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Numerical semigroups
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A numerical semigroup is a subset A of Ny satisfying

@0eA
@ A+AcA

@ #(Np \ A) is finite (genus:=g= #(No \ \))
= there exists the Frobenius number := largest gap F

gaps: No v A

non-gaps: A

Left elements: L(A) =ANn[O0,...,F]

Multiplicity: min(A*)

Minimal generators: A* ~ (A* + A*) (necessarily coprime)
Embedding dimension: e(A) = number of minimal generators
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Harmonics: a sound example

bo o .e_bo.hn o

T

12 19 24 28 31 36 | 38 | 40 43 | 45 | 47 | 48

What semitone interval corresponds to each harmonic?

H={0,12,19,24,28,31,34,36,38,40,42,43,45,46,47,48,49,50, > }.
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° Basic notions

@ Gapsets

e Classification and characterization of numerical semigroups

9 Error correcting codes
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Definition
A gapset is a finite subset G of Ny satisfying
a, be Np

== acGorbeG.
a+be@G
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Definition
A gapset is a finite subset G of Ny satisfying
a, be Ng
= acGorbeG.
a+beG

G gapset < Ny \ G numerical semigroup.

S. Eliahou, J. Fromentin. Gapsets and numerical semigroups, Journal of Combinatorial
Theory, Series A., 2020

7/69



° Basic notions

@ Weierstrass semigroup

e Classification and characterization of numerical semigroups

9 Error correcting codes
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Weierstrass semigroup

X': projective, non-singular, geometrically irreducible curve

P: rational point of X
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Weierstrass semigroup

X': projective, non-singular, geometrically irreducible curve
P: rational point of X

A: the ring of functions on X" with poles only at P

A= {-vp(f):fe A\ {0}} the pole orders of Aat P

It holds

@ 0=-vp(1)eA
o (-vp(f) +(-vp(g)) = (-vp(fg)) e Aforall f,gc A
@ #(Np N A) =genus of X (finite)
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Weierstrass Semigroups

Example

Klein quartic

x:x3y+y3+x=0

P : rational point with affine coordinates x =0,y =0

Y
0] 0
11 3
2| 5
3| 6
4| 7
5| 8
6| 9
7|10
8 | 11
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Weierstrass Semigroups

Example

Hermitian curve over Fy

x:xXP=ytsy

P : the unique point at infinity
] Ai
0] 0
1| 4
2| 5
3| 8
4| 9
5110
6| 12
7113
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° Basic notions

@ Classical problems

e Classification and characterization of numerical semigroups

9 Error correcting codes
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Classical problems

Frobenius’ problem
Suppose we have coins of denominations ay, ..., an

What is the largest monetary amount that can not be obtained using
these coins?
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Classical problems

Frobenius’ problem
Suppose we have coins of denominations ay, ..., an

What is the largest monetary amount that can not be obtained using
these coins?

n = 2: Sylvester’'s formula a;a — a; — as.
n>27?

Theorem (Curtis)

For n > 3, there is no simple closed-form algebraic formula for the
Frobenius number.

F. Curtis, On formulas for the Frobenius number of a numerical semigroup, Mathematica

Scandinavica, 1990.
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Classical problems

Wilf’s conjecture (1978)
c(N) <e(N) - #L(N)

H.S. Wilf. A Circle-Of-Lights Algorithm for the “Money-Changing Problem”, The American
Mathematical Monthly, 1978

.. and many important contributions of Eliahou, Zhai, Dobbs, Matthews, Kaplan,
Sammartano, Moscariello, Delgado, Fromentin, among others.
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Mathematical Monthly, 1978

... .and many important contributions of Eliahou, Zhai, Dobbs, Matthews, Kaplan,
Sammartano, Moscariello, Delgado, Fromentin, among others.

The Eliahou constant of a semigroup Sis E(S) = k#L(S) - gs + p,
if the Frobenius number of Sis gm - p — 1 with 0 < p < m, and the
number of right minimum generators is m - s.

Any counterexample of the Wilf’s conjecture would satisfy E(S) < 0.
S. Eliahou, Wilf ’s conjecture and Macaulay’s theorem, J. Eur. Math. Soc., 2018.

Semigroups with E(S) < 0 are extremely rare, but they exist (Only 7
semigroups of genus at most 65, being ngs = 143863484925550. The
first one appears at genus 43).

Researchers focused on the search of Eliahou counterexamples.

... and more contributions by Eliahou, Delgado, Fromentin, B., Marin 14/69



Classical problems

Hurwitz problems (1893)

@ Determining whether there exist non-Weierstrass numerical
semigroups, (Buchweitz, 1980, gave one)

@ Characterizing Weierstrass semigroups
A. Hurwitz, “Uber algebraische Gebilde mit eindeutigen Transformationen in sich”, Mathe-

matische Annalen, 1893
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Classical problems

Hurwitz problems (1893)
@ Determining whether there exist non-Weierstrass numerical
semigroups, (Buchweitz, 1980, gave one)
@ Characterizing Weierstrass semigroups

A. Hurwitz, “Uber algebraische Gebilde mit eindeutigen Transformationen in sich”, Mathe-
matische Annalen, 1893
W(g)
Ng

@ Unknown limg_, o (could be 0, 1, or any other constant, ...)

@ All semigroups of genus < 12 are Weierstrass, there exists a
non-Weierstrass semigroup of genus 13. (Eisenbud, Schreyer).

F. Torres. On certain N -sheeted coverings of curves and numerical semigroups which
cannot be realized as Weierstrass semigroups. Comm. Algebra, 1995.

S.J. Kim. Semigroups which are not Weierstrass semigroups. Bull. Korean Math. Soc.,
1996.
J. Komeda. Non-Weierstrass numerical semigroups. Semigroup Forum, 1998.

N. Kaplan and L. Ye. The proportion of Weierstrass semigroups, J. Algebra 2013.

D. Eisenbud and F.-O. Schreyer. Minimal non-Weierstrass semigroups, 2026.
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° Basic notions

@ Counting by genus

e Classification and characterization of numerical semigroups

9 Error correcting codes
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Counting semigroups by genus

Let ngy denote the number of numerical semigroups of genus g.
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Counting semigroups by genus

Conjecture
[B. 2008]
Q ng>ng1+ngo
(2 I P

. n,
° Ilmg_,mng—f1 =¢
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Counting semigroups by genus

Conjecture
[B. 2008]
Q ng>ng1+ngo
(2 I P

. n,
° Ilmg_,mng—f1 =¢

Weaker unsolved conjecture
[B.2007] ng < Ng.q
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One main tool: Tree T of numerical semigroups

000G -000COE —OOOEOEOEE —O0ROEOEOEOED -COEOOOEOCEOEOR®
(00060000

@OOEOEEOE®

< EOOECOETOEE. ~EO0CO0EI0TACED
oooeoooooe@m <
©00E00E00OVER®
[09€0060e00)
0@@C00) @O00EE0AEE —E@O00EAE00EORH -ECO0AECCRER0ED

@ EOEOOOOD

@O00E0ECODD
©O00E0EE eoooooeoeow

(0000008200 )

(09980600

(00000608500

OO0 (0000060600 Ts)

(0000000 G0oN)

J. C. Rosales, P. A. Garcia-Sanchez, J. I. Garcia-Garcia, and J. A. Jiménez-Madrid. Fun-

damental gaps in numerical semigroups. J. Pure Appl. Algebra, 2004.

The parent of A is obtained adjoining F(A).
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J. C. Rosales, P. A. Garcia-Sanchez, J. I. Garcia-Garcia, and J. A. Jiménez-Madrid. Fun-

damental gaps in numerical semigroups. J. Pure Appl. Algebra, 2004.

The parent of A is obtained adjoining F(A).

The children of A are obtained removing generators larger than F(A).
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Tree T of numerical semigroups

If children(A) # @ for all A, then ng < ng.1 would follow immediately.
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If children(A) # @ for all A, then ng < ng.1 would follow immediately.

Observe:
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Tree T of numerical semigroups

If children(A) # @ for all A, then ng < ng.1 would follow immediately.

Observe:

@OOO@®OO@E@()G2G3(a... has 0 descendants
0©OOO@®® OO (9@ 2G391d... has 1 descendants
@OOO@B®O@(@®())[243(... has 2 descendants
©O@0O@OEO®®@)[2G3(... has co descendants

Questions:

@ characterize infinite chains in the tree,
@ number of children of a node in terms of the number of siblings
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Counting semigroups by genus

What is known

@ All terms up to ngy = 199583757387067387 ~2- 10"
Last terms by Delgado, Eliahou, Fromentin, 2023, and B.-
Torra, 2026.
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Counting semigroups by genus

What is known

@ All terms up to ngy = 199583757387067387 ~2- 10"
Last terms by Delgado, Eliahou, Fromentin, 2023, and B.-
Torra, 2026.
On-line encyclopedia of integer sequences: A007323

® liMg .00 % = ¢
Alex Zhai (2013) with important contributions of Nathan Ka-
plan and Yufei Zhao.
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Counting semigroups by genus

H 1 (29
@ Semigroups can be represented by Dyck paths — ng < (%)
B., A. de Mier: Representation of Numerical Semigroups by Dyck Paths, Semigroup Fo-

rum, 2007.
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@ Semigroups can be represented by Dyck paths — ng < (%)
B., A. de Mier: Representation of Numerical Semigroups by Dyck Paths, Semigroup Fo-

rum, 2007.

@ 2Fy<ng<1+3.2973
B. Bounds on the Number of Numerical Semigroups of a Given Genus, Journal of Pure
and Applied Algebra, 2009.
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Counting semigroups by genus

@ Semigroups can be represented by Dyck paths = ng < ;?(25)

B., A. de Mier: Representation of Numerical Semigroups by Dyck Paths, Semigroup Fo-
rum, 2007.

@ 2Fy<ng<1+3.2973
B. Bounds on the Number of Numerical Semigroups of a Given Genus, Journal of Pure
and Applied Algebra, 2009.
® ny < cy, where Tyuq C 19— t2—3t+12—4t3+314—2t5+t(1—t—ts)\/(1+2t)/(1—2t)
g>1 %9 2(1-3t+32-313+41*—315+215)
S. Elizalde. Improved Bounds on the Number of Numerical Semigroups of a Given Genus,

Journal of Pure and Applied Algebra, 2010.
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S. Elizalde. Improved Bounds on the Number of Numerical Semigroups of a Given Genus,

Journal of Pure and Applied Algebra, 2010.

@ # {num. semigr. of genus g satisfying F(S) <2m(S)} = Fg.1.

Y. Zhao. Constructing numerical semigroups of a given genus, Semigroup Forum, 2010.

#{num. semigr. of genus g satisfying F(S)<3m(S)} _ 1
ng -
Conijectured by Y. Zhao, proved by A. Zhai.
A. Zhai. Fibonacci-like growth of numerical semigroups of a given genus, Semigroup Fo-
rum, 2013

@ limg 0
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Counting semigroups by genus

@ limgc—2 =6

ng_1
A. Zhai. Fibonacci-like growth of numerical semigroups of a given genus, Semigroup Fo-
rum, 2013
o If 2g < 3m, then Nm,g = Nm-1,g-1 + Nm-1,g-2
N. Kaplan. Counting numerical semigroups by genus and some cases of a question of
Wilf, 2012.
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rum, 2013
@ If2g <3m, then Nm.g = Nm-1,g-1 + Nm-1,g—2
N. Kaplan. Counting numerical semigroups by genus and some cases of a question of
Wilf, 2012.
@ If F+1<3m,then NE .m,g = NF-2,m-1,g-1 + NF-2,m-1,g-2

B.- Torra. Multiparameter counting of numerical semigroups by Frobenius number, genus,
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Counting semigroups by genus

@ limgc—2 =6

ng_1
A. Zhai. Fibonacci-like growth of numerical semigroups of a given genus, Semigroup Fo-
rum, 2013
@ If2g <3m, then Nm.g = Nm-1,g-1 + Nm-1,g—2
N. Kaplan. Counting numerical semigroups by genus and some cases of a question of
Wilf, 2012.
@ If F+1<3m,then NE .m,g = NF-2,m-1,g-1 + NF-2,m-1,g-2

B.- Torra. Multiparameter counting of numerical semigroups by Frobenius number, genus,

and multiplicity, arXiv.

#{numerical semigroups of genus g and h children} _ ¢—h—2
ng -
E. O’'Dorney. Degree asymptotics of the numerical semigroup tree, 2013

@ limg_o
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Counting semigroups by genus

@ limgc—2 =6

ng_1
A. Zhai. Fibonacci-like growth of numerical semigroups of a given genus, Semigroup Fo-
rum, 2013
o If 2g < 3m, then Nm,g = Nm-1,g-1 + Nm-1,g-2
N. Kaplan. Counting numerical semigroups by genus and some cases of a question of
Wilf, 2012.
@ If F+1<3m,then NE .m,g = NF-2,m-1,g-1 + NF-2,m-1,g-2

B.- Torra. Multiparameter counting of numerical semigroups by Frobenius number, genus,

and multiplicity, arXiv.

#{numerical semigroups of genus g and h children} _ ¢—h—2
ng -
E. O’'Dorney. Degree asymptotics of the numerical semigroup tree, 2013

@ limg_o

Since Y450 hg™"-2 = ¢, this implies again

0 ng+1 li Z h . #{numerical semigroups of genus gand hchildren}
m m
g—oo ng g—o0 ) ng
—h-2
= Y ho =¢
h>0
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Counting semigroups by genus

#{numerical semigroups of genus g in infinite chains} _ 0
Ng

@ limg 0
B - M. Rosas-Ribeiro. Rarity of the infinite chains in the tree of numerical semigroups,
Semigroup Forum, 2026.

%’:

 ———

=
T Nee—————

I
\\\\\\\ .
—
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Counting semigroups by genus

@ Study of the asymptotic behavior of numerical semigroups

B. and N. Kaplan D. Singhal. The shape of a random numerical semigroup, arXiv.

100
80 ”
60
40

20

20 40

0 02 04 06 08
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Counting semigroups by genus

Many efforts to compute nq for large g:

@ N. Medeiros, B. (2008), M. Delgado: Brute approach

B. (2009): Need to check only one new generator

J.Fromentin-F.Hivert(2016): Decomposition numbers, parallelization, DFS

B. - J. Fernandez-Gonzéalez (2018): Seeds

B. - J. Fernandez-Gonzéalez (2020): Right-generators descendant

B. (2024): Seeds revisited with nggc, bitwise ops, parallelization, DFS

M. Delgado, S. Eliahou, J. Fromentin (2025): Distributed massive computation
B. (2027): Unleaved tree with gcd-shrinking

B.-V. Torra: Unleaved tree with seeds
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9 Classification and characterization of numerical semigroups
@ Classification
@ Characterization by v and
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Classification

{0} Ues, ds]u---U ey, dp] Uy, dy]Ufc, co) Withc—dy < dy —dpor2dy —c+1¢A.

lastinterval of gaps < previous interval of gaps

irreducible semigroups

non proper intersection of others

/\

symmetric semigroups ‘ ‘ pseudo-symmetric semigroups ‘ Aoy ‘
c=2g c=29-1 generated by an interval
whenever i > ] > k
EX: Klein quartic i .
auart EX: Hermitian ourve EX: Klein quartic EX: Hermitian curve
Garcia-Stichtenoth tower norm-trace curves

‘ hyperelliptic semigroups ‘ ‘ ordinary semigroups

{0,2,4,...,2k,2k+1,...}
{0,c,0+1,..

}

Kiein quartic
{0,3,5

trivial semigroup:
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v sequence

Given a numerical semigroup A define its v sequence as

I/,'Z#{jENo:)\,'—)\/’E/\}
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v sequence

Given a numerical semigroup A define its v sequence as

I/,'Z#{jENo:)\,'—)\/’E/\}

Example
Hermitian curve

i Aj Vi
0 0 7 {0}
1 4 2 {0, 4}
2 5 2 {0,5}
8 3 {0,4,8}
4 9 4 {0,4,5,9}
5 10 3 {0,5, 10}
6 12 4 {0,4,8,12}
7 13 6 {0,4,5,8,9,13}
8 14 6 {0,4,5,9,10, 14}
9 15 4 {0,5,10,15}
10 16 5 {0,4,8,12, 16}
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T sequence

Given a numerical semigroup A define its 7 sequence as

7j = max{j € No : exists k with j < k and \; + Ay = A}
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T sequence

Given a numerical semigroup A define its 7 sequence as

7j = max{j € No : exists k with j < k and \; + Ay = A}

Example
Hermitian curve

I Aj T

0 0 0 {0}

1 4 0 {0,4}

2 5 0 {0,5}

3 8 1 {0,4,8}

4 9 1 {0,4,5,9}

5 10 2 {0,5,10}

6 12 1 {0,4,8,12}

7 13 2 {0,4,5,8,9,13}
8 14 2 {0,4,5,9,10, 14}
9 15 2 {0,5,10,15}

10 16 3 {0,4,8,12,16}
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Semigroup characterization

Theorem

@ A numerical semigroup is completely determined by its

@ v values
e T values

@ No numerical semigroup can be determined by any finite subset
of

e v values
e 7 values
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0 Error correcting codes
@ The coding paradigm
@ One-point AG codes
@ Generic errors
@ Correction capability, v sequence, T sequence, code dimension
@ Geil-Matsumoto bound and the length of AG codes
@ |sometry-dual flags of one-point AG codes
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A Reed-Solomon code

encoder

receiver

source of noise
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Generalization

Reed-Solomon

Algebraic-geometry

codes codes
(Goppa)
IE‘01(04)

! 1 1 i B(P) B(P) ... Hh(Py
12 (p-1) a al L af AP (P o h(Pr)
12 22 (p-1)? (%2 (o' ... (a%)? BP) B(P) ... B(Py)
1.’ 2:’ (p:1)’ ((yh)’ (a‘)’ ((y})’ f,(-F’u) fr('bz) fr('bn)




Reed-Solomon codes

Reed-Solomon codes have been the most popular, historically and
nowadays:

@ Storage (CD, DVD, etc.)
@ Space transmissions

@ Mobile communications
@ QR codes
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° Basic notions

e Classification and characterization of numerical semigroups

9 Error correcting codes

@ One-point AG codes
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One-point AG codes

Definition

Consider
@ y a projective curve without singularities over Fgq
@ P arational point in x
@ Athe ring of functions on x with poles only at P
@ A the Weierstrass semigroup at P
@ )\ enumeration of A (A= {xg=0<x;<xp...})
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One-point AG codes

Definition

Consider
@ y a projective curve without singularities over Fgq
@ P arational point in x
@ Athe ring of functions on x with poles only at P
@ A the Weierstrass semigroup at P
@ )\ enumeration of A (A= {xg=0<x;<xp...})
@ {fi:ieNo,fieA-vp(f) =\
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One-point AG codes

Definition
Consider
@ y a projective curve without singularities over Fgq

@ P arational point in x

@ Athe ring of functions on x with poles only at P
@ A the Weierstrass semigroup at P

@ )\ enumeration of A (A= {xg=0<x;<xp...})

@ {fi:ieNo,fieA-vp(f) =\

@ Py, P», ..., P,rational points in x different from P
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One-point AG codes

Definition
Consider
@ y a projective curve without singularities over Fgq
P a rational point in x
A the ring of functions on x with poles only at P
A the Weierstrass semigroup at P
A enumeration of A (A= {xg=0<x;<rp...}
{fi i e No, fi e A —vp(f) = A}
Py, Ps, ..., Pyrational points in x different from P

ev:A—>Fg, fe (f(P1),...,f(Pn)).
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One-point AG codes

Definition
Consider
@ y a projective curve without singularities over Fgq
P a rational point in x
A the ring of functions on x with poles only at P
A the Weierstrass semigroup at P
A enumeration of A (A= {xg=0<x;<rp...}
{fi i e No, fi e A —vp(f) = A}
Py, Ps, ..., Pyrational points in x different from P

ev:A—>Fg, fe (f(P1),...,f(Pn)).

Define
Ci ={ev(f):feA -vp(f) <A}t forieNy (standard)
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One-point AG codes

Definition
Consider
@ y a projective curve without singularities over Fgq
P a rational point in x
A the ring of functions on x with poles only at P
A the Weierstrass semigroup at P
A enumeration of A (A= {xg=0<x;<rp...}
{fi i e No, fi e A —vp(f) = A}
Py, Ps, ..., Pyrational points in x different from P

ev:A—>Fg, fe (f(P1),...,f(Pn)).

Define
Ci ={ev(f):feA -vp(f) <A}t forieNy (standard)
={ev(f):feL(\P)}*
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One-point AG codes

Definition
Consider
@ y a projective curve without singularities over Fgq
P a rational point in x
A the ring of functions on x with poles only at P
A the Weierstrass semigroup at P
A enumeration of A (A= {xg=0<x;<rp...}
{fi i e No, fi e A —vp(f) = A}
Py, Ps, ..., Pyrational points in x different from P

ev:A—>Fg, fe (f(P1),...,f(Pn)).

Define
Ci ={ev(f):feA -vp(f) <A}t forieNy (standard)
={ev(f):feL(\P)}*

Cr =(ev(f):icR)* for R ¢ No
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Consider Fyz = Zo[x]/(x* + x + 1). Let a be the class of x.

The Hermitian curve with affine equation x° = y* + y over F,. has one
point P at infinity and 64 more affine points

Py = (0,0) Py = (0,1) Pg = (0, a®) P4 = (0, a'0)

P5 = (1,a) Pg = (1,a®) P7 = (1,a*) Py = (1,a®)

Py = (o, a) Pyg = (a3, a®) Pyq = (a®, a*) P = (a8, a8)

Pz = (a'?,a) Py = (a2, 02) Pig = (a2, a%) Pig = (a2, aB)

In this case, the basis functions are
ho=1,fi=x b=y fh=x?f=xy, fs=y? fs=x3, fr=x%y, fa=xy?, lg = y3...

Then

(1) LR 1 1 1 1 1 1 1 1 1 1 1 1
ev(fy) ev(x) 0 0 o 0 1 1 1 1 a8 2 a® W af2 K12 a2 412
evif) ev(y) 001 o A% o a2 ot W a2 ot a8 o o2 ot af
i) ev(x?) 0o 0o o 0 1 1 1 LT A
2:83; eviy) 0 0 o o o? ot e L S I L o
o) |- 9"”? = o 1 a® a5 a2 ot A a2 ot W Al a2 Wt W8 o
ev(lg) v’ o 0 o 0 1 1 1 e ¥ e W b Qb Wb a8
ev(f7) v (x2y) 0 o 0 0 o o ot aB ol aB Q10 G140 G100 11 43 2
Z:E;B; v () 0 0 0 0 P N 1 o o5 ol all ab a4 o o5 a3
29 ev(y®) 0 1 1 1 a8 ab a2 o9 o3 6 12 9 3 6 12 9
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Cs is the code with parity check matrix

[ 1 1 1 1 1 1 1
ev(fp) o 0o o0 1 1 1 1 a® a® W a2 a2 a2 412
:%1 ; 0 1 o & a4 a2 ot e o o ot W8 o W2 ot a8

3 0 0 0 [ 1 1 1 I T T T S A

ev(fy)

4 6}, Cg is the code with parity check matrix
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° Basic notions

e Classification and characterization of numerical semigroups

9 Error correcting codes

@ Generic errors
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Generic errors

The points P;,, ..., P, are generically distributed if no element f ¢ A
with —vp(f) < A vanishes in all of them.
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Generic errors

The points P;,, ..., P, are generically distributed if no element f ¢ A
with —vp(f) < A vanishes in all of them.

Example

In the Hermitian curve, non-generically distributed sets of points are:
2 points if they lie in the same horizontal line.

*r—a
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Generic errors

The points P;,, ..., P, are generically distributed if no element f ¢ A
with —vp(f) < A vanishes in all of them.

Example

In the Hermitian curve, non-generically distributed sets of points are:
2 points if they lie in the same horizontal line.

*r—a

3 points if they lie in a line of any kind (colinear)

/
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Generic errors

The points P;,, ..., P, are generically distributed if no element f ¢ A
with —vp(f) < A vanishes in all of them.

Example

In the Hermitian curve, non-generically distributed sets of points are:
2 points if they lie in the same horizontal line.

*r—a

3 points if they lie in a line of any kind (colinear)

/

4 point if they lie in a quadric of the form ax? + bx + ¢y + d = 0.

P
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Generic errors

Definition
Generic errors are those errors whose non-zero positions correspond
to generically distributed points.
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Generic errors

Definition
Generic errors are those errors whose non-zero positions correspond
to generically distributed points.

Generic errors of weight t can be a very large proportion of all
possible errors of weight t [Hansen, 2001].
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Generic errors

Definition
Generic errors are those errors whose non-zero positions correspond
to generically distributed points.

Generic errors of weight t can be a very large proportion of all
possible errors of weight t [Hansen, 2001].

By restricting the errors to be corrected to generic errors one has
weaker decoding requirements and still can correct almost all errors.

42/69



o Basic notions

9 Classification and characterization of numerical semigroups

e Error correcting codes

@ Correction capability, v sequence, = sequence, code dimension
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Correction capability of Berlekamp-Massey-Sakata

algorithm with majority voting

Theorem

[Feng, Rao, 1995]

All error vectors of weight t can be corrected by Cg if R contains all i
WithV/<2t+1.

In particular, d(C) > §(C) := min{y; : i ¢ R} (order bound).
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Correction capability of Berlekamp-Massey-Sakata

algorithm with majority voting

Theorem

[Feng, Rao, 1995]
All error vectors of weight t can be corrected by Cg if R contains all i

withv; < 2t + 1.
In particular, d(C) > §(C) := min{y; : i ¢ R} (order bound).

Theorem

[Bras-Amords, O’Sullivan, 2006]
All generic error vectors of weight t can be corrected by Cr if R
contains all i with 7 < t.
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Correction capability optimized codes

Codes for correcting ¢ errors of any kind
Take R equal to

R(t) ={ieNg:v; <2t+1} (Feng—Rao improved codes)
R(t) ={ieNp:i<i(t)}, where i(t) = max R(t) (standard)
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Example of Hermitian codes

Suppose we want to correct t = 2 errors of any kind.

T i v
0 0 T —
1 4 2 ~
2 5 2 —
s | s | s | - Wecantake
4 9 4 - o~ i
s | w0 | s | = B(t)={i:v<5)={0,1,23,4,586,9}
6 12 4 —
7 | 13| 6 or the standard code Co.
8 14 6
9 15 4 —
10 16 5
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
ev(1)
ev(fy) ev(x) 0o o0 0 0 1 1 1 1 RPN o3 al2 L1200 G120 12
::5;1 ; ev(y) 0 1 & Al 4 a2 ot 2 a2 ot o « o ot o8
a7 ev(x?) o 0o o 0 [ 1 L S A Y
Ma) sv(xg) ) 0 0 P N N N N S | I I o o5
evlls) |=| @UD [l 0 1 Wl W5 a? ot a® a0 a2t WP a1 a2 et 8 g
ﬁ ﬁ 0 0 0 0 1 1 1 RIS R s R LT L
ev(lg) . m
|llih. liiiﬁlil 0 1 1 1 o ob o a3 b o o o o o o R
___________________________________________________________________}
() IR 1 [ 1 [ 1 1 1 1 1
ev(fp) ev(x) o 0o o0 0 1 1 1 10a® ad & R a2 12 12 12
ev(fy) ev(y) 5 10 2 4 8 2 4 8 2 4 8
ev(fy) Y. 0 1 o o o o o o o o o o o o o
() ev(x?) o 0o o 0 [ 1 L ST L A
(i) evy) o 0o o 0 a o2 ot a8 ot o5 o7 QM o M o o5
als) [=[ @0 |- 0 1 a0 a5 a2 ot a8 0 a2 ot af a6 W2 Wt W8 .
:%G; ) o 0o o 0 1 1 1 T R A
ev(’;) ev(x* 5’) 0 0 0 0 « 0‘2 0‘4 QB &7 QB Qlﬂ Q|4 Q‘ﬂ QH a‘a a?
ev(ly) ooy o 0o o 0 o ot e o a8 o7 QM af oM . W5 B
ﬁ ev(y”) 0 1 1 1 a3 b 1249 o3 o6 o129 o3 o6 o120 o0
I
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Correction capability optimized codes

Codes for correcting t generic errors
Take R equal to

R*(t)={ieNg:7i <t}
R*(t) = {ieNg:i<i*(t)}, where i*(t) = max R*(t) (standard)
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Example of Hermitian codes

Suppose we want to correct t = 2 errors of generic type.

i Ry T
0 0 0 -
1 4 0 ~
2 5 0 ~
3 8 1 — We can take
4 9 1 « ~
* _fj —
5 e R*(t)={i:7<2}={0,1,2,3,4,6}
7 | 13| 2 or the standard code Cs.
8 14 2
9 15 2
10 16 3
o) o
ev(fy) ev(y)
8 ||
o) 267]
sv(/i) - sv(x!) -
T o 1 1

O A SN (D T S S S S R TR T SR i
5%‘3 ev(y) 0 1 o A% & o ' o o a2 ot a8 o a2 ot aB
o(f) ev(x?) o 0 o 0 1 1 1 L S T L N S
g ovOy) o 0o o 0 P A S A S A S L S

- ev(yz) - 0 1 (y‘u (15 rxz (14 us o txz (XQ (xe (1‘6 (xz at rxs o

ev(x3) PR 4 9 9 9 6 6 ob
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Hermitian codes redundancy (F2)

([}
° $
° ) Y " ( e
[ J
o
20 - ® ®
o ¢
[ J
o o
(]
[ J
0@ T T t
0 5 10

® LR(t)  #R(t) ® #R*(1) ® #R (1)
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Correction capability optimized codes

Increasingness of v  «—  Compare E(t) and R(t)
Increasingness of «<—  Compare R*(t) and R*(t)
Compare |%*]and 7 <« Compare R*(t) and R(t)
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Correction capability optimized codes

Increasingness of v  «—  Compare E(t) and R(t)
Increasingness of «<—  Compare R*(t) and R*(t)
Compare |%*]and 7 <« Compare R*(t) and R(t)

Study of v <— order bound: d(C) > §(C) :=min{v;: i ¢ R}
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Increasingness of v and ~

Theorem
@ The unique semigroups for which v is non-decreasing are
ordinary semigroups.
@ The unique semigroups for which T is non-decreasing are
ordinary semigroups.

Consequently,

@ R(t) = R(t) for all t > 0 if and only if A is ordinary
@ R*(t) = R*(t) for all t > 0 if and only if A is ordinary
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Comparing v and

Lemma

@72 lyi2_1
Vr4
2

o 7 =% ] forall i e N if and only if A is Arf.

| forall i e Ny

@ 7;=|“—|foralli>2c-g-1
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Comparing v and

Lemma

@72 lyi2_1
Vr4
2

o 7 =% forall i e N if and only if A is Arf.

| forall i e Ny

® 7=

|foralliz>2c-g-1

Corollary
Q R*(t)cR(t) forall t € Ny.

@ R*(t) = R(t) for all t € Ny if and only if the associated numerical
semigroup is Arf.

Furthermore, it can be proved that R*(t) = R(t) forall t > c - g.
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o Basic notions

9 Classification and characterization of numerical semigroups

e Error correcting codes

@ Geil-Matsumoto bound and the length of AG codes
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Length of codes

The length of one-point AG codes (and AG codes in general) is
bounded by the number of rational points over [, of the defining
curve.

@ Bound depending on the genus of the curve:
o Serre-Hasse-Weil:

Ng(9) <g+1+g|2/q]
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Length of codes

The length of one-point AG codes (and AG codes in general) is
bounded by the number of rational points over [, of the defining
curve.

@ Bound depending on the genus of the curve:
o Serre-Hasse-Weil:

Ng(9) <g+1+g|2/q]

@ Bounds depending on Weierstrass semigroups:

o Lewittes:
Nq(/\) é Lq(/\) = q)\1 + 1

@ Geil-Matsumoto:

Nq(/\) < GMq(/\) = #(/\ N Uy, generatorof/\(q)‘i + /\)) +1
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A closed formula for GM bound for semigroups

with two generators

Lemma
The Geil-Matsumoto bound for the semigroup generated by a and b
with a< bis:

GMy({a,b)) = 1+Zm|n( [ an b)

1+qa <|2b
= { 1+(qmoda)q+(a (gmoda))[]b if[2 Jb<q<[g]b
1+ab[1]-(a-(qmoda))b |fq> [2]b
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Coincidences of GM(A) = L(N\)

Lemma
It holds

GMq(()\1,)\2, .. .,)\n>) = Lq(()q,)\g, .. .7)\,,)) = Q)\1 +1

if and only if g(A;i— A1) e Aforall iwith2<i<n

Lemma

It g <| & \o then

GMq(()\1,)\2, .. -7)\n>) = Lq(()\1,)\2, .. .,)\n>) = Q)\1 +1
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o Basic notions

9 Classification and characterization of numerical semigroups

e Error correcting codes

@ Isometry-dual flags of one-point AG codes
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Isometric linear codes

Two linear codes C, D ¢ IFg are said to be x-isometric, for x e ()" if

D={x*c=(x4C1,...,XsCn): C€ C}.
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Isometric linear codes

Two linear codes C, D ¢ IFg are said to be x-isometric, for x e ()" if
D={x*c=(x4C1,...,XsCn): C€ C}.

Example

{(0,0,0,0),(0,0,1,2),(0,0,2,1),(1,2,0,0),(1,2,1,2),(1,2,2,1),(2,1,0,0),(2,1,1,2), (2, 1,2,1)}
{(0,0,0,0),(0,0,1,1),(0,0,2,2),(1,1,0,0),(1,1,1,1),(1,1,2,2), (2,2,0,0), (2,2, 1,1), (2,2,2,2)}
are (1,2,1,2)-isometric In .
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Sequences of pairwise isometric codes

Co

Ial

Ci

g}
N

Cn—1

In}

Cn
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Sequences of pairwise isometric codes

(30 c (31 c c C:n_1 c C:n
C, ¢ Cir, ¢ c C < G
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Sequences of pairwise isometric codes

n-1

&
N
o
N
N
O
N
»

Xx-isometric
Xx-isometric
X-isometric
X-isometric

)
N
9}
P
N
Inl
i)
2
N
o
[SYe

7
IN
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Sequences of pairwise isometric codes

&
N

Ci

N
N
O
N

»

n-1

Xx-isometric

I

Ca

Xx-isometric
X-isometric
X-isometric

N
9
[

Inl
In}
%)
==
Inl
S

A sequence of codes
CocCic---cCphqcCy

is said to satisfy the isometry-dual condition if there exists x € (Fg)"
such that C; is x-isometricto C;_; forall i=0,...,n.
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Sequences of pairwise isometric one-point AG

codes

Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.
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Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.

L(mQ) is the set of functions that only have poles in Q of order at
most m.
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Sequences of pairwise isometric one-point AG

codes
Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.
L(mQ) is the set of functions that only have poles in Q of order at

most m.

L(0Q)cL(1Q)<cL(2Q) cL(3Q)...
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Sequences of pairwise isometric one-point AG

codes

Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.

L(mQ) is the set of functions that only have poles in Q of order at
most m.

L(0Q)cL(1Q)<cL(2Q) cL(3Q)...

Define
Cm={(f(Py),...,f(Pp)) : fe L(mQ)}
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Sequences of pairwise isometric one-point AG

codes

Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.

L(mQ) is the set of functions that only have poles in Q of order at
most m.

L(0Q)cL(1Q)<cL(2Q) cL(3Q)...

Define
Cm={(f(Py),...,f(Pp)) : fe L(mQ)}

Cn is a linear code
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Sequences of pairwise isometric one-point AG

codes

Let Py,..., Py, Q be different rational points of a (projective,
non-singular, geometrically irreducible) curve with genus g.

L(mQ) is the set of functions that only have poles in Q of order at
most m.

L(0Q)cL(1Q)<cL(2Q) cL(3Q)...

Define
Cm={(f(Py),...,f(Pp)) : fe L(mQ)}

Cn is a linear code

We consider the sequence of codes

00901902903...
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Sequences of pairwise isometric one-point AG

codes

The Weierstrass semigroup at Q is now

A={0}u{meN:L(mQ)+L(m-1)Q)}.
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Sequences of pairwise isometric one-point AG

codes

The Weierstrass semigroup at Q is now

A={0}u{meN:L(mQ)+L(m-1)Q)}.

Consider

N ={0tu{meN:Cpn#Cnpn}={m =0,my,...,my}.
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A={0}u{meN:L(mQ)+L(m-1)Q)}.

Consider
N ={0tu{meN:Cpn+Cpni}={m =0,mo,...,mp}.
Obviously, A* c A.

Theorem (Geil, Munuera, Ruano, Torres)
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Sequences of pairwise isometric one-point AG

codes

The Weierstrass semigroup at Q is now

A={0}u{meN:L(mQ)+L(m-1)Q)}.

Consider
N ={0tu{meN:Cpn+Cpni}={m =0,mo,...,mp}.
Obviously, A* c A.

Theorem (Geil, Munuera, Ruano, Torres)
Ifn>2g+2, then
@ A+ (ANAT) S (ANAY),
e {0},Cp,,...,Cpy, satisfies the isometry-dual condition <
#N* +29 -1 e N*.
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Theorem (Bras-Amorés, Hong, Duursma)

Let the sequence of one-point AG codes {0}, Cp, , ..., Cn, satisfy the
isometry-dual condition and let m = m,. Then the following holds.

(a) n>m+1-2g and the equality holds if m > 4g.

(b) n<g+g ifm<ag-1.

62/69



Theorem (Bras-Amorés, Hong, Duursma)

Let the sequence of one-point AG codes {0}, Cp, , ..., Cn, satisfy the
isometry-dual condition and let m = m,. Then the following holds.

(a) n>m+1-2g and the equality holds if m > 4g.
(b) n<g+g<2g+1 ifm<ag-1.

62/69



Theorem (Bras-Amorés, Hong, Duursma)
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(a) n>m+1-2g and the equality holds if m > 4g.
(b) n<g+g<29+1 ifm<ag-1.

So,n>2g+2=mz>4g= m=n-1+2g
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The proof of the theorem uses a short semigroup argument.
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Theorem (Bras-Amorés, Hong, Duursma)

Let the sequence of one-point AG codes {0}, Cp, , ..., Cn, satisfy the
isometry-dual condition and let m = m,. Then the following holds.

(a) n>m+1-2g and the equality holds if m > 4g.
(b) n<g+g<2g+1 ifm<ag-1.

So,n>2g+2=mz>4g= m=n-1+2g

Remark
The proof of the theorem uses a short semigroup argument.
This theorem proves the previous theorem under the weaker

condition nz2g + 2.
This last condition can not be improved: there exist sequences with
n=2g+1andm<n+2g-1.
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Case genus g = 3 of Theorem [B-A,H,D]

All pairs (n, m) that pass the conditons of the theorem do occur. Pairs
that occur for the Hermitian curve are marked . Among the
remaining pairs, pairs » occur with a hyperelliptic curve. The
remaining pairs » occur with the Klein curve. '

m= 0 1 2 3 4 5 6 7 8 9 10 11 12 13

n=1 *

2 * * *

3 * * %

4 * * %

5 PR *

6 * *

7 * *
e o

(2,6) uses the Klein curve over GF(64)
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Puncturing a linear code C at position i is obtaining the linear code

C,'Z{(C1,...,C,'_17C,'+1,...,Cn)!Ce C}
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Puncturing a linear code C at position i is obtaining the linear code

C/:{(C1,...,Ci_17C/+1,...,Cn):Cec}-

In general, puncturing of a code is the repetitive puncturing of the
code at different positions.
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Puncturing a linear code C at position i is obtaining the linear code

Ci={(c1,...,€i-1,Cis1,...,Cp) : C€ C}.

In general, puncturing of a code is the repetitive puncturing of the
code at different positions.

Our goal: Analyze the effect of puncturing a sequence of AG codes
satisfying the isometry-dual property in terms of the inheritance of
this property.
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Maximum sparse ideals of numerical semigroups

Anideal of an.s. Sis asubsetof /c Ssuchthat [+ Sc /.
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Maximum sparse numerical semigroups

Theorem

Suppose I, I" are maximum sparse ideals of S, with leaders \;, \;, the
following are equivalent:

1) I'=1

(2) S\I'c S~

(3) \i-AreS

(4) #(S~N-#(S I eS8
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Puncturing sequences of isometry-dual one-point

AG codes

Theorem
Suppose that N* = {my =0, my,..., my} and suppose that the

sequence {0}, Cp,, Cm,, - .., Cm, as just defined satisfies the
isometry-dual condition.
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Puncturing sequences of isometry-dual one-point

AG codes

Theorem

Suppose that N* = {my =0, my,..., my} and suppose that the
sequence {0}, Cp,, Cm,, - .., Cm, as just defined satisfies the
isometry-dual condition.

Let{P;,...,P,,} c{P1,...,Pp}, with2g+2>n"<n.
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Puncturing sequences of isometry-dual one-point

AG codes

Theorem

Suppose that N* = {my =0, my,..., my} and suppose that the
sequence {0}, Cp,, Cm,, - .., Cm, as just defined satisfies the
isometry-dual condition.

Let{P;,...,P,,} c{P1,...,Pp}, with2g+2>n"<n.
Define

Cn={(f(Py),....f(P;,)): fe L(mQ)}
and

(M) ={0tu{meNm>0:C,,+C/,_1}={mi=0,m5,....m,}.
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Puncturing sequences of isometry-dual one-point

AG codes

Theorem

Suppose that N* = {my =0, my,..., my} and suppose that the
sequence {0}, Cp,, Cm,, - .., Cm, as just defined satisfies the
isometry-dual condition.
Let{P;,...,P,,} c{P1,...,Pp}, with2g+2>n"<n.
Define
={(f(Py),....f(P},)): fe L(MQ)}

and

(N) ={0}u{meN,m>0:C,,# C/,_1} ={mi=0,m5,....mj,

If the sequence {0},C’,,C/,,.. ,Cm;, satisfies the isometry-dual

m’? m”

condition, then n—n’ ¢ A
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Hermitian curve #/F . (x91 = y9 + y)

Fy = Fla] = (F[X])/(X2 + x + 1).

7-l/IF4 :{P1 =(0,0)7P2=(O!,Oé),Ps=(Oé+1706),P4:(1,O(),P5=((X7Oé+1),P6=
(a+1,a+1),P7=(1,a+1),Pg=(0,1)} U{Po}.

Ap_ =1{0,2,3,4,5,6,...}

Basis of UpsoL(mMPs) =
2 2, 4 3, 5 A, 6 5, 7 By, B T
{1’X7y3x 7vaX37Xan 7X y’X 7X y7X ?X y’X 3Xy7X 3X.y7"'}'

For each P c {Py,..., Ps} analyze whether #P +2g -1 € (A*)’.
If n>2g + 2 this corresponds to the isometry-dual condition.
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Hermitian curve #/F . (x91 = y9 + y)
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