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Abstra
t

The purpose of this work is to give pre
ise estimates for the size of the remainder of

the normalized Hamiltonian around a non semi-simple 1 : �1 resonant periodi
 orbit, as

a fun
tion of the distan
e to the orbit.

We 
onsider a periodi
 orbit of a real analyti
 three-degrees of freedom Hamiltonian

system having a pairwise 
ollision of its non-trivial 
hara
teristi
 multipliers on the unit


ir
le. Under generi
 hypotheses of non-resonan
e and non-degenera
y of the 
ollision,

we present a 
onstru
tive methodology to redu
e the Hamiltonian around the orbit to

its (integrable) normal form, up to any given order. This 
onstru
tive pro
ess allows

to obtain quantitative estimates for the size of the remainder of the normal form, as a

fun
tion of the normalizing order. By sele
ting appropriately this order in terms of the

distan
e R to the resonant orbit, r = r

opt

(R) := 2 +

�

exp(W (log(1=R

1=(�+1+")

)))

�

, we

have proved that the size of the remainder 
an be bounded (for small R) by R

r

opt

(R)=2

.

Here, W (�) stands for Lambert's W fun
tion and veri�es W (z) exp(W (z)) = z, � � 1 is

the exponent of the required Diophantine 
ondition and " > 0 is any small quantity. The

reasons leading to this bound instead of 
lassi
al exponentially small estimates are also

dis
ussed.

AMS Mathemati
s Subje
t Classi�
ation: 37G05, 37G15
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1 Introdu
tion

In this paper we study real analyti
 three-degrees of freedom Hamiltonian systems having a

1 : �1 resonant periodi
 orbit. More pre
isely, we are 
onsidering a three-degrees of freedom

Hamiltonian with a periodi
 orbit for whi
h its four non-trivial 
hara
teristi
 multipliers (i.e.,

those di�erent from one) 
ollide pairwise in the unit 
ir
le or, in an equivalent way, its two


orresponding normal frequen
ies are equal.

We note that this is a non-strange situation in Hamiltonian me
hani
s, be
ause if we have a

periodi
 orbit of a Hamiltonian then, under generi
 
onditions, it 
an be seen that this orbit is


ontained within a 1-parameter family of periodi
 orbits (parametrized by the energy, see [21℄).

What we are asking to this family is that when the parameter moves there is a transition from

stability (the four non-trivial 
hara
teristi
 multipliers are di�erent and of modulus one) to


omplex instability (one non-trivial 
hara
teristi
 multiplier is a 
omplex number of modulus

di�erent from one and the other three are the 
omplex 
onjugate number and the 
orresponding

inverse numbers) through a pairwise 
ollision of its non-trivial 
hara
teristi
 multipliers in the

unit 
ir
le (at two 
onjugate points di�erent from �1). This transition is usually referred as

the quasi-periodi
 Hamiltonian Andronov-Hopf bifur
ation (see [17℄ for a wide study of this

bifur
ation). Hen
e, the transition orbit is the one we are 
onsidering.

This simple me
hanism for the generation of su
h resonant orbits makes this phenomenon


ommon in several mathemati
al models of s
ien
e. Here we are not going to be more expli
it

about the 
ontexts where this transition has been dete
ted, but we refer to the introdu
tions

of [15℄ and [16℄ for a wide des
ription of previous works on the subje
t, even analyti
 or numeri
.

In a primary 
lassi�
ation of this resonan
e, we 
an distinguish between two 
ases depending

on the semi-simple or non semi-simple 
hara
ter of the four dimensional box of the monodromy

matrix asso
iated to the non-trivial multipliers (the box 
orresponding to the so-
alled normal

dire
tions of the orbit). Of 
ourse the generi
 
ontext is the non semi-simple one, and it is

the one we will fo
us on from now on. This is the non-degenera
y 
ondition 
laimed in the

abstra
t.

Now we 
onsider a system of symple
ti
 
oordinates in R

6

given by (�; x; I; y) 2 T

1

� R

2

�

R � R

2

, with the 2-form d� ^ dI + dx ^ dy, T

1

:= R=2�Z, x = (x

1

; x

2

) and y = (y

1

; y

2

). We

want � to be an angular variable des
ribing the resonant periodi
 orbit, so that it 
orresponds

to the 
ir
le fI = 0; x = y = 0g. Su
h (lo
al) system of 
oordinates always exists for a periodi


orbit (see [2℄ and [3℄) and we refer to [11℄ for an example with an expli
it 
onstru
tion of it.

Using this system as a framework, we perform a Floquet transformation around the resonant

periodi
 orbit in order to redu
e the quadrati
 part of the Hamiltonian in the normal dire
tions

(the ones given by (x; y)) to 
onstant 
oeÆ
ients. This is a
hieved by means of a symple
ti



hange of 
oordinates, linear with respe
t to (x; y) and 2�-periodi
 on � (see [1℄ and [17℄ for

the proof). The Hamiltonian expressed in the new variables takes the form:

H(�; x; I; y) = !

1

I + !

2

(y

1

x

2

� y

2

x

1

) +

�

2

(y

2

1

+ y

2

2

) +

b

H(�; x; I; y); (1)

where !

1

is the angular frequen
y of the orbit and !

2

is its (only) normal frequen
y, so that the

non-trivial 
hara
teristi
 multipliers of the orbit are f�; �; 1=�; 1=�g, with � = exp (2�i!

2

=!

1

).

The fun
tion

b

H 
ontains higher order terms in (x; I; y). The sign � = �1 is an invariant of the
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ollision, but by means of a 
hange of time, t ! �t, we ex
hange both 
ontexts (see [15℄). In

the forth
oming we shall assume � = +1.

A se
ond 
riterion of 
lassi�
ation for this resonan
e refers to the relation between !

1

and

!

2

. Hen
e, the resonan
e is 
alled rational or irrational depending on the value of !

1

=!

2

. Again

we will fo
us on the generi
 situation and we will suppose !

1

=!

2

=2 Q . But in this paper we will

ask for something more. As usual when working with quantitative estimates on normal forms

we will require !

1

and !

2

to satisfy a Diophantine 
ondition (see (3)). This is the non-resonant


ondition we ask for.

Our set up is Hamiltonian (1), with � = +1, that we assume 
an be analyti
ally extended to

a (
omplex) neighbourhood of the periodi
 orbit. Sin
e Poin
ar�e's dissertation [18℄, a natural

question arising from a system like (1) refers to its normal form. Of 
ourse, the normal form

asso
iated to a 1 : �1 resonan
e has been previously investigated and the answer to this question

is known. We 
an quote [1℄ for the analogous 
ase of a symple
ti
 mapping and [23℄ for the

Hamiltonian Hopf bifur
ation at equilibrium points in two-degrees of freedom Hamiltonian

systems (also see [14, 20, 13℄). In [15℄ the spe
i�
 
ase of a 1 : �1 resonant periodi
 orbit of

a three-degrees of freedom Hamiltonian is 
onsidered, the normal form is 
omputed up to any

order and a detailed analysis of the dynami
s of the normal form is given.

The prin
ipal diÆ
ulties when 
omputing this normal form 
ome from the \nilpotent" term

(y

2

1

+y

2

2

)=2, whi
h give rise to non-diagonalizable normal variational equations around the orbit,

and hen
e, to non-diagonalizable homologi
al equations (see (16)). This makes the analysis of

the normal form more involved than, for instan
e, the 
ase of an ellipti
 periodi
 orbit.

What we have not found in the literature are previous works where this normal form has

been studied from the \quantitative" point of view, that is, by 
ontrolling how the size of the

remainder behaves as a fun
tion of the normalizing order and of the distan
e to the periodi


orbit. We re
all that in presen
e of resonan
es normal forms 
omputed up to any order are not


onvergent in general. Thus, provided with these estimates on the remainder one 
an try to

optimize the order of the normal form, as a fun
tion of the distan
e to the periodi
 orbit, in

su
h a way that the size of the remainder be
omes as small as possible. This is a 
lassi
al issue

that has been worked out by many resear
hers (see, for instan
e, [7, 22, 6, 10℄).

Therefore, this quantitative approa
h requires not only the identi�
ation of the non-remo-

vable terms of the normal form (this 
an be done in a quite standard way) but also to 
ompute

expli
itly the normalizing transformation, in su
h a way that we 
an 
ontrol how its domain

of de�nition \shrinks" as a fun
tion of the normalizing order. The expli
it (
onstru
tive)


omputation of the normal form transformation is not diÆ
ult if the homologi
al equations

are diagonal (whi
h is the 
ase of the previous works mentioned above), giving rise to simple

bounds for the normal form. Thus, one of the main 
ontributions of this paper is to fully

develop a 
onstru
tive algorithm to solve those homologi
al equations, whi
h allows to 
ompute

the normalizing transformation for the Hamiltonian (1) (for instan
e, by means of the Lie

series method). This algorithm 
an be implemented numeri
ally in a 
omputer (see [11℄ for a

numeri
al 
omputation of a normal form around an ellipti
 periodi
 orbit).

The quantitative result we have obtained is stated as follows.

Theorem 1.1 We 
onsider the real analyti
 Hamiltonian H of (1), with � = +1, that we
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suppose de�ned in a 
omplex domain of the form

D(�

0

; R

(0)

) := f(�; x; I; y) 2 C � C

2

� C � C

2

: jIm(�)j � �

0

; jIj � (R

(0)

)

2

; j(x; y)j � R

(0)

g; (2)

for 
ertain �

0

> 0 and R

(0)

> 0, where j � j stands for the supremum norm. For this Hamiltonian

we assume that the weighted norm introdu
ed in (9) (de�ned from the Taylor-Fourier expansion

of H, see (6)) is �nite in this domain, so that kHk

�

0

;R

(0)

< +1. We also suppose that the ve
tor

! = (!

1

; !

2

) veri�es the Diophantine 
ondition

jhk; !ij � 
jkj

��

1

; 8k 2 Z

2

n f(0; 0)g; (3)

for 
ertain 
 > 0 and � � 1, where h�; �i means the inner produ
t of R

2

and jkj

1

:= jk

1

j+ jk

2

j.

Then, given any " > 0 and � > 1, both �xed, there exists 0 < R

�

< 1, depending on �

0

, R

(0)

,

kHk

�

0

;R

(0)

, j!

1

j, j!

2

j, 
, � , " and �, su
h that, for any 0 < R � R

�

, there is a real analyti



anoni
al di�eomorphism 	

(R)

verifying:

(i) 	

(R)

is de�ned in D(�

�2

�

0

=2; R) with 	

(R)

(D(�

�2

�

0

=2; R)) � D(�

0

=2; �R).

(ii) If we write 	

(R)

�Id := (�

(R)

;X

(R)

; I

(R)

;Y

(R)

), then all the 
omponents of this expression

are 2�-periodi
 on � and verify

k�

(R)

k

�

�2

�

0

=2;R

� (1� �

�2

)�

0

=2; kI

(R)

k

�

�2

�

0

=2;R

� (�

2

� 1)R

2

;

kX

(R)

j

k

�

�2

�

0

=2;R

� (� � 1)R; kY

(R)

j

k

�

�2

�

0

=2;R

� (� � 1)R; j = 1; 2:

(iii) The transformed Hamiltonian by the a
tion of 	

(R)

takes the form:

H Æ	

(R)

(�; x; I; y) = Z

(R)

(x; I; y) +R

(R)

(�; x; I; y);

where Z

(R)

( the normal form) is an integrable Hamiltonian system whi
h looks like

Z

(R)

(x; I; y) = !

1

I+!

2

(y

1

x

2

�y

2

x

1

)+

1

2

(y

2

1

+y

2

2

)+Z

(R)

(I;�(x

2

1

+x

2

2

)=2; (y

1

x

2

�y

2

x

1

)=2);

with Z

(R)

(u; v; w) a polynomial of degree less than or equal to br

opt

(R)=2
 (b�
 means the

integer part) starting at degree two and R

(R)


ontains higher order terms on (x; I; y).

(iv) The expression r

opt

(R) is given by

r

opt

(R) := 2 +

�

exp(W (log(1=R

1=(�+1+"

)))

�

;

with W : (0;+1)! (0;+1) de�ned from the equation W (z) exp (W (z)) = z.

(v) Z

(R)

and R

(R)

satisfy the bounds

kZ

(R)

k

R

� kHk

�

0

;R

(0)

; kR

(R)

k

�

�2

�

0

=2;R

� R

r

opt

(R)=2

: (4)

(vi) R

(R)

goes to zero with R faster than any algebrai
 order, so that

lim

R!0

+

kR

(R)

k

�

�2

�

0

=2;R

R

n

= 0; 8n � 1:
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Remark 1.2 The fun
tion W on the statement 
orresponds to the prin
ipal bran
h of a spe
ial

fun
tion W : C ! C known as the Lambert W fun
tion. See [4℄ for details on it. Moreover,

for any � > 1 �xed, the Lebesgue measure of the 
omplementary of the set of ! 2 R

2

for whi
h

there is 
 > 0 verifying (3) is zero (see [12℄, Appendix 4).

Remark 1.3 We have formulated Theorem 1.1 in terms of weighted norms instead of the

supremum one be
ause working with them the proof be
omes simpler. We note that they provide

upper bounds for the supremum norm (see Se
tion 2 for more details).

At this point, it is natural to 
ompare Theorem 1.1 with previous quantitative results on normal

forms. We sele
t the 
ase of an ellipti
 periodi
 orbit of a real analyti
 three-degrees of freedom

Hamiltonian system. After a Floquet transformation the Hamiltonian around this orbit is

H(�; x; I; y) = !

1

I +

!

2

2

(x

2

1

+ y

2

1

) +

!

3

2

(x

2

2

+ y

2

2

) +

b

H(�; x; I; y): (5)

If the ve
tor of frequen
ies ! = (!

1

; !

2

; !

3

) satis�es a Diophantine 
ondition of the form

jhk; !ij � 
jkj

��

1

, k 2 Z

3

n f(0; 0; 0)g, with 
 > 0 and � � 2, then we 
an 
ompute, up to

any arbitrary order r, the normal form around the orbit, that takes the form (we keep the same

name for the transformed Hamiltonian and variables)

H(�; x; I; y) = Z

(r)

(I; (x

2

1

+ y

2

1

)=2; (x

2

2

+ y

2

2

)=2) +R

(r)

(�; x; I; y);

where Z

(r)

(u; v; w) is a polynomial of degree less than or equal to br=2
 andR

(r)


ontains higher

order terms in (x; I; y). What is proved in this 
ase (under the same analyti
ity hypotheses

as in Theorem 1.1) is that if we pi
k the normalizing order r = r

opt

(R) :=

�

b=R

2=(�+1)

�

, then

kR

(r)

k

�

0

=4;R

� a exp (�b=R

2=(�+1)

), for 
ertain a; b > 0 independent of R (see [10℄). This implies

that an exponentially small bound for the remainder is obtained in the ellipti
 
ase, whi
h is

something extremely smaller than (4). Let us try to explain brie
y the reason of this 
ompletely

di�erent behaviour (see also Remark 8.2).

We re
all that the non semi-simple 
hara
ter of the variational equations of the resonant

periodi
 orbit of (1) is translated to the homologi
al equations (16). Then, when solving those

equations we �nd the same phenomenon as when solving an algebrai
 linear system with a

matrix given by a n-dimensional Jordan box, with � at the diagonal: the last 
omponent of the

solution we 
ompute has a fa
tor of the form 1=�

n

. In our 
ontext, we 
an identify n with the

order of the normal form we are pro
essing at the present time, so that the size of those boxes

in
rease with the order, and � is an integer 
ombination of !

1

and !

2

, depending also on the

order (the so-
alled small divisors). But in the ellipti
 
ase homologi
al equations are diagonal

and only one small divisor appears in the denominator of any 
omponent of the solution. This

is a 
olossal di�eren
e between the semi-simple and non semi-simple 
ontext, that is responsible

for the poor estimate (4). We do not 
laim estimates on Theorem 1.1 are optimal, but we are


onvin
ed that they 
annot be strongly improved with the standard quantitative approa
h to

bound normal forms (see Remarks 7.2 and A.8).

The 
ontents of this paper are organized as follows. The �rst step is to introdu
e the basi


notations and de�nitions we will use to formulate and prove the results of the paper. This is

done in Se
tion 2. In Se
tion 3 we present the spe
i�
 method we will use to 
onstru
t the
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(
anoni
al) normal form transformation, whi
h is based on the Lie series method. Se
tion 4

ta
kles the resolution of the homologi
al equations related to the normal form pro
ess. More


on
retely, a 
onstru
tive algorithm to solve the order s homologi
al equation and to obtain the

order s non-removable terms is presented, for any s � 3. The (formal) solutions thus obtained

are studied in quantitative form in Se
tion 5. In Se
tion 6 the full normal form pro
ess of

Se
tion 3 is 
onsidered from the quantitative point of view, giving bounds for the generating

fun
tion of the transformation in terms of the order. In Se
tion 7 those bounds are 
onverted

into bounds for the remainder of the normal form, as fun
tion of the order and of the distan
e

to the resonant orbit. The optimal way to sele
t the normal form order as a fun
tion of this

distan
e is dis
ussed in Se
tion 8. The proof of Theorem 1.1 is given in Se
tion 9. Finally,

Appendix A is an appendix where we have 
ompiled some te
hni
al results used along the

paper.

2 Basi
 notations and de�nitions

In this se
tion we introdu
e some notations and de�nitions to be used throughout the paper.

We shall denote by E the 
omplex ve
torial spa
e of formal Taylor-Fourier series of type

E :=

(

f = f(�; q; I; p) : f =

X

k;l;m;n

f

k;l;m;n

I

l

q

m

p

n

exp (ik�)

)

; (6)

with q = (q

1

; q

2

), p = (p

1

; p

2

), k 2 Z, l 2 Z

+

and m;n 2 Z

2

+

, where Z

+

= N [ f0g. Here and

along the paper we will use extensively the standard multi-index notation: q

m

= q

m

1

1

q

m

2

2

and

so on. Given a monomial � = I

l

q

m

p

n

exp (ik�) 2 E , we de�ne its adapted degree (so its degree

from now on) as deg(�) := 2l+ jmj

1

+ jnj

1

. Hen
e, the degree on I is 
ounted twi
e with respe
t

to the degree on (q; p). The expression juj

1

means the absolute norm of a 
omplex ve
tor u,

given by juj

1

:=

P

i

ju

i

j. In the same way, we will write juj for the supremum norm of u. We

will extend the same notations to denote the asso
iated matrix norms.

This de�nition of degree is motivated by the a
tion of the Poisson bra
ket on E . Given

f; g 2 E , we de�ne its Poisson bra
ket by

ff; gg := �

�

f � �

I

g � �

I

f � �

�

g +

2

X

i=1

(�

q

i

f � �

p

i

g � �

p

i

f � �

q

i

g): (7)

Thus, if �; � 2 E are two monomials, then deg(f�; �g) = deg(�) + deg(�) � 2, giving the

homogeneity of the Poisson bra
ket with respe
t to the adapted degree. Related with the

Poisson bra
ket, we also introdu
e the (linear) Lie operator asso
iated to ea
h u 2 E :

L

u

: E �! E

f 7! L

u

f = ff; ug:

During the normalizing pro
ess we will work with several subspa
es of E . Thus, E

s

will

stand for the subspa
e of E generated by the monomials of degree s. Moreover, given k 2 Z
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and l;M;N 2 Z

+

, we denote by E

k;l;M;N

the subspa
e of E

2l+M+N

spanned by the monomials

of the form I

l

q

m

p

n

exp (ik�), with jmj

1

=M and jnj

1

= N . Hen
e,

E

s

=

M

k2Z

2l+M+N=s

E

k;l;M;N

: (8)

We will also refer to general (
omplex) polynomials on the variables (q; I; p) or (q; p) using the

standard notations C

s

[q; I; p℄ (re
all we are 
ounting twi
e the degree on I) and C

s

[q; p℄.

As we want to work with analyti
 fun
tions, we are interested in 
onvergent series expan-

sions. Thus, given � > 0 and R > 0, we say that f 2 E (�; R) if f 2 E and the norm

kfk

�;R

:=

X

k;l;m;n

jf

k;l;m;n

jR

2l+jmj

1

+jnj

1

exp (jkj�) (9)

is �nite. As we have mentioned before in Remark 1.3, kfk

�;R

is an upper bound for the

supremum norm of f in D(�; R) (see (2) de�ned using (q; p) instead of (x; y)). If kfk

�;R

< +1

it implies that f is analyti
 in the interior of D(�; R) and bounded on the boundary. Conversely,

if f is analyti
 in a neighbourhood of D(�; R), then kfk

�;R

< +1. We point out that the

de�nitions of k � k

�;R

and D(�; R) are 
oherent with the adapted degree.

In analogous way, given f 2 E

s

we say that it belongs to E

s

(�) if the norm

kfk

�

:=

X

k;l;m;n

2l+m+n=s

jf

k;l;m;n

j exp(jkj�) (10)

is �nite. For su
h s-homogeneous f we have kfk

�;R

= kfk

�

R

s

. A very important 
ase is when

f 2 C

s

[q; I; p℄, where � plays no rôle. For su
h an f we de�ne

kfk :=

X

l;m;n

2l+m+n=s

jf

0;l;m;n

j: (11)

Some basi
 properties of these norms are surveyed in Appendix A. Those properties are very

similar to the ones for the 
lassi
al supremum norm. Therefore, we have preferred to work

with weighted norms instead of the supremum norm be
ause several estimates be
ome simpler

with them, for instan
e those on small divisors. Thus, weighted norms have been widely used

to quantify the e�e
t of small divisors in normal forms (see for example [7, 22, 6, 10, 17℄).

Alternatively, one 
an work with the supremum norm and using the estimates of R�ussmann on

small divisors (see [19℄).

The last de�nition in this se
tion refers to the symmetries we will ask for the 
omplex


oeÆ
ients of f 2 E . In Se
tion 3 we will introdu
e a 
omplexi�ed version of Hamiltonian (1),

so that the variables (q; p) will follow from (x; y) by means of a suitable linear but 
omplex

transformation (see (17)). This \
omplexi�
ation" implies several symmetries on the 
oeÆ
ients

of the fun
tions involved. Let S : E ! E be the (linear) operator de�ned by

f 7! S(f) :=

X

k;l;m;n

(�1)

m

1

+n

2

�

f

�k;l;n

2

;n

1

;m

2

;m

1

I

l

q

m

p

n

exp(ik�); (12)
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where bar denotes 
omplex 
onjugation. Then, we will use the notation E

S

to refer to the

elements f 2 E su
h that S(f) = f . Equivalently, we will say that f 2 E

S

satis�es the S-

symmetries. We extend the S-notation to E

S

s

and E

S

0;l;M;N

. It is important to note that if

f; g 2 E

S

, then ff; gg 2 E

S

, so that the S-symmetries are preserved by Poisson bra
kets.

As a �nal remark, we observe that the de�nition of E and the related ones have been made

(for 
onvenien
e) in terms of (q; p), but everything rules repla
ing (q; p) by (x; y).

3 Constru
tion of the normalizing transformation

This se
tion issues the spe
i�
 method used to 
onstru
t the normal form transformation.

A very natural way to 
ompute the normalizing transformation is to look for it as a 
om-

position of a sequen
e of 
anoni
al transformations, in su
h a way that the normal form is


omputed, \degree-wise" by 
hoosing the s

th

-transformation to remove the non-resonant terms

of degree s + 2 from the Hamiltonian obtained after the previous step, for s � 1. However, if

one is interested in further appli
ations of the normal form (for instan
e a quantitative analysis

or a numeri
al implementation), it is advisable to use some \
losed" algorithm whi
h 
omputes

the normalizing transformation from a single 
anoni
al 
hange. More pre
isely, throughout

this work we shall use the Giorgilli-Galgani algorithm (see [8, 9, 7, 22℄) applied to formal

Taylor-Fourier series in E .

De�nition 3.1 (The Giorgilli-Galgani algorithm) Let G =

P

s�3

G

s

, with G

s

2 E

s

. We

de�ne the map T

G

: E ! E in the following way. Given f =

P

l�1

f

l

, with f

l

2 E

l

, then

T

G

f =

P

s�1

F

s

, where F

s

=

P

s

l=1

f

l;s�l

and the terms f

l;s�l

2 E

s

are 
omputed re
ursively by

f

l;0

= f

l

; f

l;s

=

s

X

j=1

j

s

ff

l;s�j

; G

2+j

g; s � 1: (13)

Usually, the sum G is known as the generating fun
tion of the transformation.

Remark 3.2 The very important property of transformation T

G

is that if f and G are 
onver-

gent, then T

G

f = f Æ�

��

"=1

, where �

��

"

means the 
ow time " of the non-autonomous Hamilto-

nian �� (the time is "), with � =

P

s�1

sG

s+2

"

s�1

. So, the 
oordinate transformation given by

� = T

G

�, J = T

G

I, Q

i

= T

G

q

i

and P

i

= T

G

p

i

(i = 1; 2) is 
anoni
al and 2�-periodi
 on �. For

an a

ount of these properties, together with their 
orresponding proofs, see [8℄.

The idea is thus to take f = H, the Hamilton fun
tion, to 
onstru
t an ad ho
 generating

fun
tion G and to apply algorithm 3.1 to 
ast H into its normal form. This redu
tion pro
ess


an be done re
ursively and the following algorithm 
an be given to determine both G and the

normal form.

Proposition 3.3 Consider H =

P

s�2

H

s

, with H

s

2 E

s

, and the generating fun
tion G =

P

s�3

G

s

. If we write T

G

H =

P

s�2

Z

s

, with Z

s

2 E

s

, then the following relations are satis�ed:

Z

2

= H

2

; fG

s

; H

2

g+ Z

s

= F

s

; s � 3; (14)
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where,

F

3

= H

3

; F

s

=

s�3

X

j=1

j

s� 2

fZ

s�j

; G

2+j

g+

s�2

X

j=1

j

s� 2

H

2+j;s�j�2

; s � 4: (15)

Here, the quantities H

l;k

may be 
omputed re
ursively from the formulas (13).

The proof of Proposition 3.3 is formally identi
al to the proof of the 
orresponding 
lassi
al

one in [7℄ and [22℄, so the reader is referred to there.

From the relation (14), it is 
lear that the important point is to investigate the solvability,

in terms of G

s

and Z

s

, of the homologi
al equations

L

H

2

G

s

+ Z

s

= F

s

; (16)

for a given F

s

2 E

s

, in su
h a way that Z

s

takes the simplest possible form.

In order to deal with su
h homologi
al equations, it is 
onvenient to introdu
e the following

(
omplex) 
oordinates,

x

1

=

q

1

� p

2

p

2

; x

2

=

i(q

1

+ p

2

)

p

2

; y

1

=

q

2

+ p

1

p

2

; y

2

=

i(q

2

� p

1

)

p

2

: (17)

These relations de�ne a linear 
anoni
al 
hange

(�; x; I; y) := '(�; q; I; p); (18)

whi
h transforms the Hamiltonian H of (1) into H := H Æ ', whi
h we expand as

H(�; q; I; p) = H

2

(q; I; p) +

X

l�3

H

l

(�; q; I; p); (19)

with H

l

2 E

l

, where H

2

is given (for � = +1) by

H

2

= !

1

I + i!

2

(q

1

p

1

+ q

2

p

2

) + q

2

p

1

: (20)

These kind of transformations are usual in normal forms to put the homologi
al equations

in diagonal form. In our 
ase this is not possible but, as we will explain in Se
tion 4, using


omplex 
oordinates we 
an re-write (16) as a family of algebrai
 systems of linear equations

with lower-triangular matri
es.

Remark 3.4 The pri
e we pay for these simpli�
ations on the homologi
al equations is that

Hamiltonian (19) is not given by a real analyti
 fun
tion but by a 
omplex analyti
 one, so that

real values of (x; y) 
orrespond to 
omplex values of (q; p) su
h that �q

1

= �p

2

and �q

2

= p

1

. This

is equivalent to say that H veri�es S(H) = H (see (12)), and hen
e H 2 E

S

. Conversely, given

any 
onvergent series F 2 E

S

, then F Æ '

�1

is a real analyti
 fun
tion.

Alternatively to the 
omplexi�
ation of H there is the 
han
e to perform the normal form on

the real Hamiltonian and 
omplexify the system only when solving the homologi
al equations.

We have preferred to work with a 
omplex Hamiltonian, but both approa
hes are equivalent.
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4 Resolution of the homologi
al equations

Given F

s

2 E

S

s

, s � 3, the target of this se
tion is to look for the simplest expression for Z

s

2 E

S

s

(the normal form) in su
h a way that there exists G

s

2 E

S

s

verifying (16) (see Se
tion 2 for

notations). We re
all that we know a-priori how Z

s

looks be
ause the normal form around a

non semi-simple resonant 1 : �1 periodi
 orbit has been previously investigated (see [1, 15, 17℄).

Proposition 4.1 We 
onsider H

2

de�ned in (20) with !

1

=!

2

=2 Q and the de
omposition

E

s

= E

0

s

� E

+

s

, with

E

0

s

=

M

M=N

E

0;l;M;N

; E

+

s

=

M

jkj+jM�N j6=0

E

k;l;M;N

; 2l +M +N = s;

so that E

0

s

= f0g if s is odd. Given F

s

2 E

S

s

, s � 3, we write it as

F

s

= F

0

s

+ F

+

s

; F

0

s

2 E

0

s

; F

+

s

2 E

+

s

: (21)

Then, we have:

(a) There exists a unique G

+

s

2 E

+

s

su
h that L

H

2

G

+

s

= F

+

s

. Moreover, G

+

s

2 E

S

s

.

(b) If s is even, there is a real homogeneous polynomial Z

s

(u; v; w) of (standard) degree s=2,

whi
h is uniquely de�ned in terms of F

0

s

, su
h that if we set

Z

s

(q; I; p) := Z

s

(I; q

1

p

2

; i(q

1

p

1

+ q

2

p

2

)=2); (22)

then Z

s

2 E

0

s

\ E

S

s

and there is G

0

s

2 E

0

s

(not unique) verifying L

H

2

G

0

s

+ Z

s

= F

0

s

.

Moreover, G

0

s


an be 
hosen so that G

0

s

2 E

S

s

.

Consequently, if s is odd G

s

:= G

+

s

and Z

s

:= 0 solve equation (16) in E

S

s

, and if s is even so

do G

s

:= G

+

s

+G

0

s

and Z

s

given by (22).

Remark 4.2 To relate Proposition 4.1 with the normal form given in Theorem 1.1, we observe

that if we return to real variables by means of the inverse 
hange of (17) one gets

q

1

p

2

= �(x

2

1

+ x

2

2

)=2; i(q

1

p

1

+ q

2

p

2

)=2 = (y

1

x

2

� y

2

x

1

)=2; (23)

But Proposition 4.1 does not solve 
ompletely our problem, as we want to 
ompute 
onstru
-

tively Z

s

and G

s

, so that we 
an give pre
ise bounds on them.

First of all, to simplify notations, we assume the degree s � 3 �xed and we skip the

subs
ript s of F

s

, G

s

and Z

s

. At this stage, we 
onsider a generi
 F 2 E

s

, whereas the rôle of

the S-symmetries will be 
onsidered later on.

Given a monomial � = I

l

q

m

p

n

exp (ik�), dire
t 
omputations show that

L

H

2

� =

�


 +m

1

q

2

q

1

� n

2

p

1

p

2

�

�; (24)

where H

2

is the one in (20) and 
 has been introdu
ed as


 � 


k;jmj

1

;jnj

1

:= i!

1

k + i!

2

(jmj

1

� jnj

1

): (25)
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On the other hand, the quotient q

2

=q

1

does not appear if the monomial � has m

1

= 0. Similarly

for the quotient p

1

=p

2

. With this remark (24) is fully justi�ed. Expression (24) implies that

all the subspa
es E

k;l;M;N

� E

s

introdu
ed in (8) are invariant by the a
tion of L

H

2

. Thus,

given F 2 E

s

we de
ompose it a

ording to its proje
tion into the subspa
es E

k;l;M;N

, so that

F =

P

k;l;M;N

F

k;l;M;N

, with 2l +M + N = s, and the same for G and Z, and we investigate

separately the equations

L

H

2

G

k;l;M;N

+ Z

k;l;M;N

= F

k;l;M;N

: (26)

As it will be dis
ussed below, equations with k 6= 0 or M 6= N , so that E

k;l;M;N

� E

+

s

,


an be solved by simply setting Z

k;l;M;N

� 0. The only possible non-removable (or resonant)

monomials are those in E

0;l;M;M

, with 2l+2M = s (so s has to be even and then E

0;l;M;M

� E

0

s

).

The explanation of this fa
t is that the 
ondition !

1

=!

2

=2 Q implies that 


k;l;M;N

= 0 if and

only if k = 0 and M = N . In Se
tions 4.1 and 4.2 we will 
onsider both 
ases separately.

4.1 The 
ase 
 6= 0

The �rst point we remark is that if F 2 E

k;l;M;N

� E

s

, then its 
oeÆ
ients are readily determined

by just a pair of subs
ripts. In view of (6), it is advisable to denote f

m;n

:= f

k;l;m;M�m;N�n;n

,

with 0 � m � M and 0 � n � N (we skip k and l sin
e they are held �xed). With the

notation above, equation (26) 
an be translated into an algebrai
 system of linear equations

for the (
omplex) 
oeÆ
ients of G

k;l;M;N

(dim

C

E

k;l;M;N

= (M + 1)(N + 1)). For this purpose

we introdu
e f � f

k;l;M;N

and g � g

k;l;M;N

as the arrays holding the 
oeÆ
ients f

m;n

and g

m;n

,

respe
tively. We order those 
oeÆ
ients through the following 
laim: g

�;�

� g

�;�

(g

�;�

pre
edes

g

�;�

) if � > � or, when � = �, if � > � (the same for f

m;n

). Therefore, g takes the form

g

�

= (g

�

M

; g

�

M�1

; : : : ; g

�

0

), still with g

�

j

= (g

j;N

; g

j;N�1

; g

j;N�2

; : : : ; g

j;1

; g

j;0

), for j = 0; : : : ;M ,

where the star means transposition (and identi
ally for f). Hen
e, if we set Z

k;l;M;N

� 0, then

equation (26) is equivalent to solve �g = f , with � � �

k;M;N

a square matrix of dimension

(M+1)(N+1). It is straightforward to 
he
k that this system is writen blo
k-wise (withM+1

blo
ks of dimension N + 1) as

0

B

B

B

B

B

�

D

N

E

M

D

N

E

M�1

D

N

.

.

.

.

.

.

E

1

D

N

1

C

C

C

C

C

A

0

B

B

B

B

B

�

g

M

g

M�1

g

M�2

.

.

.

g

0

1

C

C

C

C

C

A

=

0

B

B

B

B

B

�

f

M

f

M�1

f

M�2

.

.

.

f

0

1

C

C

C

C

C

A

: (27)

The di�erent blo
ks stand for E

j

= j �Id

N+1

, with Id

N+1

the (N +1)� (N +1) identity matrix,

whereas D

N

= 
 � Id

N+1

� P

N

, with 
 � 


k;M;N

(see (25)) and

P

N

=

0

B

B

B

B

B

�

0

N 0

N � 1 0

.

.

.

.

.

.

1 0

1

C

C

C

C

C

A

: (28)
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It follows from this des
ription, that the matrix � is a band lower-triangular matrix, where all

the entries di�erent from zero are pla
ed at the main diagonal and on two bands (sub-diagonals)

below the main diagonal. Moreover, the elements of the diagonal are all them equal to 
. Hen
e,

if 
 6= 0, this spe
i�
 part of the homologi
al equations (we mean their 
omponents on the

subspa
e E

k;l;M;N

) has a unique solution whi
h 
an be easily obtained.

At this point, we have proved part (a) of Proposition 4.1, thus solving the proje
tion of

equation (16) into E

+

by setting Z = 0. Clearly,

G

+

=

X

2l+M+N=s

jkj+jM�N j6=0

G

k;l;M;N

: (29)

Furthermore, G

+

satis�es the S-symmetries if F

+

does. To ensure this one 
an 
he
k that if

G

k;l;M;N

is (the only) solution of L

H

2

G

k;l;M;N

= F

k;l;M;N

, then L

H

2

S(G

k;l;M;N

) = S(F

k;l;M;N

).

Remark 4.3 We point out that the Diophantine 
ondition (3) is not required to ensure 
on-

vergen
e of G

+

if F

+

does. This is be
ause, for a �xed s, in the divisors i!

1

k + i!

2

(M � N)

appearing in the homologi
al equation we have that M�N ranges between �s and s, and there-

fore, for all k 2 Z, these divisors are bounded from below whenever !

1

=!

2

is irrational. But we

need (3) to 
ontrol the ampli�
ation fa
tor in the norm of G

+

with respe
t to the norm of F

+

.

4.2 The 
ase 
 = 0

To 
omplete the normal form redu
tion pro
ess we are for
ed to study the proje
tion of (16)

into E

0

s

(i.e., we have to 
onsider (26) with k = 0 and M = N). Then, we have to inquire whi
h

are the terms in F

0

that 
an be eliminated with a suitable G (even though 
 = 0), and whi
h

ones are non-removable and have to remain as resonant terms.

To simplify notations we �x the values of l and M , with 2l + 2M = s even, and we denote

by L the linear operator L

H

2

restri
ted to E

0;0;M;M

, so that L : E

0;0;M;M

! E

0;0;M;M

. Thus, we

observe that given F 2 E

0;l;M;M

we 
an express it as F = I

l

b

F , with

b

F 2 E

0;0;M;M

. Then, we

have L

H

2

F = I

l

L

b

F , and hen
e the expression I

l

is un
oupled from equation (26). Consequently,

we only have to investigate the solvability in E

0;0;M;M

, for M � 1 (the 
ase M = 0 is trivial), of

L

b

G+

b

Z =

b

F : (30)

The important point now is that KerL 6= f0g, whi
h implies that RangeL is stri
tly 
ontained

in E

0;0;M;M

. What we have to do is to �nd a 
omplementary subspa
e of RangeL in E

0;0;M;M

.

A standard way to do this is to introdu
e a Hermitian produ
t h�j�i in E

0;0;M;M

and to 
onsider

the de
omposition E

0;0;M;M

= KerL

y

� RangeL, where L

y

is the adjoint operator of L with

respe
t to h�j�i. In this paper we do not 
onsider this method be
ause we will 
onstru
t

b

G and

b

Z expli
itly from

b

F , but full details of this approa
h in our 
ontext 
an be found in [17℄.
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Given

b

F 2 E

0;0;M;M

we express it in the form:

b

F =

M

X

m=0

M

X

n=0

f

m;n

q

m

1

q

M�m

2

p

M�n

1

p

n

2

=

M

X

i=0

(q

1

p

2

)

i

M�i

X

j=0

f

M�j;i+j

(q

1

p

1

)

M�i�j

(q

2

p

2

)

j

+

M

X

i=1

(q

2

p

1

)

i

M�i

X

j=0

f

M�i�j;j

(q

1

p

1

)

M�i�j

(q

2

p

2

)

j

: (31)

Now, we introdu
e � = (�

1

; �

2

; �

3

; �

4

) de�ned by

�

1

= q

1

p

2

; �

2

= q

2

p

1

; �

3

= i(q

1

p

1

+ q

2

p

2

)=2; �

4

= (q

1

p

1

� q

2

p

2

)=2; (32)

so that q

1

p

1

= �i�

3

+ �

4

and q

2

p

2

= �i�

3

� �

4

. By repla
ing (q; p) in terms of � in (31), we

obtain an expression of the form

b

F =

M

X

i=0

�

i

1

M�i

X

j=0

b

f

i;j

�

M�i�j

3

�

j

4

+

M

X

i=1

�

i

2

M�i

X

j=0

e

f

i;j

�

M�i�j

3

�

j

4

; (33)

where the 
oeÆ
ients f

b

f

i;j

g

0�j�M�i

are easily obtained from the 
oeÆ
ients ff

M�j;i+j

g

0�j�M�i

of (31), for any 0 � i � M , and the 
oeÆ
ients f

e

f

i;j

g

0�j�M�i

follow from ff

M�i�j;j

g

0�j�M�i

,

for any 1 � i � M (for expli
it expressions, see [17℄). Moreover, expression (33) is a real

polynomial in � if

b

F veri�es the S-symmetries (
he
k that the 
omponents of � are real under

those symmetries: S(�) = �). Now, we look for

b

G =

M

X

i=1

�

i

1

M�i

X

j=0

bg

i;j

�

M�i�j

3

�

j

4

+

M

X

i=0

�

i

2

M�i

X

j=0

eg

i;j

�

M�i�j

3

�

j

4

: (34)

We stress that the sums de�ning

b

F and

b

G are arranged in a di�erent way. This will ease the


omputation of the 
oeÆ
ients of

b

G. At this point it is 
onvenient to know how the operator

L a
ts on the �-monomials involved in

b

G. First we have,

f�

1

; H

2

g = �2�

4

; f�

2

; H

2

g = 0; f�

3

; H

2

g = 0; f�

4

; H

2

g = �

2

;

and hen
e, if i � 1,

L(�

i

1

�

�

3

�

j

4

) = �

�

1

(�

i

1

�

�

3

�

j

4

)f�

1

; H

2

g+ �

�

3

(�

i

1

�

�

3

�

j

4

)f�

3

; H

2

g+ �

�

4

(�

i

1

�

�

3

�

j

4

)f�

4

; H

2

g

= �2i�

i�1

1

�

�

3

�

j+1

4

+ j�

i

1

�

2

�

�

3

�

j�1

4

= �(2i + j)�

i�1

1

�

�

3

�

j+1

4

� j�

i�1

1

�

�+2

3

�

j�1

4

;

where we have used that �

1

�

2

= �(�

2

3

+ �

2

4

). Analogously, L(�

i

2

�

�

3

�

j

4

) = j�

i+1

2

�

�

3

�

j�1

4

. These
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omputations together on

b

G give the following expression for L

b

G:

�

M

X

i=1

�

i�1

1

M�i

X

j=0

bg

i;j

n

(2i+ j)�

M�i�j

3

�

j+1

4

+ j�

M�i�j+2

3

�

j�1

4

o

+

M

X

i=0

�

i+1

2

M�i

X

j=0

jeg

i;j

�

M�i�j

3

�

j�1

4

=

�

M�1

X

�=0

�

�

1

"

bg

�+1;1

�

M��

3

+

M���2

X

�=1

f(2� + �+ 1)bg

�+1;��1

+ (�+ 1)bg

�+1;�+1

g �

M����

3

�

�

4

+ (� +M)bg

�+1;M���2

�

3

�

M���1

4

+ (� +M + 1)bg

�+1;M���1

�

M��

4

#

+

M

X

�=1

�

�

2

M��

X

�=0

(�+ 1)eg

��1;�+1

�

M����

3

�

�

4

: (35)

Remark 4.4 We observe that the 
oeÆ
ients feg

i;0

g

i=0;:::;M

are missing in L

b

G, so that they play

no-rôle in equation (30). They are responsible for the non-uniqueness of

b

G. From now on we

set them eg

i;0

= 0 (to keep the symmetries and to have minimal norm). Moreover, we also point

out that there is a small \abuse" of notation for the expression inside the square bra
kets when

� = M � 1, be
ause the term (� +M)bg

�+1;M���2

�

3

�

M���1

4

has no-sense and has to be removed.

Similarly, the sum from � = 1 to � = M � � � 2 is empty for � = M � 2 and � = M � 1.

Now, we have to 
ompare this expression for L

b

G with the one for

b

F in (33), trying to determine

the 
oeÆ
ients fbg

i;j

g and feg

i;j

g and the resonant terms

b

Z from (30). Our �rst try is to set

b

Z � 0. Then by 
omparison of the 
oeÆ
ients of �

�

2

�

M����

3

�

�

4

, one gets the relations,

(�+ 1)eg

��1;�+1

=

e

f

�;�

; � = 1; : : : ;M; � = 0; : : : ;M � �: (36)

Hen
e, the 
oeÆ
ients feg

i;j

g of

b

G in (34) are now fully determined (see also Remark 4.4).

Similarly, a 
omparison of the 
oeÆ
ients of �

�

1

�

M����

3

�

�

4

leads to the following family of linear

systems (0 � � �M � 1 is the parameter):

�(2� + �+ 1)bg

�+1;��1

� (�+ 1)bg

�+1;�+1

=

b

f

�;�

; � = 1; : : : ;M � � � 2;

�(� +M)bg

�+1;M���2

=

b

f

�;M���1

; (37)

�(� +M + 1)bg

�+1;M���1

=

b

f

�;M��

;

See Remark 4.4 to understand this system for � = M � 2 and � = M � 1. These linear

systems are easily solved by ba
kwards substitution with respe
t to � and they determine all

the 
oeÆ
ients fbg

i;j

g of

b

G in (34). In parti
ular, for a �xed �, the equation 
orresponding to

� = 2 gives the solution for bg

�+1;1

, so that the term bg

�+1;1

�

�

1

�

M��

3

inside the square bra
kets

of (35) 
annot be used to remove

b

f

�;0

�

�

1

�

M��

3

from

b

F . Thus, these terms have to be adjusted

by taking a non-zero

b

Z. From here it is very simple to identify the non-removable terms, that

are those given by

b

Z :=

M

X

i=0

b

Z

i

�

i

1

�

M�i

3

=

M

X

i=0

b

f

i;0

�

i

1

�

M�i

3

+

M�1

X

�=0

bg

�+1;1

�

�

1

�

M��

3

: (38)
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Finally, if we 
onsider a generi
 F

0

2 E

0

s

(with s even), then we express it as

F

0

=

s=2

X

l=0

I

l

b

F

s=2�l

=

s=2

X

l=0

s=2�l

X

m=0

s=2�l

X

n=0

f

0;l;m;s=2�l�m;s=2�l�n;n

I

l

q

m

1

q

s=2�l�m

2

p

s=2�l�n

1

p

n

2

; (39)

with

b

F

s=2�l

2 E

0;0;s=2�l;s=2�l

. Then, we solve L

b

G

s=2�l

+

b

Z

s=2�l

=

b

F

s=2�l

in E

0;0;s=2�l;s=2�l

as

des
ribed above, and we get

G

0

=

s=2

X

l=0

I

l

b

G

s=2�l

; Z =

s=2

X

l=0

I

l

b

Z

s=2�l

; (40)

solving the proje
tion of (16) into E

0

s

. Furthermore, it is 
lear that if F

0

satis�es the S-

symmetries, then it is also true for the above de�ned G

0

and Z.

5 Bounds for the solution of the homologi
al equations

At this point we know in a very pre
ise way not only the stru
ture of the normal form but

also an e�e
tive method to 
ompute the generating fun
tion of the normalizing transformation,

a

ording to De�nition 3.1 and Proposition 3.3. Now it is time to start the quantitative part of

the pro
ess. The �rst step is, of 
ourse, to bound the solutions for G

s

and Z

s

of equation (16)

in terms of F

s

. This will be done by using the weighted norms introdu
ed in Se
tion 2. The

result we have obtained is stated as follows.

Proposition 5.1 With the same hypotheses of Proposition 4.1. Let F

s

2 E

S

s

(�) for 
ertain

� > 0 (see (10)) and 
onsider equation (16). Then, the solutions for G

s

and Z

s

given by

Proposition 4.1 
an be 
hosen (as 
onstru
ted in Se
tion 4) su
h that G

s

2 E

S

s

(�) with the

following bounds (re
all Z

s

= 0 if s is odd),

kG

s

k

�

�

2

s

s!




s+1

s

kF

s

k

�

; kZ

s

k � 2

s=2

kF

s

k

�

; (41)

where




s

:= min

k2Z

2

nf(0;0)g

jk

2

j�s

fjhk; !ij; 1g: (42)

Remark 5.2 Let us assume for a moment that ! also veri�es the Diophantine 
ondition (3),

so that 


s

� e
s

��

, s � 1, for 
ertain 0 < e
 � 1 (see Lemma A.6). This estimate on 


s

is

very pessimisti
 for a lot of values of s, but we 
an think that \morally" is \quite sharp" for an

in�nite number of them (maybe by de
reasing the exponent �). Given a generi
 F 2 E

S

(�

0

; R

0

)

(see (9)) for 
ertain �

0

; R

0

> 0, we 
an formally solve equation L

H

2

G + Z = F , order by

order, obtaining the bound (41) for the terms of degree s. However, from this bound and the


orresponding one of 


s

, one 
annot ensure the 
onvergen
e of G =

P

s

G

s

and hen
e, 
annot

prove that G 2 E

S

(�

1

; R

1

) for any 0 < �

1

� �

0

and 0 < R

1

� R

0

. This makes a strong

di�eren
e between the semi-simple and non semi-simple 
ase, where the 
orresponding bounds

of G

s

in terms of F

s

, 
ombined with the Diophantine 
ondition, lead to the 
onvergen
e of G.
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The proof of Proposition 5.1 is divided in two subse
tions a

ording to de
omposition (21) of

F

s

and G

s

. In Se
tion 5.1 we will bound G

+

s

in terms of F

+

s

and in Se
tion 5.2 we will bound

G

0

s

and Z

s

in terms of F

0

s

(we observe that kF

s

k

�

= kF

+

s

k

�

+ kF

0

s

k and the same for G

s

).

Again, as done in Se
tion 4, we will skip the subs
ript s everywhere to simplify the notation.

5.1 Bounds for G

+

We start 
onsidering the proje
tion of equation (16) into E

k;l;M;N

� E

+

s

, with 2l +M +N = s

and 
 � 


k;M;N

6= 0 (see (25)). Hen
e, what we have to do is to solve (27). For this purpose,

we 
ompute expli
itly the inverse of the (M + 1)(N + 1)-square matrix � � �

k;M;N

asso
iated

to this system. This inverse 
an be written blo
k-wise as

�

�1

=

0

B

B

B

B

B

�

(

M

0

)

D

1

(

M

1

)

D

2

(

M�1

0

)

D

1

(

M

2

)

D

3

(

M�1

1

)

D

2

(

M�2

0

)

D

1

.

.

.

.

.

.

.

.

.

.

.

.

(

M

M

)

D

M+1

(

M�1

M�1

)

D

M

(

M�2

M�2

)

D

M�1

� � �

(

0

0

)

D

1

1

C

C

C

C

C

A

; (43)

where we have introdu
ed D

�

= (�1)

�+1

(� � 1)!D

��

N

. To 
ompute the powers D

��

N

(for � =

1; : : : ;M + 1) we use the de�nition of D

N

and the binomial formula:

D

��

N

= (
 � Id

N+1

� P

N

)

��

=

1




�

�

Id

N+1

�

1




P

N

�

��

=

N

X

j=0

(�1)

j




�+j

�

��

j

�

P

j

N

; (44)

where we have used that the matrix P

N

(see (28)) is (N +1)-nilpotent. More 
on
retely, dire
t


omputation of the powers P

j

N

, for j = 1; : : : ; N , yields

P

j

N

=

0

B

B

B

B

B

B

B

B

B

�

0

0 0

.

.

.

.

.

.

.

.

.

j!

(

N

j

)

0 � � � 0

0 j!

(

N�1

j

)

� � � 0 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 � � � j!

(

j

j

)

0 � � � 0

1

C

C

C

C

C

C

C

C

C

A

:

Hen
e, the only 
oeÆ
ients di�erent from zero of P

j

N

are those in a sub-diagonal starting at

the (j + 1)

th

row. Moreover,

�

��

j

�

= (�1)

j

�(� + 1) � � � (� + j � 1)

j!

= (�1)

j

�

� + j � 1

j

�

:

Thus, de�ning

a

j

� a

j

(�;
) :=

j!




�+j

�

� + j � 1

j

�

; j = 0; : : : ; N;
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and by substitution in (44), one obtains an expli
it expression for these matri
es

D

��

N

=

0

B

B

B

B

B

�

(

N

0

)

a

0

(

N

1

)

a

1
(

N�1

0

)

a

0

(

N

2

)

a

2
(

N�1

1

)

a

1
(

N�2

0

)

a

0

.

.

.

.

.

.

.

.

.

.

.

.

(

N

N

)

a

N

(

N�1

N�1

)

a

N�1

(

N�2

N�2

)

a

N�2

� � �

(

0

0

)

a

0

1

C

C

C

C

C

A

:

The next lemma furnishes an estimate on the absolute norm of �

�1

(see (43)).

Lemma 5.3 With the notations and de�nitions above, the following inequality holds

j�

�1

j

1

�

�

1 +

1

j
j

�

M+N

(M +N)!

j
j

: (45)

Proof : From the de�nition of the norm j � j

1

for matri
es, one has to look at the 
olumn of

�

�1

with the biggest absolute norm, and it is 
lear that it is the �rst one. Then,

j�

�1

j

1

=

M

X

�=0

�

M

�

�

jD

�+1

j

1

=

M

X

�=0

�!

�

M

�

�

jD

�(�+1)

N

j

1

=

M

X

�=0

�!

�

M

�

�

N

X

j=0

�

N

j

�

ja

j

(� + 1;
)j =

M

X

�=0

N

X

j=0

�!j!

�

M

�

��

N

j

��

� + j

j

�

1

j
j

�+j+1

�

(M +N)!

j
j

 

M

X

�=0

�

M

�

�

1

j
j

�

! 

N

X

j=0

�

N

j

�

1

j
j

j

!

�

(M +N)!

j
j

�

1 +

1

j
j

�

M+N

;

where it has been used that, if 0 � � �M and 0 � j � N ,

�!j!

�

� + j

j

�

� (M +N)!:

�

Remark 5.4 We observe that bound (45) is \quite sharp", in the following sense: the most

\dangerous term" 
oming from (45) is the power M +N +1 of the small divisor 1=j
j, and the


oeÆ
ient of this power 
annot be improved be
ause the sum given by the expression of j�

�1

j

1


ontains a summand of the form (M +N)!=j
j

M+N+1

.

We have opted for bounding j�

�1

j

1

be
ause from the de�nition of the absolute norm we obtain

kG

k;l;M;N

k

�

� j�

�1

k;l;M;N

j

1

� kF

k;l;M;N

k

�

� �

k;M;N

kF

k;l;M;N

k

�

;

with

�

k;M;N

:=

�

1 +

1

j


k;M;N

j

�

M+N

(M +N)!

j


k;M;N

j

:
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Therefore, summation of all those terms of G whi
h are in E

+

s

(see (29)) yields to:

kG

+

k

�

=

X

2l+M+N=s

jkj+jM�N j6=0

kG

k;l;M;N

k

�

�

X

2l+M+N=s

jkj+jM�N j6=0

�

k;M;N

kF

k;l;M;N

k

�

�

0

�

max

2l+M+N=s

jkj+jM�N j6=0

f�

k;M;N

g

1

A

kF

+

k

�

�

2

s

s!




s+1

s

kF

+

k

�

; (46)

where 


s

is de�ned in (42).

5.2 Bounds for G

0

and Z

Now it is time to bound, in terms of kF

0

k (see (11) for the de�nition of the norm), the solutions

for the proje
tion of equation (16) into E

0

s

, namely G

0

and Z.

We start bounding the solutions in E

0;0;M;M

of (30). To do this, we �nd two main diÆ
ulties.

On the one hand, we have to bound the solutions for the 
oeÆ
ients feg

i;j

g in (36) and fbg

i;j

g

in (37) in terms of f

e

f

i;j

g and f

b

f

i;j

g, respe
tively (these 
oeÆ
ients give

b

F and

b

G expressed in

powers of �, see (33) and (34)). On the other hand, we have to translate these bounds into a

bound for k

b

Gk in terms of k

b

Fk (re
all that k

b

Gk and k

b

Fk are 
omputed from the 
oeÆ
ients

of

b

G and

b

F expressed in powers of (q; p)).

In what 
on
erns to feg

i;j

g, we have from (36) (re
all also that eg

i;0

= 0, see Remark 4.4),

M

X

i=0

M�i

X

j=0

jeg

i;j

j �

M

X

i=1

M�i

X

j=0

j

e

f

i;j

j: (47)

The 
ontrol of the fbg

i;j

g is more involved. It requires to do some work with the re
urrent

formula de�ning the solutions of (37).

Lemma 5.5 For the solutions of (37), we have

M

X

i=1

M�i

X

j=0

jbg

i;j

j �

1

2

M�1

X

i=0

M�i

X

j=1

j

b

f

i;j

j:

Proof : We 
onsider system (37) for 0 � � � M � 3 (the parti
ular 
ases � = M � 2 and

� = M � 1 
an be easily dis
ussed, see Remark 4.4). Thus, we obtain

bg

�+1;M���1

= �

1

� +M + 1

b

f

�;M��

; bg

�+1;M���2

= �

1

� +M

b

f

�;M���1

;

plus the (ba
kwards) re
urren
e

bg

�+1;��1

= �

1

2� + �+ 1

b

f

�;�

�

�+ 1

2� + �+ 1

bg

�+1;�+1

; � = 1; : : : ;M � � � 2:
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By taking 
omplex modulus, we derive the re
ursive bounds

jbg

�+1;��1

j �

1

2� + �+ 1

j

b

f

�;�

j+ jbg

�+1;�+1

j; � = 1; : : : ;M � � � 2:

Then, it 
an be easily 
he
ked by indu
tion that the general term of the solution veri�es:

jbg

�+1;��1

j �

b

M����

2




X

j=0

1

2� + �+ 2j + 1

j

b

f

�;�+2j

j; � = 1; : : : ;M � �:

Moreover, we note that these inequalities also work for � = M � 2 and � = M � 1. Now, we

sum all those 
omponents for 1 � � �M � �, obtaining

M��

X

�=1

jbg

�+1;��1

j �

M��

X

�=1

b

M����

2




X

j=0

1

2� + �+ 2j + 1

j

b

f

�;�+2j

j =

M��

X

�=1

�

�+1

2

�

2� + � + 1

j

b

f

�;�

j

�

M��

X

�=1

� + 1

2(2� + � + 1)

j

b

f

�;�

j �

1

2

M��

X

�=1

j

b

f

�;�

j:

The desired result follows at on
e by summing these bounds for 0 � � �M � 1.

�

By 
ombining (47) and Lemma 5.5, we derive the following bound for the 
oeÆ
ients of

b

G

in (34) in terms of those of

b

F in (33):

M

X

i=1

M�i

X

j=0

jbg

i;j

j+

M

X

i=0

M�i

X

j=0

jeg

i;j

j �

M

X

i=0

M�i

X

j=0

j

b

f

i;j

j+

M

X

i=1

M�i

X

j=0

j

e

f

i;j

j: (48)

Moreover, using Lemma 5.5 we also 
an 
ontrol the 
oeÆ
ients of the non-removable terms

b

Z

given in (38), obtaining that the same bound holds,

M

X

i=0

j

b

Z

i

j �

M

X

i=0

j

b

f

i;0

j+

M�1

X

�=0

jbg

�+1;1

j �

M

X

i=0

M�i

X

j=0

j

b

f

i;j

j+

M

X

i=1

M�i

X

j=0

j

e

f

i;j

j: (49)

The next step is to translate inequalities (48) and (49) into bounds for k

b

Gk and k

b

Zk as a

fun
tion of k

b

Fk. It for
es to 
ontrol the 
hanges of variables that relate the 
oeÆ
ients of these

fun
tions in powers of (q; p) with the ones in powers of �. It is done in Lemma A.4, and we

obtain

k

b

Gk � 2

M

k

b

Fk; k

b

Zk � 2

M

k

b

Fk:

To end this se
tion we only have to 
onsider the expressions of F

0

, G

0

and Z given in (39)

and (40), thus obtaining

kG

0

k =

s=2

X

l=0

k

b

G

s=2�l

k �

s=2

X

l=0

2

s=2�l

k

b

F

s=2�l

k � 2

s=2

s=2

X

l=0

k

b

F

s=2�l

k = 2

s=2

kF

0

k:

Analogously, we derive the bound kZk � 2

s=2

kF

0

k. Now, by joining these bounds with (46)

the proof of Proposition 5.1 follows straightforward.
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6 Bounds for the normalizing pro
ess

In this se
tion we resume, from the quantitative point of view, the normalizing pro
ess for

the Hamiltonian H given in (19). The re
urrent formulas of Proposition 3.3 provide us with

a 
losed algorithm to 
ompute G

s

and Z

s

as a fun
tion of the 
oeÆ
ients of the Hamiltonian

H. Moreover, Proposition 5.1 gives bounds for the solutions G

s

and Z

s

of the homologi
al

equations (16) in terms of the bounds on F

s

whi
h, in view of the re
ursive formula (15), 
an

be 
omputed from those on the previous solutions.

The target of the present se
tion is to 
onvert those re
urrent formulas into bounds for G

s

and Z

s

, for s � 3, depending only on initial data on H and on s.

Proposition 6.1 We 
onsider the Hamiltonian H given in (19), with H

2

given in (20). We

suppose that H 2 E

S

(�

0

; R

0

) for 
ertain �

0

> 0 and R

0

> 0, with kHk

�

0

;R

0

� 
R

2

0

, being 
 � 1.

Moreover, we assume that !

1

=!

2

=2 Q . We 
ompute the fun
tions G

s

and Z

s

of the normalizing

pro
ess introdu
ed in Proposition 3.3, for s � 3, where equation (16) has been solved as stated

in Proposition 4.1, a

ordingly to the 
onstru
tive method des
ribed in Se
tion 4 and thus with

the bounds given by Proposition 5.1. Then, there exists � > 1 (universal 
onstant) su
h that,

kG

s

k

3�

0

=4

�

1

2

(s� 1)!�

3

� � ��

s

�

s�3




s�2

�

s�3

s

R

s�2

0

;

kZ

s

k �

1

2

(s� 1)!�

3

� � ��

s�1

2

s=2

�

s�3




s�2

�

s�3

s

R

s�2

0

;

for any s � 3, with

�

j

:=

2

j

j!




j+1

j

; �

j

:= 4 +

4

e�

0

j�1

X

l=3

1

l

; j � 3; (50)

where 


j

is de�ned in (42).

The proof of Proposition 6.1 is a straightforward 
onsequen
e of Lemma 6.2 and Lemma A.5.

First, Lemma 6.2 gives more pre
ise quantitative information on the obje
ts involved in the

normal form algorithm of Proposition 3.3.

Lemma 6.2 With the same hypotheses of Proposition 6.1. Let us 
onsider a �xed integer

s � 3. From this value of s we introdu
e

�

s

:=

�

0

4

P

s�1

l=3

1

l

;

and de�ne the s-depending quantities Æ

(s)

j

:= �

s

=j, j = 3; : : : ; s�1. Then, we have the following

bounds for the algorithm given in Proposition 3.3,

kH

l;m

k

�

0

�Æ

(s)

3

�����Æ

(s)

m+2

� b

l;m

(l +m� 1)!

(l � 1)!

�

3

� � ��

m+2

3

m




m+1

�

m

s

R

l+m�2

0

; (51)
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for any l � 3 and m � 0, with 3 � l +m � s, and for any k � 3 we have

kF

k

k

�

0

�Æ

(s)

3

�����Æ

(s)

k�1

�

a

k

2

(k � 1)!�

3

� � ��

k�1

3

k�3




k�2

�

k�3

s

R

k�2

0

; (52)

kG

k

k

�

0

�Æ

(s)

3

�����Æ

(s)

k�1

�

a

k

2

(k � 1)!�

3

� � ��

k

3

k�3




k�2

�

k�3

s

R

k�2

0

; (53)

kZ

k

k �

a

k

2

(k � 1)!�

3

� � ��

k�1

2

k=2

3

k�3




k�2

�

k�3

s

R

k�2

0

; (54)

where �

j

, j = 3; � � � ; s and �

s

are those in (50). The quantities fa

k

g and fb

l;m

g are de�ned

through the following re
urren
es:

a

k

=

2

3=2

6(k � 2)(k � 1)!

k�3

X

j=1

j(j + 2)!(k � j)!a

2+j

a

k�j

+

2

k � 2

k�2

X

j=1

j

(j + 1)!

b

2+j;k�j�2

3

j�1

; (55)

b

l;m

=

1

6m(l +m� 1)!

m

X

j=1

j(j + 2)!(l +m� j)!a

2+j

b

l;m�j

; (56)

with a

3

= 1 and b

l;0

= 1 for any l � 3.

Remark 6.3 Again, several \abuse of notation" have been done in the statement of Lemma 6.2.

First, the de�nition of �

s

has no-sense for s = 3, but in this 
ase it plays no-rôle. Moreover,

we have to understand that �

0

� Æ

(s)

3

�� � �� Æ

(s)

2

equals to �

0

and �

3

� � ��

2

= 1. Finally, we re
all

that Z

s

= 0 if s is odd, but we have not taken advantage on this fa
t.

On its turn, Lemma A.5 gives a geometri
al bound for the quantities fa

k

g and fb

l;m

g, so that

a

k

�

e

�

k�3

and b

l;m

�

e

�

m

, for 
ertain

e

� > 1. From here, we dedu
e Proposition 6.1 in an easy

way, by taking � := 3

e

� (we observe that Æ

(s)

3

+ � � �+ Æ

(s)

s�1

= �

0

=4 in (53)).

Next to that, we prove Lemma 6.2. The pre
ise statement and proof of Lemma A.5 is given

in Appendix A.

Proof of Lemma 6.2: We keep �xed the value of s � 3 along the proof, so that we 
an

remove the s-dependen
e from the notation (� � �

s

, Æ

j

� Æ

(s)

j

, �

s

� � and so on). Moreover,

we 
onsider the following simpli�
ation for the notation of the domains. We de�ne:

�

3

:= �

0

; �

j

:= �

0

� Æ

3

� � � � � Æ

j

; j = 4; : : : ; s� 1:

Now let us 
larify the rôle of �, � and of fÆ

j

g in the proof. Let us take f

l

2 E

l

(� + Æ

l

) and

f

m

2 E

m

(� + Æ

m

), for 
ertain � > 0 and l; m 2 f3; : : : ; s� 1g. Then, we have (see (7)),

kff

l

; f

m

gk

�

�

�

m

2eÆ

l

+

l

2eÆ

m

+ 4lm

�

kf

l

k

�+Æ

l

kf

m

k

�+Æ

m

= lm�kf

l

k

�+Æ

l

kf

m

k

�+Æ

m

; (57)

where we have used Lemma A.1 to bound the �-derivatives and the norm of the produ
t. Hen
e,

by 
hoosing the values for fÆ

j

g of the statement, we have that � a
ts as a homogenization
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fa
tor for the norm of the Poisson bra
ket with respe
t to the degree of f

l

and f

m

. Finally, as

mentioned in Remark 6.3, � is sele
ted so that �

s�1

= 3�

0

=4.

The last observation before starting the proof refers to the bound on H. The hypothesis

kHk

�

0

;R

0

� 
R

2

0

and the de�nition H

l;0

= H

l

imply (re
all we are using a weighted norm),

kH

l;0

k

�

0

= kH

l

k

�

0

� 
=R

l�2

0

; l � 3: (58)

We perform the proof by indu
tion on the following property:

P

�

:= f(51) holds for any 3 � l +m � �; m � 0; (52); (53) and (54) hold for any 3 � k � �g:

For � = 3 it is 
lear that P

3

is true. Indeed, H

3;0

= H

3

, F

3

= H

3;0

and L

H

2

G

3

+Z

3

= F

3

. Thus,

kH

3;0

k

�

0

� 
=R

0

; kF

3

k

�

0

� 
=R

0

;

and by applying Proposition 5.1 we obtain

kZ

3

k = 0; kG

3

k

�

0

� �

3

kF

3

k

�

0

� �

3


=R

0

:

From here, P

3

follows.

Now we suppose P

k�1

true, for 
ertain k � 4, and we want to 
he
k that P

k

also holds.

We start bounding H

l;m

, with l + m = k (l � 3, m � 0). The 
ase l = k and m = 0 is


lear from (58). Hen
e, we suppose m � 1 and we use formula (13) on H

l;m

, thus obtaining

(see (57)),

kH

l;m

k

�

m+2

�

m

X

j=1

j

m

(j + 2)(l +m� j)�kG

2+j

k

�

m+2

+Æ

2+j

kH

l;m�j

k

�

m+2

+Æ

l+m�j

: (59)

In order to use the indu
tive hypothesis P

k�1

on (59), we have to 
he
k that the domains where

we want to 
ontrol the norms of G

2+j

and H

l;m�j

, for j = 1; : : : ; m, are 
ontained inside the

domains for whi
h we have the bounds given by P

k�1

. For G

2+j

we need,

�

m+2

+ Æ

j+2

� �

j+1

() Æ

3

+ � � �+ Æ

j+2

� Æ

3

+ � � �+ Æ

m+2

:

It holds if 1 � j � m. For H

l;m�j

the 
ondition is

�

m+2

+ Æ

l+m�j

� �

m�j+2

() Æ

3

+ � � �+ Æ

m�j+2

+ Æ

l+m�j

� Æ

3

+ � � �+ Æ

m+2

:

The worst 
ase for l is 
learly when l = 3 (be
ause Æ

l

de
reases with l), so that we have to 
he
k

Æ

3

+ � � �+ Æ

m�j+2

+ Æ

m�j+3

� Æ

3

+ � � �+ Æ

m+2

:

It is obviously true if 1 � j � m. Thus,

kH

l;m

k

�

m+2

�

m

X

j=1

j

m

(j + 2)(l +m� j)�

a

2+j

2

(j + 1)!�

3

� � ��

2+j

3

j�1




j

�

j�1

R

j

0

� b

l;m�j

(l +m� j � 1)!

(l � 1)!

�

3

� � ��

m�j+2

3

m�j




m�j+1

�

m�j

R

l+m�j�2

0

� b

l;m

(l +m� 1)!

(l � 1)!

�

3

� � ��

m+2

3

m




m+1

�

m

R

l+m�2

0

;
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where we have used that if 1 � j � m then �

3

� � ��

2+j

�

3

� � ��

m�j+2

� �

3

� � ��

m+2

(we observe

that �

j

is in
reasing as fun
tion of j, see (50)) and the indu
tive de�nition of b

l;m

in (56). Now

it is the turn of F

k

. Formula (15) gives

kF

k

k

�

k�1

�

k�3

X

j=1

j

k � 2

(2 + j)(k � j)�kG

2+j

k

�

k�1

+Æ

2+j

kZ

k�j

k+

k�2

X

j=1

j

k � 2

kH

2+j;k�j�2

k

�

k�1

:

Again, to use the indu
tive bounds P

k�1

we require 
ertain 
ompatibility 
onditions on the

domains where the norms are evaluated:

�

k�1

+ Æ

2+j

� �

1+j

; j = 1; : : : ; k � 3;

�

k�1

� �

k�j

; j = 1; : : : ; k � 2;

whi
h are not diÆ
ult to verify. Then, we have

kF

k

k

�

k�1

�

k�3

X

j=1

j

k � 2

(2 + j)(k � j)�

a

2+j

2

(j + 1)!�

3

� � ��

2+j

3

j�1




j

�

j�1

R

j

0

�

a

k�j

2

(k � j � 1)!�

3

� � ��

k�j�1

2

(k�j)=2

3

k�j�3




k�j�2

�

k�j�3

R

k�j�2

0

+

k�2

X

j=1

j

k � 2

b

2+j;k�j�2

(k � 1)!

(j + 1)!

�

3

� � ��

k�j

3

k�j�2




k�j�1

�

k�j�2

R

k�2

0

�

a

k

2

(k � 1)!�

3

� � ��

k�1

3

k�3




k�2

�

k�3

R

k�2

0

:

Here we have used, in the �rst sum, that �

3

� � ��

2+j

�

3

� � ��

k�j�1

2

(k�j)=2

� �

3

� � ��

k�1

2

3=2

, for

1 � j � k � 3. Indeed, the 
ase j = k � 3 is 
lear and the other ones are easily proved by

observing that �

j

p

2 � �

j+1

for any j � 3 (see (50)), and hen
e �

3

2

(k�j�3)=2

� �

k�j

. The

in
reasing 
hara
ter of the sequen
e f�

j

g ends the proof. Moreover, in the se
ond sum, we

have used that � > 1, 
 � 1 and �

3

� � ��

k�j

� �

3

� � ��

k�1

for 1 � j � k � 2. Then, we use

the de�nition of a

k

in (55). Finally, the bounds on kG

k

k

�

k�1

and kZ

k

k are a straightforward

appli
ation of Proposition 5.1.

�

7 Bounds for the remainder of the normal form

We 
ompute a �nite order normalizing pro
ess for the (
omplexi�ed) Hamiltonian H of (19).

Thus, we have a generating fun
tion G

(r)

= G

3

+ � � � + G

r

, for a 
ertain �xed order (degree)

r � 3, and the 
orresponding �nite order normal form Z

(r)

= Z

2

+ : : : + Z

r

, with Z

2

= H

2

,

a

ording to the algorithm of Proposition 3.3.
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Now, we 
onsider the 
anoni
al transformation T

G

(r)

H (see De�nition 3.1) or equivalently

H Æ �

��

(r)

"=1

, with �

(r)

=

P

r�2

s=1

sG

s+2

"

s�1

(see Remark 3.2), then

(T

G

(r)

H)(�; q; I; p) = H Æ �

��

(r)

"=1

(�; q; I; p) = Z

(r)

(q; I; p) +R

(r)

(�; q; I; p); (60)

where from Proposition 4.1 we have that Z

(r)

takes the form

Z

(r)

(q; I; p) = !

1

I + i!

2

(q

1

p

1

+ q

2

p

2

) + q

2

p

1

+ Z

(r)

(I; q

1

p

2

; i(q

1

p

1

+ q

2

p

2

)=2); (61)

where Z

(r)

(u; v; w) is a polynomial of (standard) degree less than or equal to br=2
 in (u; v; w),

starting at degree two.

By applying Proposition 6.1 we 
an derive bounds for G

s

, 3 � s � r, as a fun
tion of s and

of some initial data on H. The purpose of this se
tion is to use those bounds on G

s

to estimate

the size of the remainder R

(r)

as a fun
tion of r and of the distan
e to the resonant orbit.

Therefore, before doing that let us return to real variables. We re
all that the 
omplexi�ed

HamiltonianH of (19) has been obtained fromH in (1), with � = +1, by repla
ing the variables

(x; y) by (q; p) through the 
anoni
al 
hange ' of (18). As the S-symmetries indu
ed by the


omplexi�
ation (see Se
tion 2) have been preserved by the normal from algorithm of Se
tion 4

(see Proposition 4.1), we 
an go ba
k to real variables by means of '

�1

(see Remark 3.4).

Hen
e, equation (60) is 
onverted into the real expression

H Æ �

�(�

(r)

Æ'

�1

)

"=1

(�; x; I; y) = Z

(r)

Æ '

�1

+R

(r)

Æ '

�1

: (62)

Then, a bound for R

(r)

Æ '

�1

is given by the next result.

Proposition 7.1 With the same hypotheses of Proposition 6.1 and the notation above. We

also assume that the ve
tor ! satis�es the Diophantine 
ondition (3). Given any � > 1 and

0 < "

00

< "

0

, all �xed, then there exists

e

d > 0, depending on �

0

, 
, j!

1

j, j!

2

j, 
 , � , "

0

and "

00

,

su
h that if we de�ne,

�

00

= minf1� �

�1

; (1� �

�2

)�

0

g; �

0

=

�

00

e

d+ �

00

; R

(r)

i

=

�

�1

�

0

R

0

(r � 2)

(�+1+"

0

)(r�2)=2

;

then, for any r � 3 and 0 < R � R

(r)

i

,

(a) The 
anoni
al transformation �

�(�

(r)

Æ'

�1

)

"=1

is a real analyti
 di�eomorphism de�ned in the

domain D(�

�2

�

0

=2; R

(r)

i

) (see (2)), with �

�(�

(r)

Æ'

�1

)

"=1

(D(�

�2

�

0

=2; R)) � D(�

0

=2; �R).

(b) If we set �

�(�

(r)

Æ'

�1

)

"=1

� Id := (�

(r)

;X

(r)

; I

(r)

;Y

(r)

), then we have �

(r)

;X

(r)

j

; I

(r)

;Y

(r)

j

2

E (�

�2

�

0

=2; R

(r)

i

), j = 1; 2, verifying

k�

(r)

k

�

�2

�

0

=2;R

� (1� �

�2

)�

0

=2; kI

(r)

k

�

�2

�

0

=2;R

� (�

2

� 1)R

2

;

kX

(r)

j

k

�

�2

�

0

=2;R

� (� � 1)R kY

(r)

j

k

�

�2

�

0

=2;R

� (� � 1)R:

(
) The following bounds hold for the normal form and for the remainder:

kZ

(r)

Æ '

�1

k

R

� kHk

�

0

;R

0

kR

(r)

Æ '

�1

k

�

�2

�

0

=2;R

� 
R

2

0

(R=R

(r)

i

)

r+1

:
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Proof : As the value of r � 3 is held �xed along this proof, the super-s
ript \(r)" will be

omitted in all the r-depending expressions.

Now, let us start des
ribing the main tri
k in the proof (it has also been used in [11℄). After

we have �xed the order r of the normal form, we 
an use the following pro
ess to 
ompute the

remainder: we take G

s

= 0 and Z

s

= F

s

, for s > r, as solutions of (16), and thus R =

P

s>r

Z

s

,

a

ording to the re
urren
es of Proposition 3.3. Unfortunately, the bounds on those re
urren
es

provided by Lemma 6.2 only apply if we 
onsider the solution of (16) given by Proposition 4.1,

but not if we set G

s

= 0. Of 
ourse, we have the 
han
e to still using the re
urren
es of

De�nition 3.1 and Proposition 3.3 to bound the remainder, by adapting Lemma 6.2 (see for

instan
e [7℄ for an example of this and [17℄ for the appli
ation of this methodology to the

present 
ontext). However, we have preferred to follow a di�erent method, trying to over
ome

the tedious estimates on the above mentioned algorithm.

Let us suppose proved that the 
anoni
al transformation �

�(�Æ'

�1

)

"=1

a
ts as des
ribed in items

(a) and (b) on the statement. Then, by using Lemma A.2 and by taking (weighted) norms

on (60), we obtain:

kH Æ�

�(�Æ'

�1

)

"=1

k

�

�2

�

0

=2;R

i

= kZ Æ'

�1

k

R

i

+ kR Æ'

�1

k

�

�2

�

0

=2;R

i

� kHk

�

0

=2;�R

i

� kHk

�

0

;R

0

� 
R

2

0

:

This inequality gives bounds on the transformed Hamiltonian without doing estimates on the

normal form algorithm. A-priori, this bound on R Æ '

�1

does not look quite small, but we

re
all that we know by 
onstru
tion that the Taylor expansion on (q; I; p) of the remainder

starts at degree r+1. It gives item (
) on the statement. This fa
t is another of the advantages

of working with a weighted norm. Hen
e, the important point is to prove (a) and (b).

From Lemma A.3 we know that the a
tion of �

�(�Æ'

�1

)

"=1


an be dis
ussed in terms of bounds

on the derivatives of e�(�; x; I; y; ") := � Æ'

�1

. More pre
isely, we have to 
ontrol e�

1

:= e�(�; 1),

k�

I

e�

1

k

�

0

2

;�R

�

r

X

s=3

s

2

2

kG

s

Æ '

�1

k

3

4

�

0

(�R)

s�2

; k�

�

e�

1

k

�

0

2

;�R

�

r

X

s=3

4s

e�

0

kG

s

Æ '

�1

k

3

4

�

0

(�R)

s

;

k�

x

j

e�

1

k

�

0

2

;�R

�

r

X

s=3

s

2

kG

s

Æ '

�1

k

3

4

�

0

(�R)

s�1

; k�

y

j

e�

1

k

�

0

2

;�R

�

r

X

s=3

s

2

kG

s

Æ '

�1

k

3

4

�

0

(�R)

s�1

;

for j = 1; 2. Thus, the key expression to be studied is, for any 0 < R � R

i

,

g(�R) :=

r

X

s=3

s

2

kG

s

Æ '

�1

k

3�

0

=4

(�R)

s�2

�

r

X

s=3

2

s=2

s

2

s!�

3

� � ��

s

�

s�3




s�2

�

s�3

s

�

�R

R

0

�

s�2

:

To derive this estimate we have used the bounds on kG

s

k

3�

0

=4


oming from Proposition 6.1.

Moreover, we observe that the e�e
t of '

�1

in the bounds 
an be 
ontrolled in terms of the

degree of G

s

as kG

s

Æ '

�1

k

3�

0

=4

� 2

s=2

kG

s

k

3�

0

=4

. The 
ontrol of the produ
t �

3

� � ��

s

is 
arried

out in Lemma A.7 (see also Lemma A.6). Moreover, we also have (see (50)),

�

s

= 4 +

4

e�

0

s�1

X

j=3

1

j

� 4 +

4

e�

0

Z

s�1

2

dx

x

= 4 +

4

e�

0

log ((s� 1)=2):
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Thus, if d

"

00

is the 
onstant provided by Lemma A.7 we obtain

g(�R) �

r

X

s=3

d

"

00

2

s=2

s

2

s!�

s�3




s�2

�

4 +

4

e�

0

log

�

s� 1

2

��

s�3

(s+ 1)

(�+1+"

00

)(s+1)

2

=2

�

�R

R

0

�

s�2

�

r

X

s=3

e

d(s� 2)

(�+1+"

0

)(s�2)

2

=2

�

�R

R

0

�

s�2

;

where

e

d is the value asked on the statement, whose existen
e is 
lear be
ause "

0

> "

00

(
ompare

with the determination of d

"

in the proof of Lemma A.7). Now, we observe that from the

de�nition of R

i

we have

g(�R

i

) �

r

X

s=3

e

d(s� 2)

(�+1+"

0

)(s�2)

2

=2

�

�

0

(r � 2)

(�+1+"

0

)(r�2)=2

�

s�2

�

r

X

s=3

e

d(�

0

)

s�2

�

e

d

�

0

1� �

0

= �

00

:

Hen
e, from the de�nition of �

00

we obtain, for any 0 < R � R

i

,

max

�

2

�

0

k�

I

e�

1

k

�

0

=2;�R

;

1

(�R)

2

k�

�

e�

1

k

�

0

=2;�R

�

� 1� �

�2

;

max

j2f1;2g

�

1

�R

k�

x

j

e�

1

k

�

0

=2;�R

;

1

�R

k�

y

j

e�

1

k

�

0

=2;�R

�

� 1� �

�1

:

Then, a dire
t appli
ation of Lemma A.3 gives (a) and (b), ending the proof.

�

Remark 7.2 The bound on the produ
t �

3

� � ��

s

provided by Lemma A.7 is the key one in

the paper: it is responsible for the estimate of Theorem 1.1 for the size of the remainder of

the normal form in terms of the Lambert fun
tion (instead, for instan
e, of an exponentially

small one). Thus, it is quite natural to wonder if (66) 
an be improved. As it is dis
ussed in

Remark A.8, not a remarkable improvement 
an be expe
ted for this estimate.

8 Optimal normalization order

After Se
tion 7 we have identi�ed the normal form up to any order and we have also 
ontrolled

the 
anoni
al normal form transformation. Hen
e, the only thing that remains to do before

proving Theorem 1.1 is to ask the main question of this paper: we have to dis
uss, a

ording

to the bound for R

(r)

given by Proposition 7.1, what is the \optimal" 
hoi
e for r as a fun
tion

of the distan
e, R, to the resonant periodi
 orbit, in su
h a way that the remainder of the

normal form be
omes as small as possible. The answer to this question is given by the next

proposition.

Proposition 8.1 With the same statement of Proposition 7.1. Let us 
onsider a �xed ", with

0 < "

00

< "

0

< ". If we sele
t the order of the normal form, r, as a fun
tion of R so that

r = r

opt

(R), with

r

opt

(R) := 2 +

�

exp(W (log(1=R

1=(�+1+")

)))

�

;
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where W (�) veri�es W (z) exp (W (z)) = z, for any z > 0 (see Remark 1.2), then we obtain the

following estimate for the remainder of the ( real) normal form (62),

kR

r

opt

(R)

Æ '

�1

k

�

�2

�

0

=2;R

� R

r

opt

(R)=2

; 0 < R � R

�

where R

�

depends on �

0

, R

0

, 
, j!

1

j, j!

2

j, 
, � , ", "

0

, "

00

and �.

Proof : By using the de�nition of R

(r)

i

and part (
) of Proposition 7.1, we obtain

kR

(r)

Æ '

�1

k

�

�2

�

0

=2;R

� 
R

2

0

�

(r � 2)

(�+1+"

0

)(r�2)=2

R

�

�1

�

0

R

0

�

r+1

; 0 < R � R

(r)

i

:

Now, we de�ne r

0

as the �rst integer su
h that (r�2)

("

0

�")(r�2)=2

� �

�1

�

0

R

0

, and thus, if r � r

0

,

kR

(r)

Æ '

�1

k

�

�2

�

0

=2;R

� 
R

2

0

�

(r � 2)

(�+1+")(r�2)=2

R

�

r+1

; 0 < R � R

(r)

i

: (63)

Given any R > 0 �xed, we de�ne the following fun
tion:

h(r) := log(
R

2

0

) +

(� + 1 + ")(r � 2)(r + 1)

2

log(r � 2) + (r + 1) logR;

whi
h equals to the logarithm of the present bound for kR

(r)

Æ'

�1

k

�

�2

�

0

=2;R

. What we want to

do is to minimize (as mu
h as possible) h(r). Thus, we 
ompute its derivative,

h

0

(r) =

(� + 1 + ")(2r � 1)

2

log(r � 2) +

(� + 1 + ")(r + 1)

2

+ logR;

and try to look for the value of r su
h that h

0

(r) = 0. It leads to a 
ompli
ate expression, and

hen
e, we only 
onsider the dominant part

(� + 1 + ")(r � 2) log(r � 2) + logR = 0 () log(r � 2) exp(log(r � 2)) = log(1=R

1=(�+1+")

);

whi
h suggests the 
hoi
e r = r

opt

(R) on the statement. For this (integer) value of r we have

(r�2)

(�+1+")(r�2)

� 1=R, giving from (63) the bound for kR

(r)

Æ'

�1

k

�

�2

�

0

=2;R

. on the statement

if R is small enough (we observe that the 
ondition r

opt

(R) � r

0

means R small enough).

�

Remark 8.2 Now, we 
an 
ompare Proposition 8.1 with the 
ontext of an ellipti
 periodi
 orbit

of a real analyti
 three degrees of freedom Hamiltonian (see (5) and text below). Of 
ourse, we

do not plan to give full details for the ellipti
 
ase, but a reader familiar with bounds on normal

forms will �nd no-diÆ
ulties in �lling the holes. Thus, in the ellipti
 
ontext we obtain the

same bounds for kG

s

k

3�

0

=4

as in Proposition 6.1, but by setting in (50)

�

�1

j

:= min

k2Z

3

nf(0;0;0)g

jk

2

j+jk

3

j�j

fjhk; !ij; 1g:
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If ! is Diophantine, we have an estimate like �

j

� e


�1

j

�

, j � 1 (
ompare with Lemma A.6). A

re-formulation of Proposition 7.1 using this estimate leads to an expression of the form R

(r)

i

=

b=r

�+1

, for 
ertain b > 0, from whi
h follows a bound like kR

(r)

k

�

0

=4;R

� a(r

�+1

R=b)

r+1

, with

a > 0. Thus, an exponentially small estimate of the form kR

(r)

k

�

0

=4;R

� a exp(�(
=R)

1=(�+1)

)

is obtained for the remainder. This result 
oin
ides with the one of [6℄ for an ellipti
 �xed point

of a Hamiltonian system (obtained also using Giorgilli-Galgani algorithm), but did not mat
h

the exponent 2=(� +1) of [10℄, whi
h has been obtained using a di�erent strategy to quantify the

normal form, whi
h 
annot be applied to the present 
ontext (read the reason in Remark 5.2).

9 Proof of Theorem 1.1

The last issue that remains to do is to prove Theorem 1.1. The proof follows from Propo-

sitions 7.1 and 8.1 (see also Proposition 6.1). We take the real Hamiltonian H(�; x; I; y) and


onsider the 
omplexi�ed one H(�; q; I; p) = HÆ' (see (18)). In order to apply the results men-

tioned above, we set R

0

:= R

(0)

=

p

2 and 
 := maxfkHk

�

0

;R

(0)

=R

2

0

; 1g. Hen
e (see Lemma A.2),

kHk

�

0

;R

0

= kH Æ 'k

�

0

;R

0

� kHk

�

0

;R

(0)

� 
R

2

0

:

Moreover, we pi
k (for example) "

0

= "=2 and "

00

= "

0

=2, thus de�ning R

�

from Proposition 8.1.

Now, if we set r := r

opt

(R) as a normalizing order, 	

(R)

:= �

�(�

(r)

Æ'

�1

)

"=1

, Z

(R)

:= Z

(r)

Æ '

�1

and

R

(R)

:= R

(r)

Æ '

�1

(see (60), (61) and (62)), we have that items (i)� (v) on the statement of

Theorem 1.1 follow dire
tly from Propositions 7.1 and 8.1. In parti
ular, we observe that (61)

gives the desired expression for the normal form if we use (23). Part (vi) is a 
onsequen
e of

(v) and of the de�nition of r

opt

(R).
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A Lemmata

In this appendix we in
lude some of the te
hni
al results used along the paper that we have

preferred not to state in the body of the arti
le. Our idea has been to stress in the main part of

the paper the key points of the 
onstru
tions we present, and to postpone the most te
hni
al

details till this se
tion. We hope that this presentation helps to the readability of the paper.

In the �rst three results, that are given without proof, we want to survey some basi
 prop-

erties of the weighted norms introdu
ed in Se
tion 2. The proof of Lemma A.1 is quite dire
t

and the proof of Lemma A.2 is not diÆ
ult using Lemma A.1 (just expand and bound). The

proof of Lemma A.3 is more deli
ate, but it is very similar to a result that is well known in

terms of the supremum norm (see, for instan
e, [5℄). The di�eren
es refer to the use of the

weighted norm instead of the supremum one when bounding the 
omposition of fun
tions (we

have to use Lemma A.2) and thus we also omit the proof (just bound the integral expressions

given by the solutions of the 
ow). For full details, see [17℄.

Lemma A.1 Let f; g 2 E (�; R), and 0 < Æ � �. Then we have:

(i) kf � gk

�;R

� kfk

�;R

� kgk

�;R

; (ii) k�

�

fk

��Æ;R

�

kfk

�;R

Æe

:

Moreover, analogous properties 
an be generalized to the norms k � k

�

and k � k in E

s

(�) and

C

s

[q; I; p℄, respe
tively.

Lemma A.2 Let us take 0 < �

0

< � and 0 < R

0

< R and 
onsider the analyti
 fun
tions �, I,

Q

j

and P

j

, j = 1; 2, all belonging to E (�

0

; R

0

) and verifying k�k

�

0

;R

0

� �� �

0

, kIk

�

0

;R

0

� R

2

and max

j=1;2

fkQ

j

k

�

0

;R

0

; kP

j

k

�

0

;R

0

g � R. Then, given any f 2 E (�; R), the fun
tion F (�; q; I; p)

de�ned by F := f(� + �;Q; I;P), with Q = (Q

1

;Q

2

) and P = (P

1

;P

2

), is su
h that F 2

E (�

0

; R

0

) and kFk

�

0

;R

0

� kfk

�;R

.

Lemma A.3 Let e�(�; x; I; y; ") be a real analyti
 fun
tion of the form e� =

P

s�1

e�

s+2

"

s�1

, with

e�

j

2 E

j

(�), j � 3, for 
ertain � > 0. Given R > 0, we de�ne

Æ :=

1

�

k�

I

e�

j"=1

k

�;R

; � := max

j2f1;2g

�

1

R

k�

x

j

e�

j"=1

k

�;R

;

1

R

k�

y

j

e�

j"=1

k

�;R

�

; � :=

1

R

2

k�

�

e�

j"=1

k

�;R

;
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and suppose that Æ; �; � < 1. Then, the 
anoni
al transformation �

�e�

"

, de�ned as the 
ow time "

of the non-autonomous Hamiltonian �e� (the time is ") is a real analyti
 di�eomorphism, de�ned

in D(�

"

; R

"

), with �

"

= (1� j"jÆ)� and R

"

= minf1� j"j�;

p

1� j"j�gR, for any �1 � " � 1,

and su
h that �

�e�

"

(D(�

"

; R

"

)) � D(�; R). Moreover, if we set �

��

"

�Id := (�

(")

;X

(")

; I

(")

;Y

(")

),

then �

(")

;X

(")

j

; I

(")

;Y

(")

j

2 E (�

"

; R

"

), j = 1; 2, with

k�

(")

k

�

"

;R

"

� j"jÆ�; kI

(")

k

�

"

;R

"

� �R

2

; kX

(")

j

k

�

"

;R

"

� �R; kY

(")

j

k

�

"

;R

"

� �R:

The remaining results of this se
tion, Lemmas A.4, A.5, A.6 and A.7, are te
hni
al lemmas

used throughout the paper.

Lemma A.4 Let f 2 E

0;0;M;M

with M 2 N (see Se
tion 2). We 
onsider the following equiva-

lent expressions for f (see (31), (32) and (33)),

f =

M

X

m=0

M

X

n=0

f

m;n

q

m

1

q

M�m

2

p

M�n

1

p

n

2

=

M

X

i=0

�

i

1

M�i

X

j=0

f

M�j;i+j

�

M�i�j

3

�

j

4

+

M

X

i=1

�

i

2

M�i

X

j=0

f

M�i�j;j

�

M�i�j

3

�

j

4

=

M

X

i=0

�

i

1

M�i

X

j=0

b

f

i;j

�

M�i�j

3

�

j

4

+

M

X

i=1

�

i

2

M�i

X

j=0

e

f

i;j

�

M�i�j

3

�

j

4

;

where �

1

= �

1

= q

1

p

2

, �

2

= �

2

= q

2

p

1

, �

3

= q

1

p

1

, �

4

= q

2

p

2

, �

3

= i(q

1

p

1

+ q

2

p

2

)=2 and

�

4

= (q

1

p

1

� q

2

p

2

)=2. Then, we have:

M

X

m=0

M

X

n=0

jf

m;n

j �

M

X

i=0

M�i

X

j=0

j

b

f

i;j

j+

M

X

i=1

M�i

X

j=0

j

e

f

i;j

j � 2

M

M

X

m=0

M

X

n=0

jf

m;n

j:

Proof : We denote by

e

f �

e

f(�) and

b

f �

b

f(�) the polynomial expressions of f � f(q; p) in

powers of � = (�

1

; �

2

; �

3

; �

4

) and � = (�

1

; �

2

; �

3

; �

4

) as given in the statement, with

e

f 2 C

M

[�℄

and

b

f 2 C

M

[�℄. Thus, we have that f ,

e

f and

b

f represent the same fun
tion but expressed in

di�erent variables. We observe that if we 
ompute the absolute norms kf(q; p)k, k

e

f(�)k and

k

b

f(�)k (see (11)), using their expansions in powers of the 
orresponding variables, we obtain:

kf(q; p)k = k

e

f(�)k =

M

X

m=0

M

X

n=0

jf

m;n

j; k

b

f(�)k =

M

X

i=0

M�i

X

j=0

j

b

f

i;j

j+

M

X

i=1

M�i

X

j=0

j

e

f

i;j

j:

Now, we 
onsider � as a fun
tion of (q; p), � � �(q; p), so that �

j

(q; p) 2 C

2

[q; p℄, j = 1; : : : ; 4.

Thus, using the multipli
ative 
hara
ter of the k � k-norm (see Lemma A.1) and k�

j

(q; p)k = 1,

kf(q; p)k = k

b

f(�(q; p))k �

M

X

i=0

k�

1

(q; p)k

i

M�i

X

j=0

j

b

f

i;j

jk�

3

(q; p)k

M�i�j

k�

4

(q; p)k

j

+

M

X

i=1

k�

2

(q; p)k

i

M�i

X

j=0

j

e

f

i;j

jk�

3

(q; p)k

M�i�j

k�

4

(q; p)k

j

= k

b

f(�)k:
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This gives the �rst inequality on the statement. Now, we 
onsider � � �(�) and 
ompute

k

b

f(�)k = k

e

f(�(�))k �

M

X

i=0

k�

1

(�)k

i

M�i

X

j=0

jf

M�j;i+j

jk�

3

(�)k

M�i�j

k�

4

(�)k

j

+

M

X

i=1

k�

2

(�)k

i

M�i

X

j=0

jf

M�i�j;j

jk�

3

(�)k

M�i�j

k�

4

(�)k

j

� 2

M

kf(q; p)k;

be
ause �

j

(�) 2 C

1

[�℄ with k�

j

(�)k � 2, j = 1; : : : ; 4. This ends the proof.

�

Lemma A.5 We 
onsider the re
urren
es for fa

k

g

k�3

and fb

l;m

g

l�3;m�0

introdu
ed in (55)

and (56) (see Lemma 6.2). Then, there exists

e

� > 1 su
h that a

k

�

e

�

k�3

and b

l;m

�

e

�

m

.

Proof : We pro
eed by indu
tion with respe
t to � � k � 3 � m, for � � 0. We observe that

this approa
h is 
oherent with the two re
urren
es be
ause b

l;m

(it means � = m) depends on

a

3

; : : : ; a

m+2

; b

l;0

; : : : ; b

l;m�1

(it means � � m � 1), and a

k

(it means � = k � 3) depends on

a

3

; : : : ; a

k�1

; b

k;0

; : : : ; b

4;k�4

(it means � � k � 4) and also on b

3;k�3

, whi
h 
orresponds to the

same indu
tive 
ase than a

k

, � = k � 3, but whose 
omputation only requires data from the

previous 
ases, � � k � 4.

The 
ase � = 0 is trivial. Let us suppose now that su
h a value of

e

� exists up to order �� 1

and we 
he
k the 
ase � � k � 3 � m, with � � 1. We have

a

k

�

e

�

k�3

 

2

3=2

e

�

�1

6(k � 2)(k � 1)!

k�3

X

j=1

j(j + 2)!(k � j)! +

2

k � 2

k�2

X

j=1

j

(j + 1)!

�

1

3

e

�

�

j�1

!

; (64)

b

l;m

�

e

�

m

 

e

�

�1

6m(l +m� 1)!

m

X

j=1

j(j + 2)!(l +m� j)!

!

: (65)

Hen
e, the 
onditions that we have to impose on

e

� be
ome 
lear: we want

e

� > 1 su
h that the

expressions between bra
kets in (64) and (65) are both less than or equal to one.

We 
onsider �rst (65). As we have to deal with values of l � 3, we have:

1

m(l +m� 1)!

m

X

j=1

j(j + 2)!(l +m� j)! �

1

m(m+ 2)!

m

X

j=1

j(j + 2)!(m + 3� j)! := �

m

;

be
ause the 
ase l = 3 is the one that gives the worst possibility for this expression. Now, we

observe that the term in the sum de�ning �

m


orresponding to the index j 
ontains a produ
t

of two fa
torial, given by (j+2)!(m+3� j)!, that does not 
hange if we repla
e j by m� j+1.

This motivates to 
onsider a di�erent alignment for the sum, by joining the 
ontribution of

both terms. To do this, we have to distinguish between the 
ases m even and m odd. If m is

even,

�

m

=

m + 1

m

m=2

X

j=1

(j + 2)!(m + 3� j)!

(m + 2)!

�

3

2

+1

X

j=1

(j + 2)!(j + 3)!

(2j + 2)!

:= A < +1;
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where we have used that the quotient (m + 3 � j)!=(m + 2)! is de
reasing as a fun
tion of m,

and thus, we 
an bound it by repla
ing m in the sum by the �rst value of m for whi
h the

s
ript j appears in the sum, that is m = 2j. Then, we only have to bound it for m � 2.

If m is odd then the indexes j = (m+ 1)=2 and m� j + 1 are 
oin
ident, but we obtain an

upper bound for �

m


ounting twi
e their 
ontribution. Hen
e,

�

m

�

m+ 1

m

(m+1)=2

X

j=1

(j + 2)!(m+ 3� j)!

(m+ 2)!

� 2

+1

X

j=1

(j + 2)!(j + 2)!

(2j + 1)!

:= B < +1;

using analogous arguments as in the previous bound and that m � 1.

The 
ontrol of the �rst sum inside the bra
kets of (64) is very similar to the 
ontrol of �

m

,

and we omit the details. We only mention that there is C > 0 su
h that

1

(k � 2)(k � 1)!

k�3

X

j=1

j(j + 2)!(k � j)! � C; k � 4:

Finally, the se
ond sum inside the bra
kets of (64) veri�es:

2

k � 2

k�2

X

j=1

j

(j + 1)!

�

1

3

e

�

�

j�1

� f

�

1

3

e

�

�

� f

�

1

3

�

= 9� 6e

1=3

:= D < 1; k � 4;

where

f(x) :=

+1

X

j=1

j

(j + 1)!

x

j�1

=

(x� 1)e

x

+ 1

x

2

;

is positive and stri
tly in
reasing for x � 0.

Thus, it is 
lear that we 
an de�ne

e

� > 1 as

e

� := maxf2

3=2

C=(1�D); A; Bg=6.

�

Lemma A.6 Let ! = (!

1

; !

2

) 2 R

2

verify the Diophantine 
ondition (3), that is, jhk; !ij �


jkj

��

1

, 8k 2 Z

2

n f(0; 0)g. Then, we have the following estimate for the quantities 


s

de�ned

in (42),




s

:= min

k2Z

2

nf(0;0)g

jk

2

j�s

fjhk; !ij; 1g � e
s

��

; s � 1;

where 0 < e
 � 1 is given by e
 := minf(3=2 + j!

2

=!

1

j)

��


; j!

1

j; 1g.

Proof : We only have to take the minimum of the following two 
ases:

� If 0 < jk

2

j � s, then there is a sole k

1

2 Z su
h that jk

1

+k

2

!

2

=!

1

j � 1=2. This k

1

veri�es

jk

1

j � jk

1

+ k

2

!

2

=!

1

j+ jk

2

!

2

=!

1

j � 1=2 + jk

2

jj!

2

=!

1

j:

Thus, using the Diophantine 
ondition (3) we obtain,

min

k

1

2Z

fjhk; !ijg � 
(1=2 + jk

2

jj!

2

=!

1

j+ jk

2

j)

��

� e
jk

2

j

��

� e
s

��

:
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� If k

2

= 0, jhk; !ij = jk

1

!

1

j � j!

1

j � e
s

��

.

�

Lemma A.7 With the same hypotheses of Lemma A.6. We 
onsider the quantities �

j

:=

2

j

j!=


j+1

j

, de�ned in (50). Then, given any " > 0, there is a 
onstant d

"

� d

"

(e
; �), su
h that

�

3

� � ��

s

� d

"

(s+ 1)

(�+1+")(s+1)

2

=2

; s � 3: (66)

Proof : Applying Lemma A.6 on the de�nition of �

j

, 3 � j � s, we have,

�

3

� � ��

s

� 2

3+���+s

e


�4�����(s+1)

�

3

4

� � � s

s+1

�

�

3! � � � s!:

Now, we use Stirling's formula, j! =

p

2�j

j+1=2

e

�j+�

j

=(12j)

, with 0 < �

j

< 1, thus obtaining:

�

3

� � ��

s

� 2

�3+s(s+1)=2

e

3�s(s+1)=2

e


6�(s+1)(s+2)=2

(

p

2�e

1=36

)

s�2

(s!=2)

�+1=2

�

3

3

� � � s

s

�

�+1

:

Moreover,

3

3

� � � s

s

= exp

 

s

X

j=3

j log j

!

� exp

�

Z

s+1

3

x log xdx

�

=

e

9=4

3

9=2

(s+ 1)

(s+1)

2

=2

e

(s+1)

2

=4

;

where we have used that f(x) := x logx is in
reasing if x � 3. Now, if we joint all together:

�

3

� � ��

s

�

(2=e)

�3+s(s+1)=2

e


�6+(s+1)(s+2)=2

(

p

2�e

1=36

)

s�2

�

s!

2

�

�+1=2

 

e

9=4

3

9=2

(s+ 1)

(s+1)

2

=2

e

(s+1)

2

=4

!

�+1

:

Then, it is 
lear that lim

s!+1

(�

3

� � ��

s

)(s+ 1)

�(�+1+")(s+1)

2

=2

= 0, showing the existen
e of d

"

.

�

Remark A.8 As it has been pointed in Remark 7.2, the estimate (66) is a very important one.

Let us de�ne

�

s

:=

log(�

3

� � ��

s

)

s

2

log s

:

Then, numeri
s suggests that for a Diophantine ve
tor ! 2 R

2

the behavior

lim sup

s!+1

�

s

= �;

for 
ertain � > 0, is the 
orre
t one. Thus, not a remarkable improvement 
an be expe
ted

for (66). The most simple 
ase is when !

1

= 1 and !

2

= (

p

5 � 1)=2 (the golden mean), for

whi
h lim

s!+1

�

s


an be easily 
omputed. Indeed, by using Stolz 
riteria and Stirling's formula

we have that if

lim

s!+1

1

2

�

1�

log


s

log s

�
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Figure 1: �

s

(veri
al axis) plotted with respe
t to s (horizontal axis, in logarithmi
 s
ale).

exists, then it equals to �. To 
ompute this limit one pro
eeds as follows. Let us denote by

fF

k

g

k�1

the Fibona

i numbers. From the well-known Diophantine properties of the golden

mean we have that there exists 
 > 0 making the approximation




F

k

= jF

k�1

� !

2

F

k

j � 
F

�1

k+1

asymptoti
ally valid for large values of k (re
all the de�nition of 


s

in (42)). With the above

expression on mind

lim

k!+1

log


k

logF

k

= � lim

k!+1

logF

k+1

logF

k

= �1:

To extend this limit to non-Fibona

i numbers let F

k(s)

be, for a given s, the largest Fibona

i

number not bigger than s, so F

k(s)

� s < F

k(s)+1

. Hen
e,

log


F

k(s)+1

logF

k(s)+1

�

log


s

log s

�

log


F

k(s)

logF

k(s)

:

But k(s) ! 1 as s does, giving � = 1 (re
al we 
an take � = 1 for ! = (1; (

p

5 � 1)=2). In

Figure 1 we plot �

s

as a fun
tion of log s for values of s from 5� 10

4

to 1� 10

6

.


