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Abstract

The purpose of this work is to give precise estimates for the size of the remainder of
the normalized Hamiltonian around a non semi-simple 1 : —1 resonant periodic orbit, as
a function of the distance to the orbit.

We counsider a periodic orbit of a real analytic three-degrees of freedom Hamiltonian
system having a pairwise collision of its non-trivial characteristic multipliers on the unit
circle. Under generic hypotheses of non-resonance and non-degeneracy of the collision,
we present a constructive methodology to reduce the Hamiltonian around the orbit to
its (integrable) normal form, up to any given order. This constructive process allows
to obtain quantitative estimates for the size of the remainder of the normal form, as a
function of the normalizing order. By selecting appropriately this order in terms of the
distance R to the resonant orbit, r = ro(R) := 2 + |[exp(W (log(1/RY T+1+2)))) |, we
have proved that the size of the remainder can be bounded (for small R) by R7ort(R)/2,
Here, W (-) stands for Lambert’s W function and verifies W (z)exp(W (2)) = z, 7 > 1 is
the exponent of the required Diophantine condition and € > 0 is any small quantity. The
reasons leading to this bound instead of classical exponentially small estimates are also
discussed.

AMS Mathematics Subject Classification: 37G05, 37G15
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1 Introduction

In this paper we study real analytic three-degrees of freedom Hamiltonian systems having a
1 : —1 resonant periodic orbit. More precisely, we are considering a three-degrees of freedom
Hamiltonian with a periodic orbit for which its four non-trivial characteristic multipliers (i.e.,
those different from one) collide pairwise in the unit circle or, in an equivalent way, its two
corresponding normal frequencies are equal.

We note that this is a non-strange situation in Hamiltonian mechanics, because if we have a
periodic orbit of a Hamiltonian then, under generic conditions, it can be seen that this orbit is
contained within a 1-parameter family of periodic orbits (parametrized by the energy, see [21]).
What we are asking to this family is that when the parameter moves there is a transition from
stability (the four non-trivial characteristic multipliers are different and of modulus one) to
complex instability (one non-trivial characteristic multiplier is a complex number of modulus
different from one and the other three are the complex conjugate number and the corresponding
inverse numbers) through a pairwise collision of its non-trivial characteristic multipliers in the
unit circle (at two conjugate points different from +1). This transition is usually referred as
the quasi-periodic Hamiltonian Andronov-Hopf bifurcation (see [17] for a wide study of this
bifurcation). Hence, the transition orbit is the one we are considering.

This simple mechanism for the generation of such resonant orbits makes this phenomenon
common in several mathematical models of science. Here we are not going to be more explicit
about the contexts where this transition has been detected, but we refer to the introductions
of [15] and [16] for a wide description of previous works on the subject, even analytic or numeric.

In a primary classification of this resonance, we can distinguish between two cases depending
on the semi-simple or non semi-simple character of the four dimensional box of the monodromy
matrix associated to the non-trivial multipliers (the box corresponding to the so-called normal
directions of the orbit). Of course the generic context is the non semi-simple one, and it is
the one we will focus on from now on. This is the non-degeneracy condition claimed in the
abstract.

Now we consider a system of symplectic coordinates in R® given by (6, z,I,y) € T' x R? x
R x R?, with the 2-form df A dI + dx A dy, T' := R/27Z, x = (x1,72) and y = (y1,y2). We
want # to be an angular variable describing the resonant periodic orbit, so that it corresponds
to the circle {I = 0, x = y = 0}. Such (local) system of coordinates always exists for a periodic
orbit (see [2] and [3]) and we refer to [11] for an example with an explicit construction of it.
Using this system as a framework, we perform a Floquet transformation around the resonant
periodic orbit in order to reduce the quadratic part of the Hamiltonian in the normal directions
(the ones given by (x,y)) to constant coefficients. This is achieved by means of a symplectic
change of coordinates, linear with respect to (z,y) and 27-periodic on € (see [1] and [17] for
the proof). The Hamiltonian expressed in the new variables takes the form:

€ ~
H(ea €T, Ia y) = wll + W2(y1x2 - y2x1) + §(y% + y%) + H(ea Z, Ia y)a (1)
where w; is the angular frequency of the orbit and w is its (only) normal frequency, so that the

non-trivial characteristic multipliers of the orbit are {\, A, 1/A,1/A}, with A\ = exp (27iwy/wy).
The function A contains higher order terms in (z, I,y). The sign ¢ = +1 is an invariant of the
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collision, but by means of a change of time, ¢ — —t, we exchange both contexts (see [15]). In
the forthcoming we shall assume € = +1.

A second criterion of classification for this resonance refers to the relation between w; and
wy. Hence, the resonance is called rational or irrational depending on the value of w; /wy. Again
we will focus on the generic situation and we will suppose w;/ws ¢ Q. But in this paper we will
ask for something more. As usual when working with quantitative estimates on normal forms
we will require w; and wy to satisfy a Diophantine condition (see (3)). This is the non-resonant
condition we ask for.

Our set up is Hamiltonian (1), with e = +1, that we assume can be analytically extended to
a (complex) neighbourhood of the periodic orbit. Since Poincaré’s dissertation [18], a natural
question arising from a system like (1) refers to its normal form. Of course, the normal form
associated toa 1 : —1 resonance has been previously investigated and the answer to this question
is known. We can quote [1] for the analogous case of a symplectic mapping and [23] for the
Hamiltonian Hopf bifurcation at equilibrium points in two-degrees of freedom Hamiltonian
systems (also see [14, 20, 13]). In [15] the specific case of a 1 : —1 resonant periodic orbit of
a three-degrees of freedom Hamiltonian is considered, the normal form is computed up to any
order and a detailed analysis of the dynamics of the normal form is given.

The principal difficulties when computing this normal form come from the “nilpotent” term
(y2+y2)/2, which give rise to non-diagonalizable normal variational equations around the orbit,
and hence, to non-diagonalizable homological equations (see (16)). This makes the analysis of
the normal form more involved than, for instance, the case of an elliptic periodic orbit.

What we have not found in the literature are previous works where this normal form has
been studied from the “quantitative” point of view, that is, by controlling how the size of the
remainder behaves as a function of the normalizing order and of the distance to the periodic
orbit. We recall that in presence of resonances normal forms computed up to any order are not
convergent in general. Thus, provided with these estimates on the remainder one can try to
optimize the order of the normal form, as a function of the distance to the periodic orbit, in
such a way that the size of the remainder becomes as small as possible. This is a classical issue
that has been worked out by many researchers (see, for instance, [7, 22, 6, 10]).

Therefore, this quantitative approach requires not only the identification of the non-remo-
vable terms of the normal form (this can be done in a quite standard way) but also to compute
explicitly the normalizing transformation, in such a way that we can control how its domain
of definition “shrinks” as a function of the normalizing order. The explicit (constructive)
computation of the normal form transformation is not difficult if the homological equations
are diagonal (which is the case of the previous works mentioned above), giving rise to simple
bounds for the normal form. Thus, one of the main contributions of this paper is to fully
develop a constructive algorithm to solve those homological equations, which allows to compute
the normalizing transformation for the Hamiltonian (1) (for instance, by means of the Lie
series method). This algorithm can be implemented numerically in a computer (see [11] for a
numerical computation of a normal form around an elliptic periodic orbit).

The quantitative result we have obtained is stated as follows.

Theorem 1.1 We consider the real analytic Hamiltonian H of (1), with € = +1, that we
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suppose defined in a complexr domain of the form
D(po, R := {(0,7,1,y) € Cx C* x Cx C* : [Im(0)| < po, |I| < (R™)?, |(z,y)] < RO}, (2)

for certain py > 0 and R©®) > 0, where |-| stands for the supremum norm. For this Hamiltonian
we assume that the weighted norm introduced in (9) (defined from the Taylor-Fourier expansion

of H, see (6)) is finite in this domain, so that ||H]|,, roy < +00. We also suppose that the vector
w = (wy,ws) verifies the Diophantine condition

(k) > ylkl,7, k€ Z*\{(0,0)}, (3)

for certain v > 0 and 7 > 1, where (-,-) means the inner product of R* and |k|; := |k1| + | k2.

Then, given any € > 0 and o > 1, both fized, there exists 0 < R* < 1, depending on py, R,
|H] 0. r0, |wil, |wal, v, 7, € and o, such that, for any 0 < R < R*, there is a real analytic
canonical diffeomorphism ¥R verifying:

(i) WB s defined in D(o%py/2, R) with VB (D(c72py/2, R)) C D(po/2,0R).

(i3) If we write W) —Id .= (O x ) T YR then all the components of this expression
are 2m-periodic on 6 and verify

10520512, < (1 = 0 2)po/2, IZ =20 /2,0 < (0% = 1) R,
1 o220 < (0 = DR, 19 lo-2p2e < (0 = DR, j=1,2,
(i4i) The transformed Hamiltonian by the action of V9 takes the form:
HoU B (G x.1,y)=2B (2, 1,y)+RBO,z,1,y),

where ZH) (the normal form) is an integrable Hamiltonian system which looks like

1
ZW (@, 1,y) = wil +wa (Y12 — 1o21) + §(yf+y§) + ZB(I, —(21 +23) /2, (1122 — y221)/2),

with Z5) (u, v, w) a polynomial of degree less than or equal to |1op:(R)/2] (|-] means the
integer part) starting at degree two and RE) contains higher order terms on (x,1,y).

(iv) The expression 1o (R) is given by
ropt(R) = 2 + [exp(W (log(1/RYH1F9))) |
with W : (0,400) — (0, +00) defined from the equation W (z)exp (W (z)) = z.
(v) ZW and R satisfy the bounds

1Z e < Hllpppo, IR lo-2pnj2,n < B2, (4)

(vi) R goes to zero with R faster than any algebraic order, so that

R 2

=0 Vn > 1.
R—0t+ R ’ "=
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Remark 1.2 The function W on the statement corresponds to the principal branch of a special
function W : C — C known as the Lambert W function. See [4] for details on it. Moreover,
for any T > 1 fized, the Lebesgue measure of the complementary of the set of w € R? for which
there is v > 0 verifying (3) is zero (see [12], Appendiz 4).

Remark 1.3 We have formulated Theorem 1.1 in terms of weighted norms instead of the
supremum one because working with them the proof becomes simpler. We note that they provide
upper bounds for the supremum norm (see Section 2 for more details).

At this point, it is natural to compare Theorem 1.1 with previous quantitative results on normal
forms. We select the case of an elliptic periodic orbit of a real analytic three-degrees of freedom
Hamiltonian system. After a Floquet transformation the Hamiltonian around this orbit is

w w ~
H(O, 7, 1,y) = ol + (0] +97) + (@5 + 13) + H(O, 5,1, y). (5)

If the vector of frequencies w = (w;,wsq,ws) satisfies a Diophantine condition of the form
[(k,w)| > v|k|T7, k € 23\ {(0,0,0)}, with v > 0 and 7 > 2, then we can compute, up to
any arbitrary order r, the normal form around the orbit, that takes the form (we keep the same
name for the transformed Hamiltonian and variables)

H(0,2,1y) = 201, (a7 + 1) /2, (25 + 93)/2) + RV (0,2, L, y),

where Z() (u, v, w) is a polynomial of degree less than or equal to |r/2] and R(") contains higher
order terms in (x,I,y). What is proved in this case (under the same analyticity hypotheses
as in Theorem 1.1) is that if we pick the normalizing order r = rou(R) := |b/R%("*V |, then
IR po/a,r < aexp (—b/R*(THV) for certain a,b > 0 independent of R (see [10]). This implies
that an exponentially small bound for the remainder is obtained in the elliptic case, which is
something extremely smaller than (4). Let us try to explain briefly the reason of this completely
different behaviour (see also Remark 8.2).

We recall that the non semi-simple character of the variational equations of the resonant
periodic orbit of (1) is translated to the homological equations (16). Then, when solving those
equations we find the same phenomenon as when solving an algebraic linear system with a
matrix given by a n-dimensional Jordan box, with A at the diagonal: the last component of the
solution we compute has a factor of the form 1/A™. In our context, we can identify n with the
order of the normal form we are processing at the present time, so that the size of those boxes
increase with the order, and A is an integer combination of w; and ws, depending also on the
order (the so-called small divisors). But in the elliptic case homological equations are diagonal
and only one small divisor appears in the denominator of any component of the solution. This
is a colossal difference between the semi-simple and non semi-simple context, that is responsible
for the poor estimate (4). We do not claim estimates on Theorem 1.1 are optimal, but we are
convinced that they cannot be strongly improved with the standard quantitative approach to
bound normal forms (see Remarks 7.2 and A.8).

The contents of this paper are organized as follows. The first step is to introduce the basic
notations and definitions we will use to formulate and prove the results of the paper. This is
done in Section 2. In Section 3 we present the specific method we will use to construct the
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(canonical) normal form transformation, which is based on the Lie series method. Section 4
tackles the resolution of the homological equations related to the normal form process. More
concretely, a constructive algorithm to solve the order s homological equation and to obtain the
order s non-removable terms is presented, for any s > 3. The (formal) solutions thus obtained
are studied in quantitative form in Section 5. In Section 6 the full normal form process of
Section 3 is considered from the quantitative point of view, giving bounds for the generating
function of the transformation in terms of the order. In Section 7 those bounds are converted
into bounds for the remainder of the normal form, as function of the order and of the distance
to the resonant orbit. The optimal way to select the normal form order as a function of this
distance is discussed in Section 8. The proof of Theorem 1.1 is given in Section 9. Finally,
Appendix A is an appendix where we have compiled some technical results used along the

paper.

2 Basic notations and definitions

In this section we introduce some notations and definitions to be used throughout the paper.
We shall denote by E the complex vectorial space of formal Taylor-Fourier series of type

E:= {f = f0,0,1,0): f =Y frimnl'd"p" exp (ik@)}, (6)

k,lomn

with ¢ = (q1,¢2), p = (p1,p2), k € Z, 1 € Z and m,n € Z3, where Z, = NU {0}. Here and
along the paper we will use extensively the standard multi-index notation: ¢™ = ¢{"*¢5"* and
so on. Given a monomial o = I'q™p" exp (ikf) € E, we define its adapted degree (so its degree
from now on) as deg(«) := 20+ |m/|, +|n|;. Hence, the degree on I is counted twice with respect
to the degree on (q,p). The expression |u|; means the absolute norm of a complex vector u,
given by |uly := >, |u;|. In the same way, we will write |u| for the supremum norm of u. We
will extend the same notations to denote the associated matrix norms.

This definition of degree is motivated by the action of the Poisson bracket on E. Given

f,g € E, we define its Poisson bracket by

2
{fag} = 80f '819_ 8If : 809+Z(841f -0 9 — 8sz 8zg) (7)

=1

Thus, if o, 8 € E are two monomials, then deg({«, 8}) = deg(a) + deg(8) — 2, giving the
homogeneity of the Poisson bracket with respect to the adapted degree. Related with the
Poisson bracket, we also introduce the (linear) Lie operator associated to each u € E:

L,-E — E
[ = Luf:{fau}

During the normalizing process we will work with several subspaces of E. Thus, E; will
stand for the subspace of E generated by the monomials of degree s. Moreover, given k € Z
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and [, M, N € Z., we denote by Ey; rs v the subspace of Ey 1y spanned by the monomials
of the form I'¢g™p"exp (ik#), with |m|, = M and |n|, = N. Hence,

E= P Eeouw 8)
kEZ

S
2l+M+N=s

We will also refer to general (complex) polynomials on the variables (g, I, p) or (¢, p) using the
standard notations Cs|g, I, p] (recall we are counting twice the degree on I) and C;lg, p].

As we want to work with analytic functions, we are interested in convergent series expan-
sions. Thus, given p > 0 and R > 0, we say that f € E(p, R) if f € E and the norm

1fllpe =Y frtmmn

k,lomn

R exp (|k|p) (9)

is finite. As we have mentioned before in Remark 1.3, ||f||,,r is an upper bound for the
supremum norm of f in D(p, R) (see (2) defined using (g, p) instead of (z,y)). If || f]|,,r < +o0
it implies that f is analytic in the interior of D(p, R) and bounded on the boundary. Conversely,
if f is analytic in a neighbourhood of D(p, R), then ||f||,r < +00. We point out that the
definitions of || - ||, r and D(p, R) are coherent with the adapted degree.

In analogous way, given f € E, we say that it belongs to E(p) if the norm

fllo==" D |futmnl exp(klp) (10)

k,l,m,n
2l+m+n=s

is finite. For such s-homogeneous f we have || f||,r = || f||,R°. A very important case is when
f € Clg, I, p], where p plays no role. For such an f we define

A=Y |fosmal- (11)

l,m,n
2l+m-+n=s
Some basic properties of these norms are surveyed in Appendix A. Those properties are very
similar to the ones for the classical supremum norm. Therefore, we have preferred to work
with weighted norms instead of the supremum norm because several estimates become simpler
with them, for instance those on small divisors. Thus, weighted norms have been widely used
to quantify the effect of small divisors in normal forms (see for example [7, 22, 6, 10, 17]).
Alternatively, one can work with the supremum norm and using the estimates of Riissmann on
small divisors (see [19]).

The last definition in this section refers to the symmetries we will ask for the complex
coefficients of f € E. In Section 3 we will introduce a complexified version of Hamiltonian (1),
so that the variables (¢, p) will follow from (x,y) by means of a suitable linear but complex
transformation (see (17)). This “complexification” implies several symmetries on the coefficients
of the functions involved. Let S : E — E be the (linear) operator defined by

FrS() = D (=)™ o mgan I'q™p" exp(ik0), (12)

k,lomn
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where bar denotes complex conjugation. Then, we will use the notation ES to refer to the
elements f € E such that S(f) = f. Equivalently, we will say that f € ES satisfies the S-
symmetries. We extend the S-notation to ES and Ef, ,, y. It is important to note that if
f,g € E then {f, g} € E®, so that the S-symmetries are preserved by Poisson brackets.

As a final remark, we observe that the definition of E and the related ones have been made
(for convenience) in terms of (g, p), but everything rules replacing (¢, p) by (z, ).

3 Construction of the normalizing transformation

This section issues the specific method used to construct the normal form transformation.

A very natural way to compute the normalizing transformation is to look for it as a com-
position of a sequence of canonical transformations, in such a way that the normal form is
computed, “degree-wise” by choosing the s*-transformation to remove the non-resonant terms
of degree s + 2 from the Hamiltonian obtained after the previous step, for s > 1. However, if
one is interested in further applications of the normal form (for instance a quantitative analysis
or a numerical implementation), it is advisable to use some “closed” algorithm which computes
the normalizing transformation from a single canonical change. More precisely, throughout
this work we shall use the Giorgilli-Galgani algorithm (see [8, 9, 7, 22]) applied to formal
Taylor-Fourier series in E.

Definition 3.1 (The Giorgilli-Galgani algorithm) Let G =) ., G;, with G, € E;. We
define the map Tg : E — E in the following way. Given f =Y., fi, with f; € K, then
Tof = 2521 Fy, where Fy = Zle fis—i and the terms f s € By are computed recursively by

fio="Ffi  fs=D é{fl,s—j; Gaij}, s> 1 (13)
j=1

Usually, the sum G is known as the generating function of the transformation.

Remark 3.2 The very important property of transformation Tq s that if f and G are conver-
gent, then T f = fo®_X, where ®-X means the flow time & of the non-autonomous Hamilto-
nian —x (the time is €), with x =Y 5, sGs426° 1. So, the coordinate transformation given by
b=Tg0, J=Tcl, Q; =Tgq; and P, = Tgp; (i = 1,2) is canonical and 2m-periodic on 0. For
an account of these properties, together with their corresponding proofs, see [8].

The idea is thus to take f = H, the Hamilton function, to construct an ad hoc generating
function G and to apply algorithm 3.1 to cast H into its normal form. This reduction process
can be done recursively and the following algorithm can be given to determine both G' and the
normal form.

Proposition 3.3 Consider H = ) ., H;, with H; € E;, and the generating function G =
Yooz Gs. If we write TecH =) -, Z,s, with Z, € By, then the following relations are satisfied:

Z2 = HQ, {GS,HQ} —+ Zs = Fs, S Z 3, (14)
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where,
s—3 ] §—2 ]
Fy=H;, F,= ; 8__2{25,3-, Gayjt + ; e 524 (15)

Here, the quantities H;j, may be computed recursively from the formulas (13).

The proof of Proposition 3.3 is formally identical to the proof of the corresponding classical
one in [7] and [22], so the reader is referred to there.

From the relation (14), it is clear that the important point is to investigate the solvability,
in terms of Gy and Z, of the homological equations

Lg,G, + Z, = F,, (16)

for a given F; € E;, in such a way that Z, takes the simplest possible form.
In order to deal with such homological equations, it is convenient to introduce the following
(complex) coordinates,

_ @ P2 _ilg + o) Gt ;m il —p1)

x ) aj - bl - ) —_ T = .
1 \/5 2 \/i Y1 \/§ Y2 \/i

These relations define a linear canonical change

0,z,1,y) =¢(0,q,1,p), (18)

which transforms the Hamiltonian H of (1) into H := # o ¢, which we expand as

(17)

H(HJqJIJp):HQ(qJIJP)+ZHl(97qJIJp)J (19)

1>3
with H, € E;, where Hy is given (for e = +1) by
Hy = wil +iws(qip1 + qop2) + qopr. (20)

These kind of transformations are usual in normal forms to put the homological equations
in diagonal form. In our case this is not possible but, as we will explain in Section 4, using
complex coordinates we can re-write (16) as a family of algebraic systems of linear equations
with lower-triangular matrices.

Remark 3.4 The price we pay for these simplifications on the homological equations s that
Hamiltonian (19) is not given by a real analytic function but by a complex analytic one, so that
real values of (x,y) correspond to complex values of (q,p) such that § = —pe and §o = py. This
is equivalent to say that H verifies S(H) = H (see (12)), and hence H € ES. Conversely, given
any convergent series ' € ES | then F o ¢~ is a real analytic function.

Alternatively to the complexification of H there is the chance to perform the normal form on
the real Hamiltonian and complexify the system only when solving the homological equations.
We have preferred to work with a complex Hamiltonian, but both approaches are equivalent.
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4 Resolution of the homological equations

Given F, € ES, s > 3, the target of this section is to look for the simplest expression for Z; € ES
(the normal form) in such a way that there exists G5 € ES verifying (16) (see Section 2 for
notations). We recall that we know a-priori how Z looks because the normal form around a
non semi-simple resonant 1 : —1 periodic orbit has been previously investigated (see [1, 15, 17]).

Proposition 4.1 We consider Hy defined in (20) with wi/wy ¢ Q and the decomposition
E, = E° & Ef, with

S

E) = @ Fo,1,01,n ES = @ Ex1,01,N 5 20+ M+ N = s,
M=N |+ |M— N|£0

s0 that B = {0} if s is odd. Given F, € ES, s > 3, we write it as
F,=F'+F'  FeE), F'ecE/. (21)
Then, we have:

(a) There exists a unique G} € Ef such that Ly,GF = F;". Moreover, G} € ES.

(b) If s is even, there is a real homogeneous polynomial Zs(u,v,w) of (standard) degree s/2,
which is uniquely defined in terms of F?, such that if we set

Zs(q7 Iap) = Zs(la q1p2, i((hpl + Q2p2)/2)a (22)

then Z; € E) NES and there is G° € E) (not unique) verifying Ly,G% + Zy = F?.
Moreover, G2 can be chosen so that G° € ES.

Consequently, if s is odd G5 := G} and Z := 0 solve equation (16) in ES, and if s is even so
do G5 := G} + G? and Z; given by (22).

Remark 4.2 To relate Proposition 4.1 with the normal form given in Theorem 1.1, we observe
that if we return to real variables by means of the inverse change of (17) one gets

qi1p2 = —(ﬁ =+ l’%)/Qa i(lel + QZPQ)/2 = (y1$2 - yle)/2, (23)

But Proposition 4.1 does not solve completely our problem, as we want to compute construc-
tively Z, and Gy, so that we can give precise bounds on them.

First of all, to simplify notations, we assume the degree s > 3 fixed and we skip the
subscript s of Fy, G, and Z,. At this stage, we consider a generic F' € E,, whereas the role of
the S-symmetries will be considered later on.

Given a monomial oo = I'¢g™p" exp (ikf), direct computations show that

Ly,a= <Q + m1@ — n2&> a, (24)
a1 P2

where Hy is the one in (20) and Q has been introduced as

Q= Qk,\mh,\nh = iwlk' —+ iw2(|m|1 — |7’L|1) (25)



12 QQuantitative estimates on the normal form around a non semi-simple periodic orbit

On the other hand, the quotient ¢,/¢; does not appear if the monomial o has m; = 0. Similarly
for the quotient p;/p,. With this remark (24) is fully justified. Expression (24) implies that
all the subspaces E;; v C E, introduced in (8) are invariant by the action of Ly,. Thus,
given F' € E; we decompose it according to its projection into the subspaces Ej s n, so that
F =3 unFeimn, with 20 + M + N = s, and the same for G and Z, and we investigate
separatel’y’ the equations

Ly, Grymn + Zigmn = Frgmn. (26)

As it will be discussed below, equations with k& # 0 or M # N, so that E,;yn C E,
can be solved by simply setting Z;; v = 0. The only possible non-removable (or resonant)
monomials are those in Eg; ps 57, with 204+2M = s (so s has to be even and then Eg; s C EY).
The explanation of this fact is that the condition w;/wy ¢ Q implies that Qg y = 0 if and
only if k=0 and M = N . In Sections 4.1 and 4.2 we will consider both cases separately.

4.1 The case 2 #0

The first point we remark is that if F' € Ky ; » v C K, then its coefficients are readily determined
by just a pair of subscripts. In view of (6), it is advisable to denote fu,, = fiim.M—m N—nn
with 0 < m < M and 0 < n < N (we skip k£ and [ since they are held fixed). With the
notation above, equation (26) can be translated into an algebraic system of linear equations
for the (complex) coefficients of Gy n (dime Egyp v = (M 4+ 1)(N + 1)). For this purpose
we introduce f = fy; v~ and g = gi v n as the arrays holding the coefficients f, ,, and g,
respectively. We order those coefficients through the following claim: ¢, 3 < ga,» (9,3 precedes
Ja) if > « or, when p = «, if f > o (the same for f,,,). Therefore, g takes the form

*

g = (g}kWa g}kwfla T g;)()a still with g; = (gj,Na 9j,N—1,95j,N-2;5 - - -, Gj,1, gj,O)a for ] = 07 R M7
where the star means transposition (and identically for f). Hence, if we set Z;; pn = 0, then
equation (26) is equivalent to solve Ag = f, with A = Ay )y a square matrix of dimension
(M+1)(N+1). It is straightforward to check that this system is writen block-wise (with M +1
blocks of dimension N + 1) as

Dy am NiYs
Ey Dy gm—-1 far—1
Ey—1 Dy a2 | = | fm2 |. (27)
E, Dy go fO

The different blocks stand for E; = j-Idy41, with Idy4q the (N +1) x (N +1) identity matrix,
whereas Dy = Q- Idyy1 — Py, with Q = Qp v (see (25)) and

Py = N-1 0 ) (28)
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It follows from this description, that the matrix A is a band lower-triangular matrix, where all
the entries different from zero are placed at the main diagonal and on two bands (sub-diagonals)
below the main diagonal. Moreover, the elements of the diagonal are all them equal to £2. Hence,
if 2 # 0, this specific part of the homological equations (we mean their components on the
subspace Ej; p,v) has a unique solution which can be easily obtained.

At this point, we have proved part (a) of Proposition 4.1, thus solving the projection of
equation (16) into E* by setting Z = 0. Clearly,

Gt = Z Gri,m,N- (29)

214+ M+N=s
[k [M = N[0

Furthermore, G satisfies the S-symmetries if F'* does. To ensure this one can check that if
Gk,l,M,N iS (the only) solution Of LHsz,l,M,N = Fk,l,M,N; then LHQS(Gk,l,M,N) = S(Fk,l,M,N)-

Remark 4.3 We point out that the Diophantine condition (8) is not required to ensure con-
vergence of G if F™ does. This is because, for a fized s, in the divisors iwik + iwa(M — N)
appearing in the homological equation we have that M — N ranges between —s and s, and there-
fore, for all k € Z, these divisors are bounded from below whenever wy/wsy is irrational. But we
need (3) to control the amplification factor in the norm of G* with respect to the norm of F't.

4.2 The case (2=0

To complete the normal form reduction process we are forced to study the projection of (16)
into E (i.e., we have to consider (26) with £ = 0 and M = N). Then, we have to inquire which
are the terms in F° that can be eliminated with a suitable G (even though Q = 0), and which
ones are non-removable and have to remain as resonant terms.

To simplify notations we fix the values of [ and M, with 2] + 2M = s even, and we denote
by L the linear operator Ly, restricted to Fg s, so that L : Koo aar — Eoo,a,0. Thus, we
observe that given F' € Ko s We can express it as [’ = Ilﬁ, with F € Ko, 0,30 - Then, we
have Ly, F = I'LF, and hence the expression I' is uncoupled from equation (26). Consequently,
we only have to investigate the solvability in Eg g as.as, for M > 1 (the case M = 0 is trivial), of

LG+Z=F. (30)

The important point now is that Ker L # {0}, which implies that Range L is strictly contained
in Ko o,a,0. What we have to do is to find a complementary subspace of Range L in Eg g as,nr-
A standard way to do this is to introduce a Hermitian product (-|-) in Eg o a,n and to consider
the decomposition FEy o = Ker L'® Range L, where L' is the adjoint operator of L with
respect to (-|-). In this paper we do not consider this method because we will construct G and
7 explicitly from ﬁ, but full details of this approach in our context can be found in [17].
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Given F' € Ey a0 We express it in the form:

M M—i
+ Z((hpl)i Z fM—z'fj,j(‘hpl)Mfifj((Izpz)j- (31)
im1 i=0

Now, we introduce & = (&1, &2, €3,€4) defined by

&1 = qip2, §2 = q2p1, & = i(qip1 + @2p2)/2, &= (1p1 — @2p2) /2, (32)

so that ¢1p; = —i& + & and gupe = —i&5 — &. By replacing (g, p) in terms of £ in (31), we
obtain an expression of the form

M
F=Yg S Jg4+2522f”5§4 g, (33)

=0 7=0 =1 7=0

where the coefficients {ﬁ,j}gngM,i are easily obtained from the coefficients { far_;i+jto<j<mr—i
of (31), for any 0 < ¢ < M, and the coefficients {f; ;}o<j<m—i follow from {far—i_j }o<j<rr—is
for any 1 < i < M (for explicit expressions, see [17]). Moreover, expression (33) is a real

polynomial in & if F verifies the S-symmetries (check that the components of £ are real under
those symmetries: S(§) = £). Now, we look for

M M—i
ézzsz s J54+Z£QZgz,]§£4 g, (34)
=1 7=0 =0 7=0

We stress that the sums defining F:\ and G are arranged in a different way. This will ease the
computation of the coefficients of G. At this point it is convenient to know how the operator
L acts on the &~-monomials involved in G. First we have,

{61, Hy} = =284, {&2, Hy} = 0, {6, Ha} = 0, {64, Hao} = &,

and hence, if 1 > 1,

LEEED = 0u(EGEL{&, o) + 06 (GEED (& Ha} + 0 (GGG, 1o}
= —2i6 g +g&aE = -2+ gET - g e

where we have used that && = —(€2 + £2). Analogously, L(€i€4¢&)) = jeittesel™" . These
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computations together on G give the following expression for LG:

M M—i M M—i
=Y 87D Gy {(22’ +5)& T + g ‘Z‘”%ﬁ‘l} +Y G g T =
i=1 Jj=0 i=0 §j=0

M-1 M—v—2
=D &G D A A DG + (0 DG} &'
v=0 le

+ (v + M)/g\u+1,M—1/—2€3€iVI_U_1 + v+ M+ ]-)/g\I/—I—I,M—V—lfiVI_V]

M M—v
+ 8 (Vg und e (35)
v=1 n=0

Remark 4.4 We observe that the coefficients {gi o }io,.. m are missing in L@, so that they play

no-role in equation (30). They are responsible for the non-uniqueness of G. From now on we
set them g; 0 = 0 (to keep the symmetries and to have minimal norm). Moreover, we also point
out that there is a small “abuse” of notation for the expression inside the square brackets when
v =M —1, because the term (v + M)/g\VH,M,V,gfgfiw’”’l has no-sense and has to be removed.
Similarly, the sum from p=1to u=M —v — 2 is empty forv =M —2 and v =M — 1.

Now, we have to compare this expression for LG with the one for F' in (33), trying to determine
the coefficients {g; ;} and {g;;} and the resonant terms Z from (30). Our first try is to set
Z = 0. Then by comparison of the coefficients of £5&;" ™" 7#¢¥, one gets the relations,

(u+1)ﬁy,1,u+1:fyyu, v=1,..., M, w=0,...,M —wv. (36)

Hence, the coefficients {g;;} of G in (34) are now fully determined (see also Remark 4.4).
Similarly, a comparison of the coefficients of €762 #¢# leads to the following family of linear
systems (0 < v < M — 1 is the parameter):

_(21/ + K + 1)fq\u+1,,ufl - (/u + 1)§V+1,u+1 = fl/,ua H= 17 T M—v-— 27

—W+ M)y m—v—2 = fom-v-1, (37)
_(V+M+ 1)/g\V+1,M—I/—1 = fu,M—l/;

See Remark 4.4 to understand this system for v = M — 2 and v = M — 1. These linear
systems are easily solved by backwards substitution with respect to p and they determine all
the coefficients {g; ;} of G in (34). In particular, for a fixed v, the equation corresponding to
p = 2 gives the solution for g, 1, so that the term fq\y+1,1§1”§§4’” inside the square brackets
of (35) cannot be used to remove fy,ofl”iéw’” from F. Thus, these terms have to be adjusted
by taking a non-zero Z. From here it is very simple to identify the non-removable terms, that
are those given by

M M M-1
Z = ZZifi 3 = Zfi,ofi 37+ Z Gy e, (38)
=0 =0 v=0
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Finally, if we consider a generic F° € E? (with s even), then we express it as

s/2 s/2 s/2—1s/2—1
ZI Fs/2 1= Z Z Z fO,l,m s/2—l—m,s/2—1— nnIZQTQS/Q i 5/2 . npga (39)
=0 m=0 n=0

with ﬁs/?—l € Koo,5/2-1,5/2—1- Then, we solve Las/Z—l + 25/2—1 = ﬁs/Q—l in By g5/2-1,5/2-1 as
described above, and we get

s/2 s/2

- le@s/Q—la Z = ZIlES/Q—la (40)
=0 =0

solving the projection of (16) into E). Furthermore, it is clear that if F° satisfies the S-
symmetries, then it is also true for the above defined G° and Z.

5 Bounds for the solution of the homological equations

At this point we know in a very precise way not only the structure of the normal form but
also an effective method to compute the generating function of the normalizing transformation,
according to Definition 3.1 and Proposition 3.3. Now it is time to start the quantitative part of
the process. The first step is, of course, to bound the solutions for Gy and Z, of equation (16)
in terms of F;. This will be done by using the weighted norms introduced in Section 2. The
result we have obtained is stated as follows.

Proposition 5.1 With the same hypotheses of Proposition 4.1. Let Fy € ES(p) for certain
p > 0 (see (10)) and consider equation (16). Then, the solutions for G5 and Zs given by
Proposition 4.1 can be chosen (as constructed in Section 4) such that G5 € ES(p) with the
following bounds (recall Zy =0 if s is odd),

Gl < Qs—i—l ||F lpr  NZl < 222 F,, (41)
where
Qs:=  min {|{k,w)|,1}. (42)
kez?\{(0,0)}
|k2\<s

Remark 5.2 Let us assume for a moment that w also verifies the Diophantine condition (3),
so that Qs > ¥s~7, s > 1, for certain 0 < 7 < 1 (see Lemma A.6). This estimate on € is
very pessimistic for a lot of values of s, but we can think that “morally” is “quite sharp” for an
infinite number of them (maybe by decreasing the exponent 7). Given a generic F € ES (py, Ry)
(see (9)) for certain py, Ry > 0, we can formally solve equation Ly,G + Z = F, order by
order, obtaining the bound (41) for the terms of degree s. However, from this bound and the
corresponding one of s, one cannot ensure the convergence of G =) Gy and hence, cannot
prove that G € ES(py, Ry) for any 0 < p; < py and 0 < Ry < Ry. This makes a strong
difference between the semi-simple and non semi-simple case, where the corresponding bounds
of G in terms of Fs, combined with the Diophantine condition, lead to the convergence of G.
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The proof of Proposition 5.1 is divided in two subsections according to decomposition (21) of

F; and Gy. In Section 5.1 we will bound G in terms of Ff and in Section 5.2 we will bound

GY and Z, in terms of F? (we observe that ||Fs||, = ||FT]|, + | FY || and the same for Gy).
Again, as done in Section 4, we will skip the subscript s everywhere to simplify the notation.

5.1 Bounds for G*
We start considering the projection of equation (16) into Ey; pyny C EF, with 20+ M + N = s

and Q = Qv # 0 (see (25)). Hence, what we have to do is to solve (27). For this purpose,
we compute explicitly the inverse of the (M + 1)(N + 1)-square matrix A = Ay v associated

to this system. This inverse can be written block-wise as

(%)
(T)e= (Mo)m

A= (e (e () , (43)
()P (MCD)om (M23)Paa 0 (B

where we have introduced D, = (—1)""!(v — 1)! D”. To compute the powers D,” (for v =
1,...,M + 1) we use the definition of Dy and the binomial formula:

L1 1o\ L (=1 =\ L,
Dy’ = (Q-Tdyu — Py) " = (IdN+1 — QPN> =D i ( ; ) Py, (44)
j=0

where we have used that the matrix Py (see (28)) is (N + 1)-nilpotent. More concretely, direct
computation of the powers P, for j =1,..., N, yields

0
0 0

Py=1J'G) 0 0
0 4l 0 0
0 0 i) 0 0

Hence, the only coefficients different from zero of P]{, are those in a sub-diagonal starting at
the (5 + 1) row. Moreover,

(—_y) _ (_l)ju(u+1)---.(l/+j—1) _ (_1)j<z/+]:—1>.

J J

Thus, defining
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and by substitution in (44), one obtains an explicit expression for these matrices

(%) an (%j) an -1 (%:3) an—z """ (8) ao
The next lemma furnishes an estimate on the absolute norm of A" (see (43)).
Lemma 5.3 With the notations and definitions above, the following inequality holds

1 >M+N (M + N)! (45)

ATy < (1 + =
1 9] 9]

Proof : From the definition of the norm | - |; for matrices, one has to look at the column of
A~ with the biggest absolute norm, and it is clear that it is the first one. Then,

M M

AT = ; (f) Dysi = ;V! <Aj> DR,
SR EE O e
< O (S ) (5 Chms) < 5 (o)

where it has been used that, if 0 <v < M and 0 < j < N,

y!j!<”]+,j> < (M +N)L.
O

Remark 5.4 We observe that bound (45) is “quite sharp”, in the following sense: the most
“dangerous term” coming from (45) is the power M + N +1 of the small divisor 1/|Q|, and the
coefficient of this power cannot be improved because the sum given by the expression of |[A7'];

contains a summand of the form (M + N)!/|QM N+,
We have opted for bounding |[A~™!|; because from the definition of the absolute norm we obtain

1Grraenllp < [Agpn

v | Framnllp < e nrn || Fe v ||

with
1 )M“V (M + N)!

=11+
HoALN < |01, ]

U n|
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Therefore, summation of all those terms of G which are in Ef (see (29)) yields to:

1G*), = Z ||Gk,l,M,N||P S Z Hk,M,NHFk’l’M,N“p
21 M+N 20+ M—|—N
n 258!
S 2l+I£?I:)]if:s {/Lk’M’N} ||F ||P S Q§+1 ||F ||p7 (46)
k| +|M—N|£0

where ), is defined in (42).

5.2 Bounds for G' and Z

Now it is time to bound, in terms of ||F°|| (see (11) for the definition of the norm), the solutions
for the projection of equation (16) into E?, namely G° and Z.

We start bounding the solutions in Eq o 570 of (30). To do this, we find two main difficulties.
On the one hand, we have to bound the solutions for the coefficients {g”} in (36) and {7}
in (37) in terms of {f; 4} and { i 4}, respectively (these coefficients give F and @ expressed in
powers of £, see (33) and (34)). On the other hand, we have to translate these bounds into a
bound for ||G|| in terms of ||F|| (recall that ||G|| and ||F|| are computed from the coefficients
of G and F expressed in powers of (g,p)).

In what concerns to {g;;}, we have from (36) (recall also that g; o = 0, see Remark 4.4),

M M—i M M—i
DD NGl <30 Ifil (47)
i=0 j=0 i=1 j=0

The control of the {g;;} is more involved. It requires to do some work with the recurrent
formula defining the solutions of (37).

Lemma 5.5 For the solutions of (37), we have

M M-—i M 1M—i
O Gl < Z > il
=1 5=0 =0 j=1

Proof : We consider system (37) for 0 < v < M — 3 (the particular cases v = M — 2 and
v = M — 1 can be easily discussed, see Remark 4.4). Thus, we obtain

~ o 1 j? —~ - 1 7
1 M—v—-1 = M1 v,M—v> 1, M—v—2 — v+ M v,M—v—1,
plus the (backwards) recurrence
o~ 1 n p+1
Juipu—1 = _7]‘- GJu+1,pu+1, n = 1, ceey M—v—2.

2v+p+1 V’”_2V+,u+1
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By taking complex modulus, we derive the recursive bounds

|/g\1/+1 |fV7ﬂ|+|/g\V+1:lt+1|7 /LZIJ"'JM_V_Z

| < —
wtl S 507 p+1
Then, it can be easily checked by induction that the general term of the solution verifies:
s
Goriu1l < v ut2i, =1,...,M —v.
Gs1 1| < Z% 21/+M+2j+1|f’u+2]| K v

Moreover, we note that these inequalities also work for v = M — 2 and v = M — 1. Now, we
sum all those components for 1 < u < M — v, obtaining

M—v M—v
Z |/g\u+1,u71| S Z
n=1 u:l 7=0

g o+1
< I/O'_ VO'
< 3 el <3 2

The desired result follows at once by summing these bounds for 0 <v < M — 1.

LM_;_MJ 1 M—v LU+1J

21/+u+2j+1|f”’“+2j| Z W+o+1

O
By combining (47) and Lemma 5.5, we derive the following bound for the coefficients of G
n (34) in terms of those of F in (33):

M M-—: M— M M—i M M—i
> 1Gil + Z SN ED I (48)
i=1 j=0 i=0 j=0 i=0 j=0 i=1 j=0

Moreover, using Lemma 5.5 we also can control the coefficients of the non-removable terms Z
given in (38), obtaining that the same bound holds,

M M N M-1 M M— M M-—:
Y 1ZI< Y I <D D Rl #20 Iidl: (49)
=0 =0 v=0 =0 7=0 =1 5=0

The next step is to translate inequalities (48) and (49) into bounds for ||@|| and ||2|| as a
function of ||F||. It forces to control the changes of variables that relate the coefficients of these
functions in powers of (¢, p) with the ones in powers of £. It is done in Lemma A.4, and we
obtain R R R R
IGI < 2"IFll, ]l < 2Y) F].
To end this section we only have to consider the expressions of F°, G° and Z given in (39)
and (40), thus obtaining

s/2 s/2 s/2
GO =D NGy dll <D 2P Fapp ) <227 | Eupdll = 2272 O
=0 =0 =0

Analogously, we derive the bound [|Z|| < 2°/2||F°||. Now, by joining these bounds with (46)
the proof of Proposition 5.1 follows straightforward.
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6 Bounds for the normalizing process

In this section we resume, from the quantitative point of view, the normalizing process for
the Hamiltonian H given in (19). The recurrent formulas of Proposition 3.3 provide us with
a closed algorithm to compute G and Z as a function of the coefficients of the Hamiltonian
H. Moreover, Proposition 5.1 gives bounds for the solutions Gy and Z; of the homological
equations (16) in terms of the bounds on Fy which, in view of the recursive formula (15), can
be computed from those on the previous solutions.

The target of the present section is to convert those recurrent formulas into bounds for G
and Z,, for s > 3, depending only on initial data on H and on s.

Proposition 6.1 We consider the Hamiltonian H given in (19), with Hy given in (20). We
suppose that H € ES (py, Rg) for certain py > 0 and Ry > 0, with ||H||y0,z, < cRZ, being ¢ > 1.
Moreover, we assume that wy/wy ¢ Q. We compute the functions G5 and Zs of the normalizing
process introduced in Proposition 3.3, for s > 3, where equation (16) has been solved as stated
in Proposition 4.1, accordingly to the constructive method described in Section 4 and thus with
the bounds given by Proposition 5.1. Then, there exists A > 1 (universal constant) such that,

1 )\5730572A§—3
Gsllspoya < 5(8—1)!ﬁ3...55—

RS—Z )
Z| < %(8 —1)!Bs-- _5512s/2)\sR3;22A§3,
for any s > 3, with
= g A'::“ijil j>3 (50)
Qgﬂ, ! epo I’ =9

where §; is defined in (42).

The proof of Proposition 6.1 is a straightforward consequence of Lemma 6.2 and Lemma A.5.
First, Lemma 6.2 gives more precise quantitative information on the objects involved in the
normal form algorithm of Proposition 3.3.

Lemma 6.2 With the same hypotheses of Proposition 6.1. Let us consider a fized integer
s > 3. From this value of s we introduce

1y = Po
s —1 10
A5
and define the s-depending quantities (53(-5) = ps/j, j=3,...,s—1. Then, we have the following
bounds for the algorithm given in Proposition 3.3,

m, . m+1 Am
3" TEAY

— ’
R6+m 2

1 Hm ——— Bs B (51)

£ £ < b
oo gl < bam
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foranyl >3 and m > 0, with 3 <1+ m <s, and for any k > 3 we have

k—3 k—2 A k—3
B AR VAN

Qg
1Bkl s p0 = = (B =1)155 - 'ﬁk—IT; (52)
a k-3 kuAlsch
||Gk|| (S) 5}21 < ?(k - 1)!63 e 'ﬁkT; (53)
0
a 2k/23k73ck72Alscf3
12l < gk(k — D)!Bs - By i : (54)
0

where B;, j = 3,---,s and A, are those in (50). The quantities {ay} and {b,m} are defined
through the following recurrences:

4 = 2 § (G + 2!k — §)lass jar_; + Ii | Datginio (55)
k 6(k-2)(l{; 1)' ]:1] ] . ] 245Uk —j l{; 2 P ]+1 3j—1 )
1 L .
b = o (Hm_1),Z](j+2)!(z+m—j)!a2+jbl,m_j, (56)

I
_

J

with a3 =1 and by =1 for any | > 3.

Remark 6.3 Again, several “abuse of notation” have been done in the statement of Lemma 6.2.
First, the definition of ps has no-sense for s = 3, but in this case it plays no-role. Moreover,
we have to understand that py — 5?(,5) — = 555) equals to py and B3 --- By = 1. Finally, we recall
that Z, = 0 if s is odd, but we have not taken advantage on this fact.

On its turn, Lemma A.5 gives a geometrical bound for the quantities {a;} and {by;.}, so that
ap < AF=3 and bym < Am , for certain X > 1. From here, we deduce Proposition 6.1 in an easy
way, by taking A := 3\ (We observe that 6;5) +-+ (5§5_)1 = po/4 in (53)).

Next to that, we prove Lemma 6.2. The precise statement and proof of Lemma A.5 is given
in Appendix A.

Proof of Lemma 6.2: We keep fixed the value of s > 3 along the proof, so that we can
remove the s-dependence from the notation (pu = ps, 0, = 5 , Ay = A and so on). Moreover,
we consider the following simplification for the notation of the domains. We define:

03 1= Po, Uj::p0_63_"'_6j7 j:4,...,5—1.

Now let us clarify the role of p, A and of {,} in the proof. Let us take f; € E(p + d;) and
fm € B (p+ 0,,), for certain p > 0 and [,m € {3,...,s — 1}. Then, we have (see (7)),

[
s bl < (5o + g+ 40 ) Wil = Bl sl s 67

where we have used Lemma A.1 to bound the #-derivatives and the norm of the product. Hence,
by choosing the values for {d,} of the statement, we have that A acts as a homogenization
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factor for the norm of the Poisson bracket with respect to the degree of f, and f,,,. Finally, as
mentioned in Remark 6.3, p is selected so that o, 1 = 3py/4.

The last observation before starting the proof refers to the bound on H. The hypothesis
| H || 0.7y < cR% and the definition H; o = H; imply (recall we are using a weighted norm),

1 Hyollpy = [1Hllpy < /Ry %, 123, (58)

We perform the proof by induction on the following property:

P, :={(51) holds for any 3 <!+ m < u, m > 0; (52), (53) and (54) hold for any 3 < k < pu}.
For po = 3 it is clear that Ps is true. Indeed, Hs g = Hj, F3 = H3zy and Ly, G+ Z3 = F3. Thus,
[ Hsolloo < ¢/Ro, | F3ll00 < ¢/ Ro,

and by applying Proposition 5.1 we obtain
1Z]| = 0, 1G3llp0 < Bl F3ll50 < B3¢/ Ro.

From here, P; follows.

Now we suppose Pi_; true, for certain £ > 4, and we want to check that P, also holds.
We start bounding H;,,, with [ +m =k (I > 3, m > 0). The case | = k and m = 0 is
clear from (58). Hence, we suppose m > 1 and we use formula (13) on H;,,, thus obtaining
(see (57)),

m .
J
ZE ] +2 l+m_])A||G2+J||Um+2+5z+]||Hlm J||Um+2+5z+m I (59)

Jj=1

In order to use the inductive hypothesis Pj_; on (59), we have to check that the domains where
we want to control the norms of Gyy; and H;,,_;, for j = 1,...,m, are contained inside the
domains for which we have the bounds given by P,_;. For G, we need,

am+2+5j+2 So'j-i-l e 53+"'+5j+2 < 53+"'+5m+2-
It holds if 1 < j < m. For H;,, ; the condition is
Omt2 + O0tym—j < Om—jrz = 03+ 4+ 0p_jy2 + 0pmey < 03+ -+ + dppyo.

The worst case for [ is clearly when [ = 3 (because §; decreases with 1), so that we have to check
03+« 4 Om—jy2 + Om—jis < O3+ + -+ + Oppa.

It is obviously true if 1 < 7 < m. Thus,

—J a3 3ITtd AT
[ Himllone < Y =G +2)(I+m—j)A 2+] G+ DB Poyjm—i—
=" It
(l+m—-j5—1)! 3m—iem—jtl Am=j
X bl,m—j (l _ 1)' 63 e ﬁm—j—I—Q Ré—l_m_‘j_Q
l+m—1)! 3memtl Am
< bz,mgﬂ:s B2

— ’
Réer 2

-1
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where we have used that if 1 < 7 < m then B3---foy;f5- - Bm_ji2 < B3+ Ptz (We observe
that f3; is increasing as function of j, see (50)) and the inductive definition of b, in (56). Now
it is the turn of Fj,. Formula (15) gives

k—3 . k—2 .
J . . J
[Filloy ) < m@ + )k = ANG2 1 llo s +50s; [1 2651 + Z m||H2+jak*j*2||0'k71'

Again, to use the inductive bounds P, _; we require certain compatibility conditions on the
domains where the norms are evaluated:
O—k71+52+j O1+j, j:]-,---,k_3,

<
< Ok—j, jzla"'ak_Qa

Ok—1

which are not difficult to verify. Then, we have

B

-3 .

J . A 0245 RN A
||Fk||ﬂ'k—1 < fo m(Q +j)(k — ])AT(] +1)18; - By R{)
G ' o(k—j)/23k—j—3 k—j—2 A k—j—3
X Tj(k — ] — 1)'53 Tt 5]97]'71 ngijiz
k-2 . - - -
J (k _ 1)] 3k—]—20k—]—1Ak—y—2
A N CAY Al - N B
+jz:1k_2 24,k —j 2(j+1)!ﬂ3 Bk j R’g”

a 3k—3 k=2 A\ k-3

< Ek(k —1)!B3- -ﬁk_IT

Here we have used, in the first sum, that Bs---Boy ;B3 Br_j 1267/2 < B+ B 1232 for
1 < j5 <k —3. Indeed, the case j = k — 3 is clear and the other ones are easily proved by
observing that 8;1/2 < ;41 for any j > 3 (see (50)), and hence 332(k=7=3/2 < B, .. The
increasing character of the sequence {f3;} ends the proof. Moreover, in the second sum, we
have used that A > 1, ¢ > 1 and f3--- 8, < fB3---Bp_1 for 1 < j < k —2. Then, we use
the definition of a; in (55). Finally, the bounds on ||Gy||s,_, and ||Zg|| are a straightforward
application of Proposition 5.1.

O

7 Bounds for the remainder of the normal form

We compute a finite order normalizing process for the (complexified) Hamiltonian H of (19).
Thus, we have a generating function G = G5 + --- + G,., for a certain fixed order (degree)
r > 3, and the corresponding finite order normal form Z(" = Z, + ... + Z,, with Z, = H,,
according to the algorithm of Proposition 3.3.
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Now, we consider the canonical transformation T H (see Definition 3.1) or equivalently
HodX”, with X =37 5Gy 102" (see Remark 3.2), then

e=1 »
(TG(T)H) (07 q, I) p) =Ho (b;:XI(T) (97 q, Ia p) = Z(T) (q7 Ia p) + R(r) (07 q, I) p)a (60)
where from Proposition 4.1 we have that Z(") takes the form

Z(T)(qa I,p) = wil +iwe(qip1 + @2p2) + G201 + Z(T)([; Q1p2, 1(qip1 + @2p2)/2), (61)

where Z)(u, v, w) is a polynomial of (standard) degree less than or equal to [r/2] in (u,v,w),
starting at degree two.

By applying Proposition 6.1 we can derive bounds for G, 3 < s < r, as a function of s and
of some initial data on H. The purpose of this section is to use those bounds on G to estimate
the size of the remainder R(") as a function of » and of the distance to the resonant orbit.

Therefore, before doing that let us return to real variables. We recall that the complexified
Hamiltonian H of (19) has been obtained from # in (1), with e = +1, by replacing the variables
(z,y) by (¢,p) through the canonical change ¢ of (18). As the S-symmetries induced by the
complexification (see Section 2) have been preserved by the normal from algorithm of Section 4
(see Proposition 4.1), we can go back to real variables by means of ¢! (see Remark 3.4).
Hence, equation (60) is converted into the real expression

Hod X7 ™M@ 4. 1,y) =20 0ot + RO 6oL, (62)
Then, a bound for R o ¢~! is given by the next result.

Proposition 7.1 With the same hypotheses of Proposition 6.1 and the notation above. We
also assume that the vector w satisfies the Diophantine condition (3). Given any o > 1 and
0 <" <&, all fized, then there exists d > 0, depending on py, ¢, |wi|, |we|, v, 7, " and ",
such that if we define,

, o o 1o'Ry

no__ _ 1 _ 42 — (7") —
o = mln{l o (1 o )pO}a o C'ZV+ 0_”7 Rz (’I“ _ 2)(7-}—1-}—5’)(?—2)/2’

then, for anyr >3 and 0 < R < Rl(r),

. . — (7‘)0 - - . - . .
(a) The canonical transformation @E:bf “) s a real analytic diffeomorphism defined in the

domain D(c-2py/2, R (see (2)), with &_ X" (D(6-2py/2, R)) C D(po/2,R).

1

(b) If we set @;:(’fmw_
E(O—ipo/Qa RET))f ] = 17 2; verz'fymg

)~ Id = (00, X0, T YO then we have D, X, 10 Y €

J
10| =2pyj2,1 < (1= 072)po /2, IZo-2po 2,0 < (0% = 1)R?,
1 =220 < (0 = DR 135 lo=2por2.0 < (0 = )R,

(c) The following bounds hold for the normal form and for the remainder:

127 0 0w < |1 Hlpre 1R 0 0 lo2pan < cRAR/RE) L
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Proof : As the value of r > 3 is held fixed along this proof, the super-script “(r)” will be
omitted in all the r-depending expressions.

Now, let us start describing the main trick in the proof (it has also been used in [11]). After
we have fixed the order r of the normal form, we can use the following process to compute the
remainder: we take Gy = 0 and Z, = Fj, for s > r, as solutions of (16), and thus R = > _ Z;,
according to the recurrences of Proposition 3.3. Unfortunately, the bounds on those recurrences
provided by Lemma 6.2 only apply if we consider the solution of (16) given by Proposition 4.1,
but not if we set G5 = 0. Of course, we have the chance to still using the recurrences of
Definition 3.1 and Proposition 3.3 to bound the remainder, by adapting Lemma 6.2 (see for
instance [7] for an example of this and [17] for the application of this methodology to the
present context). However, we have preferred to follow a different method, trying to overcome
the tedious estimates on the above mentioned algorithm.

Let us suppose proved that the canonical transformation @;:()fwfl) acts as described in items
(a) and (b) on the statement. Then, by using Lemma A.2 and by taking (weighted) norms

n (60), we obtain:

° 1
1H 0 075 lg2ppon, = 1200 e + IR 00 lom2pos2,me < | Hllposzoms < I1H g0, < B,

This inequality gives bounds on the transformed Hamiltonian without doing estimates on the
normal form algorithm. A-priori, this bound on R o ¢~! does not look quite small, but we
recall that we know by construction that the Taylor expansion on (g, I,p) of the remainder
starts at degree r+ 1. It gives item (c) on the statement. This fact is another of the advantages
of working with a weighted norm. Hence, the important point is to prove (a) and (b).

From Lemma A.3 we know that the action of ®-%°*"") can be discussed in terms of bounds
on the derivatives of X(0,z,I,y;¢) := y o ¢ L. More precisely, we have to control x; := X(+; 1),

-~ " 4s _ s
||afxl|poUR<Z G0 s (0B, ||aa><1||%o,gRsZ;||Gsoso1||gp0<oR>,
||axj>zl||%o,0RsZs2||Gsow||gpo<aR>s*% ||6ijl|po,aR<Z s(1Gao g Iy (0R)

s=3

for 5 = 1,2. Thus, the key expression to be studied is, for any 0 < R < R;,

r

- §— - s/29 §—3 s— §— oR =
g(UR) = ZS2||GSOSO 1||3p0/4(UR) 2 S 22 /258!/83"'/85)\ 3C 2AS 3 (R—())
5=3 5=3

To derive this estimate we have used the bounds on ||Gl|sp,/4 coming from Proposition 6.1.
Moreover, we observe that the effect of ¢! in the bounds can be controlled in terms of the
degree of Gy as |G 0 ¢ 3504 < 25/2||Gs||3p0/4. The control of the product S35 ---f, is carried
out in Lemma A.7 (see also Lemma A.6). Moreover, we also have (see (50)),
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Thus, if d.» is the constant provided by Lemma A.7 we obtain

4 s—1 53 " oR
< . s/2 1ys—3 S~ 2 (T4+14€")(s+1)%/
g(oR) E den2 3 A (4 + —log ( 5 )) (s +1) Ro

€pPo
R
< d T+1+5 )(s—2)2 o
< i (%)

where d is the value asked on the statement, whose existence is clear because &’ > ¢" (compare
with the determination of d. in the proof of Lemma A.7). Now, we observe that from the
definition of R; we have

!/

5—2
§ T+1+€ )(s—2)%/2 o T 1\s—2 rd o
9loRi) < d <(r — 2)(T+1+E’)(r—2)/2> < d(o)" " <d —7-

Hence, from the definition of ¢” we obtain, for any 0 < R < R;,

1

maX{ ||aIX1||p0/20'R7( ) ||a6‘Xl||p0/2(7R} < 1 _0.727

1
s L2010, Tl 0, Tl < 1-0

Then, a direct application of Lemma A.3 gives (a) and (b), ending the proof.
Il

Remark 7.2 The bound on the product 5 --- 3, provided by Lemma A.7 is the key one in
the paper: it is responsible for the estimate of Theorem 1.1 for the size of the remainder of
the normal form in terms of the Lambert function (instead, for instance, of an exponentially
small one). Thus, it is quite natural to wonder if (66) can be improved. As it is discussed in
Remark A.8, not a remarkable improvement can be expected for this estimate.

8 Optimal normalization order

After Section 7 we have identified the normal form up to any order and we have also controlled
the canonical normal form transformation. Hence, the only thing that remains to do before
proving Theorem 1.1 is to ask the main question of this paper: we have to discuss, according
to the bound for R(") given by Proposition 7.1, what is the “optimal” choice for r as a function
of the distance, R, to the resonant periodic orbit, in such a way that the remainder of the
normal form becomes as small as possible. The answer to this question is given by the next
proposition.

Proposition 8.1 With the same statement of Proposition 7.1. Let us consider a fixed £, with
0 <& <& < e. If we select the order of the normal form, r, as a function of R so that
r = Top(R), with

rop(R) =2 + |exp(W (log(1/R" ) |
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where W (-) verifies W (z) exp (W(2)) = z, for any z > 0 (see Remark 1.2), then we obtain the
following estimate for the remainder of the (real) normal form (62),

[RT®) 0 ¢ | spon < B2, 0< R< R

where R* depends on py, Ro, ¢, |wi|, |wa|, v, 7, €, €', €" and o.

Proof : By using the definition of Rgr) and part (c) of Proposition 7.1, we obtain

. ) (T _ 2)(T+1+€’)(7‘72)/2R
||R(7") o ||U*2p0/2,R S CRO < O'_IO"RO

r+1
) ., 0<R<R".
Now, we define r( as the first integer such that (r—2)'=9)=2/2 < 5=15'Ry, and thus, if r > g,
IRT) 0 o™ M |p-2pnjor < €RZ ((r — 2)0THIC=22 ) g« R < RO, (63)

Given any R > 0 fixed, we define the following function:

(T+14¢e)(r—2)(r+1)
2

h(r) :=log(cR3) + log(r —2) + (r + 1) log R,
which equals to the logarithm of the present bound for R o ¢=!||,-2,, /2 . What we want to
do is to minimize (as much as possible) h(r). Thus, we compute its derivative,

(r+1+¢)(2r—1)

h'(r) = 5 log(r — 2) +

(T+14¢e)(r+1)
2

+ log R,

and try to look for the value of r such that A'(r) = 0. It leads to a complicate expression, and
hence, we only consider the dominant part

(T+1+¢)(r—2)log(r —2)+logR=0 <= log(r — 2)exp(log(r — 2)) = log(1/RY(T+1+9),

which suggests the choice r = r,,,(R) on the statement. For this (integer) value of r we have
(r—2) 192 < 1/R, giving from (63) the bound for [|[R™ o t||,-2,,/2,z. on the statement
if R is small enough (we observe that the condition 7., (R) > ry means R small enough).

4

Remark 8.2 Now, we can compare Proposition 8.1 with the context of an elliptic periodic orbit
of a real analytic three degrees of freedom Hamiltonian (see (5) and text below). Of course, we
do not plan to give full details for the elliptic case, but a reader familiar with bounds on normal
forms will find no-difficulties in filling the holes. Thus, in the elliptic context we obtain the
same bounds for ||Gs|[3p,/a as in Proposition 6.1, but by setting in (50)

-1 .
= min k,w)l|,1}.
€ keZS\{(o,o,o)}{|< b1y
k2| +ks|<j
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If w is Diophantine, we have an estimate like B; <5157, j > 1 (compare with Lemma A.6). A
re-formulation of Proposition 7.1 using this estimate leads to an expression of the form Rl(r)
b/r™L, for certain b > 0, from which follows a bound like ||R™)||,0/a.r < a(r™ R/b)™+, with
a > 0. Thus, an exponentially small estimate of the form |R")||,y/4.r < aexp(—(c/R)YHD)
is obtained for the remainder. This result coincides with the one of [6] for an elliptic fized point
of a Hamiltonian system (obtained also using Giorgilli-Galgani algorithm), but did not match
the exponent 2/(T+ 1) of [10], which has been obtained using a different strategy to quantify the

normal form, which cannot be applied to the present contert (read the reason in Remark 5.2).

9 Proof of Theorem 1.1

The last issue that remains to do is to prove Theorem 1.1. The proof follows from Propo-
sitions 7.1 and 8.1 (see also Proposition 6.1). We take the real Hamiltonian H (60, z,I,y) and
consider the complezified one H(0,q,1,p) = Hoy (see (18)). In order to apply the results men-
tioned above, we set Ry := R(") //2 and ¢ := max{[|H|| ,, zo/R3,1}. Hence (see Lemma A.2),

1 [ o, = 111 © @llpo.o < 1]y 00 < B,

Moreover, we pick (for example) £/ = £/2 and ” = ¢'/2, thus defining R* from Proposition 8.1.

Now, if we set 7 := ro,(R) as a normalizing order, U(9) .= (1);:(>1<(r)w—1)7 78 = 7)o ! and
RE) .= R o ! (see (60), (61) and (62)), we have that items (i) — (v) on the statement of
Theorem 1.1 follow directly from Propositions 7.1 and 8.1. In particular, we observe that (61)

gives the desired expression for the normal form if we use (23). Part (vi) is a consequence of
(v) and of the definition of r,,(R).
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A Lemmata

In this appendix we include some of the technical results used along the paper that we have
preferred not to state in the body of the article. Our idea has been to stress in the main part of
the paper the key points of the constructions we present, and to postpone the most technical
details till this section. We hope that this presentation helps to the readability of the paper.

In the first three results, that are given without proof, we want to survey some basic prop-
erties of the weighted norms introduced in Section 2. The proof of Lemma A.1 is quite direct
and the proof of Lemma A.2 is not difficult using Lemma A.1 (just expand and bound). The
proof of Lemma A.3 is more delicate, but it is very similar to a result that is well known in
terms of the supremum norm (see, for instance, [5]). The differences refer to the use of the
weighted norm instead of the supremum one when bounding the composition of functions (we
have to use Lemma A.2) and thus we also omit the proof (just bound the integral expressions
given by the solutions of the flow). For full details, see [17].

Lemma A.1 Let f,g € E(p,R), and 0 < § < p. Then we have:

D 1F ol < Wl Nl (i) 00 s < 1108

Moreover, analogous properties can be generalized to the norms || - ||, and || - || in Es(p) and
Cs(q, 1, p|, respectively.

Lemma A.2 Let us take 0 < py < p and 0 < Ry < R and consider the analytic functions @, T,
Q; and P;, j = 1,2, all belonging to E(py, Ro) and verifying |O|| 0,80 < P — pos | Z]lp0.ry < R?
and max;—1 2{1| D}l po.r0s |Pjllpo.ro } < R. Then, given any f € E(p, R), the function F(0,q,1,p)
defined by F := f(6 + ©,Q,Z,P), with Q = (Q1,Qs) and P = (P1,Pa), is such that F €
E(po, Ro) and |Fllpnr, < I1f

|paR'
Lemma A.3 Let X(0,x,1,y;¢) be a real analytic function of the form X = o Xs426° 1, with
X; € Ej(p), 7 > 3, for certain p > 0. Given R > 0, we define N

1, 1. 1. 1.
5::;||8IXIE:1||9,R7 atzjg}?fg}{ﬁll%xe:lllp,fz,ﬁllaijezlllpﬁ}, B = 7 100X|e=1llo.r;
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and suppose that §,«, 3 < 1. Then, the canonical transformation ®-X, defined as the flow time e
of the non-autonomous Hamiltonian —X (the time is €) is a real analytic diffeomorphism, defined
in D(pe, R.), with p. = (1 — |£]d)p and R, = min{l — |e|a, /1 — |g|B} R, for any —1 < e <1,
and such that O X(D(p., R.)) C D(p, R). Moreover, if we set ®-X—1Id := (0©) X 1) YE)),
then ©©, X9, 1) Y\ € E(p., R.), j = 1,2, with

||@<€> o < BRE, (X

oo < |€l0p, (I por. < R, (YY)

pe,Re S aR.

The remaining results of this section, Lemmas A.4, A.5, A.6 and A.7, are technical lemmas
used throughout the paper.

Lemma A.4 Let f € Egonm with M € N (see Section 2). We consider the following equiva-
lent expressions for [ (see (31), (32) and (33)),

M M
YD fmadi ey ”—ZmeM gatils
1=0

m=0 n=0
M M-—i

+ 2775 Z fM—i—j,jn:a o ] 251 Z fmféw " ]54 + Zfz Z fwgéw . Jf4;
i=1  j=0

where 1y = & = qp2, 72 = & = @p1, N3 = @P1, M = P2, & = i(CI1p1 + quQ)/2 and
&1 = (up1 — @op2)/2. Then, we have:

M M M M—i M M—i
)IPRITHED 35 SITFES 35 SIAELED 9p R
m=0 n=0 =0 7=0 i=1 j5=0 m=0 n=0

Proof : We denote by f f( ) and f f(f) the polynomial expressions of f = f(q p) in
powers of 7 = (1, 1m2,m3,m4) and & = (51,52,53,54) as given in the statement, with f € Cy[n]
and f € Cy[€]. Thus, we have that f, f and f represent the same function but expressed in
different variables. We observe that if we compute the absolute norms || (g, p)|l, |[f(n)|| and
||f(§ )|| (see (11)), using their expansions in powers of the corresponding variables, we obtain:

M M M R M M-—i .
@) = 1F I =D mals TN =YD 10l + D03 1 Fesl-
i=1 j=0

m=0 n=0 i=0 j=0
Now, we consider £ as a function of (q,p), £ = £(q,p), so that &(q,p) € Clg,p], j =1,...,4.
Thus, using the multiplicative character of the || - ||-norm (see Lemma A.1) and ||&;(¢,p)|| = 1,

M—1

M M—1
£ (. o)l = 17 E@ol < S lElep) P> 1Falllé@ I 6l )|
i=0 =0

M M—g
+ > (@)Y 1l )M (e p) P = IFE).
i=1 =0
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This gives the first inequality on the statement. Now, we consider n = 7(£) and compute

M—i
RGIEIFG Z I 1 far g illms O na(€) 7
7=0

M—1i
+Z In21 Y [ farisllms O lIna(©)IF < 21 £ (g, p)]I,
i=1 =0

because n; (&) € C,[€] with [|n;(§)|| < 2, j =1,...,4. This ends the proof.
U

Lemma A.5 We consider the recurrences for {ak}r>3 and {blm}l>3 m>0 tntroduced in (55)
and (56) (see Lemma 6.2). Then, there exists X > 1 such that ay < A% and by m < am,

Proof : We proceed by induction with respect to u =k — 3 = m, for p > 0. We observe that
this approach is coherent with the two recurrences because b, (it means ;= m) depends on
Az, .- Qmy2, bros - oo, by (it means g < m — 1), and a; (it means g = k — 3) depends on
as, ..., Qk—1,bk0,...,015—a (it means p < k —4) and also on bz j_3, which corresponds to the
same inductive case than ax, p = k — 3, but whose computation only requires data from the
previous cases, u < k — 4. B

The case p = 0 is trivial. Let us suppose now that such a value of A exists up to order p—1
and we check the case p =k — 3 =m, with p > 1. We have

k—2

<~ 93/2 )1 k*3' ' ' 9 . 1\’!
wos <6<k—2><k—1>!Z‘]“”)“’“‘””k—2;(jiw (5) )’(64)

bm < A" ( * Z] j+2)! (l+m—J)) (65)

6m(l+m—1' —

VAN

Hence, the conditions that we have to impose on X become clear: we want A > 1 such that the
expressions between brackets in (64) and (65) are both less than or equal to one.
We consider first (65). As we have to deal with values of [ > 3, we have:

1 > i+ 2m+3— ) =5,

1 Zj(j+2)!(l+m—j)!§mj1

m(l +m —1)! =

because the case [ = 3 is the one that gives the worst possibility for this expression. Now, we
observe that the term in the sum defining ¥, corresponding to the index j contains a product
of two factorial, given by (74 2)!(m+3—j)!, that does not change if we replace j by m —j + 1.
This motivates to consider a different alignment for the sum, by joining the contribution of
both terms. To do this, we have to distinguish between the cases m even and m odd. If m is
even,

3= (i +2)!(+3)!
2

m+1m (7 +2)(m+3—j)!
=A<
z:: (2j + 2)! +00,

(m+2)!
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where we have used that the quotient (m + 3 — j)!/(m + 2)! is decreasing as a function of m,
and thus, we can bound it by replacing m in the sum by the first value of m for which the
script j appears in the sum, that is m = 2j. Then, we only have to bound it for m > 2.

If m is odd then the indexes j = (m +1)/2 and m — j + 1 are coincident, but we obtain an
upper bound for ¥, counting twice their contribution. Hence,

1)/2

m+1 (G+2)(m+3—j)! j+2 j—|—2)
5, < = B < +oo,
D ) =

using analogous arguments as in the previous bound and that m > 1.
The control of the first sum inside the brackets of (64) is very similar to the control of ¥,,,
and we omit the details. We only mention that there is C' > 0 such that

(k—2)1(k—1)!z_:j(j+2)!(k_j)!SC’ k> 4.

Finally, the second sum inside the brackets of (64) verifies:

2 N~ <i>j_1<f< ) f<>—9—6e1/3-—D<1 k>4
k=24 (j+1)! \3x B T ’ =

J

B

where

fz) = Z : J 2= w)

(j+1)! T

is positive and strictly increasing for x> 0.
Thus, it is clear that we can define X > 1 as A := max{2%/2C/(1 — D), A, B} /6.

4

Lemma A.6 Let w = (wy,ws) € R? verify the Diophantine condition (3), that is, |{(k,w)| >
Yk, Yk € Z2\ {(0,0)}. Then, we have the following estimate for the quantities Qs defined

in (42),
Qs:=  min  {|{k,w)|,1} > 7s77, s> 1,
keZ2\{(0,0)}
|k2|<s

where 0 <5 <1 is given by 7 := min{(3/2 + |ws/w1|) "7, |w1], 1}.
Proof : We only have to take the minimum of the following two cases:
e If 0 < |ky| < s, then there is a sole k; € Z such that |ky + kows/wi| < 1/2. This k; verifies
|k1| < k1 4 kowsa/wi| + |kawa/wi]| < 1/2 + |kg||lwa/wr].
Thus, using the Diophantine condition (3) we obtain,

min{[(k, w)[} = 7(1/2 + |kl lwa/wri] + [k2) ™" 2 ko 77 2 757
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o If kg = 0, |<k,w>| = |k1w1| Z |w1| Z ?S_T.
U

Lemma A.7 With the same hypotheses of Lemma A.6. We consider the quantities [3; :=
27 '/Q]Jrl defined in (50). Then, given any ¢ > 0, there is a constant d. = d.(7,7), such that

By By < do(s + 1)THHIEHD?/2) s> 3. (66)
Proof : Applying Lemma A.6 on the definition of ;, 3 < j <s, we have,
By e e By < Q3T tsm—Am—(st]) [34 .. .55“]73! gl
Now, we use Stirling’s formula, j! = /27j91/2e=7+%/02) | with 0 < &; < 1, thus obtaining:
By e By < 23D 23l t /255t 642)/2 (el /36)92 (51 )12 [33 .. ] H
Moreover,

s s+1 9/4 (5 4 1)(s+D/2
s 1 ] : ’
3B ...55 = exp <Z] log]) < exp (/3 X log :de) = 3972 els+1)2/4 )

=3

where we have used that f(x) := xlogx is increasing if x > 3. Now, if we joint all together:

5 T+1
(2/e)" 3+s(s+1)/2 — 1305 5, T+1/2 [ (9/4 (s + 1)(s+1) /2

P < = 6+(s+1 )(s+2)/2 39/2 e(s+1)2/4

Then, it is clear that lim,_, oo (S5 - - - B5) (s + 1)~ T2 — o showing the existence of d..

O

Remark A.8 As it has been pointed in Remark 7.2, the estimate (66) is a very important one.
Let us define

o 10g(53 Bs)

 s?logs

Then, numerics suggests that for a Diophantine vector w € R? the behavior

limsupa, = a,
s—+00

for certain « > 0, s the correct one. Thus, not a remarkable improvement can be expected
for (66). The most simple case is when w; = 1 and wy = (vV/5 — 1)/2 (the golden mean), for
which lim,_, o a5 can be easily computed. Indeed, by using Stolz criteria and Stirling’s formula

we have that if
1 log €2
lim - (1-—
s—400 2 log s
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Figure 1: a (verical axis) plotted with respect to s (horizontal axis, in logarithmic scale).

exists, then it equals to a. To compute this limit one proceeds as follows. Let us denote by
{Fi}k>1 the Fibonacci numbers. From the well-known Diophantine properties of the golden
mean we have that there exists v > 0 making the approximation

Qp, = [Fro1 — wol| = 7Fk_4r11
asymptotically valid for large values of k (recall the definition of Qg in (42)). With the above

erpression on mind

log Q) lim log Fi11 1

k150 log F koo log Fj,

To extend this limit to non-Fibonacci numbers let Fy ) be, for a given s, the largest Fibonacci
number not bigger than s, so Fyy < s < Fis41. Hence,

lOgQFk(s)Jrl < log €2 < logQFk(s)
log Frsy41 — logs — log Fi)

But k(s) — oo as s does, giving a = 1 (recal we can take 7 = 1 for w = (1,(v/5 —1)/2). In
Figure 1 we plot o as a function of log s for values of s from 5 x 10* to 1 x 10,



