminary
lemmas. Fix R with 2 < R < oo, and let v = v(, R) be the A-harmonic function
in B(0,R) \ B(0,1) with continuous boundary values 0 on dB(0,1) and log R on
0B(0, R). Extend v to B(0,1) by putting v = 0 on B(0,1). Let v be the positive
Borel measure as in Lemma 3.7 with support contained on 0B(0, 1) associated to v.
We claim that
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Lemma 4.2. For v and v as above we have

(a) v(B(0,1)) ~ 1,

(4.2) (b) ' < (Vo(z),x) <|2|]|[Vv| < ¢ whenever v € B(0,R) \ B(0,1),
(¢) wv(z)=~log|z| whenever x € B(0,R)\ B(0,1)

where ratio constants depend only on n and .

Proof. To prove this inequality let w(z) = log|z|, when x € B(0, R), and note that
w is n-harmonic in B(0, R) \ B(0, 1) with continuous boundary values and v = w on
J[B(0, R) \ B(0,1)]. Then

(4.3)
v(B(0,1)) log R :/

(A(Vv), Vu)dr ~ / |Vw|"dx ~ log R.
B(0,R)\B(0,1)

B(0,R)\B(0,1)

where all ratio constants depend only on n and a. The left-hand inequality in (4.3)
follows from the definition of v, using max(log R — v,0) as a test function. That is,
as in Lemma 3.7, we first have

—/<A<VU),VU)>d:L‘ = /(A(Vv),V(logR— v))dx

:—/ log Rdv = —log Rv(B(0,1)).
0B(0,1)

The middle inequality in (4.3) follows from Hélder’s inequality after using v — w as
a test function in the definition of A and n-harmonic functions using v, w. Indeed,
since v is A-harmonic in B(0, R) \ B(0, 1)

0= / (A(VY), V(0 — w))dz = / (A(Vv), Vo)dz — / (A(Vv), Vu)da.

Using the structural assumptions on A and Hoélder’s inequality with €’s to estimate
the second integral on the right in the above equality, it follows that

/|VU|"dx < a/(A(VU),VU)dx = a/(A(Vv),Vw)dx < c/ |Vw|"dx

where ¢ depends only on n and «. A similar argument using n-harmonicity of w
and v — w as a test function gives the reverse inequality. Thus (4.2) (a) is valid. To
prove (4.2) (b) we note that 0B(0, 1) is uniformly (1, n)-fat in the sense of n-capacity
defined relative to B(0,4). It follows from Lemma 3.7 (i) and Harnack’s inequality
for A-harmonic functions that
4.4 ~ v(B(0,1))Y/" V) ~ :
(44) v(B(0,1)) S v

Similarly, if 7 is the measure with support contained on 0B(0, R) associated with
log R — v as in Lemma 3.7 and A(n) = —A(—n) then

~ (B 1/(n-1) _ (7 1/(n-1) _ o).
(4.5) 1~ v(B(0,1)) 7(B(0, R)) mas (log i —v)



12 M. AKMAN, J. LEWIS, O. SAARI, AND A. VOGEL

We now argue as in the proof of Lemma 4.3 in [AGHLV]. For fixed 1 < A < 101/100,
we claim that

Az) —v(x)

(4.6) k(x) == ol . > ¢ ' whenever x € B(0, R/)\) \ B(0,1)

where ¢ depends only on n and the structure constants for A. To prove (4.6) let

2 2
6N|z| —€N 6—N\x| _ 6_64N

(4.7) b1(x) = TN _ N and  ¢y(z) = N ey

Notice that ¢; = 0 on 9B(0,1) and ¢; = 1 on 9B(0,8). Similarly, ¢ = 1 on 0B(0,1)
and ¢ = 0 on B(0,8). Note also that at points in B(0,8) \ B(0,1) where Vv # 0,
these functions are subsolutions to the second order non-divergence form PDE for v
corresponding to A-harmonicity when N > 1 is sufficiently large depending only on
the data (see [AGHLV, Section 7.1]). Using these notes and arguing as in [AGHLV,
Section 7.1] we see there exists N,¢; > 1, depending only on the structure constants
for A, a, and n such that

(4.8) Ayl =1) > 1= ¢a(y)] = crv(y) > d1(y) > ¢ (Jyl — 1)

when y € B(0,8) \ B(0,1). From the lower bound for v in (4.8) we find that (4.6) is
valid when o € 0B(0, 1) for ¢ suitably large. Similarly

(4.9)
cs(1—=yl/R) > ci[l = 6:(8y/R)] > er(log R —v(y)) > ¢2(8y/R) > ¢ (1 — |y|/R)

when y € B(0, R)\ B(0, R/8). From the lower bound for log R — v in (4.9) we deduce
that (4.6) holds for x € 0B(0, R/\). From the boundary maximum principle for A-
harmonic functions it follows that (4.6) is true. Letting A — 1 and using the chain
rule we obtain the left-hand inequality in (4.2) (b). The right-hand inequality in (4.2)
(b) for y € B(0,8) \ B(0,1) follows from (3.5) (ii), (4.5), Lemma 3.4 (a) with v = u
and the estimate for v from above in (4.8). Likewise using log R — v = w in these
displays and the estimate from above for log R —v in (4.9) we arrive at the right-hand
inequality in (4.2) (b) for y € B(0, R) \ B(0, R/8). To handle other values of y we
need some notation. Given a real valued continuous function ¢ defined on 9B(0, s),
set

m(s, q) zxegg(rgm)Q(x) and  M(s,q) erglj%s)qw)-

If 2 <t < R/4 we note that
E = {z; v(x) <m(t,v)} C B(0,t)

is connected and has diameter at least ¢. Also max(v(z) — m(t,v),0) > 0 is A-
harmonic in B(0,R) \ £ and = 0 on E. Let 8 = [3; be the positive Borel measure
with support contained in F corresponding to max(v(z) — m(t,v),0) as in Lemma

3.7. As in Lemma 4.2 of [AGHLV] we see that 5(F) = v(B(0,1)). So once again from
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Lemma 3.7 we have

~ v(B(0,1))/" D = (E)Y" D ~ max [max(v(z) —m(t,v),0)]
(410) 0B(0,2t)

= M (2t,v) — m(t,v)

for 2 <t < R/4. Now from Lemmas 3.3-3.5 with u replaced by v —m(t,v) and (4.10)
we see that

(4.11) M(3t/2,|Vov|) < et

All constants in (4.10)-(4.11) depend only on the data. Combining (4.10)-(4.11) we
get the right-hand inequality in (4.2) (b) when 4 < |y| < R/4. Thus (4.2)(b) is valid.
Now (4.2)(c) follows from (4.2)(b) and integration. O

To avoid confusion we temporarily write v(-, R) and v(-, R), for v and v in Lemma
4.2, Using Ascoli’s theorem and Lemmas 3.3-3.5 for A-harmonic functions we see
as m — oo that a sub-sequence of {v(-,m)}°_¢ converges uniformly on compact
subsets of R" to a locally Holder continuous function V > 0 which is A-harmonic in
R"\ B(0,1) and V = 0 on B(0,1). Let © be the measure corresponding to V as in
Lemma 3.7 and put

o) = A& and V() == V() :
©(B(0,1)) [©(B(0,1)))V/(-1)

Then Lemma 4.2 is valid with v and v replaced by V and © in R" \ B(0,1), and

©(B(0,1)) = 1. Next we prove

Lemma 4.3. For V and © as above there exist Ry > 4, b € CY7(B(0,2)\ B(0,1/2)),
a€(0,1),ce >1, and 0 < v < ¢y where &, 0,cy, depend only on the data, satisfying

(4.12) V(@) —ylog |z| — bz/|z])| < ci(Ro/|2])*

whenever |x| = R > Ry > 4.

Proof. We first note that h(z) := (x, VV (z)) is a weak solution to

(4.13) Lh = Z %(b,j(g;)hmj) ~0

ij=1

whenever z € R™ \ B(0,1) where

0A;(VV(x))
o,

for almost every z € R"\ B(0,1). From (4.14) and the structural assumptions on A
in Definition 2.1 it follows that

(4.14) bij(z) =

(4.15) D bij(2)&8 = [VV ()" 2I¢)* whenever € € R™\ {0}

1,j=1
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where ratio constants depend only on the data. From (4.13)-(4.15) and (4.2) (b) we
see for r > 8 that h is a bounded positive weak solution to a uniformly elliptic PDE
in B(0,2r) \ B(0,r/2) with bounded measurable coefficients.

We observe that m(r, h) as a function of r is either non-decreasing on (1,00) or
ultimately non-increasing in the sense that there exists ¢; > 1 with m(-, h) non-
increasing on [t;,00). Also either M (r, h) is non-increasing on (1,00) or ultimately
non-decreasing on (1,00) in the sense that there exists ¢; > 1 with M(-, h) non-
decreasing on [t1,00). Both statements follow from the maximum-minimum principles
for A-harmonic functions. Thus there exist constants S and « such that

0<p:= Tlirgom(r, h) < TILIEOM(T’, h)=:1v < o0

thanks to Lemma 4.2. Then h—min(m(r/2, h), m(2r, h)) is non-negative in B(0, 2r)\
B(0,7/2) so by Harnack’s inequality for uniformly elliptic PDE in (4.13) we have,
(4.16) M (r,h) — min(m(r/2,h),m(2r,h)) < c[m(r, h) — min(m(r/2, h), m(2r, h))],
¢ depending only on the data. Letting  — oo in (4.16) we obtain that

(4.17) v =0 < .

To get the estimate in (4.12) first assume that M (-, h), is non-decreasing on [t;, 00)
for some ¢; > 1. Then from (4.17) it follows that m(-, k) is also non-decreasing on
[t1,00). In this case we show the existence of to > t; with

(4.18) h=~ onR"\ B(0,t).

From (4.17) and Harnack’s inequality for L in (4.13) applied to h —m(t, h) it follows
that either m(t, h) = ~ for some ¢ > ¢; in which case we put t, = ¢t and observe that
(4.18) is valid or there exists t5 > ¢; with

(4.19) v >m(t,h) > M(ty,h) for t > t,.
Assuming (4.19) we claim that for H'-almost every 7 € [m(ta, h),7],

(4.20)  I(7):= Z|Vh| Yoij (@) he, b, dHY ! =

/{:pGR”\B(O t1): h(z)=, Vh(z)#0} [S|

where @ is a constant independent of 7 € [m(ts, h),y]. To prove this claim, let 71, 79, €
be so that m(ty, h) < 11 < 79 < v and

1
O<e< gmin{’ﬁ —m(tg,h),'}/—TQ,’Tg —Tl}.

Let [ be infinitely differentiable on R with [ =1 on [ry, 73], I =0 on R\ [1; — €, 72 + €],
and |VI| < ¢/e where ¢ is an absolute constant. Using [ o h as a test function in the
weak formulation of (4.13) and using (4.14) and (4.15) we see that

(421) 0= / Z bi;(2)h, i, (I 0 h)dy = /T_ I(s)'(s)ds + /me[(S)l,(s)d&

l,jzl T1—€ T2

where we have used the version of the coarea theorem in [MSZ] which is permissible
since h € W23(R™ \ B(0,1)). From Lemma 4.2 applied to V, (4.14), (4.15), and

loc
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once again the coarea theorem, we deduce that [ is integrable on any compact subset
of (m(tg,h),v). This observation, (4.21), and the Lebesgue differentiation theorem

imply
(4.22)

(7)) — I(7) = / _ [1(s) — I(m)]I!(s)ds + / () = Il (s)ds — 0 as e — 0

for H'-almost every 7,75 € [m(t2, h),7]. This proves claim (4.20).
Assuming @ # 0 and that ty > to we let
() = max(h(z) — m(to,h),0) whenever z € R™\ B(0,#y),
TN 0 whenever z € B(0,t;).

Then from (4.19) we observe that
lim h(z) =0 whenever y € dB(0,t).

T—Y

Let 0 < ¢ € C3°(B(0,4t)) with ¢ = 1 on B(0,2ty) and |V¢| < ¢ty where ¢ = c(n).
Then from the above observation, (4.19) and Lemma 4.2 we see that h ¢* can be used
as a test function in the weak formulation of (4.13). Doing this and using Holder’s
inequality we get the Caccioppoli inequality,

(4.23) I = / Z bij(x)ﬁmjzquﬁzdx < c/|VV‘”—2]~12 Vo2dz = I,

ij=1

Using (4.23), the coarea theorem from [MSZ], and (4.20) once again we arrive at

n

]1 Z / sz(:E)iijLIJ ¢2dx
{z: 0<h(z)<m(2to,h)—m(to,h)} ig—1

4.24 m(2to,h)—m(to,h) B n o
( ) / (/ |Vh|‘1 Z bij(x)hxihzjd’ﬂ”—l) dt
0 {h=t}

i,j=1

a[m(2to, h) — m(to, h)]
Also from Lemma 4.2 (b) for V and the definition of i we find
(4.25) Iy < c[M(4tg, h) — m(to, h))* < m(2tg, h) — m(t, h)]*> # 0

where to get the last two inequalities we have used (4.19) and Harnack’s inequality
for h — m(to, h) in R™\ B(0,ty). Using (4.24) and (4.25) we conclude for some ¢ > 1
that

(4.26) G < &m(2to, h) — mto, h)].

We now repeat this argument with ¢y replaced by 2Ft, for k = 1,2,... in (4.26).
Summing the resulting inequalities we eventually get a contradiction to (4.17) unless
a = 0. If a = 0 we observe that

B(0,4t) \ B(0,t5) C {x : m(to, h) < h(z) < M(dto, h)}.
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Using this observation, the coarea theorem from [MSZ], (4.20), and arguing as in
(4.24) we get I; = 0. It then follows from (4.15) that Vi = 0 in B(0,2ty) \ B(0, o)
and thereupon from Harnack’s inequality that h =~ in R™\ B(0, ty), a contradiction
to (4.19). Since ty > ty is arbitrary we conclude from all these contradictions that
(4.18) holds when M(-, h) and m(-, h) are both non-decreasing on [t;, 00).

If M(-,h) and m(-,h) are both non-increasing on [t;,00) then either M(t,h) = ~
for some t > ¢; in which case we put t; = ¢ and observe that (4.18) holds or there
exists t9 > t; so that

(4.27) v < M(t,h) <m(ty,h) fort>ts.
In this case let ty > t5 and define

() = max(M (to, h) — h(x),0) whenever x € R"\ B(0,,),
7V 0 whenever = € B(0, ).

Repeating the argument from (4.23)-(4.26) with & replaced by h and using arbitrari-
ness of ¢ty we eventually arrive at a contradiction so (4.18) is valid. The only other
possible case in view of (4.17) is that there exist ¢; > 1, such that M (-, h) is non-
increasing on [t1,00) and m(-, h) is non-decreasing on [t1, 00). In this case we see that
either (4.18) is valid for some t5 > ¢; or

(4.28) m(to,h) <y < M(tg,h) for all ty € [t1,00).

In this case we can apply Harnack’s inequality to M(ty,h) — h and h — m(ty, h) in
R™\ B(0,ty) whenever t, > t; to get

M (to, h) —m(2to, h) < c1[M(to, h) — M(2to, h)]

and
M(Qto, h) - m(to, h) S C1 [m(2t0, h) - m(to, h)]

Adding these two inequalities and doing some arithmetic we obtain

(4.29) M (2tg, h) — m(2tg, h) < k(M ((tg,h) — m(to, h))

where kK = 3: € (0,1). Tterating this inequality with ¢, replaced by 25, k = 1,2, ...,
it follows that if s > 2t,, then

(4.30) M(s,h) —m(s,h) < c(to/s)*(M(to, h) — m(ty, h)) < *(t1/5)®

for some ¢ > 1, depending only on the data.
Finally, we are in a position to prove (4.12) in Lemma 4.3. First if (4.18) is valid,

then using r'h(rw) = 24 when |2| = r and w = 2/|z| € S* we find upon
integrating (4.18) from r = R > t5 to 7 > 2R that
(4.31) V(rw) — V(Rw) = vlog(T/R).

Otherwise, (i.e. (4.28) holds and therefore (4.30) holds) we find from (4.30) that if
w € S then
|h(sw) — 7| < cpu(t1/s)* for s > 2R > 4t
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where ¢, depends only on the data. Integrating this inequality with respect to s
from R to 7 > R we get as in (4.31) that

(4.32) |V (tw) — V(Rw) — vlog(t/R)| < cy(t1/R)”
whenever w € S"™! and 7 > 2R > 4t;. If either (4.31) or (4.32) holds we let
Um(y) =V (my/ly|) — vlogm whenever y € R\ {0} form=23,....

Note that v, is a homogeneous of degree zero function for m = 2,3,.... From
Lemma 4.2 (b) for V in R™\ {0} and Lemmas 3.3-3.5, we see that Vi),,, € C%(B(0,4)\
B(0,1/4)) for some o € (0,1) with norm < ¢, while from (4.31) or (4.32) we deduce for
m > 2R that {1, } is uniformly bounded by a constant depending on R. Using Ascoli’s
theorem we conclude that a sub-sequence of {t¢,,} say {¢,, } converges uniformly in
the C17(B(0,2)\ B(0,1/2)) norm to b, a homogeneous degree 0 function on R™\ {0}.
Letting 7 = my, w = x/|x| in (4.31) or (4.32), and | — oo we conclude (4.12) for a
fixed = with |z|] = R > Ry where Ry = 2t if (4.31) holds and Ry = 2t; if (4.32)
holds. Now letting R vary we get Lemma 4.3. U

Finally, we prove

Lemma 4.4. Let A € M,(«). Then there exists a unique (up to an additive constant)
fundamental solution F' to the equation V - A(VF) =0 in R™, with pole at 0, in the
sense of (4.1). Furthermore, there exist b € C7(B(0,2) \ B(0,1/2)), v > 0, and
¢ > 1 such that

(+) F(z) =~log|z| +b(z/|z|) whenever z € R™\ {0},

(4.33) (++) ¢ ' <(2,VF(2)) <|2|VF(2)| < ¢ whenever z € R™\ {0}.

Proof. Let x = my, |y| > 1/m, for m > 4R2 where Ry is as above, and put
Fon(y) =V(z) —ylogm fory € R"\ B(0,1/m).
Then from Lemma 4.3 with R = |z| we get for |y| > m~/2 that
|Fn(y) — vloglyl = b(y/lyD)| = [V (z) — vlog|y| — ylogm —b(y/|y])]
(4.34) = |V (my) — ylogm|y| — b(my/(ml[yl)|
< e(Ro/mly|)™ < e(Rg/m)*.
Also from the chain rule and Lemma 4.3 for V' we have if |y| > 1/m that
(4.35) ¢t S A(VEu(),y) < WlIVEL(y)] <c

where ¢ > 1 depends only on the data. From Lemma 4.2, (4.34), (4.35), as well as
Lemmas 3.3-3.5, we observe that the C? norms of { F},, } {m>16} are uniformly bounded
on a given compact subset of R"\ {0} for m large enough. From this observation and
(4.34) we conclude that

lim F(y) = ylogly| +b(y/|yl) = F(y) whenever y € R™\ {0}.

Thus, (4.33) (+) is proved. Also (4.33) (++) follows from (4.35) and uniform conver-
gence of VF,, — VF on compact subsets of R" \ {0}. Moreover, F' is A-harmonic in
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R™\ {0}. Extend F,, 4+ logm to a continuous function on R™ by putting this function
=0 on B(0,1/m). Let y,, denote the measure as in Lemma 3.7 (i) corresponding to
F,, + vlogm, with support contained in dB(0,1/m). Once again using invariance of
A-harmonic functions under dilation and translation we deduce that

pn(B(0,1/m)) = ©(B(0,1)) = 1.

Using uniform convergence of VF,,, — VF on compact subsets of R"\ {0} and (4.35)
we conclude for § € C5°(R") that

(4.36) /(A(VF),V9>d:1: = lim [ (A(VF,),V0)dx=— lim /Hdum = —6(0).
m—00 m—0o0
Thus (4.1) (i) and (ii) are valid so F' is a fundamental solution in the sense of Defi-
nition 4.1.
To prove uniqueness of F' up to a constant, suppose F} also satisfies (4.1) (i) and

(17). We assume, as we may, that Fj(e;) = 1 where e; = (1,0,...,0). Then
A =limm(t, Fy) and B = lim m(t, Fy)
t—0 t—00

in the extended sense thanks to the minimum principle for A-harmonic functions.
We note that if A is finite then F; — A as x — 0 while if B is finite then F} — B as
x — oo. This note is proved using Harnack’s inequality as in (4.16). We first show
that

(4.37) A= —00.

Indeed, if A # —o0, then from the above note and the maximum-minimum principles
for A-harmonic functions we see that A = lim;_,o M (¢, F}) and B # A. In this case if
A > B, let s,t satisfy A > s >t > B and set

0(x) = max(min(Fy, s),t) — t.

Approximating 6 by C$°(R™) functions we see that § can be used as a test function
in (4.1) (47). Doing this it follows that

~

{z: t<F1(z)<s}

which is a contradiction since the right-hand integral is always non-negative as we see
from the structural assumptions on A. If A < B we suppose A < s <t < B and use

0(x) = min(max(Fy, s),t) — ¢

as a test function in (4.1) (¢7) in order to obtain (4.38). Since A # —oo we can let
s — Aand taket > M(1, F}) in order to conclude from (4.38) that F}, € W™ (B(0,1)\
{0}). Using this conclusion and the fact that a point has zero n-capacity one can now
show that F} extends to a .A-harmonic function in B(0,1) which easily leads to a
contradiction. To see this contradiction, given § € Cg°(B(0,1)) with #(0) # 0 and
e >0, we let 6. = n. 6 where

whenever z € B(0,1).
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It is easily shown that

(4.40) 0<n <1, / |Vne|"dx — 0, and n. — 1 aein B(0,1) ase— 0.
B(0,1)

Using 6. as a test function in (4.1) (éi) and letting ¢ — 0 it follows from (2.1),
Fy e Whn(B(0,1) \ {0}), (4.40), Holder’s inequality, and (4.1) (i7) for 6 that

(4.41)
0= A(VE), Vo )dx
/B | AR

_ / O(A(VF,), Vn.)dx + / N(A(VEFy), Vo)dz
B(0,1)

B(0,1)

< / OV " (Ve + / AV FL), V0yda
B(0,1) B(0,1)

(n—1)/n 1/n
<c </ |VF1,ndx) (/ ]andw) +/ n{A(VF),Vo)dx
B(0,1) B(0,1) B(0,1)

— 0+ / (A(VF),VO)dr = —0(0) #0 ase— 0.
B(0,1)

From this contradiction in (4.41) we conclude that (4.37) holds. Next we use (4.37)
and (4.1) (7) to show that

(4.42) d=1lim M(t, F;) = —oc.

The proof is by contradiction. If d # +o00, then from Harnack’s inequality we find
that d = lim;_,o m(t, F}), a contradiction to (4.37). If d = oo then from the maximum-
minimum principles for A-harmonic functions we deduce the existence of ¢; > 0 with
M(-, F) non-increasing and m(-, F;) non-decreasing on (0,¢;). So arguing as in (4.30)
we get for some & € (0,1) and 0 < 2t < s < ¢; that

(4.43) M(s, Fy) —m(s, Fy) < c(t/s)*(M(t, Fy) — m(t, F1)).

Fix s < t; so that m(s, F1) < 0 and M(s, F}) > 0, and choose = so that |z| =t and
Fi(z) = max(M(t, F1),—m(t, F1)). Then from (3.1) we have for some ¢ > 1,

(1.44) R@r <t [ RGPy
B(z,t/8)
From (4.43), (4.44), and Holder’s inequality it follows that if A = 2/&, then
(4.45) [M(s, F1) = m(s, Fy)]"* (s/t)" < (€| Fa(@)])™ < émt”/ |[Fu(y) ™ dy
B(x,t/8)

where ¢ > 1 depends only on the data. Multiplying both sides of (4.45) by ¢" it
follows that

/ |Fy(y)|™dy — 0o ast — 0.
B(x,t/8)
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We have reached a contradiction since by (4.1) (i) and Sobolev’s inequality we have
|F1|™ integrable on B(0,1). Thus (4.42) is valid. We put F;(0) = —oco and observe
from (4.42) that Fj is continuous in the extended sense on R™.

The next step in our proof of Lemma 4.4 is to show using (4.42) that for 0 < t < oo,

(a) {z: Fi(z) <m(t, F1)} is open, bounded, connected, and contains 0,

4.46
(4.46) (b)  m(t, Fy) and M(t, Fy) are strictly increasing on (0, 00).

To prove (4.46) (b) observe from (4.42) and the maximum principle for A-harmonic
functions that M (-, F1) is at least non-decreasing on (0,00). Also if M (-, F}) is not
strictly increasing then from Harnack’s inequality for A-harmonic functions it follows
that Fy = constant in B(0,t;) \ B(0,t;) for some 0 < t; < t, < co. To get a
contradiction choose # € C°(B(0,t)) with # = 1 in B(0,¢;). Using @ as a test
function in (4.1) (i7) we obtain a contradiction, since then the integral in this display
is zero.

To prove (4.46) (b) for m(-, F}) by way of contradiction, observe by the same rea-
soning as above, that if (b) is false for this function, then there exists ¢; € (0, 00) with
m(-, F}) strictly increasing on (0,¢;) and strictly decreasing on [t,00). In this case
we can apply the same argument as in (4.43) to find for some & € (0, 00) that

(4.47) M(s, Fy) —m(s, Fy) > ¢ (s/t1)* (M(t1, F1) — m(ty, Fy)).

whenever s > ¢;. Letting s—o0 in (4.47) we obtain a contradiction to our assumption
that |Fi(z)| = O(log |z|) in a neighborhood of co.
From (4.46) (b) and the discussion above (4.37) it follows that

tlg{.lo M(t, Fy) = tli{lgo m(t, F1)

in possibly the extended sense. (4.46) (a) follows from this display, continuity of F}

in the extended sense in R”, and the maximum principle for A-harmonic functions.
Using (4.46) we show for given r > 0 that k = k(-,r) = max(F; —m(r, F}),0) is an

A-subsolution on R™ with corresponding measure = pu(-,r) satisfying

(4.48)  supp(p) C {x: Fi(x) =m(r,F1)} and p({x: Fi(x)=m(r,F1)}) = 1.
To prove (4.48) we first note from (4.46) that k € W,""(R™). Let ¢ = (k4 ) — €2

loc

where €, € > 0 and suppose 0 < 0 € C§°(R"). Using ¢ 6 as a test function in (4.1)
(1) for €; > 0 small, we obtain

0= / (A(VFY), VE) ex(k + €)@ Vodx + / (A(VFy),VO)da
(4.49)

> / (A(VK), VO)d da.
To get (4.49) we have used

/ <A(VF1),VF1> €2(k+€1>(6271)9d$ >0
{z: F1(x)—m(r,F1)>0}
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and also that
0> [{A(VF), Vo)uds

/ (A(VE), VOV do
{z: F1 (z)—m(r,F1)>0}

= / (A(VE), Vo) da.

Letting €; — 0 first and then e; — 0 in (4.49), we conclude from the Lebesgue
dominated converge theorem and arbitrariness of  that k is an A-subsolution on R",
so there exists p as defined above (4.48). Let K = {z : Fi(z) < m(r,F1)}. Then
from (4.46) we see that K is compact so there exists 0 < 6§ € C§°(R") with § = 1 on
an open set containing K. Then from (4.1) (i7) and the integral inequality involving
k, i we obtain that

W(K) = p(R") = / By = — / (A(VE), V6) dz

(4.50)
—~ [{A(V ), Vo = 6(0) = 1.
Also p({x : Fi(x) < m(r, F1)}) = 0 since this set is open, bounded, and Vk = 0 on
it. Using arbitrariness of 6 and regularity of p we see that (4.48) is valid.

Next from (4.46) (a) and facts about n-capacity we deduce that {z : Fj(z) <
m(r, F1)} is uniformly (4r,n)-fat. Using this fact and (4.48) we see as in (4.2) (a)
that

(4.51) M(4r, k) = M(4r, Fy) — m(r, Fy) =~ m(2r, Fy) —m(r, F}) ~ 1
whenever 0 < r < co. From (4.51) and Lemmas 3.3-3.5, it follows that
(4.52) M(2r, |[VF|) <er .

Now (4.51), (4.52), and Fi(e;) =1 also imply that

(4.53)

—Fy(z) = —log|z| whenever |z] <1/2 and Fi(x) = log|z| whenever |z| > 2

where all constants in (4.51)-(4.53) depend only on the data. Indeed, if |z| > 2,
choose k so that 28 < |z| < 251, Putting r = 2! in (4.51) and summing the resulting
inequality from 0 to k we obtain (4.53) after simple estimates. A similar argument
gives (4.53) if |z| < 1/2. To get a better inequality we note that if F» = (F, ¢ a real
number, then

. "0
(4.54) LI —F)=)_ 3o,

1,j=1

(byj (2)(Fy = Fy),;) =0

weakly in R™\ {0} where

(4.55) b;i(z) = /O OA;(tVFi(x) ‘gn(jl — t)VFy(x))

dt
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for almost every z € R™\ {0}. From (4.55) and the structural assumptions on A it
follows that for fixed z € R™\ {0},

(4.56) Z bij(2)&&; = (IVFi(2)| + [VFa(2))" €1 = [(1 + <D ][] [¢[*

i,j=1

whenever £ € R™ \ {0}. Here to get the last inequality we have used (4.52) and
(4.33) (++). Ratio constants depend only on the data. From (4.54)-(4.56) we see
for r € (0,00) that F; — F} is a bounded weak solution to a uniformly elliptic PDE
with bounded measurable coefficients in B(0,2r) \ B(0,7/2). Moreover, ellipticity
constants and L* bound on the coefficients depend only on the data and (. Put

a; = ligglfm(r, (Fy—F)/F).

From (4.53) and our knowledge of F, we see that F} ~ F' so that —1 < a; < ¢, where
constants depend only on the data. Using this fact and Harnack’s inequality it follows
that

(4.57) a, = lim M(r, (F, — F)/F) = lim m(r, (F, — F)/F).

T—00 r—00

To outline the proof of (4.57) observe from the definition of a; that there exists an
increasing sequence {r;} with r; — oo as j — oo such that m(r;, Fy — F)/F) — a;
as j — oo. Then for j large enough, say j > jp, and fixed ¢ > 0, small we have
Fy—F — (a1 —e)F >0 on 0B(0,r;). Using the maximum principle for .A-harmonic
functions in B(0, ;)\ B(0,rj,) and letting j — oo it follows that F; —F —(a;—€)F' > 0
on R™\ B(0,7;,). Next we choose j; so that r;, > 2r;, and Fy — F < (a1 + ¢)F at
some point on dB(0,r;) for j > j;. Using this choice and the previous facts, as well
s (4.54)-(4.56) with Fy» = (1 4+ a1 — €)F, we see that Harnack’s inequality can be
applied on 0B(0,r;) for j > j;. Thus
(4.58) max [Fy —F —(a; —€)F]<c¢ min [F} —F — (a1 — €)F] < *¢ min F
0B(0,r;) 0B(0,r;) 0B(0,r;)
Using once again the maximum principle for A-harmonic functions in B(0,7;) \
B(0,7j,) and letting j — oo we conclude for some ¢ > 0, depending only on the
data and Fi(e;) that

Fi—F—-aqF <deF inR"\ B(0,r}).

Dividing both sides by F' and letting ¢ — 0 we get (4.57).
Next we put Fy = (1 4 a;1)F and observe as in the display above (4.16) that

(4.59) ag = lir% m(r, Fy — F;) and a3 = liné M(r,Fy — F3) both exist.
r— r—

if a € {as, as} is finite, then from (4.54)-(4.56) we see that Harnack’s inequality can be
used in a now well-known way to deduce a = a3 = as. Also, the case as = —00, a3 = 00
cannot occur in view of (4.52)-(4.56), our knowledge of F, Fi, and the same argument
as in (4.43). In order to rule out other cases choose t; > 0 so that F(x) > 0 in
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R™\ B(0,t;). Then given € > 0,¢ > t1, it follows from (4.33) and our choice of a; that
there exists sp = sg(€,t) >> t so that
m(t, F1 —Fy) —eF < Fy —F, < M(t, Fy — Fy)+€eF on 9[B(0,s) — B(0,t)] for s > sq .

Thus from the maximum - minimum principles for A-harmonic functions, this in-
equality also holds in B(0, s) — B(0,t). Letting e—0 we conclude that

(4.60)
m(-, F1 — Fy) is non-decreasing, and M (-, F; — F3) is non-increasing on (t1, 00).

From the above discussion of cases we see that if as = —oco, then a3 = —oo. However
from (4.60) and the maximum principle for A-harmonic functions it then follows that
Iy — Fy, = constant, an obvious contradiction. If as = oo = a3 we can apply the
same argument to get that I} — F5 has an absolute minimum so is constant, another
contradiction. Also if ay = ag # £o00, then (4.60) and the above maximum - minimum
principles imply that
m(-,F1 — Fg) > [25) > M(',Fl — FQ) on (0, OO)

so I} — F, = constant. Finally a; = 0 since if 6 € C§°(R") with §(0) = 1, then from
(4.1) (i) for F, Fy, we have

0 :/ (AVE) — AVE), V0 dz = (14 a)™" — 1.

The proof of Lemma 4.4 is now complete. 0

4.2. Existence and uniqueness for p > n.

Definition 4.5. Ifp > n > 2 we say that F is a fundamental solution to V- A(VF) =
0 in R™ with pole at 0 if

(i) F is A-harmonic in R™\ {0},
(4.61) (i1) F € W2P(R™), F is continuous in R", F(0) =0, F >0 inR™\ {0},

(i11) /(A(VF(Z)), VO(z))dz = —0(0) whenever 6 € C5°(R™).

As in Lemma 4.4 we prove

Lemma 4.6. Let 2 < n be an integer and let p be fixed with n < p < oo. Let
= (p—n)/(p—1) and assume that A € M,(a) for some o € (1,00). Then there
exists a unique fundamental solution F' to the equation V- A(VF) = 0 in R™ with pole
at 0 in the sense of Definition 4.5. Furthermore, there exist o = o(p,n,a) € (0, 1),

¢ > 1, depending only on the data, and ¢» € C17(S"1) such that
(4.62) (1)  F(2)=|2]*¢(2/|2|]) whenever z € R™\ {0},
' (ii) ¢ 'F(2) = (2,VF(2)) < |2||VF(2)| < cF(z) whenever z € R™\ {0}.

Proof. A proof of Lemma 4.6 is given in Lemmas 5.1 and 5.2 of [LN4] and somewhat
simpler than the case p = n so we only sketch the details. Fix R,2 < R < oo, and let
v = v(+, R) be the A-harmonic function in B(0, R) \ {0} with continuous boundary
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value 0 at 0 and R® on B(0, R). Existence of v € W'P(B(0, R)), follows from the
fact that a point set has positive A-capacity when p > n (see [HKM, Chapter 2]).
Extend v to a continuous function in B(0, R) by setting v(0) = 0. Let v denote the
positive Borel measure with support at {0} associated with v. As in Lemma 4.2 we
prove

Lemma 4.7. Let v, v, R, and & be as above. Then

(a) v(B(0,R)) =~ 1,

(4.63) (b) ¢ tu(z) < (Vu(x),z) < |2]||Vv| < cv(z) whenever z € B(0, R) \ {0},
(¢) wv(z)=~|z|* whenever x € B(0,R)\ B(0,1)

where ratio constants depend only on p, n, and .

Proof. To prove (4.63) let w(z) = |z|5, when x € B(0, R), and note that w is p-
harmonic in B(0, R) \ {0} with v = w, continuously on dB(0, R) U {0}. Then as in
(4.3) we also have

(4.64) v(B(0,1)) R* = / (A(Vv), Vo)dr ~ / \Vw|*dr ~ RS.
B(0,R)\B(0,1) B(0,R)

Thus (a) in (4.63) is valid. To prove (b) in (4.63), we show (compare with (4.6)) that
if 1 <A <101/100 and = € B(0, R/A) \ {0}, then for some ¢ > 1, depending only on
the data
v(Ax) —v(x)

A—1
Indeed this estimate is clearly valid at = 0. To show this inequality also holds when
xr € 0B(0, R/\) we first observe from Lemma 3.7 applied to R® — v and the same
argument as in (4.5) that

(4.66) R® —v(z) ~ R* when |z| = R/S.

Let ¢o be as in (4.7). Then ¢ = 1 on dB(0,1), = 0 on 9B(0,8), and ¢(8z/R) is a
subsolution at points in B(0, R) \ B(0, R/8) where Vv # 0, to the second order non-
divergence form PDE for v corresponding to .A-harmonicity when N is sufficiently

large (depending only on the data). Using these facts and (4.66) it follows as in (4.9)
that

(4.65) cv(z) <

RS —v(x) > ¢ 'Ré¢u(8/R) > ¢ 2R (R — |x|)
whenever z € B(0,R) \ B(0,R/8). This inequality is easily seen to imply (4.65)
whenever x € 0B(0,R/A),1 < A < 101/100. Letting A — 1 we get the left-hand
inequality in (4.65). The far right inequality follows from (3.2) for |z| < R/2 and from
a barrier type argument using R¢[1 — ¢;(8x/R)], ¢ as in (4.7), when R/2 < |z| < R.
Thus (4.65) is true. Letting A — 1 in this inequality we obtain the left-hand inequality
in (4.63) (b). The right-hand inequality in this display follows from (3.2) (ii) for
x € B(0,R/2)\ B(0,2) and from the above barrier estimates if 1 < |z| < 2 or
R/2 < |z| < R. Finally, (4.63) (c) follows from uniform (|z|/2,p) fatness of {0} and
(3.5 (id). 0
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We now return to the proof of lemma 4.6. To avoid confusion we again temporarily
write v(+, R), v (-, R), for v in Lemma 4.7. Using Ascoli’s theorem and Lemmas 3.3-
3.5 for A-harmonic functions we see as m — oo that a sub-sequence of {v(-,m)}5°_¢

converges uniformly on compact subsets of R” to a W_P(R") function V > 0 which

is A-harmonic in R™ \ {0} with V(0) = 0. Let © be the measure with support at {0}
corresponding to V. We put

F(:) = AL
[©(0))]H/t=1
Then (i) and (4i) of (4.61) are true for F. (iii) of (4.61) follows from (3.5) (i) with
@ = F since the point measure corresponding to F' has total mass 1 at {0}. Moreover
(4.62) (ii) is true as we see from Lemma 4.7.

To prove uniqueness suppose that F; also satisfies (4.61) (i) — (i7d). Then from
(4.61) (4i7) we see that the measure associated to F} has a point mass of total mass
1 at {0} and since {0} is uniformly (R, p)-fat for any R > 0, it follows from (3.5) (i)
of Lemma 3.7 (as in (4.48)-(4.51)) that

(4.67) M(t, F\) —m(t, Fy) ~t* whenever t > 0.
From (4.67) and (3.2) (@) we have
(4.68) M(t,|VF|) < ctt=/@=D whenever ¢ > 0.

Again constants depend only on the data. Using (4.67), (4.68), and (4.62) (i7) for F
we can now use the same argument as after (4.54) to deduce first that if Fy, = (F
then I} — Fy is a solution to an elliptic PDE as in (4.54), (4.55), whose ellipticity is
given by (4.56) with n replaced by p. Using these facts it then follows as in (4.57)
that lim, ,.(Fy — F')/F = a;, where —1 < a; < oo. Next given € > 0 small we
find that |F; — (1 + a1)F| < €F on 0B(0,s) for s > 0 large enough so from the
maximum principle for A-harmonic functions and F(0) = 0 = Fy(0), this inequality
also holds in B(0, s). Letting ¢ — 0 we get Fy = (1 + a;)F. Now a; = 0 is proved in
the same way as earlier (see the display before (4.61)). Thus F is the unique function
satisfying (4.61) (i) — (4i7). Finally, since A-harmonic functions are dilation invariant,
it is easily checked that given ¢t > 0, the function z — t~*F(tx), whenever x € R™,
also satisfies (4.61) (i) — (i27) so by uniqueness equals F. The proof of Lemma 4.6 is
now complete. [l

5. A-HARMONIC GREEN’S FUNCTION

Fix p > n, and let F' be the fundamental solution constructed in Lemma 4.4 when
p = n and in Lemma 4.6 when n < p < co. If p = n we assume that F(e;) = 1.
In this section we use F' to define, show the existence of, develop some properties of,
and prove uniqueness for the A-harmonic Green’s function for R™\ E with pole at oo
when p > n whenever FE is a certain compact convex set.

Definition 5.1 (A-harmonic Green’s function). Given a compact, convezr set
E C R™ we say that G is the A-harmonic Green’s function for R™"\ E with pole at oo,
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if G:R"\ E — (0,00) has continuous boundary value 0 on OF, G is A-harmonic in
R"\ E, and G(z) = F(x) + k(z) where k(z) is a bounded function in a neighborhood
of 0o.

The statements and proof of uniqueness as well as some other properties of G and k
are slightly different when p > n and p = n, so we consider each range of p separately.
We start with the case when p = n.

Lemma 5.2. Let p = n. Given a compact convex set E consisting of at least two
points, there erxists a unique A-harmonic Green’s function G for R™ \ E with pole at
oo in the sense of Definition 5.1. Moreover,

(a)|VG(2)| < c|lz —2|™" whenever r € R*"\ E and & € E
with |x — z| > 8 diam(E) where ¢ depends only on the data.
(b) lim k(z) = k(oo) exists finitely.
6.1 T ‘
(c) There ezist § € (0,1), depending only on the data, and 7y = 7o(E) > 100
such that |k(z) — k(co)| < #olz| ™ whenever |z| > 7.
(d) If 1 denotes the positive Borel measure associated to G then u(FE) = 1.

Proof. To prove existence in Lemma 5.2 for G, let E be a convex set consisting of at
least two points and let Z be as in Lemma 5.2. We first suppose 7 := diam(E) = 1 and
Z = 0. Then after proving Lemma 5.2 for these values, we shall use translation and
dilation invariance of A-harmonic functions to get this lemma for general & and 7. Let
R > 4 and v = v(+, R) be the A-harmonic function in B(0, R) \ £ with v(z) = vlog R
on 0B(0, R) and v = 0 on OF in the sense of continuous boundary values. Here y is
as in (4.33). Existence of v and in fact local Holder continuity of v in B(0, R) follows
from the note after Definition 3.2. Extend v to a continuous function in B(0, R) by
putting v = 0 on E. Let v be the measure corresponding to v with support contained
in £/ as in Lemma 3.7 and let {(x) be the n-capacitary function for E relative to
B(0, R). Since the n-capacity of a line segment of length 1 with center at the origin in
B(0,R) is =~ (log R)'™", we see from Lemma 3.7, and the same argument as in (4.3)
with w(z) = (log R)(1 — ((z)), as well as (4.4) and (4.10) that

(5.2) 1~ v(B(0,1)Y®D ~ M(2t,v) — m(t,v) = M(2,v)
whenever 2 <t < R/2. Using (5.2) and arguing as in (4.11) we get
(5.3) M(t,|Vv|) <ct™! whenever 4 <t < R/4.

Moreover, from (5.2), Harnack’s inequality for v, the boundary maximum principle
for A-harmonic functions, and Lemma 4.4 we have

(5.4) lv(xz) — F(x)] <c¢ whenever 2 < |z| <R,

where constants in (5.2)-(5.4) depend only on the data. From (5.2)-(5.4), Lemmas
3.3-3.5, and Ascoli’s theorem we deduce that a subsequence, say {v(-, R;)}, converges

uniformly on compact subsets of R" as R; — oo to a Holder continuous function,
G, that is A-harmonic in R” \ E with G = 0 on E. Moreover, {Vv(-, R;)} converges
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uniformly on compact subsets of R" \ E to VG, and {v(-, R;)} converges weakly as
measures to u, the positive Borel measure corresponding to G. From this convergence,
(5.2) and (5.3), we deduce that (5.1) (a) is true when & = 0 and 7# = 1. Also (5.4)
holds with v replaced by G, so G as in Definition 5.1 exists.

We next prove uniqueness. To this end, suppose GG is another A-harmonic function
in R™ \ E with continuous boundary value 0 on OF and Gy — F' is bounded in a
neighborhood of co. Then from the boundary maximum principle we see that |G —
Gi1] < a < oo on R"\ E. From this inequality, the fact that |G — F| < ¢, and
our knowledge of F, we deduce that for given ¢ > 0 there is an s > 0 large such
that |G — G| < eG on 0B(0, s). Using the boundary maximum principle once again
for A-harmonic functions we conclude that this inequality also holds in B(0,s) \ E.
Letting ¢ — 0 we obtain G = ;. Thus G is unique.

It remains to prove (b), (¢) and (d) of Lemma 5.2. To prove these inequalities, we
note from (5.3) and Lemma 4.4 that k = G — F satisfies the elliptic PDE in (4.54)-
(4.56) with F} = G, F, = F, and ¢ = 1. Thus, k is a solution to a uniformly elliptic
PDE in divergence form in B(0,2r) \ B(0,r/2) when r > 16. Using this fact and
boundedness of k£ in R™\ B(0,4) we can now essentially repeat the argument given
for h in the proof of Lemma 4.3. Thus, we first obtain as in (4.17) that

(5.5) leHSO k(x) = k(o0) < o0,

which proves (b) of Lemma 5.2. Then, using (5.5), we argue as in (4.18)-(4.27) to
show that if M(t,k) and m(t, k) are both either ultimately non-decreasing or both
ultimately non-increasing then k = a constant in a neighborhood of co. Thus in these
cases, (¢) of Lemma 5.2 is trivially true. Otherwise, there exists Ry with M (-, k)
strictly decreasing and m(-, k) strictly increasing on (Ry,00). Using this fact and
Harnack’s inequality we find as in (4.30) that (¢) of Lemma 5.1 is true in this case
(when =0 and 7 = 1) with 7y = cRy.

To prove (d) assuming (¢) when £ = 0 and 7 = 1, let R > 107, > 1000 and
0 <60 e CP(B(0,2R)) with # = 1 on B(0,R) and |[V6| < ¢/R. Using 6 as a test
function in (4.1) for G' we see that

(5.6) W(E) = (A(VG), V)da.

/B(O,ZR)\B(O,R)

Now from C' regularity of A, the structural assumptions on A in Definition 2.1,
Lemma 4.4, (5.1), we have

(5.7) |A(VF) — A(VGQ)||VO| < cR'"™"|VE| whenever R < |z|<2R

where ¢ > 0 is a constant that depends only on the data. Also since k is a solution to
a uniformly elliptic PDE in B(0,4R) \ B(0, R/2) it follows from a Caccioppoli type
inequality for k and (c¢) of (5.1) that

1/2
(5.8) / |VE|dz < cR™? ( / |Vk|2dx) < Ao RV
B(0,2R)\B(0,R) B(0,2R)\B(0,R)
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From (5.6)-(5.8) and (4.1) (2i), we obtain

W(E) — 1] =

/ (A(VG) — AVF),V6)dx
B(0,2R)\B(0,R)

< chn/ |VE|dx
B(0,2R)\ B(0,R)

<ARP? >0 as R— oo.

From (5.9) we conclude (d) of (5.1) and so also Lemma 5.2 when & = 0 and 7 = 1.
Now suppose that & € F and diam(F) = 7. Let £ = (1/7)(E — &). Then 0 € E and

diam(F) = 1, so from our previous work, we see that G = F + k where G is the
A-harmonic Green’s function for R” \ E with pole at co. Let

Gz) =G <:7c — x) whenever x € R"\ E.

7

Using Lemma 5.2 for E and translation and dilation invariance of A-harmonic func-
tions we see that G is A-harmonic in R™ \ F with G = 0 on 0F. Also from Lemma
4.4 and Lemma 5.2 we can write for z € R™ \ E, that

(5.10)  G(z) = ylog (@) +b ( il ) +k (x_“’) = F(2) + k()

|z — 2| T

where

R T — T — I T ~(x—T
k(:c):—’ylogr+’ylog(| 7] |>+b<|x—£\)_b<m>+k( - )

Using Lemma 5.1 for k and smoothness of b we see first from (5.10) that

(5.11) k(co) = lim k(x) = k(co) — v log()

T—r00

and second that there exists 7y = 7o(E) with
|k(x) — k(oo)| < 7y ]96\_5 whenever |z| > 7.

Also if i and p denote the measures corresponding to G and G respectively, then

w(E) = pu(E) = 1, as follows easily from changing variables in the integral identity
for fi. The proof of Lemma 5.2 is now complete. O

Next we state

Lemma 5.3. Let n < p < oo be fizred and £ = (p —n)/(p — 1). Given a nonempty
convex compact set E, there exists a unique A-harmonic Green’s function G for R"\ E
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with pole at oo in the sense of Definition 5.1. Moreover
G(x)
|z — |

with |x — | > 8 diam (E) where ¢ depends only on the data.
. _ . _ <0 i Tn
(5.12) () a}l_glo k(x) = k(oo) exists finitely and k <0 in R™ \ E.

(a) |VG(2)| < clo — 2|5 =~ whenever t € R"\ E and z € £

(¢) There exist 5 € (0,1), depending only on the data, and
fo = 7o(E) > 100 such that |k(x) — k(co)| < Fola|™? whenever |x| > .
(d) If u denotes the positive Borel measure associated to G then u(E) = 1.

Proof. Once again we first assume that £ = 0 and 7 := diam(F) = 1. For fixed
p > n, let v = v(-, R) be the A-harmonic function in B(0, R) \ F with boundary
values v = 0 on E and v = R® on dB(0, R) in the continuous sense. Extend v to a
Hoélder continuous function in B(0, R) by setting v = 0 on E. Let v be the positive
Borel measure associated to v with support contained in E as in Lemma 3.7. Using
uniform (R, p)-fatness of £ and arguing as in (4.64), (4.67), we see that

(5.13) ~ v(B(0,2))Y®Y ~ t=[M(2t,v) — m(t,v)] = M(2,v)
whenever 4 <t < R/4. Using (5.13) and arguing as in (4.68) we get
(5.14) M(t,|Vo|) < =/~ whenever 8 <t < R/S.

where constants in (5.13)-(5.14) depend only on the data. From (5.13)-(5.14), Lemmas
3.3-3.5, and Ascoli’s theorem we deduce that a subsequence, say {v(-, R;)}, converges
uniformly on compact subsets of R” as R; — oo to a Holder continuous function,
G that is A-harmonic in R* \ E with G = 0 on E. Moreover, {Vo(-, R;)} converges
uniformly on compact subsets of R \ E to VG and {v(-, B;)} converges weakly as

measures to fi, the positive Borel measure corresponding to G. Let
G() = GO) _ Al
(B(0,2)) /=1 1(B(0,2))

Then p is the measure corresponding to G' and p(B(0,2)) = 1.
Moreover from (5.13) and (5.14) we deduce that

(5.15) IVG(z)| < c|z| /P~ ~ G(x)/|z| = F(z)/|z| whenever |z]| > 8.

and pu(-) =

Using these facts and the maximum principle for A-harmonic functions we see that
F —G is a non-negative weak solution in R™\ E to the elliptic equation in (4.54)-(4.55)
with F' = Fy, G = F,, ( = 1, and n replaced by p. Also (4.56) is valid with n replaced
by p. Using this version of (4.54)-(4.56) we deduce as in (4.57) that

. (F = G)(x)
5.16 lim ~—— 2/
(5.16) R NETE
Then from the maximum principle for A-harmonic functions we see for given small
e>0

=a; > —1.
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—eF—M2,F)<(l4+a1)G—F <eF ond(B(0,s)\ FE)

provided s is large enough, so this inequality also holds in B(0, s) \ E. Letting ¢ — 0
we get

(5.17) 0<F—(1+4+a)G<M2F) inR"\E.

Using (5.17) and the new version of (4.54)-(4.56) we can now once again essentially
repeat the argument given in the proof of Lemma 4.3 with h = F — (1 4+ a1)G.
Thus if & = (1 4+ a1)G — F we first obtain (5.5). Next using (5.5) we argue as
in (4.17)-(4.26) to eventually conclude that (¢) of Lemma 5.3 is true for this k. It
remains to show that a; = 0 in order to prove (b), (¢), of Lemma 5.3. To do this let
R > 16,0 <0 € C(B(0,2R)) with # =1 on B(0, R) and |V0| < ¢/R. Using 0 as a

test function in (4.1) for G we see that
(5.18) (1+a))P 'u(E)=(1+a)P ' = —/ (A((1+a1)VG), Vo)dzx.
B(0,2R)\B(0,R)

Then as in (5.7) we get from (5.15), (4.62) (¢i), and the structure assumptions on A
for k as defined above,

(5.19)
AVE) — A((1 + a)VG)||VE] < (1 + |ar|)*"2R™ 75 |VE| whenever R < || < 2R.

Also (5.8) remains valid for our k. Using these inequalities we obtain as in (5.9)

(L+a)P ' =1 = / (A((1+a1)VG) — A(VF), Vo) dx
B(0,2R)\B(0,R)
(5.20) < (1 + |a|P?REFT / |Vkldz
B(0,2R)\B(0,R)
< (14 |ag])P? foR(nil)if(flleB) —0 as R — oc.

From (5.20) we conclude a; = 0. Thus (b) and (¢) of Lemma 5.3 are true when 7 = 1
and T = 0.

To prove uniqueness in this case suppose (7 is also a A-harmonic Green’s function
for R* \ E with pole at co. Then from the boundary maximum principle for A-
harmonic functions we have |G — G| bounded in R™\ E so given ¢ > 0 it follows from
Lemma 5.3 (b) that if s > 0 is large enough, then

|G — G| <eG on d(B(0,s)\ E).

Once again from the maximum principle this inequality holds in B(0,s) \ E. Letting
€ — 0 we conclude G; = G.

To remove the assumption that 0 € E and diam(E) = 1, we suppose that z € E
and diam(E) = # for some & and # > 0. Let £ = (1/#)(E — #). Then 0 € E and
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diam(E) = 1, so from our previous work, we see that G = F + k where G is the
A-harmonic Green’s function for R” \ E with pole at oo and p > n fixed. Let

G(z) = (?)¢G (x —_ :E) whenever x € R" \ E.
7

Using Lemma 5.2 for E and translation and dilation invariance of A-harmonic func-
tions we see that G is A-harmonic in R” \ F with G = 0 on 0E. Also from Lemma
4.4 and Lemma 5.2 we can write for z € R" \ F, that

(5.21) G(z) = F(x —2) + 7k (x —_ x) = F(z) + k(z)

7

where

k(z) = Fz — &) — F(z) + ik (x — ”3) .

7
From this display and Lemma 5.3 in the previous special case we conclude first that

(5.22) lim k(z) = k(co) = 7 k(co)

T—>r 00
so (b) of Lemma 5.3 is valid. Second we deduce the validity of (¢) of Lemma 5.3.
Finally if /1 and p denote the measures corresponding to G and G respectively then

w(E) = u(E) =1, as follows easily from changing variables in the integral identity
involving fi. The proof of Lemma 5.3 is now complete. U

We are now able to define C4(F) alluded to in the introduction.

Definition 5.4. If E is a nonempty convexr compact set when p > n or E contains
at least two points when p = n we put

| ek when p = n,
Ca(B) = { (—k(00))P~t  when p > n.

Here ~v is the constant as in Lemma /./.

Remark 5.5. From the definition of CA(E) and translation and dilation invariance
of A-harmonic functions we note that if y € R, r > 0, and E is a convexr compact
set containing at least two points with E = r(E + y), then

AN TC_A(E) whenp:n7
(5.23) Ca(E) = { P "C4(F) when p > n.

6. PROOF OF THEOREM A

Let A € M,(«) and p > n be fixed. Let G be the A-harmonic Green’s function for
the complement of a nonempty compact convex set, F, containing at least two points
when p = n (see Lemma 5.2 for p = n and Lemma 5.3 when p > n). In this section, we
first study the levels of G and then we prove that C4(-) satisfies the Brunn-Minkowski
inequality and also obtain the conclusion of Theorem A when equality occurs. We
begin with
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Lemma 6.1. Let p, A, E, and G be as above and put G =0 in E. Then{z : G(z) <
t} is convex for every t € (0,00). Moreover, VG # 0 in R" \ E and if B(0,79) C E
for some ro > 0 and diam(E) =1 then

(a) |VG(z)| = (VG,z/|x]) =~ |z|1/ =D wnenever |z| > 4,
(6.1)  (b) There exists § > 0 and ¢ > 1 depending only on ro and the data with
|k(x) — k(o0)| < c\:c]’é whenever |x| > 4.
Here proportional constants depend only on ro and the data.

Proof. Our proof of Lemma 6.1 is similar to the proof of Lemma 4.4 in [AGHLV].
Thus we shall often refer to this lemma for details. We first assume that
(6.2) diam(E) =1, 0 € E, B(0,r9) C E, and (2.6)(¢) holds for A.

Given R > 4, let v(-) = v(+, R) be the A-harmonic function, defined as in the proof
of Lemmas 5.2 and 5.3, by

V- A(V) =0 in B(0,R)\ E,
=0 OF
(6.3) v B on OF,
_ J ylog R when p=mn 5B(0.R
YT RS when n < p < co where { = £=¢ on 9B(0, R).

Here v is as in Definition 5.4. We claim there exists ¢, > 1 such that if x € B(0, R)\ E
then
(6.4) (a) ;' < (z,Vo(z)) when p = n,

' (b)  c;ito(z) < {x,Vo(r)) when p>n
where ¢y depends only on the data and r5. To prove (6.4) we show for 1 < A <
101/100 that if z € B(0, R/A) \ E then

v(Ax) — v(x) .

(65) (a) )\fZCJHr when p = n,
(b) w > ;b v(r) whenp>n

where ¢t depends only on the data and ry. To prove (6.5) suppose z, z € OE with
|z — Az| = d(Az, FE). Observe from convexity of F and (6.2) that d(\z, E) = A — 1,
where constants depend only on 7y and the data. Let w = 8@:; and let ¢ and ¢o

be as in (4.7). Then as in (4.8) we have for N large enough that
(6.6) v(Az) > ¢ o(w) po(Ar —w) > A= 1),

where ¢ has the same dependence as ¢; .. Thus (6.5) holds when x € OF. The proof
of (6.5) for x € 0B(0, R/\) is the same as in the right hand inequality in (4.9) and
below (4.66). Using the boundary maximum principle for .4-harmonic functions we
conclude the validity of (6.5) and letting A — 1 we obtain (6.4).

Extend v to a Holder continuous function in R™ by setting v = 0 on E while
v =vlog R when p = n and v = R® when p > n on R"\ B(0, R). Next we show that
{z : v(z) < t} is convex for every t € (0,vlog R) when p = n and t € (0, R®) when
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p > n. In order to make easy reference to the proof of Lemma 4.4 in [AGHLV] we
define u(-) = u(-, R) by

1—@ when n < p < o0,
~ STog R when p = n.

Then it can be easily seen that 0 <u <1inR", u=11in F, u=0on R"\ B(0, R)
continuously, and u is A-harmonic in B(0, R) \ E where A(n) = —A(—n) forn < p <
co. Note as in Remark 2.3 that A also satisfies the same structural properties as A
(i.e., A € M,(a) whenever A € M,(«)). From this observation, it can be easily seen
that convexity of {z € R™; v(z) < t} for t in the range stated above is equivalent to
convexity of {x € R™; u(z) >t} for 0 < ¢t < 1. Moreover, it is shown in Lemma 4.4 of
[AGHLV] that {x € R™ : wu(z) > t} is convex for every t € (0,1). We remark that the
range of p considered in [AGHLV] is 1 < p < n and u is the A-capacitary function for
E, so defined in R™\ E. However, the contradiction type argument in [AGHLV] uses
only the maximum principle for A-harmonic functions, assumption (6.2), and Lemmas
3.3-3.5 all of which hold in our situation. Thus {z : v(z) < t} is convex for ¢ in the
intervals stated above when (6.2) holds. Now we saw, in the proof of Lemmas 5.2
and 5.3, that a subsequence of v(-) = v(-, R) converges uniformly on compact subsets
of R" to G as R — oo when p = n and to bG,b = constant when p > n. Moreover,
the corresponding sequence of gradients converges uniformly on compact subsets of
R"™\ E to VG for p=n and to bVG when p > n. Thus {z : G(x) < t} is convex for
t € (0,00) and (6.4) holds with v replaced by G whenever z € R"\ E. To remove the
assumption on A in (6.2) we approximate A by a sequence of smooth {A®} where
AD € M,(a) for I = 1,2,... and take limits of the corresponding sequence {G(®}
(see the paragraph following (4.35) of Lemma 4.4 in [AGHLV] for more details). Thus
(6.4) is valid for A € M,(a) whenever B(0,79) C E and diam(E) = 1. Now (6.4)
and (5.1) (a) imply (6.1) (a) when p = n while (6.4), (5.12) (a), (d), and (3.5) (i)
give (6.1) (a) when p > n. To prove (6.1) (b) observe that m(t, k) is non-decreasing
and M (t, k) non-increasing on (2,00) as follows from the maximum principle for A-
harmonic functions, boundedness of k, and our knowledge of F'. Using this fact and
arguing as in (4.30) we now get (6.1) (b).

Next if E has nonempty interior, we can translate and dilate E to get a convex
set E with diameter 1 and B(0,79) C E for some ro > 0. Using (6.4) for the A-
harmonic Green’s function for R”\E with pole at infinity and then using a homothetic
transformation to get back to E we conclude from Remark 2.3 that Lemma 6.1 is valid
whenever E has nonempty interior.

If £ has empty interior choose # € F and p > 0 with E C B(Z,p). Let G® denote
the A-harmonic Green’s function for R" \ {x : d(z, E) < 1/} for l = 1,2,--- with
pole at infinity and G the A-harmonic Green’s function for R™ \ B(%, p) with pole at
infinity. Then for [ large enough it follows from the same argument used for proving
uniqueness of G that G < G® < @G. Using this fact, Lemmas 3.3-3.5, and Ascoli’s
theorem we find that a subsequence of {G(} converges uniformly to G' on compact
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subsets of R so {x : G(x) < t} is convex for t € (0, 00). Finally, we note that G —1t is
the A-harmonic Green’s function for R™\ {x : G(z) < t} with a pole at infinity. Since
this set is convex with nonempty interior we have VG(x) # 0 whenever G(z) > t and
t > 0. The proof of Lemma 6.1 is now complete. 0

Remark 6.2. We note that if A € My(«) for fired o € (1,00) and F is the fundamen-
tal solution with pole at {0} when p = n defined in Definition 4.1 then {z : F(z) <t}
is convex when t € (—o00,00) as follows from our construction of F' and essentially
the same proof we gave for G. Also observe that this remark is not needed when
p > n since the A-harmonic Green’s function G with pole at infinity for R™\ {0} and
fundamental solution F with pole at {0} defined in Definition /.5 are the same.

6.1. Proof of the Brunn-Minkowski inequality.

Proof of (2.4) and (2.5) in Theorem A. Let E; and Es be compact convex sets. Note
from (5.23) that if p > n and either E; or F, is a single point, then equality holds
in (2.5) and Theorem A is trivially true. Thus we assume F; and Es each contain at
least two points when p > n. For i = 1,2, let GG; be the A-harmonic Green’s function
for R™\ E; with pole at oo obtained in Lemmas 5.2 and 5.3 for n < p < oo. Let C4()
be defined as in Definition 5.4. For fixed A € (0,1), let G be the A-harmonic Green’s
function for R™\ [AE} + (1 — \) Es] with pole at co. As observed in [B1, CS, AGHLV],
it is enough to prove for arbitrary convex compact sets E; containing at least two
points when p > n for ¢+ = 1,2 that

1

(6.8) CA(E, + E)7 > Ca(E})77 + Ca(EY)7=  whenn < p < oo
and
(6.9) Ca(E]+ E5) > Ca(E7) + Ca(E3) when p =n.

To get (2.5) from (6.8) when n < p < oo (and (2.4) from (6.9) when p = n) put
Ei = /\E1 and Eé = (1 — /\)EQ

and use (p — n)-homogeneity of C4(-) (and 1-homogeneity of C4(-) when p = n).
To get (6.8) from (2.5) (and to get (6.9) from (2.4)) one can take A = 1/2 and use
(p — n)-homogeneity of C4(-) when n < p < oo (and 1-homogeneity of C4(-) when
p = n) once again. On the other hand, to prove (6.8) when n < p < oo and (6.9)
when p = n it suffices to show, for all A € (0,1), that

(6.10) CANE! + (1 = N)Ey) > min{C4(EY),Ca(E3)}

whenever E! for i = 1,2 are compact convex sets containing at least two points when
p > n and for fixed p with n < p < co. To get (6.8) from (6.10) when n < p < oo let

1
E ) AYED
——— fori=1,2 and A= C’j‘( ) -
Ca(E}) = Ca(Ey)r— + Ca(Ey)r—r

"o
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then use (p — n)-homogeneity of C4(-) and do some algebra. Similarly, to get (6.9)
from (6.10) when p = n we let
E! 4 CA(EY)
"= ’ fori=1,2 and )= ! .
b CalE) Ca(E1) + Ca(Ey)

Finally, one can easily get (6.10) from (2.5) when n < p < oo (from (2.4) when p = n).
Hence we conclude that (2.5), (6.8), and (6.10) are all equivalent when n < p < occ.
Similarly, (2.4), (6.9), and (6.10) are all equivalent when p = n. Therefore, we focus
on proving (6.10) for n < p < oo and also for ease of notation we shall just use E;
instead of E! in (6.10). For fixed A € (0,1), we claim that

010 Gl =G = int {max(Gio) G § o T

whenever x € R". Assume that (6.11) holds for the moment and we show how to get
(6.10) from (6.11). It follows from (6.11) and definition of the .A-harmonic Green’s
function that
—k(z) = F(x) — G(x) > F(z) — G*(2)

> min{ F(z) — G1(z), F(x) — Go(x)} = min{—Fk;(x), —ks(x)}
where F'is as in Lemma 4.4 when p = n and as in Lemma 4.6 when n < p < oo.
Here ki, ko, k are the functions appearing in Lemma 5.2 when p = n and in Lemma

5.3 when n < p < oo associated to Ej, Ey, A\E} + (1 — \)E5 respectively. Using the
definition of C4(+) and this inequality when n < p < co we have

CANE: + (1= N Bz) = (~k(o0))" = T [F(2) = G@)™!

> min{ lim [F(z) — Gi(2)]P™", lim [F(x) — G2(5L")]p_1}

|z[—00 |z| =00
= min{(—k1(00))P !, (—kz(00))" '} = min{C4(E1),Ca(Es)}.

While when p = n, the inequality above gives us (where 7 is as in Remark 5.5)

CAME1+ (1= MNEy) =e T= lim e 7
|z|—o00
) ) F(2)-G) (2) ] F(2)—Gy(x)
>min< lim e 7 , lim e

= min{e M7, 7Y = min{Ca(E1), Ca(En)}.

Hence (6.10) is true for all p with n < p < 0o and in view of our earlier remarks we
conclude that the proof of (2.5) when n < p < oo and (2.4) when p = n in Theorem
A are complete assuming (6.11).

We now return to the proof of (6.11). As in the proof of Lemma 6.1, for R >> 1
we consider 0(-) = ¥(-, R) which is the solution to the Dirichlet problem as in (6.3)
where v is replaced by @ whenever & € {vy, va, v} corresponding to E € {Ey, Fy, \Ey +
(1 — A\)E»)}. Extend o to R” by putting & = 0 on E. Also if p = n, set © = vlog R
and if p > n, set © = R® on R"\ B(0, R). (where £ = (p —n)/(p — 1) and 7 is as
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in Definition 5.4) when n < p < co. We know from the proof of Lemmas 5.2 and
5.3 that a subsequence of 0(-) = 0(-, R) € {v1,vq,v} converges uniformly on compact
subsets of R™ to G € {G1, Gy, G}. From this observation, we see that in order to
prove (6.11), it is enough to show that

©12) o) <o) = int {maxue@) 52 o |

whenever x € R". Once again as in Lemma 6.1, we consider @(-) = a(-,R) €
{uy, uz,u} which is defined as in (6.7) with u is replaced by @ whenever © € {vy, ve, v}.
From this, we observe that 0 < @ < 1inR”, 4 =1in E, @ =0 on R"\ B(0, R) con-
tinuously, and 4 is A-harmonic in B(0, R)\ E where A(n) = —A(—n) for n < p < cc.
As observed earlier A also satisfies the same structural properties as A. We see that
(6.12) is equivalent to

©13) w2 0o s fminfu . eG) 52 o R

whenever z € R™. A proof of (6.13) can be found in [AGHLV] at (5.13). Once again
the range of p in that article is for 1 < p < n and A-capacitary functions but uses only
Lemmas 3.3-3.5 and the maximum principle for A-harmonic functions so is valid in
our situation. This finishes the proof of (6.13) and in view of our earlier observations
proof of (2.5) when n < p < oo as well as (2.4) when p = n in Theorem A. O

6.2. Final proof of Theorem A. In this subsection our aim is to prove that if
equality occurs in (2.5) when n < p < oo or in (2.4) when p = n in Theorem A and
if A satisfies the additional structural assumptions in (2.6) then FE, is a translation
and dilation of E;. To do this, using the additional structural assumptions on A, we
first construct the corresponding fundamental solution explicitly.

6.2.1. Construction of the fundamental solution. In this subsection we begin with
some observations when A € M,(«) and additionally satisfies (2.6) (ii):
(6.14) A; = %(n), 1 <i <mn, where f(tn) =t’f(n) when t > 0, n € R"\ {0}
so f has continuous second partials on R \ {0}. Using some ideas from [CS1], the
fundamental solution was constructed in [AGHLV, section 7.2] when 1 < p < n
associated to A-harmonic PDEs. In this part we extend this construction to include
n < p < oo.

We can write f(n) = (k(n))? and from (6.14) we see that k(n) for n € R™\ {0}
is homogeneous of degree 1 and has continuous second partials on R™ \ {0}. Also in
(7.4) of [AGHLV] it is shown that

(6.15) k? is strictly convex on R".

From (6.15) and well-known properties of the support function for a convex set we
see that if X € R™\ {0}, then

h(X) =sup{(n, X) : ne{k<1}}
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has continuous second partials and A is homogeneous of degree 1. Moreover,

. o X Vi)
6.16 Vh(X) =n(X) where 7 is the point in {k = 1} with — = ——=.
(616)  VA(X) =n(X) {h =1} with 57 =

From calculus and Euler’s formula for 1-homogeneous functions it now follows that if
X € S™! then

Vk(n) | X

PX) = (), X0 = XX g5 = meT

Using this equality we obtain first

VE(VA(X)) = |V’T§?|)‘X = h())(()

and second using 1-homogeneity of k, h as well as 0-homogeneity of Vk, Vh, that
(6.17) E[h(X) Vh(X)] VER(X)VR(X)] = h(X) E[VR(X)](X/h(X)) = X.

Thus k Vk and h Vh are inverses of each other on R \ {0}.
For fixed p, n < p < oo, &= (p—n)/(p—1), and for X € R"\ {0} we define

~ [ (h(X))® whenn < p< oo,
F(X) = { logh(X) when p =n.

We claim that F is a constant multiple of the fundamental solution for A in (6.14) in
the sense of Definition 4.1. Indeed, if X € R™\ {0}, it follows from (6.16)-(6.17) that

(VHVFX)) = pk* H(VF(X)) (VE(VF(X)))

(6.18) - % BTHVF0)
= pXer! plE=D(p—=1)~1] (X) kpfl(Vh(X))
=pX & hT(X)
when n < p < co. If p = n, then using (6.16)-(6.17), we also have
(VHVEX)) = nk" (VF(X)) (VE(VF(X)))
X
h(X)

=N

YV F(x))
(6.19)

=N

hog M XK ()

=nXh"(X).
In both cases when n < p < oo and p = n we have that the right hand side in (6.18)

and (6.19) are a constant times Xh~"(X). Now X — h™"(X/|X|) is homogeneous of
degree 0 so

(X, VIR (X/[X]]) = 0
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by Euler’s formula. From this observation and (6.18) when n < p < oo and (6.19)
when p = n we deduce

V- ((VHTEX)) = b (X/1XD) - (XIX] ™) + [X] 70X VIR (51X D))
=0

whenever X € R"\ {0} and for fixed p, n < p < co. Hence F is A = V f-harmonic

in R™\ {0}. Also from (6.18) when n < p < co and (6.19) when p = n we note that
IVA(VFX)) = X[ on R™\ {0},

If # € C°(R™) then from the above display we deduce that the function X

(Vf(VF(X)),VO(X)) is integrable on R". Using this fact, smoothness of f,h, and
an integration by parts, we get

(6.20)

/ (VH(VF(X)), VO(X))dz = —lim 0(X) (VFH(VF(X)), X/|X]) dn"

n r aB(0,r)
= C6(0).
Using (6.18) once again when n < p < oo it follows that
(6.21)
C= -ty [ (VAVFOOLXX =t [ e ane
=0 JaB(o,r) 8B(0,1)
= pPt / h™"(w) dw.
S§n—1

While when p = n we use (6.19) to get
(6.22)

C = — lim (VI(VF(X)), X/|X|)dH" " =n / (X X)) dH™ !

=0 JaB(o,r) dB(0,1)

=n / h™"(w) dw.
S§n—1
Remark 6.3. In view of (6.20) and (6.18) when n < p < oo and (6.19) when p=n

C’z%lh(x)5 when n < p < 00,

6.23 Flz)=CriF@) =4 7
(6.23) (=) (=) {C"—l logh(z) whenp=mn

where £ = (p—n)/(p—1) and C is as in (6.21) when n < p < 0o and as in (6.22)
when p = n.

Finally using the fact that kVk and hVh are inverses it follows, as in the argument
from (7.10) in the proof of Lemma 6.2 of [AGHLV], that for some 7 > 0, depending
only on the data,

Fow(X)

(6.24) NEX) >71 >0 whenever w, X € S"! with (VF(X),w) = 0.
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To set the stage for our next lemma we now assume that in addition to A = V f (as in
(6.14)) that (2.6) (¢) holds. Let E; and E, be convex compact sets containing at least
two points and let A € (0, 1) be fixed. Let G € {G1, G, G} be the A = V f-harmonic
Green’s function for R" \ E with pole at infinity whenever E € {E1, B3, \Ey + (1 —

A)Es}. Let F be the corresponding fundamental solution as in (6.23). Using (6.24)
we next show

Lemma 6.4. There exists Ry = Ry (G, «, A, p,n), such that if G € {G1, Gy, G}, then
GQJJ(CL’)
VG(2)| — 2]

Proof. The statement and proof of Lemma 6.4 is essentially the same as in Lemma

6.1 of [AGHLV]. It should be noted though that in Lemma 6.1, G is the A-harmonic

fundamental solution with pole at 0 while @ plays the role of the A-harmonic Green’s

function. Also since the fundamental solution tends to zero at co when 1 < p < n

the curvatures on levels of this function are necessarily negative.

To give a brief outline of the proof of Lemma 6.4, let G = F + k. From Lemmas 4.4
and 5.2 when p = n and Lemmas 4.6 and 5.3 when p > n we see as in (4.54)-(4.56)
that & is a weak solution to

(6.25) Lh=) a%- <aij(y)g—i) =0

>0 whenever @ € S" ' and |z| > R, with (VG(x),&) = 0.

ij=1
on B(z, |z|/2) with |z| > Ry, when E C B(0, Ry/2). Here
1 an _
A = tVG 1—1 dt.
w5 = [ G (16w + (1= VF W)
Moreover, for some ¢ > 1, independent of x, we also have

(6.26) y) € < Zam )&&; < caly) €1

2,7=1
whenever £ € R" \ {0} where 7 satisfies

(6.27) a(y) = (IVGW)| + [VF))"™ ~ |yl

for |y| > Ro. Also from (5.1) (¢) when p =n and (5.12) (¢) when n < p < oo we see
there exists 79 > Ry and [ > 0 such that

(6.28) [(y) — k(o0)| < 7oly|
when |y| > 7¢. Constants depend on various quantities but are independent of y

provided |y| > 7. From well-known results for uniformly elliptic PDE (see [GT]) we
deduce from (6.26)-(6.28) that

8 1/2 -
|| /2 (/ |Vk|2dy) <clz|™" max |k — k(oo0)]
(z,|z|/4)

B(z,|z|/2)

a-= n)(p 2)

(6.29)
=0 (|Jz|"F) asz — o
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where ¢ as above depends on various quantities but is independent of z. Using (6.29),
Lemma 6.1, as well as Lemma 3.4 for F, G, and arguing as in (6.8)-(6.15) of [AGHLV],
we eventually obtain

0%k
833'1'(9%’]'

(6.30) IVE| =0 (\xﬁﬁl) and =o0 (|$|2:LT7P> as r — o0.

1,)=
Now (6.30) and (6.24) imply Lemma 6.4 as in the paragraph following (6.15) of
[AGHLV].

We next consider G* defined as earlier in (6.11). If equality holds in either (2.4)
when p = n or (2.5) when p > n, then using convexity of the domains bounded by
the levels of G, G, G5, and repeating the argument above with wuy, us, u replaced by
G1,Ge, G, we see that G* = G and so

(6.31) {G(z) <t} = MGi(y) <t} + (1 = N){Ga(z) <t}

whenever n < p < oo and t € (0, c0).

We now use (6.31) and Lemma 6.1 to study the support functions of the convex
domains bounded by the levels of G, Gy, and G. Let t > 0 be fixed and let h;(-,t) be
the support function of {G; < t} for i = 1,2 while h(-,t) is the support function of
{G <t} defined for X € R” and 0 < t < oo by

hi(X,t):= sup (X,z), fori=1,2, and h(X,t):= sup (X, z).
ze{G;<t} ze{G<t}

n
1

From the properties of a support function and (6.31) we have
(6.32) h(X,t) = M (X, t) + (1 — N ho( X, 1)
whenever X € R" and ¢ > 0. . .
We note from Lemma 6.1 and Lemma 3.4 that VG # 0 and G has locally Holder
continuous second partials in {G > 0} whenever G € {G1,Gs,G}. From Lemma 6.4

we see there exists ¢ large and 7 > 0 small and R, large such that if G € {G1, Gy, G}
then

(%) {G >t} CR"\ B(0,Ry) for 0 <ty <t,
(%) |€g((x>)| > 79/|x| whenever & € S*™! and |z| > Ry with (VG(z), o) = 0.

Hence we conclude from (6.33) that the curvatures at points on {G =t} are bounded
away from 0 when ¢ >ty and G € {G1, G2, G}. This yields

is a 1-1 mapping from {G = t} onto S"~}

V&
and )
VG - . . A n—1
W,G is a 1-1 mapping from {G > to} onto S" 7 X (¢o, 00).
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It follow from (6.33) and the inverse function theorem that if fz is the support function
corresponding to G € {G,G5, G} and ¢y < t < oo, then h has Hélder continuous
second partials in X and

(6.34) Vxh(X,t) = #(X,t) € {z1(X, 1), 22(X, 1), 2(X, 1)}
where # is the point in {G = t} with

X  VG(#)

X V&)

We now repeat the argument from (6.22) to (6.42) in [AGHLV] to eventually conclude
for fixed t > ¢, and all X € S*! that

0 (IVGy|(x1)\ _ [VGs|(z1) ) _

Since x1, x5 are smooth for every fixed t, there exists a = a(t),b = b(t) € R with

To(X,t) = axi(X,t) +b whenever X € S".

It now follows from uniqueness of the A-harmonic Green’s function in Lemmas 5.2,
5.3, and Remark 2.3 for A-harmonic functions that

Ga(z) = Gi(ax +b) whenever Go(x) >t and t > t.

Next from Lemma 6.1, (3.3), homothetic invariance of .A-harmonic functions, and the
same argument as in (4.54)-(4.56) or (6.25)-(6.27) we see that Ga(x) — G1(ax+0b) is a
solution to a locally uniform elliptic divergence form PDE with Lipschitz coefficients.
This fact and a unique continuation theorem in [GL] imply as after (6.44) in [AGHLV]
that the above equality holds whenever x € R™\ E, or equivalently that £y = aFEs+b.
The proof of Theorem A is now complete. U

Part 2. A Minkowski problem for A-harmonic Green’s function
7. INTRODUCTION AND STATEMENT OF RESULTS

In this section we study the Minkowski problem associated with an A = Vf-
harmonic Green’s function with pole at oo when f is as in Theorem A. To be more
specific, suppose £ C R" is a compact convex set with nonempty interior. Then for
H" ! almost every x € OF, there is a well defined outer unit normal, g(x, ) to OF.
The function g(-, F) : OF + S" ! (whenever defined) is called the Gauss map for
OF. Let p be a finite positive Borel measure on S~ satisfying

(@) / 00, O) du(C) > 0 for all § € S™,
(7.1) st

(i) [ ¢du(C) = 0.

Snfl
We prove



42 M. AKMAN, J. LEWIS, O. SAARI, AND A. VOGEL

Theorem B. Let i be as in (7.1) and p be fivzed, n < p < oco. Let A=V [ be as in
(2.6) and Definition 2.1. Then there exists a compact convex set E with nonempty
interior and A-harmonic Green’s function u for R™\ E with a pole at infinity satisfying
(7.2)
(a) 1limVu(y) = Vu(z) exists for H" '-almost every x € OF
y—x

as y € R"\ E approaches x non-tangentially.

(b) f(Vu(x))dH" ! < .

oF

(¢) / f(Vu(z))dH™ ' = u(K) whenever K C S*! is a Borel set.
g (K.E)

(d) FE is the unique set up to translation for which (c) holds.

We remark that Minkowski originally considered a similar problem for surface area
measure (in Theorem B omit (a), (b), and replace f(Vu(x)) in (¢) by 1). We also
mention that Jerison in [J] proved a Minkowski type theorem similar to the above
when wu is the Newtonian capacitary function of a compact convex set. His result
was generalized in [CNSXYZ] to p-harmonic functions when 1 < p < 2. In [AGHLV],
the first, second, and fourth authors of this article, along with Jasun Gong and Jay
Hineman, obtained an analogue of Theorem B when 1 < p < n for the A = V-
capacitary function of a compact convex set E with nonempty interior. For more
historical details see [AGHLV, section §|.

As a broad outline of our proof of Theorem B, we follow [AGHLV] who in turn
used ideas from [J] and [CNSXYZ]. Part of the preliminary work for the analogue
of Theorem B in [AGHLV] involved generalizing work from [LN, LN1, LN2, LN3] for
positive p-harmonic functions vanishing on a portion of the boundary of a Lipschitz
domain to positive A = V f-harmonic functions vanishing on a portion of the bound-
ary of a Lipschitz domain when 1 < p < n. Much of this work extends without change
to the p > n and A = V f situation so we shall often refer to Lemmas in [AGHLV]
for proofs. This generalization is done in §3. From our work in §8 it follows that if £
is a compact convex set with non empty interior and if @ is the A-harmonic Green’s
function for E with pole at oo, then (7.2) (a), (b) hold with u, E replaced by u, E.
The Gauss map and corresponding measure i can then be defined relative to @, E as
in (7.2) (c)

In §9 we consider a sequence of compact convex sets, say {Em}mZI with nonempty
interiors which converge in the sense of Hausdorff distance to E, a compact convex
set with 0 in the interior of E. For a fixed A = Vf as in Theorem B, let a,,
for m = 1,2,..., and @ be the A-harmonic Green’s functions with pole at oo for
R" \ E,, and R" \ E respectively. If ji,,, for m = 1,2,..., and ji denote the Borel
measures corresponding to 4,4, as in the above discussion, we show that {f,,}
converges weakly to i on S*"!. In §10 we use this result to derive the Hadamard
variational formula for the derivative of t — C4(tFy + (1 — t)Ey) whenever t € [0,1)



THE BRUNN-MINKOWSKI INEQUALITY AND A MINKOWSKI PROBLEM 43

and E7, 5y are compact convex sets with nonempty interiors. Proofs for p > n
are more delicate than in the case 1 < p < n considered in [AGHLV], primarily
because our A-harmonic Green’s function blows up at co when p > n, whereas A-
harmonic capacitary functions have limit 0 at oo when 1 < p < n. In §11, we give the
proof of Theorem B. As in [AGHLV] the proof essentially consists in showing that a
certain minimum problem has a solution, say E, in the class of compact convex sets
with nonempty interior. To rule out the possibility that £ has Hausdorff dimension
k <n—1, we argue as in [AGHLV] when k < n — 1. However if K = n — 1 we are not
able to use the same argument as in the case 1 < p < n. Instead we study positive A-
harmonic solutions vanishing on a ray in R? when p > n and use our results from this
study to show that £ cannot be n — 1 dimensional. Finally, uniqueness in Theorem
B is proved in the last part of section 11 using Theorem A.

8. BOUNDARY BEHAVIOR OF A-HARMONIC FUNCTIONS IN LIPSCHITZ DOMAINS

Throughout this and later sections, the data continues to be p,n,a, A. We begin
this section with several definitions and lemmas copied from [AGHLV] Recall that

¢ : K — R is said to be Lipschitz on K provided there exists b 0<b< 00, such that
(8.1) 6(2) — d(w)| < blz —w| whenever z,w € K.

The infimum of all b such that (8.1) holds is called the Lipschitz norm of ¢ on K,

denoted ||gz§ﬂ k- It is well-known that if K’ C R"! is compact, then ¢ has an extension
to R™ (also denoted ¢) which is differentiable almost everywhere in R", and

[0][Re—1 = [ IV loc < cll]|c-
Now suppose that D is an open set, w € 9D, and

IOD N B(w,47) ={y = (v, yn) € R" : y, = ¢(y')} N B(w, 47),

B2 DB = {y= (W ya) € R g > 6(4)} N Blw, 47)

in an appropriate coordinate system for some Lipschitz function ¢ on R*~!. Note from
elementary geometry that if ( € 0D N B(w,27) and 0 < s < 7, we can find points

as(¢) € DN B((,s) with d(as(¢),0D) > c s

for a constant ¢ depending on Hngﬂ. In the following, we let as(() denote one such
point. Also if ( € 0D N B(w,27), and ¢t > 1 let

I(Q) =T(¢ 1) ={y € DN B(w,47) : |y — ¢| < td(y,0D)}.

Unless otherwise stated we always assume ¢ is fixed and so large that I'({) contains the
inside of a truncated cone with vertex at (, height 7, axis along the positive e,, axis,
and of angle opening 0 = 0(t) > 0. Given a measurable function g on D N B(w, 4r),
where 0 < r < 7, put A(w,r) = 9D N B(w,r) and define the non-tangential mazximal
function

N.(g9): A(w,7) > R
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of g relative to D N B(w, 4r) by

N (9)(z) = sup lg|(y) whenever z € A(w,r).
yel'(x)NB(w,4r)

Next we note as in Lemmas 3.5 and 3.7:

Lemma 8.1. Let D,w,7,¢ be as in (8.2) and 1 < p < 0o. Supposew € dD, 0 < 4r <
7, and v is a positive A-harmonic function in DNB(w, 4r) withv = 0 on 0DNB(w, 4r)
in the W% Sobolev sense. Then v has a representative in W?(D N B(w, s)),s < 4r
which extends to a Hélder continuous function on B(w,s) (denoted also by v) with

v=0 on B(w,s)\ D. Also, there exists ¢ > 1, depending only on the data and Hgbﬂ,
such that if ¥ = r/¢, then

(8.3) Frn / VolPde < &(v(a (w))).
B(w,7)

Moreover, there exists 6 € (0, 1), depending only on the data and ||¢ﬂ, such that

(8.4) lv(z) —v(y)| < ¢ (|x ; yl) v(agr(w)) whenever x,y € B(w, 7).

Finally there exists a unique finite positive Borel measure 7 on R", with support
contained in A(w,r), such that

(a) /(Vf(Vv), Vi)dr = —/1/)d7' whenever ¢ € C3°(B(w, 1)),
B AW < (e @) < e (A, ).

(8.5)

Next we state as lemmas some results given for starlike Lipschitz domains in Lemma
9.5, Proposition 9.7, Lemma 10.9, and Corollary 10.10 of [AGHLV]| when 1 < p < n.
For the definition of a starlike Lipschitz domain and justification for using these results
in the present setting, see Definition 8.4 and the discussion following this definition.

Lemma 8.2. Let D,w,7,r,¢,p,v, 7 be as in Lemma 8.1. There exists ¢, > 1, de-
pending only on the data and ||¢|| such that if 47 = 1/c, and x € B(w,7) N D, then

@ Vo), e < [Vola)] < e

(5.6) * d(z,0D) d(z,0D)’
. (b) llg@ll Vo(x) = Vu(y) exists  for H" '-almost every y € A(w, 7).

z€l(y)NB(w,2r)

Moreover, A(w,7) has a tangent plane for H" '-almost every y € A(w,7). If n(y)
denotes the unit normal to this tangent plane pointing into D N B(w, 27), then

(8.7) Vo(y) = |Vou(y)|n(y) for H" '-almost every y € A(w, 27)
and
(8.8) dr (y) = FVoly)) for H™ -almost every y € A(w, 2F).

aH =Y T Pu(y)]
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Finally, there exists ¢ > p/(p — 1) and c. with the same dependence as ¢, such that
(8.9)

(a) / (f(vv))q d/}_lnfl < Cp r(n—l)(lfq) (/ f(VU) df}_[nl>q )
A(w,F) Vo N A(w,F) [Vl

q
(b) M(Vv)q(p_l) dH" ' < ¢, r(nD0-9) < ./\/}(VU)(”_I) dH" L > )
A(w,7)

A(w,7)

Lemma 8.3. Let D,w,7,r,p, be as in Lemma 8.1. Also let v;, fori = 1,2 be as in
this lemma with v replaced by v;. There ezist oy € (0,1) and cy > 1, depending only

on the data and ||¢]|, such that if r* = r/ct then
vi(z) _ Ul(?J)‘ < e (|$ - ?J|>a+ v1(a,+(w))
v(e) vy ~ T\ va(a,+ (w))

whenever x,y € DN B(w,2r™).

(8.10)

To outline the proof of these lemmas we need a definition.

Definition 8.4 (Starlike Lipschitz domain). A bounded domain D C R" is said
to be starlike Lipschitz with respect to z € D provided

0D = {z+ R(w)w :w € 0B(0,1)}
where log R : 0B(0,1) — R is Lipschitz on 0B(0, 1).

Under the above scenario we say that z is the center of D and ||log Rjgn-1 is the
starlike Lipschitz constant for D. We note that if D,w, ¢, and 7 are as in (8.2),
0 < 4r <7 and w' = w+ re,/2, then there exists ¢ > 100, depending only on ||gbﬂ,
such that the following is true: Let " = r /¢ and let D’ denote the interior of the set
obtained from the union of all line segments connecting points in 9D N B(w,r’) to
points in B(w’,7’). Then D’ is starlike Lipschitz with respect to w’. Moreover, if R’
is the graph function for D’ then

(8.11) | log R![|gn-1 < ' (||@|| + 1).
Also if D’ is a starlike Lipschitz domain with center at w’, graph function R', w € 9D’,

wow — e and 1072d(w',0D') < s < 107'd(w’,dD’), then there exists ¢’ > 1,

w’—wl

depending only on ||log R'[|s=-1, such that if s’ = s/¢’ then

D' N B(w,s")=0D'n{(y,¢'(y)} and D'NB(w,s)=DN{y:y,>¢ )}
where ¢’ is Lipschitz on R"~! and
(8.12) I16/]] < ¢"(llog R |gu-1 + 1).

In [AGHLV] results analogous to Lemmas 8.2, 8.3 were first proved for 1 < p <n
when D is a starlike Lipschitz domain. The results obtained were later used as in
(8.11), to prove similar results in the Lipschitz graph setting (see Lemma 10.11 in
[AGHLV]). To briefly outline the proofs given in [AGHLV] for 1 < p < n and starlike
Lipschitz domains, we note that (8.6)(b), (8.7), (8.8), (8.9), were proved in [AGHLV]
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under the assumption that an analogue of (8.6) (a) holds for v. This was done in
Lemmas 9.5, 9.6, and Proposition 9.7. In section 10 of [AGHLV] the authors used
the results in Proposition 9.7 to state and prove some rather difficult estimates for
a certain elliptic measure in Lemmas 10.1-10.3. In Lemmas 10.4, 10.5, the authors
define and study the A-harmonic Green’s function, say G’ for a starlike Lipschitz
domain,D’, with pole at the center, w’, of this domain. They obtain an analogue of
(8.6) (a) for v = G" when 1 < p < n. These results are then used in Lemma 10.7
to show that the ratio of vy /vy, in the analogue of Lemma 8.3 for starlike Lipschitz
domains, is at least bounded. Finally using a perturbation type argument in Lemma
10.9 and Corollary 10.10 they eventually get their version of Lemma 8.3 for 1 < p <n
and essentially simultaneously (8.6) (a) for vy, ve. This result is then restated for
Lipschitz domains in Lemma 10.11 of [AGHLV] for 1 < p < n.

The proof of Lemmas 10.4, 10.5, in [AGHLV] required a somewhat lengthy study
of the Green’s function, which however was also used (see Lemma 13.7 in [AGHLV])
to prove the important Proposition 13.6 of that paper. If p > n this approach can
no longer be used to get an analogue of Proposition 13.6 in [AGHLV]. There are also
certain questions which we do not want to consider when p > n, such as should G’
have a positive point mass (in which case G’ < 0), or a negative point mass at w'.
To avoid these deliberations, one can replace G’ in the above proof scheme for fixed
p > n, by the A-harmonic function v' in D"\ B(w',s’) with continuous boundary
values: v/ =1 on 0B(w',s') and v' = 0 on dD'. Here D’ is a starlike Lipschitz domain
with center at w’ and graph function R’. Also §' = d(w’,0D")/c where ¢ > 100 is
fixed. We prove

Lemma 8.5. Let p, D', v, w',s" be as above. There exists ¢ > 1 depending only on
the data, ¢, and ||log R’||sn-1 such that

(a) 0<|VV(2)] < c(B=2, Vv'(z)) whenever x € D'\ B(w', ).

=]
(8.13) o, V(x) < V()] < . Vv (z)

/ D, / /
(b) Az.0D") S w0 whenever x € D"\ B(w',2s").

Proof. The proof of this lemma is essentially the same as Lemma 10.5 in [AGHLV]
however since we are using a different function we give some details. To start the proof
we assume, as we may, (since A-harmonic functions are invariant under translation
and dilation and (8.13) is also invariant under translation and dilation) that

w' =0 and diam(D') = 1.
Using Lipschitz starlikeness of 9D’, the maximum principle for A-harmonic functions,
and arguing as in the proof of (4.6) we find for some ¢ > 1 and A > 1 near 1, that
v'(z) —v'(\x) S v'(z)

1 z whenever x € D'\ B(0, s')

where ¢ depends only on the data, ¢ and | log R’ ﬂSnfl. Letting A — 1 we obtain
(8.14) —&(V/(x),z) > v'(x) whenever x € D"\ B(0,s).
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To get estimates near 0D’, let
P(x) = —(V'(x),2) whenever x € D'\ B(0, ).

As in (4.13) we note that ¢ = v}, for 1 <i < n, ¢ =/, and i) = P are all weak
solutions in D"\ B(0,s’) to

(8.15) > 0 (bijths,) = 0

ij=1 Oz
where
(8.16) bij(z) = Joun; (V' (x))  whenever € D'\ B(0,5).
We temporarily assume that R’ has an extension to R™ (also denoted R’) with
(8.17) R' € C*=(R").

Then from a theorem of Lieberman in [Li] we deduce that 7P and v}, for 1 <i < n have
continuous extensions to the closure of D'\ B(0,s"). Using Lipschitz starlikeness of

D', and (8.14) we find for some ¢ > 1 depending only on the data, ¢, and || log R,HSn—l
that
¢P(x) > +v, () on 0D UIB(0,s")
when 1 < ¢ < n. From this inequality and the boundary maximum principle for the
PDE in (8.15), we conclude that (8.13) (a) is valid when (8.17) holds with constants
depending only on the data, ¢, and || log R'||sn-1. As for (8.13) (b) the right-hand
inequality in this display follows from (3.2) (a). Thus we prove only the left-hand
inequality in (8.13) (b). To accomplish this if z € D"\ B(0,2s"), we draw a ray [
from 0 through = to a point in dD’'. Let y be the first point on [ (starting from z)
with ¢'(y) = v/(z)/2. Then from elementary calculus there exists @ on the part of [
between x,y with
(8.18) v(x)/2 =v'"(x) = V' (y) < Vo' ()| [y —xl.
From (8.4) we deduce the existence of ¢ > 1 depending only on the data, ¢/, and
| log R'||sn—1 with
(8.19) y,w € Blr, (1 —c¢ Y)d(x,dD")].
Using (8.19), Harnack’s inequality for P, and (8.13)(a), it follows for some ¢, depend-
ing only on the data, ¢, and || log R’||s=-1, that
Vo' ()] < ¢V ()]
This inequality, (8.18), and (8.19) imply that
V(z) < |V (x)]d(z,0D").
We conclude that the left-hand inequality in (8.13) (b) is valid for z € D'\ B(0,2s')

when c¢ is suitably large and (8.17) holds. To remove this assumption choose R,, €
C*®(R") for m =1,2,..., with

| log Rnllsn-1 < || log R’ ||gn—1
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and R,, — R’ as m — oo uniformly on S""'. Here ¢ depends only on n. Let (D,,)
be the corresponding sequence of starlike Lipschitz domains and for large m, let v,,
be the A-harmonic function in D,, \ B(0, s’) with v,,, = 1 on dB(0, s') and v,,, = 0 on
0D,,. Using Lemmas 3.4 and 8.1, we see that

{Vm, VU, } converge to {v', Vo'}
uniformly on compact subsets of D'\ B(0, s').

Applying Lemma 8.5 to v,,, and using the fact that the constants in this lemma are
independent of m we conclude upon taking limits that Lemma 8.5 holds for v" without
hypothesis (8.17). O

Other than substituting Lemma 8.5 for Lemmas 10.4, 10.5 in [AGHLV], the proof
in [AGHLV], outlined above, can also be used if p > n to prove Lemmas 8.2, 8.3.
Thus we omit further details in the proofs of these lemmas.

For use in later sections we make the following definition:

Definition 8.6 (Lipschitz domain). A domain D C R" is called a bounded Lip-
schitz domain provided there exists a finite set of balls {B(x;,1;)} covering an open
neighborhood of 0D, such that (8.2) holds with r; = 7 and ¢; = ¢. The Lipschitz
constant of D is defined to be M = max; |||V &l co-

9. WEAK CONVERGENCE OF CERTAIN MEASURES ON S"~!

Let E be a compact convex set with 0 in the interior of E, p > n, and let u be the
A-harmonic Green’s function for R” \ £ with pole at infinity. We note that R" \ £
is a Lipschitz domain so Lemma 8.2 holds with v = u, D = R™ \ E provided 7 > 0 is
small enough. From Lemma 8.2 we see that if g(x, E) = g : 9F — S"! is defined by

~ Vu(a)
815 ) = " Fu)]

then this equality is well-defined on a set © C 9F with H" 1(E\ ©) = 0. Also from
Lemma 8.2 we see that if F¥ C S"! is a Borel set, then g~ (F, E) is H"~! measurable.
Define a measure u(-) = pupg ¢(-) on S"~! by

(9.1) u(F) = / f(Vu)dH" ' whenever F C S"!is a Borel set.
Ong—1(F,E)

Next suppose that { £, },,>1 is a sequence of compact convex sets with nonempty inte-
riors which converge to E in the sense of Hausdorff distance. That is, dy(E,,, E) — 0
as m — oo where dy was defined at the beginning of section 2. Let wu,, be the cor-
responding A = V f-harmonic Green’s function for R” \ E,, when m =1,2,..., with
pole at infinity. Then for m large enough say m > mg we see that Lemma 8.2 is valid
with D,, = R"\ E,,, u,, = v, and w € dD,,. Here # > 0 can be chosen independent
of m and constants depend only on the data as well as the Lipschitz constant for E.
For fixed m, let u,, be the measure on S"~! defined as in (9.1) relative to f, u,,, and
g(-, Ey,). We prove
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Proposition 9.1. Fiz p > n and define u,, and p relative to E,, and E respectively
as above. Then

m — b weakly as m — oo.

Proof. The proof of this proposition is given in [AGHLV, Proposition 11.1] for 1 <
p < n. The proof just uses Lemmas 8.1-8.3, although in one place (see the proof
of claim 11.9 in [AGHLV]) the authors use .A-capacitary functions to construct an
A-harmonic function v in K = K(0) = { : x, > |z|cos(d)}. Here v is continuous
in R" with v = 0 on R* \ K for 6 > 7/2, but near /2 satisfying v(e,) = 1. To get
v in our situation let v,, be A-harmonic function in B(0,2m) \ [B(0,m) \ K] and
continuous on B(0,2m) with v =0 on B(0,m) \ K and v = a,, on 9B(0,2m) where
a,, is chosen so that v,,(e,) = 1. Existence of v, follows from uniform (2m, p)-fatness
of B(0,2m) and B(0,m) \ K. Using Harnack’s inequality, Lemmas 8.1 and 3.4, and
Ascoli’s theorem we see that a subsequence of {v,,} converges to v with the desired
properties as m — oo. For the rest of the proof of Proposition 9.1 see [AGHLV,
section 11]. O

10. THE HADAMARD VARIATIONAL FORMULA FOR A-HARMONIC PDES

Let E; and Ey be compact convex sets and suppose 0 is in the interior of E; N FEs.
Fix p > n and let u(-,t) be the A = V f-harmonic Green’s function for R"\ (E; +tE»)
with pole at infinity when ¢ > 0. Also let jug, 4¢g, be the measure defined on S in
(9.1) relative to u(-,t). In this section we prove

Proposition 10.1. With the above notation let hy and hy be the support functions
for Ey and Es, respectively and let g(-, By + tEsy) be the Gauss map for O(Fy + tEs).
Then fort >0 and p =n (v is as in Definition 5.4) we have

(10.1)
dCa(Ey +tE
A( 1+ 2) — n’7_1 CA(El + tEg)/ hg(g(ZE, E+ th))f(Vu(x,t)) dHn_l,
dt O(E1+tE>?)
While for n < p we have
(10.2)
dCA(E; +tE o2 )
5 & 2 — by 1)CAE: HEz)p—l/ ha(g(w, By + tB)) f(Vu(w, 1)) dH" .
O(E1+tE>2)

Proof. To lay the groundwork for the proof of Proposition 10.1 we first argue as in
(12.2)-(12.15) of [AGHLV]. We begin by assuming for ¢ = 1,2 that

(10.3) OF; is locally the graph of an infinitely differentiable

and strictly convex function on R"~!.
We note from Lemma 3.4 that u(-,t;), for @ = 1,2, has Holder continuous second
partials in R™ \ (Ey + t2E»). Let

Cloty) = u(z,ty) — u(z, tg)

- whenever x € R" and 0 < t; < t».
2 — 11
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Then from Lemmas 5.2, 5.3, and the maximum principle for A-harmonic functions
we see that ¢ > 0. Moreover, from Lemma 6.1 we find as in (4.54)-(4.56) that ( is a
weak solution to

(10.4) Za dijCe,) =

4,7=1

in R™\ (E + tyF5) where

dij(z) = /0 fuim; (8Vu(z,t1) + (1 — 5)Vu(z, ty))ds.

Also,

(10.5) z) ¢ < Z dij(2)&:&; < ca(x) [
i,7=1

whenever £ € R" \ {0} and x € R" \ (E; + t2E5) with

(10.6) o(r) = (|Vu(z, t2)| + |Vu(x, t,)])P?

The constants in (10.5) and (10.6) may depend on ¢, and the radius of the largest ball
contained in E5 but are independent of x as above and t; whenever ¢; € [t2/2,15). Also
from Lemma 3.4, (8.6), Lemma 6.1 and the theorem in [Li, Theorem 1] mentioned
earlier, we see that Vu(-,t;) for i = 1,2, extend to Hélder continuous functions in the
closure of R™\ (E; + t;F5). More specifically, if

t2/2 S tl < tQ and P = 4(t2 + 1) (dlam(El) + dlam(Eg))
then there exist 5 € (0,1) and C* > 1, independent of t;, such that for i = 1,2,

<a> |vu<x7tz) - vu(y7tz)| S O*|ZL‘ - y|67

(10.7) o
(b) (C7)7 <[Vulz,t;)| < C

whenever x,y are in the closure of B(0, p) \ (Ey +t;E>). We point out that the lower
bound in (10.7) (b) follows from a contradiction type argument using Ascoli’s theorem
and Lemma 6.1. From (10.7) (b) and the mean value theorem from calculus we see
that there exists C** independent of ¢; € [t2/2,t5) and z such that

(10.8) 0<(¢<C

on J(E) + toF5). From (10.8), Lemmas 5.2, 5.3, and the maximum principle for A-
harmonic functions, we deduce for given € > 0 that there exists s = s(¢) > p such
that

< S O** + EU(',tl) n B(O, S(E)) \ (El + tQEQ).

Letting e—0 it follows that (10.8) is valid in the closure of R™ \ (E; + t2F5). In a
similar way we get that M (-, () is decreasing and m(+, {) is increasing on (p, 00). Using
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this fact and arguing as in (6.1) (b), we find that if u(-,t;) = F + k;, for i = 1,2, then

there exists § > 0 such that
0
(109)  [¢(x) — ¢(o0)] = |c(a) - 207 (L) o o] 2

In this discussion, F'is the Fundamental solution as in Lemma 4.4 when p = n and
as in Lemma 4.6 when n < p < oo. Also, k; is the function associated to Ey + ;s
for ¢ = 1,2 as in Lemma 5.2 when p = n and as in Lemma 5.3 when n < p < oo.
Moreover, the constant 0 is independent of t; € [ty/2,t2) and z as above.

From (3.3) and Lemmas 6.1 we see that d;;(z) in (10.4) are Lipschitz continuous
in R™\ B(0, p) with Lipschitz norm independent of ¢; € [ty/2,t5). Using this fact,
elliptic PDE theory (see [GT]) and (10.9) we see that V( is locally Holder continuous
in R™\ B(0, p) and

]{31 (OO) — k‘g(OO)

to — 11

(10.10) IV({(z)| < é|x|_1_é whenever |x| > p

where C' has the same dependence as C**. From (10.7) (a), Lemma 6.1, and unique-
ness of u(-,t;) for i = 1,2, we deduce that

(10.11)
Vu(-,t1) = Vu(-, t3) uniformly on the closure of R \ (E; + toF») as t; — t.

From (10.8)-(10.11), Lemma 6.1, (10.4)-(10.6), and Caccioppoli type estimates for
locally uniformly elliptic PDE, we deduce that if ¢;{ — ¢y through an increasing
sequence, say {s,,}, then a subsequence of {( = ((-, s,,)}, also denoted by {((-, s;)},
converges uniformly on compact subsets of (R™ U {oo}) \ (E1 + t2E3) to a locally

Holder 5 continuous function, say C Moreover, this subsequence also converges to C
locally weakly in W2 of R™ \ (E1 + toFy). Fmally,

(1012 > (T, 1)) &, ) =

i,7=1
locally in the weak sense in R™ \ (F; + t9F5) and (10.9), (10.10) are valid with ¢
replaced by (.

Next we show that ¢ has boundary values that are independent of the choice of
sequence. To do this, for k = 1,2 we let x4(Z) = Vh(Z) whenever Z € S"~! and
recall that zx(Z) € OBy, with Z = g(zx(Z), Ey) for k = 1,2 . We fix X,Y € S 1
write z,y for x1(X) + tax2(X), 21(Y) + tax2(Y) respectively and note that
xr = gil(X, E1 + thz) < a(El + tQEQ) and Yy = gil(Y, E1 + tQEQ) < B(El + tQEQ).
We consider two cases. First if

|(L’ - y| S d(l’, E1 + tlEg)/2

then from (10.7) (a) and the mean value theorem of calculus we have

(10.13) C(x) = C(y) — (V¢(z), 2 — )| < Cle —y|?
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where (' is independent of ¢;. Second, if
|z —y| > d(x, By + t1E,) /2
then using u(-,t;) = 0 on J(E; + t1 F>) and the same strategy as above we see that
() = (Vu(21(X) + 22 (X), 1), 22(X))]
(10.14) +1¢(y) = (Vu(z1 (V) + iz (Y), 1), 32(Y))]
< Clz —yl”.
Now hy + t1hsy is the support function for E; + t; F and so

(10.15)
(Vu(z1(X) + ti(22(X)), ), 22(X)) = [Vu(x1(X) + t1(22(X)), t1) (X, 22(X))
= |Vu(z, t1)|ha(g(x, By +t2E2)) + M)
= III, + \(z)

where |[A(z)| < C|z — y|? and C is independent of ¢;. Similarly,

(Vu(@1(Y) + tiaa(Y), tr), 22(Y)) = [Vuly, t1) |ha(g(y, Br + t2E2)) + A(y)

(10.16) L4 A

where \(y) satisfies the same inequality as A(z). From (10.14)-(10.16) and the triangle
inequality we find that

(10.17) C(z) — C(y)| < |ITT — 11D+ |A(z)| + [My)| < Clz —y|”

where C is independent of t; € [t5/2,t2). Here we have also used Lipschitzness of hy
and (10.7) (a) to estimate [[11; — I115]. From (10.17), we deduce that ¢ = ((-,¢1) is
Holder -continuous on O(E; + toFsy) with Holder norm bounded by a constant inde-
pendent of ¢; € [t2/2,t2). From well-known theorems for divergence form uniformly
elliptic PDE with bounded measurable coefficients it now follows that ¢ is Holder 7
continuous on the closure of B(0, p) \ (E1 + t2E») for some 7 > 0 with Hélder norm
independent of t; € [ty/2,t5) This fact and the same reasoning as in (10.10) yield

(10.18) IV¢(2)| < Cd(x, DBy + toEz)) .

Taking limits we conclude from Ascoli’s theorem that 5 is the uniform limit of
(C(, $m)) in the closure of B(0, p) \ (Ey + toEs). Thus ¢ is also Hélder 7-continuous
in the closure of B(0,p) \ (Ey 4 t2F) and (10.18) holds for ¢. Finally, using (10.7)
and arguing as in (10.15) we see that

G, t1) = [Vulz, ta)| ha(g(a, By + taE2))| < clty — b,
From this estimate we conclude that

(1019) C(I‘, t1> — ‘V’U/(SL’, tz)‘ hg(g(l‘, E+ tQEQ)) as t1 — o
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whenever © € J(E + toF5). From (10.19) we see that every convergent subsequence
of {{(-,t1)} converges to a weak solution of (10.12) satisfying (10.18) with continuous
boundary values

IVu(-, t2)| hao(g(-, E1 4+ taEs)) on  9(E) + t2E»).

To begin the proof of Proposition 10.1 in the smooth case and when t5/2 < t; < ty
recall from the display above (10.7), that Ey + toFEy C B(0,p). If R > 4p we apply
the divergence theorem to u(-,t;)(V f)(Vu(-,t;) for i = 1,2 and use A-harmonicity of
u(+,t;), p-homogeneity of f, and smoothness of u(-,¢;) on (F; +t;Es),1 = 1,2 to get

Ii(R) :p/ F(Vu(z, t;))dx
(10.20) (0,R)\(E1+t; E2)

- /8B(O o u(z, ;) (V) (Vu(z, ), z/|z|) dH" .

For brevity we write for fixed s,

WAL [ e
lo =t OBOR)

To make calculations first observe that

(VHVu(z,t1) = (V) (Vulz, t5))
< to — 11

caflz]) = Zdzg )Cay () (1] |2])

l,j=1

where (dj;),1 < 1,7 <n,is as in (10.4). Letting t; — t, in (s,,) we see that

(10.21) <(vf)(vu(x,t12:ilvf)(w(x,tg z/|z]) —>Zaz]

C:v] J}l/|$|>

l,j=1

where a;;(z) = (Vu(z,ts)) . Next we use the same algebra as in the calculus

617 877
argument for finding the derivative of a product. After that we note from (10.21) and

(10.10) that
(10.22)

n

J(x,t1) = Ji(w) = C@){(VH(Vul,ta)), z/lal) + ule, t2) Y ay ()G, (2)a/ ||

lLy=1

as t; — t9 in (Sm)

Using (6.1) (a) and (b) with ks = k and arguing in a now well known way we
deduce that ks is a solution in B(z,|z|/2) to a uniformly elliptic PDE in divergence
form with Lipschitz continuous coefficients when |z| > 4Ry. From (6.1)(b) and elliptic
PDE theory it follows that

(10.23) Vky(2)| < Cla| 7 for |z] =
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where once again C' is independent of z. Using (10.23), (2.6) (i), and our knowledge
of I it follows that

(10.24)

o0 f
Omon;
where the o term is independent of t; € [ty/2,t5). Here 6(R) = 1 if p > n and
d(R) =log R, for p = n. Likewise, as R — oo,

(10.25) (VH(Vu(z, ta)),z/|2]) = (VFI(VF(2)), z/|2]) + o(R'").

Using (10.10), (10.24), (10.25), and ((z) = {(oc) + o(1) as R — oo in (10.22) we
conclude first that

(10.26) Ji(x) = C()(VH(VF(x)), x/|z|) + o(R*™™)

and second since F' is a fundamental solution that

(10.27) P ty —t a )/693(0,R)<(Vf>(vF( ))sx/|x))dH" ™ + o(1)

A-n)(p=2)+(—n)
1

(VF(x))+o0 (6(R)RT> as R — oo

u(x, ty)a;(x) = F(x)

Next we write

where
Ti(R) := p(ta — tl)_l/ (f (Vu(z,t1)) — f(Vu(z, t2)))dz
B(0,R)\(E1+t2Ez)
and
T5(R) := p(ty — tl)_l/ (f(Vu(z,ty))dx.
(E1+ta B2)\(E1+t1 Ez)
From (10.11) and (10.19) we have
(10.29)
T.(R) = (2~ 1) V- [(ule, ) V£ (Vule, ))de
(E1+t2E2)\(E1+t1 E2)

= /a(E ) C(2)|Vu(z, t2)| UV f(Vu(z, t)), Vu(z, ty)) dH™ "

— Ty = p/ ho(g(x, By + taFy)) f(Vu(r,t2)) dH"™  as t; — ty in (s,,).
A(E1+t2E»)

To handle T’ (R) observe as in (10.21) that

D f(VU(a:’tlii : Q(Vu(x,tz)) _ Z Qj(x)ij (I)

Jj=1

(10.30)
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where
g;(x) = P/Ol 37{] (sVu(z,t1) + (1 — s)Vu(z,ta)) ds.

Using (10.30) in the definition of 7} (R) and letting t; — t5 in (s,,) we obtain from
(10.18) and the Lebesgue dominated convergence theorem that

T (1) - pz / L (Gu(w, t2)) &, (w)do

BO.R\(E1+12E2) O

1 / a1 (x) g, (2, 1), () d
P =1 "71 /BOR\(B1+t2E)

where a;;(z) = (Vu(z,ty)) as earlier and we have used the (p — 1)-homogeneity

677@7
of Vf. From (10.18) we see that the above integral can be integrated by parts to
obtain,

Z /33(03 x,t) Z alj(x)éxj(;[;)ml”ajl dH

l,j=1

where we have also used (10.12). Letting R — oo we deduce as in the derivation of

(10.27) that limpg Tl(R) = 0. Combining this equality, (10.29) and letting R — oo
n (10.27) we arrive at

(10.31) {(00) = p /8 oy 8B ) (Ve 1)) 47

We note that (10.31), the remark after (10.19), and the usual maximum principle
argument imply that ¢ is independent of the choice of (s,,). Thus we put

o . dk
((00) = lim ((o0,t;) = ——
t—>ty dto

(00)

where —k(-,t) = F(-) — u(-,t) for t € [0,00). Now from Theorem A we see that
1

t = Ca(Ey+1E,) is concave on [0,00) when p = n and t — C " (E; +tE;) is concave
on [0,00) when p > n. Thus ¢t — C4(F) + tE5) is Lipschitz and differentiable off a
countable set when n < p < co. From this observation, (10.31), and the chain rule
we have when p =n

dC (E| +tE _ dk
Al ;t 2) = — ' CA(E) + tEy) dt( o)
(10.32)
=ny " Ca(Ey + tE2)/ ha(g(w, Ex + tEs)) f(Vu(w,t)) dH"™
8(E1+tE2)
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and for p > n

(10.33)
o = —(p = 1) Ca(Br + tEy) >t —(00)
:p(p— 1) CA(El —f—tEg)i%? / h2<g(l’, E1 —f-tEg))f(VU(.%',t))dHn_l
8(E1+tE2)

except for at most ¢ in a countable set. Now from properties of support functions and
(10.11) we see that the right-hand side in both equalities is continuous as a function of
t so from the usual calculus argument W exists on (0, 00) and has a left-hand
derivative at t = 0. Thus Proposition 10.1 is valid under assumption (10.3).

To show this assumption can be removed, choose sequences of uniformly bounded
convex domains {Efl)}lzl and {Eél)}lzl with E; C EZ-(Z) fori=1,2and l=1,2,...,
satisfying (10.3) with OF; replaced by 8E§l),i =1,2and [ =1,2,... We also choose
these sequences so that Efl) converges to E; in the sense of Hausdorff distance as
I — oo. Let u(-,t) be the A-harmonic Green’s function for the complement of
Egl) + tEél) with pole at co. We set —kW (1) = F(-) —u(-,t) while as earlier u(-,t)
and k(-,t) have the same meaning relative to F; + tEs. We claim that

(10.34) llim kD (00,t) = k(co,t) for t € [0,00).
—00

This claim will be proved in more generality in (11.1) so we reserve its proof until the
next section. Let

o(t) = / ho(g(z, By + tEy)) f(Vu(z, t))dH
(Er+tE2)

and let ®;(t) denote the function in this display with £;, replaced by E(l),i =1,2,l=

)

1,2,.... Given 0 < a < oo we claim there exist m = m(a) and M = M (a) such that
for [ > m, we have
(10.35) 0<®(t) <M for telo,al.

To verify this assertion fix [, ¢, let
Ey=EY +tEJ

and let hy be the support function for Ey and let g(-, Ey) be the Gauss map for 0FEj
while ug is the A = V f-harmonic Green’s function for R" \ Ey with pole at infinity.
Applying Proposition 10.1 in this case with Ey, Fs, t, replaced by Ey, Ey, 0, and using
the fact that

(1+1)C4(Ep) when p = n,

(14+t)P"Ca(Ep) whenn <p < oo

Cal(1+1)Eo) = {
we obtain when p =n

(10.36) v =n /6 (g Fo)) S (Vuo(a) ar™
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While when p > n we have

(10.37) PR e (B = / ho(g (2, Bo)) f(Vuo(z)) dH™ .
p—1 0F,

Since FEj is uniformly bounded and hy > mingn-1 Ay > 0, where h; is the support

function for £}, it follows from (10.36), (10.37), and properties of C4(-) that (10.35)

is true. From (10.34), (10.35), Proposition 9.1, Proposition 10.1 in the smooth case,

and Lipschitzness of support functions, as well as the Lebesgue dominated convergence

theorem, we find that

k(oo,t) — k(00,0) = lim [k (00, t) — k© (00, 0)]

l—o00

(10.38) t t
= — lim p/o ,(s)ds = —p/o O (s)ds.

l—00

Also @ is continuous on [0, 00) by Proposition 9.1. Now (10.38), the definition of C4(-),
and the Lebesgue differentiation theorem yield Proposition 10.1 without assumption
(10.3). O

Remark 10.2. We note that Proposition 10.1 remains valid for t > 0 if we assume
only that 0 € Ey, rather than 0 is in the interior of Ey (so H™(Ey) = 0 is possible but
from the definition of Ey we still have 0 in the interior of Es). To handle this case
we put B} = By +tE, and El = E,. Then E{, El are compact convex sets and 0 is
in the interior of E1 N E}. Applying Proposition 10.1 with Ey, Ey replaced by EY, F)
respectively and at t = 0 we obtain the above generalization of Proposition 10.1.

11. PROOF OF THEOREM B

Finally we are in a position to prove existence of the measure in Theorem B in the
discrete case. Once again our argument is similar to the one in [AGHLV, section 13]
for 1 < p < n. However, in our opinion not all of this argument is so well known and
involves different calculations for p > n, so we will give mostly full details. To begin
we note that if p > n is fixed, £’ is a compact convex set and (E]) is a sequence of
convex compact sets converging to £’ in the sense of Hausdorff distance, then either
E’ is a single point in which case lim;_,o, C4(E]) = 0 or

(11.1) llim CA(EII) = CA(E/) > 0.

Note that (11.1) and the definition of C4(-) give claim (10.34). If £’ is a single point it
follows from (5.23) that the above limit is zero. Otherwise, let G}, [ = 1,2, ..., be the
corresponding sequence of A-harmonic Green’s functions for R™ \ Ej for [ =1,2,. ..,
and let G’ be the A-harmonic Green’s functions for R \ £’ with pole at infinity.
Then from Lemma 3.5 and uniqueness of G’ we see that (G)) converges uniformly on
compact subsets of R" to G'. From Lemma 6.1 we see that © = {z : G'(z) < 1} is
convex and has nonempty interior. Also G’ —1 is the A-harmonic Green’s function for
R™\ © with pole at infinity. Translating and dilating © if necessary we may assume
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that 0 € © and diam(©) = 1 thanks to (5.23). Applying (6.1) (a) to G’ — 1 it follows
as in the proof of (6.1) (b), that there exists R > 0 independent of I so that

|G} — G'|(x) < M(R,|G;—G'|) and 0< Bg(%%(F —G) < (F-G)(x)

when z € R"\ B(0, R). Using these inequalities and the definition of C4(+) in Definition
5.4 we obtain (11.1).

11.1. Proof of existence in Theorem B in the discrete case. Let ¢q,¢o,...,¢p
be positive numbers and & € S*7! for 1 < i < m. Assume that & # &; for i # j and
let d¢, denote the measure with a point mass at &. Let u be a measure on S with

u(K) = Z ci0¢,(K) whenever K C S"'is a Borel set.
i=1
We also assume that p satisfies (7.1) (i) and (¢7). That is,

(11.2) D al(6,&) >0 forall 6es™!
=1

and
(11.3) D a&=0.
=1

For technical reasons we also first assume that
(11.4) either p({¢}) or u({—€}) =0 whenever ¢ S™ 1.

This assumption will be removed in the general proof of existence. For u as above
and fixed p > n, we show that there is a compact convex polyhedron £ with 0 in the
interior of £ and

w(K) = / f(VU)dH™ ! whenever K C S"!is a Borel set
g '(K.E)
where g(-, ) is the Gauss map for F and U is the A-harmonic Green’s function for
R™\ E with pole at infinity. Moreover, if F; denotes the face of OE with outer normal
& for 1 <i <m then g(F;, E) = & and

(11.5) p({&}) =ca = /F f(VU)dH™™ ' for 1 <i<m.

Existence in (11.5) follows from a variational type argument apparently due to Minkowski

(see [G, Section 8.2])). Using this method one needs to show that a certain minimum
problem has a solution within the given class of compact convex sets with nonempty
interior. To be more specific let ¢ = (q1, ..., ¢n) € R™ with ¢; > 0 for 1 <i < m. Let

E(q) = ﬂ{iﬂ {r,&6) <@} and @ :={E(q) : Ca(E(q)) = 1}.
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We also set

0(q) = ch- ¢ and A =inf{f(q): E(q) € ®}.
i=1
We want to show there exists
(11.6) ¢=(G1,---,qm), G >0 for 1 <7 <m, with 0(¢) = A and C4(F(q)) > 1.

Using (11.6) and a variational type argument, it follows easily from Proposition 10.1
that p is a constant multiple of the measure defined in (7.2) (¢) relative to the A-
harmonic Green’s function for R™ \ E(¢) with a pole at infinity.

To begin the proof of (11.6) we first note that if E(q) € ® then E(q) is a closed
convex set. Also we note from (11.3) that

/ (1,6 Tdu(€) :/ (1,6)"du(¢) whenever 7€ S"?
sn—1

S§n—1
where a™ = max (a,0) and a~ = max (—a,0). From this note and (11.2) we see that
for some ¢ > 0,
(11.7) o< / (1,6 du(¢) forall 7eS"
S§n—1

If h = h(-, E(q)) is the support function for E(q) and r7 € E(q) for some r > 0 and
7 € S"! then it follows from (11.7) and the definition of A that

s o<ors [ GrOTau© < [ hOdn(E) < 0(0)

n—1
From (11.8) we first see that F(q) C {z : |z| < 6(q)/¢}. We then conclude the
existence of ¢! = (¢!,...,¢'), ¢t > 0 for 1 <i < m such that E; = E(¢'), 1 =3,4,...,
is a sequence of uniformly bounded compact convex sets in the class ® with

G=limq¢ and lim A(¢") = X = 6(§).
l—o0 =00

From finiteness of A\ we also may assume that F; — E(§) = E;, a compact convex
set containing 0, where convergence is uniform in the Hausdorff distance sense. From
(11.1) we see that

(11.9) IILIEOCA(EZ) :CA(El).

Thus Ca(£1) > 1 and in fact C4(E1) = 1. Otherwise, we would have 6(g) < 6(q) for
E = E(q) € ® where for j € {1,2,...,m},
q _
. CA(EQ when p = n,
CA(El)l/(p’”)
If F; has nonempty interior, say z is an interior point of Fy, then E=F,—z¢€ ®and
Ca(FE) =1 as we deduce from translation invariance of C4(-). Moreover, if E' = E(q)
then from (11.3) and 0(¢) = A we see that 6(¢) = A. Thus, (11.6) is valid if F; has
nonempty interior.

when p > n.
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If F; has empty interior, then from convexity of E; and (11.4) we find that E;
is contained in an /-dimensional plane with [ < n — 1 and 0 < H'(E;) < oco. Also
E; must contain at least two points since C4(F1) = 1 so I > 1. We assume, as we
may, that 0 is an interior point of F; relative to the [-dimensional plane containing
FE since otherwise we consider E; — z for some 2z having this property and argue as
above. From the definition of ® we see that there exists a subset, say A of {1,...,m},
with ¢; = 0 when ¢ € A. Since ¢ gives a minimum for 6 we observe that if s ¢ A, then
ds # 0 and

{gj : <$7€s> = (js} N El 7& @
Let a = imin{@- 1 ¢ A} and for small ¢t > 0 let

(11.10) m{m (2,&) < ¢ +at} and E,= ﬂ{a: z,&) < a}.
Put
E(t E(t
(11.11) B, = # when p=n and E; = ®) when p > n.
Ca(E()) Ca(E(t))H e
We note that, in view of (11.11), E; = E(q(t)) where ¢(t) = (q1(t), ..., qn(t)) and for
j=12....m
q; +at q; + at

(11.12) ¢;(t) = when p=n and ¢;(t) = when p > n.

CA(E(t)) CCA(E()Y )

From (5.23) we have C4(E;) = 1 so E; € ®. To get a contradiction to our assumption
that F, has empty interior we show that

(11.13) B(q(t)) < A for some small ¢ > 0.
To prove (11.13), we first note that £y + tE, C E(t) for t € (0,1) so
Ca(Ey +tEy) < CA(E(t)).

From this inequality and (11.11) and (11.12), we conclude that to prove (11.13) it
suffices to show if

[Ca(EL + th)]_IZCi(@ + at) when p = n,
(11.14) X(t) = =t
[CA(E7 + tE2)]—1/(P—n)Zci((ji +at) when p>n
i=1
then
(11.15) x(t) <X fort >0 near 0.

To prove (11.15), we let, as in section 10, u(-,t) be the A = V f-harmonic Green’s
function for R™ \ (E; + tEs) with pole at infinity. We also let g(-, By + tEs) be the
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Gauss map for 9(F; + tFy) while hy and hy are the support functions for F; and Ej,
respectively. Then from Remark 10.2 and Proposition 10.1 we have for t € (0,1),

(11.16)
d
acA(El + tEg)

- 1C4(Ey + ) / ho(g(x, By + tEo)) f(Vu(z, t))dH" when p = n,
— 8(E1+tE2)
p(p — 1)CA(Ey + tEy)rt ho(g(z, By 4 tEy)) f(Vu(z,t))dH"™ " when p > n.
O(E1+tE»)

We shall prove

Proposition 11.1.
(11.17) lim halg(e, By + 7E)) f(Vu(e, 7)) dH" ™ = oo.
70 8(E1+TE2)

Assuming Proposition 11.1 we get (11.15) and so a contradiction to our assumption
that F; has empty interior as follows. First observe from (11.16) and (11.14) that for
p=n,

(11.18)

d

t

Il
3

=Y ca-m (Y atrar) [ halele Byt rEa) (Vate, )R
i—1 =1 8(E1+TE2)
and if p > n,
(11.19)

m

= CA(El + TEQ)I/(pil)Z C;a

t=1 =1

2p—(n+1) (]
Calt + ) Ly

p<p — 1) « ~ -1
_ S el + ar)] / ho(g(x, By + 7E)) f (Y, 7)) M.
(p - n) 1221: 8(E1+TE2)

Now Ei + 7Ey; — E; as 7 — 0 in the sense of Hausdorff distance so by (11.1), we
have (for all n < p < c0)

T—
Clearly, (11.17)-(11.20) imply for some ¢y, > 0 small that
d
(11.21) EX(t) <0 for 7€ (0,1

t=T1

On the other hand, from (11.14) and (11.20) we see that
lim x(7) = A.
T—0
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From this observation, the mean value theorem from calculus, and (11.21) we conclude
that (11.15) holds so E; has interior points. Now (11.6) follows from our earlier
remarks.

Proof of Proposition 11.1. Recall that F; is contained in a 1 <[ < n —1 dimensional
plane. We assume as we may that

(11.22)
Ec{r=2"): 2 = (x1,...,1) and 2" = (2141,...7,) = (0,...,0)} = R",

Indeed, otherwise we can rotate our coordinate system to get (11.22) and correspond-

ing A-harmonic Green’s functions, say a(-,t) for R* \ E; with a pole at infinity.

Proving Proposition 11.1 for u(-,¢) and transferring back we obtain Proposition 11.1.
We also note that

(11.23) B(0,4a) NR' C E, C E; + E, C B(0,p)

which follows from our choice of a and for some p > 0 depending only on the data,
since C4(E;) = 1. Next we observe from Lemma 5.3 in [LN4] that for fixed p > n —1,
there exists an A-harmonic function V on R”™ \ R! with continuous boundary value 0
on R! satisfying

p—n+l

(11.24)  V(z) = |2"[* whenever z = (/,2") € R' x R"™" where ¢ = .
p —

Ratio constants depend only on p,n,l and the structure constants for A. Using
(11.24) we prove

Lemma 11.2. Fiz p > n. Then there exists C; > 10'°, depending on p,n,l, and p but
independent of t € (0,1], such that ifp = (p—n+1)/(p—1) and z = (2/,2") € B(0, p)
then

(11.25) l2"|¥ < Cyu(z,t)  whenever Oyt < |2"|.

Proof of Lemma 11.2. For fixed t € (0,1), let v = max(V — Cat,0) for Cy > 0 which
will be fixed soon. Then v is A-harmonic in R"\ W and continuous on R™ with v = 0
on W = {z : V(z) < Cyt}. From the definition of E; + tE, and v we see for C large
enough, depending on p,n, [, the structure constants for A, and p, that v = 0 on
Ey + tE,. Also Csu(-,t) > v on 0B(0,2p) for t € [0,1] as we deduce from Harnack’s
inequality and F; + Ey C B(0,p). Here C3 has the same dependence as C5. Using
the maximum principle for A-harmonic functions it now follows that v < Cyu(-,t))
in B(0,2p). From this fact and our knowledge of V we get Lemma 11.2. O

To begin the proof of Proposition 11.1 we assume 0 < t < t,, where t, << a. We
also observe that E; + tF, is a compact convex set with nonempty interior. From
(8.6) (b) we find that for H" '-almost every & € (F; + tFy)

Vu(y,t) — Vu(z,t) as y— 2
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non-tangentially in R™ \ (E; + tE,). Moreover, there exists ¢ such that B(z,4t/¢) N
O(E) + tE,) is the graph of a Lipschitz function whenever

&€ B(0,2a) NO(E, +tE,) and 0 <t <t

with Lipschitz constant independent of z,¢. It then follows from (8.5), (8.3), (8.8),
and (8.9) (a) with ¢ = p that

(11.26)

[ F(Vul ) dH > (u(w, )P
B(i,t/é)ﬂa(El +tE2)

>

¢! / f(Vu(-,t)dH"
B(;%,t/é)ﬂa(El -‘rtEg)

where ¢ has the same dependence as in Lemma 8.2. Also w = w(Z,t) denotes a point
in B(z,t/¢) N (R"\ (F; + tEy)) whose distance from 9(E; + tEy) is > t/c%.

Using Harnack’s inequality in a chain of balls of radius ~ ¢ connecting w to a point
x € B(0,a) with 2Ct = |2”| we deduce from (11.25) of Lemma 11.2 that

(11.27) u(w,t) > CH¥

where C' is independent of ¢ € (0,1). Using (11.27) in (11.26) we obtain for some

C" > 1, independent of t,0 < t < tg, that

(11.28) c’ / F(Vu(-, £)dHr > po-trn-1,
B(&,t/&)NO(E1+tEz)

Now since d(E + tEy) N B(0,2a) projects onto a set containing B(0,2a) N R for
0 <t < ty, we see there is a disjoint collection of balls B(z,t/¢) for & € O(E; + tE,)
of cardinality approximately ¢! for which (11.28) holds. Since

pp—1)4+n—-1)—l=(I+1-n)/(p—1) <0

we conclude from (11.28) that for some C* independent of small positive ¢

(11.29) C*/ F(Vu(-, t))dH ™t > tWHn/-D 0 as ¢ — 0.
8(E1+tE2)ﬂB(O,2a)

Finally, note that for 0 < t < #,
gz, E1 +1Ey) € {§; i € A}

for H" -almost every x € J(E; + tEy) N B(0,2a) and hy(&;) = a whenever &; € A.
From this note and (11.29), we obtain first the validity of (11.15) in Proposition 11.1
and thereupon that (11.6) is true. O

Armed with (11.6), we can use the well-known variational argument mentioned
after this display to complete the proof of existence in Theorem B in the discrete
case. To do so we first observe that if F; and Fy are compact convex sets with
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nonempty interiors and if h; and hs are the support functions for these sets with the
corresponding A-harmonic Green’s functions u; and us then

(;1.30)

&A1= 9B+ 5B)luco
[ e | (2= ) g, E) (T () when p =,
| o= DCuEE [ = el E)S (T dH T whenp >

Here (11.30) follows from Proposition 10.1, (10.36), (10.37), and the chain rule using
t=s/(1—s)and

(1 —5)Ca(E) + LES) when p = n,

1-s)E Ey) =
Ca((1 = s)Ey + sEs) {(1_S)pnCA(E1+tE2) when p > n.

Let ¢* = (¢f,...,¢,) € R™ with ¢f > 0 for 1 <i <m and ¢ as in (11.6). From the
note after (11.13) and (11.6) we deduce for ¢y > 0 sufficiently small, that E(q*(¢)) € ®
when 0 < t < ty, where

(1—t)g+1tq*
¢ (t) = Ca((1— ?1E_(qt)):{i%g*)>
CA((1 = E(q) + tE(gr)) /e

when p = n,

when p > n.

Also, 0(q*(t)) > X for 0 < ¢t < {y thanks to (11.6). Differentiating 0(q*(t)) with
respect to ¢ and evaluating at 0 we obtain from (11.30) with £, = E(q), Es = E(¢*),
and wu; the A-harmonic Green’s function for R\ E(q), as well as (11.6) and the fact
that C4(F1) = 1 by (11.20) that when p = n,

df(q" (1))
! S dr 7=0
any = Doald —a) = [ () (e B@) (T

m

=Y el - @) - Yo - d) [ £ (Ve (@) !

i=1 i=1 g~ (&, E(q))
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provided ¢* is near enough ¢. Similarly, if p > n,

do(q*(7))
0s =0

=

M

(11.32) ilq; — @) — pAEEL /M (hs — hn) (g(, B(@)) f(Veur () aH!

=1

VL

alal — i) — AL S (g — ) / F (Vs () dH!

1 i=1 g 1(&,E(9))

(2

From arbitrariness of ¢; — ¢; we conclude that

(11.33) =10 / f(Vuy(z))dH™™ ' for 1 <i<m.
& E(9)

where

b nA/y when p=mn
B pkg_;ib when p > n.
Observe that A > 0 since otherwise F(§) = {0} a contradiction to C4(E(q)) = 1.
From (11.33) and p-homogeneity of f we find that if p > n and £ = §E(g) where
6! =n)\/y when p = n while 6" 771 = p(}%) A for p > n, then (11.5) holds. This
completes the proof of existence in the discrete case when (11.2)-(11.4) are valid.

Remark 11.3. For later use we note from (10.36) and (10.37) with Ey = E, that if
h is the support function for E as in (7.2) when p > n, then

¥ when p = n,
PR C 4 (B)Y =D < c(diam(E))r=1  when p > n.

(1134) p /S GGE {

11.2. Existence in Theorem B in the continuous case. Armed with existence
in Theorem B in the discrete case when p > n, we now consider existence when p
is a finite positive Borel measure on S"~! satisfying (7.1). We choose a sequence of
discrete measures {/;};>1 satisfying (11.2)-(11.4) when p > n is fixed with

p; — o weakly as  j — oo.

Let IJj,7 =1,2,..., be a corresponding sequence of compact convex sets with 0 in the
interior of E; and corresponding A-harmonic Green’s functions U; for R \ E; with
pole at infinity for which (11.5) holds at support points of y;. From the definition of
weak convergence we may assume for some C' > 1 that

(11.35) Cl'< (S <O forj=1,2,...
We claim that we may also assume

(11.36) E; C B(0,p) forj=1,2,..., and some p < oo.
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To prove (11.36) we observe from weak convergence of (4;) to p and (11.2), (11.3),
that for some C' > 1, independent of 7 =1,2,...,

A

(11.37) ct< / (1,6)Tdu; (&) for all T € S"1.
S§n—1

Using (11.37), (11.34), and arguing as in (11.8) we deduce that if 7; € S"~! so that
$;7; € E; with §; > 1z diam(E;) and h; is the support function for E; then

—-n

s s [ R0t O < [ ©dy© <o)

Snfl

where all constants are positive and independent of j. Thus, claim (11.36) is true.

From (11.36) we see that a subsequence of {E;};>1 (also denoted {£;}) converges
to a compact convex set E C B(0,p) in the sense of Hausdorff distance. Choosing
another subsequence if necessary we may assume from the same argument used in
proving (11.1) that either £ = {0} or U; — U uniformly in R" where U is the A-
harmonic Green’s function for R\ E with pole at infinity. If £’ has nonempty interior
then from Proposition 9.1 we conclude that (7.2) (b) and (¢) hold for U, E, and pu.

If £ has empty interior we consider the following three cases :

Case A: E has dimension [, 1 <[ < n—1. In this case we once again use the argument
in [AGHLV, section 13.2, Case B1] to get a contradiction. Translating F if necessary
we may assume that 0 is an interior point of the [ dimensional plane P containing F.
So as in the discrete case we assume that

(11.39) B(0,4a)Nn P C EC B(0,p)NE

and

tj:dH(Ej,E) fOI‘jzl,Z,....
Then for j large enough we can argue as in Lemma 11.2 with ¢ replaced by ¢;, and
u(-,t), By + tE, by U;, E;. We obtain from the analogue of (11.25) for j > jo, that

(11.40) Uj(x) > C2"[v for o = (2/,2") € B(0,p) and Oy t; < |2”|

where 2/ € Rl and ¢ = (p —n +1)/(p — 1). Fix j > jo, and given y € dE; N B(0, a),
let T;(y), be a supporting hyperplane to 0E; at y. Let ﬁj be the open half space
with H; N E; = @ and dH; = T;(y). Let y* denote the point in H; which lies on
the normal line through y with |y — y*| = 2Cit; where C; is as in (11.40). Note
that for jo sufficiently large and j > j, that d(y*, P) > Cit;, since otherwise it
would follow from the triangle inequality that there exists z € B(0,2a) N E with
d(z, Ej) > t;. Thus (11.40) holds with = y*. Let ¢ be the A-harmonic function in
H,; N B(y,8Cit;) \ B(y*, Cit;) with continuous boundary values
= { U; on 3BA(y*,C'1 t),
0 on 0(H; N B(y,8Cit;)).

Then from the maximum principle for A4-harmonic functions we have ¢ < U; on
ffjﬂB(y, 8C1t;)\B(y*,Ci t;). Comparing ¢ to a linear function and using a boundary



THE BRUNN-MINKOWSKI INEQUALITY AND A MINKOWSKI PROBLEM 67

Harnack inequality from [LLN] in H ;N B(y,8Cht;) we deduce for some ¢* depending
only on the data and p that

Ui(y)/t; < ¢U;(2))/d(2, T;(y))
when j > jg and Z € I:[j N B(y,C1 t;). Letting 2 — y non-tangentially, we conclude
from this inequality and (11.40) with x = y* that
(11.41) t}b_l < C*|VU;(y)|  for H™ '-almost every y € OE; N B(0,a)

and j > jo. Here C** has the same dependence as Cf.
Let v; be the positive Borel measure corresponding to U; with support contained
in £ as in Lemmas 5.2. 5.3. Then from (8.8) we deduce for j =1,2,... that

dv; U,

V] - (y) — pf(v J(y)) fO
dH"™ VU, (y)|
From (11.42), the definition of y;, the structure assumptions on f, and (11.41) we
conclude for some C' > 1, independent of 5 > jy, that for fixed p > n
(11.43) t/" v (0E; N B(0,a)) < C'i(g(0E; N B(0,a), Ey)).

Here g(-, E;) is the Gauss map for 0E;. Now ¢y —1 = (1 —n+k)/(p—1) < 0 and
from weak convergence of (v;) to v we have

liminf v;(0E; N B(0,a)) > v(0E N B(0,a/2)) >0
j—00

(11.42)

H" -almost every y € OF;.

where the right-hand inequality follows from the fact that £ N B(0,a/2) is uniformly
(a/2,p)-fat. Putting this inequality in (11.43) we see that u;(S"™!) — oo in contra-
diction to (11.35). Thus F does not have dimension [,1 <1 <n — 1.

Case B: E = {0}. In this case we put ¢t; = diam(£};) and let v; be the positive
Borel measure, as above, relative to U; with support contained in F; as in Lemma
3.7. Then from (d) of Lemmas 5.2 and 5.3 we have v;(E;) =1 for j =1,2,... From
this fact and (3.5) (¢7) we see that

(11.44) Uyt on dB(0,2;) for j=1,2,...

where ratio constants depend only on the data. Using (11.44) and the same argument
as in the derivation of (11.41) it follows that for some ¢ > 1 depending only on the
data,

1-n
IVU;(y)| > ¢ 't27" for H" '-almost every y € OE;.
Since v;(E;) =1 for j =1,2,..., we again obtain as in Case A that
1-n
cpj(OF;) > 77" — 00 as j — 00
in contradiction to (11.35). So E # {0}.

Case C: E has dimension n — 1. In this case, we essentially copy the proof from
[AGHLV] through the statement of Proposition 11.5. However to prove Proposition
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11.5 we state and prove Lemma 11.6 which in [AGHLV]| was only available when
f(n) =p~Ynl?, i.e, for the p-Laplace equation. Using Lemma 11.6 we can then copy
the so called simple proof given in [AGHLV] of (11.52) for the p-Laplace equation
when 2 < p < n.

To begin the proof we assume, as we may, that P = {z : z,, = 0} and

(11.45) B(0,4a)N P C EC B(0,p)NP.

Also translating F; slightly upward if necessary we may assume that
im dy(E;,E)=0 and E; C{z:xz, >0}
—00

j
Let VU, (z) denote the limit (whenever it exists) as y — = € E non-tangentially
through values with y,, > 0. We prove

Proposition 11.4. There exists C' > 1 such that
(11.46) Clim inf f(VU)dH™ ! > / f(VU)AH" ! — C*H"Y(E).
I JoE; E

Proof. Given € > 0 choose j; so large that dy(E;, E) < € for j > j;. Using uniform
convergence of (U;) to U on R™ and comparing boundary values of U and U; in

B(0,2p) \ E;, we deduce from Lemma 3.5 that there exist 0 < & < 1/2 and C' > 1
such that

(11.47) U< CU; +€)

for j > j;. Next we divide the interior of E into (n — 1)-dimensional closed Whitney
cubes {Qy}. Let 'E denote the boundary of E considered as a set in P and let
d'(-,-) denote the distance between sets considered in P. Then the cubes in {Qy}
have disjoint interiors with side length s(Qj) and the property that considered as sets
in P, the distance say d'(Qx,d'FE) from Q}, to the boundary of E satisfies

(11.48) 107"s(Qr) < d'(Qr, V' E) < 10™5(Qx).-

Let Q € {Q} with s(Q) > €7 and put Q1 = @ x (0, s(Q)). Suppose yg = (Y1, .-, Yn)
is a point in Q4 \ E; with d(yg,0'E) > y,/2 > s(Q)/4.

We consider two possibilities. If U(yg) > 2Ce® (C as in (11.47)), then from (11.47)
we have Ul(yq) < 2CU;(yo) and using (8.5) (b), (8.8), (8.9) (a), for U;, U we get

c® / FVU)dH"™ > C*HU;)(yq) s(Q)" 77
0E;NQ+
(11.49) > C(U)P(yq) s(Q)" 177
> / F(VU,)dH™ .
Q
If U(yg) < 2C€%, then since 5(Q) > €7, an argument similar to the above gives

(11.50) / f(VU)dH ! < Cys(Q)™!
Q
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where C is independent of j > jo > j; provided jy is large enough. Combining
(11.49), (11.50), and using (11.48) we find after summing over @ € {Q} that for

v

some C' > 1, independent of j > js,

(11.51) C [  f(VU))dH " > / F(VULAH" ' — C*H"Y(E).
dE; {z€E: d'(2,0'E)>Ce%}
Letting first 7 — oo and after that € — 0 we obtain from (11.51) and the monotone
convergence theorem or Fatou’s Lemma that (11.46) is true. This finishes the proof

of Proposition 11.4. 0
Next we prove

Proposition 11.5.
(11.52) / f(VU)dH"! = .
E

We note that Propositions 11.4 and 11.5 give a contradiction to (11.35). From
this contradiction we conclude first that £ does not have dimension n — 1. From
our previous work it now follows that E is a compact convex set with nonempty
interior and (7.2) (a) — (¢) are valid with u = U. This finishes the proof of existence in
Theorem B up to proving Proposition 11.5. To prove Proposition 11.5 we shall need

Lemma 11.6. Given i) = (f1,%2) € R*\ {0}, put f(7) = f(1,72,0,...,0). Then
there exists a continuous function v on R? that is A := V f-harmonic in R? \ {x =
(21,0) € R? : 2y < 0} with v =0 on {(z1,0) € R? : z; < 0}. Moreover, v(1,0) = 1
and

(11.53) v(tr) = t'"YPy(z)  whenevert > 0 and x € R?,

Proof. We point out that Krol in [Kr] proved Lemma 11.6 when f(7) = p~'|3?,
so that v in this case is a solution to the p-Laplace equation. We introduce polar
coordinates, r = |z|, 21 = rcosf,xy = rsinf, and put

D(r)={z: r>0, |0 <7} form/2<71<m.

We claim for 7/2 < 7 < 7 that there exists a unique positive A=V f—harmonic
function w = w(-,7) in D(7) which is continuous in R? with w = 0 on R?*\ D(7) and
w(1,0) = 1. Moreover,

(11.54) w(tz) = t*w(xr) whenever x € R?

for some A\ = A(7) > 0. To construct w for fixed 7 with 7/2 < 7 < 7, let w,
be the continuous function in B(0,2() with w; an A = Vf-harmonic function in
B(0,20) \ [(R?\ D(7)) N B(0,1)] and w; = 0 on (R?\ D(7)) N B(0,1) while w, = M,
on 0B(0,2l) where M, is chosen so that w;(1,0) = 1. Using Lemmas 3.3-3.5 and
taking limits of a certain subsequence of {w;};>1, we see there exists w > 0, a Holder
continuous function on R? which is A = V f-harmonic in D(7) for fixed p > 2 with
w =0 on R?\ D(7) and w(1,0) = 1. Uniqueness of w follows from (8.10) applied
in D(7) N B(0,2r") to w and w’ where w’ has the same properties as w (and r*
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is as in Lemma 8.3). Letting r*—o00, we conclude first that w/w’ is bounded in
D(7) and after that from Hélder continuity of the ratio that w’ = w. To prove
(11.54) observe that w(tx) for z € R? is also A = V f-harmonic in D(7) and = 0 on
R?\ D(7) as follows from p-homogeneity of f. From uniqueness of w we conclude that
w(tx) = w(t,0)w(z). Differentiating this expression with respect to ¢ and evaluating
at t = 1 we arrive at

(e, Va(z)) = 2

= (9_1:1<1’0)w<x) whenever x € D(7).

Thus in polar coordinates,
rw,(r,0) = w,(1,0) w(r,0).

Dividing this equality by rw(r,0) and integrating with respect to r, we find after
exponentiating that (11.54) holds with A = w,(1,0). To avoid confusion we now write
A(7) for Ain (11.54). Next we show that

(11.55)
A is non-increasing on [7/2,7) with A(7/2) =1 and \(7) = 1i_r>n A1) >1-1/p.

To prove (11.55) let K(7) be the compact convex set (R*\ D(7)) N {(xy,z5) € R?:
zy > —1} and let ¢ = {(-,7) be the A = V f-harmonic Green’s function for R?\ K (7)
with pole at oo.

Let z be a point on 0K (1) with polar coordinates r = 1/2,0 = 7. Define w™ and
¢t in B(z,1/4) by w* = w and (" = ¢ at points x in D(7) N B(z,1/4) with 25 > 0
while wt = ¢t = 0 in the rest of B(z,1/4). Using Lemma 8.3 in D(7) N B(z,1/4)
to compare w™ /(" and then Harnack’s inequality we see that w(1/2,60) ~ ((1/2,0)
for 0 < 6 < 7 where ratio constants depend only on the data so are independent of
T € [r/2,7). Applying the same argument below the z5 axis we get the above ratio
for r = 1/2 and 0 < |f] < 7. So by the maximum principle for A-harmonic functions
we have

(11.56) w(z) = ((x) for z € D(1)N B(0,1/2)

where ratio constants depend only on the data. From (11.56) and the maximum
principle for A-harmonic functions, we have with z; = r, 25 = 0, 0 < r < 1/2, and
/2 < T < Ty <,

(11.57) w(r,0,m) ~ ((r,0,7) < {(r,0, ) = w(r,0, ).

Letting 7 — 0 it follows that necessarily A(72) < A(m). Also w(-,7/2) = z is A-
harmonic in {(z1, z2) € R?; x; > 0} with continuous zero boundary value on {z; = 0}
and has value 1 at (1,0). From the uniqueness of w, we conclude that A\(7/2) =1 To
prove the right hand inequality in (11.55) we first observe from comparison of w™ to
a linear function that vanishes at points with polar coordinate # = 7 and also to one
that vanishes at points with coordinate § = —7, as well as the argument used in the
derivation of (11.41) that

(11.58) < | Vw(1/2,4+7)| < ¢
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where ¢ depends only on the structure assumptions for f and p so is independent of
7. Using this fact, (8.9)(a), and the homogeneity of w we see that

1
(11.59) oo>/ f(Vw(-,r))d?—[lz/ rO@=1p 4,
8D(T)NB(0,1/2) 0

where ratio constants are independent of 7 € (37/4, 7). Clearly, (11.59) implies the
exponent in the integral is larger than —1 so A(7) > 1—1/p. Letting 7 — 7 we get the
right hand inequality in (11.55). Next using (3.1)-(3.4), (11.54), and Ascoli’s theorem
we see that a subsequence of {w(-,m — 1/m)} converges to v which is continuous
on R? with v = 0 on {(21,0) € R* : z; < 0}, v(1,0) = 1, and A-harmonic in
R?\ {(21,0) € R?: z; < 0} satisfying

(11.60) v(tr) = t"y(z)  where A\(m) > 1 —1/p.

To show A(m) =1 —1/p we let 0 < § < 107! be a small but fixed positive number.
Also € > 0, 0 < € << 6% is allowed to vary. We put 7 = m — € and write ¢ and w for
¢(-,7) and w(-, 7). If p = 2 we note from (10.36) and existence for discrete measures
in Theorem B as well as (11.3) that

=2 / (0, VC ) F(VC )V )| ar!
(11.61) oKD )
—o /a o 7 (L0 V) FTE )

While if p > 2 we get from the same reasoning and (10.37) that

-2
1~ i—_ C (K ()Y

(11.62) ~
= [+ 00, VT

Let J(1) = K(t)N{y : y1 > —1+6} and let ¢(-) be the A-harmonic Green’s function
for the complement of I(7) = K(7) N{z : 21 < —1+ 30} with a pole at infinity. We
note that ¢(-) > ¢(+) in R2 If p > 2 then from the Hopf boundary maximum principle
we deduce

/fm o (L0 V) FTCWIVEw)] an

(11.63) g/ (y+ (1,0), Va()) f(Va(y))|Va(y)| " dH’
oI(r)
§c<5§%?

where ¢ depends only on the data. Here we once again used the existence for discrete
measures in Theorem B, (11.3), and Remark 11.3. If p = 2 let 2y be the point with
polar coordinate r = 140 and 6 = 7. Applying the same argument as in the derivation
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of (11.56) we obtain
(11.64) C(x)/q(x) = ((20)/q(z0) when z € D(7) and |z + (1,0)] < 20.

From (3.5) (i) we observe that q(z9) ~ 1. Also since 0K (7) is uniformly (1, 2)-fat we
conclude from (3.1) (ii7) that there exists & with ((z0) < 67. Using these inequalities,
(11.64), (11.61) with ¢ replaced by ¢, and the Hopf boundary maximum principle (as
in (11.63)) it follows that if p = 2,

(11.65) / o 1 (020, T ATV < e

where ¢ and ¢ depend only on the data. To finish the proof of Lemma 11.6 we use
(11.63), (11.65), (11.61), (11.62), and the fact that (z + (1,0), V() = sin(e)|V{| on
0J () to first get for ¢ sufficiently small that

(11.66) < e/ F(VC¢(y))dH .
OJ(T)NOK (1)
Second as in (11.56) we see that ¢ < ¢(d)w in D(7) N B(0,1 — §/2). Using this

inequality and the Hopf boundary maximum principle a final time we find in view of
(11.58) and (11.66) that

< ofd)e / F(Vu(y))aH!
AJ(T)NOK (T)

1
(11.67) < cc(é)e/ rO=Dp gy
0
B cc(d)e
- (A -Dp+1
Letting € — 0 we conclude that (A\(7) —1)p+1—=0as7—mso A(m)=1—-1/p. O

Armed with Lemma 11.6 we now can prove (11.52) and so finish the proof of
Proposition 11.5. We use the same notation as in Proposition 11.4 except we assume
E C P={z: 2y =0} Let {Qr} be a Whitney decomposition of the interior of £
considered as a subset of P. Let @ € {Q4}, and let z = (21,0, 23, ..., 2,) be a point
in O'FE with d'(z,Q) ~ s(Q). From convexity of F we see that there is a (n — 2)-
dimensional plane, say P; containing z with the property that F is contained in the
closure of one of the components of P\ P;. Rotating P; if necessary we may assume
that

P={xeR": z1=2,20=0} and EFECQ={zxeR": 21—2 <0 and xs = 0}.

Let v be as in Lemma 11.6. We extend v continuously to R" (also denoted v) by
defining this function to be constant in the other (n — 2) coordinate directions. Then
0(x) = v(x—z) for x € R" is A-harmonic in R™\ 2. Comparing boundary values and
using the maximum principle, as well as Lemmas 5.2 and 5.3 we deduce that

(11.68) CU(x) > 0(x) whenever z € B(0,2p),
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where C' depends only on the data and C4(FE). As in Proposition 11.4 we see that
(11.69) ¢ HOU 0 2 Ulg) @)
Q

Now from Lemma 11.6 we also deduce that

(11.70) "0(yg) > s(Q) 1P,

Combining (11.68)-(11.70) we conclude that for some ¢ with the same dependence as
the above constants,

(11.71) E/Qf(vm)cm"—l > 5(Q)" 2.

Now since B(0,4a) N P C E we see for [ large from Lipschitz starlikeness of E that
there are at least ~ 2/"=2 members of {Q;} whose side length lies between 27/~1qa
and 27'a. Using this fact and summing (11.71) we get Proposition 11.5.

11.3. Uniqueness in Theorem B. Uniqueness in Theorem B follows from Theorem
A as in [CNSXYZ] (see also [AGHLV]). To give the reader the gist of the argument we
consider the simplest p = n case. Suppose u is a positive finite Borel measure on S™1
satisfying (7.1) and let Ey and F4 be two compact convex sets with nonempty interiors
for which the corresponding A-harmonic Green’s functions satisfy(7.2) (a) — (¢) in
Theorem B relative to u. Let hy and h; be the support functions of Fy and E;
respectively. For t € [0,1] we let £y = (1 — t)Ey + tE; and put m(t) = C4(E;) for
t € [0, 1]. Using (11.30) and (10.36), we deduce that
(11.72) i) =ny'Ca®) [ () = ho(©)iute) = .

t=0 e
From Theorem A we see that m is concave on [0, 1]. Using this fact (11.72) we find
that

(11.73) m’(0) = 0 > m(1) — m(0).

with equality only if m is constant on [0,1]. From (11.73) we first get C4(Ey) =
m(0) > m(1) = C4(F,) and second by reversing the roles of Ey and E), we get
Ca(E1) = m(1) = m(0) = Ca(Ep). We conclude that m is constant and therefore
equality holds in (2.4) of Theorem A and so Ej is a translation and dilation of Ej.
Using Remark 5.5 and the fact that C4(FEy) = Ca(E1) we see that honest dilations are
not possible when p = n. For p > n, by considering m(t) = C4(FE,)"®=™ a similar
argument can be used to prove uniqueness of F up to translation. This finishes our
outline of the proof of uniqueness in Theorem B for n > p.
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