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Abstract

We study the problem of exponentially small splitting of separatrices of one degree of freedom
classical Hamiltonian systems with a non-autonomous perturbation fast and periodic in time. We
provide a result valid for general systems which are algebraic or trigonometric polynomials in the
state variables. It consists on obtaining a rigorous proof of the asymptotic formula for the measure
of the splitting. We obtain that the splitting has the asymptotic behavior KePema/z, identifying the
constants K, 3, a in terms of the system features.

We consider several cases. In some cases, assuming the perturbation is small enough, the values of
K, B coincide with the classical Melnikov approach. We identify the limit size of the perturbation for
which this theory holds true. However for the limit cases, which appear naturally both in averaging
and bifurcation theories, we encounter that, generically, K and (8 are not well predicted by Melnikov
theory.

1 Introduction

In this paper we consider the familiy of Hamiltonian systems of the form
t t 9
H xayag;g :Ho(xay)+N5nH1 xayag;g 9 (‘T’y)ER 9 (1)

where Hy(z,y) is given by a classical Hamiltonian

Hofa.y) = £ + V(@)
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and Hy(x,y,7;¢) is a 2m-periodic time dependent Hamiltonian with zero average:

1 2w

(Hy) = Gy ; Hy(z,y,7;¢)dr = 0.

We study the problem of the splitting of separatrices. The parameter ¢ is a small parameter but this is
not the case for p, which may be of order one. The results in this paper are valid not only for p small,
but also for finite values of . We will see that the results are significantly different depending on the
other parameter 1 > 0, which appears in (I, and on the analytic properties of H. Depending of these
properties our results are valid even for (the non perturbative case) n = 0 and we will see that, in this
case, Melnikov theory gives a wrong prediction of the measure of the splitting.

The perturbative setting is when pe” is small, that is when n > 0. In this case, the Hamiltonian
system associated to H is a small perturbation of the Hamiltonian system associated to Hy:

T o=y
j V(). (2)

Our first observation is that, being the Hamiltonian H fast in time, averaging theory [AKNSS|, [LMS8]
tells us that, even for ue" = O(1), that is for n = 0, the solutions of the Hamiltonian system associated
to (@) are close to the solutions of (2)).

We assume that system (2)) has a hyperbolic or parabolic critical point at the origin with stable and
unstable manifolds which coincide along a separatrix (go(u),po(u)). The coincidence of the stable and
unstable invariant manifolds is not a generic phenomenon for Hamiltonian systems of one and half degrees
of freedom as ([Il). Therefore, one can expect that the homoclinic connection of (2] breaks down when we
add the non-autonomous part to the system. Nevertheless, the symplectic structure ensures the existence
of intersections between the perturbed invariant manifolds. Hence a natural question is whether these
intersections are transversal or not.

As it is well known, the transversal intersection of invariant manifolds is an obstruction for the
integrability of the system as well as one of the main causes of the appearance of chaos. Even if this
transversality is a generic phenomenon, it is difficult to check it in a concrete given system of type ().
In this paper we give checkable conditions (see Section 2] for the concrete hypotheses) which ensure
that transversality and, moreover, we provide an asymptotic formula, as € — 0, which measures this
transversality and shows that it is exponentially small with respect to €.

To check this transversality there are several quantities that can be considered. Due to the 2me-
periodicity with respect to ¢ of the Hamiltonian H, it is convenient to consider the Poincaré map P,
defined in a Poincaré section ¥, = {(x,y,t0); (x,y) € R?}. If u = 0, the phase portrait of P;, is given

by the level curves of the Hamiltonian Hy(x,y) = y2—2 + V(x). Therefore, the homoclinic connection
(qo(u),po(w)) is contained in the stable and unstable curves of the fixed point (0,0) of Py,.

In the hyperbolic case, a classical result of averaging theory [AKNSS| [LMS8S] is that, for e small
enough, there exists a hyperbolic fixed point of P;,, corresponding to a hyperbolic periodic orbit of H,
which has stable and unstable invariant curves C?®(ty) and C"(¢p). These curves remain close to the
unperturbed separatrix. In the parabolic case our (standard) hypotheses will ensure that the origin will
still be a fixed point with similar properties.

As Py, is a symplectic map, the curves C*(ty) and C“(ty) intersect giving rise to some homoclinic
points zp,. The natural quantity that can be used at homoclinic points to measure the transversality of
the intersection is the angle between the curves C*(to) and C"(to).

Once we have proved that this intersection is transversal at two consecutive homoclinic points, we
can measure the splitting by computing the area A enclosed by the invariant curves between these two
points. This area does not depend on the chosen homoclinic points (see Figure [I) and is also invariant
under symplectic changes of coordinates. For these reasons, in Theorems[2.4] and 2.7l we measure this area
instead of measuring the angle. Another invariant quantity, related to the angle, is the so-called Lazutkin
invariant (see, for instance [GLT91]). From now on, we will use the expression splitting of separatrices
to refer to any of these quantities.



One model where our results can be applied is a classical 2we-periodic time dependent Hamiltonian

system:
t 2~ t
H - | ==4V - 3
taking V(z) = o Ty

5= Jo Vxz,7)dr and Hy (v,y,7) = V(z,7)—V(x). In this case, under certain hypotheses
about V', which are specified in Section 2.1l our result in Theorem .7 provides a formula for the splitting
even if in this case p = 1 and n = 0. In this case, our result improves several partial results [DS97,
[Gel97al, BF04] which, applied to (), needed to consider an artificial factor €”, n > 1y > 0, in front of the
term H; to prove an asymptotic formula for the splitting. Moreover, it occurs that this formula is wrong
for the natural case n = 0.

One also encounters the case n = 0, when one studies the splitting of separatrices phenomenon near
a resonance of one and a half degrees of freedom Hamiltonian systems which are close to completely
integrable ones (in the sense of Liouville-Arnold). This setting does not fit exactly in our hypotheses but,
as we will see in a forthcoming paper, the methods used in this paper can be easily adapted to that case
(see Section for a discussion of this problem).

z
/h

Figure 1: Splitting of separatrices.

Classical perturbation theory applied to our problem provides the so-called Melnikov potential (called
also sometimes Poincaré Function, see for instance [DG00]), which is given by

+oo
L (tp) = / H; (qo(u),po(u),sfl(toJru);()) du.
— 00

Using this function, Poincaré [Poid0, [Poi99], and later Melnikov [Mel63], proved that, if ue” is small
enough, non-degenerate critical points of L give rise to transversal intersections between the invariant
curves C*(tg) and C“(ty), and the area of the lobes is given asymptotically by L(t}) — L(t3), being t}
and tZ two consecutive critical points of L.

If Ho(z,y) and Hq(x,y,7;0) are either algebraic or algebraic in y and trigonometric polynomials in
x, the Poincaré function L is asymptotically given by:

t
L(ty) ~ KePe™ /¢ sin <€O + ¢) , =0 (4)

being a > 0, K, ¢, 5 € R some computable constants. The constant a is independent of the perturbation:
it turns out that the time parameterization of the unperturbed separatrix has always singularities in the
complex plane (see [Fon95, BF04]) and the constant a is nothing but the imaginary part of the singularity
closest to the real axis. It is clear that L (fy) has non-degenerate critical points if K # 0.

We want to emphasize that the asymptotic size with respect to € of the Melnikov potential is given
by @) provided Hy(z,y) and H;(x,y,7;0) are either algebraic or algebraic in y and trigonometric poly-
nomials in x. The study of the Melnikov potential for general analytic Hamiltonian systems with fast



periodic perturbations strongly depends on the analyticity properties of the Hamiltonian H. Even if the
Melnikov potential can be estimated for some concrete systems [LS80, [MP94, [SMH91], a general study
of this function seems to require more powerful analytic tools and, as far as the authors know, has not
been done.

The straightforward application of Melnikov method to Hamiltonian () provides a formula for the
area of the lobes which reads:

A=pe" (Ao + O ("),  e—0, (5)

where
Ao ~ 2KePe=o/¢ (6)

is the prediction for the area given by the Melnikov potential (@).

Therefore, either for general algebraic or algebraic in y and trigonometric polynomials in = Hamilto-
nians, the Melnikov potential is exponentially small in € and a direct application of classical perturbation
theory only ensures the validity of such an approximation if K # 0 and pe” = o(e%e=%/¢).

To compute the first asymptotic order of the splitting of separatrices for general analytic Hamiltonian
systems seems nowadays a problem out of reach. Nevertheless, (non-sharp) exponentially small upper
bounds were already obtained by Neishtadt in [Neig4] using averaging techniques and by [FS90, [Fon95]
using complex extensions of the invariant manifolds.

Once we know that the splitting is exponentially small, a natural question which arises is whether
the Melnikov potential gives the correct asymptotic first order of the splitting. In comparison with the
problem of giving exponentially small upper bounds for the splitting, this problem is much more intricate.
The results in this direction strongly depend on the behavior of the homoclinic orbit (go(u), po(u)) around
its complex singularities and on the analytical properties of the perturbation.

The previous considerations lead us to consider the problem of splitting of separatrices for general
systems which are either algebraic in (z,y) or trigonometric polinomial in  and algebraic in y.

As we have already explained, inspecting formula (], one sees that Melnikov theory works provided
pe = o(e? e/ ¢). Namely, one needs the size of the perturbation to be exponentially small with respect
to e. This is not the natural setting and therefore the first works dealing with this problem [HMSSS]
(see also Section [[I] about historical remarks) tried to enlarge the size of the perturbation pe”H; for
which Melnikov theory actually measures the splitting. In fact, under certain non-degeneracy conditions,
it suffices to take n big enough and p of order 1.

In this work we have obtained, for Hamiltonians () satisfying the hypotheses given in Section 2.1
the open set of values of 77 for which the Melnikov prediction works.

Studying the phenomenon of splitting in general Hamiltonian systems, for 7 in the boundary of this
set, we have found examples where the Melnikov theory does not predict correctly the formula for the
area of the lobes (Bl in several aspects.

There are cases where the constant K is not correctly given by the Melnikov formula. This phe-
nomenon has been found before in concrete examples [Gel00, [Tre97, [OTi06, [GOST0]. In these cases, the
correct value of the constant K is obtained from the study of the so called inner equation.

Moreover, we have found a more surprising phenomenon, namely, there are cases where the Melnikov
prediction (@) does not give the correct order of the splitting. More concretely, it fails to predict the
constant K but also the correct power 8 in [@). In section [ZZ4] we provide a concrete model where this
phenomenon happens.

Our work shows that all the results validating the prediction of the Melnikov approach require some ar-
tificial conditions about the smallness of the perturbation. The reason, roughly speaking, is the following.
To prove that Melnikov theory gives asymptotically the first order of the splitting one needs to perform
“complex perturbation theory”. Namely, one looks for complex parameterizations Zﬁvs(u, to) of the per-
turbed invariant curves C"*(tg) of the Poincaré map Py, as a perturbation of the time-parameterization
of the unperturbed separatrix Zy(u) = (go(u), po(w)). This is the main novelty in the proofs of exponen-
tially small splitting, and was discovered by Lazutkin in his pioneer paper [Laz84]: the perturbed and
unperturbed manifolds, as well as the solutions of the variational equations along them, need to be close
enough when one considers complex times in a domain which contains a suitable real interval and which



reaches a neighborhood of order ¢ of the singularities of the unperturbed homoclinic orbit. Clearly, when
time is real, the homoclinic orbit is a bounded solution and it is easy to see that the perturbed invariant
manifolds are close to it in suitable intervals. However, when we reach a neighborhood of its singularities,
the homoclinic orbit itself blows up, and it is not always the case that the perturbed invariant manifolds
are close to it anymore. Of course assuming artificially that the perturbation is small enough (increasing
7 in the perturbative term in () one can see that the perturbed manifolds are close to the unperturbed
homoclinic orbit in a complex domain which reaches a neighborhood of size € of the singularities of the
unperturbed homoclinic trajectory. Consequently the Melnikov approach, that is based on the fact that
the perturbed manifolds are well approximated by the unperturbed homoclinic orbit, still works. This
was the approach used in [DS97] [Gel97al [BF04] for > £, were the constant ¢ was called the order of
the perturbation H;. Roughly speaking, it is the order of the singularities of the unperturbed homoclinic
trajectory (qo(u),po(u)) closest to the real axis of the function hy(u) = Hi(qo(u), po(u),t/e;0), for any
teR.

In the aforementioned works, the condition 7 > £ ensures that the perturbed parameterizations Z,;-*
are close to the parameterization of the unperturbed separatrix Zy even up to a distance of order ¢ of
the singularities of Z; closest to the real axis. Nevertheless, as we will see in this paper, the condition
n > /£ is sufficient but not necessary to ensure that Melnikov approach still predicts correctly the size of
the splitting. What is important is the relative size between the homoclinic orbit Zy and the difference
between the homoclinic orbit and the perturbed manifolds, and analogously between the solutions of the
corresponding variational equations. In other words, as the parameterizations of the invariant manifolds
can be written as Z* = Zy + (Z:f’s — Zy), the Melnikov method gives the correct asymptotic term for
the size of the splitting provided the homoclinic Zy is bigger than the difference Z-* — Z,. For systems
of type (@) this condition can be easily stated as follows. Call r to the order of the singularities of pg(u)
closest to the real axis. Then, the size of po(u) at points u which are e-close to the singularities is O(¢~").
Looking at the relative size of gradHo(qo(u), po(u)) and pe’gradHy (qo(u), po(u), 7;€), one can guess that
the first one is strictly bigger than the second if n — (£ —r) > —r. Working with the equations associated
to Hamiltonian System (), we prove in this paper that Zy(u) is strictly bigger than Z}*(u,to) — Zo(u)
provided n > ¢ — 2r, even if u is at a distance € of the singularity.

For ¢ > 2r, the condition for both the parameterizations and the solutions of the variational equations
to be relatively close coincides and is given by n > n* = ¢ — 2r. For ¢ < 2r we will not consider values
of 1 such that ¢ — 2r < n < 0. In fact, decreasing 7, we will reach first the “natural” limit n = 0, where
gradHo(qo(u), po(u)) and pgradHi(go(u), po(u), 7;€) are not close even for real values of u. Even if for
concrete examples [Gel00, [GOST0] one can prove the existence of invariant manifolds and compute the
size of their splitting for negative values of ), in this paper we deal with general Hamiltonians and n > 0.
This means that we deal with cases for which the unperturbed system and the perturbation can have the
same size.

When n = 0, one can apply classical averaging theory to see that we are still in a perturbative setting
and the real perturbed invariant manifolds are pe-close to the real unperturbed separatrix and it makes
sense to study the splitting of separatrices in this case. Nevertheless, as we will see in this paper, the
solutions of the variational equations are not close enough near the singularity in this case. This implies
that, as is stated in Theorems 24 and 277, Melnikov formula (@) generically does not give the correct
first asymptotic term of the splitting.

In conclusion, under certain non-degeneracy conditions, the previous considerations suggest, and we
actually will prove in Theorem 2.4 and Corollary 5] that Melnikov theory gives the correct prediction
provided

n > n* = max{{ — 2r,0}.

The so called “singular” case occurs when the difference Z;;*(u,to) — Zo(u) has the same size as the
unperturbed homoclinic Zy(u) when u reaches a neighborhood at a distance e of the singularities of Z.
Consequently, the invariant manifolds are not well approximated by the unperturbed homoclinic in this
complex region. Let us note that this singular case can only happen if £ > 2r and n = n*. In this case,
we need to obtain a different approximation of the manifolds in this region of the complex plane. Close
to a singularity of the homoclinic orbit, an equation for the leading term is obtained and it is called the
inner equation. This is a non-integrable equation whose study is done in [Bal06].



Summarizing, on the one hand, the invariant manifolds are well approximated by the unperturbed
homoclinic orbit in a complex region containing an interval of the real line. On the other hand, the inner
equations provide good approximations of the invariant manifolds near the singularities of the unperturbed
homoclinic. Finally, matching techniques are required to match the different approximations obtained
for the invariant manifolds. Roughly speaking, the difference between two suitable solutions of the inner
equations replaces the Melnikov potential in the asymptotic formula for the splitting.

We want to emphasize that, as far as the authors know, there are no general results dealing with the
singular case. The previous results in the singular case (see [Laz84] [Laz03| [Gel00, [Tre97, [OT:06, [GOSTA])
only dealt with particular examples.

In this paper we give results that contain the so-called regular case n > n* (see Section 2.1)), in which
the Melnikov formula predicts correctly the splitting between the manifolds, but we also consider the
so-called singular case n = n*, in which the Melnikov formula does not predict correctly the splitting
between the perturbed manifolds anymore. In this singular case we provide and prove an alternative
formula for the splitting.

We have seen that the behavior of the splitting is extremely sensitive on the sign of £ — 2r and the
value of 7. We summarize the main features of each case:

e 1 >n* = max{l — 2r,0}: under certain non-degeneracy conditions, the Melnikov formula (@) gives
the correct first order of the splitting, that is, the correct constants K, § and a. Moreover, the
transversality of the splitting is a direct consequence of the existence of non-degenerate critical
points of the Melnikov potential, which is ensured if K # 0.

e {—2r < 0andn = 0: it appears a (depending on u) constant correcting term which multiplies
K in the Melnikov formula (). This term can be obtained through classical perturbation theory
techniques. This correcting term does not vanish for any value of . Therefore, the first asymptotic
order is non-degenerate if and only if K # 0. Note that in this case, for real values of the variables,
H is not a perturbation of H.

e /—2r>0and n =n* ={¢—2r: it appears a (depending on ) constant correcting term which
replaces K in the Melnikov formula (@). This correcting term has a significantly different origin
from the one in the previous case, since it comes from the study of the aforementioned inner
equation. In particular, it can vanish for some values of . Then, the transversality of the invariant
manifolds is guaranteed provided this correcting term does not vanish. Let us note that for the
range 1 € [0,¢ — 2r) the problem of the splitting of separatrices remains open.

e / —2r =0 and n = 0: as in the previous case, we need to consider an inner equation to obtain a
candidate for the first asymptotic order of the splitting. This candidate differs from the Melnikov
formula by both the constant K and the exponent 3. Note, that the change in the exponent 3 is a
substantial qualitative change in the behavior of the splitting. Even if this fact was already pointed
out in [Bal06], the present paper, as far as the authors know, is the first work that rigorously proves
that this phenomenon actually happens.

This work concludes the general problem, initiated and partially solved in [DS97, [Gel97al [BE04, [BFO05]
for > /¢, of the splitting of separatrices in the singular and regular cases n > n*, for the general

mentioned perturbations H; of classical polynomial or trigonometric polynomial Hamiltonian systems
2
Ho(z,y) = %5 + V().

1.1 Historical remarks

Historically, the results about exponentially small splitting of separatrices can be classified into three
groups: upper bounds, validation of the Melnikov approach and asymptotics for the singular case.

Some results, dealing with quite general systems, obtain exponentially small upper bounds for the
splitting for Hamiltonian systems. Neishtadt in [Nei84] gave exponentially small upper bounds for the
splitting for two degrees of freedom Hamiltonian systems. For second order equations with a rapidly forced
periodic term, several authors gave sharp exponentially small upper bounds in [Fon93|, [Fon95| [FS96] and,



for the higher dimensional case, the papers [Sau01l [Sim94] gave (non-sharp) exponentially small upper
bounds.

The Poincaré map of a non-autonomous Hamiltonian in the plane is a particular case of a planar
area preserving map. For the Hamiltonian ({]) the Poincaré map P is a near the identity area preserving
map. Rigorous upper bounds for the splitting of area preserving maps close to the identity were given in
[FS00).

The second group of results is concerned with the question of the validity of the asymptotics provided
by the Melnikov theory. Several authors in the last 15 years have tried to ensure the validity of the
formula provided by the Melnikov potential (@) to compute the asymptotic formula for the area A. As
we have already said, the results in this direction strongly depend on the behavior of the homoclinic orbit
around its complex singularities and on the analytical properties of the perturbation. For this reason,
the existing results in this direction mostly deal with specific examples.

The most studied example in the literature has been the rapidly perturbed pendulum with a pertur-
bation only depending on time,

. .t
& =sinz + pe’sin —,
£

which in our notation corresponds to Ho(z,y) = y?/2 + cosz — 1 and Hy(x,t/e) = —zsin(t/e). The
first result concerning this system was obtained by Holmes, Marsden and Scheurle in [HMS8g| (followed
by [Sch89, [Ang93]), where they confirmed the prediction of the Melnikov potential establishing exponen-
tially small upper and lower bounds for the area A provided n > 8, which coincide with the Melnikov
prediction. Later the work [EKS93| validated the same result for n > 3. Delshams and Seara established
rigourosly the result in [DS92] for > 0 and an analogous result for > 5 was obtained by Gelfreich in
[Gel94]. The latter two papers used a different approach inspired by the work of Lazutkin [GLT91]. For
a simplified perturbation an alternative proof, using Parametric Resurgence, was done in [Sau95].

The only works which provide (partial) results for some general Hamiltonian as (Il) taking 7 big
enough, are [DS97, [BF04, BEOS). In [DS97, [Gel97a], a proof for the validity of the Melnikov
method for general rapidly periodic Hamiltonian perturbations of a class of second order equations was
given. The case of a perturbed second order equation with a parabolic point was studied in [BF04, [BF05].

In the papers [Sau0T] [LMS03] the authors introduced a different approach that avoided the “flow box
coordinates” of Lazutkin’s method. The authors worked with the original variables of the problem and
were able to measure the distance between the manifolds without using “flow box coordinates”. The
idea was the following: being both manifolds given by the graphs of suitable functions that are solutions
of the same equation, their difference satisfies a linear equation and is bounded in some complex strip.
Studying the properties of bounded solutions of this linear equation, where periodicity also plays a role,
one obtains exponentially small results.

The method in [Sau01I], LMS03] uses the fact that, in the considered systems, the manifolds can be
written as graphs of the gradient of generating functions in suitable domains. These generating functions
are solutions of the Hamilton-Jacobi equation associated to system (II). Solving these partial differential
equations one can obtain parameterizations of the global manifolds.

A Melnikov theory for twist maps can be found in [DR97] and some results about the validity of the
prediction given by the Poincaré function for area preserving maps were given in [DRIS].

The generalization of the splitting problem to higher dimensional systems has been achieved by several
authors, mainly in the Hamiltonian case. See, for instance, [E1i94] [Tre94, [LMS03, [DG00] and references
therein. Some results about the validity of the Melnikov method for higher dimensional Hamiltonian
systems can be found in [Gal94] [CG94] [DGJISI7, [GGM99, [Sau01l [DGS04]. Finally, in a non Hamiltonian
setting, in [BS06] the splitting of a heteroclinic orbit for some degenerate unfoldings of the Hopf-zero
singularity of vector fields in R? was found.

As we have already explained, all the results validating the prediction of the Melnikov approach
require some artificial condition about the smallness of the perturbation.

The third group of results deals with the so called “singular case” n = n* for which one needs to
study the inner equation and use matching techniques to relate different approximations for the invariant
manifolds.



The first author who dealt with this singular case was Lazutkin in [Laz84) [Laz03]. He studied the
splitting of separatrices of the Chirikov standard map, and gave the main idea that inspired most of the
works in the subject: as we explained above, one needs to deal with suitable complex parameterizations
of the invariant manifolds. A complete proof was published years later by Gelfreich in [Gel99]. A
fundamental tool in Lazutkin’s work is the use of “flow box coordinates”, called “straightening the flow”
in [Gel00], around one of the manifolds. In this way, one obtains a periodic function whose values are
related with the distance between the manifolds and whose zeros correspond to the intersections between
them. Consequently, the result about exponentially small splitting is derived from some properties of
analytic periodic functions bounded in complex strips (see, for instance, Proposition 2.7 in [DS97]).

After Lazutkin’s work, some authors used his method and obtained results for the inner equation of
several specific equations. In there is a rigorous study of the inner equation of the Hénon map using
Resurgence Theory %, and in [BSO§| the authors studied the inner system associated to the
Hopf-zero singularity using functional analysis techniques. The corresponding inner equation for several
periodically perturbed second order equations was given by Gelfreich in [Gel97b] and he called them
Reference Systems. In [OSS03] there is a rigorous analysis of the inner equation for the Hamilton-Jacobi
equation associated to a pendulum equation with perturbation term Hj(z,t/c) = (cosz — 1)sin(t/e)
by using Resurgence Theory. The only result which deals with the inner equation associated to general
polynomial Hamiltonian like () is [Bal06], where this analysis is done using functional analysis techniques.
Finally, in [MSST0D], the authors study the inner equation of the McMillan Map.

Besides the work of Lazutkin, there are very few works with rigorous proofs in the singular case.
In [Gel00] there is a detailed sketch of the proof for the splitting of separatrices of the equation of a
pendulum with perturbation H;(z,t/c) = xsin(t/e) and n* = —2. A complete rigorous proof which also
cover some “under the limit” cases, that is 7 < n* = —2 is done in [GOSI0]. Numerical results about
the splitting for this problem can be found in [BO93, [Gel97D]. In [OlLi06] it was obtained a rigorous
proof for the pendulum with perturbation H;(x,t/e) = (cosa — 1)sin(t/e), for which n* = 0. Treschev,
in a remarkable paper [Tre97], gave an asymptotic formula for the splitting in the case of a pendulum
with certain perturbations, for which n* = 0, using a different method called Continuous Averaging.
Concerning 2-dimensional symplectic maps, a detailed numerical study of the splitting can be found
in [DRR9Y, [GS08|. The study of the splitting for the Hénon and McMillan maps have recently been
completed in [BGI0] and [MSS10a] respectively. Both cases correspond to n* = 0. Finally, in [GGI0],
combining numerical and analytical techniques, the authors study the Hamiltonian-Hopf bifurcation.

Another work dealing with a singular case is [Lom00], where the author proves the splitting of separa-
trices for a certain class of reversible systems in R*. A related problem about adiabatic invariants for the
harmonic oscillator is studied in [SIu64]. See also [AKNSS|. The study of this problem using matching
techniques and Resurgence Theory was done in [BSSV9S].

The structure of this paper goes as follows. First in Section [2] we introduce some notation, the
hypotheses and we state the main results. In Section [l we give some heuristic ideas of the proof and we
compare our methods to those of some of the aforementioned previous results. Section [ is devoted to
describe the proof of the main theorems. To make this section more readable, the proof of the partial
results obtained in this section are deferred to the following sections, that is, Sections BHAl

2 Notation and main results

In this section we present the main problem we consider, the hypotheses we assume and the rigorous
statement of the main results.

2.1 Notation and hypotheses

We consider Hamiltonian systems with Hamiltonian function of the form

t t
H <w,y,g;€> = Ho(z,y) + pe"Hy <:c,y, g;€> , (7)



where )

Ho(x,y) = % + V() (8)

and V is either a polynomial or a trigonometric polynomial. In the first case we assume that

N
Hy (z,y,758) = Y an(r;e)z"y! 9)
k+l=n
and in the second one
H (z,y,75¢) = a(T;€)x + Z ap (15 €)ek Tyl = Z Qi (T;e)x'y? (10)
k=—N,..,.N i+j>n

1=0,..,N

where the second equality defines n and @;;. Even if in the second case H; can have terms of the form
a(t;e)x, we will refer to H; as a trigonometric polynomial. In both cases we will refer to n as the order
of Hl .

The equations associated to the Hamiltonian () are

t
&=y + pe"0yHy (z,y, E;E)

t (11)
y=-V'(x) — pe"0, Hy <x,y, g;€> .

From now on, we call unperturbed system to the system defined by the Hamiltonian Hy and we refer
to H; as the perturbation. Let us observe that the term a(7;¢)x in (I0) corresponds to a term in (II])
which only depends on time (and on the parameter ¢).

We devote the rest of the section to state the hypotheses we assume on H.

2.1.1 Hypotheses on the unperturbed system
We assume the following hypotheses corresponding to the unperturbed system

HP1 Hy(z,y) = y?/2+V(z), where V is either a polynomial or a trigonometric polynomial and satisfies
one of the following conditions
HP1.1 Hj has a hyperbolic critical point at (0,0) with eigenvalues {\, —A} with A > 0, and then
2

V(z) = —%.TQ +0 (%) asaz—0.

HP1.2 Hj has a parabolic critical point at (0,0) and then
V(z) = vpa™ 4+ 0 (2™)  asz —0, (12)
for certain m € N, m > 3, which is called the order of V' and v,, € R.
HP2 The critical point (0,0) has stable and unstable invariant manifolds which coincide along a sepa-

ratrix.

We denote by (go(u), po(u)) a real-analytic time parameterization of the separatrix with some chosen
(fixed) initial condition. It is well known (see [Fon95] for the hyperbolic case and [BE(4] for the
parabolic one) that there exists p > 0 such that the parameterization (go(u),po(u)) is analytic in
the complex strip {|Imu| < p}.

We assume that there exists a real-analytic time parameterization of the separatrix (qo(u), po(u))
analytic on {|Imu| < a} such that the only singularities of (go(u), po(v)) in the lines {Imu = +a}
are fia.

More precisely, Hypothesis HP2 implies that one of the two following situations is satisfied (see
the remarks in Section 2ZT.3):



HP2.1 In the polynomial case, the singularities +ia of the homoclinic orbit are branching points
(or poles) of the same order, i.e. there exists an irreducible rational number r = o/ > 1
(independent of the singularity) and v > 0 such that (go(u), po(u)) can be expressed as

qo(u) = — o 1)(%; T (1 +0 ((u = ia)l/ﬂ))

C

polu) = ﬁ (1 + O ((u F ia)l/B))
for v € C and either |u —ia| < v and arg(u — ia) € (—=37w/2,7/2) or |u + ia] < v and
arg(u + ia) € (—m/2,37/2) respectively. Let us point out that the real-analytic character of
(qo(u), po(u)) implies that C_ = C.

HP2.2 In the trigonometric case, go(u) has logarithmic singularities at 4-ia of the form go(u) ~
In(u F ia) (where we take different branches of the logarithm whether we are close to +ia or
—ia: we take arg(u —ia) € (—37w/2,7/2) and arg(u +ia) € (—n/2,3mw/2) respectively). In this
case, one can see that there exists M € N such that, if u € C, |u F ia| < v,

(13)

A1

cos{an(u) = sz (140 ((uF ia)*™))

sin(go(w)) = % (1 Lo ((u ¥ m)Q/M)) (14)

(uFia
po(U)=( G )(1+O((u$ia)2/M))

uFia
with arg(u — ia) € (—=37/2,7/2) and arg(u + ia) € (—7/2,37/2) if we are dealing with the
singularity +ia or —ia respectively. We also have that Cy = C_ = +i2/M.

For convenience, in the trigonometric case, we take the convention r =1 and 5 = M.

2.1.2 Hypotheses on the perturbation

HP3 The function Hy(z,y,7;¢) is 2n-periodic in 7 and real-analytic in (z,y,7,€) € C2 x T x (—¢&*,&*),
for certain ¢* > 0. Furthermore, either it is a polynomial of the form (@) if V' (x) is a polynomial or
it is a trigonometric polynomial of the form ([I0) if V(z) is a trigonometric polynomial. Moreover,

it has zero mean )
iy

Hy(z,y,7;¢)dr = 0.
0

HP4 Let us consider the order of Hy, n given in (@) or ([I0). We ask H; to satisfy:

HP4.1 In the hyperbolic case (Hy satisfies HP1.1), n > 1.
HP4.2 In the parabolic case (Hy satisfies HP1.2), 2n — 2 > m.

Remark 2.1. Let us point out that, in fact, HP4.1 does not add any extra hypothesis on the Hamiltonian,
since it can always be taken with n > 1 (the constant terms in (x,y) do not play any role).

Let us consider the function Hi(go(u),po(u), ;) that is: H; evaluated on the separatrix. Then, we
define £ to be the order of the branching points +ia, namely, the maximum of the orders of the branching
points of the monomials of Hy. This parameter was already defined in [DS97, [BF04]. Let us point out
that ¢ can be simply defined as

L) = . {k(r —1) +Ir;ap(1;¢) # 0} (polynomial case) )
l(e) = 2lk|/M +1; ; 0 tri tri .
(e) |k|§1{71}%él§N{ |k|/M +1;ap(15¢) Z0} (trigonometric case)
Note that in the trigonometric case, if Hy(x,y,7;e) = a(7;e)x, then Hy(qo(u), po(u), ;) has a logarith-
mic singularity (see Hypothesis HP2.2). In this case we make the convention £(g) = 0.

HP5 We assume ¢ = £(0) = {(¢) for all € € (—¢*,&*) and n > n* = max{0, { — 2r}.
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2.1.3 Some remarks about the hypotheses

e Let us point out that the time parameterization of the separatrix has always singularities for complex
time (see [Fon95] for the hyperbolic case and [BE(4] for the parabolic one). The real restriction in
HP2 is that there exists only one singularity in the lines {Imu = +a}. In Remark 28 we explain
how to generalize the results obtained in this paper to systems whose separatrix has more than one
singularity with the same minimum imaginary part.

e The conditions satisfied in HP2.1 and HP2.2 are consequence of HP2. Indeed, let u* be a
singularity of (go(u), po(u)). We have that:

— If V is a polynomial, let M be its degree. Then u* is a branching points (or pole) of order
2/(M —2). That is, if u belongs to a neighborhood of w*, then (go(u), po(u)) can be expressed
as

dolu) = — C(M -2) (1 ) ((u B u*)z/(zvpz)))

2(u — u* )2/ (M=2)

po(u) = e u*;z/(wfz) (1 +0 ((u - u*)Q/(M_Q)))

with C' # 0 some adequate constant. This fact is proved in [BF04].

From the above equalities, taking into account that the homoclinic connection is a solution of
the unperturbed Hamiltonian system and identifying terms of the same order in (u — ia), one
can deduce that the degree of V' is 2r/(r — 1). In fact, there exists a constant v € R such
that

V(@) = vz 1(1+0(1))  as 2 — oo. (16)

— If V is a trigonometric polynomial, let us call M to its degree. Then, for u belonging to a
neighborhood of u*, (go(u), po(u)) are of the form

qo(u) = Clog (—i(u —u*)) + O((u— u*)2/M)

C
po(u) = (=) + O((u — u*)2/M)
with the constant C' = +i2/M depending on Im go(u) — Foo respectively. Indeed, first we
note that, due to the fact that Re go(u) € [0, 27], the condition |go(u)| — +00 as u — u* forces
to [Im go(u)| — 400 as u goes to u*. Assume that Imgo(u) — —o0 as u — u*. We note that
in this case, since qo(u) is a real analytic function, then u* is also a singularity of gy and it
satisfies Im gg(u) — +o00 as u — u*. We perform the change of variables z = ilogw and we

emphasize that, if Imax — —oo, then w — 0. From the fact that

% =/ —2V(x),

we obtain that J
u . M/2—-1
— =qw co + O(w
o (c0+ O(w))
for some constant ¢g. Henceforth, integrating both sides of the previous differential equation,

we obtain u —u* = iw™/?(¢; + O(w)), for some constant c;, which implies that w = (—i(u —

u*))2/M (02 + (’)((u — u*)Q/M)) for a suitable constant cs. and the results follows going back
to the original variables.

e In fact, let us observe that the hypotheses considered about the expansions of (go(u), po(u)) given
in (I3) and (Id) (HP2.1 and HP2.2) are weaker than what usually happens when the potential
V' is a polynomial or a trigonometric polynomial as we have seen previously. This weakness comes
from the fact that the second terms in the expansions are, in fact, of greater order. We assume this
weaker hypothesis to show that our results could be applied to more general potentials as long as
Hypothesis HP2 is satisfied.

11



e Hypothesis HP4.2 is to ensure that the parabolic critical point (0,0) of the unperturbed system
persists when we add the perturbation and that it keeps its parabolic character. Therefore it is the
natural hypothesis to deal with and it is the same one that was considered in [BF04]. Namely, if
the perturbation has order n with 2n — 2 < m, when the perturbation is added the system might
undergo bifurcations and the invariant manifolds might even disappear. The only study done in
one of these bifurcation cases can be found in [BFQS].

e The class of the perturbed Hamiltonian H; considered is more restrictive than necessary. In fact,
our result can be applied to any Hamiltonian of the form

N
Hl(zava;E) = ZE”H?(Z‘,y,T)
n=0

if the functions H{'(go(u), po(u), 7) have a singularity of order less or equal than ¢+ n. In this case,
the order £(¢) in (IH) does depend on € (¢£(0) = ¢, and {(¢) = ¢ + N if € # 0) and then Hypothesis
HP5 is not satisfied. The result in this case would be the same but one has to slightly adapt the
definition of the constant b in Theorem 2.7

e Note that the hypothesis requiring ¢(¢) constant is nothing but a non-degeneracy condition on the
coefficients ay;(7;¢). This condition is equivalent to ask that one of the pairs (k,!) reaching the
maximum in the definition of ¢(¢) in (1)) for any value of £ must reach also the maximum for ¢ = 0.

e Recall the Hamiltonian
t t
H<$,y,—;€> :Ho(x,y)+u€’7H1 <$,y,—;€>.
€ €

Let us point out that in the case ¢ — 2r < 0, Hypothesis HP5 corresponds to n > 0, which is
optimal in the sense that it includes the case such that the perturbation is of the same order as the
unperturbed system.

The case ¢ = 2r is what typically happens in near integrable Hamiltonian systems close to a
resonance and in general periodic systems with slow dynamics, therefore, in this sense Hypothesis
HPS5 is optimal in the generic case.

In the case ¢ — 2r > 0 one may think to also ask 7 > 0. Nevertheless, our techniques only provide
optimal exponentially upper bounds if n — ¢ + 2r > 0.

For lower values of n, that is 0 < 1 < £ — 2r, using similar tools as the ones presented in this paper,
one could easily prove the existence of the perturbed invariant manifolds and obtain (non-optimal)
exponentially small upper bounds for the difference between them. This case can be called below
the singular case (see [GOS10]). To obtain an asymptotic formula for the difference between the
invariant manifolds in the below the singular case is a problem which remains open. Some ideas to
deal with this case by using averaging theory can be found in [GOST0].

2.2 Main results

By Hypothesis HP1, system () with ¢ = 0 has either a hyperbolic or parabolic point at the origin. In
the second case, Hypothesis HP4.2 ensures that the origin is also a critical point of the perturbed system
(u # 0) which is also parabolic. In the hyperbolic case, the next theorem ensures that the hyperbolic
critical point of the unperturbed system becomes a hyperbolic periodic orbit which is close to the origin.

Theorem 2.2. Let us assume Hypotheses HP1.1, HP3, HP4.1. Take n > 0 and fix any value po > 0.
Then, there exists eg > 0 such that for any |u| < po and e € (0,eq), system ([@) has a hyperbolic periodic
orbit (z,(t/€),yp(t/c)) which satisfies that, for t € R,

t t
o (2)]+ | (2)] < bt

for a constant K > 0 independent of € and p.
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The proof of this theorem, which was done in [DS97] for n > ¢, is given in Section Bl An alternative
proof for values of n > —1/2 without explicit bounds for the periodic orbit can be found in [Fon95].
For the case when perturbation only depends on time in [Fon93] the existence of the periodic orbit with
explicit bounds was given for n > —2.

To use the same notation in both the hyperbolic and parabolic cases, in the latter one we define
(xp’ yp) = (Oa 0)'

The next step is to study the stable and unstable invariant manifolds of the periodic orbit (z, yp).
In the unperturbed case (that is g = 0) we know that they coincide along the separatrix (go, po) given in
HP2. When p # 0 they generically split.

To measure the splitting of the invariant manifolds let us consider the 2me-Poincaré map P, in a
transversal section Eto = {( :c .y, t0); (x,y) € R?}. This Poincaré map has a (hyperbolic or parabolic)
fixed point (z,(to/€), yp(to/c)). We will see that this fixed point has stable and unstable invariant curves.

As P,, is an area preserving map, we measure the splitting giving an asymptotic formula for the
area of the lobes generated by these curves between two transversal homoclinic points. Moreover, by
the area preserving character of P, , the area A of these lobes does not depend on the choice of the
homoclinic points. Other quantities measuring the splitting, as the distance along a transversal section
to the unperturbed separatrix, or the angle between these curves at an homoclinic point, can be easily
derived from our work.

Assuming HP5, we have that n > n* = max{¢ — 2r,0} (see Hypothesis HP2 for the definition of r
and ([0 for the definition of ¢). The quantitative measure of the splitting depends substantially on the
sign of 7 — (¢ — 2r). Therefore, we split these results into two different theorems. First, Theorem [2.4]
deals with the regular case n > ¢ — 2r and then Theorem 7] deals with the singular case n = £ — 2r,
which can only happen provided ¢ — 2r > 0. We will give a complete description of the proof of the two
theorems in Section @l We also refer to Section [3 for an heuristic idea of the main features of the proof
of our main results.

2.2.1 Main result for the regular case

In this section we will give results concerning the regular case. This case appears in two different settings.
The first one is when 7 > n* = max{f — 2r,0} and we will see in Theorem 2.4] that Melnikov predicts
the splitting correctly. The second case is when ¢ — 2r < 0 and n = n* = 0. In this case, we reach the
natural value 7 = 0 before we reach the singular limit n = ¢ — 2r < 0. We will see in Theorem [Z4] that
even if we are in a regular setting, one has to modify slightly the Melnikov function to obtain the true
first asymptotic order.

Since the asymptotic coefficient for the area of the lobe between two consecutive homoclinic points is
strongly related with the Melnikov Potential, first of all we are going to obtain an asymptotic formula
for it.

The Melnikov Potential (called also sometimes Poincaré Function, see for instance [DGO0]), is given
by

+oo
L<u,£;€> :/ H, (qo(u+s),p0(u+s),5*1(t+s);s) ds. (17)

Let us point out that, by Hypothesis HP4, this integral is uniformly convergent. Moreover
L(u,7;¢) = M(1 — e, e), (18)
where M is the 27-periodic function
+00
M(s;e) = / Hi (qo(r),po(r),e'r + s;e) dr = ZM[H (e)etks
- k#0

which, by HP3, has zero mean. Here M*! denotes the k-Fourier coefficient of M.
In [DS97] (polar case) and [BF04] (branching point case), it was seen that Hypotheses HP3 and HP4
allow us to give an asymptotic formula for the Fourier coefficients of M and henceforth we will obtain an
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asymptotic formula for the functions M and L. To state the lemma, we first define the following Fourier
expansion
k kT
Hi(qo(u), po(u), 7:0) = > H{"(go(u), po(u); 0)e’™.
kez\{0}

Note that, by the definition of ¢ in (IH]), all the Fourier coefficients H{k] (qo(u), po(u); 0) have at u = +ia

a branching point of order less than or equal to /.
Lemma 2.3 ([DS97, BE04]). Let us assume Hypotheses HP2, HP3 and HP/. Let

A1
fO = )
I'(e)
where A is the constant defined as
A= lim (u—ia) Hy (qo(u), po(u); 0): (19)
Then:
1. The first Fourier coefficients of M are given by:
— 1 a 1
MO = MY = e (ﬁ)+19(sﬁ)).
2. If [k| # 1,

3. ForueR andt e R,

L(ntie) = -2t (e (5 () o -

where a and B are the constants defined in Hypothesis HP2.

Theorem 2.4 (Main Theorem: Regular case). Let us assume Hypotheses HP1-HP5 and n > { — 2r.
Then, given any po > 0, there exists eg > 0 such that for any p € {|p] < po} and € € (0,e0) the area of
the lobes between the invariant manifolds of the periodic orbit given in Theorem [2.2 is given by,

o Ifn>n",

@l

a 1
A= dlple™ e ([ fol + O : (20)
[Ine|”
where fy is the constant given in LemmalZ3, v =1 if £ —2r <0 andv =0 — 2r if £ — 2r > 0.

e Ifn =0 (which can only happen if { — 2r < 0),
a - 1
A=d|plet e < <‘foezc(“)‘ +0 < >) , (21)

[Ine|

where fo is the constant given in LemmalZ3 and C(u) is an entire analytic function which satisfies
Cpu) = O(p).
Note that if fo = 0, this theorem only gives exponentially small upper bounds for of the area A.

Corollary 2.5. Let us assume the hypotheses of Theorem and fo # 0, where fy is the constant
gwen in Lemma [Z3. Then, the invariant manifolds intersect transversally and the area of the lobes of
the Poincaré map between two consecutive transversal homoclinic points is asymptotically given by the
formulas stated in Theorem [2}

Remark 2.6. In Corollary 2.3 we have asked for the hypothesis fo # 0, which by LemmalZ.3 corresponds
to A # 0. This condition is equivalent to ask that the Fourier coefficients H{il] (go(u), po(u);0) have
branching points of order exactly ¢ at u = +ia. Note that this hypothesis is generic since it is equivalent
to assume that some coefficient in the Laurent expansions of H{ﬂ] (qo(w), po(u);0) at the points u = +ia
s non-zero.
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2.2.2 Main result for the singular case

The case ¢ > 2r and n = ¢ — 2r is essentially different from the previous cases in the sense that we
are not able to have “a priori” estimates for the asymptotic coefficient of the area of the lobes between
two consecutive homoclinic points. Such asymptotic coefficient depends on an unknown function (f(u)
in Theorem 27 which comes from the study of the difference between adequate approximations of the
invariant manifolds near the singularities +ia.

Theorem 2.7 (Main Theorem: singular case). Let us assume Hypotheses HP1-HPS5, { — 2r > 0 and
n =4 —2r. Then, given any fized n, there exists g > 0 such that if € € (0,2¢), the area of the lobes
between the invariant manifolds of the periodic orbit given in Theorem [Z3 is given by

o If{—2r >0,
A=l (1701 + 0 (e ) ) 22)
where f(u) is an entire analytic function.
o [f{—2r=0,
A= d|p|el—2re=c tumbm ¢ (‘f (1) eic(“)‘ +0 (ﬁ)) ’ (23)

where b € C is a constant, whose explicit expression is given in [&I), f(u) is an entire analytic
function and C(u) is an entire analytic function such that C(u) = O(p).

Corollary 2.8. Let us assume the hypotheses of Theorem [2.7 and f(un) # 0. Then, the invariant
manifolds intersect transversally and the area of the lobes of the Poincaré map between two consecutive
transversal homoclinic points is asymptotically given by the formulas of Theorem [2.7]

2.2.3 Some comments about the results

e It is important to mention that, by applying Theorems 24 and 27, we do not need to compute
exactly a parameterization (qo(u), po(w)) of the homoclinic orbit in order to know the size of the
splitting. What we need is the behavior of the homoclinic connection around its singularities +ia,
which as we pointed out in Section 2.1.3] can be computed explicitly.

e The constant b appearing in Theorem 2.7 can be computed explicitly as it is showed in formula
&I in Proposition In particular, b = 0 when the Hamiltonian H; in ([@) and (I0) does not
depend on y. For this reason, in the previous results obtained in the singular case corresponding
ton =1L€—2r =0, see [Tre97, [Gel00, [O1i06], [GOSI(], this term does not appear. The appearance
of this logarithmic term in the asymptotic formula had already been detected in [Bal06]. Let us
also point out that an analogous phenomenon happens in the analytic unfoldings of the Hopf-zero

singularity (see [BS06, [BS08]) and in weak resonances of area preserving maps [SV09].

e The constant C(u) appearing in Theorems [Z4] and 2.7] also satisfies C'(u) = 0 if the Hamiltonian
H; in @) and ([I0) does not depend on y. In Section [0.2:3 we give an explicit expression of C(u) in
terms of several explicitly computable auxiliary functions.

e If one weakens Hypothesis HP3 to admit Hamiltonian systems with C' dependence on 7, one can
get analogous results to the ones obtained in Theorems [Z4] and [Z7]

e Comparison with Melnikov. Observe that when n > n*, Theorem 24] gives a natural result
which generalizes the previous results dealing with the regular case (see Section [[] about histor-
ical remarks): if one artificially assumes that the perturbation is small enough, the splitting of
separatrices is given in first order by the Melnikov function.

If £ —2r < 0 and n = 0, the Melnikov function does not predict the area correctly in general.
Nevertheless, since C(1) = 0 when the perturbation does not depend on y, in this case Melnikov
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theory gives the asymptotic size of the area of the lobes even if = 0, that is, when the perturbation
has the same size as the integrable system.

In the singular cases £ — 2r > 0 and n = n* = £ — 2r, we know that the function f(u) appearing in
Theorem 2.7 satisfies that for p small

f(w) = fo+O(p),
where fy € C is a constant independent of p. In [Bal06], it is seen that the constant fy coincides
with the constant that Melnikov theory gives in front of the exponential term (see Lemma 2.3)).

In other words, this means that for the case £ — 2r > 0, if u is a small parameter and fy # 0,
Melnikov theory also predicts the asymptotic behavior of the area of the lobes correctly.

In the case ¢ — 2r = 0, fy also corresponds to the Melnikov theory prediction. Nevertheless, since
a logarithmic term appears in the exponential, the Melnikov prediction is valid provided

1
lul < :
|Ine|

Of course, if b = 0, as happens when the perturbation does not depend on y, the Melnikov prediction
is valid for any p small and independent of ¢.

2.2.4 Examples

In this section we apply Theorems 2.4] and 2.7 to some examples. We consider the Duffing equation

2 2 4
Y T T
Holwy) =5 -5 +7

with different perturbations. The Duffing equation has two separatrices forming a figure eight, which are

parameterized by
" V2 V2 sinhu )

T
coshu’ cosh2 u

Fi(u) = (iQO(U),po(u)) = (

The singularities of these separatrices which are closer to the real axis are u = +in/2 and r = 2 (see the
definition of r in Hypothesis HP2).
We consider two different types of perturbations and we study how the separatrix I'* splits. The first

perturbation is

y2 562 564

t
H(z,y) = 5*?+z+u5’7x”sing

for n € N and n > 0. Then the order of the perturbation is £ = n (see the definition of ¢ in (I3))).
Applying Melnikov theory to these Hamiltonian systems, one obtains the following prediction for the
area of the lobes
25+21
(n—1)tent
For n > n* = max{n — 4,0} or n = 0 and n < 4 (which corresponds to ¢ — 2r < 0), one can apply
Theorem 2] to see that Melnikov theory predicts correctly the area of the lobes. Note that C'(u) = 0
since the perturbation does not depend on y. Then,

A = |ul|e" % 4O (n?e®). (24)

2521 _
./4 ~ |M|€nm€ 2e . (25)

The case n > 4 corresponds to £ > 2r. In this case for n = n* = n — 4, since the perturbation does
not depend on y, we have that b = 0 and C(u) = 0. Then, applying Theorem 2.7] the area is given by

the formula A .
AzM%e’% <1+o<—>), (26)

[Ine|
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where f(u) satisfies

F) = 2 0 (). @)

(n—1)
Therefore, for n = n — 4 and fixed p independent of e, the first order depends on the full jet of f(u) and
then the Melnikov function does not predict it correctly.

To see how the first asymptotic order of the area of the lobes changes when the perturbation depends
on y, we consider the following perturbation of the Duffing equation, where / = 2r =4 and n = ¢—2r = 0,

4

+x
4

N>|g[\3

y Lt ,
H(m,y):?— +ulx smg—i—)\x yeos -

with A € R. For this example, Melnikov theory predicts that the area of the lobes is
4 _
A:M§§p+¢bw2a+o@ﬂ.

Note that if one takes A = 0, A coincides with 24]) with n = 4 and n = 0. On the other hand, if one
takes A = —v/2 the Melnikov function is degenerate since the first order vanishes.

Since ¢ = 2r and 1 = 0, one can apply Theorem 2.7l Using formula (8I]) for the definition of b, one
can easily see that b = —4v/2Xi. Therefore, the true first asymptotic order of the area of the lobes is
given by

A=l E B (|ecw] o (), (28)

[Ine|
where f(u) satisfies

f(u)Z%i(2+\/§>\)+0(u)-

One can take, for instance, p = 1 and write formula (28) as

__ 4 -z o) 1
A—gxaekﬂﬂm ‘+O|md '

Therefore, the correcting logarithmic term in the exponential implies a drastic change in the power of
¢ in the asymptotics. Note that one can take any A € R and then the power of ¢ in the first order can
change arbitrarily, both increasing or decreasing. Finally, if one takes A = 0, one recovers formula (2]).

2.3 Near integrable Hamiltonian systems of 1% degrees of freedom close to a
resonance

The results obtained in this work can be easily adapted to study near integrable Hamiltonian systems
of 1% degrees of freedom close to a resonance. Let us consider an analytic Hamiltonian system with
Hamiltonian

h(z,I,7) = ho(I) + 0hy(x,I,7), (29)

where § < 1 is a small parameter, (z,7) € T?, I € R and h; is a trigonometric polynomial as a function
of x. When § = 0, the Hamiltonian system is completely integrable (in the sense of Liouville-Arnold)
and the phase space is foliated by invariant tori with frequency w(I) = (9rho(I),1).

In particular, if for certain I, there exists k € Z? such that w(I) - k = 0, the corresponding torus is
foliated by periodic orbits. When § > 0 (but small enough), it is a well known fact that typically this
torus, a resonant torus, breaks down.

Let us consider the simplest setting and let us assume that

12

ho(I) = 5+ G(I) with G(I) = O (I?).

17



Then I = 0 corresponds to the resonant vector w(0) = (0,1). To study the dynamics of the perturbed
system around this resonance, one usually performs the rescaling

I:\/gy and T:%

and takes e = /0 as a new parameter. Then, one obtains the Hamiltonian

| t t
Ht) =Y + 560 + V@) + £ (0.2) + R (v ).

where

V(z) = (h1(z,0,7)) = %/o 7rhl(:v,(),T) dt

F(z,7) = h1(2,0,7) — (h1(2,0,7))
R(x,I,7) = hi(z,I,7) — h1(z,0,7),

which can be written as
t t
H('Tayag) :Ho(.’L',y)—f—/j/Hl (xayagag)

with

Ho(ay) = £+ V(@)

1
Hi(2,y, 7€) = Fla,7) + 5 Gley) + Rl,2y,7)

Here p is in fact a fake parameter, since we are interested in the case p = 1. This system is similar to
the ones considered in this paper. Let us point out also that, by definition, e 72G(ey) and R(x, ey, T) are
of order €.

Let us assume that the Hamiltonian H satisfies Hypotheses HP1-HP4 and instead of HP5 satisfies
the alternative hypothesis that V', which is a trigonometric polynomial, has the same degree as h; in (29)
as a function of . Then, using the tools considered in this paper, one can give an asymptotic formula
analogous to the one given in Theorem 27l Let us point out that in this setting, even if the terms
e 2G(ey) and R(x,ey,7) are of order ¢ and therefore smaller than F(z,7), the function f(u) appearing
in Theorem [27] depends not only on F' but also on the full jet in y of G and R. The reason is that
these terms become of the same order as V(x) and F(x,7) close to the singularities of the unperturbed
separatrix. Moreover, for these systems, the first asymptotic order also has the logarithmic term in the
exponential as it happens in Theorem P77 for £ — 2r = 0. We plan to study rigorously these kind of
systems in future work.

3 Heuristic ideas of the proof

The rigorous proofs of asymptotic formulas for measuring the splitting of separatrices require a signif-
icant amount of technicalities. For the convenience of the reader, even though in Section Hl we give a
precise description of the entire proof of Theorems [Z4] and 7, we first devote this section to give an
heuristic description of our strategy explaining the main differences respect to the ones already used in
the literature. We also explain the main novelties we have introduced to overcome the difficulties that
our general setting involves.

3.1 Measuring the splitting by using generating functions

To measure the splitting using generating functions we use the method in [LMS03] [Sau01], based on ideas
by Poincaré [Poi99]. Roughly speaking, if the invariant manifolds can be expressed in a suitable way,

18



then the area of the lobes generated by the perturbed manifolds between two consecutive homoclinic
points and also the distance between the manifolds can be simply computed by the difference between
two functions.

Let us explain this approach in more detail. As the main goal is to measure the distance of the stable
and unstable manifolds of the periodic orbit (x,(t/¢), yp(t/€)) in a Poincaré section Xy, it is useful to
obtain these manifolds as graphs. The stable and unstable manifolds of the perturbed system can be
expressed as graphs as

y =z, t/e) = yp(t/e) + 05" (x — wp(t/e), t/e)
in some complex domains, where the functions S** are called generating functions. The generating
functions S*%(q, 7) are solutions of the Hamilton-Jacobi equation associated to our Hamiltonian system
after the change of variables
g=z—zp(t/e), p=y—yp(t/e)

and the change of time 7 = t/e.
Note that for u = 0, as the Hamiltonian is autonomous, the Hamilton-Jacobi equation reads:

(945(0))

5~ V(=0

which gives 0,5°(q,7) = 045"(q, T) = 0450(q) = v/—2V (¢) as the homoclinic connection.
Then, to measure the distance between the stable and the unstable manifolds in a Poincaré section
we just need to compute:

d(q,to) = 045" (4, to/€) — 045 (¢; to/¢) (30)
and it is standard that the area of the lobes is given by
A= 5"(q2,t0/2) = 5°(g2, to/2) — (5" (q1, to/2) — 5°(q1, to/€)) (31)

where ¢1, g2 are the coordinates of two consecutive homoclinic points in the section ¥;,. Note that,
thanks to the symplectic structure, A does not depend on tg.

We perform the change of variables ¢ = go(u), where go(u) is the first component of the unperturbed
homoclinic orbit. In this way, we work with the function

Tu’s(u’ T) = S%s(QO (u)’ T)

that is, we write the perturbed manifolds as functions of the time 7 and the “time over the homoclinic
orbit” u, which parameterizes the unperturbed homoclinic orbit. These functions satisty a new Hamilton-
Jacobi equation, which is easier to deal with.
We consider the difference
Au, ) =T"(u,7) — T%(u, 7).

The first observation is that, when p = 0, we have po(u) = 0450(qo(w)). Therefore 9,7 (u,7) =
0 To(u) = po(u)0yS™*(go(u), 7) = (po(u))? which corresponds to the parameterization of the unperturbed
separatrix. Then, by analyticity with respect to the regular parameter u, we have that A(u,7) = O(w).

The second observation is that, as the experts in this area know, A(u,7) is exponentially small in
the singular parameter . To obtain sharp estimates of A(u,7), we need to bound it, and consequently
T%(u,7) and T*(u,7), in a region of the complex plane that, on one hand, contains a segment of the
real line having two values of u giving rise to two consecutive homoclinic points and, on the other hand,
intersects a neighborhood sufficiently close to the singularities 4-ia of Tp(u).

Assume that we can construct parameterizations T%*(u, 7) of the perturbed invariant manifolds sat-
isfying both that they are 27-periodic with respect to 7 and that they are real-analytic and bounded in
some complex domain which contains two real values of u which give rise to two consecutive homoclinic
points. Now we are going to explain how an exponentially small upper bound of the difference A can be
derived. The first point is that, being T and T solutions of the same partial differential equation (with
different boundary conditions), A(u, 7) satisfies a homogeneous linear partial differential equation. One
can see that this equation is conjugated to (£0,, + 0;)Y (u,7) = 0. Let us assume for a moment that A
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is a solution of this equation. In fact, in Theorems .17 and .2T] we will see that this is true after a
suitable change of variables. Then, we obtain that A(u,7) = A(7 — u/e) and, since A is 2w-periodic in
7, A(s) is a 2m-periodic function in s. This fact implies that

Au,7) = Z Ape Feethr,

kEZ

Now, a bound |A(u,7)] < M for Imu| < d’, automatically gives
Akl < MeTME |k £0

which implies that |A(u, 7) — Ag| < AMe=* for real values of u. The bigger the size of the strip where we
can bound |A(u, 7)| the smaller the exponential that gives the bound for real values of u. Note that the
constant Ay does not appear neither in the formula of the area [3I), nor in the formula of the distance
(0) If we use Melnikov theory the expected exponential exponent is a, where +ai are the singularities
of Ty. Then, to obtain sharp bounds, it would be enough to take a’ = a — <.

In some cases, which correspond to n = 0 in (IJ), the change of variables which conjugates the original
partial differential equation for A(u, 1) with (¢0, + 0-)Y (u,7) = 0 is not close enough to the identity.
This fact implies the appearance of the constant C(u) and the logarithmic term in the asymptotic
formulas obtained in Theorems 2.4l and .71 This change of variables is obtained, essentially, studying
the variational equation along the perturbed invariant manifolds. Therefore, the existence of these terms,
which were not present in the Melnikov prediction, shows that, to study the exponentially small splitting
of separatrices, it is not enough to look for the first order approximations of the invariant manifolds close
to the singularities. One has to look also for the first order of certain solutions of the variational equation
of the perturbed invariant manifolds close to the singularities. In fact, these terms appear when these
certain solutions of the variational equation of the perturbed invariant manifolds close to the singularities
are not well approximated by the solutions of the variational equation of the unperturbed separatrix.

Then, roughly speaking one can conclude that Melnikov theory gives the correct answer if:

e The perturbed invariant manifolds are well approximated by the unperturbed separatrix close to
the singularity.

e The solutions of the variational equation along the perturbed invariant manifold are well approxi-
mated by certain solutions of the variational equation along the unperturbed separatrix.

In all the other cases, the splitting is given by an alternative formula. This fact, is explained in more
detail Section [3.4

3.2 The boomerang domains

For the Hamiltonians considered in this paper, the invariant manifolds, in general, are not global graphs
over q. Therefore, the approach explained in the previous section cannot be used straightforwardly.
Nevertheless, we will see that there are always regions in the phase space where both manifolds are
graphs and we will use one of these regions to measure the splitting. Consequently, being the area of the
lobes an invariant quantity, this will give the wanted result.

As we have explained, we are forced to find parameterizations 7" of the invariant manifolds which
have to be analytic in a common complex domain which reaches points at a distance ¢ of the singularities.
Moreover we also need to guarantee that our domain contains an open set of real values of w (this will
be enough to ensure that the domain contains u; and ug that give rise to homoclinic points since they
are € close).

To this end let us observe that we have no hope to construct parameterizations T%*(u, 7) for values
of u such that po(u) = 0, at least in a general case. In fact, the unperturbed homoclinic connection can

be expressed as graph{p = /—2V(q)} U graph{p = —/—2V(¢)}. Then if pg(ug) = 0, for some value
ug, the unperturbed homoclinic connection cannot be expressed as a graph over the base in the original
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variables (¢, p) in a neighborhood of (go(ug),0). This fact implies that the Hamilton-Jacobi equation that
T™* has to satisfy is not defined for u = uyg.

We will always keep in mind that we need to check this condition (po(u) # 0) if we want to use the
parameterizations T %.

For this reason we define the following boomerang domains (see Figure ), in which po(u) # 0, and
hence the functions 7** will be well defined on them.

na=1u€C; [Imu| < tanBiReu + a — ke, [Imul < tan faReu + a — ke,
[Imu| > tan SoRew + a — d}
Dp g ={u € C; [Imu| < —tanf1Reu + a — ke, [Imu| < tan foReu + a — ke,
[Imu| > tan foRew + a — d}
U{u €C; |[Imu| < —tan $1Reu + a — ke, [Imu| > — tan SaReu + a — d,
Reu < 0},

(32)

where 81 € (0,7/2) is any fixed angle.

To choose B2 we use the following. First we point out that the zeros of po(u) are isolated in C.
Moreover, close to the singularities u = +ia, po(u) can not vanish. Then, in order to assure that po(u)
does not vanish in the whole domains Dy, ; and Dy, ;. one has to choose an angle 55 such that 5, > i
and the lines |Imu| = tan S2Rew 4+ a do not contain any zero of pg(u). Then, taking € > 0 and d > 0
independent of €, both small enough, one can guarantee that po(u) does not vanish neither in Dy, ; nor
in DY .

We will use these boomerang domains as fundamental domains to measure the splitting. It is important
to emphasize that both Dy ; and DJ; ; reach a neighborhood of the singularities +ia of size €.

Figure 2: The boomerang domains D); ; and Dy, ; defined in (32).

Remark 3.1. Let us observe that the domains Dy ; and Dy, ; have different shape. We will give all the
proofs in the unstable case. All of them are analogous, and even simpler, in the stable one.

To study the difference between the manifolds, we consider A(u,7) = T%(u,7) — T%(u,7) in the
domain R, 4 = DZ,d N D;‘,d which is defined as

R, q={u € C; Imu| < tan SoReu + a — ke, |Imu| > tan feReu + a — d,

33
Mmu| < —tanf1Reu+a — ke}. (33)

We recall that po(u) # 0 if u € R, q and hence we can use the functions 7%* in this domain.
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Figure 3: The domain R, 4 defined in (B3).

The domain R, 4, where we measure the difference between the invariant manifolds, is considerably
different from the ones used in previous works (see for instance [Sau(1]), where the analogous domains
look like diamonds. In [Sau01], the author considers systems for which the unperturbed separatrix is a
graph globally and then he can work in such wide domains.

Once we have the difference A in R, 4, using the arguments exposed in the previous subsection one
can obtain exponentially small upper bounds for A.

Recall that our goal is to give an asymptotic formula for the area of the lobe between two consecutive
homoclinic points. Henceforth, once we find the first asymptotic term of A, which we call A, we use the
arguments indicated in the previous section to bound the difference A(u,7) — Ag(u, 7). We will come
back to the problem of finding Ay in Section B4

3.3 Parameterizations of the invariant manifolds of the perturbed system

In this section we are going to explain the strategy we use to prove the existence of 7" in the corre-
sponding boomerang domains D,’;. In fact we will always deal with 9,7

We begin our construction near the origin (¢,p) = (0,0). In terms of the new variable u this corre-
sponds to take Rewu near —oo for the unstable invariant manifold and near 4+oco for the stable one.

Given p; > 0, we consider the following domains:

Dé‘qpl ={ueC;Reu< —p1} (34)
D3, ., ={u € C;Reu > p1}.

It is not difficult to prove that the constant p; can be taken big enough so that po(u) does not vanish
in these domains. Henceforth the Hamilton-Jacobi formulation is allowed in these domains (see (B3]) and
(G4). The first result is Theorem [A3] where we prove the existence of 9, 7" and we see that both are
well approximated by 0,Tp in D&%, . This result gives the existence of local invariant manifolds and,
moreover, provides suitable properties of them.
In the case that po(u) # 0 the next step is to extend 9,7 * to the so-called outer domains (see Figure
M) defined by
Dot = {u € C;[Imu| < —tan S1Rew + a — ke, Reu > —p}

Dot — fu e C;—u € DY}, (35)

where x > 0, which might depend on ¢, is such that a — ke > 0. The constant p will be taken p > p;, in
order to ensure that D7, , N Dg}‘,}* # () for * = u, s. Since we have already proved the existence of local
invariant manifolds defined in D%*, , therefore 0,7 are defined in DY, , N D9%* for * = u, s.
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Figure 4: The outer domains DS'"* and D defined in (B3).

In Theorem [£4] it is proved that 9,7**(u, ) can be extended to the outer domain Dg}"s’*, x = u, s,
and that is well approximated (in some norm) by 9, To(u) there.

In the case that po(u) vanishes in the outer domains the procedure becomes a little technical. The
main idea is to use parameterizations of the invariant manifolds of the form (Q(u, ), P(u,T)) to extend
them to a new domain where po(u) does not vanish anymore and that overlaps with the boomerang
domain D} (see Theorem [LH). We point out that these new domains are still far away from the
singularities +ia of Tp(u), henceforth the obtention of the parameterizations defined in these domains is
straightforward (see Theorem (7). Once we have proved the existence of the parameterizations of the
invariant manifolds for values of u far from the singularities but inside the boomerang domains D), we
can recover the generating functions 9, 7"*(u, 7) and extend them to the whole boomerang domains DZ;
in Theorem

We want to emphasize here that

e We are able to extend the manifolds up to a distance of order € of the singularities in all the cases
without using any inner equation even in the singular case £ —2r > 0 and n = ¢ — 2r.

e The outer domain Dg“,§7* contains the boomerang domain D}, ; for x = u, s.
. .

3.4 The asymptotic first order of A

Even though we have proved the existence of the invariant manifolds in the boomerang domains, we need
some extra information to detect the asymptotic first order of their difference. The main idea is that
functions which are of algebraic order with respect to € near the singularities +ia are exponentially small
for real values of u. Thus, the main point to compute the difference and capture the asymptotic first
order is to be able to give the main terms of this difference close to the singularities, concretely, up to
distance of order ¢ of the singularities. For that we need to give better approximations of the generating
functions T"*(u, 7) near the singularities +ia of the homoclinic connection.
To this end, we define the so-called inner domains (see Figure [, which are defined as

D;‘fj’“ ={uw e C;Imu > —tan f1(Reu + ce”) + a,Imu < — tan SoReu + a — ke,
Imu < —tan SyReu + a — ke}
Do ={ue Cue Dbv} (36)
D;‘f;':JF’S ={ueC;-uc ijf;f’“}
Din—s — {u eC;—ue Dintu

K,C K,C
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for k > 0, ¢ > 0 and v € (0,1). On the other hand, 5 and P2 are the angles considered in the
definition of the boomerang domains in [B2) and Sy is any angle satisfying that 81 — By has a positive
lower bound independent of ¢ and p. BEL2 Bs. Let us observe that, if u € Diﬁf**, x = u,s, then
O(ke) < luFial < O(e7).

/
‘/ & BO et /X
.Dln

Din,-l—,u
K,C

:"’ ‘\\
/ \\\
. III “\
D m,—,u in B
K,C 7
Z KDK ,C

—1ia

Figure 5: The inner domains defined in (36).

Let us observe that simply rewriting p := pe”~"", one can include the regular case (n > n*) into the
singular one. This is very convenient since one can prove the results for both cases at the same time.
Therefore, from now on in this section, we will focus on the singular case.

When studying the functions 0, 7%° evaluated in the inner domains, one can distinguish the cases
{—2r < 0or¢—2r > 0. The difference between these two cases, roughly speaking, is that, when ¢—2r < 0,
the approximation of the manifolds in the inner domain is still given by the first order perturbation theory
as is stated in Proposition I8 In the case £ — 2r > 0 this fact is not true anymore.

Analyzing 9,,T"* close to the singularity ia, one can see that, if u—ia = O(g), then 9, T™* is of order
O(1/£"). For this reason we perform the change of variables u = ia + ez and we study the functions
@i (z,7) = e IT%%(ia + €z,7). The first order in ¢ of these functions verifies the so called inner
equation. Their solutions 1;*(z,7) were studied in [Bal06]. Then, in Theorem E.I6 we provide a bound
for [¢"*(z,7) — ¢y (2, 7)|. This is known as complex matching.

We emphasize that we have not used the inner solutions ;"*(z, 7) to extend our functions 7** to the
inner domains since we already knew their existence. Henceforth to bound [¢)**(z, 7) — 1" (2, 7)| we have
exploited the same idea as the one used to study the difference A = T* — T, Let us explain it in more
detail. As we have explained in Section [3.3] we have already proved the existence of generating functions
T** in the whole boomerang domains. Henceforth, the new functions 1**(z,7) = e ~1T%3(ia + ez, 7)
have the corresponding properties coming from the ones of 7" *. Now we consider the difference Ay"* =
0,0"* — O,1)9. Such functions (which are known) satisfy a non-homogeneous linear equation which can
be “easily” studied. Summarizing, we just obtain an “a posteriori” bound of Ay™?*. This makes our
complex matching considerably simpler because we just need to use Gronwall-like techniques.

In both cases £ — 2r < 0 and ¢ — 2r > 0, we have now accurate approximations for 7" ° near the
singularities. Let us call them T,"®. The first order asymptotics for the difference A = T — T comes
from T — T after a change of variables. Recall that, as we have explained in Section ] in some
cases, this change of variables implies an additional correcting term in 73" — 7. Finally, we bound the
remainder by using the techniques explained in Section [31}

24



4 Description of the proofs of Theorems 2.4 and 2.7

We devote this section to prove Theorems 2.4l and .71

4.1 Basic notations

First, we introduce some basic notations which will be used through the paper.
We denote by T = R/(27Z) the real 1-dimensional torus and by

T, ={r € C/(27Z); Im7| < 0},

with o > 0, the torus with a complex strip.
Given a function h: D x T, — C, where D C C is an open set, we denote its Fourier series by

h(u,7) = Z hl¥l (u)e“”

keZ

and its average by
1 2
(h)(u) = ) = — / h(u, ) dr.
0

o

In any Banach space (X, || - ||), we define the following balls

B(R) = {z € X;|[z[| < R}
B(R) = {z € X;]|z|| < R}.

By Hypothesis HP3, the Hamiltonian H in (7)) is analytic in 7 = t/e. By the compactness of T,
there exists a constant o such that H is continuous in TUO and analytic in T,,. From now on, we fix
0< o <ogp.

Throughout the proof of Theorems [Z4] and 277 we will use the analyticity in u. We fix an arbitrary
value pg > 0. Even if we do not write it explicitly, all functions we will encounter from now on will be
analytic in g € B(po).

From now on, we work with the fast time 7 = ¢/e. Then, denoting ' = d/dr, we have the system

{ o =c(y+ pe"d,Hy (z,y,7;¢))

Yy =—e(V'(2) + pe"d.Hy (x,y,7;€)) - o

In order to simplify the notation, through the rest of this paper we will denote by K any constant
independent of p and € to state all the bounds.

4.2 The periodic orbit

In the parabolic case, Hypothesis HP4.2 on H; implies that the origin is still a critical point of the
perturbed system (37)) In the hyperbolic case, the next theorem states the existence and useful properties
of a hyperbolic periodic orbit close to the origin of the perturbed system.

Theorem 4.1. Let us assume Hypotheses HP1.1, HP3, HP/.1 and n > 0. Then, there exists g9 > 0
such that for any |u| < po and € € (0,e0), system BQ) has a 2w-periodic orbit (x,(7),yp (7)) : T, — C?
which is real-analytic and satisfies

sup (|ap(7)] + [yp(7)]) < bolule™,
T7€T,

where bg > 0 is a constant independent of € and p.

This theorem is proved in Section
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Remark 4.2. The Hamiltonian Hy, the periodic orbit (z,(7),yp(T)), and consequently the Hamiltonians
H, Hy, H{, H%, which will be defined below, depend on the parameters p, €. From now on, we will not
write this dependence explicitly but we will emphasize it when necessary.

Once we know the existence of the periodic orbit, we perform the time dependent change of variables

{ q=x—p(T) (38)

P=Y—yp(T)
which transforms system ([B7) into a Hamiltonian system with Hamiltonian function eH (q,p,T):

Ag.0.7) =2 +V (g + 2,7) ~ V (2,(7) ~ V' (7)) g

+ /’Lsnﬁl (qvpa T)

(39)

with

Hi(q,p,7) =H1(2p(T) + ¢,4p(7) +,7) = Hi(2(7), 4p(7), 7)

- D)) (). 1)

where we have denoted DHy = (0, H1, 9y H1). We have added the terms V (x,(7)) and Hy(zp(7), yp(7),T)
for convenience. Note that they do not generate any term in the differential equations associated to H.
Since |(z(7),yp(7))| = O ("), Hy can be split as
Hi(q.p,7) = Hi(q,p,7) +eH{ (q,p,7),

where
ﬁll((bva) = Hl(qvpaT) - Hl(0,0,T) - DHl(anvT) < Z )

and H 2(q,p,7) is the remaining part. In fact, we can give a more precise formula for H 1 and H 2 in both
the polynomial and the trigonometric cases:

ﬁll(qapa T) = Z akz(T)qul (polynomial case)
2<kHI<N

771 _ ikq .

Hi(g,p,7) = Z aro(7) (™9 — 1 — ikq) (41)
k=—N,...,N
+ Z a1 () (e® — 1) p+ Z ar(1)e*apt, (trigonometric case)

k=—N,...,N ——N,..N
1=2,..,N

where ag; are the functions defined in (@) and (I0) and have zero average, that is
(H}) = 0. (42)

Let us point out that H 1 is H; subtracting its linear terms in (,y), and hence it is of order n = 2.
The Hamiltonian H? is given by:

H(q,p,7) = Z cri(T)g"p! (polynomial case)
2<k+HI<N—1
o2 = (““qfl—'k) 43
1(¢,p,7) cro(T) (e () (43)
k=—N,...,N
+ Z cr1(T) (eikq — 1) p+ Z cr(T)erapt, (trigonometric case)
k=—N,..,.N k=—N,...,N
1=2,...,N-1



where cy; are 2m-periodic functions which, in general, do not have zero average. As we will see in Corollary
the functions cy; are 2m-periodic and satisfy

lera (T)| < K ple™. (44)

In the case that the unperturbed Hamiltonian has a parabolic point at the origin, since (zp, yp) = (0,0),
we have that cg; = 0.

4.3 Different parameterizations of the invariant manifolds

The next step is to prove the existence of the unstable and stable invariant manifolds of the periodic
orbit given in Theorem [Tl

We will consider two different strategies to find suitable parameterizations of these invariant manifolds
depending on the domain we are. On the one hand, when it is possible, we will follow [LMS03], [Sau01]
(see also [GOST0]), and we will write the invariant manifolds as graphs of suitable generating functions
which are solutions of a Hamilton-Jacobi equation in appropriate variables. On the other hand, when this
is not possible, we will obtain parameterizations of invariant manifolds formed by families of solutions of
the differential equations.

To introduce the first method, let us consider the symplectic change of variables (see [Bal(6])

{ q=qo(u)
w (45)

b= po(u)’

where (go(u), po(u)) is the parameterization of the homoclinic orbit given in Hypothesis HP2. This is a
well defined change for any u € C such that po(u) # 0 and leads to a new Hamiltonian given by

eH(u,w,7) = cH (qo(u), 2%,7) , (46)

where H is the Hamiltonian defined in 39).

Let us recall that when p = 0, H becomes Hj defined in (). Then, the separatrix of the unperturbed
system (u = 0) for H can be parameterized as a graph as w = po(u)?.

To obtain parameterizations of the perturbed invariant manifolds, we can take into account the well
known fact that, locally, they are Lagrangian and can be obtained as graphs of some functions which
are solutions of the Hamilton-Jacobi equation associated to the Hamiltonian e H. That is, we look for
w = 0, T"*(u, ), where the functions T"* satisfy

0, T(u, )+ eH (u,0,T(u,7),7) =0 (47)

and certain limiting properties.
The solutions of this equation give parameterizations of the invariant manifolds, which, in the original

variables, read
o 8uTuys(ua T))
(0.0 = (), 2be ).

Notice that in variables (g,p) the condition po(u) = go(u) # 0 ensures that the manifolds can be
written as graphs over the variable ¢ through the functions S“*(¢q,7) = T%*(qq 1(q), 7) which verify the

(48)

classical Hamilton-Jacobi equation associated to the Hamiltonian H (g, p, 7).
When this method cannot be used, that is when po(u) can vanish, we look for the invariant manifolds
as parameterizations:

(Qap) = (Q(UaT)aP(U’T)) (49)

in such a way that (¢(s),p(s)) = (Q(u + €s,s), P(u + €s,s)) are solutions of the differential equation
associated to the Hamiltonian (39). These kind of parameterizations were used in [DS92 [DS97, [Gel97al,
[Gel00, [BF04} BEOS].
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Then, it is straightforward to see ([Gel97a]) that (Q, P) has to satisfy

r ( Q ) _ P+u5’78pﬁ1(Q,P, T) R (50)
P —(V(Q+ p(7)) = V'(zp(7))) — ne"0,H1(Q, P,7) )’
where L. is the operator
L.=¢e"'0;+0, (51)

and H 1 is the Hamiltonian defined in (@0).

Both parameterizations [@8) and (B0) satisfy that, fixing 7 = 7., they give parameterizations of
the invariant curves of the fixed point of the 27-Poincaré map from the section 7 = 7* to the section
T=7"42m.

4.4 Existence of the local invariant manifolds

In this section we will find the local invariant manifolds of the origin of the Hamiltonian system (B9).
First, we recall the behavior of the separatrix (qo(u), po(u)) as Reu — +oo, which is substantially
different depending on whether (0,0) is a hyperbolic or a parabolic point of the unperturbed system.
In the hyperbolic case, by Hypothesis HP1.1, close to x = 0 the potential behaves as

2

Vi) = —%:f + 0@, (52)

Therefore, {\, —A} are the eigenvalues of the critical point. Moreover, there exist constants ¢y # 0 such
that as Reu — Foo the separatrix behaves as

qo(u) _ cie:l:)\u 10 (e:tQ)\u) ,

53
po(u) = +Acpe™™N + O (eiQ’\“) . (53)

In the parabolic case, using Hypothesis HP1.2, in [BF04] it is seen that there exists a constant ¢y such
that as Reu — Foo the separatrix behaves as

do(w) = 22 +o(1)

um—2 uY

200 1
S 4O ,
pO(U) (m — 2)um72 (’U,VJF:[)

where m is the order of the potential (I2)) and v > 2/(m — 2).

We look for the parameterizations of the local invariant manifolds in the domains D2, defined in
B4).

By (B3) and (B4)), the constant p can be taken big enough so that pp(u) does not vanish in these
domains. Then, as we explained in Section B3l we can look for the invariant manifolds by means of
generating functions 7"* (see [8)) defined in DY, , with * = u, s respectively, which are solutions of the
Hamilton-Jacobi equation (47)). Moreover, we impose the asymptotic conditions

(54)

N lim  py*(u)-9,T"(u,7) =0 (for the unstable manifold) (55)

e Uu——0o0

N her Pyt (w) - 0, T%(u,7) =0 (for the stable manifold). (56)
e U—+00

We note that when p = 0 a solution of (@) satisfying both asymptotic conditions (B3] and (&) is

u
Tow) = [ ph)d, 67)
—00
which corresponds to the the unperturbed separatrix.

The next theorem gives the existence of the invariant manifolds in the domains DY, , with * = u, s
defined in (B4). We state the results for the unstable invariant manifold. The stable one has analogous
properties.
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Theorem 4.3. Let us assume Hypotheses HP1.1, HP3, HPJ and take n > 0. Let p1 > 0 be a
real number big enough such that po(u) # 0 for u € Dy, ,.- Then, there exists €9 > 0 such that for
e € (0,e0) and pu € B(uo), the Hamilton-Jacobi equation A1) has a unique (modulo an additive constant)
real-analytic solution in D3, , x T, satisfying the asymptotic condition Ga).

Moreover, there exists a real constant by > 0 independent of € and u, such that for (u,7) € Dg, , xTo,

|0uT" (u, 7) — 8 To(u)| < byfple™ .

The asymptotic behavior of the invariant manifolds when Reu — 400 is qualitatively different for
the hyperbolic case and the parabolic case. For this reason we prove separately Theorem for these
two cases. We deal with the hyperbolic case in Section and with the parabolic case in Section

In the rest of the paper we will assume the whole set of Hypotheses HP1, HP2, HP3, HP4 and
HP5.

4.5 The global invariant manifolds

The next step is to extend the invariant manifolds to a wider domain which contains a region close to
the singularities +ia of the separatrix (see Hypothesis HP2). In the general case the function pg(u) can
vanish and therefore, the symplectic change (@3] is not well defined. For this reason one cannot use the
Hamilton-Jacobi equation (47]) anymore. Instead we look for parameterizations

(Q7p) = (Quys(vaT)aPuﬁs(va))

which are solutions of the partial differential equation (G0).

Nevertheless, there are some cases, as happens for the classical pendulum, where pg(u) does not vanish
for u € C, and then one can use the Hamilton-Jacobi equation in the whole domain, which makes the
proof of Theorems 2.4] and 2.7] remarkably simpler. Section [£5.1] is devoted to this simpler case and
Section to the general one.

4.5.1 The global invariant manifolds in the case py(u) # 0

In this section we extend the parameterizations [8) of the invariant manifolds to the outer domains
Dg}‘;’*, * = u,s, (see Figure ) defined by (33]), in the case that po(u) # 0. We emphasize that these
domains reach a region which is at a distance of O(e) of the singularities u = +ia of the unperturbed
separatrix.

The constant p will be taken p > pi, where p; is the constant given by Theorem [£3] in order to
ensure that DY , N DS # (.

Since in this section we are assuming that po(u) # 0 in the whole outer domain, the symplectic change
of variables ([H]) is still well defined there. Then, it is enough to look for the analytic continuation of the

generating functions T** obtained in Theorem

Theorem 4.4. Let p; be the constant considered in Theorem[{.3 and let us consider ps such that ps > p1,
k1 > 0 big enough and g9 > 0 small enough. Then, for p € B(uo), € € (0,20), the function T"(u,T)
obtained in Theorem[{.3 can be analytically extended to the domain DY x Ty

2,K1

Moreover, there exists a real constant by > 0 independent of ¢ and p, such that for (u, ) € Dg;“,_jf X Ty,
ba|ple™*!
u
_ < e
10,1 (u, 7) — 0 To(u)| < u? + a2|é+1

The proof of this theorem is given in Section [[Il The results for the stable manifold are analogous.
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4.5.2 The global invariant manifolds for the general case

We devote this section to obtain parameterizations of the global invariant manifolds for the general case,
that is, considering Hamiltonian systems for which pg(u) can vanish in the outer domains defined in (35]).
We look for parameterizations

(¢,p) = (Q“*(v,7), P** (v, 7))
which are solutions of the partial differential equation (B0). Our strategy will be:
e To obtain the parameterizations (Q"*(v, 7), P**(v,7)) in a transition domain (Theorem EH]).

e To extend them up to a region where we can ensure that po(u) does not vanish (Theorem ELG]).

e To recover in this new region the representations (@8] through the generating function T%* of the
manifolds, which are solution of the Hamilton-Jacobi equation ([@T) (Theorem [AT).

e To extend the generating function 9,7**(u,7) up to a distance of order € of the singularity, as it
was done in the easier case po(u) # 0 in Theorem [£.4] (Theorem [L.)).

First we are going to construct the two dimensional parameterizations of the invariant manifolds from
the parameterizations of the local invariant manifolds given in Theorem [£3] which were obtained by

using the Hamilton-Jacobi equation. We look for them in the transition domains
'S =Dyr' N DY, (58)
IS,E = DZ?/;S N Dgom

with p > p (see Figure [d]). Taking into account the change of variables (@), it is natural to look for the
parameterizations of the invariant manifolds (Q%*, P**®) of the form

Q" (0.7) = g0 (v + U (v.7)
P (v, 7) = 0T (v +U"(v,T)) (59)

po(v + U3 (v, T))

where U** define a change of variables u = v + U"*(v,7) in such a way that (Q“*, P**®) satisfy the
system of equations (B0).
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Figure 6: The transition domains I} ; and I ; defined in ES).

The results in this section are only stated in the unstable case since the ones for the stable case are
analogous.

The next theorem ensures that the change of variables u = v + U"(v, T) exists and it is well defined
in the transition domain [} ;.
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Theorem 4.5. Let p1 be the constant considered in Theorem[{.3 and let p3 and ps such that ps > p3 > p1
and g9 small enough (which might depend on p;, i =1,2,3). Then, for e € (0,e9) and p € B(ug), there

exists a real-analytic function U" : I, x To — C such that

e There exists a constant by > 0 independent of ¢ and pu such that for (v,7) € I oo X To,

U (v, 7)| < bs|ule™ .

o If (v,7)eIt  xT,, thenv+U"(v,T) € DY

P3,p4 0,p1 "

e The parameterizations of the invariant manifolds (Q" (v, 1), P*(v,7)) in [B9) satisfy the system of
equations ([B0) and there exists a constant by > 0 such that for (v,7) € I}, , xT,,
Q(v,7) = qo(v)| < bafpule™?
[P*(v,7) = po(v)| < balule™™,

where (qo,po) is the parameterization of the unperturbed separatriz given in Hypothesis HP2.

The proof of this theorem is deferred to section

Having the parameterizations (Q**(v, 7), P**(v, 7)) in the transition domains I;;, , x T, for x = u, s,
we extend them until we arrive to a region where we can ensure that po(u) does not vanish anymore. This
region consists of a piece of the boomerang domains defined in [B2)) (see Figure ), in which pg(u) # 0,
and hence the parameterizations (@8] will be well defined in them.

The next step is to extend the parameterizations (Q*(v,7), P“*(v, 7)) provided in Theorem [L5] up
to domains which intersect the boomerang domains Dy ; and Dy, ; respectively. To this end, we define

the following domains

~ d
D;?dt:: =D N {u € C;|Imu| < —tan foReu+a — 5}

(60)

~ d
DZ?{;;}: =Dy N {u € C;|Imu| > tan foReu + a — 5} ,

which are depicted in Figure [l

We want to emphasize that to extend the parameterizations (Q"*(v,7), P**(v,7)) to these new
domains, has no technical difficulties since they are far from the singularities v = +ia. Actually the next
theorem is a classical perturbative result.

Theorem 4.6. Let py and k1 be the constants considered in Theorems [{.9] and[{4), do > 0 and g9 > 0
small enough. Then, for p € B(uo) and € € (0,e¢), there exist functions (Q"(v,7), P*(v,7)) defined in
DSZT&:’L,M x T, satisfying equation [BQ) and such that they are the analytic continuation of the parame-
terizations of the invariant manifolds obtained in Theorem [[.5] _
Moreover, there exists a constant by > 0 independent of € and p such that for (v,7) € D;Ef&ﬁm x Ty,
Q" (v,7) = qo(v)| < bs]p|e™
[P (v,7) = po(v)] < bs|ple™.

The proof of this theorem is given in Section [[L.2.3

Theorem provides parameterizations of the invariant manifolds of the form [@3) in the domains

5;“; " and 5‘;“; . In particular, they are defined in the following transition domains, which are depicted

in Figure
out,u __ mout,u u
I/{,d - Dp,d,/{ n Dn,d

out,s __ 7out,s s
I/{,d - Dp,d,/{ n Dka,d’

(61)
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Figure 7: The domains 5;“;’: and ﬁ(;udt’: defined in (@0).

where, by construction, pg(u) does not vanish. Then, we can use these domains as transition domains
where we can go back to the parameterizations (@8] and where the Hamilton-Jacobi equation (A7) can
be used. To obtain them, we look for changes of variables v = u + V**(u, 7) which satisfy

Q" (u+V»(u,7),7) = qo(u), (62)

where Q** are the first components of the parameterizations obtained in Theorem Once we have
them, we will define the generating functions 7T%* which give the parameterizations ([@g). Let us observe
that if po(u) does not vanish in the outer domains, the changes of variables v = u+ V**(u, 7) are defined
in the whole domain and they are the inverse of the changes v = v +U"*(v, 7) obtained in Theorem (.5

=
e/ out,s
/, I K,d

~out,s
p,d,K

Figure 8: The domains I;’}]dt’u and Izjldt’s defined in (@I)).

Theorem 4.7. Let dy, k1, pa be the constants given in Theorem [[.0, ko > k1, di < dy and g9 > 0 small
enough. Then, for e € (0,e9) and u € B(uo), and increasing k1 if necessary,

e There exists a real-analytic function V* : I°"%" x T, — C which satisfies ©2). Moreover, if

Kz,d1
(’LL, T) S Is;ltd? X To’, then u -+ V“(u, 7—) c ]OUt=“ and

K1,do

V¥ (u, 7)| < bglule™
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with bg a constant independent of u and €.

e There exists a generating function T : fﬁiﬁfﬂ x Ty — C such that

T (u,7) = po(uw)P*(u + V*(u, 1), 7),

where P" is the function obtained in Theorem[{.0, and satisfies equation [@T). Then, we have that
(q,p) = (qo, po(u) 10, T"(u, 7)) is a parameterization of the unstable invariant manifold of the form
@R). Moreover, there exists a constant by > 0 such that, for (u,7) € I°"" x T,,

K2,d1

10, T (u, 7) — 0, To ()] < br|ple™.

This theorem is proved in Section [[.2.4]

The final step is to extend the just obtained parameterizations of the form (@8] to the whole boornerang
domains D! ; and D? , defined in (82)) (see also Figure ). In particular the whole boomerang domains
contain poinlcs up to a distance e of the singularities +ia.

Theorem 4.8. Let ko and dy be the constants given in Theorem[I.7, do < di, k3 > ko big enough and
g0 > 0 small enough. Then, for u € B(ug) and € € (0,g0), the function T"(u,T) obtained in Theorem
[£.7 can be analytically extended to the domain Dy, ; x T,.

Moreover, there exists a real constant bg > 0 indépendent of € and u, such that for (u, ) € Dy 4, %Ts,

bs|ple*

|0,T" (1, 7) — O, To(u)] < g

Tt a
where Ty is the unperturbed separatriz given in (B1).
The proof of this theorem is given in Section [[.2.5

Remark 4.9. Let us point out that these domains satisfy Dy ; C Dg:ﬁ’“ and D; , C Dg:l,:*s if p is big
enough. Therefore, in the case that po(u) does not vanish, Theorem ensures that the functions T"*
are already defined in Dy, 4 and Dy, respectively.

Let us observe that, if € is small enough, Dijﬁ’f’s C Dy, ; and D,ii‘f;:i’“ C Dy 4

K

After Theorem 4] and there is no difference between the case po(u) # 0, when the invariant
manifolds can be written as graphs globally, and the general case when py can vanish: we have found
boomerang domains which intersect the real line and which reach neighborhoods of size ke of the singu-
larities where both manifolds can be written as graphs. This will be the starting point in our strategy to
measure the distance between the invariant manifolds.

4.6 The asymptotic first order of J,7"° close to the singularities +ia

Theorems [£4] and are valid for n > max{0, ¢ — 2r}. Therefore, when ¢ < 2r the results are true for
n > 0. Notice that if £ < 2r Theorems [£4] and give a classical perturbative result with respect to the
singular parameter ¢, in the sense that the main term of 9, 7% is given by the unperturbed separatrix
0uTo in the whole outer domains. This fact is not true anymore in the case £ —2r > 0 and n = £ — 2r.
Then we will have to look for different approximations of the invariant manifolds close to the singularities
u = =*ia, by using suitable solutions of the so-called inner equations. Consequently, the case ¢ < 2r is
easier to deal with, because it is always regular and there is no need of using inner equations to obtain a
better approximation of 9, 7" * near the singularities +ia of Typ. When £ — 2r > 0, as we have mentioned
in section [3.4] we include the regular case > ¢ — 2r in the singular one n = £ — 2r doing the change of
parameter i = pe~(¢=27),
We separate both cases ¢ < 2r and ¢ > 2r in the corresponding sections below.
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4.6.1 The asymptotic first order of 9,7"° for the case ¢ < 2r

In this section we will assume that ¢ < 2r and henceforth we are dealing with values of n > 0.

To obtain the main term of 9, 7%* — 9, Ty we just need to use classical perturbation theory even in
the inner domains DI*5*, « = u, s, defined in [BG) (see Figure ). Let us observe that, if u € D5,
* = u, s, then O(ke) < |uFial < O(e7).

The next proposition gives the first order asymptotic terms of 9,,7**® — 0, Ty close to u = ia, that is
in DL‘T’CJ“*, * = u, s. The study close to u = —ia can be done analogously.

Proposition 4.10. Let us assume £ —2r < 0 and 0 < v < min{1, fi_i_} where 7y is the constant involved
in the definition of the inner domains in [B6). Let us consider the constant k3 given by Theorem[[.§ and
c1 > 0 and let us define the constant

v* =min{vy,v5, 1 —max{0,¢{ —2r +1},r, 0,0 +1— (r+ 1)y} >0,
where

vy = min{(2r — £)~, 1}

. [t =y) ife>0
27V 11—y ife=0

Let us also define the functions

0
Www;mﬁ’mmwmmwmnwﬁw

0
765(11‘77_) :7,”577 Hl(QO(u+t>ap0(u+t)77+€71t)dta
—+o0

(63)

where Hy is the function defined in @) and ([IQ) and (qo(w), po(w)) is the parameterization of the unper-
turbed separatriz given in Hypothesis HP2. Then, there exists €9 > 0 and a constant by > 0 such that
for any € € (0,e0) and p € B(uo) the following bounds are satisfied.

o If (u,7) € DMLY X T,

10, T (u, 7) — D To (1) — By T (u, 7)| < bople" "
o If (u,7) € Dt x T,

0,1 (u,7) = 0 To(w) — 075 (u,7)]| < boule”™+".
This proposition is proved in Section [Tl

4.6.2 The first asymptotic order of 9,7"° for the case ¢ > 2r

Theorems L4l and L8] give the existence of parameterizations of the invariant manifolds of the form (48] in
Dy, 4, and Dy, for e small enough and « big enough. Nevertheless, when 1 = {—2r the parameterizations
of the perturbed invariant manifolds are not well approximated by the unperturbed separatrix when wu is
at a distance of order O(g) of the singularities u = +ia. For this reason, to obtain the first asymptotic
order of the difference between the manifolds, we need to look for better approximations 7% ° in the inner
domains defined in ([B6). We obtain them through a singular limit. Since we are dealing with the case
n > ¢ — 2r, the first step is to define a new parameter

fi = pe" "2 (64)
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Then, the Hamiltonian H reads

. 2

H(q,p.7) =5+ V (g-+2,(7)) = V (1,(7)) = V' (7)) g

+ ﬂge_%‘ﬁl (Qa D, T)

(65)

and, from H , one can define the Hamiltonian H in (@6]) using again the change (@5). On the other hand,
from Theorems 4] and [£8 one can obtain bounds for the parameterizations of the invariant manifolds
in terms of /i and €. We state them for the unstable manifold. The stable manifold satisfies analogous
bounds.

Corollary 4.11. Let us consider the constants k3 and do defined in Theorem[{.8 Then the function T
obtained in Theorems [{-4] and [£.8, which is defined for (u,7) € D , x T,, satisfies

K3,d2

b8|'a|5€—2r+1
u

_ < BlRE
|0uT" (u, 7) = 0uTo(u)| < |u2+a2|é+1,
where Ty is the unperturbed separatriz given in (B1).

We want to study the invariant manifolds close to the singularities u = +ia, that is, in the inner
domains defined in [B4)). Since the study of both invariant manifolds close either to u = ia or u = —ia is
analogous, we only study them in the domain D}:’C"”“. Then, we consider the change of variables

z=¢e Hu —ia). (66)

The variable z is called the inner variable, in contraposition to the outer variable u. We note that, by
definition of Ty in (B7)) and using the expansion around the singularities of po(u) in (I3]) and (Id), we
have that

OuTo(ez +ia) = Ec—i (1 L0 ((Ez)l/ﬁ))

27"227"

and, using the results of Corollary 11| we have that

I

|0.T"%(e2 +ia,T) — 0, To(e2 + ia)| < K€2T|Z|e+1‘

Hence, in order to catch the terms of the same order in e, we scale the generating function as
0 (z,7) = 21O AT (ia + €2, 7). (67)
Then, the Hamilton-Jacobi equation (1) reads
O-p +e"C7H (ia + ez, 2" CR0.4,7) =0, (68)
where H is the Hamiltonian function defined in (@6). The corresponding Hamiltonian is
H(z,w, 1) = EQTC;QF (ia + ez, E_QTCiw, 7‘) ) (69)
We study equation (G8) in the domain D*;F* x T,, where

Db ={z € Ciia+ez € DM} (70)
To study equation (GF]), as a first step it is natural to study it in the limit case € = 0. In the polynomial
case it reads

Ck+l—2

gl (T) (zQTGZwO)l = 0. (71)

1 o 21 B —_+
a‘1'1/]0 + 2Z (asz) 9,21 + Ze Z (1 B T)

(r—=1)k+ri=¢
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The solutions of this equation were studied in detail in [Bal06], where equation (1)) was rewritten as

. N
1, 1 - l

Ortho + 522 (9:100)” — Gy % ZAI(T) (2"0:400) =0, (72)

1=0

where
C_I’C_+l—2
Ai(r) = Z makl(ﬂa (73)
(r—=1)k+ri=¢

and ag; are the coefficients of Hy in (@) and C4 is given in HP2. This equation is in fact the Hamilton-
Jacobi equation associated to the non-autonomous Hamiltonian

. N
L 9 9 1 M 2r, N1
Ho(z,w,7) = 3% W = oo + g ZZO:AI(T) (z w) , (74)

which satisfies that H — Ho as ¢ — 0, where # is the Hamiltonian function defined in (GJ).

In the trigonometric case, an analogous equation to (7)) is obtained. There are only two differences.
First, one has to consider the definition of ¢ given in (&) associated to this type of systems. Secondly,
in the trigonometric case, the coefficients in front of ay;(7) are expressed in terms of the coefficients 6:1,[,
C*i and Cy in ([[4). Taking into account these facts, one can also define the analogous functions A;.

D Dy
ik K

< arctan 6 >
il‘\ /

Figure 9: The domains D;’eu and D:_”; defined in (73).

—1iK

The solutions of the Hamilton-Jacobi equation (72) were studied in in the complex domains
D:,"G" ={z€C;|Imz| >0Rez+k}

75
D;g:{zeC;—zeDz’é’} (75)

+,

. tan B2 for x = u, s. Nevertheless,

for k> 0 and 6 > 0. Let us observe that, for any ¢ > 0, D*;F* C D
since through the proof we will have to change the slope of the domains D:g, we start with a certain
fixed slope 6y < tan 2 which will be determined a posteriori.

The difference between the stable and unstable manifolds of the inner equation was studied in the
intersection domain

R, =D ' nD N {zeC;Imz < 0}. (76)

The next theorem gives the main results obtained in about the solutions of equation (72) and
their difference.
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Figure 10: The domain R:,e defined in ([76).

Theorem 4.12. Let us consider any fized 0y > 0. Then, for fi € B(fio) the following statements are
satisfied:

*

1. There exists k4 > 0 such that, equation ([[2) has solutions v : D:4 9o X To = C, x =u,s, of the
form

Yo (z,7) = — —— +jihy (z,7) + K™, K" eC (77)

(2r—1)z

where ES’S are analytic functions in all their variables. Moreover, the derivatives Ofag’s are uniquely
determined by the condition

sup ‘z“laﬂ;(zm)’ < 00

(z,T)ED;’TQO XTo

for x =wu,s. In fact, one can choose Eg’s such that

sup ’zéﬂg(zm)’ < oo
(z,T)ED:::eO XTo
for x =wu,s.
2. There exists k5 > ka, analytic functions {x!* (ﬂ)}kez, defined on B(fig) and g : R:&QGO x Ty = C
such that two solutions 1y of equation ([T2) of the form given in (1) with K" = K*, satisfy
(Wi = w5) (z,7) = Yy XM (p)er T HRoE), (78)

k<0

Moreover, the function g satisfies that

sup ’28727“9(2,7')‘ < 00 if £>2r
(Z7T)ER:5v290 XTs
sup ‘(ln |2)~! g(z,T)‘ < 00 if £ = 2r.
(Z’T)ER;,Q% X T

The proof of Theorem [£12]is given in [Bal06].
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Remark 4.13. Following the proofs of [Bal0G], it can be easily seen that the analytic functions {x (ﬂ)}kez,
are entire.

For the case ¢ — 2r = 0 we will need better knowledge of the function g given by Theorem [4.J21 The
next proposition gives its first asymptotic terms. First, we define certain functions which will be used in
the statement of the next proposition. Let us consider the functions A; defined in (Z3)), then we define

N

k
=3 (4 ) 4o, (79)
k=3
and functions F} such that
GTFj = Qj and <FJ> = O, (80)

which are periodic since (Q;) = 0.

Remark 4.14. The functions Q;(7) can be also defined intrinsically either flf is a polynomial or a
trigonometric polynomial, as

L o
—C77% lim (u —ia)* =783 H{ (qo(u), po(u), 7),

_j' u—ia

Qj(1) =

where HY is the Hamiltonian defined in @) and C. is given in (I3) and ().

Proposition 4.15. Let us consider the constant
b=2r(QoF1 +2FQ2) , (81)

where Q; and F; are the functions defined in ([9) and BQ) respectively. Then, when { —2r = 0, the
function g obtained in Theorem[{.13, is of the form

g(z,7) = —=Fi(7) — iblnz + g(z,7)

and g satisfies
sup |2g(z, T)| < 0.

(Z’T)ER:E,,?GU XTs

To have a better knowledge of the parameterizations of the invariant manifolds in the inner domains
’Df{rf’j"*, * = u, s in ([{0), we need to compare the parameterizations 1)*-*, which are solutions of (68)) with
" which are solutions of (TI]) and have been given in Theorem 121
Since we have to use the functions and results obtained in TheoremE.T2] we need that D", " C D
To this end, we impose

+.u
K,200"
tan 52

We state the next theorem for the unstable invariant manifold. The stable manifold satisfies analogous
properties.

0o

Theorem 4.16. Let vy € (0,1), the constants k3 and ks defined in Theorems [.8 and[{.13, ¢1 > 0 and
g0 > 0 small enough and kg > max{ks, ks} big enough, which might depend on the previous constants.
Then, for e € (0,e9) and [i € B(fiy), there exists a constant big > 0 such that for (z,7) € D,‘ir;"glu x Ty

1

bioe?
1

27"—5

10:9"(2,7) = 0:45 (2, 7)| <

k1

where y enters in the definition of D™ r = «/B has been defined in Hypothesis HP2, 1Y is given in

Ke,C1 7

Theorem [{-1Z and " is the scaling of the generating function T given in (G1).

The proof of this theorem is given in Section
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4.7 Study of the difference between the invariant manifolds

Once we have obtained parameterizations of the invariant manifolds of the form (@f)) in the domains
Dy, 4, and Dy and studied their first order approximations close to the singularities, the next step is
to study their difference.

We devote Section 7] to study the (easier) case £ — 2r < 0 and then in Section we consider

the case £ — 2r > 0.

4.7.1 Study of the difference between the invariant manifolds for the case ¢ — 2r <0

We are going to proceed to study the difference 0, 7%(u, 7) — 9, T°(u, 7). Recall that in the case £—2r < 0,
Hypothesis HP5 becomes 17 > 0. Therefore our study includes the non perturbative case n = 0.
To study the difference between the manifolds, we define

Alu,7) =T"(u,7) — T%(u, 1) (82)

in the domain R, 4 = D? , N D , which is defined in (B3]).

We recall that po(u) # 0 if u € R, 4 and hence we can use the Hamilton-Jacobi equation in this
domain.

Subtracting equation ([@7) for both 7% and T*, one can see that A satisfies the partial differential

equation

L =0, (83)
where B
Lo=e10, 4+ (1 +G(u,7))0, (84)
with
Gu,7) ==—— (0,17 (u, 7) + I, I5 (u, T
" QP%(UE)"( 11 | ~ | - SO T (u, 7) + (1 — 8)0,T5 (u, 7) (85)
i 0t (st 4 SIS AR, )

where Hj is the function defined in (@Q) and T (u, ) = T%*(u, 7) — To(u) with 9,To(u) = p3(u) and
T"* are given in Theorems [£4] and

Following [Bal06], to obtain the asymptotic expression of the difference A, we take advantage from
the fact that it is a solution of the homogeneous linear partial differential equation (83)). In [Bal06] it is
seen that if (83) has a solution & such that (&y(u,7),7) is injective in R, q X Ty, then any solution of
equation (B3]) defined in R, 4 x T, can be written as £ = Y o {y for some function Y.

Following this approach, we begin by looking for a solution of the form

1

So(u,7) = u—7+C(u, 1) (86)

being C a function 27-periodic in 7, such that (& (u, 7),7) is injective in Ry, 4 x T,.
From now on the parameter x will be play an important role in our computations. The next results
will deal with big values of x = k() such that ke < a. In particular, in Theorem .19 we will use

k= O(log(1/e)).

Theorem 4.17. Let do > 0 and k3 > 0 the constants defined in Theorem [{.8, d3 < d2, €9 > 0 small
enough and k7 > k3 big enough, which might depend on the previous constants. Then, for e € (0,¢),
w € B(ug) and any k > k7 such that ek < a, there exists a real-analytic function C : Ry q, x T, — C
such that &(u,7) = e 'u — 7+ C(u,T) is a solution of [B3) and

(&o(u,7),7) = (5_1u — 74+ C(u,7), 7‘)

18 injective.
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Moreover, there exists a constant by1 > 0 independent of u, € and k, such that for (u,7) € Ry a4, X Ty,

|C(u, T) < bra|ple”
10,C(u, T)| < byyr ™Y pule" .

To study the first order of the difference between the invariant manifolds, we need a better knowledge
of the behavior of the function C in the inner domains defined in (BGl). The next proposition gives the
first order asymptotic terms of C close to u = ia, that is in D,?;f” N ijf’c"“s. The study close to u = —ia
can be done analogously.

Proposition 4.18. Let k7 be given by Theorem [{.17 and ¢1 > 0. Then, for any eg > 0 and k > Ky
such that ke < a, there exist a constant C'(p,e) defined for (u,e) € B(po) X (0,£0) and depending real-
analytically in p and a constant bis > 0 such that |C(p,€)| < bia|ule” and, if (u,7) € (DIF N D) x

K,C1 K,C1
T,,

bia|ple”
e

|C(ua T) - C(:U’agﬂ <

Moreover, in the case n = 0, there exists a constant C(u) such that C(u,e) = C(u) + O (g¥) for certain
v > 0.

The proofs of Theorem [£.17 and Proposition .18 are done in Section
As we have explained, since A = T"* — T is a solution of the same homogeneous partial differential
equation as &y given in Theorem 17 there exists a function Y such that A = Y o &y, which gives

Afu,7) =7 (e7'u—7+C(u,7)) . (87)

Since A is 2w-periodic in 7, we notice that the function Y is 27-periodic in its variable. Therefore,
considering the Fourier series of T we obtain

A(u, 7_) — Z T[k]eik(aflu—q—-i-c(u,r))- (88)
kEZ

Now we are going to find the first asymptotic term of A. Let us first observe that the Melnikov
Potential defined in (I7) can be defined through the functions 7;"°, given in (63), as

To'(u,m) = Tg (u, 7) = —pe" L(u, 7). (89)
Moreover by ([IJ),
Llu,7) = Y MMk er), (90)
keZ

In [DS97] (for the hyperbolic case) and [BFE04] (for the parabolic case), it was seen that for n > £, the
function L gives the leading term of the difference between manifolds. Nevertheless, for the general case
1 > 0, one has to modify slightly this function to obtain the correct first order. Let us define

Dol ) = 30 (e umrsen), o1)
keZ
where
Y = —penMe=ikCUee) i | <0
0 _ (92)
Y = e Me=ikCUe) g > 0,

where C(u,¢€) is the constant obtained in Proposition and C(u,€) is its complex conjugate. Let us
point out that, by Proposition [fI8] these coefficients satisfy

1! = —pe MW (14 O (K|ue™)
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Next theorem shows that this function Ag gives the first asymptotic order of ([82). From now on, in this

subsection, we consider real values of 7 € T = T, NR. In this setting it can be easily seen that the
function Ay is real-analytic in u.

Theorem 4.19. Let us consider the mean value of Y, YO, defined in @®), s < v* where v* is the
constant defined in Proposition[{.10 and eo > 0 small enough. Then, there exists a constant biz > 0 such

that for e € (0,20) and p € B(po) NR and (u,7) € (R4 In(1/2),ds NR) x T, the following statements are
satisfied:

bys|plem

a
“@

IN

‘A(’U,,T) — ol —Ao(’u,T)‘ e

b n—t 4
100 A(u, 7) — Do (u, 7)| < %e—s

big|ple” 1t _a
lagA(u,T) — 83A0(u,7')’ < %e c.

Let us observe that, using Lemma 23] the definition of the coefficients T([)k] in (@2) and Proposition
T8 one can deduce a simpler leading term of A in (82)). For this purpose let us define the function

n a . i( L
iifi e =Re (foelc(“’e)e_z(;_H_C(Uﬂ)) ; (93)

Aoo(’u, T) =

where C'(u, ) is the constant given in Proposition ELI8 and C is the function given by Theorem 11

Corollary 4.20. There exists a constant byy > 0 such that for € € (0,e0), u € B(uo) NR and (u,7) €
(RS In(1/e),ds R) x T, the following statements are satisfied.

b entl=t a

’A(U,T) — ol — Aoo(u,'r)‘ < %e B
b =t _a
[OuA(u, ) — Oy Aoo(u, )| < %678

|Inel

bia |,u| gn—1-¢ _
—— €

o |e

2 2
|07 A (u, 7) — 93 Ago(u, 7)| < e

We devote the rest of this section to prove Theorem[£19] from which, using also Lemma[23] Corollary
4.20]is a direct consequence.

Proof of Theorem[£.19 For the first part of the proof we consider complex values of u € B(uo) and later
we will restrict to u € B(up) NR. We define

T(Q) = 30 T,

keZ

where T = 1k — Tgc]. By (%) and @), the function A(u,7) = A(u, 7) — Ag(u, 7) can be written as

A(U,T) -7 (Eilu — 7 +C(u, 7_)) — Z ’Y‘[k]eik(gfluf'rJrC(u,T))_ (94)
keZ

Therefore, to obtain the bounds of Theorem EI9] it is crucial to bound ‘TW ’
The first step is to obtain a bound of A(u,7) for (u,7) € Ry, 1.4, X T. First we bound this term

for (u, ) € (RS i, VD A Dlnl:rium) « T. Recalling the definitions in (82), ([G3), (87), @), @)
and (@), we split A as

Afu,7) = A (u, 1) — A3 (u, 7) + Ao (u, 7) + As(u, 7)
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with

A (u, 1) = T (u,7) — To(u) — T3 (u, 7) (95)

As(u,7) = —pe” Z MKl gik(s™ u=r) (1 — eik(c(“’”*c(“’g))) (96)
k<0

ﬁg(u,'r) = —pue" Z MKl gik(s™ u=T) (1 - eik(c(“"r)*ﬁ(“’s))) ) (97)
k>0

Applying Proposition 10, one can see that for (u,7) € (R N D™ o pmte ) x T,

1
sln <,ds sln ,C1 sln—,cl

VAP (u,7)| < Klule=

where v* > 0 is a constant defined in that proposition.
To bound As, it is enough to apply Lemma [Z3] Theorem LTT and Proposition 18] to obtain that

for (u,7) € (R A D" ﬁD‘“Jr“Cl) X T,

Sln%@d sln ,c1 sln L

K|M|2€2n7€+s
[Ine|

Aofu,7)| <

Finally, to bound 0, 33, it is enough to take into account again Lemma 23] Theorem [ TTand Proposition
in + S in,+,u
Then, one can see that for (u,T) € (Rs . VD I de N DT Cl) x T,

WBa(u,7)| < Kluetrt-se

Therefore, from the bounds of K“’S A, and Aj and recalling that by hypothesis s < v*, we have that

for (u,7) € (R ,N DN N Df;;j_uq) x T,
~ K|plen—*t*s
D A(u, } 98
()| < =h (98)
Reasoning analogously, one can see that for
(17) € (Ruimay N Dy, N DB ) X T,
the function auﬁ satisfies
_ K|M|€nf€+s
O A (u, ‘ < Bime” 99
)| < =h (99)

Finally, for (u,7) € (RS Inlds N Dgﬁﬁf,m N szatv“m) x T, we decompose A(u, 7) = (T"(u, 7)—Ty(u))—
(T (u, ) — To(u)) — Ao(u, 'r). Using Theorems 4] 8] and 17 and also Lemma 23] one can easily see
that

0uA(u, )| < K |u|e™ D

provided |u —ia| > O(g7). This bound is smaller than (@8)) and ([@9) due to the fact that (£4+1)(1 —~) >
v* > s (see Proposition I0 for the definition of v*).
Taking into account (@) and (@), one can conclude that for p € B(up) NR,

O (u,7)| <

~ K n—_{+s
’ < Klule (100)

[Ine|
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The second step of the proof is to consider the change of variables (w, 1) = (u+&C(u, 7), 7). By Theorem

E.I7 one can easily see that it is a diffeomorphism from R, y,(1/¢),4, X T onto its image R x T. Denoting
by Y’ the derivative of the function Y (see ([@4))), we define the function

O(w,7) =Y’ (e7'w—1),

on RxT which, by construction, satisfies
1 R
O(u+eCu,7),7) = (E + 9,C(u, 7')) OuA(u, 7). (101)

Moreover, as O(w, 7) is periodic in 7, it can be also written as

O(w, 1) = Z Okl (1)t

kEZ

Then, for any w € é, the Fourier coefficients satisfy
ikYH = @[+ (w)e_ik%.

Now, taking advantage of the fact that the coefficients Y do not depend on w, we will obtain sharp
bounds for the coefficients T with & < 0. Since we are dealing with real analytic functions, the
coefficients Y¥! with & > 0 will satisfy the same bounds. Let us consider w = w* = u* + eC(u*,0) with
u* =i(a — seln(1l/e)). Then,

L]

[TH] < k17" sup [ @1 H(w) | o= (emsetn 2)lifim (ctu0)
weR
L] 1 .
< |k,|—1 sup |®(w’7_)| e—?(a—saln g)—\k\lm (C(u ,O)).
(w,7)ERXT

Then, taking into account (I0I]) and Theorem 1T, we have that for k < 0,

8u£(u,7') 7‘8&(a7551n%)7|k|lm(C(u*,O))'

’T[k}‘ < Ke sup e

(u,T)ERs1n(1/e),a3 XT

Therefore, to obtain the bounds for T with k < 0, it only remains to use bounds (I00) and the properties
of C given in Theorem [LT7 and Proposition EI8 Then, we obtain that for & < 0

’T[k] ’ < K|,U,|E77€_% 7““‘771 (aJrss log s+b11|,u|577+1) )
= |lnelef—t

Finally, the bounds of YI* lead easily to the desired bounds of E(U,T) for (u,7) € (RS In(1/¢),ds N R) X

T. O

4.7.2 Study of the difference between the invariant manifolds for the case ¢ —2r >0

Recall that when £ — 2r > 0, Hypothesis HP5 becomes 1 > ¢ — 2r. For this reason, as we did in Section
E6.2 we will denote fi = pue” 27, Let us emphasize, that the regular case 7 > £ — 2r in this new setting
corresponds to i — 0 as € — 0.

As we have done for the case £ —2r < 0 in Section .71}, we consider the function A(u, 7) = T"(u, ) —
T°(u,7) defined in (82) in the domain R, q = D;, ;N Dy ; defined in (33) (see also Figure [3)).

Now A satisfies the partial differential equation

Lg=0, (102)
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where L. is the operator defined in (&84) and G now is

Gl1.7) = gres (0T (1,7) + 0.7 . 7)
e 1 (103)
pet=2r ~ " " O T (u, 7) + (1 — 8)0, T (u, 7) =) ds
2 [ ot () + el ) s

where Hj is the function defined in @0) and T%*(u,7) = Tp(u) + T1*(u, 7) with 9,To(u) = p2(u) and
Ty"* are given in Theorems 4l and L8 Let us point out that the only difference between the function G
defined in (I03) from the one defined in (8H) is the dependence on the parameters. The first one depends
on p and e whereas the second one depends on i, which has been defined in terms of p and € in (64).

As we have done in Section 7.1 to obtain the asymptotic expression of the difference A, we look for

a solution &, of (B3] of the form
Eo(u,7) = 'u—7+C(u,7)
with C a function 27-periodic in 7, such that (§y(u,7),7) is injective in R, 4 X T,. Then, we will write

A as £ =T o for some function Y.

Theorem 4.21. Let us consider the constants do > 0 defined in Theorem [[.§ and ke > 0 in Theorem
[£16 ds < dy and g9 > 0 small enough and kg > ke big enough, which might depend on the previous
constants. Then, for e € (0,20), p € B(po) and any k > kg such that ex < a, there exists a real-analytic
function C(u,7) : Ry a3 X Ty — C such that & (u,7) = e u — 7+ C(u, 7) is solution of ([02) and

(60(“) T)a T) = (Eilu -7+ C(ua T)a T)
1S injective.
Moreover, there ezists a constant bys > 0 independent of p, € and k, such that for (u,7) € Ry 4y X To,
o I[f{—2r >0,

C(u,7)| < M

- |u2+a’2|6727“

10uC(u, )] < Dl

- K |U2 + a2|272r :

o Ifl—2r=0,
IC(u, )| < bys || In |u® + a?|

bis |fi]
0.C(u, <
ouctu ) < L

To study the first order of the difference between the invariant manifolds when ¢ — 2r = 0, we need
a better knowledge of the behavior of the function C in the inner domains (B6). The next proposition
gives the first order asymptotic terms of C close to u = ia. The study close to u = —ia can be done
analogously.

Proposition 4.22. Assume { = 2r. Let ¢; be a constant as in Theorem[{.16] We consider co > ¢1 and

B <7y <1, (104)

where r = /B has been defined in Hypothesis HP2.

Then, for any g > 0, there exist a constant C(fi,€) defined for (fi,&) € B(fig) x (0,e0) depending real-
analytically in fi and a constant by > 0 such that |C(fi,e)| < big|al and, if (u,7) € (D% N DInTs) x
T,,

-
|C(u,7) — Cfi,e) + pFi(7) + f*bIn(u — ia)| < %.
u—ia
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We recall that y enters in the definitions of DI +2“ and D‘“ + ®, C is the function given in Theorem [{-21]
and the function Fy and the constant b have been defined in (IEII) and (BT) respectively.

Therefore, if we consider the function g given in Theorem [[.12, by Proposition [{.13, there exists a
constant biz > 0 such that, if (u,7) € (D4 N DIE-s) x T,
biz|file
lu —ial

|C(u,7) — C(f1,e) + fi°blne — fig (e~ (u —ia),7)| <

Moreover, there exists a constant C'(fi) such that C(fi,e) satisfies C(fi,e) = C(1) + O (e¥) for a certain
v > 0.

The proofs of Theorem [£21] and Proposition [£.22] are done in Section

As we have explained in Section LTIl since A is a solution of the same homogeneous linear partial
differential equation as & given by Theorem .21 there exists a 2w-periodic function T such that A =
T o &y, which gives

Afu,7) =7 (e7'u—7+C(u,7)) . (105)
and considering its Fourier series we have
—_ Z T[k] eik(gfluf'r«l»c(u,‘r)). (106)
kEZ

Now we are going to find the first asymptotic term of A which will be strongly related with (y§ —
Y§) (e (u —ia), 7), being 1;"° the solutions of the inner equation given in Theorem EET2 We introduce
the auxiliary function

Aar (u7 7_) _ Z T([)k] eik(571u77+C(u,7)) (107)
k<0
with

C2 o _lkla )
i = — M (e if £ —2r >0 (108)

02 /:L ~ _&_i — i 02 n .
T = S (e e T CE it ng if £~ 2r =0, (109)
where {xk (ﬂ)}k < are the coefficients given in Theorem T2 and C(ji, ) and b are the constants obtained

in Propositions [4.22] and [4.15] respectively. The scaling C_Qi_ /e*"=1 comes from the inner change in (G7).

We also introduce
_ Z Tgc] eik(€71u77+C(u,T)>

k>0
with
% kla
M _ Sjﬁiy[ H(p)e = if£—2r>0 (110)
g lla o0 =
i = Er B FlH (pye e HiM-T@ AT Ine) if £ —2r = 0. (111)
The function Ag (u, 7) corresponds to the difference of the solutions of the inner equation close to u = —ia

if i,7 € R. We note that, taking 7,4 € R, Aj is nothing but the complex conjugate of Af. In fact,
as we know that A is a real analytic function in the u variable for real values of /i, 7, we can define Ay
as the function that satisfies that Ag = AJ + A is also a real analytic function in the same sense as
explained before for A.

We will see that the first order of A is given by

Ao(u,7) = Ag‘(u,T) + Ag (u, 7). (112)
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Let us point out that it can be written as

Bo(u,7) = D Tl umrretun), (113)
keZ\{0}

where T([)k] are defined either by (I08) and (II0) in the case £ — 2r > 0 or by (I09) and (II]) in the case
¢ — 2r = 0. For convenience we introduce T[OO] = 0. From now on, in this subsection, we consider real
values of 7 € T, NR.

Theorem 4.23. Let us consider the mean value of Y, Y, defined in (I0B), s < 1/8, where r = o/ is
defined in Hypothesis HP2, and €y > 0 small enough. Then, there exists a constant big > 0 such that for
e € (0,e0) and 1 € B(jig) "R and (u,7) € (RS In(1/e),ds N R) x T, the following statements are satisfied.

o Ifl—2r>0,

bis|fi -2
0
‘A(U,T)—T”—Ao(U,T)‘ SW c

19 A () = Budofu, )| < 28l -

— 527‘| 1n€|€—27‘

[y

o2

bislfi] _a
2 2
‘(%A(Uv 7_) - auAO(uv 7_)‘ S €2r+1| 1n€|€—27‘e <.

o [f{—2r=0,

bislit] e
0 18| +4%Imbln
’A(U,T)*TH*AO(U,T)Iéme eH :

bislfl 2y eimpin
|5uA(u,7‘) — auAO(U,T” S me £ H 5

b |A| _a_ .2
2 2 18|H +i%Imblne
’auA(u,T) — 8qu(u,T)’ < me e Tpoimbine

We observe that d,Aq gives the correct asymptotic prediction of 9, A if T([J_l] # 0. In fact, we only
need this coefficient to give a simpler leading term of the asymptotic formula. For this purpose let us
define the function

f()=Cixt™ (), (114)

where C is the constant defined in (3] or (@) and x!~!() is the constant given in Theorem EEI2 Let
us point out that the zeros of f(j1) correspond to the zeros of x[=1(71). We define

200 _a (&
Ago(u, ) = 2—ule cRe (f(ﬂ)eﬂ(a 7T+C(u’7))) if¢—2r>0 (115)
e
2/ —a (2 N U
Ago(u,7) = e =Re (f(ﬂ)e’l(“ blne—C(ie)) o —i( *T*CW))) if 0~ 2r =0, (116)
e

where b is the constant defined in &), C(ji, ) the constant given in Proposition 22/ and C the function
given by Theorem L2711

Corollary 4.24. There exists a constant big > 0 such that for e € (0,e¢), it € B(fio) "R and (u,7) €
(RS In(1/e),ds R) x T, the following statements are satisfied.

o Ifl—2r>0,

biolfi _a
‘A(’U/,T) — T[O] _ AOO(U;T)‘ < W@ £

|0uA(u, 7) — Oy Ao (u, )| < Mef

— €2T| 1n€|€—27‘

o2

bio || a
2 2
|5uA(u, T) — 8uA00(u, T)| S We €.
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o Ifl—2r=0,

bio Al 2 p2rmp
0 e
A7) =119 = )] < et

|0uA(u, T) = Ouloo(u, T)| < 57— o i) e~ e TA*Imblne

- 2T|ln5|

biolal e
2 2 19 |/ +4°Imblne
‘auA(U,'T) 7(9UA00(U,T>| S me € .

We devote the rest of this section to prove Theorem 23, from which Corollary [£24] is a direct
consequence.

Proof of Theorem[{.23. For the first part of the proof we consider complex values of i € B(fig) and later
we will restrict to /i € B(fip) NR. By ([I06) and ([II3]), the function A(u,7) = A(u,7) — Ag(u, 7) can be
written as

Alu,7) =T (e7'u—7+Clu,7)) ZT K gik(e ™ u—rHC(u, ), (117)
kez

where Y = Yl _ T([Jk]. Therefore, to obtain the bounds of Theorem [£23] it is crucial to bound

T4,
The first step is to obtain a bound of A(u,7) for (u,7) € Ry, 1 gy X T. First we bound this term for
(u,7) € (Ré gy 1 DI, ADEH" ) X T, Recalling the definitions of (£2), (IT2), (TZ) and (75),

we split A as B B B B B
Au,7) = A (u, 1) — A (u, 7) + Ag(u, 7) + Asz(u, 7)

with

~ C? X —
AP (uy7) = T (u,7) = g (u )
9

627"71

C? —1 —1
- b (o () —upe (22) 113)
~ 02 —ia s [u—ria n
As(u,7) = i (1/}0 ( . ,T> — Y5 (T,T>> — Ay (u,7) (119)

ﬁg(u,T) = —Ag (u, 7). (120)

. in + s in,+,u
Applying Theorem .16 one can see that for (u,7) € (RS mld VD) Il e, ND_ "1 52) x T,

1
Kgﬁf?’r’

Ay ()| <
h , IInel* 7

To bound 32, one has to proceed in different ways, depending on whether ¢ — 2r > 0 or £ — 2r = 0. For
the first case, let us point out that,

AQ u 7- ZT[k ( ik(e lu—T-ng(a*l(u—ia),T)) _eik(fs*lu—‘r-i-C(u,T))) )
k<0

Then, applying Theorems 12 and [L2T] and the mean value theorem one obtains that for (u,7) €
in,+, in,+,

(RSIU%1d3 N Dsln sc mDshﬂ :,Lc ) X T’

K|ﬂ|26572r

£—2r °

Aa(u, )| <

ne
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For the case £ — 2r = 0, taking into account the definition of T[Ok] in (I09),

CLit 5~ wg
E27‘—1
k<0

AQ(U, 7_) _ ) (eik(s’l(ufia)f'rJrﬂg(s*l(ufia),'r)) - eik(671(uf’ia)7T+C(U,T)7C(ﬂ,€)+ﬂ2blnE)) )

Q
By Theorems [ET2] and [£21] and Proposition 22 for (u,T) € (RS nldy pints A pints uc2) « T, we

sln ,Co sln L
have that
K|ﬂ|26572r
|1n€|1JrIm o

A (U,T)’ <

Finally, to bound 9 &3, it is enough to take into account (Z8). Then, one can see that for (u,7) €
+ +,
(Rmi,ds nD%E At “) % T,

s n— ,Co sln L
~ -, 2a
Az (u, 7')’ < Klple™# e provided £ —2r > 0
~ 2a " . 1
WBa(u, 7)| < Kafem*2re™ e +2m (A0 mnetm (A% o 2 provided £ — 2r = 0.

Therefore, from the bounds of ﬁ“’s A, and Az and recalling that by hypothesis s < 1 /3, we have that

for (u,7) € (R s N Dmln"r_é62 N D’:;j_“w) x T,
. K es—2r
GUA(U,T)’ < “(rfw provided ¢ — 2r > 0
ne
- K s—2r
3uA(U77)‘ < “;rm provided ¢ — 2r = 0.
ne

Moreover, taking into account that 8u£(u, 7) depends analytically on fi and moreover satisfies 8u£(u, T)

A=0

0, one can apply Schwartz Lemma to obtain
- K| jles—2r
GUA(U,T)‘ < L@_% provided ¢ — 2r > 0 (121)
[Ine|
. K|ﬂ|€sf2r .
WA, )| < T provided ¢ — 2r = 0. (122)

DN, N DN ) X T, the function

Reasoning analogously, one can see that for (u,7) € (Rs InLdg cln 1

('9“5 satisfies

Kl s—27
Au,7)| < o |“|§1 = provided £ — 2r > 0 (123)
oolu,7)lne
. K s—27
O (u, )‘ < % provided £ — 2r = 0. (124)
Inel” ™V

Finally, by Theorems Z4] I8 BI2 and EZI] one can easily see that the bound of 9,A(u,7) for (u,7) €
(RS Inldy N DM Do ) x T is smaller than ([I2I)) and [I23) (case £ — 2r > 0) and ([I22) and

c2e7 ,pa Cc2€7,pq
(24) (case ¢ —2r =0), provided |u — ia| > O(g7).
Taking into account (I2I]) and ([I23) (case £ —2r > 0) and (I22]) and ([I24) (case £ — 2r = 0), one can
conclude that for i € B(fio) N R,

_ Kl s—27
(u, 7.)’ < L‘i_Q provided £ — 2r > 0 (125)
Inel "
_ K|ﬂ|6572r . B
(u, 7.)’ < W provided ¢ — 2r = 0. (126)
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Analogously to the proof of Theorem FLT9] the second step is to consider the change of variables (w, ) =
(u+eC(u,7),7) and the auxiliary function

O(w,7) =Y’ (e7'w—1),

to obtain a bound for the Fourier coefficients of T

’T[k]‘ < Ke sup 7‘8&(a7551n%)7|k|lm(C(u*,0))'

(u,T)ERs1n(1/e),a3 XT

3 (u,7)

e

Therefore, to obtain the bounds for Y¥ with & < 0, it only remains to use bounds (I25) and (I28)
and the properties of C given in Theorem [£2T] and Proposition 221 Then, we obtain that for & < 0

~ K| a 1

] < AL 24k =15t provided £ — 2 > 0
21 [Ine]

"Y‘[k]‘ S #ﬁ?'e—k(g—lm (ﬂQb) 1n8)+(|k|—1)(sln %—‘,—Im (ﬂzb) lnln%) provided {—2r =0.
e“"~*llne

Since 9,A(u,7) and C(u,7) are real-analytic for (11,7) € R, the coefficients Y*) for k > 0 satisfy the
same bounds. Finally, the bounds of T lead easily to the desired bounds of A(u,7) for (u,7) €
(Rsln(l/a),dg N R) x T. [l

4.8 Computation of the area of the lobes: proof of Theorems [2.4] and 2.7 and
Corollaries and 2.8

To prove Theorems 2.4l and 27 we rewrite Corollaries [L18 and .22 splitting the results between the
regular case > £ — 2r and the singular case n = ¢ — 2r.

Corollary 4.25. Let us assumen > {—2r. Then, there exists a constant bag > 0 such that for e € (0,¢¢),
€ Buo) NR and (u,7) € (RS In(1/e),ds R) x T, the following statements are satisfied.

b =t g
‘A(U,T) —lor _ Aoo(uﬂ')‘ < %e%
|0uA(u, ) — u oo (u, )| < %';Me—%
628, 7) — Ao, 7)] < 2 lIE
[Ine|
where
o Ifn>n,

2ue" _a S
Ago(u, 7) = ;_616 ¢ Re (foe_z(a‘”C(“’T))).
e Ifn=0and/l—2r <0,

2 _a . )
Ago(u,7) = Ee—/fle c Re (foelc(“)eﬂ(s7T+C(“’T))) )

Corollary 4.26. Let us assume £ —2r > 0 and n = n* = £ — 2r. Then, there exists a constant byy > 0

such that for e € (0,e0), p € B(po) NR and (u,7) € (Rsin(1/e),a; NR) x T, the following statements are
satisfied.
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o Ifl—2r>0,

bulul e
_ylol _ ‘ . L —
‘A(U,T) T Ago(u,7)| < €2T71|1n€|e72re :
borlp| e
|8uA(u77) - auAOO(uaT)| S We ¢
b a
|8§A(u, ) — 02 Ao (u, T)| < alld €,

— €2T+1| In €|272r

where ,
Aoo(u,7) = —EQT’fle*zRe (f(u)eﬂ(gfwcw,f))) _
(] Ife — 27" = 0;
bor[p| a2
— ol — ‘ oVl —4p’Imbine
‘A(u,r) T — Ago(u, 7) i
bor[pl 2y 2m
— < - p“Imblne
9uAA(u7) = udao(u, )| < 5oy P
boy || _a e
2 — 92 < =7 +p“Imblne
|02 A (u, 7) — 02 Ago(u, )| < Fma’ - 7
where

2 _a (2 u
AOO(ua 7_) = 1% e - Re (f(ﬂ)eiz(# blnst(,u)>efz(€ 7T+C(u,'r))) ]
ISl

Let us fix a transversal Poincaré section corresponding to 7 = 79 € R. Being Y(w) in (87) and (I05)
a 2m-periodic function, we know that A(u,7p) has critical points which are O(e)-close to each other.
Then, in (Rs In(1/e),ds N R) there exist almost two of these points, reducing ¢ if necessary. These critical
points correspond to homoclinic orbits of system (). Let us consider two consecutive zeros u* and wu’
in (RS In(1/e),ds N R), which depend on 79. Then, taking into account that the change (@3] is symplectic,
it preserves area and recalling the definition of A in (82]), the area of the lobes is given by

ul
A= / O (u,7o)du | = |A(ul,70) — Alu* , 70)|.

First we take > £ — 2r and we prove Theorem [Z4] and Corollary[24l The simplest case is when fo = 0.
In this case Corollary [£.25] directly implies Theorem 24 since Agg(u, ) = 0.

In the case fp # 0 we prove Theorem [2.4] and Corollary [2.4] at the same time. It can be easily seen
that the consecutive zeros of 9, Agg(u, ) (see [@3), (II3) and ([IIG)) are also O(e)-close and therefore
taking € small enough, in (Rs In(1/e),ds N R) there exist at least two consecutive zeros u_ and w4 in
(RS In(1/e),ds N R), which again depend on 7. It can be easily checked that the function Ay evaluated
at these points satisfies

Ago(t+,70) = —Aoo(u—, 70) (127)

and
| Ago(ut,70)| = 2ue™ 1 fole ™ € iftn>n" (128)
[Ago(us,T0)| = et ‘foeic(“)‘ e_g if { —2r <0 andn=0. (129)

By Corollary 28] since by hypothesis we have that fo # 0, we can apply the implicit function theorem
to see that the zeros u* and u* of the function 9,A(u, 1) satisfy

wh=us+0 (L) , (130)

[Ine|ve
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where vy = € — 2r for £ > 2r and vy, = 1 for £ < 2r.

Using formulas (I27)-(I30) and the inequalities given in Corollary 28] one obtains the asymptotic
formula for the area, which finishes the proofs of Theorem [2:4] and Corollary [Z5]

The proofs of Theorem 2.7 and Corollary 2.7] follow the same lines taking into account that now

| Ago(ut,70)] = 2ue™ | ()] e ¢ if n=n*and £ —2r>0 (131)
[Ago(us, 70)| = 2uent 1=t ‘f(,u)eic(”) ‘ engr“ZImblns ifn=n*and £ — 2r = 0. (132)

In this case, given a value of u, one has to split the proof depending whether f(u) = 0, and therefore
Ago(u,7) =0, or f(p) # 0.

Remark 4.27. We emphasize that, by hypothesis HP3, the hamiltonian perturbation Hy defined in
either @) in the polynomial case or [I) in the trigonometric case it may depend analytically on e. We
stress that all the results given in this section are also valid in this setting and consequently Theorems [2.4]
and [2.7 hold true.

Indeed, in this case, what we have is that the 2m-periodically functions ay,(7;¢€) defining Hy depend
analytically on e and henceforth the same happens for the functions Ai(7) = Ar(7;¢) defined in (). In
this way one has that the inner equation ([[2)) depends analytically on e. Following the proof in [Bal(0)],
it is straightforward to check that the solutions 1y° of the inner equation given in Theorem[{.12 actually
also depend analytically on the parameter . Moreover we have the same property for the coefficients x*!
defining the difference ¢ — 5. As a consequence, f(u) = f(p;e) = f(u;0) + O(e). In addition, the
constant b given in Proposition[{.19 also depends analytically on € and henceforth b = b(e) = b(0) + O(e).

After these considerations, it is clear that we can replace f(u;e) by f(u,0) and b(e) by b(0) in all the
previous arqguments and henceforth the claim is proved.

Remark 4.28. The proof that we have just explained works under the assumed hypotheses (see Section
[27), in particular, under Hypothesis HP2, which assumes that there exists only one singularity on each
line {Imu = Ha}. Nevertheless, with little modifications, the same scheme works if there are more
singularities on these lines, at least assuming some smallness condition on the perturbation, namely in
the regular case. Let us explain here how, assuming that the perturbation is small enough, the problem
can be handled.

Assume that the closest singularities to the real axis of the separatriz are located at u = +«a + ai,
a # 0, (and assume moreover that po(u) does not vanish to simplify the explanation). To prove the
asymptotic formula for the splitting we need to obtain the existence of two generating functions which
parameterize the perturbed invariant manifolds in a common domain containing points with imaginary
part Imu = a — ke. The existence of the invariant manifolds close to the fized point can be proved as in
this paper, since the singularities are far from the domains D3, , . Therefore, Theorem [{.3 is also valid
in this case (of course Theorem [{.1] is valid as well since it does not require Hypothesis HP2).

To extend the invariant manifolds to a common domain containing points with imaginary part Imu =
a— ke, we have to modify the outer domains Dg}l,_,f’“ and Dg}l,_,f’s. It is enough, for instance to “center” the
stable domain around the singularity with positive real part (that is, the boundary of the domain intersects
the line a + ti,t € R at a+ (a— ke)i) and the unstable one around the singularity with negative real part.
The corresponding domains intersect in a strip of “horizontal size” of order O(1) but of “vertical size”
size smaller than a — ke. To achieve that the domains cover a piece of the imaginary azxis that contain
points with Imu = a — k'e (for some k' > k) one can proceed taking the angle 51 of order O(g). Without
any extra technical work, this worsens the estimates and is the reason why we need, under this more
general hypothesis, the perturbation to be small. Namely, we need to take n big enough.

Once we have proved the existence of suitable parameterizations of the invariant manifolds in this new
outer domain, the proof of the validity of the Melnikov method can be done exactly in the same way as
in this paper (namely Theorems[{.17 and[{-19 are still valid). We have decided not to cover this case in
this work due to the considerable length the paper already has.
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5 Existence of the periodic orbit in the hyperbolic case: proof

of Theorem [4.1]

In this section we prove Theorem Il We look for a periodic orbit (z,y) = (z,(7), yp(7)) which is close

to the hyperbolic critical point of the unperturbed system (0, 0).
By HP1.1, the differential of the unperturbed hyperbolic critical point is

0 1
EA0=€()\2 0).

Then, defining z = (z,y) and considering the differential operator

DOZ(T) T)a

_ Ez(

we look for the periodic orbit as a 27-periodic solution of the following equation,
(Dg —eAp)z =eF(z,7),

where

(w0 Hy(x,y,T)
R = () vte) +000) )

We split F' in constant, linear and higher order terms with respect to z
F(z,7) = Fo(r) + Fi(1)z + Fa(2,7)

with

ey, H1(0,0,7) )

—ue"d, Hy(0,0,7)

"0y H1(0,0,7)  pe"0y,H1(0,0,7)
7M€nazzH1(05077—) 7u€naIyH1(05077_)

Fy(z,7) = F(z,7) — Fo(1) — F1(7)=.

;q
2

I
7 N N

(133)

(134)

(135)

(136)

(137)

(138)

(139)

We devote the rest of the section to obtain a solution of equation ([I34). First in Section Bl we
define a Banach space we will use and we state some technical properties. Then, in Section we prove

Theorem (.11

5.1 Banach spaces and technical lemmas

For analytic functions z : T, — C, 2(7) = >, 5 2[Flet7 we define the Fourier norm

Izlle =

keZ

K| glklo

2l

Then, we define the function space endowed with the previous norm
S, = {z: Ty — C; real-analytic , ||z]|, < oo}
which is a Banach algebra. We also consider the product space S, x S, with the induced norm

(21, 22)ll1 5 = lI21ll + [22]l5 -
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Remark 5.1. Let us consider the classical supremmum norm

[2lloc,c = sup |z(7)].
T7€T,

Then, it is a well known fact (see for instance [Sau01l]) that for any o1 < oo, the supremmum and the
Fourier norm satisfy the following relation

1
e N e L

Therefore, since we are assuming that there exists oo > 0 such that the functions ay defined in @) and
@) are C° in Ty, and analytic in Ty,, we can deduce that for any o < oo such that oq — o has a positive
lower bound independent of €, they satisfy

||akl||a' < K.

We will use this fact without mentioning it, in the rest of the section and also in Sections[G.1] to[d.

Since we deal with vector functions, we also consider the norm for 2 x 2 matrices induced by || - ||1,0-
Let us consider B = (b”) a 2 x 2 matrix such that 0" € S,. Then, the induced matrix norm is given by

I1Blh.o = max {|[o%[|, +[[6¥]], }

The next lemma gives some properties of this norm.
Lemma 5.2. The following statements are satisfied.

1. If he S, xS, and B = (bij) is a 2 x 2 matriz with b9 € S,, then Bh € Sy x S, and

1Bhlly o < I1Bllyq 1Al -

2. If By = (bij) and By = (béj) are 2 x 2 matrices which satisfy b7, b5 € S, then

(| B1 B2 |

Lo < [|B1]

Lol Bzl

1,0-

Throughout this section, we will need to solve equations of the form (Dy —eAg)z = w. For that, we
will invert the operator Dy —eAj acting on S, xS,,. Considering the Fourier series of z(7) = (z1(7), 22(7)),

one has that .
Do(z)(1) = Zikz[k]e“”.
KEZ

Then, one can invert Dy — €Aq as

G (’LU) (T) _ Z 1 ka[lk] + E’LUék] eik'r (141)
0 2%\ en2ul? +ikwl '

Lemma 5.3. The operator Gy : S X S — Sy X S, in (&) is well defined, and for w € Sy X Sy,

K
1Go(w)lly, <

~lwlo.

Moreover, if (w) =0,
1Go(w)ll1,5 < Kllwl1,0-

We finally state a technical lemma which will be used in Section Its proof is straightforward.
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Lemma 5.4. The functions Fy, Fy and F» defined in (I31), [I38) and [@39) respectively satisfy the
following properties.

1. Fy € S5 xSy, (Fy) =0 and
[Eolly o < K]ple"

2. F1 = (Ffj) satisfies Flij €S, <F1ij> =0 and
1Fll15 < Klple.

3. If 2,2/ € B(v) C S, with v < 1, then

1F2(2,7) = Fa(2,7)ll,, < Kv|[2" = 2o

5.2 Proof of Theorem [4.1]
We rewrite Theorem [Z.1] in terms of the Banach space (I40).

Proposition 5.5. Let €9 > 0 small enough. Then, for ¢ € (0,g0), equation ([I38) has a solution
(p,yp) € Sy. Moreover, there exists a constant by > 0 such that

(@, yp)lly o < bolple™

Corollary 5.6. The change of variables [B8) transforms the Hamiltonian system with Hamiltonian ()
to a new Hamiltonian system with Hamiltonian (B9).
Moreover, the functions c;j in the definition of [B9) (see also [@3))) satisfy

lcijlle < K|pule™.

We devote the rest of the section to prove Proposition 5 We obtain the solution of equation (I33])
through a fixed point argument. To obtain a contractive operator, first we have to perform a change of
variables, which actually it is only needed in the case £ — 2r = 0.

Let us consider a function F; which satisfies (F1> = 0 and 9,F, = I, where F} is the function in
(I3]). The function F1 can be defined as

Fal 1 k] ikt
Fl(T): Z EFl[ ]ek

kez\{0}
and satisfies -
[Fl,, < 1Eul, - (142)
We perform the change of variables .
z=(ld+eFy(r))z (143)
and then equation (I35]) becomes B
(Do —eAp)zZ = F(E, 7), (144)

where
F(z,7) =¢ (Id 4+ cF1(7)) - Fo(T)
+ 62 (Id + Efl (T))il (Aofl (T) — Fl (T)AO + Fl (T)Fl (T)) z (145)
te(d+eFi(r) " B ((Id+cFi(r) %, 7) -

Since the operator Gy defined in (I41)) is a left inverse of Dy — eAp, we look for a solution of equation
([44)) as a fixed point of the operator B
Fo=GooF. (146)

Then Proposition [5.5 follows from the following lemma.
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Lemma 5.7. Let e > 0 small enough. Then, there exists a constant bg > 0 such that, for e € (0,20),
the operator Fy in ([[A8) is contractive from B (bo|ple™) C Sy x S, to itself.
Then, Fo has a unique fived point z* € B (bo|pule"™) C Sy x S, .

Proof. Tt is easily checked that Fp sends S, x S, into itself. To see that it is contractive we first consider
Fo(0), which can be split as

— -1 —
fo(O) :Ego (Fo) *EQQO ((Id+€F1) FlFo) .
By Lemma 54 (Fy) =0 and || Foll1,0 < K|ple”. Then, applying Lemma [53] one has that

1G0 (Fo)lly,, < Klple™.

For the second term, considering also (I42]) and Lemmas [(.2] and [.4] one can proceed analogously
to obtain

Hgo ((IdJrsFl)_lFlFo)‘

< K|ple®

1,0
Therefore, there exists a constant by > 0 such that

bo, | it

1Fo(0)ll o = 5 lule™
Let us consider now 2,22 € B (bo|u|e"™) C S, x S,. Then, by Lemmas (.3, and 54l and reducing
¢ if necessary, one can see that,
170 (%) = Fo (21|, < Klple™ " [|2* =21, ,
Ly o 1
<Ly,
Then, Fy : B (b0|,u|577+1) — B (b0|u|€’7+1) C S, x 8, and is contractive. Therefore, it has a unique fixed
point z*. O
Proof of Proposition [20 Tt is enough to take
2*(1) = (Id 4+ eFy(7)) z*°(7),

which satisfies equation (I35]) and satisfies the desired bound (increasing by slightly if necessary). O

6 Local invariant manifolds: proof of Theorem

Since the proof for both invariant manifolds is analogous, we only deal with the unstable case. We look
for a solution of equation (7)) satisfying the asymptotic condition (B3). We look for it as a perturbation
of the unperturbed separatrix
Tow = [ pi)ds (147)
and therefore we work with 77 (u,7) = T'(u, 7) — To(u).
Replacing T in equation X)) and taking into account that V(go(u)) = —p3(u)/2, it is straightforward
to see that the equation for 77 reads

EaTl =F (auTla u, T) ) (148)

where L. is the operator defined in (BIl) and

meﬁ)Z%a<W%@H$AWV@N%V%@DV@AW%WO
7M€nﬁ1 q0(u)ap0(u) + pQ’LE}’U/)’T) 5
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where Hj is the function defined in (@0).
We split F into constant, linear and higher order terms in w as

Flw,u,7) = A(u,7) + (B1(u, 7) + B2(u, 7)) w + C(w, u, 1), (149)
with

A, 7) = = (Vl(go(u) + 2p(7)) = V(2p(7)) = V(go(w)) = V' (2p(7)) g0 (w))

— pe"Hy (qo(w), po(u), 7). (150)
Bi(u,7) = — pepy (), Hi (a0 (u), po(u), 7), (151)
Bo(u,7) = = pe"py () H (g0 (), po(w), 7), (152)

Clw,u,7) =— m — pue"H,y (qo(u),po(u) + M’T>
%Qpﬁd%(w,po(w, T) + ,Ltsnﬁl (go(u),po(u),7), (153)

where H} and H? are the functions defined in @) and @3) respectively.

+ pe”

6.1 Local invariant manifolds in the hyperbolic case

In this section we prove the existence of suitable representations of the unstable and stable invariant
manifolds in the domains DY, ,xT, and D7, ,xT, respectively under the hypothesis that the unperturbed
Hamiltonian system has a hyperbolic critical point at the origin.

6.1.1 Banach spaces and technical lemmas

This subsection is devoted to define the Banach spaces which will be used in Section [6.1.21 We also state
some of their useful properties.

We define some norms for functions defined in a domain D7, , With p > 0. Given a > 0, p > 0 and
an analytic function h : D, , — C, we consider

[Blla, = sup |e=*"h(u)|.

ue goyp

Moreover for 2m-periodic in 7, analytic functions h : D%
Fourier norm

5,p X T — C, we consider the corresponding

Z H h[k |k|a_
kEZ
We consider, thus, the following function space
Hapo = {h: DS, x To — C; real-analytic, [|h]|a,p,0 < o0}, (154)

which can be checked that is a Banach space for any fixed o > 0 and o > 0.
In the next lemma, we state some properties of these Banach spaces.

Lemma 6.1. The following statements hold:

1. If a1 > g >0, then Ha, po C Hay,p,o and

[”llaz.p0 < [Allay,p.0-
2. If c, 9 > 0, then, for h € Ha, po and g € Hay,p,o, we have that hg € Ha,+as,p,0 and

thHaH—az,p,U < ||h||a1,p,a|‘g||az,p,0'
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3. Let « >0 and p' > p > 0 be such that p' — p has a positive lower bound independent of €. Then for
h € Ha,p,o we have that O,h € Ha, pr o and

10wl < Kl|Alla.p.0-

/
a,p’,o

Throughout this section we are going to solve equations of the form L.h = g, where L. is the
differential operator defined in (BIl). Note that if @ > 0, KerL, = {0} and hence L. is invertible. It turns
out that its inverse is G. defined by

0
G- (h)(u,7) = / h(u+t, 7+ e t)dt. (155)

— 00

We also introduce

Ge(h)(u,7) = 9 [Ge (h) (u, 7)] . (156)
We will consider G, defined in Ha,p,» With @ > 0 in order the integral in (I5H) to be convergent.

Lemma 6.2. Let o > 0. Then, the operators G. and G. in [I5H) and ([I506) respectively satisfy the
following properties.

1. G is linear from Ha,po to itself, commutes with 0, and L. o G. = 1d.

2. If h€ Hapo, then
1Ge (M)l p,0 < KllBllap,o-

Furthermore, if (h) =0, then
1Ge (Ml p.0 < KellPllap,o-

o,p,0 —
3. If h € Hapo, then Go(h) € Ha,po and

1G], ,., < Elhllap.o-

a,p,0 —

Proof. Tt follows the same lines as the proof of Lemma 5.5 in [GOST0). O

Finally, we state a technical lemma about estimates of the functions A, By, By and C defined in (I50),

(I51), (I52) and (I53) respectively.

Lemma 6.3. Let {A\, =} be the eigenvalues of the hyperbolic critical point of the unperturbed Hamiltonian
system and G. the operator defined in ([IB6). Let us fix po big enough such that po(u) # 0 in DY defined

0,00
in B4)). Then, for any p > po, the functions A, By, Ba and C defined in (IB0), (IZ1), (I52) and ([I53)
satisfy the following properties,

1. A, 04A € Hoxpo and satisfy

HGE(A)HL\,;),U S K|M|€n+1’ ||auA||2)\,p,a S Klp,|577. (157)

2. B1,0,B1,Bs € Ho,p,o and satisfy

1Billo.p.s < Klple?,  [10uBillo.p.0 < Klple?,  [|B2llo.p.e < Klple™. (158)

3. Let hi,ho € B(v) C Hoxp,o- Then,

1C(h2,u, 7) = Clhi,u, 7)oy o < BV[h2 = hall2,p,0-
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Proof. For the first bounds, we split A = A; + Ay + As as

Ai(u,7) == (V(go(u) + 2p(7)) = V(2p(7)) = Vigo(w)) — V' (p(7))g0(w)) (159)
Az (u,7) = — pe"Hi (go(u), po(u), 7) (160)
As(u,7) = — pe™ H (qo(w), po(u), 7), (161)

where H{ and H? are the functions defined in @) and (E3).
For Aj, using the mean value theorem and Hypothesis HP1.1, one can see that

"

Mlwr) == ) [ (V' ol + s100() = V" (o) (1 1) s

1 1 (162)
= — g} (u)zy(7) / / V" (sap(7) + 5190 (1)) (1 — 51) dsydss.

Therefore, Ay € Hoxpo and ||A1ll2x,p0 < K|ple"™t. Applying Lemma 62 we obtain ||§€(A1)||2>\1p16 <
K|pulentt.

For the other terms, let us point out that, by construction, H{ and H? are quadratic in (g, p) and
therefore As, Az € Hax p,o. To bound G.(Asy), using that (A3) = 0 and taking into account that As is
analytic in DY, , x T, and p > po, by Lemmas (G.) and 6.2}

1G-(A2)ll2,p.0 < Kel|Azlan .0 < K |ule™ .

On the other hand, since by Corollary 58, [|Asar 0 < K|p?e?"!, we have that ||Gc(A3)||2xp0 <
K|u|?e?"t. Therefore _
||gE(A)||2)\,p,a' S K|’U,|577+1-

The bound for d, A can be obtained just differentiating A;, i = 1,2, 3.
The other bounds are straightforward. O

6.1.2 Proof of Theorem in the hyperbolic case

We devote this section to prove Theorem for the case in which the unperturbed Hamiltonian has a
hyperbolic critical point. First we rewrite it in terms of the Banach spaces defined in (I54]).

Proposition 6.4. Let {\,—\} be the eigenvalues of the unperturbed hyperbolic critical point, py > 0
big enough and ey > 0 small enough. Then, for e € (0,e0), there exists a function Ty (u,T) defined in
Dy, ,, x Ty which satisfies equation ([[48) and the asymptotic condition [BI). Moreover, there erists a

constant by > 0 such that
HauTIHQ)\,pl,a < b1|M|€n+1.

Theorem is a straightforward consequence of this proposition.

Let us observe that the operator F defined in (I49) has linear terms in w which are not small when
1n = 0. Therefore, if one wants to prove the existence of T' through a fixed point argument, first we must
look for a change of variables. Let us point out that this change of variables is not necessary for the case
n > 0.

Lemma 6.5. Let p1 > p{, > po > 0, where pg is big enough such that po(u) # 0 for u € DY Then,

00,p0
Jor € > 0 small enough, there exists a function g € Ho py o such that (g) = 0 and is solution of

Leg=—DBi(v,T), (163)

where Lc is the operator defined in ([BIl) and By is the function defined in (IRIl). Moreover, it satisfies
that

lgllo.pp.0 < Klule™, [[0ug]

0,04,0 < K|M|EUJr1
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and v + g(v,7) € DY, . for (v,7) € DY oy X o
Furthermore, (u,7) = (v+g(v,7),T) is invertible and its inverse is of the form (v,7) = (u+h(u,7),7),

where h is a function defined for (u,7) € DY , % T, and satisfies that h € Ho p, 0,

0,01
[Bllo,p10 < K|pale™

and that u + h(u,7) € DY, . for (u,7) € D% xT,.

0,1

Proof. From the definition of By in (IZI]) we have that (By) = 0. On the other hand, using the definition
of H{ and X in [ @) and (E2) respectively, By can be split as

Bl(’U,T) = Blo(T) + BH(’U,T),

where, using (B3)),

Rev——o0

Buo(r) = lim Bi(v,7) = —pe” (GHT(T) + 2a02(7')>

and Bii(v,7) = Bi(v,7) — Bio(7). Both terms have zero mean. Moreover, Big € Ho o and satisfies
Biollo,py,0 < K|ple™ and Biy € Hy o and satisfies || Biil[x, .0 < K|ple”.
Since Bio(T) = ZkeZ\{o} Bg’g e'*T has zero average, we can define a 27-periodic primitive with zero

average as
[¥]

Bio (T) _ Z l;{o ezk'r

kezZ\{0}

which satisfies H§10||07p/070 < K|plen.
By the linearity of equation (IG3), we can take g as

g('U, 7_) = 75?10(7—) - gs (Bll) (’l}, T)a
where G is the operator defined in (I55). Moreover, using the first statement of Lemma [G.]] and Lemma

19ll0.05.0 <€ ||§10H0,p6,0 +1Ge (Bu)lly py o < Klule™ + Ke ||Bully o < Klple™.

Moreover, by Lemma [6.2]
Ovg = —0uGe (B11) = —Gc (0, B11)

and then,
18u9ll0,pp,0 < 1009050 = 19 (Do B11) lInpp,0 < K [0uBuslly 5 < K|pale™ .
Since ||gllo,py,0 < K|ple™ !, we have that v+ g(v,7) € D%, for (v,7) € D, ,» % To provided ¢ is small
enough and pj, > po.
To obtain the inverse change and its properties it is straightforward. O

If we apply the change of variables u = v + g(v, T) to equation (I4S]), one can see that
f1(1)5 T) =T (’U + g(’U, T)a T)

is solution of N R R
LT =F (aUTl) , (164)

where

~ ~ ~ ~

F(h)(v,7) = A(v,7) + B(v,7)h(v,7) + C(h(v,T),v,T), (165)
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with

/Al(v, T)=AWw+gv,71),7) (166)
_ By (v+g(v,7),7) — Bi(v,7) + B2 (v + g(v,7),7T)
1+ 0vg(v, 1)

w,v + g(v, ), T> , (168)

B(v,T) (167)

1
)C<1+8Ug(v,r)

where the functions A(u,7), Bi(u,7) and Ba(u,7) are defined in (I50), (IZ1) and ([I52).
We look for T3 by using a fixed point argument for 9,7} instead of Tj itself. Therefore, we look for a

fixed point of the operator L
F=G.0F, (169)

where G, is the operator in ([I58), in the Banach space Hay 1 » defined in ([[54).

Lemma 6.6. Let pf, be defined in LemmalGd and e > 0 small enough. Then, for e € (0,e0) there exists
a function Ty (v, T) defined in DY o % Ty such that 0,11 € Hax py, o s a fived point of the operator (IGJ).
Furthermore, there exists a constant by > 0 such that,

Proof. It is straightforward to see that F is well defined from #s \pp,0 b0 itself. We are going to prove that

T 1
aﬂaH < by|ule™ .
2X,04,0

there exists a constant by > 0 such that F sends B(b|ul|e"*!) C Hax py.0 to itself and it is contractive
there.
Let us first consider 7(0). From the definition of 7 in (I6J) and the definition of F in (IGH), we have
that
FO)w,7) = G- (4) (v,7) = Go(A) (v, 7) + G- (A - 4) (0,7).

The first term was already bounded in Lemma For the second one, it is enough to use mean value
theorem and Lemmas and [6.5] to bound 9, A and g respectively, to obtain

lA(v + g(v,7),7) — A(v, T)H”HPSJ < K|u[2e2m+1,
Thus, applying Lemma [6.2] there exists constant a b; > 0 such that

b
< = |plemt

H‘T(O)HQ)\,p{’,U )

Now, let hy,hy € B(by|ule™?!) € Hax,py.0- Then, using the properties of G. in Lemma and the
definition of F in (I65)

[F(h2) = Fa < K |[F(ha) - P

)HQ)\,pg,a 27,04,0

<K HB - (ha — hy) + a(hg,u,T) — é(hl,u,T)H

2X,p0,0

Taking into account the definitions of Band C in ([I67) and (I68) respectively and applying Lemmas 6.1}
and [6.5] we obtain

| F(ha) — ?(hl)H2)\,p{,aa < K|ple™ b = hallax g 0-

Therefore, reducing ¢ if necessary, LipF < 1/2 and therefore F is contractive from the ball B(by|u|e"t!) C
Hax,py,0 into itself, and it has a unique fixed point A*. Since it satisfies

B (0, 7)] < bilplen+ 2
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for (v,7) € D%, i, % To, we can take T, as

Ti(v,7) = / h*(w, T) dw.

O

Finally, to prove Proposition [64] from Lemma[6.0] it is enough to consider the change v = u + h(u, T)
obtained in Lemma [63] take T1(u,7) = T1(u + h(u, 7), 7) and increase slightly by if necessary.

6.2 Local invariant manifolds in the parabolic case

We devote this section to prove the existence of suitable representations of the unstable and stable
invariant manifolds in the domains DY, , x T, and D3, , X T, respectively, under the hypotheses that
the unperturbed Hamiltonian system has a parabolic critical point at the origin. We proceed as we have
done in Section [G1] for the hyperbolic case, that is, solving equation (I48). Let us point out that in the
parabolic case, by Hypothesis HP4.2, the perturbation is taken in such a way that the periodic orbit
remains at the origin.

6.2.1 Banach spaces and technical lemmas

Given a > 0, p > 0 and an analytic function h : DY, , — C, we define

Blla,y = sup [u®h(u)].

ue 00,p

Moreover for 2m-periodic in 7, analytic functions h : Dg, ;x T, — C, we define the corresponding Fourier

norm
hllape = Hh[k} olklo
P a,p
We introduce, thus, the following function space
Papo = {h: Dy, , x Ty — C; real-analytic, [|h|a,p,0 < o0}, (170)

which can be checked that is a Banach space for any fixed o > 0.
In the next lemma, we state some properties of these Banach spaces.

Lemma 6.7. The following statements hold:

1. If ax > ap > 0, then Po, po C Pas,p,o and
17llaz,p0 < I1Bllay,p.0-
2. If ar, 09 > 0, then, for h € Po, po and g € Pay po, we have that hg € Po,tas,p,0 and
Ihgllar+az.p.o < [1Bllas,pollgllazp.o-

As in Section Bl we need to use the operators G. and G. formally defined in (I55) and (I56)
respectively.

Lemma 6.8. The operators G. and G. acting on the spaces Pa.p,o with o > 1 satisfy the following
properties.

1. For any o > 1, Gc : Pap,o — Pa—1,p,0 15 well defined and linear continuous. Moreover, commutes

with 0, and L. o G, = Id.
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2. If h € Py po for some o > 1, then
1Ge(Mlla-1,p.0 < KlPllapo-
Furthermore, if h € Py po for some o> 0 and (h) =0, then

1Ge (M)l p.0 < KellPllap0-

3. If h € Pap,o for some o> 1, then G.(h) € Pea,p,o and

G- pr < EllBllapo-

a,p,0 —

We also state a technical lemma about properties of the functions A, By and C defined in ([I50),
([I5I) and ([I53) respectively. Notice that now the function By defined in (I52)) satisfies By = 0 since, by
hypothesis, the perturbation fixes the periodic orbit at the origin.

We first fix pg > 0 such that po(u) does not vanish in DY, and we define the constant

2n
m—2

> 1, (171)

g =

where m is the order of the potential (I2) and n is the order of the perturbation ([@). We observe that
qo(u) € P and po(u) € P_m_ , » for any p big enough and any o > 0.

2
m—2:07

Lemma 6.9. Let us consider p > po. Then, the functions A, By and C defined in (I50), (IEI) and
[I53) satisfy the following properties,

1. A€ Poypo and 0yA € Poyii,p,0. Moreover, (A) = (0,A) =0 and

10,4 < Klulen, [|G.(a)| < Klulem. (172)

ap+1,p,0 ap+1l,p,0 —

2. By € PZn’,;:n2727 and 0, By € PZn’,;:n272+17p70_. Moreover, they satisfy

po

IBillza=m=2 , , < K|ule?, [|0uB120-m—>

5 PO — s TL.po

< K|ple™. (173)

3. Let hy,hy € B(v) C Pag+1,p,0 withv < 1. Then,

Hc(h27ua T) - C(hla ’U,,T)” < KV”h2 - thaoJrl,P,U'

ap+1,p,0
Proof. We prove the lemma in the polynomial case. The trigonometric one can be done analogously.
For the first statement, recall that in the parabolic case the periodic orbit is located at the origin by
Hypothesis HP4.2. Then

A(ua T) = —pe"Hy (QO(U)7p0(u)7 7_)7

where H; is the function defined in (@) and has zero mean. On the other hand, it is clear that the
monomial with lowest order as Reu — 400 corresponds to anoqg (u) which behaves as

1
ano(T)qg (w) ~ -
Then A € Pay,p,0, that implies 9, A € Pog+1,p,0 and
Ha’uAHangl,p,a S K|M|€n
Moreover, by Lemma [6.8]
1G]y 1 0 = 19Oy y1,p0 < Klnle™™
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For the second statement, let us recall that

N
Bi(u,7) = —pe" Y ay(7)ah(w)ph ().
1+j=n
Jj=1

As Reu — —o0, the monomials of By behave as

a; (1) gh (w)ph > (u) ~ u— (it (1) (-2)

Taking into account that 2n — 2 > m by Hypothesis HP5 and that ¢ + 7 > n and j > 1,

2 2 2 2m
. 1) (i —9) = L o
m—QZjL<m—2jL >(j ) m—2(l+])+j m—2
2n 1 2m
~m—2 m—2
Therefore B; € Pan_m_2 , , and satisfies | B1]| onm2 , . < K|ple". For 9,Bq, it is enough to differen-
tiate. For the case 2n — 2 > m we have that 9,B1 € Pen-m-2_ oo In the case 2n — 2 = m we have
m—2 2P

that
OubB1 € PﬁJrl,p,a c ,PZ"T;—T;Z—i-l,p,U'

In both cases, we have that |0, B1]] nom=2 < K|plen.

We bound the third term in the polynomial case. We split C' = Cy + Cs as

w
Cy(w,u,7)=—
2pg(u)
N w J w
Catwu,r) = e Y- ot (14 0]~ 1=
PO L AW )
j=>1
Let hi,hy € B(V) C Pag+1,p,0- Then, for the first term,
1C1(h2,u, 7) = Cilhy, u, T a1 p.o < K |lpo(u) 2 (ha + ha)l|g e = hall i po
<K Hh2 + h1||2m/(m72),p,a ||h2 - hl”aoJrl,p,a :

By Hypotheses HP5, we have 2n — 2 > m which implies 2m/(m — 2) < ap + 1 and therefore

1h2 + P ll2p j(m—2) p0 < I1h2 + hal] < Kv.

ap+1,p,0

Reasoning analogously, one can see that

[[C2(ha,u, 7) — C2(ha,u, 7)|| < K|ple™ ||he — hq|

ap+1,p,0 ap+l,p,0°

6.2.2 Proof of Theorem in the parabolic case

We devote this section to prove Theorem for the case in which the unperturbed Hamiltonian has a
parabolic critical point. First we rewrite it in terms of the Banach spaces defined in ([I70).

Proposition 6.10. Let the constant «g be defined in ([[’[1)), p1 > 0 big enough and 9 > 0 small enough.
Then, for e € (0,€0), there exists a function T (u, T) defined in DY, , x To which satisfies equation (48]
and the asymptotic condition [B)). Moreover, 0,Th € Pag+1,p,0 and there exists a constant by > 0 such
that

10uT1llag+1.01,00 < balpale™ .

63



Theorem is a straightforward consequence of this proposition.

The proof of this proposition follows the same steps as the proof of Proposition

The first step is to perform a change of variables which reduces the size of the linear term of F in
(I49). This change is not necessary for the case n > 0.

Lemma 6.11. Let p{, be such that po < py < p1. Then, for e > 0 small enough, there exists a function
g € Popy.0 such that (g) = 0 and is a solution of [[G3)). Moreover, it satisfies that

lgllo,pp.0 < Klple™, (0ugllo,p.o < K|ple™,

and v+ g(v,7) € DY, ,, for (v,7) € D%, x T,.

00, p(
Furthermore, (u,7) = (v+g(v, T),T) is invertible and its inverse is of the form (v,7) = (u+h(u,7),7),
where h is a function defined for (u,7) € DY | x T, and satisfies that h € Py p, o,

0, P1

15|

0,p1,0 < K|M|€n+1

and that w + h(u,7) € DL, . for (u,7) € D% x T,.

0, P1

Proof. Since By € ’Pzn;:n2727 p.0 and it might happen that % < 1, we cannot apply directly Lemma

B3R to invert L£.. Let us observe that, by Lemma[G3, (B;) = 0 and then we can define a function B; such
that
&Fl = Bl and <§1> = O,
which satisfies || B1| ooz, < K|plen.
We can define g as
g(v,7) = —eB(v,7) + €G- (8U§1) (v, 7).

Then, applying Lemmas and one obtains the bounds for ¢ and 9,¢.
The proof of the other statements is analogous to the proof of Lemma [G.5] O

As in Section [6.1.2] we define R
Ti(v,7) = Th(v +g(v,7),7),
which is a solution of (I64). Then, we look for 9,7} as a fixed point of the operator ([[6J) in the Banach
space Pog+1,p),0-

Lemma 6.12. Let o be the constant defined in (1)) and €9 > 0 small enough. Then, for e € (0,&0)
there exists a function Tyi(v,T) defined in Dgo,p{, X Ty such that 0,T1 € Pag+1,py.0 5 a fized point of the

operator ([I69). Furthermore, there exists a constant by > 0 such that

Proof. 1t is straightforward to see that F is well defined from Py, 11, pp.o 1O itself. We are going to prove
that there exists a constant b; > 0 such that F is contractive in B(by|u|e"!) C Pao+1.pp.0-

Let us consider first 7(0). From the definition of F in (I6d) and the definition of F in (IGH), we have
that

0,1} < by |ple™

ao+1,p(,0,0

F(0)(v,7) = G- (A\(U,T)) =G. (A(v,7) + G (A(v + g(v,7),7) — A(v,7)).

The first term has been bounded in Lemma [6.9 For the second one, we apply Lemmas and [6.17] and
the mean value theorem to obtain

1AW + 90, 7),7) = AW, T ag 11,50 < 10uAllagr1p0.0llgllopp.e < KluPe* .

Thus, applying Lemma [6.8] there exists a constant b; > 0 such that

— b
H]-‘(O)H%HJ < 31|u|€"+1'
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Let hq, hy € E(b1|u|5n+1) C Pa0+1
of F in (I6),

|7 (ha) = F(h)|

. Then, using the properties of G. in Lemma 6.8 and the definition

’
sPoH O

< K || F(h2) = F(ha)

/
ao+1,ph,0 a0+1,p6,a

gKME«m—hg+ém%uﬂ—émhuﬂ

ao+1,ph,0

Taking into account the definitions of B and C in (I67) and [6R), recalling that B, = 0 and applying
Lemmas [6.7] and [@.1Tlwe obtain

| F(h2) — F(h1)|| < K|ple™ M| by — b llag+1,04,0-

ao+1,pp,0 —

Then, reducing ¢ if necessary, LipF < 1/2 and then F is contractive from B (b1|p|e""!) C Pogt1,0 to
itself and has a unique fixed point h*. Moreover, since it satisfies

|h*(’U,T)| < b1|M|€n+1 |,U|O¢0+1

for (v,7) € D%, i % To, we can define T} as

v

T (v, 7) = / h*(w, 7) dw.
— 00

O

To prove Proposition [6.10] from Lemma [6.12] as we have proceeded in Section [B.1.2] it is enough to

consider the change of variables v = u+ h(u, 7) obtained in Lemmal[6.IT] take T} (u, 7) = T (u+h(u,7),7)
and increase slightly by if necessary.

7 Invariant manifolds in the outer domains: proof of Theorems

4.4 and 4.8

7.1 Invariant manifolds in the outer domains when py(u) # 0: proof of Theo-

rem [4.4]

In this section we prove the existence of the invariant manifolds in the domains Dg}‘,ﬁt’* x T, for x =u,s
defined in (B3] provided po(u) # 0 in these domains. Since the proof for both invariant manifolds is
analogous, we only deal with the unstable case.

First in Section [Z.I.J] we define some Banach spaces and we state some technical lemmas. Then, in
Section we prove Theorem [£.4]

7.1.1 Banach spaces and technical lemmas

We start by defining some norms. Given v € R and an analytic function h : D9'* — C, where Do'* is
the domain defined in (B]), we consider

15l

v,p,k —  SUp (U2 + G/Q)V h(u)‘ .

out,u
ueD,

Moreover for 2m-periodic in 7, analytic functions A : Dg“,}“ x T, — C, we consider the corresponding
Fourier norm

1ellpaer = 3 ||

kEZ

elklo.

v,p,K
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We consider, thus, the following function space

Evpro = {h: D" x Ty — C; real-analytic, |||y, p.r.0 < 00}, (174)

which can be checked that is a Banach space for any v € R.
If there is no danger of confusion about the domain D9'*, we will denote

|| ' ||V,a = || : Hu,p,n,a and 51/,6 = Eu,p,n,a-

In the next lemma, we state some properties of these Banach spaces. In the estimates we will make
explicit the dependence of the constants with respect to k.

Lemma 7.1. The following statements hold:
1. If v1 > vy, then &€, » C &, .o and moreover if h € &, o,

[1hllvs,0 < K (k€)™ ||A1y,0-

2. If 1 <y, then &, » C &, » and moreover if h € &, 4,

1Pllvzo < Kl[B]lur0-

3. Ifhe &, o and g€ &, o, then hg € v 41,0 and
1hgllvi+ve0 < [[Rllvyollgllvz,o-

4. Let p/ < p be such that p — p' has a positive lower bound independent of €, k' and k such that
k<K <0andh €&, pxo. Then Oyh € E p .o and satisfies

K
ek — K|

Hauh”V,p/,n/,a < HhHVﬁp,mU'

Throughout this section we are going to solve equations of the form L.h = g, where L. is the
differential operator defined in (&I]). Note that £. acting on &, , is not invertible. Indeed for any smooth
function f, f(u/e — 1) € KerL.. We consider a left-inverse of the operator L., which we call G., defined
acting on the Fourier coefficients. Let us consider u1,u; € C the vertices of the domain Dg?,{t’“ (see Figure
M). Then, we define G. as

Ge(h)(u,7) = > G (M) (w)e™, (175)
kEZ
where its Fourier coefficients are given by

G (h)F (u) = / eihe t=m plk () d for k < 0
U

G. ()9 () = / RO (¢) di
-P

G (h)F (u) = / eihe t=m plk () dt for k > 0.
ul

Remark 7.2. Let us observe that the definition of the operator G. depends on the domain, since in its
definition we use its vertices uy, 1 and also p.

Lemma 7.3. The operator G. in (LT0) satisfies the following properties.
1. If h€ &, for some v >0, then G.(h) € £, » and
[Ge(P)]lv,0 < K||R]1,0-

Furthermore, if (h) =0,
1Ge(Wll,,,o < Ke|[All,, 5 -
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2. Ifhe &, s for some v >1, then G.(h) € E,21,, and
1Ge(W)ll,—1,6 < K[ P]lv.o
3. If he &4 for some v € (0,1), then G.(h) € &, and
[Ge(M)llg,s < Kl[Pl,o-

4. If h € &, for some v >0, then G.(0,h) € €, » and

19 (@ul)|l, o < Kl[P]luo-

v,o —

5. If he X, , for somev >0, L.0G.(h) =h and

Ge 0 Lo(h)(v,7) = h(v,7) — 3 e i bl () — B ug) — 7 e () pli] (),
k<0 k>0

6. If h € X, » for somev >0, L.0G.(h) =h and

G.o Eg(h)(’v, 7_) — h(?), 7_) _ Z eiksfl(—ulfu)h[k](_ul) _ h[O] (UO) _ Z eikgfl(ulfu)h[k] (Ul)
k<0 k>0

Proof. Tt is a consequence of Lemma 5.5 in [GOST0]. O

7.1.2 Proof of Theorem [4.4]

We prove Theorem 4] by looking for the analytic continuation of the function 77 = T — Ty obtained
in Propositions and [6I0 as a solution of equation (I4])). First we rewrite the result in terms of the
Banach spaces defined in (I74).

Proposition 7.4. Let py be the constant introduced in Theorem[f.3 and let ps > p1, €0 > 0 small enough
and k1 > 0 big enough. Then, for e € (0,e0), there exists a function T\ € Epq1 py ki,0 Which satisfies
equation [[48) and is the analytic continuation of the analytic function Ty obtained in Propositions
and[6.I0. Moreover, there exists a constant by > 0 such that

||8uT1||€+1 < b2|.“|5n+1~

sP2,R1,0 —

This proposition gives the existence of the invariant manifolds in Dgzutm’; X Ty, * = u,s.
We devote the rest of the section to prove Proposition [[4]
First, we state a technical lemma about properties of the functions A, By, By and C defined in (I50),

(@51), (I52) and ([I53) respectively.

Lemma 7.5. Let p > 0 and k > 0. Then, the functions A, By, By and C defined in (I50), (I21), (I52)
and ([I53) satisfy the following properties.

1. A€ & pro and OuA € Eryi pr,o. Moreover 0, A satisfies

10uAllp41,pm0 < Klpile”

176
16 @u)ll s, oo < Elule™ (176)

2. If t —2r <0, B1,0,B1,Bs € & p.r,0 and satisfy (B1) =0 and

||auBl||max{0,é—2r+1},p,,€,g < K|ple" (177)
1Bzlo,p,0 < K |p|?*7H2.

B1ll0,p,,0 < K|ple”
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3. Ift—2r >0, B,Bs € Er—2r pr,os OuBi1 € Er—2r41,p1,0 and satisfy (Bi1) =0 and

||Blllf—2r,p,n,a < K|M|€n
10uBille—2r+1,p,0,0 < K|ple” (178)
||BQ||5—2r,p,n7a S K|/j/|252n+1_

4. Let us consider hi,ha € B(v) C Epq1,pr,0 With v < 1. Then,
o Ifl—2r <0,

v
|C(h2,u,T) — C(h1, uvT)||Z+1,p,R7U < Kmnhz - h/1||€+1,p,li,a'-

o If{—2r>0,
||C(h25 ’U,,T) - C(hlaua T)||2272r+2,p,n,0 < I(V”h‘2 - h1||€+17p7'€,<7'

Proof. For the first bounds, we split A = A; + As + As, where A;, i = 1,2,3, are the functions defined

in (I59), (I60) and (I6I) respectively.
Using (I62) and (I8]), one can see that A1 € £ 11,50 C Er41,p,6,0 and

A1l 41080 < NALllrt1,p6.0 < Kple™ (179)

Applying Lemma 52 we obtain ||G-(0yA41)e41,p,6,0 < K|p|e".

Moreover, by the definition of ¢, Az, A3 € & ,5.0. Therefore 0,As,0,As € Ery1,p5,0 and satisfy
10u Azl 1,50 < Klple” and 9, As | ex1,p.50 < K|ple2H1.

To bound G.(As), let us point out that (A3) = 0 and then, by Lemma [62]
1Ge (Pud2)llgs1,p5.0 < KellOuAzller1,p00 < Klule™

Applying again Lemma [6.2 we have ||G. (04, A3) | e+1,p,6,0 < K|u|?*™1. Therefore

G (Oulo41,p5.0 < K ||,
The other bounds are straightforward. O

To prove Proposition [[4] we proceed as in the proofs of Propositions and That is, we first
perform a change of variables which reduces the size of the linear terms of F in (I49). Notice that in
order to prove Proposition [[.4] we could look for this change as the analytic continuation of the changes
obtained in Lemmas and Nevertheless, since we want the proof of Theorem [£4] be also valid for
Theorem 8] we look for a change g which is not necessarily continuation of the one obtained in Lemmas
and

Lemma 7.6. Let k1 > k) > ko > 0 and pf > p} > pa > pf, where p{ is the constant introduced in
Lemmas 63 and 611l Then, for e > 0 small enough and k{, big enough, there exists a function g which
is solution of ([IG3) and satisfies:

o If{—2r <0, g€ &y o and

”gHO,p’l,n{),a < K|/L|€n+1
HangO,P'l,rc{,,a < K|M|€n+1.

o [fl—2r>0,9€& 2 p w0 and
”9”@—2%/3/1,&6,0 < Kl:“’|5n+1

18uglle—2r+1,p1,m,00 < K |pale™

68



Moreover, v + g(v,T) € D;}ft;:f) for (v,7) € DZ}”:,‘ X Ty.
1 1°"0
Furthermore, the change of variables (u,T) = (v+g(v,T),T) is invertible and its inverse is of the form
(v,7) = (u+ h(u,7),7). The function h is defined in the domain Do\;" x T, and it satisfies

o [f{—2r<0
[hll0.pasir e < K |ple™ ™.

o [fl—2r>0
HhH@—QT,pz,m,a < K|M|€n+1.

Moreover, u+ h(u, ) € DZ:“"; for (u,T) € DU x T,,.
1270

p2,K1
In the case £ — 2r < 0 we need more precise bounds of both functions g and h restricted to the inner

domain D}{“l*c‘“ defined in ([B6). These bounds are given in the next corollary.

Corollary 7.7. Let us assume £ —2r < 0 and let ¢; > 0. Then, the functions g and h obtained in Lemma
[7:, restricted to the inner domain D™T:*  satisfy the following bounds

K1,C1 7

SUP|9(“’7)|(u,r)eDL‘;,tv1“xTo < K|p|e™™ ™ and Sup|h(u’7—)|(u,r)eDL“1'j;l“xT,, < K|plen T

with vi = min{(2r — £)~, 1}.

Proof of Lemma[7.6 and Corollary[7.7], To define g, let us recall first that, by Lemma [Z3 (B;) = 0.
Then we can define a function B; such that 0, By = By and (B1) = 0. Then, one can see that a solution
of equation (IG3]), can be given by

g(v,7) = —eB1(v,T) 4+ £G. (0, B1) (v, ), (180)

where G, is the integral operator defined in (I'7H]).
By Lemma [[5 one has: if £ — 2r > 0,

H§1H672T,p2,n6,0 = K|M|€n (181)
HavElHémeLl,pzﬁpr < Klple",
if —1<0—2r <0,
1B1lo,ps 5,0 < Klpale” (182)
||av§1||e—2r+1,pz,n{,,a < Klple".
and finally, if £ — 2r < —1
HPlHO,pQ,H{),U = K|M|€n (183)
||8UF1||O,p27K6,U < K|pule™.

From these inequalities, using Lemma [[.3] we conclude that:
- 2
Hg(?}, T) + EBl(U’ T) Hmax{€727‘+170},p2,n6,a < KME”H_ ’

which, together with (IRI)) when £ — 2r > 0 and with (I82)) and (I83]) when ¢ — 2r < 0, gives the desired
bounds for g. For the proof of the bound of d,g it is enough to apply again Lemmas and and
(I=).

The rest of the statements are straightforward.

To proof Corollary [[77] we just need to use the definition of B; in ([I&]), and observe that it has a
singularity or order ¢ — 2r if £ — 2r > 0 and a zero of order 2r — ¢ if { — 2r < 0. [l
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Once we have the change g, we proceed as in Section [6.1.2] defining
T (v,7) =T1(v+ g(v,7),7) (184)

which is solution of ([I64]), that is:

T =F (0.71).
We look for it using a fixed point argument on 0, T. Nevertheless, since we want 0,11 to be the
analytic continuation of the function 9,77 obtained in Propositions [6.4] and E.I0, we have to impose

initial conditions. Nevertheless, since we invert L. by using the operator G. defined in ('f3]) adapted to
the domain D;};%u x T,, we consider a different initial condition depending on the Fourier coefficient.

Recall that we are looking for 9,T) defined in DS}“(;“ x Ty. Thus, we define

_ Z 8v1’5,1[k] (51) e—ikafl(v—il)eikr

k<0

+ Z aufl[k] (Ul) efiksfl(val)eik'r (185)
k>0

+ a’Uj:‘l[O](_pll)a

where v1,v; are the vertices of the outer domain DZ}“{;U (see Figured]) and 8, T} can be obtained differen-
1

tiating (I84)), since T} is already known in a neighborhood of these points. Note that vy,71, p] € D% e
Applying the bounds obtained in Propositions [6.4] and [6.10 and Lemma [Z.6 one can see that

[ Aollo,pf .0 < K lpale™ . (186)

Let us define S(v,7) as the solution of
S(v,7) = Ao(v,7) + Ge (81,]?(5’)) (v,7),

where G. and F are the operators defined in (IIE) and (I60) respectively. Let us point out that the
definition of F involves the functions A, B and C defined in ([B6), (IG7) and (TX). Even if we keep
the same notation, now the definitions involve the function g obtained in Lemma [Z.6] instead of the ones
given in Lemmas and Lemma [G.T71

We will see that S is the analytic continuation of the function 8,71 (v + g(v,7),7)(1 + dyg(v, 7)) 1,
where T} is obtained from Propositions [6.4] and .10}

Thus, we look for a fixed point S € 11y 4 o of the operator

T(8)(w,7) = Ao(v,7) + Ge (0.F(S)) (v,7). (187)

Lemma 7.8. Let ¢g > 0 be small enough and k{, > ko big enough. Then, for e € (0,2¢), there exists a
Junction S € Epy1 py w0 defined in D;}’t:f x Ty such that it is a fized point of the operator (IZT) and is
120

the analytic continuation of the function 0, T1(v + g(v,7),7)(1 + dyg(v, 7)), where Ty is obtained from
Propositions and 610 and g is given in Lemma[7.0
Moreover, there exists a constant by > 0 such that

1S les1,p 00,0 < Dalpale™

Proof. We recall that, during the proof, ¢ is the function given in Lemma [Z.6
It is straightforward to see that J is well defined from &py1 5, to itself. We are going to prove that

there exists a constant by > 0 such that J is contractive in B(ba|u|e™!) C Eor,p w0
First we deal with [7(0). From the definition of 7 in (I87) and the definition of Fin (I65), we have

J(0)(v,7) = Ap(v,7) + G (81}11(1),7')) ,
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where A is the function in (I66).
Taking into account the definition of A, we split 7 (0) as
J(0)(v,7) = Ag(v,7) + G (0 A(v, 7)) + G (0y [A(v + g(v,7),T) — A(v, T)]),

where A is given in ([IB0). The first term has already been bounded in (I86) and the second one in
Lemmal[Z.5l For the third one, using p} introduced in Lemma [[.0] and applying Lemmas [7.3] and
and the mean value theorem,

G 9y [A(v + g(v,7),7) = A, T)Dll 31,1 g0 < 1A+ 9(0,7),7) = AW, Tl 41,1 et 0
< ”auAH@ﬂLl,p/{,KoE,Cf||g||0,p/1,n/0,a
< K|u|2€2n+1

Thus, there exists a constant by > 0 such that
ba
[T O lgg1,p1 1,0 < §|N|577+1-

Now let hy,hy € B(ba|ule"™ ') C €1, n1,0- Using the definitions of J and F in (IR7) and (I55)
respectively, and applying Lemma [7.3]
1T (h2) = T (1)1, r < K [ F2) = )|

l+1,p1 50,0

§KHE'(hgfhl)+6(h2,v,'r)fa(h1,v,7')H .
L+1,p, k0

To bound the Lipschitz constant of .7, one has to take into account the definitions of B and C' in I
and (I68)) respectively, and to apply Lemmas and We bound it in different ways depending
whether £ — 2r < 0 or £ — 2r > 0. In the first case we obtain

_ —
||j(h2) - j(h1)||g+17p/17,€6,0 S K|‘u|577+1 max{0,{—2r+1} ||h2 _ hl”é-ﬁ-l,p’l,n{,,a’

and in the second,
577—(@—27")
1T (h2) = T (h)llpgr,p s 0 < KMW 1h2 = hallogr p s o
0

Therefore, since 7 > max{0,¢ — 2r}, taking ¢ < €9 and kg big enough, LipJ < 1/2 and then J is
contractive in B(ba|ule") C €411 w1 0 and it has a unique fixed point S(v, 7).

Now, we have to prove that S(v,7) is the analytic continuation of the function S(v,7) = 9, T (v +
g(v,7),7)(1+8,g(v,7))~! obtained from PropositionsG4land GI0 First let us observe that the operator

([@31) is well defined for functions in (D“ N D;?:Z) x T,. Moreover, both functions S(v, 7) and S(v, 7)

0, P1
are defined in (D“ N DZ}“”;) x T, and for (v, ) in this domain both are fixed points of the operator
1°"™0

0, P1
[I87) and

H§H < bype
41,0
Then, using the norms defined in Section [Z.T.] but for functions defined in (Dgoﬁ o N DZ};tl:g) x Ty,
one can see that
|sw.r=8wn| <] -7 (5w
l+1,0 (41,0

< ptunr-S,.

0,1 K

Then S(v,7) = S(v,7) for (v,7) € (D“ ODZ}“’“) x T, and S(v,7) is the analytic continuation of

the function 9,71 (v + g(v,7), 7)(1 + dpg(v, 7))~ to D;}“:f x T,. Finally, one can easily recover T} from
170
S. O

71



Proof of Proposition [7.4] To prove Proposition [.4l from Lemma [Z.§] it is enough to consider the change
of variables v = u + h(u,T) obtained in Lemma [[[0] and to take T4 (u,7) = T1(u + h(u,7),7) which by
construction is the analytic continuation of the function T} obtained in Propositions and [6. 101 O

7.2 Invariant manifolds in the outer domains in the general case: proof of

Theorems (4.5, 4.6, 4.7 and 4.8

We devote this section to prove the existence of the invariant manifolds in the outer domains, in the
general case, that is assuming that po(u) can vanish. We split the proofs into Theorems [£.5] 1.6 [£7] and
4.5

7.2.1 The variational equation along the separatrix

In order to prove the existence of the perturbed stable and unstable invariant manifolds in certain domains,
we will need to consider a real-analytic fundamental matrix solution of the variational equations along
the unperturbed separatrix

¢ = A(u), (188)

where

0 1
400 = ( _yrfaniy 0 ) (189)

and (qo(u), po(u)) is the parameterization of the unperturbed separatrix given in Hypothesis HP2.
It is a well known fact that the derivative of the parameterization of the separatrix, that is (po(u), po(u))
(recall that go(u) = po(u)), is a solution of ([I8F). A second independent solution can be given by

(C(u),¢(u)), where -
C(u) = po(u) / L, 90)

o P (v)

where ug € R is such that pg(ug) # 0. We consider then the following fundamental matrix

_ ( po(w) Q(U)
(I)(u)_(i?o(u) <<u>)' (191)

Remark 7.9. Notice that the function ¢ defined in (I90) is well defined and analytic even if po(u) can
vanish for some uw € C and even that a priori it could seem that the integral depends on the path of
integration.

Indeed, since po(u) = —V"(qo(u))po(u), one can see that the Taylor expansion around any zero u* € C

of po(u) is of the form

po() = po (u*) (u — u*) + O (u — u*)?
(observe that po(u*) # 0)) and then, the residue of the integrand appearing in the definition of ¢ in (I90)
is zero. Finally, even if the integral might be divergent if one takes u* as the upper limit of integration,

limy, o C(u) = —=1/po(u*).

7.2.2 Proof of Theorem

In this section we prove the existence of a change of variables which allow us to obtain a parameterization
of the invariant manifolds which satisfies equation (B0) from the parameterization obtained in Theorem
4.5

It is straightforward to see that the functions defined in (59) satisfy equation (B0 provided U™ satisfies

L.h=M(v+ h(v,7),7), (192)
where ) )
= 5 u, T Men Al u u —Oy11\U, T), T
M(ua T) - p(g)(u) auTll( ) ) + pO(U) apH <QO( )ap()( ) + pO(U)a T ( ) )a > ) (193)
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Hy is the Hamiltonian defined in (@) and Ty is the function obtained in Proposition G241
Decomposing the right hand side of equation ([I92]) into constant, linear and higher order terms in h,
it can be rewritten as

Lch = M(h), (194)

where
M(h)(v,7) = M(v,7) + (N1(v,7) + Nao(v, 7)) h(v,7) + R(h(v,T),v,T) (195)

and
Nu(o,7) = "9, | —— 3, B (q0(v). polv), 7) (196)
po(v)

No(v,7) = OyM (v, 7) — N1(v, T) (197)
R(h,v,7) =M+ h,7) — 0,M(v,7)h — M (v,T), (198)

where H} and M are defined in (@I)) and ([33) respectively.
We now define appropriate Banach spaces. For analytic functions h :
the domain defined in (B8], we define the Fourier norm

IR]lo = Z Hh[k]H elklo

x T, — C, where I  is

u
IP37P4 P3,P4

kEZ
where || - [|o is the classical supremum norm in I}, , . We consider the following function space
As ={h: I} , x T, — C; real-analytic, |hl, < oo} (199)

which is straightforward to see that is a Banach algebra.

Throughout this section we will need to solve equations of the form £.h = g, where L. is the differential
operator defined in (&I)). We take the operator G, defined in (I'7H) as right inverse of £.. In Section [T.T1]
it was applied to functions belonging to &, , 5, (see (IZ4))) but it is clear that it can also be applied to
functions in A, if we take as the constant integration limits of the Fourier coefficients of G. as vy, 71, the
vertices of the domain 7 . and —p4 (see Figure [)).

Lemma 7.10. The operator G. in ([I00) satisfies the following properties.
e G. is linear from A, to itself and satisfies L. o G. = 1d.

e IfheA,, then
1G=(h)llo < K[|R]o.

Furthermore, if (h) =0, then
1Ge(M)lo < Kellhllo-

Finally, we state a technical lemma which gives some properties of the functions M, Ny, Ny and R

defined in (I93), (I96), (I97) and (I9]) respectively.

Lemma 7.11. The functions M, Ny, No and R defined in (I93), (I96), (I97) and [I98) satisfy the
following properties:

1. M € A, and satisfies
IM]lo < Klule", [|Ge(M)]ls < Kule™ . (200)

2. N1, Ny € A,. Moreover they satisfy (N1) =0 and

[Nl < Klple", [|Na|lo < K|ule™. (201)

3. Let us consider hy,he € B(v) C Ay with v < 1. Then,

[R(h2,v,7) = R(h1,v,7)l[, < Kv|lhg — hallo.
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Proof. The first bound is straightforward taking into account the bounds for ¢;; and 7T; obtained in
Corollary 5.6 and Propositions and [6.J0l For the second one, one has to split M as M = M + Mo,
where

My (u,7) = MEUﬁapﬁ%(QO(u%po(u), .

where H} is the Hamiltonian in @), and My = M — M. Since (M;) = 0 and satisfies || M ||, < K|pule”,
by Lemma we have that ||G.(Mi)|, < K|u|e"™. On the other hand, by the bound of ¢ in
Corollary and the bound of Ty given by Proposition 6.4 M, satisfies ||[Mall, < K]|ule"™!, and
therefore ||G.(Ma)|s < K|ule™?.

The bounds of N1, Ny and R can be obtained analogously taking into account the definition of M in
([[33) and that R is quadratic in h. O

We split Theorem in the following proposition and corollary, which are rewritten in terms of the
Banach space defined in (I99). Theorem [LH] follows directly from those results.

Proposition 7.12. Let p; be the constant considered in Proposition and let us consider ps and py
such that py > ps > p1 and g9 > 0 small enough (which might depend on p;, i = 1,3,4). Then, for
e € (0,e0) there exists a function U" € A, defined in I, , x T, that satisfies equation ([[94). Moreover,

for (v,7) €I}, . x Ty, v+U"(v,T) € DY, ,, and there exists a constant by > 0 such that

U |lo < bs|ple™.

Corollary 7.13. Let us consider the constants ps and ps given by Proposition and €9 > 0 small
enough. Then, for e € (0,eq) there exist parameterizations of the invariant manifolds

(Qu(’u,T),Pu(’U,T)) = (QO(U) + QilL(vaT)aPO(lﬁ + Pf(’u,T))

which are solution of equation [BQ). Moreover (QY, Pi*) € A, x A, are defined in
exists a constant by > 0 such that

I;js,m x T, and there
QY5 < balple™
[P, < balule™™ .

The proof of this corollary is a straightforward consequence of Proposition [[.T2

We prove Proposition by using a fixed point argument. Nevertheless, the operator M in (193]
has linear terms in & which are not small when n = 0. Therefore, we have first to consider a change of
variables to obtain a contractive operator. For this purpose, let us consider N; = G.(Ny), where G. is
the operator in (I7H) and Ny the function in (I96). Taking into account that (N;) = 0 and applying
Lemmas [Z.11] and [0, we have that

[N, = 1G(N)ll, < Kule™*. (202)
Then, we consider the change
h=(1+Ni)h (203)
which, by [@202), is invertible for (v,7) € I}, , x T,. By ([94) and 203), h is solution of
L.h = M*(h),
where - R R
M* (h) (v,7) = M(v,7) + N(v,7)h(v,7) + R (h(v,T),v,7) (204)
with
]/\4\(1),7') =(1 Jer(v,T))il M(v,T) (205)
N@,7) = (1+ N1(v,7)) " Ni(v,7)N1(0,7) + Na(v,7) (206)
}AB(E, v, T) = (1 +N1(U,T))71 R ((1 + Ny (v, T)) E,U,T) ) (207)
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To find a solution of this equation, we look for a fixed point h € A, of the operator
m - ga o M*a (208)

where G. and M* are the operators (78] and (204). Then, Proposition [[12] is a consequence of the
following lemma.

Lemma 7.14. Let us consider €9 > 0 small enough. Then, for e € (0,eq), there exists a function heA,

defined in I, , X To, such that it is a fived point of the operator [R08). Moreover, it satisfies

I, < Kluler+

and then u = v + (14 N1(v,7)) h(v,7) € DY, for (v,7) € I , X T,.

Proof. 1t is straightforward to see that the operator M sends A, to itself. We are going to prove that
there exists a constant by > 0 such that M is contractive in B(bs|ule"™!) C A,.

Let us consider first M(0) = G. o M*(0). From the definitions of M* and M in [204) and (205)
respectively, we have that

M(0) = G.(M*) = G. ((1 +N,) M) —=G. (M) —G. ((1 +N1)‘1N1M) .

second one has to take into account Lemma [.T0] and then ([202) and Lemma [Z.11] to obtain

|

Therefore, there exists a constant b3 > 0 such that

The first term has already been bounded in Lemma [T} and satisfies ||G-(M)||, < K|ple" . For the

G. ((1 +N1)*1N1M) H < K|[W]|, |M], < K|p2e,

— b
HM(O)HU < §3|M|€"+1_

Let us consider now hy, hy € B(bs|ule"") € A,. Then using the properties of G. given in Lemma [Z10
and the definition of M* in (204]),

[M(h2) = M(Ra)||, < K ||M*(he) = M*(h1)||,
< K ||N(v,7)(ha — h1) + R(ha,v,7) — R(h1,v,7)

g

Taking into account the definitions of N and R in [206) and [207) and applying Lemma [.TT] and bound
([202), one obtains

[M(h2) = M(Ba)|, < Kple™ Rz = halo-

Therefore, reducing ¢ if necessary, LipM < 1/2 and therefore M is contractive from the ball B(bs|p|e"™) C
A, into itself and it has a unique fixed point h. O

Proof of Proposition[7.13 To prove Proposition [[.12 from Lemma [6.6, it is enough to undo the change
of variables ([203) to obtain U" = (1+ N1)h. Then, using bound [@02) and increasing slightly b if
necessary, we obtain the bound for U/". O

7.2.3 Proof of Theorem

We prove Theorem looking for a solution of (B0) through a fixed point argument, taking the pa-
rameterizations of the invariant manifolds as perturbations of the parameterizations of the unperturbed
separatrix. Since we only deal with the unstable manifold, we omit the superscript u. We consider

( Q(v,7) > _ ( Q0 (v) + Q1(v,7) )

P(v,7) po(v) + Pi(v,7)
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and thus we look for (Q1, P1) as solutions of

(LEA(u))<%1)/C< %; >

where L. is the operator defined in (&), A is the matrix defined in (I89)),

w.r) = pe" 0, Hy (qo(u) + &1, po(u) + &2, 7)
Lt (G@l)(un)us"aqﬂl (qo<u>+§1,po<u>+sm>>

and

G(&)(u,7) = = (V(p(7) + qo(u) + &) = V'(ap(7)) = V'(qo(u)) = V" (q0(u))&1) ,

where for shortness we have put & and & for & (u, 7) and & (u, 7).
We decompose K considering constant, linear and higher order terms in £ as

K(E)(U’T) = L(U,T) + (Ml(uaT) + MQ(UaT))E(u’T) + N(&)(U’T)

with

wr) = pen Hi(qo(u), po(u), 7) 0
L) =u ( (s0(1), pof) >>+<G(0)(u,7))

o OwE @) O (ao(u). polw). )
ST ( uq Y (d0(), Do), 7) 3qu11(qO(U)ap0(U)aT>>

wot) = peltl aquj (qo(u), po(u), ) 3ppﬁA12(QO(U),p0(U)aT)
Malw ) = pe <3qu12(QO(U)7p0(U)7T) aqu%@o(u),po(u),T))

N(&)(U’T) = L(U,T) + (Ml(uaT) + MQ(uaT))E(u’T) - K(E)(U’T)

First step is to define the following function space
YV, = {h Dzudt: x T — C; real-analytic, ||h]s < oo} :

where 5;“; " is the domain defined in (G0) and

IR]lo = Z Hh[k]H elklo

keZ

(209)

(210)

(211)

(212)

(213)

(214)

(215)

(216)

where || - || is the classical supremmum norm. It is a well known fact that this function space is a Banach

algebra (see for instance [Sau01]). We also define the product space

Vo X Vo = {h = (b1, hs) : DO x T, — € veal-analytic, ||All = [|ha s + [1ha]ls < o0}

(217)

Since we deal with the Banach space ), x ),, it is also useful to consider the norm for 2 x 2 matrices
induced by || - [|o. Let B = (b¥) be a 2 x 2 matrix such that b € )),. Then, the induced norm with

respect to the norm of ), x V,, which we also denote || - ||, abusing notation, is given by
1Bllo = mas {[[oV], + [[*], }
The next lemma gives some properties of this induced norm.
Lemma 7.15. The following statements are satisfied
1. Ifh€ Yy XY, and B = (bij) is a 2 X 2 matriz with b € Y, then Bh € Y, x ), and

1Bhllo < |[Bllo[Rlo-
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2. If By = (bllj) and By = (bY) are 2 x 2 matrices which satisfy b € Y, and by € Y, respectively,
then By = (by) = By By satisfies by € &, and

1Bsllo < || Billo||Bz]lo-

Second step is to look for a right inverse of £, — A(u), where A is defined in (I8Y). To obtain it we use
the operator G. defined in (I75), which is well defined for functions belonging to ), if we take u1,a; the

vertices of the domain Dout " defined in (B0) (see Figure[7). Recalling that ® defined in (I31)) satisfies
L:P = AP, we can define a r1ght inverse of L. — A(v) as

G.(h) = ®G. ('), for h= ( Z; ) : (219)

Lemma 7.16. The operator G. in @I9) satisfies the following properties.
1. Ifh € Yy x Vs, then Go(h) € Yy x Yy and

G- < K|nl,.

2. Furthermore, if (h) =0, then

We rewrite Theorem [0 in terms of equation ([209) and the Banach spaces defined in ([217]).

G.m)| < Kelnlo.

Proposition 7.17. Let ps and k1 be the constant considered in Proposition [T.12 and [7.4] and let also
dp > 0 and g9 > 0 small enough. Then, for e € (0,eq) there exist functions (Q1,P1) € Vo X Yy which
satisfy equation 209) and are the analytic continuation of the functions (Q1, P1) obtained in Corollary
[713 Moreover, there exists a constant bs > 0 such that

1(Q1, Pr)lo < bs|ule™ .
Before proving the proposition, we state and prove the following technical lemma.

Lemma 7.18. The functions L, My, My and N defined in 212), @13), @I4) and ZIT) respectively,

have the following properties,

1. L €)Y, x Y, and salisfies

ILlo < Klule”,  1Ge(L)llo < Klple™.

2. My = (mij) and My = (méj) satisfy mij,méj € Vs X Vo, (My) =0 and
[Mills < Klple",  |Malo < K|uf?e*.
3. If£,¢ € B(v) C Yy x Vs, then

IN(E) = N©Il, < Kvig" =<,

Proof. For the first statement let us split L as L = L1 + Lo + L3 with

o= (PO 0.0 )
Li(u, ) ( —pe™ 19, Hi (qo(u), po(u), T) ) 12

and

“W”<Gm%m>’



where H!, H? and G are the functions defined in (T}, (@3) and [I0) respectively. One can easily see that
L1,Ly € Yo X Yy, (L1) = 0 and || L1 ||, < K|p|e” and, using Corollary 58] also that || La||, < K|u|?e?7*1.

Thus, applying Lemma [7.T0 one obtains |\§8(Li)||a < K|plem™! for i = 1,2.
To obtain analogous properties for Ls, it is enough to apply Mean Value Theorem to obtain

0
Ly(u,7) = _/o V" (s12(7) + s20(1)) ds1dsaqo(u)z,(7)

Then, ||Ls]|, < K|ple" . Therefore, applying Lemma [.16] we have that |\§8(L3)||a < K|p|e"t. This
finishes the proof of the first statement.
The proof of the other statements is straightforward. O

To prove Proposition [[.T7] first one has to perform a change of variables to equation (209]) to obtain
a contractive operator. In fact, this change is only necessary in the case n = 0. Let us consider

M, = (m’f ) with Y =G. (m? ) , (220)

where G, is the operator defined in (I73) and M; = (mij ) is the matrix defined in (2I3]). By Lemmas

and [[3] one can see that o
Mg < Kule™. (221)

We consider the change of variables o
¢=(1d+71,)€ (222)

which is invertible. Using @09) and [222)), ¢ is solution of equation

(Lo — A(u) € =K(9), (223)
where R o
K(€) =L+ ME+N (€) (224)
with
L=(d+3,) 'L (225)
M = (1d+ M)~ (MM, + AN, — My A+ M, (1d + ) ) (226)
N@) = (1d+ ;)" N ((1d+ 1) ). (227)

Since we want to obtain the analytic continuation of the parameterizations of the manifolds obtained
in Corollary [[ T3] we need to impose initial conditions. Nevertheless, since we invert £, — A(u) by using
the operator G- in [@I9) which is defined acting on the Fourier coefficients, we need to consider a different
initial condition depending on the Fourier coefficient, that is in w; or in @; (see Figure [7). Thus, we
define the following function

“1/— \glkl — —ike Y(v—v ikT
Lo(v,7) =3 @(0)® (@)E" (B) e~k (=) eik
k<0

+ Z (I)(’U)(I)_l(’ul )E[k] ('Ul) e—ikefl(v—vl)eikr (228)
k>0

+®(0)7 (—pa) % (—pa).
Recall that £(v, 7) is already known for v = vy, 71, —py using (222), 220) and Corollary [.T3

Lemma 7.19. The function Lo(u,7) in 228) satisfies de following properties:
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e (L. — A(v)) Lo =0, where L. is the operator in (BII).

e eV, x Y, and
Lol < K|ple™™.

The function £ satisfies equation 23] and the initial conditions on the Fourier coefficients Lo in (228))
if and only if it is solution of the integral equation

Q1 _ 5 Q1
where G. and K are the operators defined in [2I9) and (2I1)) respectively. Thus, we look for a fixed point
¢ =(Q1,P1) € Yy x YV, of the operator

K=Lo+G.ok. (229)
Therefore, Proposition [[.17]is a straightforward consequence of the following lemma.

Lemma 7.20. Let g9 > 0 be small enough. Then, for e € (0,e), there exists a function EeY, xY,
defined in D" x T, such that is a fized point of the operator 229) and satisfies

pa,do,k1

€], < bs|ple™.

for a certain constant by > 0 independent of € and p. Moreover, & = (Id 4+ M,)E, where M is the
function defined in 220), is the analytic continuation of the function & = (Q1, P1) obtained in Corollary
713

Proof. To prove the lemma, first we see that there exists a constant b5 > 0 such that the operator K in
([229) is contractive from B(bs|ule"!) C ¥V, x Y, to itself and thus that it has a fixed point. Then, we
will see that £ = (Id + M7)&, where M is the function defined in (220)), is the analytic continuation of

the parameterizations of the manifolds which have been obtained in Corollary [T.13]
Let us first consider K(0). Using the definitions of IC, K and L in (229), (2I1)) and ([225), we have that

K(0) = Lo + G. (L)
—Lo+G-(L)-G. (Ml (1d + 71,) L) :

From Lemmas[7.T9 and [I8 and applying also the bound of M in (2Z1]), it is straightforward to
see that ||[K(0)]|, < K|u|e"!, and thus there exists a constant bs > 0 such that ||(0)||, < bs|u|e"™1/2.

Let us consider now Zl, ZQ € B(bs|ule"™) € Yy x V,. Then using the definitions of K and K in (23)
and [224)), and applying Lemma [.T6]
~ (=1 o (=2
<K R(E) £ ()],

[ (E)-x()
ck[5(¢-2)+5(6)-5(€)
Then, using the definitions of M and N in @24) and [227) and applying Lemma [Z.I8 and bound (221),
one can see that
[ () -x()

Therefore, reducing ¢ if necessary, Lip £ < 1/2 and then K is contractive from B(bs|ule"™!) C YV, x Vs
to itself and it has a unique fixed point &.

To prove that ¢ = (Id + M;)E is the analytic continuation of the function & = (Q1, P;) obtained in
Corollary [[.T3] one can proceed as in the proof of Lemma [[.8 O

[oa

2

1 —
<Kl ¢ -2

g

Proof of Proposition[7.17 It is enough to undo the change ([222)). For the bound of { = (Q1, ) it is
enough to consider the bound of M in [221]) and the bound of ¢ in Lemma [7.20] and increase slightly bs
if necessary. O
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7.2.4 Proof of Theorem [A.7]

This section is devoted to obtain a parameterization of the invariant manifolds of the form [g]) in the
domains ([32)). To this end, we look for changes of variables v = u 4+ V**(u, 7) which satisfy (62)).

Since the proof of Theorem [T is analogous for both invariant manifolds, we only deal with the
unstable case and we omit the superscript u to simplify notation.

Writing Q(v,7) = qo(v) + Q1(v, 7), equation (G2) reads

q0 (u + V(ua T)) - QO(U’) = _Ql (u + V(ua T)a T) .

Taking into account that ¢o(u) = po(u), to obtain a solution of this equation is equivalent to obtain a
fixed point of the operator

N(h)(u,7) = — (@1 (u+h(u,7),7) + o (u+ h(u, 7)) = go(u) — po(w)h(u, 7). (230)

po(u)

Let the function space
Qudo = {h I x T, — C; real-analytic, ||h|x,4.0 < oo} , (231)

where || - ||x,4,0 is the Fourier norm defined in (2I6]) but applied to functions defined in Izudt’“ x Tg.
We split Theorem 7 in the following proposition and corollary, which are written in terms of the
Banach space defined in (23T]).

Proposition 7.21. Let us consider the constant k1 given in Pmpositionlm, do > dy >0, kg > K1 and
gg > 0 small enough, which might depend on the previous constants. Then, there exists a constant bg > 0
such that for e € (0,¢0) and k1 and Ky big enough, the operator N is contractive from B (b6|,u|€’7+1) C Qs
to itself.

Then, N has a unique fized point V € B (bg|ule"™) C Q,, which satisfies that u+ V(u,7) € ot

K1,do
for (u,7) € Ig;fd? x T,.

Corollary 7.22. There exists a function T : I;:;tcﬁ x Ty — C such that
OuT (u,7) = po(u)P(u+ V(u,7),7),

where P and V are the functions obtained in Theorem[{.0 and Proposition [7.21] respectively, and satisfies
equation [@T). Moreover, it belongs to Q, and satisfies

||(9UT — 8uT0||R27d1,a < b7|ﬂ|577+1.

for certain constant by > 0.
We devote the rest of this section to prove Proposition [[.21] and Corollary [[.22

Proof of Proposition [T.21. The operator N sends Qx, 4,0 to itself. To see that exists a constant bg > 0
such that A is contractive in B (bg|p|e™?) C Q, 4,0, we first consider N'(0). By Proposition[IT, there
exists a constant bg > 0 such that

et

b
IN O, a0 = [0 (©)Q1 (0. 7)) <3

K2,d1,0 = 9

To see that A is contractive, let hy, ha € B (bg|ule"™) C Quy.d,,0- By Proposition [T we know that
Q1(u,7) is defined in Io?tlf; and satisfies ||Q1]|x,.d0.0 < K|u|e"™! in this domain. Applying Cauchy

K
out,u out,u

estimates in the nested domains I C 1, ;.. one has that

2[{1,d0/2

K
100Q1 |21 ,do /2,0 < K—lusn.
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Then, defining h*(v, 7) = sha(v, 7)+(1—3s)h1 (v, 7) for s € (0,1), using the mean value theorem, increasing
k1 if necessary and taking ko > 2kK1,

[N (h2) = N(hi)ll, 4, .0 S’Pol(v)/o (0uQ1 (v+ A%, 7) + po(v + h*) = po(v)) ds

I€2,d1,0‘
Re = hally 4, 0
Klple"
Sl )
1
<5 bz = Iull, -

Then, N : B (b6|,u|577+1) — B (b6|u|€’7+1) C Qx,.di,0 and is contractive. Therefore, it has a unique fixed
point which satisfies the properties stated in Proposition [[.2T} O

Proof of Corollary[7.23 Proposition [[21] gives a parameterization of the form
(¢:p) = (Qu+V(u,7),7), Plu+ V(u,7),7)) = (qo(u), P(u+V(u,7),7)).

We want to have a parameterization of the form (@S], where T is a function which satisfies {T). To
recover this function it is enough to point out that, since we want it to be solution of [@T), we know its
gradient

(0T (u,7),0:T(u, 7)) = (po(u)P(u +V(u, 1), 7), —eH (u, po(u) P(u + V(u,7),7), 7‘) )
Then, it is enough to check the compatibility condition
Or [po(w)P(u+V(u,7),7)] = —0u [EF (u, po(u)P(u+V(u,7),7), T)] . (232)
Differentiating equation (G2]), one has that V satisfies

OQu+V(u,7),7) (1 + 0, V(u, 7)) = po(u)
an(u + V(ua T)a T)&,—V(U, 7_) + 87'@(“ + V(uv 7_)7 7_) =0

Then, using this equalities and equation (B0), one can prove (232]).
Finally, recalling that 9, Tp(u) = pZ(u) and P(v,7) = po(v) + Pi(v,7) and applying Proposition [T
and the mean value theorem,

0T = 8uToll,.y 4, 0 < llpo(w) (Pr(u+V(u,7),7) + po(u+ V(u, 7)) — po(u))|,
< br|ple™t

7.2.5 Proof of Theorem [4.8]

The proof of Theorem follows the same steps as the proof of Theorem 4l For this reason, in this
section we only explain which are the main differences.

First, let us point out that the operator G. defined in ([I'73) can be also applied to functions defined
in Dgg.,dz x T, if one takes as u1, %1 the vertices of DZMIQ (see Figure2)) and as p the left endpoint of the
interval Dy, NR. Now the paths of integration cannot be straight lines. Nevertheless, it is easy to see
that G. satisfies the same properties as the ones stated in Lemma [T.3] but applied to functions defined in
the new domain.

Then, if one considers Banach spaces analogous to &, ,, with v > 0, given in (I74), for functions
defined in Dy, X T,, one can prove Proposition [T but looking for the function T) as the analytic
continuation of the function obtained in Corollary [[.22]instead of the function T} obtained in Proposition
and Proposition

The rest of the proof follows the same lines as the proof of Proposition [.4
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7.3 The first asymptotic term of the invariant manifolds near the singularities
for the case ¢ = 2r

In the case n = 0 and £ —2r = 0, we need a better knowledge of the first asymptotic terms of the invariant
manifolds close the singularities of the unperturbed separatrix u = +ia. In the next result, we obtain
them for the unstable invariant manifold close to u = ia. The other cases can be done analogously.

For real, 2m-periodic in 7, analytic functions A : Dy, 4, X To — C, we define the Fourier norm

Al = sup |(w? + a®)"BM ()]l
keZ(uJ)ED“ X Ty

r3,do
being, as usual, hl*! the k-Fourier coefficient of h.
The next proposition will be used later in Section [0

Proposition 7.23. Let us assume { —2r = 0, and let Q; and Fj be the functions defined in ([(9) and

®0) respectively (see also Remark[[.17]) and the constant C given in (I3) and [I).
Then, there exists a real analytic function & : D x Ty — C, satisfying that:

K3,d2

1€ll2r11-1/q,0 < K|ple™,

where r = «/f has been defined in Hypothesis HP2 and, for (u,7) € Dy, ., x Ty, the functions T*

obtained respectively in Proposition (case ap(u) # 0) and Proposition [7.17 (general case), are such
that

Proof. We prove Proposition[Z.23]in the polynomial case. Taking into account Remark [£14] the proof of
the trigonometric case is completely analogous.

We only deal with the case po(u) # 0 being the other case analogous. For this reason we will only
take into account the previous results in this case. In fact we will see that Proposition [Z.23] is also valid
for (u,T) € DZ?ZZ where p)} and k(, are the constants for which Proposition [7.4] holds.

2rpe™C?

Laai < K|ule™?2. 233
(u —ia)?r+1 > |M|<E ( )

2r4+2,0

0T (u, 7) — (Fo(7) + u({QoF1)) + &(u, 7)

We first obtain the asymptotic expansion for the function 0,Th (v, 7) obtained in Proposition [74]
which is defined for (v,7) € D%'% x T, and then we use the change variables v = u + h(u, 7) defined in

PLRG
Lemma [76] R
_To obtain the asymptotic expansion, we decompose 9,1} into several parts taking into account that
0yT1 is a fixed point of the operator J in ([I87) and that we know explicitly J(0). We use the functions
A; defined in (I59), (I60), (I6I) respectively, the change of variables g obtained in Lemma and the
operator J in (I8T). We take

with

(v, 7) (234)
(v,7) (235)
(v,7) (236)
Dy(v,7) = Ge (0y [0pAa(v, T)g(v, T)]) (237)
(v,7) (238)
(v,7) (239)
(v,7) (240)

240

Let us point out that the sum of the first six terms is 7(0). We bound each term. For the second to the
fifth terms, we follow the proof of Lemma [I.5] where the functions Ay, As and A3 have been bounded.
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To bound (234), it is enough to recall that, by ([I88), D1 € £o,py,k1,0 € E2r41-1/8,p2,51,0+ tO Obtain
ID1llars1-1. < [1D1llo.e < Klple™.

To bound ([235]), we apply the bound of A; obtained in (I79) and use > 1 to see that Dy € &41,, C
82r+171/5,a and

ID2llar 11 < 1Dollrt10 < Klple™.
Since (A) = 0, we can define a function Ay such that 0, As = Ay and (Ay) = 0. Moreover, one can write

D = G-(9,42) = G- (02, 74)
= 6. (L. (7)) ~ 6. (937s).

Then, using the definition of G. in (73] and applying Lemma[73] one can see that there exists a function
&3 € &o,0 C E2p41-1/8,5, Which satisfies,

1Esllars1-1.0 < Kl&llow < Klule™",

such that

HDg — 0, Ay — & < K|ple™™2.

2r4+2,0

Moreover, recalling the definition of Ay in (I680) and defining functions @y; such that
O-ar; =0 and <akl> =0 (241)

we have that

0y As(v,7) = —pt Z Gyt (7)0, (QO(U)kPO(U)l) .

2<k+I<N
Then, recalling the definition of the functions @; and F; in ([9) and (80) and the constant C in (I3),

Oy Ao satisfies
2rpeCT R i
rus’CL O(T)+O<( pe )
v

(v —ia)?+1 2r+1-1

£0,Aa(v,T) =

—ia)

Therefore, there exists {3 € E2,41-1/8,p5,r,,0 Satisfying

sllars1-.0 < Klule™,

such that
2rue™C2 Fy(1)

n+2
(v —ia)2r+1 < Klule™

2r4+2,0

HD3(U,T) - —&(v,7)

To bound (237), we first subtract its averaged term. Then, using Lemma [Z.6 to bound g and 9, g, Lemma
1] to bound the first and second derivatives of A; and Lemma [(3] we obtain

D4 = Ge (800 Az - 9)) |y 19,5 < Kul?e".
On the other hand, using the definition of G. in (I'TA)
Ge (0u(0u A2 - 9)) (v) = (0u Az - 9)(v) — (OvA2 - g)(—p)).

To obtain its leading term, first we look for the first order of the function g given in ([I80). Using the
definition of By in (&), the functions (241]), the bounds of 9, B; in (I58) and Lemma [I3 we have that

g(v,7) —pe™t 3" (r)qo () po(v) 2| < K|ple™t. (242)
2<k+I<N

>1 1,0
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Then, using the functions @; and F; defined in (79) and (80) respectively, and taking into account the
definition of Ay in (I60), there exists a function {4 € Eari1-1/8,ps,x,,0 Satisfying

allars1-3.0 < Klule™,

such that 2 om0
2 n F
G (9n(DyAs - g) = 2= G

(v —ia)?r+1

Therefore, one can see that

2rpe® 1 C2 Qo)

< K|+,
(v —ia)?r+1 < Klul

Ha@,ﬂ - —&a(u, )

2r42,0

For ([238]), it is enough to apply Lemmas and [7.0] the definition of As and the mean value theorem,
to obtain
||D5||27‘+2,a < K|u|3€377+2_

To bound (@3J), let us recall the definitions of A3 and H? in ({[61) and @3). Then, it is enough to apply
Lemma [.3] to obtain
1D6lp41-1 o < 1Dell2r0 < Kule™".

Finally, for (240), it is enough to take into account the definitions of J and Fin ([I87) and ([I63]) and
apply Lemmas [7.3] and [C.8 which give,

o o2~

< |7 (o) - F00)

2r4+2,0 2r4+2,0

< HE . (%T\l +C ((%T\l,vﬁ) — 6(0,1},7’)

2r4+2,0

S K|‘LL|2€277+2.

< Klule" |0, Ty
2r+1,0

Considering all the bounds of D;, we define
&(u,7) = Di(u,7) + Da(u, 7) + &3 (u, 7) + &€4(u, 7) + De(u, 7)

Then, § € &y41-1/p,0 satistying
H£H2T+17%,G’ S K|’u|5"7+1,

and then we have

To finish the proof of Proposition[.23] one has to consider the change of variables v = u+ h(u, 7) defined
in Lemma to obtain

~ 2rue"tC?
ale (U,T) — (’U—’LTT':; S K|/L|€n+2. (243)

2r4+2,0

(Fo(7) + u(QoFr)) — &(u, )

Ty (u,7) = (14 Ouh(u, 7)) 0T (u + h(u,7), 7).

Then, the bounds of h and 9,k in Lemma [.6] and ([243)), finish the proof of the proposition. O

8 Approximation of the invariant manifolds in the inner do-
mains.

8.1 Case ¢ < 2r : proof of Proposition [4.10

We prove the results stated in Proposition [£.10l concerning the unstable manifold. The proof of the results
concerning the stable one follows the same lines. To obtain the bound of 9, T} (u,T) — 0, Ty (u, T), we
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first bound 9,77 (v, 7) — O b To" (v, T) where T is the function obtained in Theorems B4 and {8 which is
defined for (v,7) € Dy, ;, X Ty, and 7¢" is the function defined in (@3). Then, we will use the change of
variables v = u + h(u, T) defined in Lemma [ to obtain the bound stated in Proposition EI0

Let us define first v3 and v4 the leftmost and rightmost vertices of the inner domain D,‘%ngu (see
Figure[d)). Then, we can define the operator

Zg zk‘r (244)

kEZ
where its Fourier coefficients are given by
G- () (v) = / ke (=) i (t)dt for k> 0
v3
G-()(v) = / "R () at
v4
G- ()M (v) = /ﬂ etk =) plF (1) gt for k < 0.

It can be easily seen that this operator satisfies analogous properties to the ones satisfied by the operator
G. defined in (7)), which are given in Lemma [[3] Let us consider also the Fourier expansions

hi(v,7) = H1(qo(v) ZH[k e*T and  A(v,7) = A(v + g(v, 7) ZAk] et
keZ keZ

where H; is the function defined in (@) and (I0), A is the function defined in (I50) and g has been given
in Lemma R R
First, we observe that, since 9,171 = J(9,11), where the operator 7 is defined in (I81),

4

0,T1(v,7) = G- (8,A) (v, 7) + Z N;(v,7)

with:
Ni(v,7) =Ap(v,7) (245)
No(v,7) =T (aﬁl) (v,7) — T (0) (v, 7) (246)
N3(v,7) = — G (8, A) (v, 7) + G= (8, A) (v, T) (247)
Nu(v,7) =G-(8,A)(v,7) — G- (8, A) (v, 7). (248)

Second we split 9, 7;" as:
WTy = —pe"Ge(Ophy)(v,7) — N5,

where

N5(’U 7— — 'U’EUZ/ e (t— U)a H[k ( )d

+u€’72/ ke (=0) g, (1) dt. (249)

k<0

Finally, we use the definition of A in (IZ{) and Hy in Ql), and the fact that, as the periodic orbit
does not depend on v,

Oy (V(2p(7)) + Hi(2p(7), yp(7), 7)) = 0

to obtain

85



Ge (00 A)(0,7) + He"Ge(9uhn) (0, 7) = = yp(T)po () + ()0 (u) (250)

+ Ng + N7 + Ny (251)

with
No = =G0, (Halao(v) + p(r),po(0) + 5p(r),7) = Halao (0), po(v), 7)) (252)
Nr = =Ge0,(Vigo(u) + (7)) = Vlao(w) — V(o (w))as(7)) (253)

N = G0, =V (@o)ap(r) + V' (wp(r)ao(w)

11 (q0()0s i (2 (7), (7). 7) + po )0y H (7). 55 (7), 7)) )
+yp(7)po(u) — 2p(7)po (w)- (254)
Finally we obtain:

8
0,1 (v,7) — 0y T5" = —yp(7)po (u) + 2 (T)Po(w) + Y Ni(v, 7).

i=1
Now, we proceed to bound Ny, ..., Ng.
To bound Ny in (243, it is enough to recall that, by (I8@), N1 € &,y w0 and
INlo,e < K |ple™ .

For N in (246), it is enough to consider the bound of 8Uf1_ given in Proposition[[4] and the Lipschitz
constant of the operator J in (ISZ) restricted to the ball B(|ule"*") C Epy1,p, w10, Which has been
obtained in the proof of Lemma Then,

—(e+1)

g

[ V2[l0,0 SKW”N2”2+LG
0

<K|‘u|€7(l+1)+n+17max{0,272r+1} Havfl H

t+1,0
SK|‘u|2€2n72+17max{0,€727‘+1}.
To bound N3 in ([247) we observe that (N3) = 0 and
N?[)k] (v) = ke ™! (v3—v) /Us eike ™! (t—vs) (avgm) () dt for k>0
NP () = A0 () — A0)(yy)
N (o) = eite @m0) / ke () (9,49 (1) e for k<0,

Taking into account that the operator QNE satisfies also the properties of the operator G. given in Lemma
[[3] and using the bounds of g and 9, A given in Lemmas and respectively, we obtain the following
bounds. For k # 0,

]

<]

g~€ (&Jg[k] (,U)eik'r)

0,0 0,0

< Ke H&J/Al[k] (v)ei’”

0,0
< K-ty HavA\[k] (,U)eik'r

l+1,0
< K|plen Tty
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For k =0, we have that

1N o, < || A1)

0,0

< x|

< K|ule"".
Lo

Finally, note that in the case ¢ = 0, we have that the change g obtained in Lemma satisfies ¢ = 0.
Then A = A, which implies (ﬁ) = 0. Therefore when ¢ = 0 we have that Ng[,o] = 0. Taking this fact into
account, we can bound N3 by

IN3]lo, < K|ple= %,

where
« Q=) ite>0
27V 1-4  ife=o.

For Ny in (248]), one has to consider the bound of 9, A given in Lemma [[5 and the bound of g restricted
to the inner domain given in Corollary [L7l Then, using again the bounds analogous to the ones given in
Lemma [Z.3] but to the operator G.

INulloo < KIIA= Al < K[10,All0.slgllo.s < Klul?e® =

with v is defined in Corollary [T7
For N5 in ([249)), it is enough to take into account that (h;) = 0, that hy has a ramified point of order
¢ at u = ia and that both vs and vy satisfy |v; — ia| = O (¢7), i = 3,4. Then, bounding the integrals as
in Lemma and [6.8] one has that
INsllo.0 < K|l [[Ouhllo,p < K| 7D,

To bound Ng in ([252) we first use the mean value theorem to obtain
1H1(go(v) + 2(7), o (v) + yp(7), 7) — Hi(qo(v), po(v), 7)o, < lale” .
Then, using that 58 has similar properties to the ones given in Lemma [T for the operator G. we obtain
[ Nollo.o < K|p|>e>1= 4.

The bound for N7 in ([253)) comes from applying the mean bound theorem to the function

Vigo(u) + (7)) = Vgo(w) — V' (go(u))ap(7)

and using that V" (go(u)) has a pole of second order, the bound of the periodic orbit and the properties

of g}. Then, we obtain
IN7llo.0 < K|V (go(u) + (7)) — V(go(w)) = V' (qo(u)2p(7)[lo.c < K|u’e®" = K|u[?en=0F0H0),

To bound Ng in ([254]), we write it as
Ng = G. (0uNNg) + yp(T)po (1) — 2p(7)po (u)
with

Ng(v,7) = = V' (qo())ap(r) + V' (2,(7)) g0 (u)
+ Msn (QO(U)ale (xp(’r)v yp(T)ﬂ T) =+ pO(u)ayHl (zp(T)a yp(T)a T)) .

Using that —V'(go(u)) = po(u), go(u) = po(u) and that the periodic orbit satisfies equations (31), one
has

Ng (v, 7) =po(w)ap (1) — e~ 0ryp(T)g0 (1) — po(w)yp(7) + e~ drap(T)po(u)
= = Le(Yp(T)q0(w)) + Le (@, (T)po(w))-
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Therefore Ng can be written as

Ns =G-0uLe (—yp(T)q0 (1) + 2 (7)po (1))
+ Yp(T)po(u) — 2 (7)po (u)
=G L. (~yp(7)po(u) + 2 (7)po (1))
— (=yp(T)po(w) + 2 (T)po (u)).

Then, using that g} satisfies an analogous property to the one given for G, in the last item of Lemma [[.3

INsllo.o < Kulem =D,

Now, choosing v such that
1—(r+1)y>—¢,

that is,
(41

r+1

and considering all the bounds of N; and taking

v  =min{vy, i, 1 —max{0,{ —2r + 1}, 0,0 +1— (r+ 1)y},

To finish the proof of Proposition EI0 it is enough to consider the change of variables v = u + h(u, T)
defined in Lemma and its bounds restricted to the inner domains given in Corollary [[7

we obtain

8, T (v,7) — avTo(v,T)H < K|ple™t"
0,0

8.2 Case ¢ > 2r: proof of Theorem

This section is devoted to obtain good approximations of the invariant manifolds in the inner domains
defined in ([BA) for the case £ > 2r.

First in Section we define the Banach spaces that will be used in the forthcoming sections and
we state some technical lemmas. In Section we prove Theorem

8.2.1 Banach spaces and technical lemmas

We start by defining some norms. Given v € R and an analytic function h : D% — C, where Dy,
is the domain defined in (36, we consider

[hllvs,e = sup [2"h(2)].

zeDR
Then, for analytic functions h : DL‘}*” x T, — C which are 27-periodic in 7, we define the corresponding

Fourier norm
1Allvkc0 = Z ||h[k]||u,n,ce|k|a
keZ

and the function space
Zyreo = {h: DY x Te — C; analytic, [|Al|y,x,c.0 < 00} (255)

which can be checked that is a Banach space for any v € R.
If there is no danger of confusion about the definition domain D,ijf;j““ we will denote

[ le =1 llomeo  and  Zio=Zypeco

The next lemma gives some properties of these Banach spaces.
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Lemma 8.1. Let ¢,k > 0.

1. Ifvi <y, 24, 6 C 2., 5. Moreover,
K
Allzse < —2= [Allor o
2. Ifhe 2, ,and g € Z,, 5, then hg € Z,,, 11, » and
1hgllvi+vaso < [[Rllvro 19llva,o-
3. Leth € 2, c0 and ¢ < ¢, then, Oyh € X, 2, 2.0 and

K
v,2K,C,0 < — HhHVJ{yCvU'
K

10z

Throughout this section we are going to solve equations of the form L£h = g and Lh = 0.,g, where
L=20,+0;. (256)

To solve these equations we consider operators G and G, which are defined “acting on the Fourier coeffi-
cients”.

Figure 11: The inner domain D" defined in (T0) and the transition domain I:éu defined in (260).

Let us consider z; and 2y the vertices of the inner domain DL“,’C*"“ (see Figure[d)). As we have done
in Section to invert the operator £. = 719, + 0, we invert £ integrating from z; or z; depending
on the harmonic.

We define the operators

G(h)(z.7) =Y G(h)M(z)e*T, (257)

kEZ

where the Fourier coefficients are given by

g(h)[k] (2) = / efik(zfs)h[k](s) ds for k<0

21

Gh)H(z) = / == 3l () ds for k> 0

Z2
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and

G(h)(z.7) =Y G(n)H(z)e™, (258)

where its Fourier coefficients are given by

G (2) = hlkFl(2) — emkGE=20)plF (5) — ik / e kG plkl () ds for k <0
z1

G(M(z) = h(z) = bl (=)

G (2) = hlF(2) — emkGE==2) gk (5,) — ik / e~k plkl (5 ds for k > 0.

The next lemma gives some properties of these operators. Its proof is analogous to the one of Lemma

5.5 in [GOSI0).
Lemma 8.2. Let k,c,v >0 and v € (0,1). Then,

1. The operator G : Z,41 o — 2,5 is well defined. Moreover, if h € Z,41 ,,

15,0 < Kl[2llot1,0-

2. The operator G : 2, o = 2, is well defined. Moreover, if h € 2, ,,

G, o < KM [R]lu,o

3. The operator G : 2, , — 2, is well defined. Moreover, if h € Z,,,,

IS, , < Klbl.0

v,o —
8.2.2 Proof of Theorem [4.16
We rewrite Theorem [£16] in terms of the Banach space (253]).

Proposition 8.3. Let v € (0,72), where

B Bl —2r+1)
PEBl )+ 1

(259)

c1 >0, g9 > 0 small enough and k¢ > max{ks,ks} big enough, where k5 are the constants defined in
Theorems [{.8 and[{.12 respectively. Let,

o =¢" =g,
where " is the function in (@) and g is the function obtained in Theorem [{.13. Then, for e € (0,e0),
we have ¢ € ZQT_%,R&CM and there exists a constant big > 0 such that

1
||az50||27‘_%,,£670170 < b10€5 R

where r = /B has been defined in ([I3).

Remark 8.4. We emphasize that Proposition implies straightforwardly Theorem [{-16] Indeed, we
observe that the only restriction is about the range of values of v € (0,72). Let us denote by Divn the inner

domain defined by ~y. It is clear that, if v > o > v1, then Diyn C DEYI; and henceforth the result holds also
for values of v > ~s.
We need to impose this condition about v just for technical reasons.
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In the proof of this proposition we will refer several times to the bounds given in Theorem In
fact, we need these bounds expressed in terms of the Fourier norm, which are given in Proposition 4.8 of
[Bal(6], instead of the ones given in this theorem, which use the classical supremmum norm.

Let us point out that using the bounds of Proposition 4.8 of [Bal06] and Corollary leads to a
bound of 0,¢ of order 1 with respect to . Nevertheless, this bound is too rough to prove later the
asymptotic formula for the splitting of separatrices and therefore we will need the improved estimates
given in Proposition B3]

The proof of Proposition goes as follows. First in Section we obtain a (non-homogeneous)
linear partial differential equation satisfied by ¢ = 1) —1)y. Then, in Section 822 we obtain quantitative
estimates of 0, in the transition domain I:_é" defined as

Ifé“ = {z € Cyia+ez € DO N D;nciu} 5 (260)

p2,ceY

where x = u, s (see Figure[IT]), which allow us to obtain an integral equation satisfied by 0, ¢. Finally, in
Sections 822 and R2.2] we obtain the improved bound for 0, for the cases £ —2r > 0 and ¢ — 2r =0
respectively, proving Proposition [8.3]

The Hamilton-Jacobi equation First we look for the equation satisfied by
=1 —tho. (261)
Subtracting the Hamilton-Jacobi equations (G8) and (1), one obtains
O-p + H(Dbo + 020, 2, 7) — Ho(D2100, 2, 7) = 0.
Taking into account that we already know the existence of ¢, we know that it is also solution of
Lo =W(0:0,2,T), (262)

where £ is the operator defined in (256) and

W(w, z,7) = —L(z,7) — <Q1(T) A + M(z,7’)> w, (263)

2t=2r
where @1 is the function defined in ([79) and

L(Z)T) :H(aszazaT) _HO(aZwOazaT) (264)

1
M(z,7) = / OuH (D100 (2,7) + s0:p(2,7), 2. 7) ds — 1 = Qu(r) (265)

where H and H( are the Hamiltonians defined in (69) and (74) respectively. Even if M depends on ¢,
since its existence is already known, M can be seen as a function depending on the variables z and T,
and then equation (262) can be seen as a linear equation. This fact simplifies considerably the obtention
of the estimates for .

Let us point out that the term Q1 (7)z~“~2") in (Z63) behaves in a completely different way in the
cases £ —2r > 0 and £ — 2r = 0, since in the first case is small for z € D}_inf“ and in the second is not.
For this reason, we split the proof of Proposition R3] into these two cases.

Finally in this section, we state the following lemma, which gives some properties of the functions
involved in equation (262)).

0—2r

Lemma 8.5. Let k > k5 and ¢ > 0. The functions L and M defined in [264)) and (268) respectively,
satisfy the following properties.

1. LeZ, and satisfies

rfﬁ,n,c,a

1Ll 3 e < KE.

B G0 —
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2. M € 2y ¢, and satisfies
K
HMHO,mCJ = l—2r+1"

Proof. We prove the lemma in the polynomial case. The trigonometric case can be done analogously
taking into account Remark T4

First we bound L. Using the definitions of H, H, H and H in ©9), @d), BI) and () respectively,
we split it as L = Ly + Lo + L3 + L4 with

02
Li(z,7) Z% (WJF) - Z2r) (8.10)°

5(la + ez
2r
La(2,7) = 7z (Vao (ia +e2) + 2p(7)) =V (2p(7)) — V' (2p(7)) qolia + €2))
+
- 1
2Z27‘
ﬂEé 51 . 2 _—2r
Ls(z,7) :WHl (qo(m +¢e2),Cie azwo(z,f),f)
+
i kHl—2 l
b Z akz(T)i(lt Y (27 0.1b0 (2, 7))
(r—1)k+ri=¢
ﬂEeH 732 . 2 _—2r
Ly(z,7) :C—2H1 (qo(m +¢e2),Cie azz/Jo(z,T)) .
+

Taking into account the properties of po(u) in (I3 and Theorem 2] one can see that
1
HL1||2T_%,H707U < Ke?.
For Lo one has to take into account that V(go(u)) = —p3(u)/2, use ([8) and the bound of x,(7) in
Proposition [2.5l Then, one obtains
1
HL||2T7%,I<;,C,U S Ke?.
To bound the third term, using the definition of H 1in @) and also (I3]), one can rewrite it as

’ k—rl cytt? 1 e? ’ l
Lg(z, 7-) :ﬂE —(r—1)k—r Z Al (T>(1+—7r)k F + O T*lf% (ZT Z7/1>
z

2<k+I<N

~ Ck+l—2

b S i e

(r—1)k+ri=¢

Then, it is easy to see that Lz € Ze—%,n,c,a C ZQT_%,,WJ and

1
||L3||2T_%,H7C7U < KHL3||¢_%,H707U < Ke?.

The bound of L4 is straightforward.
For the bound of M, we split it as M = My + Ms + M3 with

My (z,7) = 0uHo (940, 2,7) = Qu(r) 75 —

1
MQ(Zv 7_) = / (a’u}HO (az7/)0 + 582905 Z, T) - 8’LU;L[O (8Z1/)0, 2 7_)) dS
0

1
M3(Za T) = / (awH (azl/fo + Saz(pa 2, T) - aw/HO (@Qﬂo + Saz% 2, T)) ds
0
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and we bound each term.
Taking into account the definitions of Ho and @); in (74)) and (79) respectively, and the properties of
o given by Theorem [LT2] one can see that M1 € Zy_9,11 x.c.0 and || Mi|le—2r41,5,c.0 < K, which implies

sH,Cy

K

||M1||O,l<a,c,a S H€_2T+1 .

For the second term, let us recall that, using the definition of Ty in (57), by Theorems[d4] (see also Section
[[27)) and T2l we have an a priori estimate for 0,p,

102lle+1,m,e.0 < K.

Then, it is enough to apply again the mean value theorem and the bounds of 1y in Theorem .12 to

obtain
K

||M2||07r€,c,<7 < l—=2r+1"

For M3, it is enough to proceed as in the bound for L to obtain

| Msllox.co < Ke?.

O

The initial condition in the transition domains To obtain better estimates of 0,¢ we use an
integral equation. To obtain it from (262)) we need initial conditions. Therefore, we take constants

c1 < ¢y < ¢o an we look for them in the transition domains I;:“;, x Ty, defined in (260) (see also Figure
»Co

). In this domain, the next lemma gives sharp estimates for the function d.¢. We abuse notation and
we use the norms defined in Section [[.2.4] even if here the suprema are taken in I;;’Z, .
»Co

Lemma 8.6. Lety € (0,72), where o is defined in 259), and g9 > 0 small enough. Then, fore € (0,g9),
the function 0, restricted to I;F)’ZL/ satisfies
»Co

1.0l < Kexr(-n+3.

Proof. Considering the functions T' = Ty + 17, obtained in Proposition [[4] (see also Section [[2.5]), and

1

m +ﬂEO(Z,T)+K,

Yo(z,7) = —

obtained in Theorem .12 and recalling that 9,7y (u) = pg(u), we split 9, as
8290(27 T) :827/)('2’ T) — 0210 (Zv T)

—e2rC? (auT(EZ +ia,7) — 0, To(ez + ia))

. 1 R
+ <€2rcip§(62 +ia) — ZQT) — [10:1o (2, 7).

We bound each term. For the first term it is enough to apply the result obtained in Proposition [Z.4] to
obtain
HEQ’“Ci (8UT(52: +ia,7) — 0, To(ez + ia)) H < K=,
0,0

Then, since v € (0,72), ((+1)(1—7) = 2r(1 =)+ 3, we obtain the desired bound. For the second term
we use (I3). Finally, the bound of the third term is a direct consequence of Proposition 4.8 of [Bal06].
This proposition states the same results of Theorem EET21but bounds (2, 7) using Fourier norms instead
of using classical supremum norm. O
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The fixed point equation for /—2r > 0 In this section we prove PropositionB3Junder the hypothesis
£ —2r > 0. Let us define ¢ = 0,¢p, which, using (262, is solution of

(£¢) (Z’ T) =0, [W(¢(Za T)a 2y T)] ) (266)

where £ = 0; + 0, and W is the operator defined in ([Z63). We use this equation to obtain bounds for ¢.

To invert the operator £ = 9, + 9., we consider the operator G defined in ([258). Since the operator
G is defined acting on the Fourier harmonics, we impose a different initial condition for each one. Recall
that for the negative harmonics we integrate from z; € ’Dz,fm and for the positive and zero harmonics

from z5 € D:,tu (see Figure [T for a fixed kf > k5. Then, we define the function
Wo (Z, 7_) — Z az(p[k] (Zl)e—ik(z—z1)eik7' + Z az(p[k] (Zg)e_ik(Z_ZZ)eikT, (267)
k<0 k>0

where 0, is the function bounded in Lemma[RGl The next lemma, whose proof is straightforward, gives
some properties of this function.

Lemma 8.7. The function Wy defined in [2810) satisfies:
1. LWy =0, where L =0, + 0,.

2. Wy € ZQT_%J and
[Wolo,— s o < Ke7.

Then, the function ¢ is a solution of the integral equation
¢ =Wo+GoW(p).

We use a fixed point argument to obtain good estimates of ¢. We study ¢ € ZQT_%,U as a fixed point of

the operator o B
W=Wy+GoW. (268)

Lemma 8.8. Let v € (0,72), €0 small enough and k5 > ks big enough. Then, for e € (0,¢0), the operator
W is contractive from ZQT_%,U to itself.

Then, there exists a constant byg > 0 such that ¢, the unique fized point of W, satisfies
1
||¢H27‘—%7o’ < bype”.

Proof. W sends Z,,. _ 1o to itself. To see that WV is contractive from Z,,_ 1o to itself, let us consider
h1,02 € ZQT_%J. Then, applying Lemmas and and the definition of W in ([2G3]), and increasing
kg > 0 if necessary,

[W(¢2) — W(%)HQT_%,U < K[W(g2) =W(o1)llor—1

< KH<Q1(T)T£L2T +M(277)) (¢2 — ¢1)

27"—%,0
K
S e 162 = ¢1llar— 3 o
5
1
<3 |2 — ¢1H2T,%70.

Then W is contractive from ZQT_%,U to itself, and then it has a unique fixed point ¢.
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To obtain a bound for ¢, it is enough to take into account that ||¢H2T » <2[W(0 )||2T »- By the

definition of W in (Z68), we have that W(0) = Wy + G(L). Then, applymg Lemmas EZI, and B4

there exists a constant b;g > 0 such that

b,
2

Tl

YO,y o < 1Wollar—s o+ G D),y , <

Let us point out that since the fixed point of W is unique in Z,, 1 o> the obtained function ¢ must

coincide with ¢ = ¥™ — ¢}, where " is the function defined in ([@7) and v is the one given in Theorem
4, 12) O

The fixed point equation for ¢ —2r =0 We devote this section to prove Proposition B3 under the
hypothesis £ — 2r = 0. Now, the term Q1 (7)z~“=2") = Q1 (7) in W (see [Z63)) is not small. Then,
following [Bal06], the first step is to perform the change of variables
z=x+ ki (1), (269)
where F} is the function defined in (80). Then, we define
@(‘T)T) = QD((E + /AJ/FI(T)’T) )
which satisfies equation .
L =W(0:0,z,7), (270)
with .
W(w,z,7) = L(z + oFy(7),7) + M(z + oFi (1), T)w. (271)

We study this equation through a fixed point argument, as we have done in Section 822l Then, we
define ¢ = 9., which is a solution of

L4 =0, [W@o.o.2.7)].

Let us take ¢ € (¢}, co) and £} > k5. Then, we look for ¢ defined for (z,7) € D”?,Jr,? x T,.

To invert the operator £ = 0, + 9,, we consider the operator G defined in (I?EEI) and initial conditions
as we have done in Section [82.2 Thus, we define

WO z, 7_ Zach 551 +,LLF1( ))efik(mfml)eikr
k<0

+ > 0.0 2z + pFy (r)em kT,
k>0

(272)

where 21 and x5 are the vertices of D:ﬁ,t,?. Since ¢ € (¢, c0), 1,22 € I+ “, and then 0.y is al-
0 0

ready defined in z; + pFy (7 ) 1=1,2 and moreover, we can use the bounds in Lemma Then, it is

straightforward to see that WO satisfies the same properties as the function Wy given in Lemma
The function ¢ is a solution of the integral equation

QZ:/WovL?OW(g)-

We study qAﬁ € ZQT_%J as a fixed point of the operator

W =Wo+GoW. (273)
Lemma 8.9. Let v € (0,72), €0 > 0 small enough and k2 > k5 big enough. Then, for € € (0,2¢), the
operator W is contractive from Zy,_1 T to itself.

Then, there exists a constant big > 0 such that d), the unique fixed point of W, satisfies

H¢||2 " e <b10€%

’I‘——H CO(T—
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Proof. The proof of this lemma is completely analogous to the proof of Lemma The only fact that
one has to take into account is that the functions L(z+ iF1(7),7) and M (x + 4F1(7), 7) satisfy the same
properties as L(z,7) and M (z, 1), which are given in Lemma R3] O

To prove Proposition for ¢ — 2r = 0, it is enough to undo the change of variables (269). Then,
taking ¢(z,7) = (g(z — iFy(7),7), we recover 0. which is defined for (z,7) € DIt T4 x Ty, where ¢1 < ¢ff
and kg > K5.

9 An injective solution of the partial differential equation Egé =
0

In this section we prove the existence and provide useful properties of a solution & of the equation
L:£ =0 (see (83)) of the form

fo(u,7) = 'u—74+C(u,7).
The function C must satisfy
LC(u,7) =F (C) (u,7), (274)
where £, is the operator in (&1l),
F(C)(u,7) = —'G(u,7) — G(u, 7)0,C(u, ) (275)

and G is the function defined in 83 (case £ — 2r < 0) and ([I03)) (case £ — 2r > 0). We devote the rest
of the section to obtain a solution of this equation in both cases.

9.1 Banach spaces and technical lemmas

This section is devoted to define the Banach spaces and to state some technical lemmas which will be
used in Sections and

We start by defining some norms. Given v > 0 and an analytic function h : R, 4 — C, where R, 4 is
the domain defined in ([B3]), we consider

Hh| v,k,d = SUp (u2+a2)yh(u)‘
UER; d

Wl = sup [~ [u? + 62| - h(w)].
UER; d

Moreover for 2m-periodic in 7, analytic functions h : R, 4 x T, — C, we consider the corresponding
Fourier norms

h - BlF] elklo
v,k,d,o
ez v,K,d
h = L elklo
In,k,d,o
ez In,r,d

We consider, thus, the following function spaces

Xy wdo =1{h: Rxa x T, — C; real-analytic, || h|

v,k,d,o < OO}

276
Xinr.do = {h: Rea x Ty — C; real-analytic, |A|[in,x,d,0 < 00}, (276)

which can be checked that are a Banach spaces.
If there is no danger of confusion about the definition domain R, 4 we will denote

I-llve =1 llosde and  Xo=2X, cdo

In the next lemma, we state some properties of these Banach spaces.
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Lemma 9.1. The following statements hold:
1. If 1 > 19 >0, X, » C Xy, and moreover if h € X, 4,

1Pllvao < K (k)" Al 0

2. If 0 <1y <y, Xy, » C Xy, o and moreover if h € X, o,

[Allvsoe < K|R][uy,0-
3. Ifhe X, o and g€ Xy, 5, then hg € X, 11, » and
1hgllvi4va,o < [[7llr,oll9llvs.0-

4. Let d > d > 0 be such that d — d' has a positive lower bound independent of €, and h € X, . 4.5
Then, Ouh € Xy ak.ar. o and satisfies

K
10ubllv2n.d0 < —IlPllu,s.dor
RE

Throughout this section we are going to solve equations of the form £.h = g, where L. is the operator
defined in (BI)). To find a right-inverse of this operator in Ry 4 let us consider uq = i(a — ke) and ug the
left endpoint of R, 4 NR. Then, we define the operator G. as

Ge(h)(u,7) = Ge(W)M (w)e™, (277)

kEZ

where its Fourier coefficients are given by

G-(h)M (u) = / eike (= K () gy if k<0

—uq

U1 . _1
Ge (WM (u) = — / etk =W plkl (1) do if k>0,

where we make the integrals along any path contained in R, 4.
Let us point that we will apply this operator to functions defined in R, q x T, with different values
of k and d and then the definition of G. depends on the domain.

Lemma 9.2. The operator G. in ([ZT1) satisfies the following properties.
1. If h € X, , for some v >0, then G.(h) € X, , and
[Ge(P)]lv,0 < K[|R]1,0-

Furthermore, if (h) =0,
1Ge (M, < KelPll,, o -

2. Ifhe X, , for some v >1, then G.(h) € X,_1,, and
1G=(M)l,—1,6 < K[|P]]v0-
3. If he X, , for some v e (0,1), then G-(h) € Xy, and

1G(W)llo,o < K [llv.o-
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4. If h € Xy 4, then G.(h) € X » and
1Ge(M)l1y,0 < K[IR][1,0-

5. If h € X, » for some v >0, then G.(0,h) € X, » and

1Ge(Buh)ll,, 5 < Kl[]lv.0-

6. If h € X, , for some v >0, then 0,G:(h) € X, » and
[0uGe(M)l,,o < Kl[Allv,o-

v,o —

7. If he X, for some v >0, L. 0G:(h) =h and

ga ° Eg(h)(’U, 7_) _ h(’U, 7_) o Z eikafl(—ul—u)h[k](_ul) o h[O] (UO) _ Z eikgfl(u1—u)h[k] (ul)
k<0 k>0

Proof. The first four statements are straightforward. For the fifth one, one has to integrate by parts and
for the sixth one has to apply Leibnitz rule. O

9.2 Case ! < 2r: proof of Theorem [4.17] and Proposition 4.18|
9.2.1 Proof of Theorem [4.17]
Theorem [17 is a straightforward consequence of the following proposition.

Proposition 9.3. Let do > 0 and k3 > 0 be defined in Theorem[[.8, ds < da, 9 > 0 small enough and
K7 > K3 big enough, which might depend on the previous constants. Then, for e € (0,g9) and any Kk > k7
such that ek < a, there exists a function C : Ry gy X T, — C that satisfies equation [274).
Moreover,
(&o(u,7),7) = (e 'u— 7+ Clu,7),7)

is injective and there exists a constant by, > 0 independent of €, u and k such that
ICllo.o < br1fpule”
10uCllg,p < bris™ " ule™
To prove this proposition, first we split G into several terms. Recall that, since £ — 2r < 0, the

perturbation H; in (40) is a polynomial of degree one in p. Then, G can be split as G = G1 + G2 + G
with

G (u, 7) = "o (u) ™ BT (go(u), po(u), 7) (278)
Gia(u, 7) = e po(u) " B, T (g0 (u), po(u), 7) (279)
Gy (u,7) = 201 (“’;)pg(f;‘ﬂ w.7), (280)

The next lemma gives several properties of these functions.

Lemma 9.4. Let us consider any k > k3 and d < da, where k3 and ds are the constants given in Theorem
[£-8 Then, the functions G1, G2 and Gy defined in R18), 19) and @280) respectively, have the following
properties.

1. Gy € Xy, and it satisfies (G1) =0 and

1G1llo,o < K ple”

||avG1HmaX{é_2T+17O}’a_ S K|’LL|€77
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2. Gy € Xy, and it satisfies
1Gally,, < Kple™

3. G3 € Xpax{r—2r+1,0},0 and it satisfies
HGgHma,x{é—QT-‘rl,O},a' < K|ple™

Proof. The proof of the statements about G; and G4 are straightforward, using the bounds obtained in
Corollary 6.6l for G2. For G, one has to take into account the bounds for 7 obtained in Proposition [[.4]
and the analogous bounds that 77 satisfies. O

To prove Proposition [0.3] we first perform a change of variables which reduces the linear terms of

equation ([274).

Lemma 9.5. Let k7 > k% > k3 and ds < dby < dy. Then, for € > 0 small enough, there exists a function
g which is solution of the equation

Esg(vv 7_) = Gl (’U, T)a
where G is the function defined in [2T8]). Moreover, it satisfies that
lgllows,dy0 < K|ple™, (009l max{e—2r+1,0}.,0 < K |ple™?

and that u = v + g(v,7) € Ry, a, for (v,7) € Ry ay X Ty
Moreover, the change (u,7) = (v + g(v,T),T) is invertible and its inverse is of the form (v,7) =
(u+ h(u,7),7). The function h is defined in the domain Ry, 4, X To and it satisfies

Hh| 0,k7,dz,0 < K|N|5n+1

and that u + h(u,T) € Ry ay for (u,7) € Ry a5 X Ts.

Furthermore, we need precise bounds of both functions g and h restricted to the inner domain D}{‘;Jg“
defined in ([BG). These bounds are given in next corollary, whose proof is straightforward. We abuse

notation and we use the norms defined in Section for functions restricted to the inner domain.

Corollary 9.6. Let ¢; > 0 be the constant defined in Corollary [T and let also ca > c¢i. Then, the

functions g ad h obtained in Lemma [T restricted to the inner domains D,‘E’Jgiu and DI2E-v respectively
3 )

satisfy the following bounds
||9||0,ng,d/2,g < K|,u|577+1+(27-—é)7 and 2 ll0.kr.ds,o < K|M|€U+1+(2T—€)w.

Proof of Lemma[ZZ From Lemma @4 (G;) = 0 and then we can define a function G such that

67—61 = Gl and <§1> = 0, (281)
which satisfies
Glloy iy 0 < Klule
(Gl -
HaleHmax{é—QT—i—l,O},ng,d’Z,a < K|‘LL|€77

Then, we can define g as o o
g('U, 7_) = EGl (’U, 7_) - Egs (ale) (’U, T)a (283)

where G, is the operator defined in (277) adapted to the domain Ry ay X To.
Finally, applying Lemmas and [@.2] one obtains the bounds for g and d,g. The other statements
are straightforward. O
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We perform the change of variables u = v + g(v,7) given in Lemma to equation (275) and we
obtain

£.C=F(C), (284)
where C is the unknown R
Clv,7) =C(v+g(v,7),7) (285)
and R
‘F(h) = M(vﬂ T) + N(’U, T)avh (286)
with
M(v,7) = =" 'G (v + g(v,7),7) (287)
_ _G(’U + g(vﬂT)ﬂT) B Gl(vﬂT)
Nv,7) = 11 ug(v,7) ' (288)

Next lemma gives some properties of these functions
Lemma 9.7. The functions M and N defined in 281) and 288)) satisfy the following properties.
e G.(M) € Xo,rt,,dy,0 and it satisfies

||g6(M)||0,ng,d/2,a < K|ule".

o (M) € Xnax{t—2r+1,0}.x4.d,0 and it satisfies

||<M>||max{€—2r+1,0},mé,d’2,a < K|M|€n

® OuM € Xpax{t—2r+1,0},w},dp.0 and it satisfies

||8UM||max{é—2r+1,O},n’ dh,o < K|‘u|€77*1.

3

The function M restricted to (D};‘,CT“ N D;“,Q:*S) x T, satisfies
||M||O,né7d'27a < K|’u|5"7+”_1
||<M>||max{€727‘+170},/{/3,d’2,a < K|,LL|€77,

where
v =min{l — max{¢ — 2r + 1,0}, (2r — {)7}. (289)

o N € Xuax{e—2r+1,0},x,dy,0 and it satisfies

[V lmax{e—20+1,0y 55,0 < K |pele™

|psle”
K

<K

||6’UN||max{272r+1,0},ng,d/2,a =

Proof. We split M as M = M; + M> with

Mi(v,7) = —e 'G1(v,T)

Ms(v,7) = =1 (G1 (v + g(v,7),7) = Gi(v,7) + G2 (v + g(v,7),7) + Gz (v + g(v,7), 7))
Then, for the first statement it is enough to use the properties of the functions G1, G2 and G3 given by
Lemma [0.4] and apply also Lemmas [0.2], and[@0 For the second and the third one has to apply again
Lemmas [0.4] and [0.0] taking also into account for the second that (M;) = 0. Besides, these lemmas,

for the fourth statement, one has to consider also the bound of the change g in the inner domain, which
is given in Corollary[@.6l For the last statement, it is enough to apply again Lemmas [0.4] and O
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With the bounds obtained in Lemma[0.7] we can look for a solution of equation (284) through a fixed
point argument. For that purpose, we define the operator

F=G.oF, (290)

where G. and F are the operators defined in (Z77) and (86) respectively. For convenience, we rewrite F
as
F(h)(u,7) = M(u,7) + 8, (N (v, T)h(v, 7)) — 8N (v, 7)h(v, 7). (291)

Lemma 9.8. Let g > 0 be small enough and k% > k3 big enough. Then, the operator F defined in (290)
is contractive from X w1 ay.0 to itself.
Thus, it has a unique fixed point, which moreover satisfies

CAH < K|ule”
H 0,k%,dy,0 - |M|

n—1
< K|M|5/ _

‘O,Hg,d’z,a K3

9,C)

Proof. To see that Fis contractive, let hi, ho € Xp x4y »- Then, recalling the definition of F and F in
@90) and 297) respectively and applying Lemmas [0.2] and @7

|F(hz) = Fn)| <160, (N - (ha = ha))llo g g + 19 (D - (ha = 1))l g a0

0,k%,dy,0
< K HNHO,ng,dé,g Hh2 - hl”O,;{é,dé,a’ + K ||6UNHmax{€72r+170},né,d/2,a Hh2 - thO,ng,d/Z,o’

K|plem

< T 172 = hallo s a0 -

Then, increasing x4 if necessary, F is contractive from Xo,ks,.dy,0 to itself and then it has a unique fixed
point. N
To obtain a bound for the fixed point C, it is enough to recall that

|

<2 Hf(o)’

/ ! ’ U
0,k5,d5, 0,k5,d5,0

By the definition of F in @90, f(()) = G-(M). Then, applying Lemma [0.7 we obtain the bound for
C. For the bound of 9,C it is enough to reduce slightly the domain and apply the fourth statement of
Lemma [0.11 O

Proof of Proposition[d.3 To recover C from C it is enough to consider the change of variables v = u +
h(u,T) obtained in Lemma [@F] which is defined for (u,7) € Ry,.4; X Tp with k7 > k% and ds < db.
Applying this change, one obtains C which satisfies the bounds of C and 9,C stated in Proposition 0.3
To check that (£ (u,7),7) is injective, it is enough to see that for (uy, 7), (u2,7) € Ry ds X To,

1

e ug — 7+ Clug, 7) = e !

up — 7+ C(u, 1)

implies us = u;. To prove this fact, it is enough to take into account the just obtained bound of 9,C,
which gives

|U2 — U1| =€ |C(U2,7_) - C(u177)|

Klple"
< ———Jug — uq-
g
Then, increasing k7 if necessary, one can see that us = uy. [l
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9.2.2 Proof of Proposition [4.18]

To prove Proposition . I8 it is enough to study the first asymptotic terms of the function C obtained in
Lemma [@.5 For that purpose, we define

M(v,7) = M(v,7) — (M)(v) (292)

and we split CasC= FEy + Es + E3 with

Er(v) = G ((M)) (v) (293)
Ea(v,7) = G. (M’) (v,7) (294)
By(v,7) = F (C) - F(0). (295)

Let us point out that the sum of the first two terms corresponds to F (0). We study each term separately.
We abuse notation and we use the same norms as in the previous section but now for functions defined
in (D‘“H““ N D‘“*J“S) x Ty

K,C1 KR,C1

For Ey, usingg the definition of G. in (271), one has that
Ey(v,7) :/ (M) (w) dw
vo

and then, if we consider v; = i(a — r4¢) the upper vertex of the domain R, 4, (see Figure [J), we can
define

00ue>:;/m7ﬂfxu»dw, (206)

vo

which by Lemmas and satisfies
1C(1,e)lg,, < Kple™

Then
1B = Cp,e)llg , < Kple™ =0,

To bound Fy defined in (294)), we first recall that (M) = 0. Then we can define a function M such that
O, M=M and  (M)=0,
which satisfies that for (v,7) € (DIt N D) x Ty,
18]l , < Klule™ ™,
where v is the constant defined in (289). Then, we can write Es as
By =¢eG.0L.(M) — eG. (8UM)

and therefore, by Lemma [3.2]

| Eally,, < Klule™".

HO,U

For Fs5 in (293)), it is enough to consider the bound of the Lipschitz constant of the operator F given in
the proof of Lemma [0.8] which gives

2n
IEslo < KIET
K
3
Thus, we have that
~ n
- cuo, <xB
0,0 K3

To finish the proof of Proposition L8 it is enough to consider the change of variables v = u + h(u, T)
obtained in Lemma Since h restricted to the inner domains satisfies the bounds given in Corollary
0.6 this change of variables does not change the asymptotic first order of C.
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9.2.3 An asymptotic formula for C(u,¢)

When 1 = 0, the constant C(u,¢) considered in Theorem [Z4] satisfies that lim._,o C (i, e) = Co(n) for a
certain function Cp(p) analytic in p. We devote this section to prove this fact. This proof follows the
same lines as the one of Proposition in Section and, therefore, we only sketch it. Recall that
throughout this section we assume 7 = 0.

We split the constant C(u,e) as C(u,e) =
sponding first orders in e, which we call C¢(u) for i
Co(p) = Cy(p) + C§(n) + C3 (1)

Recall that C(u, €) has been defined as ([296) where vy is the left endpoint of R, 4, R, v1 = i(a—kze)
is the upper vertex of the domain R,; 4, (see FigureB]) and M is the function defined in (287). To obtain
the constants C* we split M as M = M"' + M? + M? with

C*(p,e) + C*(u,e) + C3(u,e) and we obtain the corre-
i = 1,2,3. Then, the function Cy(u) will be given by

M'(v,7) = - 'Gi (v + g(v,7),T) for 1=1,2,3, (297)

where G;, i = 1,2, 3, are the functions defined in (278), (Z79) and 280) and g is the function obtained
in Lemma [@.51 Then,
C'(i,€) :/ (M) (v) dv.
vo

To define C}, we expand M with respect to . Using the formulas [283)) for g and ZI8) for Gy, one
can easily see that for (v,7) € Ry a5 X To,

M (v,7) = —71G1 (v, 7) — ,G1 (v,7)Ca (v, 7) + O ( e )

(’U _ ia)max{07271/1}

for certain v4 > 0. Recall that by Lemma [0.4] we have that (G1>_: 0 and therefore this first term does
not contribute to Cy (i, ). The second term, that is —9,G1 (v, 7)G1 (v, 7), is independent of e. Moreover,
using the properties of Gy stated in Lemma [04] one can see that it can be analytically extended to reach

v = ia and that it satisfies

_ 1
G007 = 0 e

(v—ta
for certain v; > 0. Therefore, one can define

Cop) = — /W <8UG1(U,T)§1 (v, T)> dv, (298)

Vo

which is a constant independent of . Finally it can be easily seen that
|CH (1, 8) = Co(p)] < Kple™ (299)

for a suitable v > 0.
To obtain CZ(u), let us first point out that, following the proof of Theorem E1l one can see that the
parameterization of the periodic orbit satisfies

(2p(7), yp(7)) = (e2p(7), (7)) + O (ne?) , (300)

where (z9(7),y9(7)) is independent of . Using this fact, one can easily deduce that the functions cy
involved in the definition of H? in @3) satisfy
eni(7) = (1) + O(pe),
0

for adequate functions ¢y, (7) independent of €. Therefore, H? satisfies

Hi(q,p,7) =eH{(q,p,7) +*H{?(q,p,7), (301)
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where 29(q,p,7) is independent of . Taking into account the definition of My in ([2917) and recalling
that for (v,7) € Ry 4, X To,

pO(U)fljiA[l?O(qO(v),po(v), T)=0 ((v _ Z'a)%*e) ,
we can define

a
CB0) = =1 | {pule) B (anl).po(0), 7)) o (302)
v
Then, the constant CZ(u) is independent of . Moreover, using Lemmas and and [@.5] one can see
that

|C2(p,e) = C3(w)| < K|ple™, (303)
for certain constant r9 > 0.

To obtain CY(u) we need a careful study of the function G in (280). To this end, we have to expand
asymptotically the functions 9,7;"* (v, T) obtained in Theorems 4 and EE8l To obtain this expansion we
consider equation (I64) for (v,7) € Ry 45 X To.

As a first step we expand the function A(u,7) defined in [IB0). It can be seen that it satisfies

A(u, 1) = A%u, 1) + eAl(u,7) + O ((1)“75;)2) ,

where

A°(u, 1) = —pH7 (go(u), po(u),7) (304)
A (u, 1) = —pHP (go(w), po(w), 7) — V" (qo(u))2d(1) + A\229(7), (305)

where H!, H2° and a) are the functions defined in (@I]), (BQI) and (BQ0) respectively, and X is the constant
defined in Hypothesis HP1.1. Recall that in the parabolic case, we have that .Tg(T) = 0. It is clear that
both A% and A! are independent of . ~

From this expansion, one can deduce the expansion of the function A defined in ({IG6l). Let us first
recall that the change of variables g obtained in Lemma [[.6] can be written as

2
g('U, 7_) - 7€Bl(vv 7_) +0 ((’U . ia)max{l+€—2r,0}> ’

where B; is the function defined on the proof of Lemma [.6 which is independent of ¢.
Therefore,

2
~ ~ ~ UE
A(v,7) = A%(v,7) + At (v, 7) + O ((U — z’a)é+2+2(€_2ﬂ) ;

with

Using this fact and the properties of the functions B and C in ([I67) and ([IEX), one can see that the
functions T}"*(v, 7) obtained in Theorems FE4] and [£8] satisfy that

2
T, S o 70 HE
AT (v, 1) = €0y Ty (v, 7) + O ((U — m)max{o,2+€—us})

for certain v3 > 0. The first order 8,70 (v, 7) is defined by 8,7°(v,7) = 8UZO(1), 7) + (A1) (v), where A’

is a function satisfying that 9, A" = A and (A% = 0. Then, 9,7°(v, 7) is independent of ¢ and can be
analytically extended to reach v = ia.
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Taking into account the properties of the change g stated in Lemma[Z.6] one can see that the function
0uT1(u, 7) has the same expansion as the function 9,7} (v, 7).
We can define

ciw=- [ (o) 20,0 (v, 7)) dos, (306)

Vo

which is a constant independent of . Doing little effort, it can be seen also that
1C(1,) = G| < K|plets (307)

for certain v4 > 0.
Finally, it is enough to define Co(p) = C} (1) + C2(n) + C3(p) where Cj(11) are the constants defined
in 298), (302) and (B0G). It is straightforward to see that Co(p) is an entire function. Moreover, by

@39, B3) and @B0D), it is clear that
lim C(p,€) = Co(p).

9.3 Case (> 2r: Proof of Theorem [4.27] and Proposition [4.22]
9.3.1 Proof of Theorem [4.27]
Theorem [£2]] is a straightforward consequence of the following proposition.

Proposition 9.9. Let dy > 0 and k¢ > 0 be defined in Theorem [{.8 and Proposition [83, ds < da,
gg > 0 small enough and kg > k¢ big enough, which might depend on the previous constants. Then, for
e € (0,e0) and any Kk > kg such that ek < a, there exists a function C : R, g, X To — C that satisfies

equation (274).
Moreover,
(60(“) T)a T) = (E_lu -7+ C(ua T)a T)

is injective and there exists a constant bis > 0 such that
o If{—2r >0,

ICllp—sy o < bus|ile®>"

||8uc||e_2ng < b15’171|ﬂ|5272ril-
o [f{—2r=0,
1Clly. < b5l
10.Cll; 5 < bis|fl.

We split the proof into the two cases : £ —2r > 0 and £ — 2r = 0.
Nevertheless we need to state some useful properties of the function G defined in (I03]).

Properties of the function G We decompose the function G in (I03) as G = G1 + G2 + Gs + G4
with

G1(u, ) = ie"*"po(u) " Op HY (g0 (), po(u), 7) (308)
Ga(u, ) = " =21 po(u) 19, H (qo(u), po(u), 7) (309)
Gatu.) = 5 (1+ e O3} (anlo). (), ) 2T QT T) (310)
Ga(u,7) = G(u,7) — G1(u, 7) — Ga(u, 7) — G3(u, 1), (311)

where H 1 and H 2 are the functions defined in @I and ([@3). The next lemma gives some properties of
these functions.
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Lemma 9.10. Let k > kg and d < ds, where kg an dy are the constants defined in Theorems [8.3 and
74 Then, the functions G;, i = 1,2,3,4, defined in [B08), B09), BI0) and @BII)) respectively, have the

following properties.
1. Gy € Xy_a2r» and satisfies (G1) =0 and
=
||G1||272r,a' < K|M|E 2T‘
Moreover
o [fl—2r>0,0,G1 € Xo_2ry1,, and satisfies

-
HauGng_QH.LU < Kljle o,

o I[fl—2r=0,0,G1 € Xl*%,a and satisfies
10uGrll 1 5 < KA.

2. Gy € Xy_or» and satisfies
||G2||é—2r,o < K|ﬂ|252(672r)+1'

Moreover

o [fl—2r>0,0,G2 € Xo_2r11,, and satisfies
||auG2||272r+l,a S K|[1’|2€2(272T)+1‘

o I[fl¢—2r=0, 0,G2 € X|_1 , and satisfies

Ev

10uGalli— s o < K=,

0 —

3. Gs € Xy_ory1,5 and satisfies
N O—
||G3||€—27‘+1,<7 S K|,LL|€ 2T+1'

Moreover,

o [f0—2r>0,0,G3 € Xp_2r11,, and satisfies

10uGslly—2 41,0 < Kk et 2"
o [f{—2r=0,0,G3 € Xa, and satisfies
[0.G3ll, , < Klitle.
4. Gu,04Gy € X3(4_2p)42,, and satisfy

N —
||G4||3(€—2T)+2,U < K|M|353( 2ry+2

1~ —
||auG4||3(é—2r)+2,a < Kw 1|.“|353( 2+,

Proof. The proof of the statements about G; and G2 are straightforward, taking into account, for G,
the bounds obtained in Corollary 5.6l For G3, one has to take into account the bounds for T} obtained

in Proposition [[4] and Corollary [[.22] and the analogous bounds that 77 satisfies. To obtain the bound

for its derivative, one can apply the fourth statement of Lemma Analogously, one can obtain the
bounds for G4 and 9,G4. O
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Case ¢ —2r > 0 To prove Proposition [0.9] for £ — 2r > 0, we look for C as a fixed point of the operator
F=G.oF, (312)

where G, and F are the operators defined in (Z717) and ([Z73) respectively. For convenience, we rewrite F
as

FO)(u,7) = = *G(u, ) — 0y (G(u,7)C(u, 7)) + 0,G(u, 7)C(u, T). (313)
Then Proposition [0.9]is a consequence of the following lemma.

Lemma 9.11. Let g > 0 be small enough and ks > K¢ big enough. Then, for e € (0,20) and any k > ks
such that ek < a, the operator F defined in (312) is contractive from Xy_oy , to itself.
Then, it has a unique fived point C € Xy_a, o, which moreover satisfies

IClle—2r0 < KAl 2"

HauCHe*QT,U < Kﬁil|ﬂ|€e*27“fl.

Before proving Lemma [@.11] we state the following technical lemma about the properties of the
function G defined in (I03)).

Lemma 9.12. Let us assume ¢ — 2r > 0. Then, the function G defined in (I03) has the following
properties:

1. G € Xy_2r» and satisfies
1Glle—2r0 < K|jae"".

2. 0,G € Xy_2r+1,0 and satisfies
HauGHéf%Jrl,a < K|ﬂ|5672r-

3. G.(G) € Xy_ar» and satisfies
1G-(C)le—2r0 < K|fale .

Proof. The bounds for G and 0, G are a direct consequence of Lemma To obtain the bound for
G.(@G), it is enough to apply Lemma [0:2 and to take into account that (G;) = 0. O

Using the bounds given in this lemma, we can prove Lemma [0 T11
Proof of Lemmal[9I1l Let C1,Co € Xp—op . By definition of F in (313) and Lemmas [0.1] and [@.12]
[F(C2) = FC€)l,_ay.y < NG (0u (G- (C2 = CON gy + 19 (OuG - (€2 = C1) sy
< K|Gllg, IC2 = Cill gy, + K [|0uGll; , IC2 = Cill,—g,

Klal
—2r ||C2 - ClHé—QT,U :
s

<

Then, increasing kg if necessary, F is contractive from Xi—2r,o to itself, and then it has a unique fixed
point C € Xy_9p 0.
To obtain a bound for the fixed point C it is enough to recall that
HC”é—QT,U S 2 H?(O>||é—27‘70 .
By the definition of F in BI2), F(0) = —e~'G.(G). Then, applying Lemma .12 we obtain the bound
for C. Finally, to obtain the bound for 9,C it is enough to reduce slightly the domain and apply the
fourth statement of Lemma [O.1] O
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Proof of Proposition[9.9 for £ — 2r > 0. To prove Proposition from Lemma [@.11] it only remains to
check that (§o(u,7),7) is injective in Ry 4, X T,. We prove this fact as in the proof of Proposition [0.3]
that is, we check that if

1

e tug — 7+ Clug,7) = ¢ tug — 7+ C(u1, 7)

for (u1,7), (u2,7) € Ry,a4y X Ty, then we have that us = uy. Indeed, by the bound of 9,,C given in Lemma

011

|U2 — U1| =€ |C(U2,7_) - C(u177)|

Kl
< o w2 —wal.
Ky
Then, increasing kg if necessary, one can see that us = uy. [l

Case { —2r =0 We will prove Proposition [0.9] under the hypothesis ¢ — 2r = 0. Now, as happened in
Section [@02] the linear term G; in B0Y) of F in (275) is not small. Then, we perform again a change of
variables.

Lemma 9.13. Let kg > K > kg and d3 < db < da. Then, for e > 0 small enough, there exists a function
g which is solution of the equation

Esg(vv 7_) = Gl (’U, T)a
where G is the function defined in [BOS)). Moreover, it satisfies that

C e < Kljile

sRg o,

19llo.rg.a5.0 < Kliile,  |0uglli-1
and that u = v + g(v,7) € Ryg.d, for (v,7) € Ry ay X T

Furthermore, the change (u,7) = (v + g(v,7),T) is invertible and its inverse is of the form (v,7) =
(u+ h(u,7),7). The function h is defined in the domain Ry 4, X To, satisfies

12llo,xs,ds,0 < K|l
and that u + h(u,7) € Ry a4y for (u,7) € Ryg .y X T

Proof. From Lemma [I10, (G1) = 0 and then we can define a function G such that

&,—61 = Gl and <G1> = 0, (314)
which satisfies
||§1|| Kkbk,db o < K|ﬂ|
e ) (315)
HaUGlulfﬁ,ng,dé,a < K|M|
Then, we can define g as o .
g(v,7) =Gy (v,7) — eG. (ale) (v,7), (316)

where G, is the operator defined in ([277) adapted to the domain Ry ay x To.
Finally, applying Lemma Q.10 and [@.2] one obtains the bounds for g and d,g. The other statements
are straightforward. (|

We perform the change of variables u = v + g(v,7) given in Lemma to equation (278) and we
obtain ~ ~
L.C=M(v,7)+ N(v,7)0,C, (317)

where C is the unknown

~

Clv,7)=C(v+g(v,7),7) (318)
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and

M(v,7) = -G (v+g(v,7),7) (319)

Moreover, we want to have the first order terms in C. , coming from G7, G5 and G3, in a explicit form.
For this purpose, we define

Co(v,7) = — G1(v,7) — e71G- ((8,G1g)) (v)

_ (321)
— 716 (G2 + G3)) (v),

where G is the function defined in ([BI4), g is the function given by Lemma [I.I3] and G2 and G3 are
the functions defined in (B09) and BI0) respectively. The next lemma, whose proof is straightforward
applying Lemmas [0.2] [0.T0 and [@.13] gives some properties of Cg.

Lemma 9.14. The function Co defined in B2I) satisfies that

C < Kljil, ’&JCA’ < K|jl.
H 0 In,kg,d},0 - |,LL| 0 1,k5,dY,0 - |M|
Then, we define L
C1=C—Co.
Taking into account equation (FIT), C; is a solution of
L0 =F (51) , (322)
where R -
F(h) = M(v,7) + N(v,7)0ph (323)
and - R R
M, 7) = M(v,7) — LCo+ N(v,7)0,Co. (324)

We obtain 61 through a fixed point argument. For this purpose we define the operator
F=G.oF, (325)

where F and G. are the operators defined (823]) and ([Z717). For convenience, we rewrite it as

F(h)(v,7) = M(v,7) + 0y (N(v,7)h(v, 7)) — Oy N (v, T)h(v, T). (326)

Lemma 9.15. Let us consider g > 0 small enough and ki > kg big enough. Then, the operator F s
contractive from Xy oy 4, o to itself.
Thus, it has a unique fized point, which moreover satisfies that

|

< K|/
1,k6,d5,0 - |M|€
<l

!
1,k6,d%,0 Kg

Before proving this lemma, we state the following lemma, whose proof is postponed to the end of this
section.

9,Cs ‘

Lemma 9.16. The functions M and N defined in B24)) and B20) respectively, satisfy the following
properties.
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o gg(ﬂ) € X1 x1.dy,0 and satisfies

g.(M)| < KJjile.

1,k6,d5,0
® N,O,N € X1 1 a0 and satisfy

1N g g0 < Kl
i
100N sty 0 < K7
Proof of Lemmal2.13 The operator F sends X1 wp a0 to itself. Let hy,ha € X 4y 4y 0. Then, recalling
the definitions of F and F in (325) and (@20) and applying Lemmas [ and [I.I0, one can see that

|F(hz) = Fin) < 1G:00 (N - (ha = )|y g + 19 (@ - (ha = b))y oy

’ ’
Hl,nﬁ,dz,a

S KNl s ap.0 12 = hally e ap0 7 KONy s ap 0 12 = hally s ar o
Kla|
< e P2 = hally s ar 0

and therefore, increasing ry if necessary, F is contractive in X1 ,k;,d,0 and has a unique fixed point C;.

To obtain bounds for C; it is enough to recall that

|

2|

’ ’ ’ U
1,kg,d5,0 1,kg,d5,0

By the definition of F in B25), F(0) = G. (]/\4\) Then, it is enough to apply Lemma [0.16] to obtain

|

< Klile.

1,k§,d5,0
For the bound of 8U51 it is enough to apply the fourth statement of Lemma [0.1] and rename xy. O

Proof of Proposition for £ —2r =0. By Lemmas and [0.T5] we have that there exists a constant
bis > 0 such that

lel. <l

81;5 S b15|ﬂ|

1,0

To recover C it is enough to consider the change of variables v = u + h(u,7) obtained in Lemma [0.13]
which is defined for (u,7) € Ruy.a5 X To with kg > kg and ds < di. Applying this change, one obtains
C which satisfies the bounds stated in Proposition To check that (o(u,7),7) is injective, one can
proceed as in the proof of Proposition for £ — 2r > 0. Finally let us point out that it is easy to see
that this proposition is also satisfied taking any x > kg such that ex < a. [l

It only remains to prove Lemma [9.16]

Proof of Lemmald.160. We start by proving the second statement. Let us split the function N defined in
m as N:N1+N2 with

Ni(v,7) = = (1 + dpg(v, T))_1 (G1(v+g(v,7),7) — G1(v,7)) (327)
No(v,7) = — (1 4 9pg(v, T))_1 (Ga(v+g(v,7),7) + Gs(v+ g(v,7),7) + Ga(v+ g(v,7),7T)) . (328)
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To bound Ni, we apply Lemmas [0.13] and [0.10] and the mean value theorem, obtaining

[FAEY Pyt < K|jif*e.

7”6’d,
Applying the same lemmas, one can see that
[1Nall1,m5.dp.0 < K file

which gives the bound for N. To obtain the bound for 0,V it is enough to apply the fourth statement
of Lemma [0.1] and to rename k.

For the first statement, taking into account the definitions of M and M in (3I9) and (@) respectively,
and using the functions G, i = 1,2,3,4, and G; defined in BI), B0, GI0), GII) and @GI), let us

decompose M as

]/\Z(U, T) = Z ]\/4\1'(1),7')

with
J/M\l(v,r) =0,G1(v,7) — 7 (0, Gl(v 7)g(v,7) — (0, G1g)(v)) (329)
J/W\g(v, ) =— 1 (Gi(v+ ( ,7) — G1(v,7) — 0,G1(v,7)g(v, 7)) (330)
My(v,7) = =71 (Ga(v,7) + Gs(v 7) = (G2 + G3)(v)) (331)
My(v,7) = =7 (Ga(v + g(v,7),7) + Ga(v + g(v,7),7) — Ga2(v,7) — Ga(v,7)) (332)
Ms(v,7) = —eLGa(v + g(v,7), 7) (333)
J/W\s(v, 7) = N(v,7)0,Co(v, 7). (334)

We bound each term. For the first one, by Lemmas 013 and @10, we have that M; € X1 o C
X1 k1 dy,0- Moreover, taking also into account (313,

[l < 0

1,k,d5,0

and therefore, since (]\/4\1> =0, by Lemma [0.2)
- ()]

For the term (330, it is enough to apply Lemmas[@.13 and Taylor’s formula to obtain ]/\4\2 € X, 3 ndho C
Xgﬁ,{éydéﬁg and

< Kl|jle.
1,kg,d5,0 - |M|

HMQ} < K|jf?e.

U !
2,kg,dY,0

Then, applying again Lemma [0.2] we have that,
Jo- (32,

To bound (B31)), it is enough to apply Lemma [B.T0 to see that Ms € &) ./ 4, » and

< K|jf’e.

1,k6,d%,0

75|

< K|
Lty ||

which, using that (]\/4\3> = 0, implies

< Kljile.

- (35))

1,k,d%,0
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Applying the mean value theorem, using the definition of G5 in ([BI0) and Proposition [[.23] and the
definition of G in (B09), Lemmas [0.13] and 010, one can see that M, in (332)) satisfies

|

< K|jl?
. lale

- (30

For ]/W\g, in B33), it is enough to notice that, by Lemma [0.10] and 0.2]

and then,

< K|jl?%e.
1,k4,d%,0 - |M|

75|

< Klif*s

2,kg,dh,0
and .
2 (Mg,)’ < K|pf?e.

1,k(,d%,0
Finally, for the last term ([334]), one has to apply the bound of N already obtained and Lemma 014 to
see that

M, ’ <INy Ce ’ < K|pf%.
135l o, < Wl [2:50] < Kl
Then, by Lemma[0.2] we have that,
()., , < me
1,k6,d%,0
Joining all these bounds, we prove the first statement of Lemma [9.16 [l

9.3.2 Proof of Proposition [4.22

To prove Proposmlonlm it is enough to obtain the first asymptotic terms of the function CO obtained
in Lemma [@.14l From them, we can deduce the first order terms of C= CO + Cl, where C1 is the function
bounded in Lemmam and from them, using (B:IEI) the ones of C.

Recall that CO has been defined in (32I]) as Co = FE, + Es + E3 + E4 with

Ey(v,7) =—G1(v,7T) (335)
By (v) = —e7'G: ((0,G19)) (v) (336)
Bs(v) = —<7'G: ({G2)) (v) (337)
Ey(v) = —e7'G: ((G3)) (v), (338)

where Gy, Go, G3 and G are the functions defined in (B08), 309), (3I0) and BI4) respectively and g is
the function given by Lemma [0.13

We analyze each of the four terms E; that give Cp for (v,7) € (Dm Hun pint 5) x T,. For the first

KZ ,C

one ([B333), it is enough to recall that, by definition, the function Fy deﬁned in (IE]I) satisfies that
fuFy (1) = G (ia, T)

and therefore,
— 1
Eiy(v,7) = —-G1(v,7) = —F1 (1) + O(v —ia) 5.

Then, using ([[04) and that |v — ia| < K7,

1B + philly , < Klple.
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For the second term, let us recall that by BI6) and applying Lemma [0.2] we have that the function g,
obtained in Lemma [0.13] satisfies

g — 561(1),7)"17%10 < K|jle?.
Then, by Lemma [I.I0, one can see that
190 (9 = eGr (v, D) ,- 2 , < Klitle®
and therefore, using Lemma [I2
1e71G= (0 (9 — <Gi(v, 7)) ||, < Klitle.

Now it remains to bound, the first order of F3, which is given by
i [ @.61Gh)w) du.
Vo

where we recall that vy € Ry ds-

Since (0,G1G1) = O(v — ia)' =%, we can define the constant

Calu) = i | (0,61 C ) (w) du

vo

and then, using ([I04]), one has that
1Bz = Ca(@)lly,, < Kl

For the third term, by the definitions of G in (309) and G. in ([271), we have that

and using ([I04]), we have that
1Es — Ca(p,€)lly o < Klle-

To bound Ej, using Proposition [[.23] we decompose G5 into two terms as G3 = G} + G%, with

2rjpeC?

Gi(v,7) = (1 + 02 HY (qo(u), po(u), T)) po(u)~? (m

(Fulr) + Qo) +€(u7)
and G3 = G3 — G}. By Proposition [[.23] ||G3]|2,» < Kfic? and therefore

171G (@3], < Klile.

For the other term, using the definitions of H1, b, Q; and F; in {I), (BI), (@) and [®0), and recalling
that by Proposition [[.23] £ € Xk%,m there exist a function £ € leﬁﬁg, such that




Then, one can see that there exists a constant Cy (i, €) satisfying |Cy(f2, )| < K|f|, such that,
| E4(v) + b® In(v — ia) — Calpe)]], , < Klfile.
Taking C' = C3 + C3 + C, one obtains that

< Klale.

1,0

HCA'(U, )+ pFy (1) — C(f1,€) + bj* In(v — z'a)’

To finish the proof of Proposition E222 it is enough to consider the change of variables v = u + h(u, T)
obtained in Lemma [0.13] which does not change the asymptotic first order of C. Let us note that to see
that C(u,e) has a well defined limit when & — 0 one can easily proceed as we have done in the case
¢ —2r < 0 in Section

Acknowledgements

I.B. acknowledges the support of the Spanish Grant MEC-FEDER MTM2006-05849/Consolider, the
Spanish Grant MTM2010-16425 and the Catalan SGR grant 2009SGR859 and E.F. the support of the
Spanish Grant MEC-FEDER MTM2006-05849 /Consolider, the Spanish Grant MTM2010-16425 and the
Catalan grant CIRIT 2005 SGR01028. M. G and T.M.S. have been partially supported by the Spanish
MCyT/FEDER grant MTM2009-06973 and the Catalan SGR grant 2009SGR859. In addition, the re-
search of M. G. has been supported by the Spanish PhD grant FPU AP2005-1314. Part of this work
was done while M. G. was doing stays in the Departments of Mathematics of the University of Maryland
at College Park and the Pennsylvania State University. He wants to thank these institutions for their
hospitality and support, and specially thank Vadim Kaloshin for making these stays possible.

References

[AKNS88] V.I. Arnold, V.V. Kozlov, and A.I. Neishtadt. Dynamical Systems III, volume 3 of Encyclopae-
dia Math. Sci. Springer, Berlin, 1988.

[Ang93] S. Angenent. A variational interpretation of Mel'nikov’s function and exponentially small
separatrix splitting. In Symplectic geometry, volume 192 of London Math. Soc. Lecture Note
Ser., pages 5—35. Cambridge Univ. Press, Cambridge, 1993.

[Balo6]  I. Baldomé. The inner equation for one and a half degrees of freedom rapidly forced Hamilto-
nian systems. Nonlinearity, 19(6):1415-1445, 2006.

. Baldoma an . Fontich. Exponentially small splitting of invariant manitolds of parabolic
BF04 I. Baldoma and E. Fontich. E iall 11 splitti fi i ifolds of boli
points. Mem. Amer. Math. Soc., 167(792):x-83, 2004.

[BF05] I. Baldoma and E. Fontich. Exponentially small splitting of separatrices in a weakly hyperbolic
case. J. Differential Equations, 210(1):106-134, 2005.

[BG10]  N. Brannstrom and V. Gelfreich. Asymptotic series for the splitting of separatrices near a
hamiltonian bifurcation. Preprint, 2010.

[BO93]  A. Benseny and C. Olivé. High precision angles between invariant manifolds for radpidly forced
hamiltonian systems. Proceedings Equadiff91, pages 315-319, 1993.

[BS06] I. Baldoma and T. M. Seara. Breakdown of heteroclinic orbits for some analytic unfoldings of
the Hopf-zero singularity. J. Nonlinear Sci., 16(6):543-582, 2006.

[BS08] I. Baldomé and T. M. Seara. The inner equation for generic analytic unfoldings of the Hopf-zero
singularity. Discrete Contin. Dyn. Syst. Ser. B, 10(2-3):323-347, 2008.

114



[BSSVO8]
[CGY4]
[DGOO]
[DGJS9T]

[DGS04]

[DR97]
[DRYS]
[DRR9Y]
[DS92]
[DS97]

[Ecas8lal

[Eca81b]

[EKS93]
[E1i94]
[Fon93]
[Fon95)
[FS90]

[FS96]

C. Bonet, D. Sauzin, T. Seara, and M. Valencia. Adiabatic invariant of the harmonic oscillator,
complex matching and resurgence. SIAM J. Math. Anal., 29(6):1335-1360 (electronic), 1998.

L. Chierchia and G. Gallavotti. Drift and diffusion in phase space. Ann. Inst. H. Poincaré
Phys. Théor., 60(1):144, 1994.

A. Delshams and P. Gutiérrez. Splitting potential and the Poincaré-Melnikov method for
whiskered tori in Hamiltonian systems. J. Nonlinear Sci., 10(4):433-476, 2000.

A. Delshams, V. Gelfreich, A. Jorba, and T.M. Seara. Exponentially small splitting of sepa-
ratrices under fast quasiperiodic forcing. Comm. Math. Phys., 189(1):35-71, 1997.

A. Delshams, P. Gutiérrez, and T.M. Seara. Exponentially small splitting for whiskered tori
in Hamiltonian sysems: flow-box coordinates and upper bounds. Discrete Contin. Dyn. Syst.,
11(4):785-826, 2004.

A. Delshams and R. Ramirez-Ros. Melnikov potential for exact symplectic maps. Comm.
Math. Phys., 190(1):213-245, 1997.

A. Delshams and R. Ramirez-Ros. Exponentially small splitting of separatrices for perturbed
integrable standard-like maps. J. Nonlinear Sci., 8(3):317-352, 1998.

Amadeu Delshams and Rafael Ramirez-Ros. Singular separatrix splitting and the Melnikov
method: an experimental study. Ezperiment. Math., 8(1):29-48, 1999.

A. Delshams and T. M. Seara. An asymptotic expression for the splitting of separatrices of
the rapidly forced pendulum. Comm. Math. Phys., 150(3):433-463, 1992.

A. Delshams and T.M. Seara. Splitting of separatrices in Hamiltonian systems with one and
a half degrees of freedom. Math. Phys. Electron. J., 3:Paper 4, 40 pp. (electronic), 1997.

J. Ecalle. Les fonctions résurgentes. Tome I, volume 5 of Publications Mathématiques
d’Orsay 81 [Mathematical Publications of Orsay 81]. Université de Paris-Sud Département
de Mathématique, Orsay, 1981. Les algebres de fonctions résurgentes. [The algebras of resur-
gent functions], With an English foreword.

J. Ecalle. Les fonctions résurgentes. Tome II, volume 6 of Publications Mathématiques
d’Orsay 81 [Mathematical Publications of Orsay 81]. Université de Paris-Sud Département
de Mathématique, Orsay, 1981. Les fonctions résurgentes appliquées a 'itération. [Resurgent
functions applied to iteration].

J. A. Ellison, M. Kummer, and A. W. Sdenz. Transcendentally small transversality in the
rapidly forced pendulum. J. Dynam. Differential Equations, 5(2):241-277, 1993.

L. H. Eliasson. Biasymptotic solutions of perturbed integrable Hamiltonian systems. Bol. Soc.
Brasil. Mat. (N.S.), 25(1):57-76, 1994.

E. Fontich. Exponentially small upper bounds for the splitting of separatrices for high frequency
periodic perturbations. Nonlinear Anal., 20(6):733-744, 1993.

E. Fontich. Rapidly forced planar vector fields and splitting of separatrices. J. Differential
Equations, 119(2):310-335, 1995.

E. Fontich and C. Simé. The splitting of separatrices for analytic diffeomorphisms. FErgodic
Theory Dynam. Systems, 10(2):295-318, 1990.

B. Fiedler and J. Scheurle. Discretization of homoclinic orbits, rapid forcing and “invisible”
chaos. Mem. Amer. Math. Soc., 119(570):viii+79, 1996.

115



[Gal94]

[Gel94]

[Gel97a]

[Gel97b)]

[Gel99]

[Gel00]

(GG10]

[GGM99)]

[GLT91]

[GOS10]

[GSO1]

[GS08]

[HMSSS]

[Laz84]

[Laz03]

[LMSS]

[LMS03]

[LomO00]

G. Gallavotti. Twistless KAM tori, quasi flat homoclinic intersections, and other cancellations
in the perturbation series of certain completely integrable Hamiltonian systems. A review. Rev.
Math. Phys., 6(3):343-411, 1994.

V. G. Gelfreich. Separatrices splitting for the rapidly forced pendulum. In Seminar on Dy-
namical Systems (St. Petersburg, 1991), volume 12 of Progr. Nonlinear Differential Equations
Appl., pages 47-67. Birkhiuser, Basel, 1994.

V. G. Gelfreich. Melnikov method and exponentially small splitting of separatrices. Phys. D,
101(3-4):227-248, 1997.

V. G. Gelfreich. Reference systems for splittings of separatrices. Nonlinearity, 10(1):175-193,
1997.

V. G. Gelfreich. A proof of the exponentially small transversality of the separatrices for the
standard map. Comm. Math. Phys., 201(1):155-216, 1999.

V. G. Gelfreich. Separatrix splitting for a high-frequency perturbation of the pendulum. Russ.
J. Math. Phys., 7(1):48-71, 2000.

J. P. Gaivao and V. Gelfreich. Splitting of separatrices for the hamiltonian-hopf bifurcation
with the swift-hohenberg equation as an example. 2010. Preprint.

G. Gallavotti, G. Gentile, and V. Mastropietro. Separatrix splitting for systems with three
time scales. Comm. Math. Phys., 202(1):197-236, 1999.

V. G. Gelfreich, V. F. Lazutkin, and M. B. Tabanov. Exponentially small splittings in Hamil-
tonian systems. Chaos, 1(2):137-142, 1991.

M. Guardia, C. Olivé, and T. Seara. Exponentially small splitting for the pendulum: a classical
problem revisited. J. Nonlinear Sci., 20(5):595-685, 2010.

V. Gelfreich and D. Sauzin. Borel summation and splitting of separatrices for the Hénon map.
Ann. Inst. Fourier (Grenoble), 51(2):513-567, 2001.

Vassili Gelfreich and Carles Simé. High-precision computations of divergent asymptotic series
and homoclinic phenomena. Discrete Contin. Dyn. Syst. Ser. B, 10(2-3):511-536, 2008.

P. Holmes, J. Marsden, and J. Scheurle. Exponentially small splittings of separatrices with
applications to KAM theory and degenerate bifurcations. In Hamiltonian dynamical systems,
volume 81 of Contemp. Math. 1988.

V. F. Lazutkin. Splitting of separatrices for the Chirikov standard map. VINITI 6372/82,
1984. Preprint (Russian).

V. F. Lazutkin. Splitting of separatrices for the Chirikov standard map. Zap. Nauchn. Sem.
S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 300(Teor. Predst. Din. Sist. Spets. Vyp.
8):25-55, 285, 2003.

P. Lochak and C. Meunier. Multiphase Averaging for Classical Systems, volume 72 of Appl.
Math. Sci. Springer, New York, 1988.

P. Lochak, J.-P. Marco, and D. Sauzin. On the splitting of invariant manifolds in multidi-
mensional near-integrable Hamiltonian systems. Mem. Amer. Math. Soc., 163(775):viii+145,
2003.

E. Lombardi. Oscillatory integrals and phenomena beyond all algebraic orders, volume 1741 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2000. With applications to homoclinic
orbits in reversible systems.

116



[LS80]

[Mel63]

[MP94]

[MSS10a]

[MSS10b]

[Neig4]

[01i06]

[0SS03]

[P0i90]

[Poi99]

[Sau95)

[Sau01]

[Sch89]
[Sim94]

[Slu64]

[SMH91]

[SV09]

[Tre94]

[Tre97]

J. Llibre and C. Simé. Oscillatory solutions in the planar restricted three-body problem. Math.
Ann., 248(2):153-184, 1980.

V. K. Melnikov. On the stability of the center for time periodic perturbations. Trans. Moscow
Math. Soc., 12:1-57, 1963.

R. Martinez and C. Pinyol. Parabolic orbits in the elliptic restricted three body problem. J.
Differential Equations, 111(2):299-339, 1994.

P. Martin, D. Sauzin, and T. M. Seara. Exponentially small splitting of separatrices in the
perturbed mcmillan map. Preprint, 2010.

P. Martin, D. Sauzin, and T. M. Seara. Resurgence of inner solutions for perturbations of the
mcmillan map. Preprint, 2010.

A. 1. Neishtadt. The separation of motions in systems with rapidly rotating phase. Prikl. Mat.
Mekh., 48(2):197-204, 1984.

C. Olivé. Calcul de I’escissio de separatrius usant técniques de matching complex i ressurgencia
aplicades a l’equacié de Hamilton-Jacobi. http://www.tdx.cat/TDX-0917107-125950, 2006.

C. Olivé, D. Sauzin, and T. M. Seara. Resurgence in a Hamilton-Jacobi equation. In Proceed-
ings of the International Conference in Honor of Frédéric Pham (Nice, 2002), volume 53(4),
pages 1185-1235, 2003.

H. Poincaré. Sur le probleme des trois corps et les équations de la dynamique. Acta Mathe-
matica, 13:1-270, 1890.

H. Poincaré. Les méthodes nouvelles de la mécanique céleste, volume 1, 2, 3. Gauthier-Villars,
Paris, 1892-1899.

D. Sauzin. Résurgence paramétrique et exponentielle petitesse de I’écart des séparatrices du
pendule rapidement forcé. Ann.Ins.Fourier, 45(2):453-511, 1995.

D. Sauzin. A new method for measuring the splitting of invariant manifolds. Ann. Sci. Ecole
Norm. Sup. (4), 34, 2001.

J. Scheurle. Chaos in a rapidly forced pendulum equation. Contemp. Math. AMS, 97, 1989.

C. Simé. Averaging under fast quasiperiodic forcing. In Hamiltonian mechanics (Torur, 1993),
volume 331 of NATO Adv. Sci. Inst. Ser. B Phys., pages 13-34. Plenum, New York, 1994.

A. A. Slutskin. Motion of a one-dimensional nonlinear oscillator under adiabatic conditions.
Soviet Physics JETP, 18:676-682, 1964.

J. Scheurle, J. E. Marsden, and P. Holmes. Exponentially small estimates for separatrix
splittings. In Asymptotics beyond all orders (La Jolla, CA, 1991), volume 284 of NATO Adv.
Sci. Inst. Ser. B Phys., pages 187-195. Plenum, New York, 1991.

C. Simé and A. Vieiro. Resonant zones, inner and outer splittings in generic and low order
resonances of area preserving maps. Nonlinearity, 22(5):1191-1245, 2009.

D. Treschev. Hyperbolic tori and asymptotic surfaces in Hamiltonian systems. Russian J.
Math. Phys., 2(1):93-110, 1994.

D. Treschev. Separatrix splitting for a pendulum with rapidly oscillating suspension point.
Russ. J. Math. Phys., 5(1):63-98, 1997.

117



	1 Introduction
	1.1 Historical remarks

	2 Notation and main results
	2.1 Notation and hypotheses
	2.1.1 Hypotheses on the unperturbed system
	2.1.2 Hypotheses on the perturbation
	2.1.3 Some remarks about the hypotheses

	2.2 Main results
	2.2.1 Main result for the regular case
	2.2.2 Main result for the singular case
	2.2.3 Some comments about the results
	2.2.4 Examples

	2.3 Near integrable Hamiltonian systems of 1 12 degrees of freedom close to a resonance

	3 Heuristic ideas of the proof
	3.1 Measuring the splitting by using generating functions
	3.2 The boomerang domains
	3.3 Parameterizations of the invariant manifolds of the perturbed system
	3.4 The asymptotic first order of  

	4 Description of the proofs of Theorems 2.4 and 2.7
	4.1 Basic notations
	4.2 The periodic orbit
	4.3 Different parameterizations of the invariant manifolds
	4.4 Existence of the local invariant manifolds
	4.5 The global invariant manifolds
	4.5.1 The global invariant manifolds in the case p0(u)=0
	4.5.2 The global invariant manifolds for the general case

	4.6 The asymptotic first order of u Tu,s close to the singularities i a
	4.6.1 The asymptotic first order of u Tu,s for the case <2r
	4.6.2 The first asymptotic order of u Tu,s for the case 2r

	4.7 Study of the difference between the invariant manifolds
	4.7.1 Study of the difference between the invariant manifolds for the case -2r<0
	4.7.2 Study of the difference between the invariant manifolds for the case -2r0

	4.8 Computation of the area of the lobes: proof of Theorems 2.4 and 2.7 and Corollaries 2.5 and 2.8

	5 Existence of the periodic orbit in the hyperbolic case: proof of Theorem 4.1
	5.1 Banach spaces and technical lemmas
	5.2 Proof of Theorem 4.1

	6 Local invariant manifolds: proof of Theorem 4.3
	6.1 Local invariant manifolds in the hyperbolic case
	6.1.1 Banach spaces and technical lemmas
	6.1.2 Proof of Theorem 4.3 in the hyperbolic case

	6.2 Local invariant manifolds in the parabolic case
	6.2.1 Banach spaces and technical lemmas
	6.2.2 Proof of Theorem 4.3 in the parabolic case


	7 Invariant manifolds in the outer domains: proof of Theorems 4.4 and 4.8
	7.1 Invariant manifolds in the outer domains when p0(u)=0: proof of Theorem 4.4
	7.1.1 Banach spaces and technical lemmas
	7.1.2 Proof of Theorem 4.4

	7.2 Invariant manifolds in the outer domains in the general case: proof of Theorems 4.5, 4.6, 4.7 and 4.8
	7.2.1 The variational equation along the separatrix
	7.2.2 Proof of Theorem 4.5
	7.2.3 Proof of Theorem 4.6
	7.2.4 Proof of Theorem 4.7
	7.2.5 Proof of Theorem 4.8

	7.3 The first asymptotic term of the invariant manifolds near the singularities for the case =2r

	8 Approximation of the invariant manifolds in the inner domains.
	8.1 Case <2r : proof of Proposition 4.10
	8.2 Case 2r: proof of Theorem 4.16
	8.2.1 Banach spaces and technical lemmas
	8.2.2 Proof of Theorem 4.16


	9 An injective solution of the partial differential equation L"0365L =0
	9.1 Banach spaces and technical lemmas
	9.2 Case <2r: proof of Theorem 4.17 and Proposition 4.18
	9.2.1 Proof of Theorem 4.17
	9.2.2 Proof of Proposition 4.18
	9.2.3 An asymptotic formula for C(,)

	9.3 Case 2r: Proof of Theorem 4.21 and Proposition 4.22
	9.3.1 Proof of Theorem 4.21
	9.3.2 Proof of Proposition 4.22



