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The cubic defocusing nonlinear Schrodinger equation

@ Consider the equation

—idu+ Au = |ul?u
U(O,X) = UO(X)
where x € T? = R?/(27Z)?,t c Rand u : R x T? — C.

@ Defocusing implies well posed globally in time in Sobolev spaces
HS(T?), s > 1.

@ Solutions of NLS conserve two quantities:
@ The Hamiltonian

et = [ (5190 + Zlul) axo
M{u](t) /|u|2dx /|u| dx (0

the square of the L2-norm.

@ The mass
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Transfer of energy

@ Fourier series of u,

u(x,t) = > an(t)e™

nez?

@ Can we have transfer of energy to higher and higher modes as
t — 400?

@ It is possible that a solution u starts oscillating only on scales
comparable to the spatial period and eventually oscillates on
arbitrarily small scale?
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Sobolev norms

@ Sobolev norms

1/2
[u(t) s (r2y = lu(ts )llps 2y == Z (n)?*|an(t)[? ;
nez?
where (n) = (1 + |n|?)Y/2.
@ Thanks to mass and energy conservation,

[u(t)llnz(rey < Clu(0)||pr(rey forall t > 0.

@ The L2 norm is conserved.

@ The energy transfer can be measured with the growth of the
Sobolev norms with s > 1.

@ Only possibility for HS to grow indefinitely: the energy of u moves
to higher and higher Fourier modes.
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Growth of Sobolev norms

@ Zakharov-Shabat equation: cubic defocusing NLS for x € T:
—i0u + Au = |ul?u

@ There are a priori bounds for all s-Sobolev norms and therefore
there cannot be transfer of energy.

@ In dimension d > 2, there are no a priori bounds and growth of
s-Sobolev norms may happen.
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How fast the energy transfer can be?

Polynomial upper bounds for the growth of Sobolev norms were first
obtained by Bourgain (1996),

Let us consider a solution u of the cubic defocusing NLS on T2, then
for any § > 0O,

Ju@® e < PEDF )]s for  t - +oo.

@ Question by Bourgain (2000): Are there solutions u such that for

s>1,
lu(t)||ns — +o0 ast — +oo?

@ Moreover, he conjectured that if such solutions exist, the growth
should be subpolynomial in time. That is,

lu(t)||ms < t¥]|u(0)]us fort — +o0, foralle > 0.
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Previous results

@ Kuksin (1997) obtained orbits with arbitrarily big fixed growth of
Sobolev norms for NLS taken large enough initial data.

@ For large initial data, dispersion is weaker than the nonlinearity.

@ We are interested in small initial data.
@ Stability of u = 0?

]

]
]
o

From the point of view of dynamical systems, u = 0 is an elliptic
critical point.

For the linear equation, the solutions have constant s-Sobolev
norms, for any s, as time evolves.

Thus, for the linear equation, u = 0 is stable in any H* topology.
It is stable for the nonlinear equation?

Growth of Sobolev norms for small solutions implies its instability.

@ How long does it take such instability to be noticeable?
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Previous results

Colliander, Keel, Staffilani, Takaoka, Tao (2010) proved the following
deep result:

Fixs > 1, C > 1and u < 1. Then there exists a global solution u(t, x)
of NLS on T? and T satisfying that

[uO)flns < p,  fJu(T)[ns = C.

@ The solutions they obtain have small initial mass and energy
(smaller than p).

@ They remain small as time evolves whereas the s-Sobolev norm
grows considerably.
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Refining the methods used in that paper, we estimate the speed of the
growth of Sobolev norms.

Theorem (V. Kaloshin-M. G.)

Lets > 1. Then, there exists ¢ > 0 with the following property: for any
large K >> 1 there exists a a global solution u(t,x) of NLS on T? and a
time T satisfying

T ~K°,

such that
[u(T)llvs = K [Ju(0)]|s-

Moreover, this solution can be chosen to satisfy

lu(O)ll= < K™%, a>0.
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We can impose to start with small Sobolev norm but we get a slower
growth.

Theorem (V. Kaloshin-M. G.)

Fix s > 1. Then, there exists ¢ > 0 with the following property: for any
small 1 < 1 and large C > 1 there exists a global solution u(t, x) of
NLS on T? and a time T satisfying that

o (/1)
I

[U@)lns < g, [u(T)llns = C.

such that

@ Our result are valid in any T9, d > 2 taking solutions which only
depend on two spatial variables.
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Comparison with Bourgain conjecture

@ Bourgain conjecture:
[u(t)|[ns < t¥][u(0)]|ns for t — +o0, forall e > 0.
@ Our result
Ju(Tlls = Tefu(O)lls-  for T > 1.

@ Our result does not contradict Bourgain conjecture about the
subpolynomial growth:

@ The theorem deals with arbitrarily large but finite growth in the
Sobolev norms.
@ Bourgain conjecture refers to unbounded growth.

@ Growth of the s-Sobolev norm may slow down as time grows.
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Main ideas of the proof and comparison with the

I-team approach

@ Source of instability are resonances.

@ NLS as an ode (of infinite dimension) for the Fourier coefficients of
u:
—ian = |n[?a, + Z an,@n,an,, n e Z2.

Ny,Ny,N3€Z2

Ny —nNo+nN3=n
@ Eigenvalues ofa =0 are

A = +ilnf?
@ A term in the cubic nonlinearity is resonant provided
2 2 2 2
IN1|= = [n2[* + [ng|* — n[* =0

@ NLS is extremely resonant.
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The I-team approach

@ |-team chooses carefully a finite set of modes which interact
through the resonances in a very particular way.

@ Using the resonant interactions, they introduce a finite
dimensional (toy) model

by = —ibZb; +2iB; (b2, +b%,) . i =1,...N.

which approximates well certain solutions of NLS.

@ It can be seen as a Hamiltonian system on a lattice Z with nearest
neighbor interactions.

@ Hamiltonian:

1 1
h(b) =5 > Iyf* = 5> (b2, +b7b; 1)

=1 =1
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The toy model

b = —

|b1261 + ZIB] (bjz_l + bj2+l) R J = 1’ ..N.

@ We want an orbit b(t) of the toy model such thatatt = 0 is
localized in by and ata certaint =T > 1 is localized in by.

@ We need to analyze the dynamics of the system.
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Dynamics of the toy model

@ We analyze the dynamics of the toy model

b] = —|b1261 + ZIB] (bjz_l + bj2+l) 5 J = O, - N,
@ Each 4-dimensional plane

is invariant.
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@ We construct solutions that stay close to the planes {L; }jN:‘Zl and
go from one intersection |y = L; NLj 1 to the next one
li+1 = Lj+1 N Lj42 consequently forj =3,...,N — 1.

@ In the intersections |; only b; is nonzero.

@ The planes L; have normal positive Lyapunov exponents.
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The shadowing

@ We want an orbit which shadows the concatenation of periodic
and heteroclinic orbits.

@ The I-team does the shadowing using Gronwall-like estimates.
@ Their methods would lead to bad time estimates

T>Ccr, Cc>0,a>2.

@ Our main contribution: analysis of the toy model model using

@ Dynamical systems tools (normal forms, Shilnikov boundary
problem).
@ A careful choice of the initial conditions
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Last step

@ The toy model has an orbit which has growth of Sobolev norms.

@ We need to prove that solutions of NLS can be approximated by
the solutions of the toy model for long enough time.

@ We need ensure that the energy is localized in the modes in the
support of the toy model.
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Robustness of the I-team mechanism

@ The mentioned results deal with a concrete equation.
@ |s this instability mechanism still valid if we modify the equation?

@ If one adds higher order terms, one obtains the same results since
we are dealing with small solutions.

@ What happens if one modifies the linear part of the equation?
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The cubic defocusing NLS equation with a convolution

potential

@ Equation
—idu+ Au+V(x)*u = |ul?u
U(07X) = Uo(X)
where

o x eT?=R?/(2rZ)?>,t e Randu : R x T? — C.
@ V € H%(T?), so > 0, has real Fourier coefficients.

@ |t still has conservation of energy and mass.
@ Simplified model of NLS with a multiplicative potential.

@ Bourgain and Kuksin-Eliasson: existence of (small) invariant tori
with quasiperiodic behavior.
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NLS with a convolution potential as an infinite ode

@ Potential in Fourier series

V(x)= > vhe™

nez?
@ Equation
—iay = <|n\2 +Vn) ant+ > andnan,, neZ’
ni,Np,N3E€Z2

N1—Nz+N3=n

@ Eigenvalues ofa =0 are
A=+ (|n\2 +vn) .

@ The potential might kill the resonances.

@ One would expect stronger stability properties for the critical
elliptic pointa = 0.
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Stability results

Theorem (Bambusi-Grebert 2003, also Glauckner-Lubich 2010)

Consider M > 0 and take a typical (in certain measure sense) potential
V. Then, there exists sg, 110 > 0 such that for any s > sg and any
solution u(t) of NLS with potential V with initial condition

u(0) = up € HS satisfying i := ||ug||ys < o, one has that

1
u(t)llns <2p for |t] < M
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Instability results

Theorem (M. G.)

Fix s > 1, so > 70s/17 and and take V € H%(T?) with real Fourier
coefficients. Then, there exists ¢ > 0 with the following property: for
any small 4 < 1 and large C > 1 there exists a global solution u(t, x)
of NLS with convolution potential V and a time T satisfying that

o\ cIn(C/n)
I

[u@)lns < g, [u(T)llns = C.

such that

@ We obtain exactly the same result as for cubic NLS with no
potential.

@ We can deal with any potential V.
@ The obtained orbit u only depends on ||V ||ys, and not on V itself.

M. Guardia (Paris 7) Growth of Sobolev norms May 15, 2014 23126



As for cubic NLS without potential, if we do not impose initial small
Sobolev norm but only large growth, we obtain a growth polynomial
time.

Theorem (M. G.)

in

Fix Sp > 0 and s > 1 and take V € H%(T?) with real Fourier
coefficients. Then, there exists ¢ > 0 with the following property: for
any large K > 1 there exists a a global solution u(t, x) of NLS with
convolution potential V in T? and a time T satisfying

T ~K°,

such that
[u(T)l[hs = K[[u(0)[|ns-

Moreover, this solution can be chosen to satisfy

lu(O)[l.= < K™%, a>0.
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Main ideas of the proof

@ Equation

—ia, = <|n\2 +vn) an + Z an,an,an,, ne Z°.
N1,Np,N3€Z2
N1—Nz+N3=n

@ Eigenvalues ofa =0 are

AE =4 (|n\2 +vn) .
@ The potential might kill the resonances,
@ However, V € H%(T?) implies

1

" T
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Main ideas of the proof

@ Cubic resonant terms for NLS with no potential
1| — [n2[* + n3> — In|* =0
@ Cubic resonant terms for NLS with potential,
N1 — [Nz + [ng|? — |n|? +Vn, —Vn, +Vn; =Vp =0

@ The I-team mechanism for NLS already deals with high modes.

@ Resonant terms for NLS with no potential involving high enough
modes are almost resonant for NLS with potential:

n1|? = In2|* + Ing|? = In? — n[? + Vn, = Vn, +Vny —Vn < 1

@ We select carefully a finite set of modes so that they interact
through almost resonant terms.
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