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Abstra
t

In this work, our target is to analyze the dynami
s around the 1 : �1 resonan
e whi
h appears

when a family of periodi
 orbits of a real analyti
 three-degree of freedom Hamiltonian system


hanges its stability from ellipti
 to a 
omplex hyperboli
 saddle passing through degenerate ellipti
.

Our analyti
al approa
h 
onsists of 
omputing, in a 
onstru
tive way and up to some given arbitrary

order, the normal form around that resonant (or 
riti
al) periodi
 orbit.

Hen
e, dealing with the normal form itself and the di�erential equations related to it, we derive

the generi
 existen
e of a two-parameter family of invariant 2D tori whi
h bifur
ate from the


riti
al periodi
 orbit. Moreover, the 
oeÆ
ient of the normal form that determines the stability

of the bifur
ated tori is identi�ed. This allows us to show the Hopf-like 
hara
ter of the unfolding:

ellipti
 tori unfold \around" hyperboli
 periodi
 orbits (
ase of dire
t bifur
ation) while normal

hyperboli
 tori appear \around" ellipti
 periodi
 orbits (
ase of inverse bifur
ation). Further, a

global des
ription of the dynami
s of the normal form is also given.
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1 Introdu
tion

In this paper, the main topi
 is the study of the dynami
s 
lose to 1 : �1 resonant periodi
 orbits

of three-degree of freedom Hamiltonian systems. To be more pre
ise: we 
onsider a one-parameter

family of periodi
 orbits of a real analyti
 three-degree of freedom Hamiltonian system, and assume

that the orbits of the family are �rst linearly stable, for a 
riti
al value of the parameter the nontrivial

(i. e., those di�erent from one) 
hara
teristi
 multipliers of the 
orresponding periodi
 orbit 
ollide

on the unit 
ir
le (Krein 
ollision) and then, if 
ertain generi
 
onditions are met, the 
hara
teristi


multipliers leave out the unit 
ir
le to the 
omplex plane. Hen
e the family looses its (linear) stability

and the periodi
 orbits be
ome 
omplex unstable. In other words, the family 
hanges from stable to


omplex-unstable by means of a passage through a a 
riti
al, 1 : �1 resonant or simply resonant

periodi
 orbit (see �gure 1).

These transitions are not a strange or un
ommon phenomenon. Far beyond they are generi
, so

examples 
an be found in several �elds of s
ien
e, from astronomy {gala
ti
 dynami
s [19, 27, 28, 23℄,

planetary theory, e. g. in [13℄{ to parti
le a

elerators, e. g. in [15℄; and not only in three degrees of

freedom Hamiltonian systems, but also in higher dimensional problems. For example, in [22℄ families

of periodi
 orbits were found with transitions stable to 
omplex-unstable for the spatial ellipti
 three

body problem (three and a half degrees of freedom): two pair of 
hara
teristi
 multipliers 
ollide,

while the third stays on the unit 
ir
le.

Furthermore, this same me
hanism of instabilization takes pla
e in families of symple
ti
 maps

where a �xed point undergoes Krein 
ollisions of its eigenvalues for some (
riti
al) value of the pa-

rameter: see [26, 24℄ and re
ently [16℄, where the behaviour of two of su
h families are investigated

numeri
ally. This 
onstitutes an alternative approa
h to the investigation of the phenomena, sin
e
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these maps 
an be thought of as Poin
ar�e or �rst return maps of the 
orresponding 
ows (see the

Gorov's introdu
tion to the English edition of [29℄ for histori
al referen
es).

On the other hand, several analyti
al studies have been also 
arried out: [4℄ (for symple
ti
 maps)

and [33℄ for the Hamiltonian Hopf bifur
ation at equilibrium points in two-degrees of freedom Hamil-

tonian systems (also see [21, 30, 20℄).

Thus, with the above referen
es on mind, the out
ome of this work 
an be summarized as follows:

We rely on normal forms as the key tool of our approa
h, deriving in a 
onstru
tive way and up

to any (arbitrary) order, a versal normal form of the Hamiltonian around the resonant periodi


orbit. This involves the following steps: (i) We assume the Hamiltonian given in a suitable system of


anoni
al 
oordinates whi
h are adapted to the resonant periodi
 orbit; (ii) apply a 
anoni
al Floquet

transformation to redu
e the normal variational equations of the orbit to 
onstant 
oeÆ
ients and (iii)

pro
eed with the nonlinear redu
tion and des
ribe, in some tri
ky and 
onstru
tive way, the normal

form.

Hen
e, dealing with the normal form itself (i.e., we 
ompute the normal form up to a given order

and we skip the remainder) we show the generi
 unfolding of a two-parameter family of 2D-invariant

tori (Hamiltonian Hopf bifur
ation) and identify the 
oeÆ
ients whi
h govern not only the bifur
ation,

but also its 
hara
ter: dire
t or inverse. In the 
ase of dire
t bifur
ation, there appear ellipti
 tori

around 
omplex-unstable periodi
 orbits, while in the 
ase of inverse bifur
ation, hyperboli
 tori (but

also paraboli
 and ellipti
 tori) unfold around stable periodi
 orbits. This study is 
ompleted with a

des
ription of the global dynami
s of the normal form. We remark that this is not a merely qualitative

(i. e., formal) pro
ess for, in addition, a

urate parametrizations of the families of invariant tori and

even of the invariant manifolds of the hyperboli
 periodi
 orbits and hyperboli
 tori are derived in this

way.

The 
ontents of this paper are organized as follows. Se
tion 2 ta
kles the 
omputation of the

normal form around the 
riti
al periodi
 orbit. The main result of this part, whi
h is the normal form

itself, is stated in theorem 2.5. Se
tion 3 is devoted to the analysis of the dynami
s of the normal

form. In parti
ular, theorem 3.5 establishes the unfolding of a two-parameter family of 2D invariant

tori and proposition 3.7 states the normal stability of the bifur
ated tori. Finally, in the appendix A,

a study of the low (fourth) order normal form is 
arried out.

2 Analyti
 approa
h

The purpose of this se
tion is to des
ribe the normal form pro
ess around the 
riti
al periodi
 orbit. In

se
tion 2.1 we give a pre
ise formulation of the problem and state the \normalization theorem" in whi
h

the normal form is des
ribed (see theorem 2.5). In se
tion 2.2 we introdu
e (lo
al) adapted 
oordinates

around the resonant periodi
 orbit. The purpose of this 
hange is to separate the dynami
s along the

periodi
 orbit (des
ribed now by an angular variable and its 
onjugate a
tion), from the movement in

the normal dire
tions. Next, in se
tion 2.3, a symple
ti
 Floquet 
hange is applied. The �nal goal is

to arrive {through a symple
ti
 2�-periodi
 linear 
hange{, to a \
lean" Hamiltonian whose quadrati


part is in Williamson's normal form with respe
t to its normal dire
tions (see [1℄ and the referen
es to

the works of Galin and Williamson given there). Albeit it is not stri
tly ne
essary, the linearly redu
ed

Hamiltonian is later 
omplexi�ed (se
tion 2.4) to simplify the stru
ture of the homologi
al equations

arising in the nonlinear normalization pro
ess, whi
h begins in se
tion 2.5. There, the Giorgilli-

Galgani algorithm is introdu
ed (proposition 2.26) as the 
anoni
al transformation devi
e. From the

re
ursive stru
ture of the algorithm we: �rst, determine the form of the homologi
al equations and

se
ond, prove their solvability in both, the generating fun
tion and the asso
iated 
ompatibility terms

(proposition 2.48). These two last steps allow us to 
onstru
t expli
itly the normal form and hen
e

prove theorem 2.5.
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2.1 Formulation of the problem

Let H(�) with �

�

= (�

1

; �

2

; �

3

; �

1

; �

2

; �

3

), be a real three degree of freedom analyti
 Hamiltonian

(asterisk, in what follows will denote the transpose of a ve
tor or a matrix), and 
onsider its asso
iated

Hamiltonian system

_

� = J

3

gradH(�): (1)

Hen
eforth, J

n

will denote the matrix of the standard 
anoni
al n-form in R

2n

, i. e.,

J

n

=

�

0 I

n

�I

n

0

�

;

being I

n

the n� n identity matrix.

Suppose that this system has a nondegenerate family of periodi
 orbits, depending on a real

parameter �, fM

�

g

�2R

and su
h that for some value of the parameter, say � = 0, the 
orresponding

orbit M

0

(from now on, the 
riti
al or resonant periodi
 orbit) has an irrational (see de�nition 2.2)


ollision of its nontrivial Floquet (
hara
teristi
) multipliers.

Remark 2.1. We re
all that in Hamiltonian systems periodi
 orbits appear generi
ally as one pa-

rameter families parametrized by the energy (see [31℄).

To be more pre
ise, in �gure 1 we suppose that, for � < 0, the nontrivial 
hara
teristi
 multipliers

of M

�

lie on the unit 
ir
le, they approa
h pairwise as � goes to � = 0, for this value they 
ollide and

separate towards the 
omplex plane when � > 0. Collisions of 
hara
teristi
 multipliers as the one

des
ribed are often referred in the literature as Krein 
ollisions (see [3℄, appendix 29 and referen
es

therein).

De�nition 2.2. Let �

0

6= 1 be a (double) nontrivial 
hara
teristi
 multiplier of the resonant periodi


orbit M

0

and let � = 2�� be its prin
ipal 
hara
teristi
 exponent (so �

0

= e

i�

). We say that the


ollision of 
hara
teristi
 multipliers on the unit 
ir
le is irrational if � is not 
ommensurable with 2�

or, equivalently, if � 62 Q .

Moreover, we assume generiti
ity of the 
ollision, in the sense of the de�nition below.

De�nition 2.3. Let M(M

0

) denote the monodromy matrix of the resonant periodi
 orbit M

0

.

Hen
e, Spe
(M(M

0

)) = f1; �

0

; 1=�

0

g. The Krein 
ollision will be 
alled generi
 if the Jordan normal

form of M

0

, J(M(M

0

)) has the following (or an equivalent) blo
k stru
ture,

J(M(M

0

)) =

0

B

B

B

B

B

B

�

1 0

1 1

�

0

0

1 �

0

1=�

0

0

1 1=�

0

1

C

C

C

C

C

C

A

(2)

Remark 2.4. Thus, one is assuming that none of the Jordan blo
ks of the monodromy matrix at the

resonan
e is trivial (diagonal). In parti
ular, the nontrivial 
hara
ter of the �rst blo
k {
orresponding

to the eigenvalue equal to 1{, follows from the nondegenera
y 
ondition of the family of periodi
 orbits.

This is pre
isely the generi
 
ondition whi
h allows to parametrize the family using the energy as a

parameter (see our previous remark 2.1).

The main result of se
tion 2 is the following normal form theorem:
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Figure 1: The transition from linear stability to 
omplex instability for the family of periodi
 orbits fM

�

g

�2R

takes pla
e through

a 
ollision of the nontrivial (i. e. di�erent from 1) eigenvalues of the monodromy matrix 
orresponding to M

0

.

Theorem 2.5. Consider the three-degree of freedom Hamiltonian system (1). Let fM

�

g

�2R

be a

one-parameter family of periodi
 orbits of this system with an irrational (so � 62 Q, see de�nition 2.2)

and generi
 (in the sense of de�nition 2.3) Krein 
ollision at � = 0; also, let !

1

denote the angular

frequen
y of M

0

and de�ne !

2

:= �!

1

.

Then, given any r � 3, there exists a real analyti
 symple
ti
 
hange: (�; �) = �(�

1

; x; I

1

; y),

de�ned in S

1

�W (W a neighbourhood of the origin in R

5

) and taking values in a neighbourhood of

M

0

, su
h that it 
asts the initial Hamiltonian into its normal form up to order r,

H Æ �(�

1

; x; I

1

; y) = Z

(r)

(x; I

1

; y) +R

(r)

(�

1

; x; I

1

; y):

Here, Z

(r)

is the normal form up to order r and R

(r)

is the remainder (
arrying higher order terms).

The normal form is given by the sum

Z

(r)

=

r

X

s=2

Z

s

;

with

Z

2

= !

1

I

1

+ !

2

(y

1

x

2

� y

2

x

1

)�

1

2

(y

2

1

+ y

2

2

);

where the sign � in Z

2

is a 
hara
teristi
 of the 
ollision and, for s � 3, Z

s

= 0 if s is odd or an

homogeneous polynomial of degree s=2 in

1

2

(x

2

1

+ x

2

2

); I

1

; y

1

x

2

� y

2

x

1

;

when s is even.

Remark 2.6. Although it is not pointed out in theorem 2.5, the 
hange (�; �) = �(�

1

; x; I

1

; y) yielding

the normal form, depends on the order r. This will be
ome 
lear through the proof of the theorem,

where the transformation is 
onstru
ted expli
itly.

The remaining of the se
tion is devoted to des
ribe in detail the proof of this theorem.

2.2 Suitable 
oordinates around the 
riti
al periodi
 orbit

As a �rst step, we shall introdu
e (lo
al) adapted 
oordinates around the 
riti
al periodi
 orbit M

0

through an analyti
 2�-periodi
 in

e

� 
hange of variables,

�

i

= �

i

(

e

�;

e

�;

e

I; e�); �

i

= �

i

(

e

�;

e

�;

e

I; e�); (3)

i = 1; 2; 3 and with

e

� = (

e

�

1

;

e

�

2

), e� = (e�

1

; e�

2

). Furthermore, we shall ask the 
hange (3) to satisfy the

following properties (see [7, 6℄ and referen
es therein):
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P1. It maps the produ
t set V = T

1

�
, where 
 is a �ve-dimensional open set around the origin,

onto some (possibly small) neighbourhood, U, of M

0

. We shall denote T

n

:= (R=2�Z)

n

, n 2 N, the

standard n-torus. In parti
ular T

1

� S

1

.

P2. The orbit M

0

is given by

e

� = e� = 0 and

e

I = 0 (and parametrized by

e

�).

P3. The 
hange (3) is symple
ti
 with

e

�,

e

� and

e

I, e� the new 
onjugate positions and momenta

respe
tively. So in this 
oordinates, the system (1) is transformed into another Hamiltonian system,

_

e

� =

�

e

H

�

e

I

;

_

e

I = �

�

e

H

�

e

�

:

_

e

�

i

=

�

e

H

�e�

i

;

_

e�

i

= �

�

e

H

�

e

�

i

; i = 1; 2:

(4)

For an example with an expli
it 
onstru
tion of lo
al 
anoni
al 
oordinates su
h like the ones just

des
ribed, see [18℄.

The transformed Hamiltonian,

e

H, de�ned in V, is analyti
 and 2�-periodi
 in

e

�, so it 
an be

expanded in a 
onvergent Taylor series,

e

H(

e

�;

e

�;

e

I; e�) =

X

k;l;m

e

h

k;l;m

(

e

�)

e

I

k

e

�

l

e�

m

; (5)

with �

�

= (�

1

; �

2

); �

�

= (�

1

; �

2

) and the standard multi-index notation

e

�

l

e�

m

=

e

�

l

1

1

e

�

l

2

2

e�

m

1

1

e�

m

2

2

, whi
h we

shall use throughout the text. The index k, and the 
omponents of l

�

= (l

1

; l

2

), m

�

= (m

1

;m

2

) range

over the nonnegative integers, Z

+

= N [ f0g, while the 
oeÆ
ients

e

h

k;l;m

(

e

�) are analyti
 2�-periodi


fun
tions and 
an be expanded in Fourier series. If we restri
t the system (4) to the periodi
 orbit

M

0

, and take into a

ount the expansion (5), we get

0 =

e

h

0

0;0;0;0;0

(

e

�);

_

e

� =

e

h

1;0;0;0;0

(

e

�); 0 =

e

h

0;e

i

(

e

�); i = 1; 2; 3; 4; (6)

(e

i

is the i-th unit ve
tor in R

4

), sin
e by the 
ondition P2 is

_

e

� =

_

e� = 0 and

_

e

I = 0, on the periodi


orbitM

0

. Then, from equations above, it follows that

e

h

0;0;0;0;0

(

e

�) � 
onst., so we 
an set

e

h

0;0;0;0;0

= 0.

Finally, one may get rid of the angular dependen
e of

e

h

1;0;0;0;0

by an additional 
hange.

Lemma 2.7. Let $ denote the mean value of 1=

e

h

1;0;0;0;0

(

e

�), i. e.,

$ =

1

2�

Z

2�

0

d

e

�

e

h

1;0;0;0;0

(

e

�)

:

If we introdu
e the fun
tion,

f(

e

�) :=

Z

e

�

0

$

e

h

1;0;0;0;0

( )

d 

then, the symple
ti
 
hange in the a
tion-angle 
oordinates:

I =

e

I

$

e

h

1;0;0;0;0

(

e

�); � = f(

e

�); (7)

transforms

e

H into a new Hamiltonian,

b

H, whi
h 
an be expanded as

b

H(�; I;

e

�; e�) =

X

k;l;m

b

h

k;l;m

(�)I

k

e

�

l

e�

m

(8)

(k 2 Z

+

; l;m 2 Z

2

+

), with the 
oeÆ
ients

b

h

0;0;0;0;0

(�) = 0;

b

h

1;0;0;0;0

(�) = $;

b

h

0;e

i

(�) = 0; i = 1; 2; 3; 4: (9)

Furthermore, $ = !

1

, the angular frequen
y of M

0

.
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Remark 2.8. Note that

e

h

1;0;0;0;0

(

e

�) 6= 0 for M

0

is a periodi
 solution and there are not stationary

points on it (see (6)).

Proof (of lemma 2.7). One 
he
ks immediately that dI^d� = d

e

I^d

e

�, then (9) follows straightforward

(see the referen
es [7, 6℄ quoted at the beginning). The last point 
omes obviously from the fa
t that,

in view of (7), on M

0

, one has

_

� = $ and hen
e � = $t + 
onst., but M

0

is a periodi
 orbit with

angular frequen
y !

1

so it must be $ = !

1

.

2.3 Linear normalization

The main result of this se
tion states that, beyond the adapted 
oordinates, a new symple
ti
 
hange

(a \
anoni
al Floquet" transformation) 
an be applied to redu
e the normal variational equations to

a system with 
onstant 
oeÆ
ients.

Remark 2.9. Throughout the text, we shall refer as the \normal dire
tions" those normal to the

periodi
 orbit. Clearly, on
e an angle and its 
onjugate a
tion have been introdu
ed to des
ribe the

periodi
 orbit, the normal dire
tions in the phase spa
e will be the ones asso
iated to the rest of the

positions and their 
orresponding 
onjugate momenta.

Lemma 2.10. Assuming that the monodromy matrix of the resonant periodi
 orbitM

0

has the Jordan

blo
k stru
ture (2) (and hen
e generiti
ity of the Krein 
ollision, a

ording to de�nition 2.3), the

Hamiltonian

b

H(�; I;

e

�; e�), obtained after the appli
ation of lemma 2.7, 
an be transformed by means

of a symple
ti
 
hange into

H(�

1

; x; I

1

; y) = H

2

(x; I

1

; y) + : : : ; (10)

here (�

1

; x; I

1

; y) are the new symple
ti
 
oordinates and H

2

is given by,

H

2

(x; I

1

; y) = !

1

I

1

+ !

2

(y

1

x

2

� y

2

x

1

)�

1

2

(y

2

1

+ y

2

2

) (11)

where !

2

= �!

1

(see theorem 2.5) and the sign � in the above formula is a 
hara
teristi
 of the


ollision; in parti
ular we also remark that H

2

is free from angular dependen
e. Furthermore, the


anoni
al transformation is linear in the normal dire
tions z

�

= (x; y) and 2�-periodi
 in the angle

�

1

= � (Floquet 
anoni
al redu
tion). In this sense, we shall say that the transformed Hamiltonian (10)

is \linearly redu
ed" (with respe
t to the normal dire
tions).

Remark 2.11. We note that the normal part of H

2

(i. e., ex
luding the \rotor" !

1

I

1

) agrees with

the quadrati
 normal form in the 
lassi�
ation given in [1℄ for the non-diagonalizable 
ase.

The present (sub)se
tion is devoted to prove lemma 2.10. With this purpose, we shall �rst introdu
e

the following (stru
tural) result.

Lemma 2.12. Let A 2 Sp(2;R), with

Spe
(A) = fe

�i�

g; � 2 (0; �) and dimKer(A� e

�i�

I

4

) = 1:

Then, there exists C 2 Sp(2;R), su
h that,

C

�1

AC =

�

R

�

�R

�

0 R

�

�

; (12)

with R

�

=

�


os � sin �

� sin � 
os �

�

, and � = �1, whi
h is a 
hara
teristi
 of the matrix A.

Next, we sket
h a proof of lemma 2.12 (see also [5℄). A detailed proof 
an be found in [25℄.
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Proof (of lemma 2.12). We de�ne �

�

= e

�i�

; and let z and w be the geometri
 and generalized

eigenve
tor of �

+

respe
tively, so

Az = �

+

z; (A� �

+

I

4

)w = �

+

z: (13)

Let us now introdu
e the 2-form !

2

(u; v) = u

�

J

2

v (i. e., the standard 
anoni
al two form in C

4

). We

de�ne:

� := !

2

(z; w);

where the bar denotes 
omplex 
onjugation. As A is a symple
ti
 matrix and taking into a

ount (13),

we have that � 2 R n f0g. So, we introdu
e � as � := sign(�). Then, � = �1, and it is easy to realize

that it does not depend on the 
hosen w, so (as it has been already pointed in the statement of the

lemma) it is a sign 
hara
teristi
 of the matrix A. Let us also de�ne

� := �

!

2

(w;w)

2i�

2 R;

and introdu
e the 
omplex basis B = fu

1

; u

2

; u

3

; u

4

g, with

u

1

=

1

p

2j�j

z; u

2

=

�

p

2j�j

(w + i�z); u

3

=

�

p

2j�j

(w � i�z); u

4

=

�1

p

2j�j

z:

From the previous de�nitions, B is a symple
ti
 basis, and expressed in this basis A takes the form:

b

A =

0

B

B

�

�

+

��

+

0 �

+

0

0

�

�

0

���

�

�

�

1

C

C

A

;

(

�

�

+

= �

�

, by de�nition). Now, if we 
onsider the (real) 
anoni
al basis B

0

= fu

0

1

; u

0

2

; u

0

3

; u

0

4

g, given by

u

0

1

=

u

1

� u

4

p

2

; u

0

2

=

u

1

+ u

4

p

2i

; u

0

3

=

u

2

+ u

3

p

2

; u

0

4

=

u

2

� u

3

p

2i

;

then the matrix A expressed in this basis takes the desired form.

Lemma 2.12 will be used in the proof of lemma 2.10, whi
h follows below.

Proof of lemma 2.10. Let us denote by

b

H

2

the following low order terms in the expansion of the

Hamiltonian (8):

b

H

2

(�;

e

�; I; e�) :=

b

h

1;0;0;0;0

(�)I +

X

jmj

1

+jlj

1

=2

b

h

0;l;m

(�)

e

�

l

e�

m

= !

1

�

I +

1

2

<

e

�; � (�)

e

� >

�

; (14)

being

e

�

�

= (

e

�

�

; e�

�

) and � (�) a 4� 4 symmetri
 matrix whose 
oeÆ
ients are real analyti
 2�-periodi


fun
tions. Moreover, we introdu
e the norm jvj

1

=

P

n

i=1

jv

i

j, v 2 R

n

. To a
hieve the linear normal-

ization, one skips the higher order terms in the Taylor expansion of the Hamiltonian and 
onsiders the

normal variational equations around the orbit, whi
h are given by the following linear Hamiltonian

system,

_

� = !

1

; (15a)

_

I = 0; (15b)

_

e

� = !

1

J

2

� (�)

e

�: (15
)
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Combining (15a), and the normal linear system (15
), one obtains

d

e

�

d�

= J

2

� (�)

e

�: (16)

Now, let X(�) be a fundamental matrix of the solutions of (16). Then

X(� + 2�) = X(�)M

0

;

where M

0

is a (symple
ti
) 
onstant nonsingular matrix whi
h, apart from the blo
k

�

1 0

1 1

�

of (2), its

Jordan form has the same blo
k stru
ture than the monodromy matrix of the resonant periodi
 orbit

M

0

(see (2)). Sin
e (16) is a Hamiltonian system, X

0

is also a 
anoni
al matrix. Let us now introdu
e

the following linear substitution,

e

� = B(�)z;

z

�

= (x

�

; y

�

), with B(�) a 
anoni
al and 2�-periodi
 on � matrix to be determined later. Therefore,

the system (16) transforms into another linear Hamiltonian system:

dz

d�

= J

2

�

B

�

�B +B

�

J

2

B

0

�

z: (17)

Let us assume the following hypothesis (dis
ussed below):

H1. A 
onstant real symmetri
 matrix, N

0

, exists su
h that M

0

admits an exponential represen-

tation of type,

M

0

= exp(2�J

2

N

0

):

H2. There is a 
onstant 
anoni
al matrix D, and a matri
ial normal form G, to be 
hosen later,

su
h that the matrix N

0


an be expressed as a produ
t like

N

0

= D

�

GD:

Thus, with hypothesis H1 and H2, we take for B(�),

B(�) = X(�)D

�1

exp(��J

2

G) (18)

and it is easy to 
he
k both, the 2�-periodi
ity of B(�) and that the transformed system (17) turns

out to be,

dz

d�

= J

2

Gz:

Next, we 
ome ba
k to the Hamiltonian

b

H and perform the transformation,

� = �

1

; I = I

1

+

1

2




z;B

�

J

2

B

0

z

�

;

e

� = B(�

1

)z

whi
h, in turn, 
an be 
he
ked out to be 
anoni
al and 2�-periodi
 in �. Dire
t substitution shows

that

b

H

2

(de�ned in (14)) transforms into

e

H

2

(�

1

; I

1

; z) = !

1

I

1

+

!

1

2




z;

�

B

�

�B +B

�

J

2

B

0

�

z

�

= !

1

I

1

+

!

1

2

hz;Gzi : (19)

Now we �x the matri
ial normal form G. If �

0

and 1=�

0

are the two double eigenvalues of the

monodromy matrix of M

0

let, as in de�nition 2.2, � be a real number su
h that �

0

= e

i2��

; then we

take

G =

0

B

B

�

0 0 0 ��

0 0 � 0

0 � �=2� 0

�� 0 0 �=2�

1

C

C

A

; (20)
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(with � = �1). Hen
e,

2�J

2

G =

0

B

B

�

0 2�� � 0

�2�� 0 0 �

0 0 0 2��

0 0 �2�� 0

1

C

C

A

and substitution of the above matrix G in (19) gives, expli
itly,

e

H

2

(�

1

; x; I

1

; y) = !

1

I

1

+ �!

1

(y

1

x

2

� y

2

x

1

) + �

!

1

4�

(y

2

1

+ y

2

2

)

whi
h, bearing in mind that !

2

= �!

1

and � = �1, gives (11) after the trivial symple
ti
 substitution

x

i

7!

r

!

1

2�

x

i

; y

i

7!

r

2�

!

1

y

i

; i = 1; 2:

To end up the proof, however, we need to 
he
k that {with the 
hoi
e in (20) for the matrix G{,

the two hypothesis H1 and H2 are ful�lled. Both items follow immediately applying lemma 2.12, for

dire
t 
omputation shows:

exp(2�J

2

G) =

�

R

2��

�R

2��

0 R

2��

�

:

Thus, a (real) 
anoni
 matrix C exists su
h that C

�1

M

0

C = exp(2�J

2

G), but this last implies:

M

0

= D

�1

exp(2�J

2

G)D = exp(2�J

2

D

�

GD);

Hen
e H1 and H2 hold identifying D = C

�1

(therefore D is a 
anoni
al matrix as well) and N

0

=

D

�

GD. Now the proof of lemma 2.10 is 
ompleted.

Remark 2.13. A
tually, the matrix G in the proof of lemma 2.10 has been 
hosen su
h that the

in�nitesimal symple
ti
 matrix 2�J

2

G is in normal form with respe
t 
onjugation by elements of

Sp(2;R). For purely imaginary eigenvalues {see [33℄, and also the referen
e of [8℄ quoted therein{, we

get in sp(2;R) the two normal forms,

0

B

B

�

0 0 �

1

0

0 0 0 �

2

��

1

0 0 0

0 ��

2

0 0

1

C

C

A

and

0

B

B

�

0 �� � 0

� 0 0 �

0 0 0 ��

0 0 � 0

1

C

C

A

;

(�

1

, �

2

, � may be positive or negative and � = �1) that 
orrespond to the semi-simple (diagonalizable)

and non semi-simple (and also non-nilpotent) 
ases respe
tively.

Remark 2.14. After lemma 2.10 we should deal with two di�erent 
ases whi
h 
orrespond to the

plus or minus sign in (11). However, applying �rst the symple
ti
 
hange,

�

1

= ��

1

; x

1

= �x

0

1

; x

2

= x

0

2

;

I

1

= �I

0

1

; y

1

= �y

0

1

; y

2

= y

0

2

to the transformed HamiltonianH (see (10)) one may get rid of the � in (11) if further the substitution

t 7! �t (whi
h reverses the sign of the time when � = �1) is allowed. In the forth
oming we shall

assume that both transformations have been made so the � sign will no longer appear (i. e., only the


ase � = 1 is 
onsidered). Moreover, the primes will be dropped and the names H for the linearly

redu
ed Hamiltonian and H

2

for its lower order terms are kept.
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In this way, we arrive to a new, linearly redu
ed (in the sense stated in lemma 2.10) Hamiltonian,

whose 
omplete expansion 
an be written as,

H(�

1

; x; I

1

; y) = H

2

(x; I

1

; y) +

X

2l+jmj

1

+jnj

1

�3

�

h

l;m;n

(�

1

)I

l

1

x

m

y

n

(21)

(l 2 Z

+

;m; n 2 Z

2

+

), where H

2

is now (see remark 2.14 above) given by,

H

2

(x; I

1

; y) = !

1

I

1

+ !

2

(y

1

x

2

� y

2

x

1

) +

1

2

(y

2

1

+ y

2

2

): (22)

2.4 Complexi�
ation of the Hamiltonian

Before going on with the nonlinear normalization, and in order to get the homologi
al equations in a

simpler form, it is 
onvenient to introdu
e the following (
omplex) 
oordinates,

x

1

=

q

1

� p

2

p

2

x

2

= �

q

1

+ p

2

i

p

2

; y

1

=

q

2

+ p

1

p

2

; y

2

= �

q

2

� p

1

i

p

2

: (23)

These last relations de�ne a linear 
anoni
al 
hange whi
h transforms the Hamiltonian (21) into

H(�

1

; q; I

1

; p) = H

2

(q; I

1

; p) +

X

2l+jmj

1

+jnj

1

�3

h

l;m;n

(�

1

)I

l

1

q

m

p

n

; (24)

where H

2

is (22) expressed in these 
oordinates (see (25)). As usual, we have put q

�

= (q

1

; q

2

),

p

�

= (p

1

; p

2

) and h

l;m;n

(�

1

) are analyti
 2�-periodi
 fun
tions.

Also, by dire
t substitution of (23) in the Hamiltonian (21), it 
an be seen that the quadrati
 part

in (24) is,

H

2

= !

1

I

1

+ i!

2

(q

1

p

1

+ q

2

p

2

) + q

2

p

1

: (25)

This will be the lowest-order term in our normal form. Note that, in the 
hange (23) x and y will be

real provided that,

�q

1

= �p

2

; �q

2

= p

1

: (26)

Remark 2.15. If the above relations are assumed to hold and, as the 
omplex Hamiltonian H is the

transformed of a real Hamiltonian H, it must be H = H. More pre
isely, if we expand H in Poisson

(Taylor-Fourier) series,

H(�

1

; q; I

1

; p) =

X

k;l;m;n

h

k;l;m;n

I

l

1

q

m

p

n

exp(ik�

1

);

with k 2 Z, then it is readily 
he
ked that the inverse 
hange of (23) transforms H ba
k to the Poisson

series of a real fun
tion if and only if the relations:

�

h

k;l;m

1

;m

2

;n

1

;n

2

= (�1)

m

1

+n

2

h

�k;l;n

2

;n

1

;m

2

;m

1

(27)

hold between the 
oeÆ
ients of the expansion of H.

2.5 Nonlinear normalization

Here, we shall apply a normal form pro
ess to remove the nonresonant higher degree terms of the

Hamiltonian (24). We noti
e that if this normalization is 
arried out up to any order, it leads to a

generi
ally divergent system (due to the small divisors involved). So, the 
omputation of the 
omplete

normal form, as des
ribed in the forth
oming, has to be regarded as a formal pro
ess. If we want to

work with a 
onvergent Hamiltonian, we have to stop after a �nite number of steps of the normalizing

pro
ess.
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A very natural way to 
ompute the normalizing transformation is to look for it as a 
omposi-

tion of a sequen
e of 
anoni
al transformations, in su
h a way that the normal form is 
omputed,

degree-by-degree, by 
hoosing the s

th

-transformation to remove the nonresonant terms of degree s+2

from the Hamiltonian obtained after the previous step, for s � 1. However, if one is interested in

further appli
ations of the normal form (e. g., a quantitative analysis or a numeri
al implementa-

tion), it is advisable to use some \
losed" transformation algorithm whi
h 
omputes the normalizing

transformation from a single 
anoni
al 
hange. More pre
isely, throughout this work we shall use the

Giorgilli-Galgani algorithm (see [11, 12, 10, 32℄) applied to formal Taylor-Fourier series (see de�ni-

tion 2.16 in (sub)se
tion 2.5.1 below).

2.5.1 Some notation and de�nitions

Prior to the introdu
tion of the Giorgilli-Galgani algorithm, we pla
e here some de�nitions and intro-

du
e the appropriate (sub)spa
es to work with.

De�nition 2.16. We shall denote, by E the spa
e of formal Taylor-Fourier series of type

E := ff = f(�

1

; q; I

1

; p) : f =

X

k;l;m;n

f

k;l;m;n

I

l

1

q

m

p

n

exp(ik�

1

)g;

with k 2 Z, l 2 Z

+

and m;n 2 Z

2

+

.

De�nition 2.17 (adapted degree). Given a monomial f

k;l;m;n

I

l

1

q

m

p

n

exp(ik�

1

) 2 E, its adapted

degree is de�ned as,

deg

�

I

l

1

q

m

p

n

exp(ik�

1

)

�

:= 2l + jmj

1

+ jnj

1

;

where j � j

1

is the 1-norm in R

n

i. e.: jxj

1

:=

P

n

i=1

jx

i

j; x 2 R

n

.

Remark 2.18. Hen
e, a

ording to de�nition 2.17 the degree of the a
tion variable I

1

is 
ounted twi
e

with respe
t to the degree of the normal 
oordinates (q; p). As we shall see, this will be 
onvenient

for the appli
ation of the Giorgilli-Galgani algorithm. Moreover, from now on and up to the end of

se
tion 2 the term degree will mean adapted degree.

De�nition 2.19. Given s 2 N, s � 3; E

s

will denote the subspa
e of E 
ontaining the homogeneous

polynomials of degree s in (q; I

1

; p) and with 2�-periodi
 
oeÆ
ients in �

1

.

De�nition 2.20. Let S : E! E be the (linear) operator de�ned by,

f 7! S(f) :=

X

k;l;m;n

(�1)

m

1

+n

2

�

f

�k;l;n

2

;n

1

;m

2

;m

1

I

l

1

q

m

p

n

exp(ik�

1

);

for all f =

P

k;l;m;n

f

k;l;m;n

I

l

1

q

m

p

n

exp(ik�

1

) 2 E.

De�nition 2.21. If f 2 E (or f 2 E

s

) is su
h that S(f) = f , then it is said that f satis�es the

S-symmetries. Further, the following subspa
es

E

S

:= ff 2 E : S(f) = fg

of E and

E

S

s

:= ff 2 E

s

: S(f) = fg

of E

s

(s � 3), will be 
onsidered.

Remark 2.22. In parti
ular, if f 2 E

S

(or E

S

s

), their 
oeÆ
ients must satisfy relations (27).

11



De�nition 2.23 (Poisson bra
ket). Given f; g 2 E, one 
an write their Poisson bra
ket through,

ff; gg =

�f

��

1

�

�g

�I

1

�

�

�

�f

�I

1

�

�g

��

1

�

�

+

�f

�z

J

2

�

�g

�z

�

�

:

Remark 2.24. Two properties of the Poisson bra
ket will be worth for our purposes. On the one

hand, if f 2 E

s

and g 2 E

p

, then ff; gg 2 E

s+p�2

; this will be the key to extend the Giorgilli-Galgani

formulas (see proposition 2.26 below) to fun
tions in the spa
e E. On the other hand, it is just a

straightforward veri�
ation to realize that the Poisson bra
ket preserves the S-symmetries. More

pre
isely: S(ff; gg) = ff; gg whenever f; g 2 E

S

.

De�nition 2.25 (Lie operator). To ea
h u 2 E we asso
iate the (linear) operator

L

u

: E �! E

f 7! L

u

f = ff; ug

(brie
y L

u

:= f�; ug), where f�; �g is the Poisson bra
ket introdu
ed in de�nition 2.23 above. The

operator L

u

is often referred as the Lie operator asso
iated to u.

With the above de�nitions of the spa
es E, E

s

and that of the Lie operator, we 
an now go on

giving a formulation of the Giorgilli-Galgani algorithm.

Proposition 2.26 (The Giorgilli-Galgani algorithm). Let G =

P

s�3

G

s

2 E with G

s

2 E

s

; we

de�ne the map T

G

: E! E in the following way: if f =

P

l�1

f

l

2 E, with f

l

2 E

l

, then

T

G

f =

X

s�1

F

s

;

where

F

s

=

s

X

l=1

f

l;s�l

;

and the terms f

l;s


an be 
omputed re
ursively by the formulas,

f

l;0

= f

l

; f

l;s

=

s

X

j=1

j

s

L

G

2+j

f

l;s�j

: (28)

Usually, the sum G is known as the generating fun
tion of the transformation.

The important property of transformation T

G

is that, for f 2 E and assuming the 
onvergen
e

of f and G: T

G

f = f Æ �

�

G

1

, where �

�

G

1

is the time one 
ow of the Hamiltonian

�

G =

P

s�3

sG

s

. So,

the 
oordinate transformation given by �

1

= T

G

�

0

1

; I

1

= T

G

I

0

1

; q

i

= T

G

q

0

i

and p

i

= T

G

p

0

i

(i = 1; 2) is


anoni
al and 2�-periodi
 in �

0

1

. The inverse transformation is obtained just 
onsidering T

�G

. For an

a

ount of these properties, together with their 
orresponding proofs, see [11℄.

Remark 2.27. Nevertheless, there are also two other essential points to stress here. First, taking into

a

ount the behaviour of the Poisson bra
ket with respe
t to the (adapted) degree (see remark 2.24), it


an be 
he
ked by indu
tion, that the sums f

l;s

de�ned by (28) belong to E

l+s

and hen
e F

s

2 E

s

. This

will allow us to set up (and solve) the homologi
al equations degreewise in proposition 2.29. Se
ond,

if G 2 E

S

, then T

G

preserves the S-symmetries, i. e.: if G 2 E

S

, then S(T

G

f) = T

G

f for all f 2 E

S

.

This last property is due to the preservation of the S-symmetries under the Poisson bra
ket (in the

sense stated in remark 2.24) and also to the stru
ture of the operator T

G

whi
h 
onsists, basi
ally, on

linear 
ombinations of nested Poisson bra
kets with rational 
oeÆ
ients.
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Remark 2.28 (notation). We will not use new names neither for the transformed fun
tions, nor for

the new 
oordinates so, to simplify the notation, the primes will be omitted.

The idea is thus to take f = H, the Hamiltonian fun
tion, to 
onstru
t an ad ho
 generating

fun
tion of the form G, and employ the algorithm 2.26 to 
ast it into its (formal) normal form. This

redu
tion pro
ess 
an be done re
ursively, and the following algorithm 
an be given to determine both

G and the normal form.

Proposition 2.29. Consider H =

P

s�2

H

s

2 E, with H

s

2 E

s

, and the generating fun
tion G =

P

s�3

G

s

, with G

s

2 E

s

. If we write T

G

H =

P

s�2

Z

s

, the following relations are satis�ed:

Z

2

= H

2

L

H

2

G

s

+ Z

s

= F

s

; s � 3;

(29)

where,

F

3

= H

3

;

F

s

=

s�3

X

j=1

j

s� 2

L

G

2+j

Z

s�j

+

s�2

X

j=1

j

s� 2

H

2+j;s�j�2

; s � 4:

Here, the quantities H

l;k

may be 
omputed re
ursively from the formulas (28) of the Giorgilli-Galgani

algorithm.

The proof of proposition 2.29 is formally identi
al to the proof of the 
orresponding 
lassi
al one

in [10℄ and in [32℄, so the reader is referred there.

From the relation (29), it is 
lear that the important point for us is to investigate the solvability,

in terms of G

s

and Z

s

, of the homologi
al equation

L

H

2

G

s

+ Z

s

= F

s

; (30)

for a given F

s

2 E

s

, in su
h a way Z

s

takes the simplest possible form. This 
onstitutes the subje
t

of the next se
tion.

2.6 Algebrai
 properties of the homologi
al equations

Given F

s

2 E

S

s

, our target is to look for the simplest expression for Z

s

2 E

S

s

(the normal form) in su
h

a way there exists G

s

2 E

S

s

verifying identi
ally equation (30).

First of all, to simplify notations, we assume the degree s �xed and we skip the subs
ript s of

F

s

and Z

s

. At this stage, we 
onsider a generi
 F

s

2 E

s

, whereas the rôle of the symmetries will be


onsidered later on.

Now, what we shall do is to set Z = 0 and to investigate the solvability of the equations

L

H

2

G = F: (31)

In parti
ular, we shall �nd out the possible resonant monomials in F , whi
h will determine the form

of Z in (30). The way in whi
h the solvability of (31) is dis
ussed also gives a 
onstru
tive pro
ess

to obtain G and Z from F . The proof is based on how the operator L

H

2

a
ts on a monomial

g = I

l

1

q

m

1

1

q

m

2

2

p

n

1

1

p

n

2

2

exp(ik�

1

) 2 E

s

. It 
an be seen, by dire
t 
omputation from the de�nition of L

H

2

,

that

L

H

2

g = fg;H

2

g =

�


+m

1

q

2

q

1

� n

2

p

1

p

2

�

g; (32)

where 
 is introdu
ed as,


 � 


k;jmj

1

;jnj

1

= i!

1

k + i!

2

(jmj

1

� jnj

1

): (33)
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On the other hand, the quotient q

2

=q

1

does not appear if the monomial g has m

1

= 0. Similarly for

the quotient p

1

=p

2

. With this remark, the expression (32) is fully justi�ed. Immediately from there,

it follows that L

H

2

preserves:

(i) The value of k 2 Z of the monomial g.

(ii) The degree of the a
tion, l.

(iii) The sums of the degrees jmj

1

of q, and jnj

1

of p, respe
tively.

(iv) As a 
onsequen
e of the last two points, the global degree s is also preserved. This is 
onsistent

with our de�nition of the adapted degree.

In a natural way, we 
an 
onsider the subspa
es E

k;l;M;N

, given by Poisson series F 2 E

s

of the

form

F =

X

0�m�M

0�n�N

f

k;l;m;M�m;N�n;n

I

l

1

q

m

1

q

M�m

2

p

N�n

1

p

n

2

exp(ik�

1

); (34)

with 2l +M +N = s. Therefore,

E

s

=

M

k2Z

2l+M+N=s

E

k;l;M;N

:

Hen
e, sin
e every one of the subspa
es E

k;l;M;N

is invariant under L

H

2

, we 
an split the homologi
al

equations for the degree s into \boxes" with �xed k and �xed l, M , N verifying 2l +M +N = s.

Another point to note is that the 
oeÆ
ients of a F 2 E

k;l;M;N

are readily determined by just a

pair of indi
es be
ause, in view of (34), it is advisable to denote: f

m;n

= f

k;l;m;M�m;N�n;n

(we skip

both, k and l sin
e they are held �xed).

With this notation, the homologi
al equations (31) restri
ted to the di�erent �nite-dimensional

subspa
es, E

k;l;M;N

, 
an be translated into an algebrai
 system of linear equations for the (
omplex)


oeÆ
ients. Expli
itly,




k;M;N

g

m;n

+ (m+ 1)

e

Æ

m;M

g

m+1;n

� (n+ 1)

e

Æ

n;N

g

m;n+1

= f

m;n

; (35)

where

e

Æ

i;j

= 1� Æ

i;j

, being Æ

i;j

the Krone
ker's delta and g

m;n

; f

m;n

(for 0 � m �M , 0 � n � N) are

the 
oeÆ
ients of the proje
tions (on E

k;l;M;N

) of the generating fun
tion G

s

and the right hand side

term F

s

of (31), respe
tively.

To investigate the existen
e of solutions of (35), we �rst write them in a 
onvenient matrix form

of type,

�g = f: (36)

Here � � �

M;N;k

is a square matrix of dimension (M + 1) � (N + 1), f � f

l;M;N;k

and g � g

l;M;N;k

are the arrays holding g

m;n

and f

m;n

respe
tively, for 0 � m � M and 0 � n � N (M +N = s� 2l,

�xed). Suppose that these 
oeÆ
ients have been ordered through the following 
laim: g

�;�

� g

�;�

(g

�;�

pre
edes g

�;�

) if � > � or, when � = �, if � > � (the same for f

m;n

). Therefore, g and f will

take the form,

g

�

= (g

�

M

; g

�

M�1

; : : : ; g

�

0

); f

�

= (f

�

M

; f

�

M�1

; : : : ; f

�

0

);

still with g

�

J

= (g

J;N

; g

J;N�1

; g

J;N�2

; : : : ; g

J;1

; g

J;0

), for J = 0; : : : ;M (and identi
ally for f). It is then

straightforward to 
he
k that the system (36) is written by blo
ks as,

0

B

B

B

B

B

B

B

�

D

N

E

M

D

N

E

M�1

D

N

.

.

.

.

.

.

E

2

D

N

E

1

D

N

1

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

�

g

M

g

M�1

g

M�2

.

.

.

g

1

g

0

1

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

�

f

M

f

M�1

f

M�2

.

.

.

f

1

f

0

1

C

C

C

C

C

C

C

A

: (37)
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The di�erent blo
ks stand for E

j

= j � I

N+1

(i. e., the produ
t of the integer j with the identity

(N+1)�(N+1) matrix, for j = 1; 2; : : : ;M), whereas D

N

= 
 � I

N+1

� P

N

, with 
 = 


k;M;N

and being

P

N

the (N+1)�(N+1) nilpotent matrix,

P

N

=

0

B

B

B

B

B

�

0

N 0

N � 1 0

.

.

.

.

.

.

1 0

1

C

C

C

C

C

A

:

It follows from this des
ription, that the matrix � in (36) {now identi�ed with the one of the

linear system (37){, is a band matrix, lower triangular, where all the entries di�erent from zero are

pla
ed at the main diagonal and on two bands (sub-diagonals) below the main diagonal. Moreover, the

elements of the diagonal are all them equal to 
. Hen
e, if 
 6= 0, this spe
i�
 part of the homologi
al

equations (we mean their 
omponents in the subspa
e E

k;l;M;N

), has a unique solution whi
h 
an be

easily obtained. Then, the next lemma is readily dedu
ed.

Lemma 2.30. If we suppose !

1

=!

2

62 Q (i. e., assuming irrational 
ollision, see de�nition 2.2); then,

given F 2 E

k;l;M;N

, with k 6= 0 or M 6= N , there exists a unique G 2 E

k;l;M;N

su
h that L

H

2

G = F .

Furthermore, the solution G satis�es the S-symmetries if F does.

Proof. From de�nition (33), it is 
lear that, if !

1

=!

2

62 Q , then 


k;M;N

= 0 if and only if k = 0

and M = N . Thus, the �rst part follows from the lower band stru
ture of the homologi
al equations

(restri
ted to E

k;l;M;N

) shown above. On the other hand, if the ve
tor g obtained from the 
oeÆ
ients

of G is a solution of (36), then the ve
tor de�ned by ex
hanging the 
oeÆ
ient g

k;l;m

1

;m

2

;n

1

;n

2

by

(�1)

m

1

+n

2

�g

�k;l;n

2

;n

1

;m

2

;m

1

(see relation (27) that de�nes the S-symmetries) is also a solution of the

same system. Thus, the last assertion of the lemma follows from the uniqueness of solutions.

This result motivates the following de�nition.

De�nition 2.31. A monomial f = f

k;l;m;n

I

l

1

q

m

p

n

exp (ik�

1

) 2 E

s

is said to be ofM-type if k = 0 and

jmj

1

= jnj

1

.

Then, returning to equation (31), we 
an state the following result referring to the \partial"

resolution of this equation, whi
h arises from lemma 2.30.

Proposition 2.32. If F 2 E

s

is free ofM-type monomials and !

1

=!

2

62 Q , then, there is a solution for

G 2 E

s

in equation (30), whi
h is unique if we look for it also free ofM-type monomials. Furthermore,

the solution G satis�es the S-symmetries if F does.

Remark 2.33. We point out that Diophantine 
onditions on !

1

and !

2

are not required to ensure


onvergen
e of G if F does. This is be
ause, for a �xed s, in the divisors i!

1

k+i!

2

(M �N) appearing

in the homologi
al equation we have that M � N ranges between �s and s, and therefore, for all

k 2 Z, these divisors are bounded from below whenever !

1

=!

2

is irrational.

2.7 Study of the homologi
al equations for M-type monomials

Now we are going to dis
uss the solvability of the homologi
al equations when M-type monomials

are taken into a

ount. Thus, we shall restri
t the linear operator L

H

2

to the spa
e E

0;l;M;M

� E

s

,

(s = 2l + 2M). More pre
ise de�nitions are introdu
ed below.

De�nition 2.34. Let P

M

be the spa
e of homogeneous polynomials of degree 2M in q

1

, q

2

, p

1

, p

2

,

with 
omplex 
oeÆ
ients, su
h that:

b

F 2 P

M

,

b

F =

M

X

j;�=0

b

F

j;�

q

j

1

q

M�j

2

p

M��

1

p

�

2

: (38)
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Next, the subspa
e P

S

M

is de�ned by those polynomials of P

M

satisfying the S- symmetries, i. e., for

b

F 2 P

M

, written as in (38),

b

F 2 P

S

M

,

b

F

j;�

= (�1)

j+�

b

F

�;j

: (39)

Therefore, E

0;l;M;M

= fI

l

b

F ; with

b

F 2 P

M

g, and we put symboli
ally,

E

0;l;M;M

= I

l

P

M

:

Remark 2.35. One 
an 
he
k that P

S

M

is a real linear subspa
e of P

M

with dim

R

P

S

M

= (M + 1)

2

,

the number of independent real 
oeÆ
ients, taking into a

ount the symmetries {see the proof of

lemma 2.43{.

De�nition 2.36. Let

b

L be the linear operator,

b

L : P

M

! P

M

b

F 7!

b

L

b

F = f

b

F ;H

2

g;

with H

2

given in (25) and being now

f

b

F ;H

2

g =

2

X

i=1

�

�

b

F

�q

i

�H

2

�p

i

�

�

b

F

�p

i

�H

2

�q

i

�

:

Hen
e,

b

L 
an be thought of as the restri
tion of L

H

2

on P

M

. It has then full sense, to 
onsider the

homologi
al equations (30) restri
ted to the spa
e P

M

:

b

L

b

G+

b

Z =

b

F : (40)

These will be the redu
ed homologi
al equations. So, if

b

G,

b

Z 2 P

M

satisfy the above equation, then

I

l

b

G, I

l

b

Z will be a solution of (40).

What is important for us is to investigate Range

b

L and to �nd a 
omplementary of this spa
e.

De�nition 2.37. Given two polynomials

F =

X

m;n

F

m;n

q

m

p

n

; G =

X

m

0

;n

0

G

m

0

;n

0

q

m

0

p

n

0

we de�ne their bra
ket (see [9℄) by,

hF jGi =

X

m

1

;m

2

;n

1

;n

2

m

1

!m

2

!n

1

!n

2

!F

m

1

;m

2

;n

1

;n

2

G

m

1

;m

2

;n

1

;n

2

:

It is straightforward to 
he
k that this bra
ket satis�es all the properties of a (
omplex) Hermitian

produ
t: hF jGi = hGjF i, and so on. In parti
ular, for two polynomials in P

M

, say

b

F =

M

X

j;�=0

b

F

j;�

q

j

1

q

M�j

2

p

M��

1

p

�

2

;

b

G =

M

X

j

0

;�

0

=0

b

G

j

0

;�

0

q

j

0

1

q

M�j

0

2

p

M��

0

1

p

�

0

2

;

the bra
ket h

b

F j

b

Gi results,

h

b

F j

b

Gi =

M

X

j;�=0

j! (M � j)! (M � �)! �!

b

F

j;�

b

G

j;�

: (41)
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Remark 2.38. On the other hand, the Hermitian produ
t de�ned by (41) restri
ted to P

S

M

is a real

inner produ
t. To see this, take

b

F ;

b

G 2 P

S

M

and realize that,

h

b

F j

b

Gi = : : :+ j! (M � j)! (M � �)! �!

b

F

j;�

b

G

j;�

+ � � � + �! (M � �)! (M � j)! j!

b

F

�;j

b

G

�;j

+ : : : ;

and appli
ation of (39) transforms the term on right hand side in:

: : : + 2(�1)

j+�

j! (M � j)! (M � �)! �! Re(

b

F

j;�

b

G

j;�

) + : : : ;

whi
h is a real number (re
all that, when j = �, then the 
oeÆ
ients

b

F

j;�

and

b

G

j;�

are real). Thus,

h

b

F j

b

Gi = h

b

Gj

b

F i and the rest of the properties for the real inner produ
t follow.

Now, the following de
omposition works,

P

M

= Range

b

L�Ker

b

L

y

(42)

where

b

L

y

is the adjoint operator of

b

L. In fa
t, Ker

b

L

y

= (Range

b

L)

?

(the kernel of the adjoint

operator of

b

L is the orthogonal 
omplement of its image). Thus, it is a quite natural 
hoi
e to take

the 
omplementary terms in this spa
e and, as they will give rise to the 
ompatibility terms Z

s

in the

homologi
al equations (30), we shall refer to them (and further to the Z

s

themselves) as the resonant

terms. The next lemma determines the operator

b

L

y

.

Lemma 2.39. The operator

b

L

y

= f�;H

y

2

g, with H

y

2

= q

1

p

2

, is the adjoint operator of

b

L with respe
t

to the Hermitian produ
t de�ned by (41).

Proof. We have to see that if

b

F ;

b

G 2 P

M

, then h

b

L

b

F j

b

Gi = h

b

F j

b

L

y

b

Gi. However, it is enough to 
he
k

this for monomials:

b

F = q

j

1

q

M�j

2

p

M��

1

p

�

2

and

b

G = q

j

0

1

q

M�j

0

2

p

M��

0

1

p

�

0

2

. Dire
t 
omputation shows,

b

L

b

F = f

b

F ;H

2

g = jq

j�1

1

q

M�j+1

2

p

M��

1

p

�

2

� �q

j

1

q

M�j

2

p

M��+1

1

p

��1

2

;

h

b

L

b

F j

b

Gi = Æ

j

0

;j�1

Æ

�

0

;�

j! (M � j + 1)! (M � �)! �!� Æ

j

0

;j

Æ

�

0

;��1

j! (M � j)! (M � � + 1)! �!;

and, in the same way,

b

L

y

b

G = f

b

G;H

y

2

g = �(M � �

0

)q

j

0

1

q

M�j

0

2

p

M��

0

�1

1

p

�

0

+1

2

+ (M � j

0

)q

j

0

+1

1

q

M�j

0

�1

2

p

M��

0

1

p

�

0

2

;

h

b

F j

b

L

y

b

Gi = �Æ

j

0

;j

Æ

�;�

0

+1

j! (M � j)! (M � � + 1)! �! + Æ

j

0

+1;j

Æ

�

0

;�

j! (M � j + 1)! (M � �)! �!:

Then, the proof of the lemma is 
ompleted.

Remark 2.40. If should

b

L

H

2

(and hen
e

b

L) be self adjoint, giving rise to diagonal homologi
al

equations, then Ker

b

L = Ker

b

L

y

. But in view of the system (37), this is 
learly not the 
ase.

Now, we 
an 
ompute Ker

b

L

y

, whi
h gives a 
omplement of Range

b

L.

Lemma 2.41. Let us de�ne

�

1

=

i

2

(q

1

p

1

+ q

2

p

2

) ; �

2

= q

1

p

2

: (43)

Then,

b

F 2 P

M

belongs to Ker

b

L

y

if and only if

b

F =

M

X

j=0

a

j

�

M�j

1

�

j

2

:

17



Proof. Let

b

F be a polynomial in P

M

, then

b

F 2 Ker

b

L

y

if and only if

b

L

y

b

F = f

b

F ;H

y

2

g = 0. Thus,

b

F

must be a solution of the partial di�erential equation (see [30℄),

�p

2

�u

�p

1

+ q

1

�u

�q

2

= 0: (44)

A fun
tion u is a solution of a �rst order linear equation like this, if and only if it is a �rst integral of

the asso
iated 
hara
teristi
 system (see [2℄ Chap. 2, x7.B, or eventually, any textbook on di�erential

equations).

For (44) the mentioned 
hara
teristi
 equations (i. e., the Hamiltonian equations of H

y

2

) are,

_q

1

= 0; _q

2

= q

1

; _p

1

= �p

2

; _p

2

= 0; (45)

then, the fun
tions, q

1

, p

2

, q

1

p

1

+ q

2

p

2

are �rst integrals of the system (45), and u has to be a


ombination of them. However, if we want solutions in P

M

we have to 
onsider polynomials in �

1

and

�

2

.

Remark 2.42. We note that �

1

; �

2

are real under the symmetries (26) introdu
ed by the 
omplexi�-


ation.

Furthermore, as the S-symmetries are preserved under L

H

2

, and hen
e under

b

L, we 
an 
onsider

the restri
tion of

b

L to P

S

M

(say,

b

L

S

=

b

Lj

P

S

M

) and apply there the same de
omposition (42) to have

P

S

M

= Range

b

L

S

�Ker (

b

L

S

)

y

:

Now, we are in 
onditions to dis
uss the solvability of the redu
ed homologi
al equations (40). The

basi
 result is given by lemma 2.43, in whi
h we 
hara
terize the resonant terms

b

Z, and we give a


onstru
tive algorithm to determine

b

G from

b

F . In order to state this lemma, �rst of all we introdu
e

the following expressions:

�

3

=

1

2

(q

1

p

1

� q

2

p

2

); �

4

= q

2

p

1

: (46)

We remark that both, �

3

and �

4

, verify the S-symmetries (see de�nition 2.21) and so 
orrespond to

real expressions a

ording to the 
omplexi�
ation (23). They will be used, 
ombined with �

1

and �

2

(see (43)), to des
ribe the a
tion of

b

L

S

.

Lemma 2.43. Given

b

F 2 P

S

M

, there is a unique de
omposition

b

F =

b

R +

b

N with

b

R 2 Ker(

b

L

S

)

y

and

b

N 2 Range

b

L

S

. More pre
isely, if we set

Q = f�

M�j

1

�

j

2

g

j=0;:::;M

; T = f�

�

1

�

m

2

�

n

3

; �

�

1

�

m

3

�

n

4

g

�+m+n=M;n 6=0

;

then Ker(

b

L

S

)

y

= Span

R

Q and Range

b

L

S

= Span

R

T. Thus, there exists

b

G 2 P

S

M

su
h that

b

L

S

b

G =

b

N ,

and is uniquely determined ex
ept by the addition of terms in Ker(

b

L

S

)

y

, whi
h is given by Ker(

b

L

S

)

y

=

Span

R

f�

M�j

1

�

j

4

g

j=0;:::;M

.

Remark 2.44. So, given

b

F 2 P

S

M

, equation

b

L

b

G +

b

Z =

b

F is solved in P

S

M

by taking

b

Z =

b

R (the

normal form) and

b

G a solution of

b

L

b

G =

b

N . The (
onstru
tive) way in whi
h

b

G and

b

Z 
an be obtained

from

b

F is des
ribed in the proof.

Proof. Let

b

F 2 P

S

M

(see de�nition 2.34). As any monomial q

j

1

q

M�j

2

p

M��

1

p

�

2

, 
an be re-arranged into

the form,

q

j

1

q

M�j

2

p

M��

1

p

�

2

=

(

(q

1

p

1

)

j

(q

2

p

2

)

�

(q

2

p

1

)

M�j��

if j + � �M;

(q

1

p

1

)

M��

(q

2

p

2

)

M�j

(q

1

p

2

)

j+��M

if j + � > M;
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b

F may be written as,

b

F =

M

X

�=1

�

�

2

X

�+m+n=M

e

f

�;m;n

�

m

1

�

n

3

+

M

X

�=0

�

�

4

X

�+m+n=M

eg

�;m;n

�

m

1

�

n

3

;

where,

�

1

= q

1

p

1

; �

2

= q

1

p

2

; �

3

= q

2

p

2

; �

4

= q

2

p

1

;

and with the 
omplexi�
ation symmetries,

e

f

l;m;n

= (�1)

m+n

e

f

l;n;m

; and eg

l;m;n

= (�1)

m+n

eg

l;n;m

: (47)

Then, it is 
lear that,

M = f�

�

2

�

m

1

�

n

3

: 1 � � �M and � +m+ n =Mg

[ f�

�

4

�

m

1

�

n

3

: 0 � � �M and � +m+ n =Mg ;

is a basis of P

M

(with 
omplex 
oeÆ
ients). Hen
e, the real dimension of P

S

M

is given by the number

of real independent 
oeÆ
ients a

ording to the symmetries (47). It is not diÆ
ult to 
he
k that, for a

�xed � in the sums above, the quantity of real and imaginary parts {not related by the symmetries (47){

ne
essary to form all the 
omplex 
oeÆ
ients

e

f

�;m;n

is M � � + 1 (and the same for eg

�;m;n

). Thus,

summation over � gives,

dim

R

P

S

M

=

M

X

�=1

(M � � + 1) +

M

X

�=0

(M � � + 1) = (M + 1)

2

:

Now, we 
onsider the set of (M+1)

2

ve
tors of P

M

de�ned by T[Q. It turns out that they are linearly

independent in P

M

, be
ause the map (�

1

; �

3

) 7! (�

1

; �

3

) is linear and invertible (see formulas (43)

and (46)); so T[Q 
onstitutes a real basis of P

S

M

(in the sense that all the elements of P

S

M


an be put

as linear 
ombinations of elements of T[Q with real 
oeÆ
ients). We know, see Lemma 2.41, that Q


onstitutes a real basis of Ker(

b

L

S

)

y

, and so, we 
an de
ompose

b

F =

b

R +

b

N with

b

R 2 Ker(

b

L

S

)

y

and

b

N 2 Span

R

(T). What we have to prove is that there is

b

G 2 P

S

M

su
h that

b

L

b

G =

b

N . To show this, we

take

b

N and

b

G and write them down in the basis T and T [Q, respe
tively,

b

N =

X

�+m+n=M

(with n 6=0)

b

f

�;m;n

�

�

2

�

m

1

�

n

3

+

X

�+m+n=M

(with � 6=0)

bg

�;m;n

�

�

4

�

m

1

�

n

3

b

G =

X

�+m+n=M

(with � 6=0)

f

�;m;n

�

�

2

�

m

1

�

n

3

+

X

�+m+n=M

g

�;m;n

�

�

4

�

m

1

�

n

3

:

Remark 2.45. We stress that the sums de�ning

b

N and

b

G are arranged in a di�erent way (note

spe
ially the ranges of the index �). This will be useful to 
ompute expli
itly the 
oeÆ
ients of

b

G (see

below).

On the other hand, the operator

b

L

S

a
ting on the elements of the basis T [Q yields,

b

L

S

(�

�

2

�

m

1

�

n

3

) =

�

��

2

(�

�

2

�

m

1

�

n

3

) f�

2

;H

2

g+

�

��

1

(�

�

2

�

m

1

�

n

3

) f�

1

;H

2

g+

�

��

3

(�

�

2

�

m

1

�

n

3

) f�

3

;H

2

g;

b

L

S

(�

�

4

�

m

1

�

n

3

) =

�

��

4

(�

�

4

�

m

1

�

n

3

) f�

4

;H

2

g+

�

��

1

(�

�

4

�

m

1

�

n

3

) f�

1

;H

2

g+

�

��

3

(�

�

4

�

m

1

�

n

3

) f�

3

;H

2

g;

but,

f�

1

;H

2

g = 0; f�

2

;H

2

g = �2�

3

; f�

3

;H

2

g = �

4

; f�

4

;H

2

g = 0:
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Therefore,

b

L

S

(�

�

2

�

m

1

�

n

3

) = �2��

��1

2

�

m

1

�

n+1

3

+ n�

�

2

�

m

1

�

n�1

3

�

4

;

and when 1 � � � M , we 
an arrange the se
ond term on the right using that �

2

�

4

= ��

2

1

� �

2

3

, so

n�

��1

2

�

m

1

�

n�1

3

�

2

�

4

= �n�

��1

2

�

m+2

1

�

n�1

3

� n�

��1

2

�

m

1

�

n+1

3

, whi
h when it is joined to the �rst term gives

b

L

S

(�

�

2

�

m

1

�

n

3

) = �(2� + n)�

��1

2

�

m

1

�

n+1

3

� n�

��1

2

�

m+2

1

�

n�1

3

; (48)

with 1 � � �M and � +m+ n =M . Similarly,

b

L

S

(�

�

4

�

m

1

�

n

3

) = n�

�+1

4

�

m

1

�

n�1

3

(49)

for 0 � � � M , � +m + n = M . With (48) and (49) we 
an 
ompute the a
tion of

b

L

S

on

b

G and

write down expli
itly the equation

b

L

S

b

G =

b

N in the unknown real 
oeÆ
ients f

�;m;n

(1 � � � M ,

� +m+ n =M), and g

�;m;n

(0 � � �M , � +m+ n =M). In this way, one gets,

�

M

X

�=1

�

��1

2

X

�+m+n=M

�

(2� + n)f

�;m;n

�

m

1

�

n+1

3

+ nf

�;m;n

�

m+2

1

�

n�1

3

�

+

M

X

�=0

�

�+1

4

X

�+m+n=M

ng

�;m;n

�

m

1

�

n�1

3

=

M�1

X

�=0

�

�

2

X

�+m+n=M

(n 6=0)

b

f

�;m;n

�

m

1

�

n

3

+

M

X

�=1

�

�

4

X

�+m+n=M

bg

�;m;n

�

m

1

�

n

3

:

(50)

By 
omparison of 
oeÆ
ients in the se
ond sums of both sides, we arrive to the relations:

g

��1;m;n+1

=

bg

�;m;n

n+ 1

; (51)

with 1 � � �M (� +m+ n =M).

Remark 2.46. Equation (51) does not determine g

�;m;0

(� +m = M), so these 
oeÆ
ients 
an be


hosen arbitrarily (for they play no rôle in the homologi
al equations). In parti
ular we shall set them

to zero, i. e., we take: g

�;m;0

= 0 (� +m = M). It will be 
lear in a moment that the 
orresponding

monomials 
onstitute a basis of Ker(

b

L

S

)

y

.

Similarly, 
omparison of 
oeÆ
ients in the �rst sums on the left and on the right hand side of (50),

with 0 � � < M held �xed, leads to the linear system,

b

f

�;0;M��

= �(M + � + 1)f

�+1;0;M���1

;

(52a)

b

f

�;1;M���1

= �(M + �)f

�+1;1;M���2

;

(52b)

b

f

�;m;M���m

= �(M + � �m+ 1)f

�+1;m;M���m�1

� (M � � �m+ 1)f

�+1;m�2;M���m+1

(52
)

with 2 � m �M���1 (and � �M�3) in the last equation. If we introdu
e the ve
tors f;

b

f 2 R

M��

by,

f =

0

B

B

B

B

B

B

B

�

f

�+1;0;M���1

f

�+1;1;M���2

f

�+1;2;M���3

.

.

.

f

�+1;M���2;1

f

�+1;M���1;0

1

C

C

C

C

C

C

C

A

;

b

f =

0

B

B

B

B

B

B

B

B

�

b

f

�;0;M��

b

f

�;1;M���1

b

f

�;2;M���2

.

.

.

b

f

�;M���2;2

b

f

�;M���1;1

1

C

C

C

C

C

C

C

C

A

;
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for � = 0; : : : ;M � 1. Then, the equations (52a){(52
) 
an be expressed in ve
tor notation as,

�

0

f =

b

f (53)

with the (M � �) � (M � �) dimensional matrix �

0

� �

0

�

given by �

0

j;j

= �(M + � + 2 � j), for

j = 1; � � � ;M��; �

0

j;j�2

= �(M��+2�j), for j = 3; � � � ;M��, and with the rest of the 
oeÆ
ients

equal to zero. Hen
e, it is a nonsingular, lower-triangular, matrix for every 0 � � < M , and so it

has a unique solution. We 
on
lude then that Range(

b

L

S

) = Span

R

(T). These 
onsiderations 
lose the

proof of lemma 2.43.

Remark 2.47. Observe that in the proof of the last lemma, we have set up the homologi
al equations

for theM-type monomials, but to solve them and 
ompute the 
orresponding terms of the generating

fun
tion, we need to write the elements F 2 P

S

M

from its natural form (38)

F =

M

X

j;�=0

F

j;�

q

j

1

q

M�j

2

p

M��

1

p

�

2

to a polynomial in �

1

, �

2

, �

3

and �

4

of type

F =

M

X

�=0

�

�

2

X

�+#+j=M

f

�;#;j

�

#

1

�

j

3

+

M

X

�=1

�

�

4

X

�+#+j=M

g

�;#;j

�

#

1

�

j

3

;

whi
h allows to identify easily its 
omponents

b

R and

b

N (see lemma 2.43 above). By dire
t substitution

it 
an be seen that the relation between the 
oeÆ
ients of the two expressions for F are,

f

�;#;j

= i

#

X

m+n=M��

(�1)

n

C(m;n; #)F

M�n;M�m

if 0 � � �M; (54)

g

�;#;j

= i

#

X

m+n=M��

(�1)

n

C(m;n; #)F

m;n

if 1 � � �M; (55)

with the form fa
tors C(m;n; #) de�ned by,

C(m;n; #) =

min(#;n)

X

�=max(0;#�m)

�

m

#� �

��

n

�

�

(�1)

#��

and satisfying in addition the symmetries,

C(n;m; #) = (�1)

#

C(m;n; #):

Finally we re
all that, as the 
oeÆ
ients (54) and (55) are real: they expand F , an element of the real

ve
tor spa
e F 2 P

S

M

, with respe
t to the real basis T [Q.

Finally, lemmas 2.30 and 2.43, 
onsidered together, answer the question of the (formal) solvability

of the homologi
al equations (30), and allow us to state the following proposition.

Proposition 2.48. The homologi
al equations (30), with F

s

2 E

S

s

, s � 3, are identi
ally ful�lled with

G

s

; Z

s

2 E

S

s

, where Z

s

= 0 when s is odd or, when s is even, Z

s


an be written as an homogeneous

polynomial, with real 
oeÆ
ients, of degree s=2 in q

1

p

2

; I

1

; i(q

1

p

1

+ q

2

p

2

).

Hen
e, theorem 2.5 follows immediately from lemma 2.10, proposition 2.29 and �nally from propo-

sition 2.48, sin
e applying the inverse of the 
hange (23), one gets

q

1

p

2

= �

1

2

(x

2

1

+ x

2

2

); i(q

1

p

1

+ q

2

p

2

) = y

1

x

2

� y

2

x

1

and therefore, for s � 3 and even, Z

s

depends on the real 
oordinates I

1

; x; y in the form stated in the

theorem. Note, however, that due to the minus sign in the �rst of the formulas above, the 
oeÆ
ients

of Z

s

may di�er in a sign when expressed in real or in 
omplex 
oordinates. Also, we remark that

an additional reversion in the time t, t 7! �t, is ne
essary if � = �1 after the linear redu
tion (see

lemma 2.10 and remark 2.14). This 
loses the se
tion.
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3 Dynami
s of the normal form

In this se
tion, the normal form Z

(r)

is analyzed. Then, after the setting of the Hamiltonian equations


orresponding to Z

(r)

and the dis
ussion of their �rst integrals (se
tion 3.1) we derive, in se
tion 3.2, a

parametrization of the family of periodi
 orbits and dis
uss their stability in terms of su
h parametriza-

tion (lemma 3.4). Next, in se
tion 3.3 we show that {under 
ertain generi
 
onditions whi
h depend

intrinsi
ally on the low order terms of the normal form{ there unfolds, \surrounding" the periodi


orbits, a two-parameter family of two dimensional invariant tori. Furthermore, a study of the normal

behaviour of su
h bifur
ating tori is done, and the results are summarized in proposition 3.7. The

global pi
ture resembles the 
lassi
al Andronov-Hopf bifur
ation, in the sense that unfolded stable

obje
ts (2D-invariant tori in our 
ase) appear around lower dimensional unstable ones {here, the pe-

riodi
 orbits of the family{, whereas 
onversely, unstable 2D-invariant tori may unfold around stable

periodi
 orbits. Whether the former or the latter phenomenon takes pla
e, depends again upon the

nature of the low-order normal form. In the literature {see [33℄{, this kind of bifur
ation is known as

the Hamiltonian Andronov-Hopf bifur
ation. Next, in se
tions 3.4 and 3.5, we give parametrizations

of the invariant manifolds of the hyperboli
 periodi
 orbits of the family and of the bifur
ated (hyper-

boli
) 2D-invariant tori. Se
tion 3.6 deals with the 3D-invariant tori bran
hing o� the 2D-ellipti
 tori

of proposition 3.7.

However, it is worth to realize that if only a qualitative des
ription is needed, all these foremen-

tioned obje
ts (periodi
 orbits, invariant tori and manifolds) and the dynami
s generated from them,


an be dete
ted using the normal form (56) up to an order as low as four (hen
e r = 2). This is 
ar-

ried out at the end, in appendix A. Nevertheless, if one looks for a

urate parametrizations of those

ba
kbone dynami
al invariants, then they must be 
omputed from a normal form of higher order and

therefore, our approa
h des
ribes the (lo
al) dynami
s around the non semi-simple resonant periodi


orbit not only qualitatively, but quantitatively as well, in the sense that allows all these 
omputations

e�e
tively and up to any arbitrary order. On the other hand, though, some 
lose related problems

are left open and are not treated here; mainly, the derivation {as a fun
tion of the distan
e to the


riti
al periodi
 orbit{ of the \optimal" order of the normal form (i. e., su
h that it minimizes the size

of the remainder in given neighbourhood of the resonant periodi
 orbit) and the preservation of the

bifur
ated invariant tori when the 
omplete (transformed) Hamiltonian is 
onsidered. These are more

tri
ky matters and, in parti
ular, to ta
kle the latter, one 
annot avoid getting involved with KAM

s
hemes (see [25℄).

3.1 Hamiltonian equations of the trun
ated normal form

From now on we shall 
on
entrate on the study of the normal form Z

(r)

, skipping the remainder R

(r)

o� and working only with real 
oordinates throughout. Hen
e, in view of theorem 2.5, Z

(r)


an be

put into the form:

Z

(r)

(x; I

1

; y) = !

1

I

1

+ !

2

y � x+

1

2

jyj

2

2

+ Z

r

�

1

2

jxj

2

2

; I

1

; y � x

�

; (56)

with the notation,

jxj

2

= (x

2

1

+ x

2

2

)

1=2

; jyj

2

= (y

2

1

+ y

2

2

)

1=2

; y � x = x

2

y

1

� x

1

y

2

and Z

r

(u; v; w) being a polynomial of degree br=2
 (we use bx
 to denote the integer part of x 2 R),

beginning with quadrati
 terms. We shall express it as

Z

r

(u; v; w) =

1

2

(au

2

+ bv

2

+ 
w

2

) + duv + euw + fvw + F

r

(u; v; w); (57)

with

F

r

(u; v; w) =

X

3�j+m+n�br=2


f

j;m;n

u

j

v

m

w

n

; (58)
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if r � 6 or zero otherwise.

Remark 3.1. A
tually, the 
oeÆ
ients of the term of degree two are those whi
h will play an essential

rôle in the dynami
s of Z

(r)

. It be
omes 
lear throughout the main results of this se
tion: lemma 3.4,

theorem 3.5, proposition 3.7 and also in the appendix A.

Now, if we de�ne

�(x; I

1

; y) :=

�

1

2

jxj

2

2

; I

1

; y � x

�

;

the 
orresponding Hamiltonian equations 
an be written in the form

_

�

1

= !

1

+ �

2

Z

r

Æ �;

_

I

1

= 0;

_x

1

= !

2

x

2

+ y

1

+ x

2

�

3

Z

r

Æ �;

_x

2

= �!

2

x

1

+ y

2

� x

1

�

3

Z

r

Æ �;

_y

1

= !

2

y

2

� x

1

�

1

Z

r

Æ � + y

2

�

3

Z

r

Æ �;

_y

2

= �!

2

y

1

� x

2

�

1

Z

r

Æ � � y

1

�

3

Z

r

Æ �:

(59)

Moreover the system above is integrable, sin
e it 
an be shown that the three fun
tions

I

1

= I

1

; I

2

= y � x and I

3

=

1

2

jyj

2

2

+ Z

r

�

1

2

jxj

2

2

; I

1

; y � x

�

(60)

are, outside the zero measure set de�ned by

y

1

= 0; y

2

= 0; �

1

Z

r

= 0;

three fun
tionally independent integrals in involution of the system (59).

3.2 Parametrization of the family of periodi
 orbits

It is straightforward to 
he
k that these Hamiltonian equations have a one-parameter family of periodi


orbits given by

M

�

:

8

<

:

�

1

= (!

1

+ �

2

Z

r

(0; I

1

; 0))t + �

0

1

;

I

1

= �;

x

1

= x

2

= y

1

= y

2

= 0;

(61)

This implies that the a
tion I

1

is a good parameter for the (lo
al) des
ription of the initial family of

periodi
 orbits. So we 
an identify � � I

1

as the parameter and, in the forth
oming, denote the family

by fM

I

1

g

I

1

2R

.

Remark 3.2. With the parametrization (61), the \twist" 
ondition (see [31℄) !

0

(0) 6= 0, asking the

angular frequen
y to move with the parameter of the family, 
an be expressed as �

2;2

Z

r

(0; 0; 0) = b 6= 0.

Remark 3.3. One may wonder if su
h parametrization is preserved when the remainder is added to

the normal form and the 
omplete transformed Hamiltonian is 
onsidered. In fa
t, the only monomials

in R

(r)

whi
h 
ould destroy the given parametrization are:

x

j

m

I

l

1

�

sink�

1


os k�

1

	

and y

j

m

I

l

1

�

sink�

1


os k�

1

	

or {when 
omplex remainder is 
onsidered{,

q

j

m

I

l

1

exp(ik�

1

) and p

j

m

I

l

1

exp(ik�

1

);

with m = 1; 2, k 2 Z, j = 0; 1 and l 2 N su
h that j + 2l > r. It 
an be readily seen then, that the

denominators asso
iated to these monomials are (k � j�)!

1

with � = !

2

=!

1

62 Q (see theorem 2.5)

and k, j in the same range than before. So, small divisors do not appear here and a (semi) normal

form additional transformation {
onstru
ted as the limit of the su

essive 
anoni
al 
hanges removing

those monomials{, will be 
onvergent in the appropriate domain.
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It turns out that, if the 
oeÆ
ient d in (57) is di�erent from zero (this is a generi
 
ondition that

will be assumed in the sequel), the stability of the family fM

I

1

g

I

1

2R

depends, for jI

1

j small, on the

produ
t dI

1

. This is stated in the next lemma.

Lemma 3.4. If the 
oeÆ
ient d of the polynomial Z

r

given by (57) is d 6= 0, then for jI

1

j small

enough, the periodi
 orbits in fM

I

1

g

I

1

2R

are 
omplex-unstable when dI

1

< 0 or (linearly) stable when

dI

1

> 0.

Proof. To 
ompute the 
hara
teristi
 exponents of the periodi
 orbits, we write down the variational

equations of (59) around M

I

1

. Using the parametrization (61), one may 
he
k that in the normal

dire
tions (x; y) these equations are given by the linear system:

0

B

B

�

_x

1

_x

2

_y

1

_y

2

1

C

C

A

=

0

B

B

�

0 �

2

1 0

��

2

0 0 1

��

1

0 0 �

2

0 ��

1

��

2

0

1

C

C

A

0

B

B

�

x

1

x

2

y

1

y

2

1

C

C

A

;

with �

1

; �

2

de�ned by,

�

1

:= �

1

Z

r

(0; I

1

; 0) = dI

1

+O(I

2

1

); (62)

�

2

:= !

2

+ �

3

Z

r

(0; I

1

; 0) = !

2

+ fI

1

+O(I

2

1

)

and then the 
hara
teristi
 exponents of the periodi
 orbits are,

�

�

I

1

= i�

2

�

p

��

1

= i(!

2

+ fI

1

+O(I

2

1

))�

q

�dI

1

+O(I

2

1

);

�

�

I

1

= �i�

2

�

p

��

1

= �i(!

2

+ fI

1

+O(I

2

1

))�

q

�dI

1

+O(I

2

1

)

Thus, if jI

1

j is suÆ
iently, the sign of the terms inside the square roots at the expansions for �

�

I

1

and

�

�

I

1

in the above formulas, depends on the sign of dI

1

in the way des
ribed by the lemma.

Figure 2 sket
hes the evolution of the 
hara
teristi
 multipliers as I

1

moves. Therefore, a

ording

to lemma 3.4, and for in
reasing values of I

1

, the orbits in the family 
hange from 
omplex-unstable

to stable for d > 0 (�gure 2(a)) or from stable to 
omplex-unstable for d < 0 (�gure 2(b)).

3.3 An unfolding of a two-parameter family of 2D-invariant tori

Generi
ally, the 
ollision of 
hara
teristi
 multipliers (of a family of periodi
 orbits) shown in �gure 2


arries on quasiperiodi
 bifur
ation phenomena. These may be des
ribed using the r-order normal

form Z

(r)

.

Before, to simplify the identi�
ation of the requested solutions, it is 
onvenient to introdu
e new


oordinates through the 
hange:

x

1

=

p

2q 
os �

2

; y

1

= �

I

2

p

2q

sin �

2

+ p

p

2q 
os �

2

;

x

2

= �

p

2q sin �

2

; y

2

= �

I

2

p

2q


os �

2

� p

p

2q sin �

2

;

(63)

with q > 0. (63) is 
anoni
al, for one immediately veri�es: d�

1

^dI

1

+dx^dy = d�^dI+dq^dp and is

properly de�ned and regular ex
ept in the set x

1

= x

2

= 0. It introdu
es a se
ond a
tion I

2

, together
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α

−i ω

ω

β

2

2I

−

I
−

I
+

α I
+

α I

β
β

I

I

+

−

i
1 1

1

1

1

1

Im

Re

I  < 0 I  = 0 I  > 011 1

−α

β+

I11

(a) d > 0.

β

α
α Ι

Ι

Ι

−

+

+

βΙ
−
1

1

1

1

β

αα I
− +
I

I1

1 1i

−i

ω2

ω2

I  = 01 1 I  > 01

Im

Re

I  < 0

β− +
I1

(b) d < 0.

Figure 2: Evolution of the 
hara
teristi
 multipliers. We note that when I

1

= 0, then �

�

0

= �

+

0

= i!

2

and �

�

0

= �

+

0

= �i!

2

(
ollision on the imaginary axis).

with its 
onjugate angle �

2

while q and p are the new normal position and its 
onjugate momentum

respe
tively; in these 
oordinates, the Hamiltonian Z

(r)

takes the form,

Z

(r)

(�

1

; �

2

; q; I

1

; I

2

; p) = !

1

I

1

+ !

2

I

2

+ qp

2

+

I

2

2

4q

+ Z

r

(q; I

1

; I

2

); (64)

(we keep the same name for the transformed Hamiltonian). Assuming, as in lemma 3.4, d 6= 0, the

Hamiltonian system 
orresponding to (64)

_

�

1

= !

1

+ �

2

Z

r

(q; I

1

; I

2

);

_

�

2

= !

2

+

I

2

2q

+ �

3

Z

r

(q; I

1

; I

2

);

_q = 2qp;

_

I

1

= 0;

_

I

2

= 0;

_p = �p

2

+

I

2

2

4q

2

� �

1

Z

r

(q; I

1

; I

2

);

(65)

has a two-parameter family of bifur
ated 2D invariant tori. Theorem 3.5 sets a pre
ise formulation of

this assertion.

Theorem 3.5. If the 
oeÆ
ient of d of Z

r

(see equation (57)) is d 6= 0 there exists a real analyti


fun
tion I : D � R

2

! R, D a neighbourhood of (0; 0), de�ned impli
itly by the equation

�

2

= �

1

Z

r

(�; I(�; �); 2��) ;

with I(0; 0) = 0 and su
h that, for (�; �) 2 D, the two-dimensional torus

T

�;�

= f(�; q; I; p) 2 T

2

� R � R

2

� R : q = �; I

1

= I(�; �); I

2

= 2��; p = 0g (66)

is invariant under the 
ow of (65) with parallel dynami
s determined by the ve
tor 


�

= (


1

; 


2

) of

intrinsi
 frequen
ies:




1

(�; �) = !

1

+ �

2

Z

r

(�; I(�; �); 2��);




2

(�; �) = !

2

+ � + �

3

Z

r

(�; I(�; �); 2��);

(67)

moreover, the 
orresponding invariant tori of the Hamiltonian (56) are real whenever � > 0.
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Proof. It follows dire
tly by substitution in (65) equations, whereas the last point about the real


hara
ter of the invariant tori follows from (66) and the 
hange (63). Here we only stress that the


ondition d 6= 0 (the non-degenera
y of the transition) is the ne
essary hypothesis for the impli
it

analyti
 fun
tion I to exist in a neighbourhood of (0; 0), sin
e �

2

1;2

Z

r

(0; 0; 0) = d. Finally, transforma-

tion (63) shows the real 
hara
ter of the (
orresponding) tori of (56) for � > 0 (see also equations (68)

below).

Then fT

�;�

g

(�;�)2D

with � > 0 
onstitutes a two-parameter family of real invariant tori �lled up with

quasiperiodi
 solutions of the system (65). When
e, 
hanging ba
k to re
tangular (with respe
t to the

normal dire
tions) 
oordinates by means of (63), one obtains a family of two-parameter quasiperiodi


solutions winding 2D real invariant tori of (56). Expli
itly:

�

1

= 


1

(�; �)t + �

0

1

; I

1

= I(�; �);

x

1

=

p

2� 
os(


2

(�; �)t + �

0

2

); y

1

= �

p

2� � sin(


2

(�; �)t + �

0

2

);

x

2

= �

p

2� sin(


2

(�; �) + �

0

2

); y

2

= �

p

2� � 
os(


2

(�; �)t + �

0

2

):

(68)

Using the expressions for Z

r

given by (57) and (58), a formal expansion of the impli
it fun
tion I


an easily be derived. Up to se
ond order in �, � one gets:

I(�; �) = �

a

d

� �

1

d

�

3f

3;0;0

�

2af

2;1;0

d

+

a

2

f

1;2;0

d

2

�

�

2

�

2e

d

�� +

1

d

�

2

+O

3

(�; �); (69)

and then substitution in (67) yields, for the frequen
ies 


1

, 


2

,




1

(�; �) = !

1

+

�

d�

ab

d

�

�

+

�

�

3b

d

f

3;0;0

�

a

2

b

d

3

f

1;2;0

+

2ab

d

2

f

2;1;0

+ f

2;1;0

�

2a

d

f

1;2;0

+

3a

2

d

2

f

0;3;0

�

�

2

+

�

�

2eb

d

+ 2f

�

�� +

b

d

�

2

+O

3

(�; �)

(70a)




2

(�; �) = !

2

+

�

e�

af

d

�

� + �

+

�

�

3f

d

f

3;0;0

�

a

2

f

d

3

f

1;2;0

+

2af

d

2

f

2;1;0

+ f

2;0;1

�

a

d

f

1;1;1

+

a

2

d

2

f

0;2;1

�

�

2

+

�

2
�

2ef

d

�

�� +

f

d

�

2

+O

3

(�; �):

(70b)

Similarly as in the lemma 3.4 for the stability of periodi
 orbits, the normal 
hara
ter (ellipti
, hyper-

boli
) of the unfolded tori has to do with the sign of one of the 
oeÆ
ients of the polynomial Z

r

(see

proposition below).

Remark 3.6. In view of the expansions (70a) and (70b) one easily 
omputes detD

�


 = d� ab=d +

O

1

(�; �) {with �

�

= (�; �), 


�

= (


1

; 


2

){, so the family of invariant tori will be nondegenerated (in

the Kolmogorov's sense) under the 
ondition d

2

6= ab.

Proposition 3.7. With the assumptions of theorem 3.5 {in
luding the reality 
ondition � > 0{ and

if the 
oeÆ
ient a of the polynomial Z

r

in (57) is a 6= 0; the type of the bifur
ation is determined by

the sign of the 
oeÆ
ient a. More pre
isely:

Case 1. If a > 0; besides the ellipti
 tori around stable periodi
 orbits {whi
h 
orrespond to ex
i-

tations in their normal ellipti
 dire
tions{ there appear ellipti
 tori around 
omplex-unstable periodi


orbits.
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I1

ρ

ρ = R

(a) a > 0 (dire
t bifur
ation)

I1

ρ

ρ = R

(b) a < 0 (inverse bifur
ation)

Figure 3: Qualitative sket
h of the size of the 2D bifur
ated tori and their stability in the 
ase d > 0 (the �gures for d < 0

follow straightforward). In these plots 
omplex-unstable periodi
 orbits lie on the negative horizontal semiaxis (in dashed lines)

and the stable ones in the positive horizontal semiaxis. In �gure (a) the shaded area 
orresponds to the domain of existen
e of

ellipti
 invariant tori. In �gure (b) the regions shaded obliquely and horizontally are the domains of the ellipti
 and hyperboli
 tori

respe
tively whilst the separating 
urve holds paraboli
 tori. Here �, 0 < � < R, is de�ned by � := (x

2

1

+ x

2

2

)

1=2

(so � = (2�)

1=2

,

a

ording to (63)). It 
an be thought of as the radius of the invariant torus T

�;�

in the normal dire
tions x

1

, x

2

. R is the \maximum

allowed radius" and is determined by the domain D of I(�; �). If � is allowed to range in a neighbourhood of � = 0, the regions

shaded in the �gures may be derived from (69) setting � = �

2

=2, i. e. from: dI

1

= �a�

2

=2+ �

2

+O

3

(�; �) and the normal 
hara
ter

of the tori follows from the 
hara
teristi
 exponents (71).

Case 2. If a < 0, then, hyperboli
 invariant tori unfold around stable periodi
 orbits. In this 
ase,

the family des
ribed in theorem 3.5 
ontains also ellipti
 tori (of the same nature than those in the

previous 
ase) and paraboli
 tori.

By analogy with the 
lassi
al Andronov-Hopf bifur
ation, the former and the latter 
ases in the

proposition are often referred as the \dire
t" and the \inverse" bifur
ation respe
tively. In �gure 3

the bifur
ation pattern is sket
hed in both 
ontexts.

Proof (of proposition 3.7). Consider the system (65) and the family of invariant tori fT

�;�

g

(�;�)

of

theorem 3.5. Around one of these tori, the �rst variational equations in the normal dire
tions are

given by the linear system,

_

X = 2�Y;

_

Y = �

�

2

�

2

�

+ a+ �

2

1;1

F

r

(�; I(�; �); 2��)

�

X

whose eigenvalues (the 
hara
teristi
 exponents of the torus) are:

�

�

(�; �) = �

q

�4�

2

� 2a� � 2��

2

1;1

F

r

(�; I(�; �); 2��): (71)

As ��

2

1;1

F

r

(�; I(�; �); 2��) is �O

1

(�; �), this implies that {at least in a small neighbourhood of (�; �) =

(0; 0){, the normal behaviour of the tori is determined by the sign of the �rst two terms inside

the square root �4�

2

� 2a�. In parti
ular, if the 
oeÆ
ient a is positive (
ase 1) then the family

only holds the ellipti
 invariant tori, whilst for negative values of a (
ase 2), ellipti
 and hyperboli


tori will be present, but paraboli
 tori will appear as well. Indeed, if one 
onsiders the equation:

2�

2

+ a� + ��

2

1;1

F

r

(�; I(�; �); 2��) = 0, just the impli
it fun
tion theorem applied at (�; �) = (0; 0)

shows the existen
e {in the spa
e of parameters (�; �){, of a path � = g(�) giving rise to a one-

parameter family of paraboli
 tori. Of 
ourse, the same 
an be done when a < 0 but then �, as a
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Figure 4: Invariant manifolds of the hyperboli
 periodi
 orbits. Figures (a) and (b), 
orresponding to a > 0, are the proje
tions of

the invariant manifolds on the planes (q; p) and (x

1

; y

1

) respe
tively. The same, but for a < 0 is plotted in �gures (
) and (d). In

ea
h drawn, these are represented for three di�erent values of I

1

: I

000

1

< I

00

1

< I

0

1

< 0. In (a) and (
) stable and unstable invariant

manifolds are on p < 0 and on p > 0 respe
tively, whilst in (b), (d) the stable manifolds have x

1

y

1

< 0 and x

1

y

1

> 0 the unstable

ones.

fun
tion of �, will take lo
ally (i. e., in a small neighbourhood of the origin) only negative values,

against the 
ondition for real invariant tori.

To dis
uss the position {relative to the family of periodi
 orbits{ of the bifur
ated invariant tori,

one looks at (69) and realizes that for (�; �) given, the a
tion I

1

of the 
orresponding invariant torus


an be expressed as

I

1

= �

a

d

� +

1

d

�

2

+ �O

1

(�; �) + O

3

(�; �);

hen
e, the sign of dI

1

is determined lo
ally by the �rst two terms. In parti
ular, for a > 0 (
ase 1)

dI

1


an take positive or negative values so ellipti
 bifur
ated tori of the �rst 
ase unfold \around"

both stable and unstable periodi
 orbits (see �gure 3(a)). On the 
ontrary, for a < 0 the sign of dI

1

is

(lo
ally) always positive and therefore, in the se
ond 
ase, bifur
ated hyperboli
, ellipti
 and paraboli


tori appear around {in the sense just stated{ stable periodi
 orbits of the family (�gure 3(b)). This

ends the proof.

3.4 Parametrization of the invariant manifolds of the hyperboli
 periodi
 orbits

We re
all that when �

1

< 0 in (62) (i.e., when dI

1

< 0 with I

1

small) then the orbitM

I

1

given by the

parametrization (61) is a hyperboli
 periodi
 orbit of the Hamiltonian equations of the normal form

Z

(r)

. So, one may use Z

(r)

to get parametrizations of the stable and unstable invariant manifolds of

this orbits. If we 
onsider a �xed I

1

su
h that �

1

< 0, then the 
orresponding stable and unstable

manifolds ofM

I

1

are three dimensional and 
an be obtained by setting the values of the �rst integrals
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in (60) to the ones of M

I

1

. If we write I

2

and I

3

in the 
oordinates (63) we have,

I

2

= I

2

; I

3

= qp

2

+

I

2

2

4q

+Z

r

(q; I

1

; I

2

):

So, the invariant manifolds of M

I

1

are de�ned by

I

2

= 0; qp

2

+ Z

r

(q; I

1

; 0) = Z

r

(0; I

1

; 0);

obtaining:

p = �

r

1

q

(Z

r

(0; I

1

; 0)�Z

r

(q; I

1

; 0)) = �

r

�

a

2

q � dI

1

+O

2

(q; I

1

):

The 
hoi
e + 
orresponds to the unstable manifold and the 
hoi
e � to the stable one. Going ba
k to

the re
tangular 
oordinates through (63), we obtain the following parametrization of the manifolds:

x

1

=

p

2q 
os �

2

; y

1

= �

p

2(Z

r

(0; I

1

; 0) �Z

r

(q; I

1

; 0)) 
os �

2

;

x

2

= �

p

2q sin �

2

; y

2

= �

p

2(Z

r

(0; I

1

; 0) �Z

r

(q; I

1

; 0)) sin �

2

:

Alternatively, the invariant manifolds 
an be given as graphs:

y

i

= �x

i

s

2

x

2

1

+ x

2

2

�

Z

r

(0; I

1

; 0) �Z

r

�

1

2

�

x

2

1

+ x

2

2

�

; I

1

; 0

��

= �x

i

r

�

a

4

(x

2

1

+ x

2

2

)� dI

1

+ �;

where � stands for the terms of (adapted) degree at least 3. These parametrizations are represented

in �gures 4(a){(d) for three di�erent (negative) values of the a
tion I

1

and a

ording to the sign of a

(see the details in the 
aption).

However, the range of available parameters (q; I

1

) is restri
ted by the 
ondition that the expressions

inside the square roots must be positive. By de�ning F (q; I

1

) = (Z

r

(0; I

1

; 0)�Z

r

(q; I

1

; 0))=q, we need

F (q; I

1

) � 0. We noti
e that F (0; 0) = 0, �

1

F (0; 0) = �a=2 6= 0 and �

2

F (0; 0) = �d 6= 0. Thus, the

boundary of this domain 
an be (lo
ally) expressed as fun
tion of I

1

or q.

3.5 Parametrization of the invariant manifolds of the hyperboli
 2D-invariant tori

In the inverse 
ase (when a < 0) we have shown that for 
ertain range of the parameters (�; �) the

2-dimensional bifur
ated torus T

�;�

given in (66) is normally hyperboli
. More pre
isely, it happens

for the values of � > 0 and � su
h that 4�

2

+ 2��

2

1;1

Z

r

(�; I(�; �); 2��) < 0 (see theorem 3.5 and

proposition 3.7). For these tori we 
an also 
ompute its stable and unstable manifold whi
h, for any

given torus, have dimension three. Again, they are impli
itly de�ned by �xing the values of the �rst

integrals in (60):

I

1

= I(�; �); I

2

= 2��; I

3

= ��

2

+Z

r

(�; I(�; �); 2��):

Using the 
oordinates (63) we obtain the following expression for p:

p = �

p

F (q; �; �) = �

s

1

q

�

Z

r

(�; I(�; �); 2��) �Z

r

(q; I(�; �); 2��) + �

2

�

2

�

1

�

�

1

q

��

; (72)

and the 
orresponding manifold will be stable if p(q��) < 0 or unstable if p(q��) > 0 (see �gure 5(a)).

Of 
ourse, using the expressions (63) we 
an go ba
k to the original normal form 
oordinates. As for

the hyperboli
 periodi
 orbits, we 
an also see these manifolds as graphs, so that

y

1

= 2��

x

2

x

2

1

+ x

2

2

�

s

F

�

x

2

1

+ x

2

2

2

; �; �

�

x

1

; y

2

= �2��

x

1

x

2

1

+ x

2

2

�

s

F

�

x

2

1

+ x

2

2

2

; �; �

�

x

2

:
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Figure 5: Invariant manifolds of the hyperboli
 invariant tori 
orresponding to (�; �). In �gure (b) we set x

2

= 0 and � > 0 is

assumed. The position of the hyperboli
 invariant tori is (q; p) = (�; 0) in (a) and (y

1

; y

2

) = (0;��

p

2�) in (b). In both 
ases is

marked with a dot.

Moreover, if we use the equation de�ning I(�; �) (see (69)) we 
an make more 
lear the expression of

F (q; �; �). Indeed, we 
an expand it in powers of q � �, obtaining:

Z

r

(q; I(�; �); 2��) �Z

r

(�; I(�; �); 2��) = �

2

(q � �) +

1

2

�

2

1;1

Z

r

(�; I(�; �); 2��)(q � �)

2

+G(q; �; �)(q � �)

3

;

where G(q; �; �)(q � �)

3

stands for the 
omplementary term in the Taylor expansion, and thus

F = �

(q � �)

2

4q

2

�

4�

2

+ 2��

2

1;1

Z

r

(�; I(�; �); 2��) + 2(q � �)

�

�

2

1;1

Z

r

(�; I(�; �); 2��) + 2qG(q; �; �)

�	

:

Using this last expression of F the 
ondition on the torus T

�;�

to be hyperboli
 appears in a natural

form, as in equation (72) we need F (q; �; �) � 0. Thus, if 4�

2

+ 2��

2

1;1

Z

r

(�; I(�; �); 2��) < 0, this


ondition is ful�lled provided jq � �j is small. In �gure 5 we plot, for some given values of the

parameters (�; �), the invariant manifolds of the hyperboli
 tori. The proje
tions are displayed on the

plane (q; p) {in �gure 5(a){ and on the plane (y

1

; y

2

) {in �gure 5(b){.

Moreover, if we want to 
hara
terize the range of available parameters in (72), we have to study

the solutions of g(q; �; �) = 0, with

g = 4�

2

+ 2��

2

1;1

Z

r

(�; I(�; �); 2��) + 2(q � �)

�

�

2

1;1

Z

r

(�; I(�; �); 2��) + 2qG(q; �; �)

�

:

As g(0; 0; 0) = 0 and �

1

g(0; 0; 0) = 2a 6= 0, we 
an give the solutions of g(q; �; �) = 0 by writing

q = f(�; �), so that the boundary of values of q in the parameter spa
e of F is given (lo
ally around

(�; �) = (0; 0)) as q � f(�; �).

3.6 Computation of 3D-invariant tori

3D-invariant tori of the normal form (56) 
an be obtained from periodi
 orbits of the 1-degree of

freedom Hamiltonian system given by:

H(q; p; I

1

; I

2

) = qp

2

+

I

2

2

4q

+ Z

r

(q; I

1

; I

2

); (73)
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where I

1

and I

2

have to be treated as parameters (see (64)). Thus, given a 
ouple of values I

1

and

I

2

(�xed), let (eq(�

3

); ep(�

3

)) be a 2�-periodi
 parametrization of a periodi
 orbit of (73) su
h that

_

�

3

= e!

3

. Then, the dynami
s of the 
orresponding 3D-invariant torus of (64) 
an be obtained by

dire
t integration of the expressions,

_

�

1

= !

1

+ �

2

Z

r

(eq(e!

3

t); I

1

; I

2

);

_

�

2

= !

2

+

I

2

2eq(e!

3

t)

+ �

3

Z

r

(eq(e!

3

t); I

1

; I

2

);

being the ve
tor of intrinsi
 frequen
ies of this torus e! = (e!

1

; e!

2

; e!

3

), with e!

1

and e!

2

de�ned by

e!

1

= !

1

+ h�

2

Z

r

(eq(�

3

); I

1

; I

2

)i;

e!

2

= !

2

+

�

I

2

2eq(�

3

)

�

+ h�

3

Z

r

(eq(�

3

); I

1

; I

2

)i;

where h�i denotes the average with respe
t to the angle �

3

(of 
ourse, we need e!

1

, e!

2

and e!

3

to be

independent frequen
ies in order to have a legitimate 3D-torus).

If we want to dis
uss the range of parameters for whi
h we obtain periodi
 orbits of (73), we point

out that these orbits 
an be obtained impli
itly as energy levels of the system, fH(q; p; I

1

; I

2

) = hg,

for suitable values of h. The extremal values for the interval of allowed values of h (for any given I

1

and I

2

), 
orrespond to the ones of the 
riti
al points of H. The dis
ussion of these 
riti
al points for

the system (73) 
an be easily derived from the dis
ussion of the fourth order normal form done in

appendix A.

Appendix A. Study of the low order normal form

We shall 
onsider the normal form (64) with r = 2 (fourth order Hamiltonian). A
tually this trun
ated

Hamiltonian 
ontains the relevant dynami
s and phenomena des
ribed so far.

The aim of this appendix is mainly des
riptive, so the straightforward 
omputations are omitted.

However, the dynami
s is here explored �xing the value of the energy and deriving the 
orresponding

phase portrait in the normal dire
tions. This does 
onstitute a di�erent sight that 
omplements the

des
ription in se
tion 3.

Previously, though, it is 
onvenient to introdu
e more suitable 
oordinates by means of the 
anon-

i
al 
hange,

Q =

p

2q; P = p

p

2q;

In these new 
oordinates, the Hamiltonian Z

(2)

will take the form,

Z

(2)

(Q; I

1

; I

2

; P ) = H

0

(I

1

; I

2

) +H

1

(Q; I

1

; I

2

; P ); (74)

with H

0

and H

1

given respe
tively by,

H

0

(I

1

; I

2

) = !

1

I

1

+ !

2

I

2

+

1

2

bI

2

1

+

1

2


I

2

2

+ fI

1

I

2

;

and

H

1

(Q; I

1

; I

2

; P ) =

1

2

P

2

+

1

2

�

I

2

2

Q

2

+ (dI

1

+ eI

2

)Q

2

�

+

a

8

Q

4

; (75)

The a
tions I

1

, I

2

are 
onstants of the motion, and so is H

0

. Hen
e it is enough to investigate the

energy levels of H

1

, whi
h is an (integrable) Hamiltonian of type

H

1

(Q; I

1

; I

2

; P ) =

1

2

P

2

+ V (Q; I

1

; I

2

);

where the potential V (Q; I

1

; I

2

) must be

V (Q; I

1

; I

2

) =

1

2

�

I

2

2

Q

2

+ (dI

1

+ eI

2

)Q

2

�

+

a

8

Q

4

:
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Remark A.1. In parti
ular, if in (75) one �xes the value of the �rst integrals I

1

and I

2

, the equilibrium

points and the periodi
 orbits of the resulting one-degree of freedom Hamiltonian will 
orrespond to

2D and 3D-invariant tori respe
tively of the whole phase spa
e.

A systemati
 a

ount of the dynami
s of (74) 
an be obtained if one 
onsiders three independent

�rst integrals of the system, �xes the value of two of them, and shows in the (Q;P )-plane all the

possible motions a

ording to the values of the third one. Thus, what we will do is to 
onsider �xed

values of � and h, and to restri
t I

1

and I

2

to the linear manifold dI

1

+ eI

2

= � and to the energy

level fH

1

(Q; I

1

; I

2

; P ) = hg. Then, the allowed motions 
an be easily derived using I

2

as a parameter

(see also [14℄). These results are a

ounted in the proposition below.

Proposition A.2. Consider the Hamiltonian (75) and assume that the 
oeÆ
ients a and d are both

di�erent from 0. Given �xed values of � and h, we introdu
e the energy level sets

E

I

2

:= f(Q;P ) 2 R

2

; Q > 0 : H

1

(Q;P; I

1

; I

2

) = h; dI

1

+ eI

2

= �g; I

2

2 R:

The phase portrait of these sets 
an be des
ribed, a

ording to the sign of a, by the following two


ases:

Case 1. a > 0; depending on the sign of �, we have the following lower bounds for h: h > h

0

=

�a

�1

�

2

=2 if � < 0; h > 0 if � � 0 (for smaller values of h the motion is not allowed); in any 
ase,

we have an ellipti
 point surrounded by invariant 
losed 
urves. All the 
ow is 
on�ned by di�erent

obje
ts asso
iated to E

0

. If � > 0 these 
on�ners are: a 
losed 
urve for h

0

< h < 0; the (mat
hing)

stable and unstable manifolds of the point (Q;P ) = (0; 0) (whi
h is an equilibrium point when I

2

= 0)

for h = 0; and an open 
urve joining the points (0; (2h)

1=2

), (0;�(2h)

1=2

) for h > 0 (re
all that Q > 0).

If � � 0, the 
on�ner is always the open 
urve.

Case 2. a < 0; in this 
ase, any value of h is allowed. If � < 0, we have that for any value of h

the motion is unbounded: no equilibrium points take pla
e and for all the traje
tories Q goes to the

positive in�nity when t does. The same happens for � > 0, if h < 0 or h > 4h

0

=3 = �2a

�1

�

2

=3.

However, in the 
ase � > 0 we have the following additional possibilities: if 0 < h < h

0

= �a

�1

�

2

=2,

an ellipti
 �xed point surrounded by 
losed invariant 
urves appear. The region of the invariant tori is


on�ned by a 
urve joining the points (0; (2h)

1=2

), (0;�(2h)

1=2

). Outside this separatrix, at a distan
e

r

2

a

�

���

p

�

2

+ 2ah

�

of the origin (Q;P ) = (0; 0), es
ape traje
tories evolve. When h is in
reased and h

0

< h < 4h

0

=3,

an hyperboli
 equilibrium point merges and the ellipti
 point with its a

ompanying family of 
losed

invariant 
urves are 
ontained inside the loop formed by the 
onne
ting bran
hes of invariant manifolds

of the hyperboli
 point. With the ex
eption of the 
ow lying on the bran
h of the stable manifold not

belonging to the loop (that on the right of the hyperboli
 point), es
ape traje
tories take pla
e outside.

When h > 4h

0

=3, both �xed points disappear through a paraboli
 
ollision for h = 4h

0

=3.

The �rst 
ase, a > 0, is represented in �gures 6(a)-(
) only for � < 0 (� > 0 leads to a plot

similar to the �gure 6(
), but with V (Q; 0) {see equation (76) in the proof below{ being a monotoni


in
reasing positive fun
tion. The 
ase 2, a < 0, is outlined, for � > 0, in �gures 7(a), (b).

Proof (of proposition A.2). Setting dI

1

+ eI

2

= � in (75) one gets a family of one-degree of freedom

Hamiltonians

H(Q;P ; I

2

) =

1

2

P

2

+ V (Q; I

2

);

with

V (Q; I

2

) =

1

2

�

I

2

2

Q

2

+ �Q

2

�

+

a

8

Q

4

; (76)
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Figure 6: Phase portrait for a > 0 and � < 0. h

0

is de�ned as the value of V (Q; 0) (see (76)) at its minimum point. The lowermost

potential (i. e., the only graph not growing to +1 when Q! 0

+

) and the outermost 
urves in the (Q;P )-plane below {both drawn

with thi
ker lines{, 
orrespond to I

2

= 0. For higher (absolute) values of I

2

, more pre
isely, for 0 < jI

2

j < jI

E

2

j 
losed invariant


urves appear for the �xed energy level h (see the proof of proposition A.2 for the details). As pointed in the text, for h = 0,

�gure (b), this 
urve identi�es the stable and unstable invariant manifolds of the origin, whi
h is an equilibrium point for I

2

= 0

and h = 0. In parti
ular, the situation des
ribed in (b) 
orresponds with the dire
t bifur
ation introdu
ed in proposition 3.7 if one

identi�es the invariant manifolds of the origin with the invariant manifolds of the (
omplex-unstable) periodi
 orbit of the family

with I

1

= �=d. Here, though, the s
ene is envisaged on a se
tion of 
onstant energy.

where I

2

is regarded now as the parameter of the family. For ea
h I

2

given, they are the sum of

the kineti
 term P

2

=2 plus the 
orresponding potential V (Q; I

2

); hen
e their phase portraits are

straightforward 
onstru
ted from the shapes of V (Q; I

2

).

In the �rst 
ase, a > 0, it is 
he
ked immediately that the inequalities: �a

�1

�

2

=2 � V (Q; 0) <

V (Q; I

2

) if � < 0 and 0 < V (Q; 0) < V (Q; I

2

) if � � 0, hold for Q > 0 and all I

2

6= 0. This leads to

the lower bound for h. Then, given a value h of the energy, to �nd the equilibrium points one looks

for (Q; I

2

) satisfying simultaneously the equations

V (Q; I

2

) = h; �

1

V (Q; I

2

) = 0; (77)

with Q > 0. Hen
e, for this value of the parameter I

2

, Q is a 
riti
al point of the potential lying on

that energy level.

When a > 0, (77) has only one solution, say (E; I

E

2

), 
orresponding to an ellipti
 equilibrium point.

The surrounding 
losed invariant 
urves 
an be parametrized by

Q = s; P = �

p

2h� V (s; I

2

) (78)

with 0 < jI

2

j < jI

E

2

j, E

0

< s < E

00

; being E

0

; E

00

the two positive solutions of the equation V (s; I

2

) = h.

The same parametrization works for the 
urves 
on�ning the phase 
ow, but setting I

2

= 0 and

0 < s < E

000

where E

000

is the (unique) positive solution of V (s; 0) = h.

For a < 0 (se
ond 
ase), one realizes that V (Q; I

2

) de
reases monotoni
ally for any value of the

parameter I

2

when � � 0. Therefore no equilibrium points may appear, so all the solutions will es
ape

when t!1. On the other hand, if � > 0 it is straightforward to 
he
k that the system (77) has

(i) no solutions for h < 0 or h > �2a

�1

�

2

=3,

(ii) two solutions (E;�I

E

2

), for 0 � h < �a

�1

�

2

=2 and
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Figure 7: a < 0, � > 0. Constru
tion of the phase portrait of the Hamiltonian (75) from the graph of the potential V (Q; I

2

) (see

the proof of proposition A.2 for the details). (a) 0 < h < h

0

. The graphs of the potential 
orrespond to three values of the a
tion

I

2

= 0 (thi
ker line), I

2

, I

E

2

with 0 < jI

2

j < jI

E

2

j and hen
e: V (Q; 0) < V (Q; I

2

) < V (Q; I

E

2

) for all Q > 0. In the phase portrait

below, it 
an be seen that the 
ow is whether 
on�ned to wind 
losed 
urves around the ellipti
 equilibrium point (marked with

E), or es
ape to in�nity following one of the hyperbola-like 
urves on the right. (b) h

0

< h < 4h

0

=3. As in (a), the potential is

represented for several values of the a
tions: I

2

= 0 (in thi
ker line) and I

0

2

, I

H

2

, I

2

, I

E

2

with 0 < jI

0

2

j < jI

H

2

j < jI

2

j < jI

E

2

j, whi
h

yields V (Q; 0) < V (Q; I

0

2

) < V (Q; I

H

2

) < V (Q; I

2

) < V (Q; I

E

2

) for all Q > 0. Again, an ellipti
 equilibrium point (marked with

E below) appears but this time together with an hyperboli
 one (marked with H). In the (Q;P )-plane there are represented the


losed invariant 
urves around the ellipti
 point, the invariant manifolds of the hyperboli
 point (in thi
ker line) and the es
ape

traje
tories 
orresponding to the values I

0

2

(the outermost 
urve, wrapping the invariant manifolds), I

E

2

and I

2

{this latter two are

the hyperbola-like 
urves 
lose to the rightward, not 
onne
ted, bran
hes of the invariant manifolds{. The portrait drawn in (b)

may be thought of as the proje
tion, in the plane of the normal dire
tions and for a �xed energy h, of the inverse bifur
ation of

proposition 3.7.

(iii) four solutions when �a

�1

�

2

=2 � h � �2a

�1

�

2

=3. We denote them by: (E;�I

E

2

), (H;�I

H

2

),

with 0 < jI

H

2

j < jI

E

2

j. Moreover, if I

2

is su
h that: jI

H

2

j < jI

2

j < jI

E

2

j then the relations

V (Q; I

H

2

) < V (Q; I

2

) < V (Q; I

E

2

); (79)

are satis�ed for all Q > 0.

Therefore in (i) there are no equilibrium points in the phase plane (Q;P ) and 
onsequently all the

traje
tories es
ape as t! +1. In item (ii), an ellipti
 equilibrium point is present and it is en
ir
led

by a family of (
losed) invariant 
urves with 0 < jI

2

j < jI

E

2

j. In item (iii) an additional equilibrium

point, hyperboli
, appears. Furthermore, there exists H

0

, 0 < H

0

< E < H su
h that V (H

0

; I

H

2

) =

V (E; I

E

2

) = V (H; I

H

2

) = h. Thus the stable and unstable manifolds of the hyperboli
 point form

a loop whi
h embra
es the ellipti
 point and {in view of (79){ is �lled up with 
losed invariant


urves having I

2

in the range jI

H

2

j < jI

2

j < jI

E

2

j. We stress here that, when h > �a

�1

�

2

=3 then

(E;�I

E

2

) = (H;�I

H

2

), so the ellipti
 and the hyperboli
 points 
ollide on this energy se
tion giving

rise to a paraboli
 equilibrium point (Note: a paraboli
 torus in the six-dimensional phase spa
e).

The di�erent traje
tories on the (Q;P )-plane 
an also be parametrized by the equations (78), setting

there the 
orresponding values of h, I

2

and letting the parameter s to range between the appropriate

limits: e. g., for an invariant 
losed 
urve I

2

must satisfy 0 < jI

2

j < jI

E

2

j, (if 0 < h < �a

�1

�

2

=2)
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or jI

H

2

j < jI

2

j < jI

E

2

j (if �a

�1

�

2

=2 � h � �a

�1

�

2

=3) and s should take values in the interval

E

0

< s < E

00

, now with E

0

; E

00

the two smaller positive solutions of V (s; I

2

) = h. Re
all that in this


ase, the last equation has still a larger solution E

000

> E

00

. Then, for s > E

000

, (78) parametrizes an

es
ape 
urve.

So long we have just only given a few hints for the 
onstru
tion of the phase portrait of the solutions

of (75). Further details 
an be appre
iated in the �gures 6, 7.
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