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Abstract

In this paper we analyse the ejection-collision (EC) orbits of the planar restricted

three body problem. As it is well known, for any value of the mass parameter

µ ∈ (0, 1/2] and sufficiently restricted Hill regions, there are exactly four EC

orbits. We check their existence and extend numerically these four orbits for

µ ∈ (0, 0.5] and for less restrictive values of the Jacobi constant. We introduce

the concept of n-ejection-collision orbits and we explore them numerically for

µ ∈ (0, 0.5] and values of the Jacobi constant such that the Hill region containing

the largest primary is bounded and does not contain the smaller one. We study

the cases 1 ≤ n ≤ 10 and we analyse the continuation of families of such n-EC

orbits, varying the energy, as well as the bifurcations that appear.

Keywords: regularization, ejection-collision orbits, invariant manifolds,

bifurcations.
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1. Introduction

We consider the restricted three-body problem (RTBP), which consists of

the description of the motion of an infinitesimal body P under the attraction

of two bodies called primaries, P1 and P2 of masses m1 = 1 − µ and m2 = µ,

for µ ∈ (0, 0.5], which describe circular orbits around their common center of5
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mass located at the origin. In particular, a solution of the RTBP has a collision

(ejection) with the big primary P1 at the instant t0 if the distance between the

particle and P1 tends to zero when t → t−0 (t → t+0 ). An orbit defined on the

interval (t0, t1) is called an ejection-collision orbit if it has an ejection when

t → t+0 and a collision when t → t−1 . This paper is devoted to the study of10

ejection-collision (EC) orbits.

Regarding analytical studies of EC orbits in the planar RTBP, Llibre [7]

proved the existence of at least two EC orbits for µ > 0 small enough and the

energy H small enough (or equivalently the Jacobi constant C big enough). In

Lacomba and Llibre [6] the authors used the existence of such transversal EC15

orbits to prove that both the Hill problem and the RTBP have no C1-extensible

regular integrals. Chenciner and Llibre [3] proved the existence of four EC

orbits for any value of µ ∈ (0, 1/2] and H small enough. Concerning the spatial

RTBP Llibre and Martinez Alfaro [8] extended the existence of EC orbits for

small enough values of the mass parameter. Finally in [9] and [12], the authors20

considered the planar elliptic RTBP and proved the existence of EC orbits for

both the mass parameter and the eccentricity small enough. We remark that

such results are obtained mainly applying blow up techniques, regularization of

variables and perturbation approach.

Concerning numerical results, we mention Henon’s paper about the computa-25

tion of EC orbits obtained along the continuation of some families of symmetric

periodic –non-collision– orbits in the Copenhagen problem (that is µ = 0.5, see

[4]) and also for Hill’s problem (see [5]). Finally, the evolution of 16 particular

collision periodic orbits obtained from the µ = 0.5 case was numerically studied

for various values of the mass ratio µ in [2].30

In this paper we focus on what we call n-ejection-collision orbits, defined

as EC orbits such that eject from the big primary P1, reach n times a relative

maximum in the distance with respect to P1 and finally collide with it. The

approach is numerical and our goals are twofold: (i) On the one hand, we

concentrate on 1-EC orbits. (i.1) We verify the existence of four 1-EC orbits for35

any value of µ > 0 and very small values of H (known analytical results), (i.2)
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we extend these results for any value of the mass parameter and less restrictive

values of the energy obtaining families of 1-EC orbits when varying the energy

for a fixed µ and (i.3) we analyse some bifurcations which appear. (ii) On the

other hand, we make a similar study for n-EC orbits, with n > 1. As far as we40

know, there are no published results concerning parts (i.2), (i.3) and (ii).

The paper is divided as follows: Section 2 is devoted to a short description of

the RTBP and some notation is introduced. In order to deal with the singularity

arising from the zero distance between P and P1, we recall McGehee’s ideas to

regularize the equations of motion which become regular when P is at P1.45

In Section 3 we describe the collision manifold, for any value of the mass

parameter and we regard EC orbits as heteroclinic connections between different

equilibrium points living on the collision manifold.

In Section 4 we focus on the n-EC orbits. We explain the numerical method-

ology used and describe the results for 1 ≤ n ≤ 5. Finally we draw some50

conclusions.

2. The RTBP

The circular, restricted three-body problem (RTBP) describes the motion

of a particle of infinitesimal mass, moving under the gravitational influence of

two massive bodies, called primaries, that describe circular orbits around their

common center of mass. We will consider the planar RTBP, in which the motion

of the particle is contained in the plane of motion of the primaries. Taking a

coordinate system that rotates with the primaries, with origin located at their

center of mass, and suitable units, we can assume that the primaries have masses

1 − µ and µ, µ ∈ (0, 1/2], their positions are fixed at (−µ, 0) and (1 − µ, 0),

respectively, and the period of their motion is 2π. With these assumptions,

the equations of motion for the particle in this rotating (also called synodical

system) are given by

ẍ− 2ẏ = DxΩ(x, y)

ÿ + 2ẋ = DyΩ(x, y),
(1)
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where

Ω(x, y) =
1

2
(x2 +y2)+

1− µ√
(x+ µ)2 + y2

+
µ√

(x+ µ− 1)2 + y2
+

1

2
µ(1−µ). (2)

and ˙ = d/dt.

It is well known that this system of ODE has the following properties (see

[14] for details) whicht will be used along the paper:55

1. It has a first integral, the so-called Jacobi integral, defined by

C = 2Ω(x, y)− ẋ2 − ẏ2. (3)

2. The equations of motion satisfy the symmetry

(t, x, y, ẋ, ẏ) −→ (−t, x,−y,−ẋ, ẏ). (4)

This implies that given a solution for the particle, there exists another one which

is symmetric with respect to the x axis (in the configuration projection (x, y)).

3. There exist 5 equilibrium points (with (ẋ, ẏ) = (0, 0)): the collinear ones,

Li, i = 1, 2, 3 on the x axis, and the triangular ones Li, i = 4, 5 located at

the vertices of an equilateral triangle with the primaries. We will assume that60

xL2
≥ 1 − µ ≥ xL1

≥ −µ ≥ xL3
, that is, L1 is between the primaries, L2 is on

the right hand side of the small one and L3 on the left hand side of the big one.

We will denote by CLi(µ) the value of the Jacobi constant at Li for a given µ.

4. The equations of motion can be written as a Hamiltonian system in position

(x, y) and momenta (px, py) variables, with px = x′− y and py = y′+x, defined

by the Hamiltonian function

H(x, y, px, py) =
1

2
(p2x + p2y) + ypx − xpy −

1− µ
r1
− µ

r2
− 1

2
µ(1− µ)

with r1 =
√

(x+ µ)2 + y2 and r2 =
√

(x+ µ− 1)2 + y2, and the relation be-

tween C and H is given by

H = −C
2
. (5)

We denote by HLi(µ), the associated value of the Hamiltonian at Li for a

given µ.65
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5. Fixed a value of the Jacobi constant C (or the Hamiltonian H), the motion

is allowed to take place in the Hill’s region defined by

R(C) = {(x, y) ∈ R2 | 2Ω(x, y) ≥ C}.

In this paper we will restrict the range of values of C to C ≥ CL2(µ) (H ≤

HL2
(µ), see in Figure 1 the corresponding Hill’s regions). Actually, along the

paper, we will use specific values of H, that can be translated to values of C

through relation (5).

(a) C = CL2
(b) CL2

< C < CL1

(c) C = CL1 (d) C > CL1

Figure 1: Hill’s region according to the Jacobi constant C.

6. Regularization of the big primary. Since our goal is to study the ejection-70

collision orbits of the big primary, a first step is to deal with the singularity

appearing in the equations when r1 = 0.

To do so, we make a translation so that the primary of mass 1−µ is located
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at the origin of coordinates and that of mass µ at (1, 0), that is, we consider

q1 = x+ µ, q2 = y, p1 = px, p2 = py. In this reference system the Hamiltonian

becomes (using the same notation H)

H(q1, q2, p1, p2) =
1

2
(p21 +p22)+p1q2−p2q1−

1− µ
r1

+µp2−
µ

r2
− 1

2
µ(1−µ), (6)

with r1 =
√
q21 + q22 and r2 =

√
(q1 − 1)2 + q22 .

Now we introduce the canonical change of polar coordinates

q1 = r cos θ p1 = pr cos θ − pθ
r

sin θ

q2 = r sin θ p2 = pr sin θ +
pθ
r

cos θ

and the Hamiltonian (6) reads75

H(r, θ, pr, pθ) = (7)

1
2

(
p2r +

p2θ
r2

)
− pθ − 1−µ

r + µ
(
pr sin θ + pθ

r cos θ
)
− µ√

1+r2−2r cos θ −
1
2µ(1− µ).(8)

The associated Hamiltonian system of ODE is

ṙ = pr + µ sin θ

θ̇ =
pθ
r2
− 1 +

µ

r
cos θ

ṗr =
p2θ
r3
− 1− µ

r2
− µ r − cos θ

(1 + r2 − 2r cos θ)3/2
+ µ

pθ cos θ

r2

ṗθ = µ

[
− r sin θ

(1 + r2 − 2r cos θ)3/2
− pr cos θ +

pθ
r

sin θ

]
.

(9)

Applying McGehee’s ideas (see [10] and [11]), we introduce the new variables

v = ṙr1/2 u = r3/2θ̇ (10)

and a change of time dt/dτ = r3/2, such that the system of ODE becomes

r′ = vr

θ′ = u

v′ =
1

2
v2 + u2 + 2ur3/2 + r3 − (1− µ)

− µr2 cos θ − µr2 r − cos θ

(1 + r2 − 2r cos θ)3/2

u′ = −1

2
uv − 2vr3/2 + µr2 sin θ

(
1− 1

(1 + r2 − 2r cos θ)3/2

)
,

(11)
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where ′ = d/dτ . We remark that the singularity r = 0 has been removed and

this system has just one singularity –the collision with the small primary r = 1,

θ = 0. If we consider the hamiltonian (7) in these variables, which is a first

integral, the relation H = H becomes

0 = −rH+
1

2
(v2+u2)−1

2
r3−(1−µ)+µr2 cos θ−µ r√

1 + r2 − 2r cos θ
−1

2
µr. (12)

3. The collision manifold. Ejection/collision orbits.80

System (11) has an invariant manifold Λ defined by r = 0, called the collision

manifold. From (12) we conclude that Λ is a torus (see Figure 2),

Λ = {u2 + v2 = 2(1− µ), θ ∈ [0, 2π]} (13)

and the dynamics on this torus is given by

θ′ = u

v′ =
1

2
v2 + u2 − (1− µ)

u′ = −1

2
uv.

(14)

We want to point out that this torus is on the boundary of each energy level

of the constant Hamiltonian (12).

For our purposes we remark that on Λ there exist two circles of equilibrium

points defined by S+ = {r = 0, θ, v = v0, u = 0, θ ∈ [0, 2π]} and S− = {r =

0, θ, v = −v0, u = 0, θ ∈ [0, 2π]} with v0 = +
√

2(1− µ). We also observe that85

the tangent vector to both circles of equilibria is given by (0, 1, 0, 0).

Let us define the matrices M± as the linearization of system (11) at the

corresponding equilibrium points S±; they are given by

M± =


±v0 0 0 0

0 0 0 1

0 0 v0 0

0 0 0 ∓v0/2

 ,
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Figure 2: Collision manifold

The matrix M+ has eigenvalues:

λ1 = −v0/2, λ2 = λ3 = v0, λ4 = 0

and corresponding eigenvectors:

v1 = (0,−2/v0, 0, 1), v2 = (0, 0, 1, 0), v3 = (1, 0, 0, 0), v4 = (0, 1, 0, 0).

So for each equilibrium point P ∈ S+ we have a 2-d unstable manifold

Wu(P ) and a 1-d stable one W s(P ). Similarly, for each equilibrium point90

Q ∈ S−, we have a 2-d stable manifold W s(Q) and a 1-d unstable one Wu(Q).

At this point we distinguish between 3 types of orbits: (i) ejection, (ii)

collision and (iii) ejection-collision orbits.

(i) The set of ejection orbits –those which are ejected from collision with

the big primary– is the set of orbits on the unstable manifold Wu(P ), for any95
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P = (0, θ, v0, 0) ∈ S+. So each ejection orbit may be regarded as an orbit such

that r > 0 for all finite time τ and asymptotically tends to an equilibrium point

P ∈ S+ as τ → −∞.

(ii) The set of collision orbits –those which arrive at collision with the big

primary– is the set of orbits on the stable manifold W s(Q), for any Q =100

(0, θ,−v0, 0) ∈ S−. So each collision orbit may be regarded as an orbit such

that r > 0 for all finite time τ and asymptotically tends to an equilibrium point

Q ∈ S− as τ → +∞.

(iii) The set of ejection-collision orbits –those which eject from/arrive at

collision with the big primary– is the set of orbits obtained from the intersection105

Wu(S+) ∩W s(S−). So they may be regarded as heteroclinic orbits between

P ∈ S+ and Q ∈ S−.

3.1. Particular case µ = 0.

In order to have a first insight of such type of orbits, let us consider the

particular case µ = 0.110

The manifold of ejection/collision orbits at the energy level H = H is ob-

tained from the condition u = −r3/2 (the angular momentum is equal to 0), so

rH =
1

2
v2 − 1. (15)

We plot in Figure 3 the associated level curves and in Figure 4 we visualize

the corresponding manifolds in variables (r, θ, v). In particular, for H = H < 0

we obtain the coinciding manifolds of ejection-collision orbits. If H = H is

either equal to 0 or positive, we obtain the manifolds consisting of the ejection-

parabolic escape orbits (and parabolic escape-collision ones) and the ejection-115

hyperbolic escape orbits (and hyperbolic escape-collision ones) respectively, in

the sense that they arrive at (depart from) infinity with zero or positive velocity.

We are particularly interested in this paper in ejection-collision orbits. We

have just shown that for µ = 0 the ejection manifold and the collision one

coincide for H < 0. Thus any orbit ejecting from the primary ends colliding120

with it.
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Figure 3: µ = 0. Level curves of rH =
1

2
v2 − 1

Figure 4: µ = 0. Ejection-collision manifold forH < 0 (left). Ejection and collision manifolds

for H = 0 (middle) and H > 0 (right).

Now we want to study the general case µ 6= 0 and H < 0. When µ is

different from zero, the influence of the small primary somewhat deforms the

ejection and collision manifolds and these manifolds do not coincide any more.

The dynamics is much richer and intricate in this case.125

The subject of the next Sections is to study, from a numerical point of view,

this dynamics.
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4. n-Ejection-collision orbits

We are now focused on what we call n-ejection-collision orbits, simply noted

by n-EC orbits, that is orbits that eject from the big primary and reach n times130

a relative maximum in the distance r before colliding with the big primary. See

Figure 5.

Figure 5: Examples of n-ejection-collision orbits for n = 1, 2, 3 (from left to right). For

n = 2 (n = 3), there is 1 (2) close passages to collision between ejection and collision.

For the particular case n = 1, it is proved analytically in [3] that, for H =

H < 0 small enough and any value of µ ∈ (0, 1/2], there exist exactly four 1-

ejection-collision orbits. We remark, however, that the Hill’s regions considered135

in that paper are very restrictive.

In this section, we will generalise the previous results in two directions. On

the one hand, concerning 1-EC orbits, we will show that these four 1-EC orbits

exist for any value of the mass parameter µ ∈ (0, 0.5] and less restrictive Hill’s

regions, and we analyse some bifurcations as well as the existence of some new140

families. On the other hand, the existence of n-ejection-collision orbits (n ≥ 2)

for any value of the mass parameter and H ≤ HL1
(µ) is also analysed, families

of n-EC orbits are computed and the appearing bifurcations are discussed.

But first let us shortly describe the numerical methodology used to deal with

EC orbits.145

4.1. Numerical methodology

A first goal is the computation of the ejection (collision) orbits, that is,

we need to compute the unstable (stable) manifold of any equilibrium point
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belonging to S+ (S−), denoted by Wu(S+) (W s(S−)). To do so, fixed a value

of H = H, in order to consider initial conditions for an ejection orbit, we make

two comments: on the one hand, for each equilibrium point P ∈ S+, the 2-d

Wu(P ) is tangent to the plane passing through P generated by the eigenvectors

v2 and v3 (see Section 3), i.e. vectors like v = (β, 0, γ, 0), with β, γ ∈ R. On the

other hand, we recall that the energy level set H = H is defined implicitly by

(12), and the normal vector to this energy level set at point P = (0, θ0, v0, 0) is

n = (−H− 3
2µ, 0, v0, 0). So the vectors v (generating the tangent plane Wu(P ))

must be perpendicular to n, i.e. they must satisfy

β(−H− 3

2
µ) + γv0 = 0.

It is clear that such vectors are contained in the plane (r, v) and are tangent

to the ejection orbit at the point (0, θ, v0, 0). So we will take the initial condition

of an ejection orbit associated with the point P = (0, θ0, v0, 0) as

(0, θ0, v0, 0) + s
w

‖w‖
(16)

with w = (1, 0, (H + 3
2µ)/v0, 0) and s > 0 a small quantity (typically 10−6).

Varying θ0 ∈ [0, 2π], we generate a set of initial conditions belonging to the

(tangent plane to the) unstable manifold Wu(S+) for H = H fixed. For each

initial condition we integrate the system (11) forward in time.150

We have done several tests taking different values of s (ranging from 10−7

to 10−5) giving rise to the same results.

We proceed similarly in order to obtain a set of initial conditions of the

collision orbits belonging to the stable manifold W s(S−) for H = H fixed. For

each initial condition, we integrate system (11) backward in time.155

Once we know how to obtain ejection and collision orbits, a second goal is

to focus our attention on showing the existence of n-EC orbits. For this pur-

pose, we distinguish between two different strategies. Both methods require the

computation of the intersection of the flow of system (11) with the Poincaré

section Σ : g(x) = g(r, θ, v, u) = v = 0. To obtain numerically such Poincaré160

section, we remark that given an initial condition x and the associated solu-
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tion φ(t,x), we apply a Newton’s method to obtain a suitable τ̃(x) such that

g(φ(τ̃(x),x)) = 0.

The two strategies to compute n-EC orbits are the following

Method 1: Intersection of the manifolds Wu(S+), W s(S−) with Σ.165

For a fixed H, let us denote Σn, the n-th crossing with Σ and define D+
n =

Wu(S+) ∩ Σn, and D−n = W s(S−) ∩ Σn. In this first strategy, we look for

intersection points belonging to D+
n ∩ D−n . Any such point corresponds to an

n-EC orbit.

For example, we take the particular values of µ = 0.5 and H = HL1(0.5) =170

−2.125. In Figure 6 left, Wu(S+) and W (S−) are shown up to Σ1 in variables

(x, y, v), and the right Figure displays the resulting curves D+
1 and D−1 in (x, y)

variables. We can see that both curves intersect at four points which correspond

to four 1-EC orbits (for these values of µ and H).

Figure 6: Left. Wu(S+) (ejection orbits in blue) and W s(S−) (collision orbits in red) up to

Σ1 for µ = 0.5 and HL1 (0.5). Right. The associated curves D+
1 and D−

1 .

At this point several remarks must be made:175

1. Due the symmetry (4), we only need to compute D+
n , and apply the symmetry

to obtain D−n and then plot the intersection D+
n ∩D−n .

2. The curve D+
n (D−n ) obtained numerically is actually a discrete set of points

(obtained from the discrete set of initial conditions and integrating each orbit

up to Σn). This discrete curve is enough to show the existence of n-EC orbits180
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with a simple plot (taking a large enough set of initial conditions, plotting the

intersection curves D+
n , D−n and looking at the number of intersection points in

D+
n ∩D−n ).

However, in order to describe a particular EC orbit, we need to know its

precise initial conditions, that is, the precise θ0 once s is fixed, from (16). So185

we need to get the continuous curve D+
n (D−n ) parameterized by the angle θ0 ∈

[0, 2π]. To do so, we just consider linear interpolation. Therefore any particular

desired n-EC orbit can be obtained from the intersection of both continuous

curves, D+
n ∩D−n .

3. The previous approach will be useful and easy for n = 1, since the curves190

D+
n and D−n look as nice near circles (for the ranges of H considered). However

for n ≥ 2, such curves are more intricate. For n = 2 the curves D+
2 , D−2 are

only piecewise defined. Each curve D+
1 (or D−1 ) gives rise to four pieces –which

compose D+
2 (D−2 )– due to the existence of four 1-EC orbits for H ≤ HL1

(µ)

(see for example Figure 7 where curve D+
2 is shown) and it is not straightforward195

to apply method (i) to look for the intersection D+
2 ∩D

−
2 . Even a more intricate

situation takes place for n > 2.

So, we will apply the following appropriate alternative method.

Figure 7: D+
2 in variables (x, y) for µ = 0.5 and values of H -5.25 in blue, -3.25 in red, -2.75

in green for HL1
(µ) in yellow. On the right: blow up.

Method 2: Singularity in time

In this method and for fixed H, we take the set of initial conditions of ejection200
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orbits, parameterized by θ0 ∈ [0, 2π], we consider the Σ2n intersection of the

ejection orbits i.e. Wu(S+) ∩Σ2n (similarly we might consider W s(S−) ∩Σ2n)

and we look for vertical asymptotes in time T2n in the curve (θ0, T2n), θ0 ∈ [0, 2π]

(Tj being the necessary time to reach Σ at the j-th crossing). Moreover we

compare this curve with the one (θ0, T2n−2) (or we might also consider the205

curve (θ0, T2n−1)) in order to identify only the new vertical asymptotes in time

T2n that do not appear in the curve (θ0, T2n−2), which will correspond to the

n-EC orbits specifically.

More precisely, for n = 1 and fixed H, we compute the curve (θ0, T2), for

θ0 ∈ [0, 2π]. Since 1-EC orbits are heteroclinic connections between a point P =210

(0, θ0, v0, 0) ∈ Wu(S+) and a point Q ∈ W s(S−) with just one path through

maximum distance in r, the curve (θ0, T2) should have a vertical asymptote in

T2 for each θ0 corresponding to a 1-EC orbit. We will say that each such θ0 is

a singularity.

For example, in order to identify the 1-EC orbits, we show in Figure 8 the215

curve (θ0, T2) for µ = 0.5 and H = HL1(0.5). Each value of θ0 such that

T2 becomes unbounded is an initial condition of a 1-EC orbit. We observe

four asymptotes, i.e. four 1-EC orbits in accordance with method 1. We also

observe that the curve (θ0, T2) is composed of four U-shaped curve branches

(each branch begins and ends at an asymptote).220

A similar approach is applied to n-EC orbits taking into account the curve

(θ0, T2n). Of course in this curve we have all the singularities (vertical asymp-

totes in time) corresponding to EC orbits, so in order to detect the actual

n-EC orbits, we will take into account only the singularities appearing in the

curve (θ0, T2n) and not in the curve (θ0, T2n−2), to discard the j-EC orbits, for225

j = 1, ..., n− 1.

The natural question arises: in order to compute a precise 1-EC orbit (or

n-EC orbit in general), how do we compute the precise value of θ0 (i.e. its

initial condition, for s fixed), such that T2 (T2n) becomes unbounded? The key

stone is that along each U-shaped curve branch the value of u remains constant230

in sign and it changes sign consecutively as we change the U-shaped branch,
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when increasing θ0 ∈ [0, 2π]. Precisely at the boundary of each branch u is

equal to 0 (since an EC orbit is a heteroclinic orbit connecting two equilibrium

points with u = 0). So in order to find a particular 1-EC orbit (n-EC orbit), we

simply apply a bisection method on a suitable interval of θ0 such that there is235

an asymptote in between, i.e. a zero on u at the second crossing with Σ (or at

the 2n-th crossing in general).

Finally, we point out that we have used double precision throughout all the

computations and a Runge-Kutta-Fehlberg 8(7) method in order to integrate

numerically the system of ODE given by (11).240

4.2. Results for 1-EC orbits

4.2.1. Existence of four 1-EC orbits.

We have considered a grid of values of µ in the interval [0.01, 0.5] and for

any given µ and fixed H ≤ HL1
(µ), we have applied method 1, i.e. we have

taken a set of initial conditions (parametrized by θ0 ∈ [0, 2π] according to (16))245

of ejection orbits belonging to Wu(S+), we have computed D+
1 = Wu(S+)∩Σ1

(similarly D−1 ) and their intersection D+
1 ∩ D

−
1 . Let us denote (r0, θ0, v0, u0)

(with u0 = 0) the initial condition of an ejection orbit, and (ri, θi, vi, ui) the

values of (r, θ, v, u) of this orbit at Σi (i-th intersection with Σ).

We have obtained qualitatively the same kind of results for any µ. The250

numerical simulations carried out confirm not only the analytical results for

any µ and H small enough: existence of four 1-EC orbits, but also that this

result also holds true for any µ ∈ (0, 0.5] and H ≤ HL1(µ).

To show the numerical results obtained, we take, for example, µ = 0.5 (for

other values of µ see [13]). In Figure 9 we show the manifolds Wu(S+) and255

W s(S−) (up to Σ1) for µ = 0.5 and different values of H (Figure 9 left). We

also plot the corresponding curves D+
1 and D−1 and the projection of the 1-EC

orbits in the (x, y) variables (Figure 9 right). We clearly see four 1-EC orbits

for each value of H. Concerning the symmetries of these 1-EC orbits, and due

to (4), we point out that two of them cross the x axis (i.e. θ1 = 0, π) when they260

intersect with Σ (so ẋ = 0) and the projection of each of these two orbits in the
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(x, y) variables is symmetric with respect to the x; the ((x, y) projection of the)

other two EC orbits are non-symmetric but one of them can be obtained from

the other one applying the x axis symmetry. See Figure 9 right.

Figure 8: Curve (θ0, T2) for µ = 0.5 and HL1
(0.5).

Figure 9: Left. Wu(S+) (ejection orbits) and W s(S−) (collision orbits) up to Σ1 for µ = 0.5

and values of H -5.25 in blue, -3.25 in red, -2.75 in green and HL1 (µ) in yellow. In black the

1-EC orbits for such values of H. Right. Associated D+
1 and D−

1 . In purple the points of

the EC orbits at Σ1 and in black the projections of the EC orbits on the configuration plane

(x, y).

Now let us describe the results applying method 2.265

In order to show the results obtained with this method, we only need to
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compute Ti (the necessary time to reach Σi). In Figure 10 we plot the curves

(θ0, T2) (left) and (θ1, T2) (right) for µ = 0.5 and different values of H. In

accordance with the previous method, from the left plot (using (θ0, T2)) we can

conclude that for any µ and H considered, there are four 1-EC orbits. From270

the right one, (using (θ1, T2)), we have the additional information about the

symmetry of the (x, y) projection of such EC orbits (applying (4)): there are

always two 1-EC orbits symmetric with respect to the x axis (θ1 = 0, π) and

two non symmetric orbits such that one can be obtained from the other one (if

one of them has θ1 = σ then the other one has θ1 = 2π − σ).275

Figure 10: T2 as a function of θ0 (left) and θ1 (top) and µ = 0.5 and values of H -5.25 in

blue, -3.25 in red, -2.75 in green and HL1
(0.5) in yellow.

4.2.2. Families of 1-EC orbits. Bifurcations

It is clear, from the Hill regions, that for H < HL1
(µ) the ejection motion

is restricted to a bounded permissible region around the big primary m1 (see

Figure 1). The goal of this Section is to give an insight, concerning EC orbits,

of the richness of the dynamics that can take place as far as H ≥ HL1(µ),280

due to not only the presence of both primaries, but also the chaotic involved

dynamics because of the existence of unstable periodic orbits and their invariant

manifolds (just take into account the Lyapunov periodic orbits for instance, see

[1] and references therein). In particular, new bifurcating families of 1-EC orbits

appear.285

So applying method 2 we do a massive simulation in order to detect the four
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families of 1-EC orbits, when varying H ≤ HL2(µ) for any given µ ∈ (0, 0.5].

We call such families α, β, γ and δ. The results are shown in Figure 11 for

µ = 0.5. We call diagram (θ0, H, T2), the plot where we obtain T2 as a function

of the angle θ0 and the energy H. For a fixed H, the four angles θ0 for which290

T2 is large, correspond to the four particular values of θ0 for which there exist

1-EC orbits.

α β γ δ

Figure 11: Diagram (θ0, H, T2) for µ = 0.5 for values of H ≤ HL2
(0.5). The red line

corresponds to HL1 (0.5).

α

η

A

B
C

Figure 12: Zoom of diagram (θ0, H, T2) (left) and (θ0, H, T1) (right) for µ = 0.5

We remark from this Figure, that for HL1(µ) < H there appear new bi-

furcated families (although difficult to be seen in the Figure). Let us describe

this phenomenon for µ = 0.5 and −2.125 = HL1
(0.5) < H < HL2

(0.5) =295
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−1.853398112043077.

In Figure 12 we plot a zoom in a neighbourbood of the α family. We observe

apparently a new family which we call η. But before describing this bifurcation,

we remark three different regions, labelled by A, B and C. First of all, we see

that the ejection orbits that live in A and C have a similar value of T2, but a300

smaller one for the region B in between.

Figure 13: Different ejection orbits belonging to region A (red), B (blue) and C (green) for

θ0 = 0.4 (left) and a zoom around the turning point of the same orbits (right). All of them

have a continuous path for time up to T2 and a discontinuous path only for those orbits in

region B and along the range of time from T2 up to T3.

The behaviour of the orbits in these regions is the following (see Figure 13):

orbits in region A do not have enough energy to go to the small primary and

they behave in a usual way, starting at ejection with the big primary, having

a loop and returning close to it (see orbit red in the Figure). Those orbits in305

region B (in blue) do have enough energy to go close to the small primary,

but not enough energy to go in a direct path, they describe a small loop before

getting there. Just short after the loop they reach T2 and that is the reason why

T2 is smaller in the region B (see the continuous small loop of the two orbits

in blue in Figure 13). Finally those orbits in region C have enough energy to310

visit the small primary and return back (close) to the big one, along the time

T2 (see the long green orbit in the Figure).

Of course, this behaviour for the orbits is reflected in the diagram (θ0, H, T1),

see Figure 12 right, where the boundary between regions B and C is clearly
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seen. Along the yellow region in the Figure 12 right we observe how T1 is315

sensitively bigger since for this region, the loop does not exist, the orbits visit

a neighbourhood of the small primary m2 and they need a larger time to reach

Σ. See also Figure 13.

C

η1 η2

η1

η2

Figure 14: Zoom (of Figure 12) of the new bifurcated families. Red and green horizontal

lines correspond to H = Hb1 and H = Hb2 respectively.

Let us focus now on the bifurcated family η (see Figure 12). These new

EC orbits detected correspond to orbits that visit the region close to the small320

primary at his first intersection with Σ. If we zoom this region (see Figure

14) around η, we observe actually two different curves, that is two different

bifurcated families, which we label η1 and η2: when increasing H, the first

family that appears is η1, at a particular minimum value H = Hb1. As far as

h increases, a new branching point appears at H = Hb2, and we obtain a new325

family labelled η2. 1-EC orbits belonging to η1 are symmetric with respect to

the x axis. In Figure 15 left, we plot the EC orbit (in blue) for Hb1 where η1 is

born, and in red and in green the two corresponding 1-EC orbits of family η1 for

two increasing fixed values of H. 1-EC orbits belonging to η2 are non symmetric.

In Figure 15 right, we plot the EC orbit (in blue) for Hb2 that belongs to η1 and330

where η2 is born, and in red and in green the two corresponding 1-EC orbits of

family η2 for two increasing fixed values of H.

Therefore we can conclude that the existence of only four 1-EC orbits is no

longer true for higher values of the energy H, since there appear new ones. We

plot in Figure 16 eight 1-EC orbits for µ = 0.5 and HL2
(0.5), together with the335
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Figure 15: 1-EC bifurcated orbits belonging to η1 (left, for H = Hb1 in blue, for a value

H > Hb1 in green and in red) and η2 (right, for H = Hb2 in blue, for a value H > Hb2 in

green and in red).

Hill’s region.

A final remark is that the bifurcation described for µ = 0.5 also may take

place for other small values of µ and less restrictive Hill’s regions (higher values

of H). Of course, as far as the Hill’s regions allow non-bounded motions, a very

rich dynamics starting at ejection with the big primary takes place. But this is340

a more intricate study which will be done in a next future.

x

-0.5 0 0.5 1 1.5

y

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

L1L3 L2

α

β

γ

δ

Figure 16: (x, y) projection of the eight 1-EC orbits that exist for µ = 0.5 and HL2 (µ). In

blue the known ones and in other colours the new bifurcated orbits.
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4.3. Results for n-EC orbits. Families and bifurcations.

Recall that an n-ejection-collision orbit is an orbit which ejects from the

first primary and collides again after the distance to this primary has reached

n times a relative maximum (see Figure 5). As stated in section 4.1 describing345

the numerical methodology, method 2 is more suitable to study n-EC orbits.

We have done massive simulations applying method 2 for any value of µ ∈

[0.01, 0.5] and for a fixed µ, we have considered energy levels below HL1
(µ)

(in order to avoid collision with the second primary; since we take long time

integration of the equations, the influence of the second primary makes the350

dynamics more and more intricate for increasing values of n). The results are

qualitatively similar for any value of µ.

The numerical results obtained show that for all µ ∈ (0, 0.5] and all n there

exists an Ĥ(µ, n) such that for H ≤ Ĥ(µ, n) there exist four n-ejection-collision

orbits, which can be characterized in a way similar to the characterization of355

the 1-ejection-collision orbits:

• There are two of them which intersect the x-axis (i.e. θn = 0, π) when

they intersect the Poincaré section Σn. They are symmetric with respect

to the x axis (taking the (x, y) projection). We will follow the previously

used notation and call the corresponding families (when varying H) αn360

and γn respectively.

• The other two (which do not intersect the x-axis when they cross the

Poincaré section Σn) are non symmetric with respect to the x-axis (taking

the (x, y) projection), but one can be obtained from the other one applying

symmetry (4). Following again the notation previously introduced we will365

call the corresponding families βn and δn, respectively.

We show examples of orbits belonging to families αn, βn, γn and δn, for

n = 2 and n = 3 in Figure 17 for µ = 0.1 and different values of H.

In order to show the families of n-EC orbits, for n ≥ 2, when varying H, we

will use the diagram (θ0, H, T2n) as we did for n = 1. However, we must take370
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into account, that the diagram (θ0, H, T2n), contains the families of n-EC orbits

and the families of 1-EC,...,(n − 1)-EC orbits as well. Therefore to detect the

actual families of n-EC orbits, we must take into account the new singularities

that do not appear in the diagrams (θ0, H, T2j), for j = 1, ...., n− 1. In Figure

18, we take µ = 0.1 and we show the diagrams (θ0, H, T2n), for n = 1, ...., 5375

and H ≤ HL1
(0.1) = −1.843476614939948. Thus, we observe that for each

n = 1, ..., 5, there exist four families of 2,....,5-EC orbits, taking as parameter

the value of H up to a suitable one, H ≤ Ĥ(µ, n).

However, for high values of n and H, the statement about the existence of

four families of n-EC orbits can no longer be true because of the influence of the380

other primary and a rich dynamics. We will focus on two particular phenomena:

(i) the intersection of families and (ii) bifurcation of families.

Figure 17: The four n-ejection-collision orbits for µ = 0.1 and n = 2 (left) and n = 3 (right)

for H = −5.05 (blue) and H = −3.05 (green)

Concerning (i), if we consider the new singularities obtained at the 2n-th

intersection with Σ, i.e. the initial values θ0 of the n-EC orbits (giving rise to the

yellow curves in the (θ0, h, T2n) diagram), and these singularities intersect some385

of the previously obtained ones, i.e. singularities in the k-th intersection with

Σ for k < 2n, then there are no n-EC orbits because, for those corresponding

values of θ0, the orbit has already had a previous collision. This phenomenon

can be seen with more detail in Figure 19, where the colour of the T10 variable

has been rescaled in the amplification for easier viewing.390
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α1 β1 γ1 δ1

(a)

α2 β2 γ2 δ2

(b)

α3 β3 γ3 δ3

(c)

α4 β4 γ4 δ4

(d)

α5 β5 γ5 δ5

(e)

Figure 18: From left to right and top to bottom values of T2i for i =, 1..., 5 as a function of

θ0 and H for µ = 0.1
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γ2

γ1
β5

Figure 19: Zoom of the diagram (θ0, H, T10), for µ = 0.1 with the intersection of singularities.

Concerning (ii), we observe, when increasing H, the termination of families

or collapse of two different families on to a singularity belonging to another

different family. This is the situation shown in Figure 20 for µ = 0.1, where the

two families of non-symmetric EC orbits, β4 and δ4 collapse on to a symmetric

EC belonging to family γ4. In other words, if we consider the families when395

decreasing the H parameter, we would say that the two families β4 and δ4 have

bifurcated from the family γ4 at the collapsing orbit.

Finally, there is another type of bifurcation when increasing the H parameter

and it is related to the appearance of new bifurcating families from the main

four families. This is the same type of bifurcation mentioned in the case of 1-EC400

families. For example, we show in Figure 21, the new bifurcating families α1
4, α2

4

of non-symmetric 4-EC orbits from family α4, for µ = 0.1 (we show a zoomed

diagram (θ0, H, T8) from the one in Figure 18, as well as the bifurcating orbit

and two orbits of each family for different values of H).

5. Conclusions405

We have studied the n-EC orbits for different values of n and energy H and

we have obtained similar results for any value of the mass parameter. We have

26



Figure 20: Collapse of families β4 and δ4 on to an orbit belonging to family γ4, for µ = 0.1.

Top left. An amplification of diagram (θ0, H, T8). Top right. Qualitative plot in (θ0, H)

variables. We display the collapsing value of H in blue, and two less energetic values in red

and green. Bottom. The orbits themselves. The one belonging to family γ4 in blue, and the

four bifurcated orbits for higher values of H in red and green.

described two strategies to detect and compute families of n-EC orbits. New

bifurcating families of EC orbits, not known so far, have been obtained and

explained.410
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Figure 21: Bifurcation of 4-EC orbits for µ = 0.1. Top left. An amplification of diagram

(θ0, H, T8). Top right. Qualitative plot of the bifurcating families in (θ0, H) variables: dotted

and discontinuous curves bifurcating from family α4 (continuous curve). We display the limit

value of H at the bifurcation in blue, and two more energetic values in red and green. Bottom.

The orbits themselves. The one belonging to family α4 in blue, and the four bifurcated orbits

for higher values of H in red and green.
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