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Abstract

In this work, our target is to analyze the dynamics around the 1 : —1 resonance which appears
when a family of periodic orbits of a real analytic three-degree of freedom Hamiltonian system
changes its stability from elliptic to a complex hyperbolic saddle passing through degenerate elliptic.
Our analytical approach consists of computing, in a constructive way and up to some given arbitrary
order, the normal form around that resonant (or critical) periodic orbit.

Hence, dealing with the normal form itself and the differential equations related to it, we derive
the generic existence of a two-parameter family of invariant 2D tori which bifurcate from the
critical periodic orbit. Moreover, the coefficient of the normal form that determines the stability
of the bifurcated tori is identified. This allows us to show the Hopf-like character of the unfolding:
elliptic tori unfold “around” hyperbolic periodic orbits (case of direct bifurcation) while normal
hyperbolic tori appear “around” elliptic periodic orbits (case of inverse bifurcation). Further, a
global description of the dynamics of the normal form is also given.
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1 Introduction
In this paper, the main topic is the study of the dynamics close to 1 : —1 resonant periodic orbits

of three-degree of freedom Hamiltonian systems. To be more precise: we consider a one-parameter
family of periodic orbits of a real analytic three-degree of freedom Hamiltonian system, and assume
that the orbits of the family are first linearly stable, for a critical value of the parameter the nontrivial
(i. e., those different from one) characteristic multipliers of the corresponding periodic orbit collide
on the unit circle (Krein collision) and then, if certain generic conditions are met, the characteristic
multipliers leave out the unit circle to the complex plane. Hence the family looses its (linear) stability
and the periodic orbits become complex unstable. In other words, the family changes from stable to
complex-unstable by means of a passage through a a critical, 1 : —1 resonant or simply resonant
periodic orbit (see figure 1).

These transitions are not a strange or uncommon phenomenon. Far beyond they are generic, so
examples can be found in several fields of science, from astronomy —galactic dynamics [19, 27, 28, 23],
planetary theory, e. g. in [13]- to particle accelerators, e. g. in [15]; and not only in three degrees of
freedom Hamiltonian systems, but also in higher dimensional problems. For example, in [22] families
of periodic orbits were found with transitions stable to complex-unstable for the spatial elliptic three
body problem (three and a half degrees of freedom): two pair of characteristic multipliers collide,
while the third stays on the unit circle.

Furthermore, this same mechanism of instabilization takes place in families of symplectic maps
where a fixed point undergoes Krein collisions of its eigenvalues for some (critical) value of the pa-
rameter: see [26, 24] and recently [16], where the behaviour of two of such families are investigated
numerically. This constitutes an alternative approach to the investigation of the phenomena, since



these maps can be thought of as Poincaré or first return maps of the corresponding flows (see the
Gorov’s introduction to the English edition of [29] for historical references).

On the other hand, several analytical studies have been also carried out: [4] (for symplectic maps)
and [33] for the Hamiltonian Hopf bifurcation at equilibrium points in two-degrees of freedom Hamil-
tonian systems (also see [21, 30, 20]).

Thus, with the above references on mind, the outcome of this work can be summarized as follows:
We rely on normal forms as the key tool of our approach, deriving in a constructive way and up
to any (arbitrary) order, a versal normal form of the Hamiltonian around the resonant periodic
orbit. This involves the following steps: (i) We assume the Hamiltonian given in a suitable system of
canonical coordinates which are adapted to the resonant periodic orbit; (ii) apply a canonical Floquet
transformation to reduce the normal variational equations of the orbit to constant coefficients and (iii)
proceed with the nonlinear reduction and describe, in some tricky and constructive way, the normal
form.

Hence, dealing with the normal form itself (i.e., we compute the normal form up to a given order
and we skip the remainder) we show the generic unfolding of a two-parameter family of 2D-invariant
tori (Hamiltonian Hopf bifurcation) and identify the coefficients which govern not only the bifurcation,
but also its character: direct or inverse. In the case of direct bifurcation, there appear elliptic tori
around complex-unstable periodic orbits, while in the case of inverse bifurcation, hyperbolic tori (but
also parabolic and elliptic tori) unfold around stable periodic orbits. This study is completed with a
description of the global dynamics of the normal form. We remark that this is not a merely qualitative
(i. e., formal) process for, in addition, accurate parametrizations of the families of invariant tori and
even of the invariant manifolds of the hyperbolic periodic orbits and hyperbolic tori are derived in this
way.

The contents of this paper are organized as follows. Section 2 tackles the computation of the
normal form around the critical periodic orbit. The main result of this part, which is the normal form
itself, is stated in theorem 2.5. Section 3 is devoted to the analysis of the dynamics of the normal
form. In particular, theorem 3.5 establishes the unfolding of a two-parameter family of 2D invariant
tori and proposition 3.7 states the normal stability of the bifurcated tori. Finally, in the appendix A,
a study of the low (fourth) order normal form is carried out.

2 Analytic approach

The purpose of this section is to describe the normal form process around the critical periodic orbit. In
section 2.1 we give a precise formulation of the problem and state the “normalization theorem” in which
the normal form is described (see theorem 2.5). In section 2.2 we introduce (local) adapted coordinates
around the resonant periodic orbit. The purpose of this change is to separate the dynamics along the
periodic orbit (described now by an angular variable and its conjugate action), from the movement in
the normal directions. Next, in section 2.3, a symplectic Floquet change is applied. The final goal is
to arrive —through a symplectic 27-periodic linear change—, to a “clean” Hamiltonian whose quadratic
part is in Williamson’s normal form with respect to its normal directions (see [1] and the references to
the works of Galin and Williamson given there). Albeit it is not strictly necessary, the linearly reduced
Hamiltonian is later complexified (section 2.4) to simplify the structure of the homological equations
arising in the nonlinear normalization process, which begins in section 2.5. There, the Giorgilli-
Galgani algorithm is introduced (proposition 2.26) as the canonical transformation device. From the
recursive structure of the algorithm we: first, determine the form of the homological equations and
second, prove their solvability in both, the generating function and the associated compatibility terms
(proposition 2.48). These two last steps allow us to construct explicitly the normal form and hence
prove theorem 2.5.



2.1 Formulation of the problem

Let H(() with ¢* = (&1,&2,€3,m1,m2,m3), be a real three degree of freedom analytic Hamiltonian
(asterisk, in what follows will denote the transpose of a vector or a matrix), and consider its associated
Hamiltonian system

¢ = Jsgrad H(C). (1)

Henceforth, J,, will denote the matrix of the standard canonical n-form in R?", i. e.,

0 I,
= 55,
being I, the n X n identity matrix.

Suppose that this system has a nondegenerate family of periodic orbits, depending on a real
parameter o, { M} cr and such that for some value of the parameter, say o = 0, the corresponding
orbit My (from now on, the critical or resonant periodic orbit) has an irrational (see definition 2.2)
collision of its nontrivial Floquet (characteristic) multipliers.

Remark 2.1. We recall that in Hamiltonian systems periodic orbits appear generically as one pa-
rameter families parametrized by the energy (see [31]).

To be more precise, in figure 1 we suppose that, for o < 0, the nontrivial characteristic multipliers
of M, lie on the unit circle, they approach pairwise as o goes to o = 0, for this value they collide and
separate towards the complex plane when o > 0. Collisions of characteristic multipliers as the one
described are often referred in the literature as Krein collisions (see [3], appendix 29 and references
therein).

Definition 2.2. Let Ay # 1 be a (double) nontrivial characteristic multiplier of the resonant periodic
orbit Mg and let g = 27k be its principal characteristic exponent (so A9 = e*). We say that the
collision of characteristic multipliers on the unit circle is irrational if 4 is not commensurable with 27
or, equivalently, if k € Q.

Moreover, we assume generiticity of the collision, in the sense of the definition below.

Definition 2.3. Let M (My) denote the monodromy matrix of the resonant periodic orbit M.
Hence, Spec(M (My)) = {1, Ao, 1/Ao}. The Krein collision will be called generic if the Jordan normal
form of My, J(M(My)) has the following (or an equivalent) block structure,

10
11

T(M(Mo)) = \

X O
Ty (2)
Y

1 1/X

Remark 2.4. Thus, one is assuming that none of the Jordan blocks of the monodromy matrix at the
resonance is trivial (diagonal). In particular, the nontrivial character of the first block —corresponding
to the eigenvalue equal to 1-, follows from the nondegeneracy condition of the family of periodic orbits.
This is precisely the generic condition which allows to parametrize the family using the energy as a
parameter (see our previous remark 2.1).

The main result of section 2 is the following normal form theorem:
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Figure 1: The transition from linear stability to complex instability for the family of periodic orbits {Ms} g takes place through
a collision of the nontrivial (i. e. different from 1) eigenvalues of the monodromy matrix corresponding to Mp.

Theorem 2.5. Consider the three-degree of freedom Hamiltonian system (1). Let {M,}scr be a
one-parameter family of periodic orbits of this system with an irrational (so k € Q, see definition 2.2)
and generic (in the sense of definition 2.3) Krein collision at o = 0; also, let wy denote the angular
frequency of My and define wo 1= Kw; .

Then, given any r > 3, there exists a real analytic symplectic change: (&,m) = ¢(61,z,1,y),
defined in S' x 20 (AW a neighbourhood of the origin in R®) and taking values in a neighbourhood of
My, such that it casts the initial Hamiltonian into its normal form up to order r,

Ho ¢(913$a-[13y) = Z(r)(a;?]lay) + m(r)(elva;a]lay)'

Here, Z") is the normal form up to order r and R") is the remainder (carrying higher order terms).
The normal form is given by the sum

with )
Zy = w1l + wa(y122 — yow1) £ E(y% +43),
where the sign £+ in Zy is a characteristic of the collision and, for s > 3, Zs = 0 if s is odd or an
homogeneous polynomial of degree s/2 in
L s 2
5(531 +z3), T, Y172 —Ya11,
when s is even.

Remark 2.6. Although it is not pointed out in theorem 2.5, the change (&,n) = ¢(61,z, I1,y) yielding
the normal form, depends on the order r. This will become clear through the proof of the theorem,
where the transformation is constructed explicitly.

The remaining of the section is devoted to describe in detail the proof of this theorem.

2.2 Suitable coordinates around the critical periodic orbit

As a first step, we shall introduce (local) adapted coordinates around the critical periodic orbit Mg
through an analytic 27-periodic in € change of variables,

& = &(0,6,1,7), ni = ni(0,€,1,7), (3)

i=1,2,3 and with £ = (21,52), 7 = (71,72). Furthermore, we shall ask the change (3) to satisfy the
following properties (see [7, 6] and references therein):



P1. It maps the product set % = T x {2, where {2 is a five-dimensional open set around the origin,
onto some (possibly small) neighbourhood, i, of My. We shall denote T" := (R/27Z)", n € N, the
standard n-torus. In particular T' = S'.

P2. The orbit My is given by £ =7 = 0 and I= 0 (and parametrized by 0)

P3. The change (3) is symplectic with 0 § and I 7 the new conjugate positions and momenta
respectively. So in this coordinates, the system (1) is transformed into another Hamiltonian system,

- OH OH W
Niz—,\,, ;{i:——N, 7/21,2
: 87]i ! 8&

For an example with an explicit construction of local canonical coordinates such like the ones just
described, see [18].

The transformed Hamiltonian, H , defined in U, is analytic and 2n-periodic in 5, so it can be
expanded in a convergent Taylor series,

H(O.61,7) = ) g I, (5)

k,.,m
with &* = (&1,&),n* = (m1,m2) and the standard multi-index notation £7j™ = ?2277?1 75'?, which we
shall use throughout the text. The index k, and the components of [* = (I1,l2), m* = (m1, my) range

over the nonnegative integers, Z, = N U {0}, while the coefficients hy; ,(#) are analytic 2m-periodic
functions and can be expanded in Fourier series. If we restrict the system (4) to the periodic orbit
My, and take into account the expansion (5), we get

0= N(),O,O,O,O(g)a 52 ﬁl ,0,0,0 0(5)7 0= %0 ei(g)u 1=1,2,3,4, (6)

(e; is the i-th unit vector in R*), since by the condition P2 is § = 7] = 0 and I = 0, on the periodic
orbit M. Then, from equations above, it follows that ho 0,0,0 0(9) = const., so we can set h0,070,070 =0.
Finally, one may get rid of the angular dependence of h170,070,0 by an additional change.

Lemma 2.7. Let w denote the mean value of 1/%170,070,0(5), i e.,

1 /2” do
w = — -~ ~ .
21 Jo hi,0,00,0(0)

0) := —d
1) /0 h1,0,0,0,0(¢) v

then, the symplectic change in the action-angle coordinates:

If we introduce the function,

I~ ~ ~

Izahloooo(a) 0= f(0), (7)
transforms H into a new Hamiltonian, f], which can be expanded as
k,l,m

(k € Zy;l,m € Z%), with the coefficients
ﬁo,o,o,o,o(e) =0, ﬁl,0,0,0,0(e) = w, ﬁO,ei(e) =0, 1=1,23,4. 9)

Furthermore, w = wy, the angular frequency of My.



Remark 2.8. Note that %170,070,0(5) # 0 for My is a periodic solution and there are not stationary
points on it (see (6)).

Proof (of lemma 2.7). One checks immediately that dI Adf = dI Adf, then (9) follows straightforward
(see the references [7, 6] quoted at the beginning). The last point comes obviously from the fact that,
in view of (7), on My, one has 0 = w and hence § = wt + const., but My is a periodic orbit with
angular frequency w; so it must be w = w;. U

2.3 Linear normalization

The main result of this section states that, beyond the adapted coordinates, a new symplectic change
(a “canonical Floquet” transformation) can be applied to reduce the normal variational equations to
a system with constant coefficients.

Remark 2.9. Throughout the text, we shall refer as the “normal directions” those normal to the
periodic orbit. Clearly, once an angle and its conjugate action have been introduced to describe the
periodic orbit, the normal directions in the phase space will be the ones associated to the rest of the
positions and their corresponding conjugate momenta.

Lemma 2.10. Assuming that the monodromy matrix of the resonant periodic orbit My has the Jordan
block structure (2) (and hence generiticity of the Krein collision, according to definition 2.5), the
Hamiltonian f](ﬁ,[,{,ﬁ), obtained after the application of lemma 2.7, can be transformed by means
of a symplectic change into

H(elamajlay):HQ(:B»Ilay)_i_"'a (10)

here (01, xz,11,y) are the new symplectic coordinates and Hs is given by,

1
Ho(z, 11, y) =w111+w2(y1$2—y2$1)i§(y%+y%) (11)

where wy = kwy (see theorem 2.5) and the sign £ in the above formula is a characteristic of the
collision; in particular we also remark that Ho is free from angular dependence. Furthermore, the
canonical transformation is linear in the normal directions z* = (z,y) and 2m-periodic in the angle
01 = 0 (Floquet canonical reduction). In this sense, we shall say that the transformed Hamiltonian (10)
is “linearly reduced” (with respect to the normal directions).

Remark 2.11. We note that the normal part of Hy (i. e., excluding the “rotor” wil;) agrees with
the quadratic normal form in the classification given in [1] for the non-diagonalizable case.

The present (sub)section is devoted to prove lemma 2.10. With this purpose, we shall first introduce
the following (structural) result.

Lemma 2.12. Let A € Sp(2,R), with
Spec(A) = {e*}, 9 € (0,7) and dimKer(4A —e* 1) =1.

Then, there exists C € Sp(2,R), such that,

(12)

-1 o Ra ERg
C AC_( 0 TR, )

with Rg = ( %% 500 and e = £1, which is a characteristic of the matriz A.

Next, we sketch a proof of lemma 2.12 (see also [5]). A detailed proof can be found in [25].



Proof (of lemma 2.12). We define A1 = et?; and let z and w be the geometric and generalized
eigenvector of A4 respectively, so

Az = Aiz, (A= AL w=A;z. (13)

Let us now introduce the 2-form w?(u,v) = u*Jyv (i. e., the standard canonical two form in C*). We
define:
A = w(z,m),

where the bar denotes complex conjugation. As A is a symplectic matrix and taking into account (13),
we have that A € R\ {0}. So, we introduce € as € := sign(A). Then, e = +1, and it is easy to realize
that it does not depend on the chosen w, so (as it has been already pointed in the statement of the
lemma) it is a sign characteristic of the matrix A. Let us also define
2 J—
w* (w, W)
=——7——¢€R
“« 2iA ’
and introduce the complex basis B = {u1, ua, us, us}, with

1 € . € . _ -1
uy = ——(w +iaz), usz= (W —iaz), wugq=

Uy = Z,
V24| V2[4 V24| V24|

From the previous definitions, 8 is a symplectic basis, and expressed in this basis A takes the form:

Z.

>\+ 6>\_|_
0 Ay ‘ 0

A= :
0 ‘ A= 0

—eA_ AL

(A+ = A_, by definition). Now, if we consider the (real) canonical basis B’ = {u},u}, u},u}}, given by

u,_ul—u4 u,_u1+u4 u’—u2+u3 U2 — U3
1 — \/* y Y2 — . ) W3 = . )
2 V2i V2 V2i

then the matrix A expressed in this basis takes the desired form. O

I _
y Uy =

Lemma 2.12 will be used in the proof of lemma 2.10, which follows below.

Proof of lemma 2.10. Let us denote by H, the following low order terms in the expansion of the
Hamiltonian (8):

. - - 1~ -
Hy(0,8,1,m) := h1,00,00(0)] + Z hotm (O)ET™ = wy <I+ 3 < ¢, I'(0)¢ >> ; (14)
Il +[l[1=2

being 5 * = (E*, n*) and I'(f) a 4 x 4 symmetric matrix whose coefficients are real analytic 27-periodic
functions. Moreover, we introduce the norm |v|; = Y7 | |v;], v € R". To achieve the linear normal-
ization, one skips the higher order terms in the Taylor expansion of the Hamiltonian and considers the
normal variational equations around the orbit, which are given by the following linear Hamiltonian
system,

0 = wi, (15a)
= 0, (15b)
( = wLl(0)C. (15¢)



Combining (15a), and the normal linear system (15c), one obtains

d¢ >
=5 =Rl (16)

Now, let X (0) be a fundamental matrix of the solutions of (16). Then
X (0 +2m) = X(0) My,

where Mj is a (symplectic) constant nonsingular matrix which, apart from the block (% (1)) of (2), its
Jordan form has the same block structure than the monodromy matrix of the resonant periodic orbit
M, (see (2)). Since (16) is a Hamiltonian system, X is also a canonical matrix. Let us now introduce
the following linear substitution,

¢ =B()z,
z* = (z*,y*), with B(f) a canonical and 27-periodic on # matrix to be determined later. Therefore,
the system (16) transforms into another linear Hamiltonian system:
dz * * !
5= (B*I'B + B*J,B') z. (17)

Let us assume the following hypothesis (discussed below):
HI. A constant real symmetric matrix, Ny, exists such that My admits an exponential represen-
tation of type,
M[) = exp(27rJ2N0).

H2. There is a constant canonical matrix D, and a matricial normal form G, to be chosen later,
such that the matrix Ny can be expressed as a product like

N, = D*GD.
Thus, with hypothesis H1 and H2, we take for B(0),
B(#) = X(0) D" exp(—0.1,G) (18)

and it is easy to check both, the 27-periodicity of B(#) and that the transformed system (17) turns

out to be,

dz
@ == JQGZ

Next, we come back to the Hamiltonian H and perform the transformation,
1 ~
0 =064, I:I1+§<Z,B*JQB,Z>, §:B(91)z

which, in turn, can be checked out to be canonical and 27-periodic in 6. Direct substitution shows
that Hy (defined in (14)) transforms into

Ho(1,1,2) = wili+ 5 (2, (BB + B 1,B') z)
= wl+ % (z,Gz) . (19)
Now we fix the matricial normal form G. If Ay and 1/)X; are the two double eigenvalues of the

monodromy matrix of My let, as in definition 2.2, x be a real number such that Ao = €2™*; then we
take

0 0 O —K
0 0 & 0

¢= 0 x €2 0 ’ (20)
-5 0 0 €/2m



(with e = £1). Hence,
0 27K € 0

—2TK 0 0 €
2rJ2G = 0 0 0 2Tk
0 0 27k O

and substitution of the above matrix G in (19) gives, explicitly,

€—

Ho (01,2, 11,y) = w11 + kwi (Y122 — y211) + T (v +93)

which, bearing in mind that we = kw; and € = £1, gives (11) after the trivial symplectic substitution

w1 27 .
Ti 4/ o T Wi i 0= L,2.
s w1

To end up the proof, however, we need to check that —~with the choice in (20) for the matrix G-,
the two hypothesis HI and H2 are fulfilled. Both items follow immediately applying lemma 2.12, for
direct computation shows:

Rark ‘ €Rark >

exp(27rJ2G):< 0 | Rom

Thus, a (real) canonic matrix C exists such that C~'MyC = exp(27JoG), but this last implies:
My = D™ exp(2n.JoG) D = exp(2nJoD*GD),

Hence HI and H2 hold identifying D = C~! (therefore D is a canonical matrix as well) and Ny =
D*GD. Now the proof of lemma 2.10 is completed. U

Remark 2.13. Actually, the matrix G in the proof of lemma 2.10 has been chosen such that the
infinitesimal symplectic matrix 27JoG is in normal form with respect conjugation by elements of
Sp(2,R). For purely imaginary eigenvalues —see [33], and also the reference of [8] quoted therein—, we
get in sp(2, R) the two normal forms,

0 0 A O 0 —a € 0
0 0 0 X a 0 0 e
A 0 0 0 and 0 0 0 —a |’
0 X 0 0 0 0 a 0

(A1, A2, @ may be positive or negative and e = £1) that correspond to the semi-simple (diagonalizable)
and non semi-simple (and also non-nilpotent) cases respectively.

Remark 2.14. After lemma 2.10 we should deal with two different cases which correspond to the
plus or minus sign in (11). However, applying first the symplectic change,

li li
01 2691, Tl = €T, T2 = Ty,

Li=ell, yi=ey, Y2=1

to the transformed Hamiltonian  (see (10)) one may get rid of the £ in (11) if further the substitution
t — et (which reverses the sign of the time when ¢ = —1) is allowed. In the forthcoming we shall
assume that both transformations have been made so the £ sign will no longer appear (i. e., only the
case € = 1 is considered). Moreover, the primes will be dropped and the names H for the linearly
reduced Hamiltonian and Hs for its lower order terms are kept.



In this way, we arrive to a new, linearly reduced (in the sense stated in lemma 2.10) Hamiltonian,
whose complete expansion can be written as,

H(elawajlay) = HZ(xaIIay) + Z Bl,m,n(el)‘[{xmyn (21)
2l+\m\1+|n\123

(I € Zy,m,n € Z%), where Hs is now (see remark 2.14 above) given by,
1
Ha(z, I1,y) = wili + w2(y172 — yaw1) + §(y% +43). (22)

2.4 Complexification of the Hamiltonian

Before going on with the nonlinear normalization, and in order to get the homological equations in a
simpler form, it is convenient to introduce the following (complex) coordinates,

R _ Qi tpe _Ttnm _ 2P

T Tg = , , = . 23
1 /2 2 /2 Y1 /2 Y2 W2 (23)

These last relations define a linear canonical change which transforms the Hamiltonian (21) into
H(eluqu I17p) = H2(qa-[1ap) + Z hl,m,n(el)‘[{qmpna (24)

2l+|m|1+(n[12>3

where Hj is (22) expressed in these coordinates (see (25)). As usual, we have put ¢* = (q1,¢2),
p* = (p1,p2) and hy ., (61) are analytic 27-periodic functions.
Also, by direct substitution of (23) in the Hamiltonian (21), it can be seen that the quadratic part
in (24) is,
Hy = w1y +iwe(qip1 + q2p2) + qop1- (25)

This will be the lowest-order term in our normal form. Note that, in the change (23) z and y will be
real provided that,

@1 =—p2, G2 =p1. (26)
Remark 2.15. If the above relations are assumed to hold and, as the complex Hamiltonian H is the
transformed of a real Hamiltonian #, it must be H = H. More precisely, if we expand H in Poisson
(Taylor-Fourier) series,

H(01,q,11,p) = Z Mk gDt ™" exp(ik6y),
k,l,m,n
with k£ € Z, then it is readily checked that the inverse change of (23) transforms H back to the Poisson

series of a real function if and only if the relations:

Bkalaml;mZ;nlyTLZ = (_1)m1+n2h—k,l,n2,n1,m2,m1 (27)

hold between the coefficients of the expansion of H.

2.5 Nonlinear normalization

Here, we shall apply a normal form process to remove the nonresonant higher degree terms of the
Hamiltonian (24). We notice that if this normalization is carried out up to any order, it leads to a
generically divergent system (due to the small divisors involved). So, the computation of the complete
normal form, as described in the forthcoming, has to be regarded as a formal process. If we want to
work with a convergent Hamiltonian, we have to stop after a finite number of steps of the normalizing
process.

10



A very natural way to compute the normalizing transformation is to look for it as a composi-
tion of a sequence of canonical transformations, in such a way that the normal form is computed,
degree-by-degree, by choosing the s*-transformation to remove the nonresonant terms of degree s + 2
from the Hamiltonian obtained after the previous step, for s > 1. However, if one is interested in
further applications of the normal form (e. g., a quantitative analysis or a numerical implementa-
tion), it is advisable to use some “closed” transformation algorithm which computes the normalizing
transformation from a single canonical change. More precisely, throughout this work we shall use the
Giorgilli-Galgani algorithm (see [11, 12, 10, 32]) applied to formal Taylor-Fourier series (see defini-
tion 2.16 in (sub)section 2.5.1 below).

2.5.1 Some notation and definitions

Prior to the introduction of the Giorgilli-Galgani algorithm, we place here some definitions and intro-
duce the appropriate (sub)spaces to work with.

Definition 2.16. We shall denote, by & the space of formal Taylor-Fourier series of type

€= {f = f(elaanlap) : f = Z fk,l,m,nqumpn eXP(ikel)}a

k,l,m,n
with k € Z, [ € Z and m,n € Z2.

Definition 2.17 (adapted degree). Given a monomial fi ., 1! ¢™p" exp(ikf;) € €, its adapted
degree is defined as,

deg (I{qmp” exp(ik@l)) =2l + |m|1 + |n|1,
where | - |1 is the 1-norm in R" i. e.: |z := >0 @], = € R™.

Remark 2.18. Hence, according to definition 2.17 the degree of the action variable I; is counted twice
with respect to the degree of the normal coordinates (g,p). As we shall see, this will be convenient
for the application of the Giorgilli-Galgani algorithm. Moreover, from now on and up to the end of
section 2 the term degree will mean adapted degree.

Definition 2.19. Given s € N, s > 3; & will denote the subspace of & containing the homogeneous
polynomials of degree s in (g, I,p) and with 27-periodic coefficients in 6;.

Definition 2.20. Let S : € — € be the (linear) operator defined by,

f=8(f) = Z (=)™ 2 f ey memy 1 @™ exp(iky),

k,l,m,n

for all f = Ek,l,m,n fk,l,m,nI{ q"p" exp(ikfy) € €.

Definition 2.21. If f € € (or f € &) is such that S(f) = f, then it is said that f satisfies the
S-symmetries. Further, the following subspaces

¢S = {fe€:S(f) = f}

of € and
¢l ={fee.:S(NH=r}
of & (s > 3), will be considered.

Remark 2.22. In particular, if f € € (or €5), their coefficients must satisfy relations (27).
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Definition 2.23 (Poisson bracket). Given f,g € &, one can write their Poisson bracket through,

of (9g\" _Oof (0g\" 9f  (9g\"
-2 () L (= Ay A )
.9y =55 (ah) or, \a0; ) T9:72\a.
Remark 2.24. Two properties of the Poisson bracket will be worth for our purposes. On the one
hand, if f € &; and g € €, then {f,g} € €,,,_2; this will be the key to extend the Giorgilli-Galgani

formulas (see proposition 2.26 below) to functions in the space €. On the other hand, it is just a
straightforward verification to realize that the Poisson bracket preserves the S-symmetries. More

precisely: S({f,g}) = {f,g} whenever f,g € &5.

Definition 2.25 (Lie operator). To each u € € we associate the (linear) operator

L,:¢ — ¢
o= Luf:{fau}

(briefly L, := {-,u}), where {-,-} is the Poisson bracket introduced in definition 2.23 above. The
operator L, is often referred as the Lie operator associated to w.

With the above definitions of the spaces &, &, and that of the Lie operator, we can now go on
giving a formulation of the Giorgilli-Galgani algorithm.

Proposition 2.26 (The Giorgilli-Galgani algorithm). Let G = ) ., G, € € with G, € &,; we
define the map T : € — € in the following way: if f = El21 fi € €, with f, € &, then

TGf:ZFsa

s>1

where )
Fo=>" frs-t;
=1

and the terms f s can be computed recursively by the formulas,
~J
fro="1n fis=> SLaa fus—j (28)
j=1

Usually, the sum G is known as the generating function of the transformation.

The important property of transformation T¢; is that, for f € € and assuming the convergence
of fand G: Tgf = fo ¢IG, where gblG is the time one flow of the Hamiltonian G = > s>35Gs. So,
the coordinate transformation given by 6; = 10,11 = T¢Iy, ¢ = Taq, and p; = Tep, (1 = 1,2) is
canonical and 27-periodic in #]. The inverse transformation is obtained just considering 7" ¢. For an
account of these properties, together with their corresponding proofs, see [11].

Remark 2.27. Nevertheless, there are also two other essential points to stress here. First, taking into
account the behaviour of the Poisson bracket with respect to the (adapted) degree (see remark 2.24), it
can be checked by induction, that the sums f; ; defined by (28) belong to &, and hence F; € &,. This
will allow us to set up (and solve) the homological equations degreewise in proposition 2.29. Second,
if G € &%, then T preserves the S-symmetries, i. e.: if G € €5, then S(Tf) = T f for all f € &5,
This last property is due to the preservation of the S-symmetries under the Poisson bracket (in the
sense stated in remark 2.24) and also to the structure of the operator T¢; which consists, basically, on
linear combinations of nested Poisson brackets with rational coefficients.
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Remark 2.28 (notation). We will not use new names neither for the transformed functions, nor for
the new coordinates so, to simplify the notation, the primes will be omitted.

The idea is thus to take f = H, the Hamiltonian function, to construct an ad hoc generating
function of the form G, and employ the algorithm 2.26 to cast it into its (formal) normal form. This
reduction process can be done recursively, and the following algorithm can be given to determine both
G and the normal form.

Proposition 2.29. Consider H = ) ., H, € &, with H; € &, and the generating function G =
Yos>3 Gs, with Gy € &,. If we write TcH = Y os>9 Zs, the following relations are satisfied:

Zy = H,
(29)
LH2G5+ZSZF57 3237
where,
F3 = H3,
5—3 j 5—2
Fs = ]Zl s 2LG'2+st—] + ]Zl —2 24j,s—j—2, S 2 4

Here, the quantities Hyj, may be computed recursively from the formulas (28) of the Giorgilli-Galgani
algorithm.

The proof of proposition 2.29 is formally identical to the proof of the corresponding classical one
in [10] and in [32], so the reader is referred there.

From the relation (29), it is clear that the important point for us is to investigate the solvability,
in terms of G5 and Zs, of the homological equation

Lu,Gs + Zs = F, (30)

for a given Fs € &, in such a way Z; takes the simplest possible form. This constitutes the subject
of the next section.

2.6 Algebraic properties of the homological equations

Given F; € (’Sf, our target is to look for the simplest expression for Z; € L’Zf (the normal form) in such
a way there exists G, € €5 verifying identically equation (30).

First of all, to simplify notations, we assume the degree s fixed and we skip the subscript s of
F, and Z;. At this stage, we consider a generic Fs € &, whereas the role of the symmetries will be
considered later on.

Now, what we shall do is to set Z = 0 and to investigate the solvability of the equations

Ly,G =F. (31)

In particular, we shall find out the possible resonant monomials in F', which will determine the form

of Z in (30). The way in which the solvability of (31) is discussed also gives a constructive process

to obtain G and Z from F. The proof is based on how the operator Lp, acts on a monomial
[ mi1 _m3, ni no

g =1]¢{" ¢y p]"py? exp(ikb,) € &;. It can be seen, by direct computation from the definition of Ly,
that

Lp,g={9,Ha} = (Q +m n2&> 9 (32)
a1 p2
where € is introduced as,
Q= Qg )y n)y = w1k +iwz(Im[1 — [nl1). (33)
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On the other hand, the quotient g2/q; does not appear if the monomial g has m; = 0. Similarly for
the quotient p;/ps. With this remark, the expression (32) is fully justified. Immediately from there,
it follows that Ly, preserves:

(i) The value of k € Z of the monomial g.
(i

) The degree of the action, .
(iii) The sums of the degrees |m|; of ¢, and |n|; of p, respectively.
)

(iv) As a consequence of the last two points, the global degree s is also preserved. This is consistent
with our definition of the adapted degree.

In a natural way, we can consider the subspaces & ys n, given by Poisson series F' € &, of the
form
F= Y frumM-mnN-nnall ¢ ") ~"py exp(ik6y), (34)

0<m<M
0<n<N

with 2l + M + N = s. Therefore,

¢ = @ Sk 1, M,N-

kEZ
2l+M+N=s

Hence, since every one of the subspaces & ; s n is invariant under Lp,, we can split the homological
equations for the degree s into “boxes” with fixed k£ and fixed I, M, N verifying 2l + M + N = s.

Another point to note is that the coefficients of a F' € € s n are readily determined by just a
pair of indices because, in view of (34), it is advisable to denote: fi., = fiim,M—m,N—nn (We skip
both, k and [ since they are held fixed).

With this notation, the homological equations (31) restricted to the different finite-dimensional
subspaces, € ar,n, can be translated into an algebraic system of linear equations for the (complex)
coefficients. Explicitly,

QIc,M,N Immn + (m + 1) 5m,M Im+1,n — (n + 1) 6n,N Immn+1 = fm,na (35)

where gi,j =1—0;j, being J; ; the Kronecker’s delta and gy, pn, fro,n (for 0 <m < M, 0<n < N) are
the coefficients of the projections (on & as,n) of the generating function G; and the right hand side
term F of (31), respectively.
To investigate the existence of solutions of (35), we first write them in a convenient matrix form
of type,
Ag=f. (36)
Here A = Ay v is a square matrix of dimension (M + 1) x (N + 1), f = fimuni and g = g1 m,Nk
are the arrays holding g, ,, and fi, ,, respectively, for 0 <m < M and 0 <n < N (M + N = s — 2I,
fixed). Suppose that these coefficients have been ordered through the following claim: g, < ga,s
(gu, precedes go o) if 4 > « or, when p = «, if B > o (the same for f,,,). Therefore, g and f will

take the form,
*

g :(g}kWag}kalw"agS)’ f*:(f&af&fla"'afg%
still with ¢% = (97,5, 9,N=1,97,N=25---,9J,1,940), for J =0,..., M (and identically for f). It is then
straightforward to check that the system (36) is written by blocks as,

Dy aM fvr
Ey Dy gm-1 fv—1
Eyv—1 Dy IM—2 frr—2
) =1 . (37)
Ey; Dy g1 f1
E, Dy 90 fo



The different blocks stand for E; = j - Iy41 (i. e., the product of the integer j with the identity
(N+1)x(N+1) matrix, for j = 1,2,..., M), whereas Dy = Q- In41 — Py, with Q = Q; 7 v and being
Py the (N+1)x(N+1) nilpotent matrix,

1 0
It follows from this description, that the matrix A in (36) —now identified with the one of the
linear system (37)—, is a band matrix, lower triangular, where all the entries different from zero are
placed at the main diagonal and on two bands (sub-diagonals) below the main diagonal. Moreover, the
elements of the diagonal are all them equal to 2. Hence, if €2 # 0, this specific part of the homological
equations (we mean their components in the subspace & s n), has a unique solution which can be
easily obtained. Then, the next lemma is readily deduced.

Lemma 2.30. If we suppose wi/wa & Q (i. e., assuming irrational collision, see definition 2.2); then,
giwen F € € yon, with k # 0 or M # N, there exists a unique G € €y N such that Ly,G = F.
Furthermore, the solution G satisfies the S-symmetries if F does.

Proof. From definition (33), it is clear that, if wi/wy ¢ Q, then Q4 psny = 0 if and only if £ = 0
and M = N. Thus, the first part follows from the lower band structure of the homological equations
(restricted to € as,v) shown above. On the other hand, if the vector g obtained from the coefficients
of G is a solution of (36), then the vector defined by exchanging the coefficient gi 1 m, mo.nine by
(=1)™F"2G k1 o nima,my (See relation (27) that defines the S-symmetries) is also a solution of the
same system. Thus, the last assertion of the lemma follows from the uniqueness of solutions. O

This result motivates the following definition.
Definition 2.31. A monomial f = fi ..l ¢™p" exp (ikf;) € &; is said to be of M-type if k = 0 and
Im[1 = |n[i.

Then, returning to equation (31), we can state the following result referring to the “partial”

resolution of this equation, which arises from lemma, 2.30.

Proposition 2.32. If F € & is free of M-type monomials and wy/we & Q, then, there is a solution for
G € & in equation (30), which is unique if we look for it also free of M-type monomials. Furthermore,
the solution G satisfies the S-symmetries if F' does.

Remark 2.33. We point out that Diophantine conditions on w; and wy are not required to ensure
convergence of G if F' does. This is because, for a fixed s, in the divisors iw; k + iwe (M — N) appearing
in the homological equation we have that M — N ranges between —s and s, and therefore, for all
k € Z, these divisors are bounded from below whenever w; /ws is irrational.

2.7 Study of the homological equations for M-type monomials

Now we are going to discuss the solvability of the homological equations when M-type monomials
are taken into account. Thus, we shall restrict the linear operator Lp, to the space €y p C &,
(s =21+ 2M). More precise definitions are introduced below.

Definition 2.34. Let Pjs be the space of homogeneous polynomials of degree 2M in g1, g2, p1, D2,
with complex coefficients, such that:

M

~ ~ ~ M M

FePysF= g ij,,q{q2 ]piv[ Yps. (38)
j7V:0

15



Next, the subspace P]‘\g/[ is defined by those polynomials of Py, satisfying the S- symmetries, i. e., for
F € Py, written as in (38),

FeP§ e F,,=(-1)Y"E, (39)
Therefore, €y ar,m = {Ilﬁ, with F € Par}, and we put symbolically,
Cosnm = I'Pys.

Remark 2.35. One can check that P, is a real linear subspace of Py with dimg P§, = (M + 1)2,
the number of independent real coefficients, taking into account the symmetries —see the proof of
lemma 2.43-.

Definition 2.36. Let L be the linear operator,
L: Py — Py

F +— LF={F, H)},

with Hy given in (25) and being now

2
= _ OF 9Hy _ OF OH>
{FaHQ} - Z (3qi Op; Op; Oq; ) ’

i=1

Hence, L can be thought of as the restriction of Ly, on Pys. It has then full sense, to consider the
homological equations (30) restricted to the space Pp:

LG+Z=F. (40)

These will be the reduced homological equations. So, if @, 7€ P satisfy the above equation, then
I'G, I'Z will be a solution of (40).
What is important for us is to investigate Range L and to find a complementary of this space.

Definition 2.37. Given two polynomials

F = Zmeqmpn, G = Z Gm’,n’qm’pn’

m,n m!,n’

we define their bracket (see [9]) by,

<F|G> = E ml!m2!n1!n2!le,mzym,nszl,mmm,nz'

mi,ma,ny,ny

It is straightforward to check that this bracket satisfies all the properties of a (complex) Hermitian
product: (F|G) = (G|F), and so on. In particular, for two polynomials in Py, say

M M
o . J M-j M-v v A ~ j M—j' M-V
F= E F],V 42 "P1 D2, G= E Gj’,u’ q1 99 Py ba,
j,l/:O j,7V’:0

the bracket (}/7\ |é\> results,

M _
(FIG) = 3" j1(M — )1 (M — v)! W F}, G,y (41)
7,v=0
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Remark 2.38. On the other hand, the Hermitian product defined by (41) restricted to Pg; is a real
inner product. To see this, take F',G € 73]‘?/[ and realize that,

~

(FIGY = ...+ J1 (M — (M — o) Fi G+ + ! (M — ) (M — ) GIE, Gy + ...

v,

and application of (39) transforms the term on right hand side in:
A 2(=1)TN (M = )N (M = ) ! Re(Fj,Glu) + -

which is a real number (recall that, when j = v, then the coefficients ﬁ’j,,, and @LV are real). Thus,
(F|G) = (G|F) and the rest of the properties for the real inner product follow.

Now, the following decomposition works,
P = Range L @ Ker Lt (42)

where LT is the adjoint operator of L. In fact, Ker Lt = (Range E)J- (the kernel of the adjoint
operator of L is the orthogonal complement of its image). Thus, it is a quite natural choice to take
the complementary terms in this space and, as they will give rise to the compatibility terms Z; in the
homological equations (30), we shall refer to them (and further to the Z; themselves) as the resonant
terms. The next lemma determines the operator Lt

Lemma 2.39. The operator Lt = {-,H;[}, with H;[ = q1p2, s the adjoint operator of L with respect
to the Hermitian product defined by (41).

AN A AN, A

Proof. We have to see that if F,G € Py, then (LF|G> (F|LTG>. However, it is enough to check

this for monomials: F' = ql. qéw J pi‘/[ Y p4 and G= q q2 - pi‘/[ v 2'. Direct computation shows,

1 M—j+1 M- M— 1 1
LF = {F Hy} = jg "¢ 7 M= pt —vgl gy 7 pM =+ py=L)

(LF|GY = 8j0 j_16, 031 (M =+ D)V (M = o)Wl — 850 6,0 o1 j1 (M — )1 (M — v+ 1)10,
and, in the same way,
LIG ={G, Hf} = —(M = V)q ¢3" 7 p}' =" 1o 1+ (M — 3)q] T 3" ) Y
(FILYG) = =6 j 01 G0 (M = )L (M — v+ D)W+ 8504100 0 (M — 5+ 1)U (M — )0,
Then, the proof of the lemma is completed. O

Remark 2.40. If should LH (and hence E) be self adjoint, giving rise to diagonal homological
equations, then Ker L = Ker LT But in view of the system (37), this is clearly not the case.

Now, we can compute Ker ET, which gives a complement of Range L.

Lemma 2.41. Let us define

1
&= 3 (q1p1 + q2p2) , §2 = q1p2. (43)

Then, Fe P belongs to Ker Lt if and only if

M
F=>a;&" ¢,
—~
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Proof. Let Fbea polynomial in Pj;, then F € Ker L' if and only if LTF = {}/7\, Hg} = 0. Thus, F
must be a solution of the partial differential equation (see [30]),

ou ou

—py—o — =0. 44
P28p1+(I18q2 (44)

A function w is a solution of a first order linear equation like this, if and only if it is a first integral of
the associated characteristic system (see [2] Chap. 2, §7.B, or eventually, any textbook on differential
equations).

For (44) the mentioned characteristic equations (i. e., the Hamiltonian equations of H; ) are,

g1 =0, g2 = q1, P1 = —p2, p2 =0, (45)

then, the functions, ¢, p2, ¢1p1 + qop2 are first integrals of the system (45), and u has to be a
combination of them. However, if we want solutions in Py; we have to consider polynomials in £; and

§2. O

Remark 2.42. We note that &, & are real under the symmetries (26) introduced by the complexifi-
cation.

Furthermore, as the S-symmetries are preserved under Lp,, and hence under E, we can consider
the restriction of L to Pg; (say, LS = L|77;§4 ) and apply there the same decomposition (42) to have

P$; = Range LS @ Ker (ES)T.

Now, we are in conditions to discuss the solvability of the reduced homological equations (40). The
basic result is given by lemma 2.43, in which we characterize the resonant terms Z , and we give a
constructive algorithm to determine G from F. In order to state this lemma, first of all we introduce
the following expressions:

1
§3 = §(Q1p1 — G2p2), §a = qap1. (46)

We remark that both, &; and &4, verify the S-symmetries (see definition 2.21) and so correspond to
real expressions according to the cog\lplexiﬁcation (23). They will be used, combined with & and &
(see (43)), to describe the action of LS.

Lemma 2.43. Given F € 73]‘\94, there is a unique decomposition F=R+ N with R € Ker(ES)T and
N € Range L®. More precisely, if we set

Q=167 im0, T = {ELEPER EVEPEN Yyt mne M0,

then Ker(ES)T = Spang 9 and Range LS = Spang €. Thus, there exists G e PS; such that LSG = ]/\7,

and is uniquely determined except by the addition of terms in Ker(LS)T, which is given by Ker(LS)!
et

Spang{&," 7€} j—o,.... -

Remark 2.44. So, given F e 73]‘\94, equation LG+ Z = F is solved in 73]‘\94 by taking Z =R (the
normal form) and G a solution of LG = N. The (constructive) way in which G and Z can be obtained
from F' is described in the proof.

Proof. Let Fe 73]‘\94 (see definition 2.34). As any monomial q{'qé\/" = p{\/" ~pY, can be re-arranged into

the form,
FM Iy (q1p1)? (q2p2)¥ (qap1) M7 ifj+v <M,
1% "p1 P2 = - . o e
()™ (qop2) M~ (qup2)? T~ i j+v > M,
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F may be written as,

M M
F\ = Z 775 Z ,],E;’myn 77?17739,1 + Z WZ Z ﬁu,m,nﬁTﬁga

v=1 v+m+n=M v=0 v+m+n=M
where,
m = qip1, N2 =4q1p2, 73 = q2p2, 7NN4i = q2p1,

and with the complexification symmetries,

fvl,m,n = (_1)m+nﬁ,n,m7 and El,m,n = (_1)m+n§l n,m:- (47)
Then, it is clear that,

M = {pyni"nz:1<v<Mandv+m+n=DM}
U{nnrng:0<v<Mandv+m+n=M},

is a basis of Pj; (with complex coefficients). Hence, the real dimension of 73]‘?/[ is given by the number
of real independent coefficients according to the symmetries (47). It is not difficult to check that, for a
fixed v in the sums above, the quantity of real and imaginary parts —not related by the symmetries (47)-
necessary to form all the complex coefficients f,,,, is M — v + 1 (and the same for g, ). Thus,
summation over v gives,

M M
dimg Py =Y (M —v+1)+ Y (M —v+1)=(M+1)"
v=1 v=0

Now, we consider the set of (M +1)? vectors of Py; defined by TULQ. It turns out that they are linearly
independent in Py, because the map (£1,&3) — (n1,73) is linear and invertible (see formulas (43)
and (46)); so TULQ constitutes a real basis of Py, (in the sense that all the elements of P§; can be put
as linear combinations of elements of T U Q with real coefﬁc1ents) We know, see Lemma 2.41, that Q
constitutes a real basis of Ker(LS)T, and so, we can decompose F=R+ N with Re Ker(LS )F and
N e SpanR(E) What we have to prove is that there is G € P$; such that LG = N. To show this, we

take N and G and write them down in the basis T and T U £, respectively,

N = > Fma8&8E+ Y, Geman G
v+m+n=M v+m+n=M
(with n#0) (with v#£0)
G = D fomnSE+ D GemnGETE.
v+m+n=M v+m+n=M
(with v#0)
Remark 2.45. We stress that the sums defining N and G are arranged in a different way A(n
specially the ranges of the index v). This will be useful to compute explicitly the coefficients of G (see

below).
On the other hand, the operator LS acting on the elements of the basis T U Q yields,

S(eseres) = €(€2§T§3){€2,H2}+ (625?63){61,H2}+ (526?‘53){53,172}

S(ererey) = €(§4§T§3){§4,Hz}+ (5451”53){51,H2}+ (645{”63){63,112}

but,
{517H2} = 0’ {§2aH2} = _2§3a {§3aH2} = 647 {547H2} =0.

19



Therefore,

L8 (E5e1'eh) = —2w& G + e,
and when 1 < v < M, we can arrange the second term on the rlght using that &&y = —£2 — €2, so0
n&ylemenle e = —ngy e T2ent el Lemed Ll which when it is joined to the first term gives
L% (&5e7'ey) = (v + m)gg e —meg e ey, (48)
with 1 <v < M and v+ m +n = M. Similarly,
S(eferey) = netiepey (49)

for 0 <v <M, v+m+n=M. With (48) and (49) we can compute the action of LS on G and
write down explicitly the equation LSG = N in the unknown real coefficients fomm 1 < v < M,
v+m+n=»M),and g,y (0 <v < M,v+m+n=M). In this way, one gets,

M
- Z &t N (@ Hn) fomn T nfyma €T

v+m+n=M
1 -1
+ Z &t Z ngvmn &1 €3 (50)
v+m+n=M
- M
= Z & D fomnllG+D G D Gumn b€
v=0 v+m+n=M v=1 v+m+n=M
(n#0)
By comparison of coefficients in the second sums of both sides, we arrive to the relations:
/g\ll m,n
- — 51
Jv—1,m,n+1 n+l’ ( )

withl1 <v <M (v+m+n=M).

Remark 2.46. Equation (51) does not determine g, ,, 0 (¥ +m = M), so these coefficients can be
chosen arbitrarily (for they play no role in the homological equations). In particular we shall set them
to zero, i. e., we take: g, ;0 =0 (v +m = M). It will be clear in a moment that the corresponding
monomials constitute a basis of Ker(LS)T.

Similarly, comparison of coefficients in the first sums on the left and on the right hand side of (50),
with 0 < v < M held fixed, leads to the linear system,

f/ll\/,O,MfI/ =—(M+v+1)for10M-v—1, (52a)
f/ll\/,l,Mfl/fl =—-(M+v)for11,m—v-2, (52b)
.ﬁ/,m,M—l/—m = _(M +v—m+ l)fu-l—l,m,M—l/—m—l

(52¢)
- (M —v—-—m-+ 1)f1/+1,m—2,M—1/—m—|—1

with2 <m < M —v—1 (and v < M —3) in the last equation. If we introduce the vectors f, fE RM-v
by,

fos10M w1 froy—v
Jot1,1,M—v—2 fram—va
fori2M-v-3 ~ fvoM—v—2

[ = : ; [ = o ;
foriM w21 Fodi—v—22
fosi,m—v-10 Fordv 11
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for v =0,...,M — 1. Then, the equations (52a)—(52c) can be expressed in vector notation as,
Af=F (53)
with the (M —v) x (M — v) dimensional matrix A" = 4;, given by A%, = —(M +v + 2 — j), for
j=1 0 M—v; Ay 5 =—(M—-v+2—j), forj=3,.-- , M —v, and with the rest of the coefficients
equal to zero. Hence, it is a nonsingular, lower-triangular, matrix for every 0 < v < M, and so it

has a unique solution. We conclude then that Range(fs ) = Spank (%). These considerations close the
proof of lemma, 2.43. O

Remark 2.47. Observe that in the proof of the last lemma, we have set up the homological equations
for the M-type monomials, but to solve them and compute the corresponding terms of the generating
function, we need to write the elements F' € PS; from its natural form (38)

M
M v
F=)Y Fiaqlag ’p" s
J,a=0
to a polynomial in &1, &2, €3 and &4 of type
M M
9 ¢l 9 ¢l
F=Y¢ > [ j8+> 8 > g8,
v=0 v+9+j=M v=1 v+id+j=M

which allows to identify easily its components Rand N (see lemma 2.43 above). By direct substitution
it can be seen that the relation between the coefficients of the two expressions for F' are,

fowg =1 D (=D)"Clm,n,9)Fy—nyr—m  f0<v <M, (54)
m+n=M —v

Guog=1" Y (=1)"C(m,n,9)Fnp if1<v<M, (55)
m+n=M—v

with the form factors C'(m,n,d) defined by,

oo "5 (7))

B=max(0,9—m)
and satisfying in addition the symmetries,
C(n,m,d) = (=1)°C(m,n,?).

Finally we recall that, as the coefficients (54) and (55) are real: they expand F', an element of the real
vector space F € P]‘a,, with respect to the real basis T U Q.

Finally, lemmas 2.30 and 2.43, considered together, answer the question of the (formal) solvability
of the homological equations (30), and allow us to state the following proposition.

Proposition 2.48. The homological equations (30), with Fy € €5, s > 3, are identically fulfilled with
Gs, Zs € @f, where Zs = 0 when s is odd or, when s is even, Zs can be written as an homogeneous
polynomial, with real coefficients, of degree s/2 in qip2,I1,i(q1p1 + q2p2).

Hence, theorem 2.5 follows immediately from lemma 2.10, proposition 2.29 and finally from propo-

sition 2.48, since applying the inverse of the change (23), one gets
1 .
Q2 = —5 (@7 +23),  i(@p1 + qp2) = p172 — 1om1

and therefore, for s > 3 and even, Z; depends on the real coordinates I, z,y in the form stated in the
theorem. Note, however, that due to the minus sign in the first of the formulas above, the coefficients
of Z; may differ in a sign when expressed in real or in complex coordinates. Also, we remark that
an additional reversion in the time ¢, ¢ — —t, is necessary if ¢ = —1 after the linear reduction (see
lemma 2.10 and remark 2.14). This closes the section.
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3 Dynamics of the normal form

In this section, the normal form Z(") is analyzed. Then, after the setting of the Hamiltonian equations
corresponding to Z (") and the discussion of their first integrals (section 3.1) we derive, in section 3.2, a
parametrization of the family of periodic orbits and discuss their stability in terms of such parametriza-
tion (lemma 3.4). Next, in section 3.3 we show that —under certain generic conditions which depend
intrinsically on the low order terms of the normal form— there unfolds, “surrounding” the periodic
orbits, a two-parameter family of two dimensional invariant tori. Furthermore, a study of the normal
behaviour of such bifurcating tori is done, and the results are summarized in proposition 3.7. The
global picture resembles the classical Andronov-Hopf bifurcation, in the sense that unfolded stable
objects (2D-invariant tori in our case) appear around lower dimensional unstable ones —here, the pe-
riodic orbits of the family—, whereas conversely, unstable 2D-invariant tori may unfold around stable
periodic orbits. Whether the former or the latter phenomenon takes place, depends again upon the
nature of the low-order normal form. In the literature —see [33]-, this kind of bifurcation is known as
the Hamiltonian Andronov-Hopf bifurcation. Next, in sections 3.4 and 3.5, we give parametrizations
of the invariant manifolds of the hyperbolic periodic orbits of the family and of the bifurcated (hyper-
bolic) 2D-invariant tori. Section 3.6 deals with the 3D-invariant tori branching off the 2D-elliptic tori
of proposition 3.7.

However, it is worth to realize that if only a qualitative description is needed, all these foremen-
tioned objects (periodic orbits, invariant tori and manifolds) and the dynamics generated from them,
can be detected using the normal form (56) up to an order as low as four (hence r = 2). This is car-
ried out at the end, in appendix A. Nevertheless, if one looks for accurate parametrizations of those
backbone dynamical invariants, then they must be computed from a normal form of higher order and
therefore, our approach describes the (local) dynamics around the non semi-simple resonant periodic
orbit not only qualitatively, but quantitatively as well, in the sense that allows all these computations
effectively and up to any arbitrary order. On the other hand, though, some close related problems
are left open and are not treated here; mainly, the derivation —as a function of the distance to the
critical periodic orbit— of the “optimal” order of the normal form (i. e., such that it minimizes the size
of the remainder in given neighbourhood of the resonant periodic orbit) and the preservation of the
bifurcated invariant tori when the complete (transformed) Hamiltonian is considered. These are more
tricky matters and, in particular, to tackle the latter, one cannot avoid getting involved with KAM
schemes (see [25]).

3.1 Hamiltonian equations of the truncated normal form

From now on we shall concentrate on the study of the normal form Z("), skipping the remainder R(r)
off and working only with real coordinates throughout. Hence, in view of theorem 2.5, Z(") can be
put into the form:

Z(r)(xaIlay) =wh + woly X T + %|y|g + Z; (%|$|ga11ay X 3'1) ) (56)
with the notation,
jzlo = (#} + 292, |yl = (i +13)"%  yx 3 =13091 — T1Y2

and Z,(u,v,w) being a polynomial of degree |r/2| (we use |z]| to denote the integer part of z € R),
beginning with quadratic terms. We shall express it as

1
Z(u,v,w) = E(au2 +bv? 4 cw?) + duv + euw + fow + Fr(u, v, w), (57)
with '
Fr(u,v,w) = Z fimmu’ 0" w", (58)
3<j+m+n<|r/2]
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if r > 6 or zero otherwise.

Remark 3.1. Actually, the coefficients of the term of degree two are those which will play an essential
role in the dynamics of Z("). It becomes clear throughout the main results of this section: lemma 3.4,
theorem 3.5, proposition 3.7 and also in the appendix A.

Now, if we define
n(z, I,y) = (3|zf3, L,y x z),
the corresponding Hamiltonian equations can be written in the form
01 = w4+ Z, o,
L =0,
I = waTe + Y1 + 12032, o1,

(59)
Ty = —wexy + Yo — 11032, 01,
Y1 = waoyz2 — 21012 01N + Y2032, o1,
Y2 = —woy1 — 22012, on — Y1032, o).
Moreover the system above is integrable, since it can be shown that the three functions
Ii=n, Th=yxz and ZIzy=1ily}3+2 (3|23, 11,y x 2) (60)

are, outside the zero measure set defined by
Y1 = 0, Y2 = 0, BIZT = 0,

three functionally independent integrals in involution of the system (59).

3.2 Parametrization of the family of periodic orbits

It is straightforward to check that these Hamiltonian equations have a one-parameter family of periodic
orbits given by
0, = (w1 + 8227-(0, I, 0))t + 9(1),
M,:{ I =o, (61)
1 =z =y1 =Yz =0,
This implies that the action I; is a good parameter for the (local) description of the initial family of
periodic orbits. So we can identify o = I as the parameter and, in the forthcoming, denote the family

by {Mp, }1,er-

Remark 3.2. With the parametrization (61), the “twist” condition (see [31]) w'(0) # 0, asking the
angular frequency to move with the parameter of the family, can be expressed as 92 2Z,(0,0,0) = b # 0.

Remark 3.3. One may wonder if such parametrization is preserved when the remainder is added to
the normal form and the complete transformed Hamiltonian is considered. In fact, the only monomials
in R(") which could destroy the given parametrization are:

j 7l f sink6; j 7l f sink,
xm[l{ cos k1 } and ym[l{ cos k1 }

or —when complex remainder is considered—,
@) It exp(ikfy) and pl Il exp(ik6));

with m = 1,2, k € Z, 5 = 0,1 and [ € N such that 5 + 2] > r. It can be readily seen then, that the
denominators associated to these monomials are (k £ jk)w; with kK = wo/w1 ¢ Q (see theorem 2.5)
and k, j in the same range than before. So, small divisors do not appear here and a (semi) normal
form additional transformation —constructed as the limit of the successive canonical changes removing
those monomials—, will be convergent in the appropriate domain.
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It turns out that, if the coefficient d in (57) is different from zero (this is a generic condition that
will be assumed in the sequel), the stability of the family {M, }1,er depends, for |I;| small, on the
product dI;. This is stated in the next lemma.

Lemma 3.4. If the coefficient d of the polynomial Z, given by (57) is d # 0, then for |Iy| small
enough, the periodic orbits in {M, }1,er are complez-unstable when dI; < 0 or (linearly) stable when
dl; > 0.

Proof. To compute the characteristic exponents of the periodic orbits, we write down the variational
equations of (59) around M;j,. Using the parametrization (61), one may check that in the normal
directions (z,y) these equations are given by the linear system:

i 0 o9 1 0 1
.’i;'g o —02 0 0 1 )
i —o1 0 0 oy yi |’
U 0 —o1 —o2 O Y2
with o1, 09 defined by,
oy = 012:(0,1,0) =dl + 0(112)’ (62)
o9 = UJ2+83ZT(07I130) :(.U2+fIl+O(Il2)

and then the characteristic exponents of the periodic orbits are,
ai =lo9 £V —01

= i((.UQ +fIL + 0(112)) £/ —dl; + 0(112),
Br = —ioy £ V=01
= —i(wy + fI; + O(I})) £ \/ —dI, + O(I})
Thus, if |I;| is sufficiently, the sign of the terms inside the square roots at the expansions for ozicl and
51i1 in the above formulas, depends on the sign of dI; in the way described by the lemma. O

Figure 2 sketches the evolution of the characteristic multipliers as I moves. Therefore, according
to lemma 3.4, and for increasing values of I, the orbits in the family change from complex-unstable
to stable for d > 0 (figure 2(a)) or from stable to complex-unstable for d < 0 (figure 2(b)).

3.3 An unfolding of a two-parameter family of 2D-invariant tori

Generically, the collision of characteristic multipliers (of a family of periodic orbits) shown in figure 2
carries on quasiperiodic bifurcation phenomena. These may be described using the r-order normal
form Z().

Before, to simplify the identification of the requested solutions, it is convenient to introduce new
coordinates through the change:

I
r1 = +/2qcosfy, Yy = —\/—;_qsint?Q—l—p\/chosHQ,
(63)
I
To = —y/2gsinfy, yo = ——200502—p«/2qsin02,

Ner

with ¢ > 0. (63) is canonical, for one immediately verifies: dfy AdI1 +dz Ady = dO ANdI+dgAdp and is
properly defined and regular except in the set 1 = z9 = 0. It introduces a second action I, together
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Figure 2: Evolution of the characteristic multipliers. We note that when I3y = 0, then a = aa' = iwy and By = ,83' = —iwsz

(collision on the imaginary axis).

with its conjugate angle 6, while ¢ and p are the new normal position and its conjugate momentum
respectively; in these coordinates, the Hamiltonian Z (") takes the form,

_[2
Z0)(01,02,q, 11, I, p) = wi ) + woly + gp* + ﬁ + Z,(q, 11, I2), (64)

(we keep the same name for the transformed Hamiltonian). Assuming, as in lemma 3.4, d # 0, the
Hamiltonian system corresponding to (64)

91 = w1+822r(q,11,12),

. I
0y = wo+ 2—2q + 832r(q,11,12),

q = 2qp, (65)
jl = 07

I, = 0,

i I2

p = —p2+@—812r(q,11,12),

has a two-parameter family of bifurcated 2D invariant tori. Theorem 3.5 sets a precise formulation of
this assertion.

Theorem 3.5. If the coefficient of d of Z, (see equation (57)) is d # 0 there exists a real analytic
function T:D C R2 = R, D a neighbourhood of (0,0), defined implicitly by the equation

7]2 = 8127‘ (éhal—(éhan% 28’7) )
with Z(0,0) = 0 and such that, for ({,n) € D, the two-dimensional torus
72,77 = {(erajap) € TQ x R x RQ XR: q= 57 Il :I(é.?n)a -[2 = 26773 p= 0} (66)

is invariant under the flow of (65) with parallel dynamics determined by the vector 2% = ({21, {2) of
intrinsic frequencies:

‘Ql (6?77) =wi + 8227“(571(5777)a 2577)3
2(&,n) =wo + 1+ BZ(6,L(En),2n);

moreover, the corresponding invariant tori of the Hamiltonian (56) are real whenever & > 0.

(67)
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Proof. 1t follows directly by substitution in (65) equations, whereas the last point about the real
character of the invariant tori follows from (66) and the change (63). Here we only stress that the
condition d # 0 (the non-degeneracy of the transition) is the necessary hypothesis for the implicit
analytic function Z to exist in a neighbourhood of (0, 0), since 8%7227«(0, 0,0) = d. Finally, transforma-
tion (63) shows the real character of the (corresponding) tori of (56) for & > 0 (see also equations (68)
below). O

Then {7-5’"}(6,77) cp With £ > 0 constitutes a two-parameter family of real invariant tori filled up with
quasiperiodic solutions of the system (65). Whence, changing back to rectangular (with respect to the
normal directions) coordinates by means of (63), one obtains a family of two-parameter quasiperiodic
solutions winding 2D real invariant tori of (56). Explicitly:

01 = Ql(gan)t_*_e?a Il = I(gan)a
z1 = V2€cos(Q(&,n)t + 603), y1 = —V2Ensin(Qa(&,n)t +63), (68)
22 = —V28sin(Qa(&,n) + 603), y2 = —v2Encos(Q(&n)t + 603).

Using the expressions for Z, given by (57) and (58), a formal expansion of the implicit function Z
can easily be derived. Up to second order in &, 1 one gets:

2af21,0 . a? f1,2,0
d d?

I(¢,n) = —%f - é <3f3,0,0 -

)& - Lot voen. @)

and then substitution in (67) yields, for the frequencies (21, {2,

e e+ (a- )¢

3b a?b 2ab 2a 3a?

+ (—Ef?,,o,o - ?ﬁ,z,o + ﬁfz,w + f21,0 — §f1,2,0 + ﬁfo,?,,o) 52 (70a)
2eb b

+ (—7 + 2f> &+ 0" + 03(¢,7m)

af
D(n) =wr+ | e— )&t

3 a? 2a a a?

+ (—jff:a,o,o - d—3ff1,2,0 + d—2ff2,1,0 + f201 — Efl’l’l + ﬁfO,Z,l) 52 (70b)

+ (26 — %) &n + 3772 + 03(&, ).

Similarly as in the lemma 3.4 for the stability of periodic orbits, the normal character (elliptic, hyper-
bolic) of the unfolded tori has to do with the sign of one of the coefficients of the polynomial Z,. (see
proposition below).

Remark 3.6. In view of the expansions (70a) and (70b) one easily computes det D¢ (2 = d — ab/d +
01(&,m) —with * = (&,n), 2F = (21, £29)-, so the family of invariant tori will be nondegenerated (in
the Kolmogorov’s sense) under the condition d? # ab.

Proposition 3.7. With the assumptions of theorem 3.5 —including the reality condition & > 0— and
if the coefficient a of the polynomial Z, in (57) is a # 0; the type of the bifurcation is determined by
the sign of the coefficient a. More precisely:

Case 1. If a > 0; besides the elliptic tori around stable periodic orbits —which correspond to exci-
tations in their normal elliptic directions— there appear elliptic tori around complex-unstable periodic
orbits.
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(a) a > 0 (direct bifurcation) (b) a < 0 (inverse bifurcation)

Figure 3: Qualitative sketch of the size of the 2D bifurcated tori and their stability in the case d > 0 (the figures for d < 0
follow straightforward). In these plots complex-unstable periodic orbits lie on the negative horizontal semiaxis (in dashed lines)
and the stable ones in the positive horizontal semiaxis. In figure (a) the shaded area corresponds to the domain of existence of
elliptic invariant tori. In figure (b) the regions shaded obliquely and horizontally are the domains of the elliptic and hyperbolic tori
respectively whilst the separating curve holds parabolic tori. Here p, 0 < p < R, is defined by p := (z? + 23)'/2 (so p = (26)'/2,
according to (63)). It can be thought of as the radius of the invariant torus 7¢ , in the normal directions x1, 22. R is the “maximum
allowed radius” and is determined by the domain © of Z(&,n). If n is allowed to range in a neighbourhood of n = 0, the regions
shaded in the figures may be derived from (69) setting & = p2/2, i. e. from: dI; = —ap?/2+n? + O3(p,n) and the normal character
of the tori follows from the characteristic exponents (71).

Case 2. If a < 0, then, hyperbolic invariant tori unfold around stable periodic orbits. In this case,
the family described in theorem 3.5 contains also elliptic tori (of the same nature than those in the
previous case) and parabolic tori.

By analogy with the classical Andronov-Hopf bifurcation, the former and the latter cases in the
proposition are often referred as the “direct” and the “inverse” bifurcation respectively. In figure 3
the bifurcation pattern is sketched in both contexts.

Proof (of proposition 3.7). Counsider the system (65) and the family of invariant tori {72,,7}(5 ) of
theorem 3.5. Around one of these tori, the first variational equations in the normal directions are
given by the linear system,

X = 2¢Y,

. 2
Y- (z% a0 F (6 T (), 2571)) X

whose eigenvalues (the characteristic exponents of the torus) are:

+(6,m) = /402 — 20 — 260} Fo (€, T(€,m), 267). (71)

As 58%,1.7-}(5,1(5, n),2¢&n) is £€01(&,n), this implies that —at least in a small neighbourhood of (£,n) =
(0,0)—, the normal behaviour of the tori is determined by the sign of the first two terms inside
the square root —4n? — 2a¢. In particular, if the coefficient a is positive (case 1) then the family
only holds the elliptic invariant tori, whilst for negative values of a (case 2), elliptic and hyperbolic
tori will be present, but parabolic tori will appear as well. Indeed, if one considers the equation:
2n% + a + 68%71.7:,« (&,Z(&,1m),2¢n) = 0, just the implicit function theorem applied at (£,7) = (0,0)
shows the existence —in the space of parameters (£,7)—, of a path & = ¢(n) giving rise to a one-
parameter family of parabolic tori. Of course, the same can be done when a < 0 but then &, as a

27



(c) (d)

Figure 4: Invariant manifolds of the hyperbolic periodic orbits. Figures (a) and (b), corresponding to a > 0, are the projections of
the invariant manifolds on the planes (¢,p) and (x1,y1) respectively. The same, but for a < 0 is plotted in figures (c) and (d). In
each drawn, these are represented for three different values of I1: I} < I{ < I{ < 0. In (a) and (c) stable and unstable invariant
manifolds are on p < 0 and on p > 0 respectively, whilst in (b), (d) the stable manifolds have z1y1 < 0 and z1y1 > 0 the unstable
ones.

function of 7, will take locally (i. e., in a small neighbourhood of the origin) only negative values,
against the condition for real invariant tori.

To discuss the position —relative to the family of periodic orbits— of the bifurcated invariant tori,
one looks at (69) and realizes that for (£,7n) given, the action I; of the corresponding invariant torus
can be expressed as

1
I = =€+ +€01(Em) + 0s(¢,m);

hence, the sign of dI; is determined locally by the first two terms. In particular, for a > 0 (case 1)
dI; can take positive or negative values so elliptic bifurcated tori of the first case unfold “around”
both stable and unstable periodic orbits (see figure 3(a)). On the contrary, for a < 0 the sign of dI; is
(locally) always positive and therefore, in the second case, bifurcated hyperbolic, elliptic and parabolic
tori appear around —in the sense just stated— stable periodic orbits of the family (figure 3(b)). This
ends the proof. O

3.4 Parametrization of the invariant manifolds of the hyperbolic periodic orbits

We recall that when o1 < 0 in (62) (i.e., when dI; < 0 with I; small) then the orbit M, given by the
parametrization (61) is a hyperbolic periodic orbit of the Hamiltonian equations of the normal form
Z(). So, one may use Z(") to get parametrizations of the stable and unstable invariant manifolds of
this orbits. If we consider a fixed I; such that o; < 0, then the corresponding stable and unstable
manifolds of M, are three dimensional and can be obtained by setting the values of the first integrals
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in (60) to the ones of My,. If we write Zy and Z3 in the coordinates (63) we have,

IZ
Iy = I, I3ZQP2+ﬁ+Zr(q,Il,I2)-

So, the invariant manifolds of M, are defined by
I2:Oa qp2+ZT(QaIIaO) :ZT(OthO)a

obtaining;:

1 a
p= 4 H(20,1,0) - Zg.1,0) = %[~ g — dl; + Oula ).

The choice + corresponds to the unstable manifold and the choice — to the stable one. Going back to
the rectangular coordinates through (63), we obtain the following parametrization of the manifolds:

z1 = /2q cos b, = +/2(Z,(0,11,0) — Z,(q, I,0)) cos 0y,
T9 = —+/2qsin By, = F/2(2,(0,11,0) — Z.(q, I1,0)) sin .

Alternatively, the invariant manifolds can be given as graphs:

2 1
Yi = ixz\/m (Zr(OaII,O) - Z <§ (33% +$%) 31130>>

= :txz\/—g(x% +.’L‘%) —dl; + T,

4

where T' stands for the terms of (adapted) degree at least 3. These parametrizations are represented
in figures 4(a)—(d) for three different (negative) values of the action I; and according to the sign of a
(see the details in the caption).

However, the range of available parameters (g, I1) is restricted by the condition that the expressions
inside the square roots must be positive. By defining F'(q, ;) = (Z,(0,1;,0) — Z,(q,11,0))/q, we need
F(q,I;) > 0. We notice that F(0,0) =0, 0;F(0,0) = —a/2 # 0 and 02F(0,0) = —d # 0. Thus, the
boundary of this domain can be (locally) expressed as function of I or q.

3.5 Parametrization of the invariant manifolds of the hyperbolic 2D-invariant tori

In the inverse case (when a < 0) we have shown that for certain range of the parameters (£,7) the
2-dimensional bifurcated torus 7, given in (66) is normally hyperbolic. More precisely, it happens
for the values of ¢ > 0 and 7 such that 4n? + 258%71245,1(5,7]),257]) < 0 (see theorem 3.5 and
proposition 3.7). For these tori we can also compute its stable and unstable manifold which, for any
given torus, have dimension three. Again, they are implicitly defined by fixing the values of the first
integrals in (60):

- 1(57 7])’ IZ = 28’7’ I3 = 6772 + ZT(§7I(§7 n)a 257])

Using the coordinates (63) we obtain the following expression for p:

p—t F(q,ﬁ,n)Zi\/é{ (6 T(E, ), 260) — 20 (q, T(Esm), 26) + €212 (é—é)} (72)

and the corresponding manifold will be stable if p(¢—¢&) < 0 or unstable if p(¢—¢) > 0 (see figure 5(a)).
Of course, using the expressions (63) we can go back to the original normal form coordinates. As for
the hyperbolic periodic orbits, we can also see these manifolds as graphs, so that

2 2 2 2

) xy + x5 xq + x5
=2n———= 4/ F = -2 5 3 F .
Y1 fﬂx% {L‘% \/ ( 2 757”) I, 677 2 $2 \/ ( 2 aéa”) )
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Figure 5: Invariant manifolds of the hyperbolic invariant tori corresponding to (£,7). In figure (b) we set o = 0 and n > 0 is
assumed. The position of the hyperbolic invariant tori is (¢,p) = (€,0) in (a) and (y1,y2) = (0, —nv/2§) in (b). In both cases is
marked with a dot.

Moreover, if we use the equation defining Z(£,7) (see (69)) we can make more clear the expression of
F(q,&,n). Indeed, we can expand it in powers of ¢ — £, obtaining:

Z(q,Z(&m), 26n) — Z:(6,Z(€,m),28n) = (¢ — &) + %8%,IZT(§7I(§77])a 26n)(q — €)°
+ G(Qafﬂ?)(q - 6)37

where G(q,&,1)(q — €)? stands for the complementary term in the Taylor expansion, and thus

_£\2
R 4q§) {4n® + 26071 2, (&, (&), 26m) + 2(q — &) [0, 2, (&, Z(€,m), 2¢m) + 240G (a,€,m)] } -

Using this last expression of F' the condition on the torus 7¢, to be hyperbolic appears in a natural
form, as in equation (72) we need F(q,&,m) > 0. Thus, if 4n? + 258%,1Zr(§,1(§,n),2§n) < 0, this
condition is fulfilled provided |¢ — ¢| is small. In figure 5 we plot, for some given values of the
parameters (£, 7), the invariant manifolds of the hyperbolic tori. The projections are displayed on the
plane (g,p) —in figure 5(a)— and on the plane (y1,y2) —in figure 5(b)-.

Moreover, if we want to characterize the range of available parameters in (72), we have to study
the solutions of ¢g(¢,&,n) = 0, with

g =40’ + 2607 1 Z,(¢, T(&,m), 26n) + 2(q — &) [071 20 (&, T(&, ), 26m) + 2¢G(q,&,n)] -

As ¢(0,0,0) = 0 and 01¢(0,0,0) = 2a # 0, we can give the solutions of g(¢,&,n7) = 0 by writing
q (&,m), so that the boundary of values of ¢ in the parameter space of F' is given (locally around

= f S
(6?77) = (0,0)) as q > f(faﬁ)

3.6 Computation of 3D-invariant tori

3D-invariant tori of the normal form (56) can be obtained from periodic orbits of the 1-degree of
freedom Hamiltonian system given by:

_[2
H(q,p; 11, I5) =qp2+4—2q+3r(q,11,12), (73)
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where I; and [» have to be treated as parameters (see (64)). Thus, given a couple of values I; and
I (fixed), let (q(03),p(63)) be a 2m-periodic parametrization of a periodic orbit of (73) such that
3 = 3. Then, the dynamics of the corresponding 3D-invariant torus of (64) can be obtained by
direct integration of the expressions,

él = w] + 8227«(6(&315),[1,[2),

. I
0 =wy + ———
? 27 2q(@st)

being the vector of intrinsic frequencies of this torus w = (wy, Wy, w3), with w; and wy defined by

w1 = w1 +(2,(q(03), 11, I2)),

Wy = wy + <~I—2> + (3 2:(q(03), I, I5)),
2q(63)

where (-) denotes the average with respect to the angle 65 (of course, we need w; , we and ws to be

independent frequencies in order to have a legitimate 3D-torus).

If we want to discuss the range of parameters for which we obtain periodic orbits of (73), we point
out that these orbits can be obtained implicitly as energy levels of the system, {H(q,p;I1,I2) = h},
for suitable values of h. The extremal values for the interval of allowed values of h (for any given I;
and Iy), correspond to the ones of the critical points of H. The discussion of these critical points for
the system (73) can be easily derived from the discussion of the fourth order normal form done in
appendix A.

+ 8327'(6(&316)’ Ila -[2)7

Appendix A. Study of the low order normal form

We shall consider the normal form (64) with » = 2 (fourth order Hamiltonian). Actually this truncated
Hamiltonian contains the relevant dynamics and phenomena described so far.

The aim of this appendix is mainly descriptive, so the straightforward computations are omitted.
However, the dynamics is here explored fixing the value of the energy and deriving the corresponding
phase portrait in the normal directions. This does constitute a different sight that complements the
description in section 3.

Previously, though, it is convenient to introduce more suitable coordinates by means of the canon-

ical change,
Q=2 P=pV2,

In these new coordinates, the Hamiltonian Z( will take the form,
Z®(Q, 11,15, P) = Hy(I1, ) + H\(Q, 11, I, P), (74)
with Hy and H; given respectively by,

1 1
Hy(I1, L) = wil) + woly + 5blf + §c122 + fI 1o,
and
1, 1([I2 5 a 4
HI(Q7[17I27P) = §P +§ @+(dll+612)Q +§Q ) (75)

The actions I, I» are constants of the motion, and so is Hy. Hence it is enough to investigate the
energy levels of Hy, which is an (integrable) Hamiltonian of type

Hl(QthI2aP) = %P2 + V(Q7I17[2)a
where the potential V(Q, I, I3) must be

1 (13 51 @,y
V(Q,Il,fg) = 5{@4‘((1[1—'—6[2)62 }—I—gQ .
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Remark A.1. In particular, if in (75) one fixes the value of the first integrals I and Iy, the equilibrium
points and the periodic orbits of the resulting one-degree of freedom Hamiltonian will correspond to
2D and 3D-invariant tori respectively of the whole phase space.

A systematic account of the dynamics of (74) can be obtained if one considers three independent
first integrals of the system, fixes the value of two of them, and shows in the (@, P)-plane all the
possible motions according to the values of the third one. Thus, what we will do is to consider fixed
values of o and h, and to restrict I; and I, to the linear manifold dI; + el = a and to the energy
level {H1(Q, I1,I2, P) = h}. Then, the allowed motions can be easily derived using I5 as a parameter
(see also [14]). These results are accounted in the proposition below.

Proposition A.2. Consider the Hamiltonian (75) and assume that the coefficients a and d are both
different from 0. Given fized values of a and h, we introduce the energy level sets

£, ={(Q,P)eR*, Q>0: H(Q,P,I,I,) = h, dI, +el, = a}, I eR.

The phase portrait of these sets can be described, according to the sign of a, by the following two
cases:

Case 1. a > 0; depending on the sign of o, we have the following lower bounds for h: h > hg =
—a'a?/2 if « < 0; h > 0 if @ > 0 (for smaller values of h the motion is not allowed); in any case,
we have an elliptic point surrounded by invariant closed curves. All the flow is confined by different
objects associated to . If a > 0 these confiners are: a closed curve for hy < h < 0; the (matching)
stable and unstable manifolds of the point (Q, P) = (0,0) (which is an equilibrium point when Iy =0)
for h = 0; and an open curve joining the points (0, (2h)Y/2), (0, —(2h)Y/?) for h > 0 (recall that Q > 0).
If « > 0, the confiner is always the open curve.

Case 2. a < 0; in this case, any value of h is allowed. If a < 0, we have that for any value of h
the motion is unbounded: no equilibrium points take place and for all the trajectories Q) goes to the
positive infinity when t does. The same happens for a > 0, if h < 0 or h > 4hy/3 = —2a 'a?/3.
Howewver, in the case o > 0 we have the following additional possibilities: if 0 < h < hg = —a~'a?/2,
an elliptic fized point surrounded by closed invariant curves appear. The region of the invariant tori is
confined by a curve joining the points (0, (2h)Y/?), (0, —(2h)'/?). Outside this separatriz, at a distance

2 (v Ve

a

of the origin (Q,P) = (0,0), escape trajectories evolve. When h is increased and hy < h < 4hgy/3,
an hyperbolic equilibrium point merges and the elliptic point with its accompanying family of closed
invariant curves are contained inside the loop formed by the connecting branches of invariant manifolds
of the hyperbolic point. With the exception of the flow lying on the branch of the stable manifold not
belonging to the loop (that on the right of the hyperbolic point), escape trajectories take place outside.
When h > 4hgy/3, both fized points disappear through a parabolic collision for h = 4hgy/3.

The first case, a > 0, is represented in figures 6(a)-(c) only for &« < 0 (o > 0 leads to a plot
similar to the figure 6(c), but with V(Q;0) —see equation (76) in the proof below— being a monotonic
increasing positive function. The case 2, a < 0, is outlined, for @ > 0, in figures 7(a), (b).

Proof (of proposition A.2). Setting dI; + els = « in (75) one gets a family of one-degree of freedom
Hamiltonians

H(Q,P;1) = 5P +V(Qi ),

with )
VQin) =5 (g +0@?) + 50" (76)
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(a) ho= -2 < h < 0. (b) h=0 (¢) h>0

Figure 6: Phase portrait for ¢ > 0 and a < 0. ho is defined as the value of V(Q;0) (see (76)) at its minimum point. The lowermost
potential (i. e., the only graph not growing to +oco when @ — 01) and the outermost curves in the (@, P)-plane below —both drawn
with thicker lines—, correspond to Iz = 0. For higher (absolute) values of I, more precisely, for 0 < |I2| < |IZ| closed invariant
curves appear for the fixed energy level h (see the proof of proposition A.2 for the details). As pointed in the text, for h = 0,
figure (b), this curve identifies the stable and unstable invariant manifolds of the origin, which is an equilibrium point for I = 0
and h = 0. In particular, the situation described in (b) corresponds with the direct bifurcation introduced in proposition 3.7 if one
identifies the invariant manifolds of the origin with the invariant manifolds of the (complex-unstable) periodic orbit of the family
with I; = a/d. Here, though, the scene is envisaged on a section of constant energy.

where I is regarded now as the parameter of the family. For each I» given, they are the sum of
the kinetic term P2/2 plus the corresponding potential V(Q;I5); hence their phase portraits are
straightforward constructed from the shapes of V(Q; I3).

In the first case, a > 0, it is checked immediately that the inequalities: —a~'a?/2 < V(Q;0) <
V(Q; 1) if a <0and 0 < V(Q;0) < V(Q; I2) if a > 0, hold for @ > 0 and all I, # 0. This leads to
the lower bound for h. Then, given a value h of the energy, to find the equilibrium points one looks
for (Q, I1) satisfying simultaneously the equations

V(Q; Iz) = h, 0V (Q;12) =0, (77)

with @ > 0. Hence, for this value of the parameter I, ) is a critical point of the potential lying on
that energy level.

When a > 0, (77) has only one solution, say (E, I¥), corresponding to an elliptic equilibrium point.
The surrounding closed invariant curves can be parametrized by

Q=5 P=+V2h-V(s:]y) (78)

with 0 < |Io| < |[I¥|, E' < s < E"; being E', E" the two positive solutions of the equation V (s; I) = h.
The same parametrization works for the curves confining the phase flow, but setting Is = 0 and
0 < s < E" where E" is the (unique) positive solution of V' (s;0) = h.

For a < 0 (second case), one realizes that V(Q; I2) decreases monotonically for any value of the
parameter I> when oo < 0. Therefore no equilibrium points may appear, so all the solutions will escape
when ¢ — oo. On the other hand, if @ > 0 it is straightforward to check that the system (77) has

i) no solutions for h < 0 or h > —2a"'a?/3,
(i)

ii) two solutions (E,+IF), for 0 < h < —a~'e?/2 and
2
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Figure 7: a < 0, @ > 0. Construction of the phase portrait of the Hamiltonian (75) from the graph of the potential V(Q;I2) (see
the proof of proposition A.2 for the details). (a) 0 < h < hg. The graphs of the potential correspond to three values of the action
Iy = 0 (thicker line), I, IZ with 0 < |I2| < |IF| and hence: V(Q;0) < V(Q;1I2) < V(Q;IF) for all @ > 0. In the phase portrait
below, it can be seen that the flow is whether confined to wind closed curves around the elliptic equilibrium point (marked with
E), or escape to infinity following one of the hyperbola-like curves on the right. (b) ho < h < 4ho/3. As in (a), the potential is
represented for several values of the actions: I» = 0 (in thicker line) and I}, I, I, IF with 0 < |I}| < |I| < |I2| < |IF|, which
yields V(Q;0) < V(Q;14) < V(Q; 1) < V(Q;12) < V(Q;1F) for all Q > 0. Again, an elliptic equilibrium point (marked with
E below) appears but this time together with an hyperbolic one (marked with H). In the (Q, P)-plane there are represented the
closed invariant curves around the elliptic point, the invariant manifolds of the hyperbolic point (in thicker line) and the escape
trajectories corresponding to the values I, (the outermost curve, wrapping the invariant manifolds), If and Iz —this latter two are
the hyperbola-like curves close to the rightward, not connected, branches of the invariant manifolds—. The portrait drawn in (b)
may be thought of as the projection, in the plane of the normal directions and for a fixed energy h, of the inverse bifurcation of
proposition 3.7.

(iii) four solutions when —a='a?/2 < h < —2a7'a?/3. We denote them by: (E,=+IF), (H,+1i),
with 0 < |I4| < |I|. Moreover, if I is such that: |I}| < |I5| < |I#| then the relations

V(Q. I < V(Q,I) < V(Q,13), (79)
are satisfied for all @ > 0.

Therefore in (i) there are no equilibrium points in the phase plane (@, P) and consequently all the
trajectories escape as t — +00. In item (ii), an elliptic equilibrium point is present and it is encircled
by a family of (closed) invariant curves with 0 < |I3| < |IZ]. In item (iii) an additional equilibrium
point, hyperbolic, appears. Furthermore, there exists H', 0 < H' < E < H such that V(H', I1) =
V(E,I¥) = V(H,I') = h. Thus the stable and unstable manifolds of the hyperbolic point form
a loop which embraces the elliptic point and —in view of (79)— is filled up with closed invariant
curves having I in the range |IJ7| < || < |I¥|. We stress here that, when h > —a 'a?/3 then
(B, +£1F) = (H,£111), so the elliptic and the hyperbolic points collide on this energy section giving
rise to a parabolic equilibrium point (Note: a parabolic torus in the six-dimensional phase space).
The different trajectories on the (@, P)-plane can also be parametrized by the equations (78), setting
there the corresponding values of h, I and letting the parameter s to range between the appropriate
limits: e. g., for an invariant closed curve I must satisfy 0 < |Io] < |IF], (if 0 < h < —a"'a?/2)
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or I < |L| < |I¥| (if —a='a?/2 < h < —a"'a?/3) and s should take values in the interval
E' < s < E", now with E’, E” the two smaller positive solutions of V' (s,Is) = h. Recall that in this
case, the last equation has still a larger solution E"" > E". Then, for s > E"', (78) parametrizes an
escape curve.

So long we have just only given a few hints for the construction of the phase portrait of the solutions

of (75). Further details can be appreciated in the figures 6, 7. ]
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