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Abstract. At the present work we use certain isolated sym-
metric periodic orbits found in some limiting Restricted Three-
Body Problems to obtain, by numerical continuation, families
of symmetric periodic orbits of the more general Spatial El-
liptic Restricted Three Body Problem. In particular, the Planar
Isosceles Restricted Three Body Problem, the Sitnikov Prob-
lem and the MacMillan problem are considered. A stability
study for the periodic orbits of the families obtained – specially
focused to detect transitions to complex instability –, is also
made.

Key words: periodic orbits – continuation method – bifurca-
tions – complex instability

1. Introduction

Complex instability is a typical phenomenon of periodic orbits
in Hamiltonian systems with three or more degrees of freedom.
At present we have a good, although not complete, understand-
ing of the dynamics associated with it. Actually some papers
have been devoted to its study in different dynamical mod-
els: galactic potentials (see Magnenat 1982a, 1982b; Pfenniger
1985b, 1987, 1990; Contopoulos 1986a, 1986b; Contopoulos
& Barbanis 1985, 1994; Martinet et al. 1987, 1988; Cleary
1989; Patsis & Zachilas 1990, 1994; Ollé & Pfenniger 1998),
4-D symplectic mappings (Pfenniger 1985a; Contopoulos &
Giorgilli 1988; Ollé & Pfenniger, 1998; Zachilas 1993), plan-
etary systems (Hadjidemetriou 1985), the Circular Restricted
Three-Body Problem (Ollé & Pacha 1998), rotating oscilla-
tors (Pfenniger 1987) and Quantum Dynamics (Contopoulos et
al. 1994). There are also analytical results about the dynamics
around a transition stability-complex instability (Heggie 1985;
Bridges et al. 1995; Papadaki et al. 1995; Ollé et al. 1999),
which state that a Hopf-like bifurcation is associated with such
transition, that can be direct (there is a powerful confinement
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around the complex unstable orbit, and there bifurcate stable
2D tori on the unstable side) or inverse (sudden chaos appear
on the unstable region and there bifurcate unstable 2D tori on
the stable zone).

In this paper we study the 3D Elliptic Restricted Three-
Body Problem (ERTBP): we consider two primaries with
masses� and1 � � (in suitable units), moving in a plane on
Keplerian ellipses with eccentricitye, 0 � e � 1; a fixed ref-
erence frame, with its origin at the common center of mass
of the primaries is used. The Spatial Elliptic Restricted Three
Body Problem consists of describing the motion of a parti-
cle, with infinitesimal mass and which does not affect the bi-
nary system, in the gravitational field created by the two pri-
maries. To our knowledge the spatial problem remains to be
well explored since there are few papers devoted to it: Katsiaris
(1973) computed some periodic orbits in the rangee 2 [0; 0:4]

and � 2 [0:01; 0:015], Macris et al. (1975), in the range
e 2 [0; 0:0175] and� = 0:4, and Gómez et al. (1992) detected
the zone of stable motion in a vicinity of the equilateral points
of the Earth-Moon system. This problem is a typical example
of a non-conservativeand non-integrable dynamical system of
three degrees of freedom. Throughout the paper we shall as-
sume that� = 1=2 (i.e., the primaries have equal masses); and,
in an inertial frame and suitable units (such that the universal
gravitational constantG, the maximum distance from one pri-
mary to the origin are both equal to one, and the period of the
orbit of the primaries equals2�), the motion of the particle in
the ERTBP is given by thenon-autonomousHamiltonian

H(�;�; e;E) =

1

2
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�

k�k

2

� V (�; e;E)

	

; (1)

with � = (x

1

; x

2

; x

3

)

T, � = (x

4

; x

5

; x

6

)

T; beingx
i+3

=

x

0

i

; i = 1; 2; 3 where the primes denote derivation with respect
to the eccentric anomaly of the orbit of the primaries,E, intro-
duced as the new independent variable, which is related with
the timet by the Kepler equation:

t = E + e sinE:
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The functionV in the above Hamiltonian is defined by,
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and the vectorsR, �R give the position of the two primaries,
i.e.:
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�

T

:

Furthermore, we assume that the primaries are at their apocen-
ter att = 0.

The aim of this paper is to compute some families of 3D
periodic orbits (PO) of the (ERTBP) as well as to locate tran-
sitions to complex instability, as a first step to analyze the dy-
namics around the transition to complex instability in this prob-
lem. More concretely, we show a way of generating families of
PO, such that each family starts at a bifurcation orbit of alim-
iting Restricted Problem. By a limiting problem we mean the
ERTBP with some restrictions; in particular, the Planar Isosce-
les Restricted Problem (PIRP) and the Sitnikov Problem (SP)
are considered.

We begin with the PIRP: the two dimensional plane where
the motion of the particle takes place is perpendicular to the
line orbit of the primaries, which oscillate with consecutive
Keplerian elliptic collisions (this problem is a limiting one of
the ERTBP with the eccentricity of the orbit of the primaries
e equals to1, and the motion of the particle restricted to a
plane). Puel (1979) studied some solutions (not periodic in the
phase space) of this problem. We recover Puel’s results from
another point of view (see section 2) which allows us to obtain
also new families not described there. Some isolated PO of the
PIRP give rise to some families of the ERTBP (see section 3).
This is done by means of a continuation method with respect
to an eccentricity-like parameter. An analysis of the stability
of the orbits computed reveals that there exist some transitions
to complex instability as well as some critical orbits (with a
stability parameter equal to -2 or 2, see Poincaré 1899 and sec-
tion 3), which are candidates for bifurcation to other families
of periodic orbits (with the same or double period).

On the other hand we analyze the Sitnikov Problem (see
section 4). This is a special case of the 3D ERTBP. We as-
sume that the particle moves on the axis perpendicular to the
orbital plane of the two equally massive primaries, which move
on Keplerian orbits around their common center of gravita-
tion, that is, the ERTBP withe varying from0 to 1, and the
particle restricted to move on a line. Sitnikov (1960) gave the
first qualitative results for some oscillatory motions and later
Moser (1973), Llibre & Simó (1980) and Wodnar (1992) revis-
ited them. Jie Liu & Yi-Sui Sun (1990) replaced the differential
equations by a mapping and derived the existence of an hyper-
bolic invariant set. Hagel (1992) and Hagel & Trenkler (1993)
carried out an analytical approach for bounded small amplitude
solutions. Martinez & Chiralt (1997) proved the existence of

invariant curves close to the origin for a sequence of values of
the eccentricity in[0; 1]. From a numerical point of view, Dvo-
rak (1993) showed the great variety of possible orbits in this
problem in the range0:33 � e � 0:66. For the limiting case
e = 1, Broucke (1971, 1979) classified some periodic orbits de-
pending on the number of ascending and descending segments
(arcs) in a revolution; in Waldvogel (1973) asymptotic expan-
sions of a solution near a triple collision and during a parabolic
and hyperbolic escape were derived. Later Martinez & Orella-
na (1997) andÁlvarez (1997) analyzed exhaustively the dis-
tribution of the regions of bounded, hyperbolic and collision
orbits and obtained some results on collision and final evolu-
tion orbits according to the crossings with the line described
by the primaries. The other limiting case,e = 0, the so called
MacMillan Problem, was originally discussed by MacMillan
(1913) who showed that this problem is integrable using ellip-
tic integrals; later revisited in Belbruno et al. (1994) where, in
fact, periodic orbits of the MacMillan problem are regarded as
particular orbits of the Circular Spatial RTBP in order to gen-
erate families of periodic orbits of the RTBP. And, precisely,
this is the point of view taken in this paper. We consider the
Sitnikov problem as a particular case of the ERTBP. We start
with the limiting casese = 1 ande = 0, and we compute the
families of periodic orbits for varyinge 2 [0; 1] and their sta-
bility. Actually, these orbits are highly unstable, transitions to
complex instability do exist and critical periodic orbits which
bifurcate again to periodic orbits of the SP are also given. Fi-
nally, in section 5 we draw some conclusions.

2. The Planar Isosceles Restricted Problem

Let us consider two primaries with equal masses, moving along
a fixed axis in a degenerate elliptic periodic orbit with eccen-
tricity equal to one, whilst the test particle moves in the perpen-
dicular invariant plane which contains the center of mass of the
two primaries. We denoteR and� the polar coordinates of the
particle in the plane of symmetry (see Fig. 1) and in the inertial
system described in the introduction, the equations of motion
of the particle are

dR
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d�

dE

= (1 + cosE)

C

R

2

;

whereC is the area constant of the particle and the dot denotes
the derivative with respect to the timet.

The above equations have been studied by Puel (1979),
who obtained families of symmetric periodic orbitsonly in
the (R;

_

R) phase plane. That is, since the two first equations
in the system (2) are decoupled with respect to the third one,
both may be taken as the Hamiltonian equations whose non
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Fig. 1.The Planar Isosceles Restricted Problem (PIRP). The particle P
moves on the invariant plane� = f(x; y; z) : x = 0g, while the two
primaries oscillate along thex-axis.

autonomous Hamiltonian function with one degree of freedom
is,
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and then one can study the dynamical backbone of the Hamil-
tonian system (3) by itself without any reference to the third
equation in (2). So, from now on, we will only consider equa-
tions (2a) and (2b). Later on, when we shall look for periodic
orbits in the configuration space, the third equation will be ex-
plicitly taken into account.

2.1. The central family of periodic orbits

Let R
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equations (2a), (2b), with initial conditionsR
0

, _

R

0

= 0, for
E = 0. Equations of motion (2a), (2b) have the following sym-
metry
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;

thus, given a fixed value ofC, if R
0

satisfies

_

R (R

0

; 0; C;m�) = 0; (4)

for m 2 IN, then we obtain a periodic orbit of period2m�

which is symmetric with respect to theR axis, with initial con-
ditionsR

0

, _

R

0

, forE = 0.
In order to have a first approximation of a periodic orbit we

remark that ifR � 1 equations (2a), and (2b) can be approxi-
mated by
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so we consider the constant solution,

R = C

2

;

_

R = 0;

forC large enough. ThenR� 1, and this orbit will be close to
a 2�-periodic orbit of equations (2a), (2b). Once this first ap-
proximation is refined and one periodic orbit of the system (2a),
(2b) is known for some large value ofC, we continue this pe-
riodic solution with respect to the parameterC. In fact, we fix
m = 1, and we look for a curve(R

0

(s); C(s)), satisfying equa-
tion (4),

_

R (R

0

(s); 0; C(s); �) = 0;

beings the arc length parameter. The numerical method used
consists in finding the continuation curve as the solution of a
differential system of equations; therefore, we use an Adams-
Bashforth method of order 4 to predict a new point on the con-
tinuation curve, and a modified Newton method to refine it (see
Gómez et al. 1985; Belbruno et al. 1994 for details). We have
called Central Periodic Orbits (CPO) the orbits of period2�

obtained and we show this family in Fig. 3.

2.2. Bifurcation branches

Actually, central periodic orbits can also be regarded as peri-
odic orbit of period2m�, m 2 IN, and therefore, their initial
conditions satisfy equation (4).

The continuation procedure we have just described breaks
down when the quantity,

G
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2

; (5)

(where we take_R
0

= 0), is equal to zero; and it is related to
the appearance of bifurcations of periodic orbits of period2m�

(see details in Pacha 1999). In our case, whenm = 1 is taken,
no bifurcations appear. But this is not so for higher values of
m. For example, form = 5, the value of the above defined
functionG

5

is plotted with respect toC (see Fig. 2).
Varyingm from 1 to 6, several multiple period families bi-

furcating from the family of CPO have been found. We have
labeled the bifurcating branches asB

n

m

, wherem� is the half
period of the orbits in the family, andn denotes the ordinal
number of the family in relation to those with the same period.
In the same way, these branches which bifurcate from the CPO,
may in turn undergo bifurcations. This is the case for the family
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Fig. 2. Projection of the functionG
5

(R

0

; C) on theC axis. In the
range ofC andR

0

explored, four zeroes of the functionG
5

have been
found, so the same number of branches with period10� are expected
to bifurcate.

Table 1. Bifurcation points in theC–R
0

continuation diagram.Bn

m

stands for branches of2m� periodic orbits which bifurcate from the
CPO, whileCn

m

stands for bifurcated branches of theB1

2

family.

Branch C R

0

Located in
B

1

2

1.1765511346934 1.7487386405564 CPO
B

1

3

1.3426927497254 2.1418415988432 CPO
B

1

4

1.5102062188830 2.5856660387275 CPO
B

1

5

0.5308000682332 0.5594663779554 CPO
B

2

5

0.7352859719827 0.8615662980553 CPO
B

3

5

1.2459732416503 1.9079499265106 CPO
B

4

5

1.6476574740433 2.9906156603910 CPO
B

1

6

1.7650033649783 3.3671870541442 CPO
C

1

4

1.0452073096396 2.2865552234104B1

2

C

1

6

1.0841417333407 2.2042022799551B1

2

C

2

6

1.0841417333407 1.2651031672737B1

2

B

1

2

, which presents three branches: two withm = 6, and one
with m = 4. These secondary bifurcations have been labeled
in the same way, but using the letterC, i.e.:C1

6

, C2

6

, C1

4

.

For all the orbits obtained, we have computed the trace of
the monodromy matrix which describes their stability behav-
ior (see Fig. 3). Finally, we give the initial conditions of the
bifurcating orbits of every one of the continuation branches in
Table 1.

Table 2.Values of the initial conditionR
0

= z

0

whenC = 0 for the
limiting orbits of the families which do not end in triple collision. We
notice the duplication of the period

Limiting orbit R

0

atC = 0 Period
SB

1

2

2.926182494668 8�

SC

1

4

3.418502434838 16�

SB

1

4

4.858835984845 16�

SB

1

6

6.452096441956 24�

2.2.1. Remarks

1. We used the symmetry of the equations (2a), (2b) to reduce
both the number of equations to integrate numerically and
the time interval over which they must be integrated (just a
half period is enough: see Katsiaris 1973).

2. The family of CPO may be also obtained taking as approxi-
mations the circular (first kind) orbits of the two body prob-
lem whenR

0

� 1, whose initial conditions are given by
the parabolaR

0

= C

2. Similarly, the bifurcating branches
Bn

m

can be approximated, ifR
0

� 1, by the elliptic (second
kind) orbits, whose initial conditions satisfy the equation
kT = 2�m (k;m 2 IN andT the period of the particle), or
equivalently they belong to the ellipses

R

2

0

2R

0

� C

2

=

�

m

k

�

2=3

:

This was the point of view taken in Puel’s (1979), but not
here. We point out that our approach allows to findall the
branching families. In particular, we note that the branching
familiesB1

5

andB2

5

in Fig. 3 do not appear in Puel’s paper.
3. We also remark that all the familiesBn

m

end at the La-
grangian equilibrium pointL

1

(R = 0, _

R = 0) or at the
periodic orbit of theRectilinearIsosceles Restricted Prob-
lem (C = 0). Since they were not studied in Puel’s paper,
and they will play their role to compute periodic orbits of
the ERTBP (see section 4), we describe them in the next
subsection.

2.3. Limiting periodic orbits whenC ! 0

When the decreasing parameterC is equal to zero, the particle
does no more move in a plane, but in a line, that is, we have the
Rectilinear Isosceles Restricted Problem (RIRP). So branching
familiesBn

m

are born at the family of CPO, and end in a peri-
odic orbit of the RIRP (exceptB1

5

andB2

5

, which finish in the
Lagrangian pointL

1

).
Since, whenC = 0 the particle moves in thez-axis (� =

�=2, constant), we replaceR and _

R with z and _z. Of course, a
periodic orbit of periodT in R and _

R becomes a periodic orbit
of period2T in z and _z.

Two different kinds of limiting orbits have been found: ei-
therregular (not collision) or triple collision periodic orbits of
the RIRP. On one hand, familiesB1

2

, C1

4

, B1

4

andB1

6

end atreg-
ular orbits: we call themSB1

2

, SC1

4

, SB1

4

andSB1

6

respectively.
We give their corresponding values ofR

0

at table 2, and plot
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Fig. 3. a initial conditions of sym-
metric periodic orbits. The stable
ones belong to the full line, while
dashed lines represent the unstable
ones. Periodic orbits in the config-
uration space are marked with bul-
lets (�). b detail for low values ofC
andR

0

. More precisely, familiesB1

5

,
B

2

5

,C1

6

,B1

2

, and the CPO. The other
ones have been omitted for the sake
of clarity.

-3

-2

-1

0

1

2

3

0 2 4 6 8

z

z

E ( x   π)

.

Fig. 4. Final orbit (C = 0) of the family B1

2

. We plot z and _z as
functions of the eccentric anomaly of the primaries,E.

one of them in Fig. 4 (wherez and _z are plotted as functions of
E).

On the other hand, as Fig. 3 shows, familiesB

1

3

, B3

5

and
C

2

6

tend to the same final orbit, we call itSCOL

3

, asC goes
to zero. It turns out to be a solution with a triple collision at

E = 3�, as can be seen in Fig. 5a, where thez variable of the
particle atE = 3� is plotted when decreasingC. In Fig. 5b,
the same is done with the familyB4

5

; but in this case, the triple
collision with the primaries takes place atE = 5�, so the value
of z is plotted at this time for every periodic orbit, when varying
C.

By a kind of bisection method, we computed the initial con-
ditions of those two triple collision orbits:z

0

= 4:013570495,
_z = 0, for the limiting orbitSCOL

3

, andz
0

= 5:732495298,
_z = 0 for the limiting orbitSCOL

5

of family B

4

5

.

2.3.1. Remarks

1. Álvarez (1997) and Martinez & Orellana (1997) analyzed
the global flow of the RIRP and, in particular, they studied
triple collision orbits. Although they did not compute them
numerically, they gave some results according to the num-
ber of crossings with the sectionz = 0 and the number of
binary collisions between the primaries. In fact, following
ideas inÁlvarez (1997) – a numerical method which con-
sists of computing the intersection between the invariant
manifolds of the equilibrium points in the collision mani-
fold, and the section_z = 0 –, the initial conditions of the
triple collisions given above might also be computed.

2. We identify the regular limiting orbits computed above with
those found by Broucke (1979), where he classified peri-
odic orbits with different number of arcs (related to cross-
ings withz = 0).
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Fig. 5. Final orbits of families ending at triple collision trajectories.a values ofR atE = 3� when decreasingC for the familiesB1

3

, B3

5

and
C

2

6

. b R atE = 5� for each orbit of the familyB4

5

.

Table 3. Values ofC andR
0

of the isolated periodic orbitsOl

m�

of
the PIRP. The last column indicates the family of radial oscillations
which the PO belongs to.

l m � C R

0

Branch
1 2 0 0.922561907659 1.211183397095 CPO
1 3 0 1.238438876233 1.890342460648 CPO
1 4 0 1.434785790400 2.379377210675 CPO
1 5 0 1.587450132530 2.808521427743 CPO
2 5 0 1.108995026782 1.599696028138 CPO
1 6 0 1.714676035963 3.202143058164 CPO
1 3 1 0.628958992581 3.689815429837B1

3

1 5 1 0.488634028936 5.564719773691B1

5

2 5 1 0.743985689857 3.516672684922B2

5

2.4. Periodic orbits in the configuration space

In the previous section, several families of symmetric periodic
orbits have been determined in the(R; _R) plane. But these are
actually only radial oscillations of the particle. Since we look
for periodic orbits of the Elliptic RTBP which bifurcate from
the Isosceles Restricted Problem, we need periodic orbits in
the configuration space(R; �) that we callreal periodic orbits.
Thus we want to check out if, among the orbits computed, pe-
riodic solutions of the whole system (2) do exist. That is, we
look for values(R

0

; C) which fulfill simultaneously the two
equations,

_

R (R

0

; 0; 0; C;m�) = 0;

� (R

0

; 0; 0; C;m�)� l� = 0;

l;m 2 IN. Taking into account that the points in the bifurca-
tion diagram of Fig. 3 satisfy – for their correspondingm –,
the first equation, only changes of sign in the second equation
must to be detected. Varyingm andl from 1 to 6, we have ob-
tained the isolated symmetric periodic orbits given in Table 3.
We have labeled such orbits asOl

m�

, since the particle needs
l revolutions around the origin inm periods of the primaries
before going back to its original position in theY Z plane (see
Fig. 1);� is a dichotomic parameter whose value is equal to0

if the orbit belongs to the CPO family or1 otherwise. These
“real” periodic orbits are marked in Fig. 3 with bullets (�).

Thus, we have six periodic orbits on the CPO family:O

1

20

,
O

1

30

, O1

40

, O1

50

, O1

60

andO2

50

plus three additional orbits,O1

31

,
O

1

51

, O2

51

on the branchesB1

3

, B1

5

andB2

5

, respectively. These
orbits are plotted in Fig. 6.

In relation to our main goal of obtaining families of pe-
riodic orbits of the ERTBP for any value of the eccentricity
e 2 [0; 1], and also transitions to complex instability, we may
conclude from our computations that the natural candidates of
families of periodic orbits of the ERTBP start at:

1. Thereal periodic orbits of the Planar Isosceles Restricted
Problem (this is done in the next section) and,

2. The periodic orbits of the RIRP (C = 0 ande = 1). We fol-
low them in the Sitnikov Problem when varying the eccen-
tricity from 1 to 0. The critical orbits in these families may
also bifurcate to families of periodic orbits of the ERTBP
(see section 4).
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Fig. 6. a real periodic orbits of the PIRP on the CPO. Going from inner to outer:O1

20

, O2

50

(double looped),O1

30

, O1

40

, O1

50

, O1

60

andb real
periodic orbits on the bifurcation branches (see table 3). These are, in increasing order of amplitudes:O

2

51

(double looped),O1

31

, O1

51

.

3. The Spatial Elliptic Restricted Three-Body Problem
with equal masses

3.1. Equations of motion. Periodic orbits

We now consider the general problem, the Elliptic Restricted
Three Body Problem with equal masses. As stated in the in-
troduction, the motion of the particle in the inertial frame of
coordinates, is described by the Hamiltonian equations which
come from the Hamiltonian function (1). These are, written in
vectorial notation,

d�

dE

= (1 + e cosE)�;

d�

dE

= �

1

2

(1 + e cosE)

 

�

1

k�

1

k

3

+

�

2

k�

2

k

3

!

:

(6)

As stated before,� and� are the position and the velocity re-
spectively, while�

1

, �
2

stands for the positions of the particle
with respect to the primaries (see Fig. 7).

The orbits obtained in section 2.4 are in fact solutions of (6)
for the eccentricitye = 1 and the initial conditions,

x

0

1

= 0; x

0

2

= R

0

; x

0

3

= 0;

x

0

4

= 0; x

0

5

= 0; x

0

6

=

C

R

0

:

(7)

On the other hand, it is well known (see Macris et al. 1975),
that a solution�

�

�

0

;�

0

; e;E

�

;�

�

�

0

;�

0

; e;E

�

of (6) with ini-
tial conditions

x

0

1

= x

0

3

= x

0

5

= 0; (8)

�
�
�
�

��
��
��

��
��
��

m

m

1σ

σ2

V
0 3 X

0
6

X2

X
0

=X
0

=X
0

1 4

a 
= 
1

a 
= 
1

X3

X1

O
P

 .

 .

Fig. 7.The Spatial Elliptic Restricted Three Body Problem with equal
masses on an inertial (non rotating) system of coordinates.
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and such that

x

1

�

0; x

0

2

; 0; x

0

4

; 0; x

0

6

; e; p�

�

= 0;

x

3

�

0; x

0

2

; 0; x

0

4

; 0; x

0

6

; e; p�

�

= 0; (9)

x

5

�

0; x

0

2

; 0; x

0

4

; 0; x

0

6

; e; p�

�

= 0;

is a periodic orbit of period2�p and symmetric with respect
to they-axis. Therefore, we can continue the obtained periodic
orbits – fore = 1 and initial conditions given by (7) – with
respect to the parametere, in order to have symmetric periodic
orbits of the ERTBP.

The continuation method with the arc parameter quoted in
section 2 is also applied. At this point, we have to mention that
the right hand side of the equations (6) are not regular in the ec-
centricitye ate = 1, for the partial derivatives of the field with
respect toe, are not defined fore = 1. Therefore the derivatives

@x

i

@e

�

0; R

0

; 0; 0; 0;

C

R

0

; 1; p�

�

;

for i = 1; 3; 5 cannot be computed from the variational equa-
tions of the system (6). To skip this lack of regularity we have
changed the parametere and introduced a new “eccentricity-
like” parameter,p, defined byp :=

p

1� e

2. The equations (6)
are then replaced by the following ones, which we write down
explicitly,

dx

1

dE

=

�

1 +

p

1� p

2

cosE

�

x

4

;

dx

2

dE

=

�

1 +

p

1� p

2

cosE

�

x

5

;

dx

3

dE

=

�

1 +

p

1� p

2

cosE

�

x

6

;

dx

4

dE

=

�

1 +

p

1� p

2

cosE

�

4

(

cosE +

p

1� p

2

� 2x

1

k�

1

k

3

�

cosE +

p

1� p

2

+ 2x

1

k�

2

k

3

)

; (10)

dx

5

dE

=

�

1 +

p

1� p

2

cosE

�

4

(

p sinE � 2x

2

k�

1

k

3

�

p sinE + 2x

2

k�

2

k

3

)

;

dx

6

dE

=

�

1 +

p

1� p

2

cosE

�

2

(

�1

k�

1

k

3

+

�1

k�

2

k

3

)

x

3

;

now with,

�

1

=

 

x

1

�

cosE +

p

1� p

2

2

; x

2

�

p sinE

2

; x

3

!

;

�

2

=

 

x

1

+

cosE +

p

1� p

2

2

; x

2

+

p sinE

2

; x

3

!

:

We have continued all the periodic orbits in the Table 3,
generating thus families of periodic orbits in the ERTBP and

we have studied their stability (integrating the variational equa-
tions together with the ones of motion). Each family is identi-
fied with the labelFl

m�

, since it starts atp = 0 (that ise = 1), at
the orbitOl

m�

from the Rectilinear Isosceles Restricted Prob-
lem.

3.2. Description of familiesFl
m�

. Stability

It is well known that the linear stability of a periodic orbit de-
pends on the eigenvalues of its monodromy matrix. Since (10)
is a Hamiltonian system, the monodromy matrix is symplec-
tic and its eigenvalues come in reciprocal pairs:�

i

, 1=�
i

, for
i = 1; 2; 3. The stability parameters are defined by

b

i

= �

�

�

i

+

1

�

i

�

;

also fori = 1; 2; 3; and we refer the reader to Broucke (1969)
and Katsiaris (1973) for a detailed explanation on how to com-
pute the linear stability from them. Here, we only recall that a
periodic orbit isstable(S), if the three parametersb

i

are in the
interval (�2; 2), unstable(U), if at least one stability param-
eterb

i

satisfiesjb
i

j > 2, and finally, if one parameter is real
and the remainingb

i

, b
j

are complex, then the orbit iscomplex
unstable(�). If, following Pfenniger (1985a), we define

� := (b

i

� b

j

)

2

;

then, for complex unstable orbits, we have� < 0, and it is
usual to replace the complex parametersb

i

, b
j

(see Pfenniger,
1985a) by

c

i

=

1

2

(b

i

+ b

j

) ;

c

j

=

1

2

j�j

1=2

:

We also remark that anycritical periodic orbit with periodT ,
with a stability parameter equal to�2 or 2 is a candidate to
give bifurcating families of periodic orbits of periodT or 2T
respectively. In the same way, when four eigenvalues collide
simultaneously by conjugate pairs on the unit circle and leave
it in the complex plane, then there bifurcate multiple periodic
orbits or invariant 2D tori if the transition point on the unit
circle corresponds to an angle that is rational or irrational with
respect2�, respectively. Of course this last case is the generic
one, but there are examples of multiple period bifurcating orbits
for the rational transition to� in the circular 3D RTBP (see
Ollé & Pacha, 1998).

When computing familiesFl
m�

as continuation of the peri-
odic orbits of the Isosceles Problem, three different behaviors
have been detected (see from Fig. 9 to Fig. 16).

1. FamiliesFl
m�

with � = 0 – starting at CPO –,l = 1 andm
ranging form2 to 6 reachp = 1 (e = 0), that is, each one
of these families ends in a periodic orbit of the SpatialCir-
cular Restricted Problem. Their characteristic curves are
plotted from Fig. 9 to 13. In these figures, the stable orbits
of the families are drawn in continuous lines, the unstable
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Fig. 8b.

Fig. 8. 100000 iterates of the time-fixed map generated by the flow andwith E = 6�. In a the initial conditions are taken close to the stable
orbit of the familyF1

30

with p = 0:9999722. In b we choose initial conditions near a complex unstable orbit with p = 0:9999712.

ones in dashed lines and the complex-unstable regions are
plotted with dotted lines. From their stability parameters,
we conclude that the familyF1

20

has four critical orbits: ac-
tually, apart from the tangency withb

2

= �2 atp = 0, there
are two more tangencies, withb

1

= 2, at p = 0:7376 and
at p = 0:9353. The other two critical orbits correspond to
p = 0:9778 andp = 0:9975, where the indexb

2

crosses
the line b

2

= �2, decreasing for the former value ofp
and increasing for the later (both crossings are too close
to p = 1 and cannot be appreciated at Fig. 9b). All the or-
bits in this family are unstable (see Fig. 9a). FamilyF

1

30

has
one critical orbit (forp = 0:9814 the indexb

3

crosses the
valueb

3

= �2), and four transitions to complex instability
(�), that is, two complex-unstable intervals (see Fig. 10a):
for p 2 (0:0148; 0:8206) and forp 2 (0:9936; 0:9999) .
In particular, as stated above, there will bifurcate 2D tori
from three of them (the first two ones withp < 0:9 and
the closest to the end, atp = 0:9999715). In this last
transition to complex instability, as the third stability in-
dex (b

1

in Fig. 10) is less than two in absolute value, the
flow around the unstable orbit will remain confined if fur-
thermore the bifurcation is of direct type. Actually, this is
so. Fig. 8a and b display several iterates of the fixed-time
map. In Fig. 8a, for initial conditions close to an stable or-
bit; as can be guessed from the figure, the flow is bound
to fill densely a 4D torus in the extended phase space (i.e.,
addingE and the HamiltonianH as its conjugated vari-
able). This family of big relative measure tori, appears to-
gether with lower dimensional tori, which come from reso-
nances among the different intrinsic frequencies (see Jorba
& Villanueva 1997). On the other hand, in Fig. 8b, the ini-
tial conditions are taken near a complex-unstable orbit. A
region of strong confinement for a long time – due to the
stable and unstable manifolds of the complex-unstable or-
bit –, can be appreciated. At this point, we mention that
the iterates plotted in Fig. 8 should be close to the iterates
of the invariant manifolds of the unstable orbit (manifolds

of this type have been obtained, for a Hamiltonian of a
galactic model in Papadaki et al. 1995). In such domain,
2D stable tori, surrounded by 3D ones, are expected to bi-
furcate (see Bridges et al. 1995; Heggie 1985 and Jorba &
Villanueva 1997).

2. FamilyF1
40

has most stable orbits and three critical orbits
(see Fig. 11).

3. FamilyF1
50

has two transitions from stability to�. The first
at p = 0:6311765 and the second atp = 0:9798355, both
give rise to other bifurcations of the same type as the one
described above for the familyF1

30

(see Fig. 8). Further-
more, this family is somewhat special, in the sense that the
indexb

1

is extremely close – specially for small p – to the
critical value�2 (see Fig. 12), e.g., even forp = 0:5, we
haveb

1

= �1:9999991.
4. FamilyF1

60

behaves as the previous one, but without tran-
sitions to�. Its characteristic diagram and its stability in-
dices in front ofp are plotted in Fig. 13.

5. FamiliesF2
50

andF2
51

become actually thesamefamily: the
family generated byO2

50

ends at the orbitO2

51

, indeed again
atp = 0. And conversely, the family we get by continuation
from the orbitO2

51

does not reachp = 1, but turns back and
ends at the orbitO2

50

(see Fig. 14a). It has four transitions to
�. More precisely: a thin complex-unstable interval forp 2

(0:3221; 0:3257)and another one forp 2 (0:7107; 0:8176),
before the family reaches its turning point and comes back
to p = 0. The first complex-unstable interval is not seen
in Fig. 14a, but its position is marked in Fig. 14c with a
segment (n). From Fig. 14c – a magnification of Fig. 14b –,
eight critical orbits can be identified.

6. FamiliesF1
31

andF1
51

do not reachp = 1. Instead, both
families turn back, but now they end at two different or-
bits of the Rectilinear Isosceles Problem (Sitnikov Problem
with e = 1). More concretely, they end at the triple col-
lision orbitsSCOL

3

andSCOL

5

respectively. See Fig. 15
and Fig. 16.
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Fig. 9. In a, the characteristic curve of the familyF1

20

is shown. We plot the initial conditionx0
2

v.s.p. The family reachesp = 1 (e = 0), so it
ends in an orbit of the SpatialCircular Restricted Problem. In the figuresb andc the stability indicesb

1

; b

2

andb
3

are plotted with respect to
p. The third index,b

3

, in the figurec is always less than�2. So all orbits in this family are unstable.
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Fig. 10.FamilyF1

30

. There are four transitions to complex instability,�. In particular, the last one, – which takes place atp = 0:9999715 –, is
visible inc, which is a magnification ofb for values ofp very close to1.
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Fig. 11. FamilyF1

40

. Most orbits in this family are stable. In figurec – a magnification ofb –, we see three critical orbits from the stability
curves.
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Fig. 12.FamilyF1

50

. Actually parameterb
2

is always greater than -2. We remark the two transitions S-� in b andc.
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Fig. 13.FamilyF1

60

. Figurec shows in detail the behavior of the third index,b

3

, close top = 1.
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Fig. 14. FamiliesF2

50

andF2

51

are the same. In figurea the initial orbit ofF2

50

is pointed with a bullet (�). In fact, there is a short complex
unstable zone for0; 3221 � p � 0:3257, which is not visible in figurea, but is marked with a segment (n) in figurec. The valuesc

i

andc
j

for
the complex unstable orbits have been omitted for the sake ofclarity. We mark the transitions to� by curvilinear segments (̂ ).



12 Mercè Ollé & Joan R. Pacha: Periodic orbits from restricted problems

0.1 0.20 0.4 0.5 0.6 0.7
p

0.3

u

3.1

3

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

4

X2
0

Fig. 15a.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

p

0

2

4

6

b

b

2

1
-2

Fig. 15b.
0 0.1 0.2 0.3 0.60.50.4 0.7

p-180

-160

-140

-120

-100

-80

-60

-40

-20

0

3b

Fig. 15c.

Fig. 15.FamilyF1

31

. Indicesb
1

andb
2

grow as the family turns back andp goes to zero, so the family becomes highly unstable, (inb only a
range between�2:4 and7:8 is plotted). Ina, andc, the initial orbit is marked with a bullet (�).
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Fig. 16.FamilyF1

51

. It is quite similar to the familyF1

31

. In a andc the initial orbit is marked with a bullet.

4. The Sitnikov problem

As mentioned in the introduction, this is a special case of the
Three Dimensional ERTBP. We assume now that the particle
moves on the axis perpendicular to the orbital plane of the
primaries, which move on Keplerian ellipses with eccentricity
e 2 [0; 1], around their center of gravitation.

From equations (6), we obtain that the equations of motion
of the particle in coordinatesz, _z become

dz

dE

= (1 + e cosE) _z;

d _z

dE

= (1 + e cosE)

8

>

<

>

:

�z

h

z

2

+

1

4

(1 + e cosE)

2

i

3

2

+

C

2

z

3

9

>

=

>

;

:

In section 2 periodic orbits of the Sitnikov Problem for
e = 1 have been obtained as limiting orbits of the Planar

Isosceles Restricted Problem (withC = 0). Therefore, each
periodic orbit with initial conditionsz

0

, _z

0

= 0 and period
T = 2k�, k 2 IN, can be continued when varying the ec-
centricitye from 1 to 0, giving a periodic orbit of the Sitnikov
Problem with the correspondinge. We denote these families by
S

k

and we show, for example, familiesS
4

andS
8

that start at
orbitsSB1

2

andSB1

4

in Fig. 20 and in Fig. 21.

On the other hand, we can also generate periodic orbits of
the Sitnikov Problem just beginning at the Circular Sitnikov
Problem (MacMillan Problem, which corresponds toe = 0). In
this problem, there is a family of periodic orbits with increas-
ing periodT > �=

p

2 (see Belbruno et al. 1994). So, we have
selected those ones of period2k�, k 2 IN, and we have fol-
lowed them for anye between0 and1, generating new families
S

k

. We show in Fig. 17, 18 and 19, the characteristic curves of
familiesS

1

, S
2

andS
3

. Therefore, for fixed values of the period
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Fig. 17. acharacteristic curve of the
Sitnikov family S

1

. Here, the ini-
tial conditionz

0

( _z
0

= 0), is plot-
ted in front of e; the eccentricity
of the primaries. Inb we draw the
stability indices. The complex un-
stable indicesc

1

andc
2

have been
omitted, and the points correspond-
ing to transitions towards complex
instability are marked with curvilin-
ear segments.
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Fig. 18. acharacteristic curve of the
Sitnikov family S

2

. b stability in-
dices.
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Fig. 19. acharacteristic curve of the Sitnikov familyS
3

. b stability indices. Inc we show the stability indices for small values ofe. In both
figures the complex unstable indicesc

1

andc
2

, have been skipped, while transitions to� are marked with curvilinear segments.
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Fig. 20. acharacteristic curve of the
Sitnikov familyS

4

. The initial con-
dition z

0

is plotted against the ec-
centricity of the primariese. In b
we give the stability indices of the
family.
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Fig. 21. acharacteristic curve of the Sitnikov familyS
8

. b shows the two first indicesb
1

, b
2

, and inc the third index,b
3

is plotted with respect
to e.
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Fig. 22. a bifurcated families from
the S

1

(central branch in the di-
agram). One of them is drawn in
thick continuous line, while the
other, which corresponds to the
same family – see the text –,
has been plotted with thick dashed
lines.b example of an orbit on the
bifurcated family.
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Table 4.Stability parameters of familiesS
1

, S
2

, S
3

, S
4

, andS
8

.

Family z

0

for e = 0 z

0

for e = 1 # of critical orbits
S

1

1.0436980426
p

3 1
S

2

1.8484596137
p

3 0
S

3

2.4953935525
p

3 3
S

4

3.0647130981 2.9261824967 2
S

8

4.9582234542 4.8588359848 3

T = 2k� and the eccentricitye, each periodic orbit computed
is a particular orbit of the ERTBP.

We plot from Fig. 17 to 21 the stability parameters com-
puted for the familiesS

k

, k = 1; 2; 3; 4; 8. Whene is close to
1, the periodic orbits become very unstable. Actually, families
S

1

, S
2

andS
3

end at a triple collision orbit, the so calledequi-
lateral one(seeÁlvarez, 1997). Also, we remark several tran-
sitions to complex instability for familiesS

1

andS
3

. Finally we
give in table 4 the initial conditionz

0

of the limiting orbits for
e = 0 ande = 1, as well as the number of critical orbits of
each family.

As mentioned above, any critical orbit is a candidate to bi-
furcate to other families of periodic orbits. For example, family
S

1

has one critical orbit of period2�, which does bifurcate to
two other familiesSa

1

andSb
1

of periodic orbits of period4�
again in the Sitnikov Problem. Actually both families become
the same – we call themS4�

1

–, since for any value ofe, the
corresponding orbit(z(E); _z(E)) of Sa

1

with the initial value
z

a (and _z

0

= 0) satisfiesz (2�) = z

b

0

, _z (2�) = 0. That is,
the initial condition of the corresponding orbit belonging toS

b

1

.
This family ends, fore = 1, at two different triple collision or-
bits: the equilateral one (limiting orbit of the upper branch) and
the other one for which the triple collision takes place when
E = � (limiting orbit of the lower branch). In Fig. 22a we plot
the characteristic curve of the bifurcated family; and a sample
orbit of the bifurcated family in Fig. 22b.

5. Conclusions

We have shown a channel to connect different limiting Re-
stricted Problems in order to generate families of periodic or-
bits in the Spatial Elliptic RTBP. On one hand, we have com-
puted some families of solutions of the Planar Isosceles Re-
stricted Problem, which containreal periodic orbits. These or-
bits have been continued in the parametere, and we have ob-
tained families of periodic orbits of the Spatial Elliptic RTBP.
On the other hand, the Sitnikov Problem has been considered
to link the MacMillan problem with the PIRP. For the SP when
e varies from0 to 1, some families of periodic orbits (as partic-
ular solutions of the ERTBP) were computed.

For the ERTBP, an stability analysis of the periodic orbits
computed, shows that they are mostly unstable and transitions
to complex instability appear quite naturally. More concretely,
only three transitions from stability to complex instability were
found. One in the familyF 1

30

, while the other two belong toF 1

50

(see Fig. 10c and Fig. 12b, c). The bifurcations associated with
the three transitions turn out to bedirectHopf-like bifurcations.

0

1.5

1

0.5

0

-0.5

-1

-1.5

0

1

0.5

0

-0.5

-1

0

0.3

0.2

0.1

0

-0.1

-0.2

-0.3

Y

Z

X

Fig. A1a.F1

20

0

2

1

0

-1

-2

0

1

0

-1

0

0.04

0.02

0

-0.02

-0.04

XY

Z

(a)

Fig. A1b.F1

30

This implies the existence of stable 2D tori as well as “long-
time” confinement (given by the stable and unstable invariant
manifolds of the complex unstable orbit) close to the unstable
orbit. Actually, in the Circular 3D RTBP we had shown the ex-
istence of confinement and computed the bifurcated 2D tori in
a neighborhood of complex unstable periodic orbits near the
Lagrangian points for� > �

Routh

(see Ollé and Pacha, 1998).
The present paper is the starting point for studying a rich dy-
namical behavior expected close to the transitions to complex
instability in the ERTBP.

Appendix A: Gallery of periodic orbits

We show (Fig. A1a to A1d), some typical orbits belonging to
the families of the ERTBP obtained in section 3. All of them
correspond to a value ofp = 0:5, and the family which contains
the orbit is specified at the bottom of the figure.
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Belbruno, E., Llibre, J., Ollé, M., 1994, Cel. Mech. 60, 99
Broucke, R. A., 1969, AIAA journal 6, 1003
Broucke, R. A., 1971, Mécanique 10, 449
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Gómez, G., Jorba, A., Masdemont, J., Simó, C., 1992, Studyof
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