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Exponentially small splitting of separatrices

@ For the RPC3BP we want to prove transversality of the invariant
manifolds for fixed p € (0,1/2] and Go > 1.

@ The distance between the invariant manifolds is exponentially
small in Gg.

GS
@ Melnikov Theory does not apply unless p <« e_TO.

@ To prove splitting for any 1 € (0,1/2] is a difficult problem since
classical perturbative techniques do not apply.

@ We have to deal with exponentially small splitting of separatrices.

@ We show how to deal with this problem in a simpler model.
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The perturbed pendulum

@ Hamiltonian
t y? _t
H VX2 :?4—(cosx—1)4—5(cosx—1)smg

@ Equations
X=y
. . : .t
y= S|nx+5smxsmg

@ This is a model of the resonances of nearly completely integrable
Hamiltonian systems.

@ Tipically in this problems § is a fixed non small constant.

@ In the RPC3BP one has: ¢ ~ G,° and § ~ G, °.

@ Luckily in the RPC3BP ressembles this model with § ~ £2/3.
@ This makes a big difference for analyzing the splitting.
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The perturbed pendulum

@ From now on:

t y? _t
H Y X, :?Jr(cosx—1)+e(cosx—1)smg

@ Equations
X=y
y = sinx + esin x sin é
t=1
@ (x,y) = (0,0) is a hyperbolic periodic orbit for this system.

@ We want to compute the splitting between its invariant manifolds.
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First rigorous result dealing with this problem:

Theorem (Neishtadt 84)

Letus fixeg > 0. Then, fore € (0,¢q), there exists an e-close to the
identity canonical transformation that transforms system

A% t
H<y,x,g> _?+(cosx—1)+H1 <x,y,g)

with Hy analytic into
.ot y? . ST .ot
H y,x,g :?+(cosx—1)+eH0(y,x,s)+P y,x,g

and P satisfies o
|P| < coe =

for certain constants ¢y, ¢, > 0.
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This theorem implies that:

@ The system is exponentially small close to integrable.

@ The invariant manifolds are exponentially close.

@ It does not give any information about the splitting of the separatrix

@ We do not know whether they coincide or not.

We need to compute the first order of the distance between the
invariant manifolds.
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@ Look for suitable parameterizations of the invariant manifolds.

@ Extend these parameterizations to certain regions of the complex
plane.

@ Analyze the difference of the parameterizations in these regions.

@ Deduce from this analysis the first order of the difference in the
reals.

@ Simplifications of our example: the unperturbed separatrix is a
graph over the base
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Parameterizations of the invariant manifolds

@ We look for parameterizations of the invariant manifolds as graphs
y = 0xS"3(x, t/e)

@ The generating functions S":° satisfies the Hamilton-Jacobi
equation.

719, S(x,7) + H(x,0xS(x,7),7) =

@ Pendulum example

2
10, S+( X2) +cosx —1+¢(cosx —1)sinT=0

@ Asymptotic conditions:
Iim OxSY(x,t/e) =0
I|m OxS®(x,t/e) =0

X—2m
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Reparameterization using the time over the separatrix

@ Parameterization of the pendulum separatrix:

xo(v) = 4arctan(e”),  yo(v) = cosh v’

@ Reparametrize x = xp(v), T¥5(v,7) = S“5(x0(Vv), T)

@ Equation

(0xS)?
2

e 10,8+ +cosx —1+¢(cosx —1)sinT =0

becomes
2
- 2~ ¢ 2
cosh“ v cosh“ v

cosh® v
8

@ Asymptotic conditions
{ lim coshvo, TY(v,7)=0

e 10, T+ (0, T)? sinT =0

Re v——o0

lim coshvo,T°(v,7)=0.
Re v——+o00
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New parameterizations

2
2~ ¢ 2
cosh“ v cosh® v

cosh? v
8

e 10, T+ (0,T)? - sint =0

@ Parameterizations of the form

_ coshv

x = 4arctan(e’), y 5

OyTYS (v, 7).

4
cosh? v’

@ For the unperturbed pendulum: 9, To(v) =
@ We can consider a formal power series expansion

TYS(v,7) = To(v) + >_ ¥ T (v, 7)
k>1
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Formal power series

@ We have: T{(v,7) = T(v,7) Vk e N

@ Namely: TY(v,7) — TS(v,7) = O(c¥) Vk e N

@ Proceeding formally, their difference is beyond all orders.
@ What is happening?

1 The power series is convergent: both manifolds coincide in the
perturbed case

2 The power series in ¢ is divergent: the manifolds do not coincide
and their difference is flat with respect ¢.

@ We will see that is happening the second option
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New parameterizations

2 2
9, T)? —¢ sinT =0
( vT) = cosh?v  coshZv

2
1o.T+ cosh

4
cosh? v

@ Perturbed pendulum: T%S = Ty + TYS,

@ Unperturbed pendulum: 9, To(v) =

@ Parameterizations of the invariant manifolds:

x = 4arctan(e")
2 coshv

u,s
cosh v 2 QT (v7)

y:

@ To study the difference between manifolds: analyze 7Y — 7.
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2
2, ¢ 2
cosh“ v cosh® v

cosh? v

e 10, T+ (0, T)? — sint =0

® Plug TS = Ty + T“* into the Hamilton-Jacobi equation.

4
@ Recall 9, To(v) = 5
cosh“v
@ New equation:
iy cosh? v 5 :
e 0T +oT+ (OT) —¢ s—sinT =0
8 cosh? v

@ TS are expected to be small.

@ We can solve this equation by inverting the linear differential
operator.
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The integral operators

@ Inverses of Lo =10, + 9.

@ For functions which decay to zero as Re v — —oc,

0
GU(h)(v, ) = / hv by

@ For functions which decay to zero as Rev — +o0,
0

G%(h)(v,7) = A h(V+t,T—|—€_1t)dt,
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The fixed point equation

@ TYis a solution of

h? 2 .
TU=gY <— COSS V(8VT“)2 - Sty sin T)

with .
GU(h)(v, ) = / v+ t7+ )t

@ Look for fixed points of

2
_gosh V((‘BVT)2+5 22 sinr>

fu — u
(T)=¢ ( 8 cosh? v

® T3 is a fixed point of

h? 2 :
F(T)=g° <— COSS V(o”’vT)z + Ecoshz v sin T)
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The fixed point argument in the reals

O TU = FUS(T4®) = F45(0) + O(%).
0
P ]_—U(O):E/ 273"1(
—oo COSh®(V + 1)
0

reTt) ot
@ F5(0) = 6/ _

©) +oo COSh2(V + 1)
@ The difference: 7Y — 7% = FY(0) — F5(0) + O(?).

@ Difference between first iteration is the Melnikov potential

sin (’7’ e t) dt

+0o0o

FU(0) — FS(0) = /

: -1
s (T+€ t) ot

@ We have recovered Melnikov theory through the Hamilton-Jacobi
equation.
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@ First order (Melnikov potential):
FUY(0) — F5(0) = 4ne 2z sin(r — e 'v)

@ Melnikov is exponentially small and the error is O(¢2).
@ We need better estimates for the error.
@ We consider the fixed point equation for complex values of v € C.

@ To compute the Melnikov function, we have analyzed the
singularities of the Melnikov integrand at v = iig.

@ We extend the parameterizations of the invariant manifolds up to a
distance O(e) of these singularities.
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Complex domains:

@ InT: T, ={reC/(2rZ) : ImT7| < o}.
@ Inv:

S

ST — ¢
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Close to the singularities of the unperturbed separatrix

@ By the fixed point argument 7% are defined in these complex
domains and satisfy:

2

u,s <
TS T

@ Unperturbed separatrix

1
To(v) ~ v+in/2
@ Both become larger close to the singularity.

@ Ty is always larger than 75 (otherwise the fixed point argument
would not work!).

M. Guardia (UPC) Lecture 3 February 8, 2017 19/26



Difference between manifolds

@ Parameterizations of the invariant manifolds:
x = 4arctan(e")
{ 2 cosh? v
coshv 2

® We study A =74 —T5.
@ Subtract the equation

y = HTY(v,7)

cosh? v

8 sint=0

6_167—7- + avT+

2
O,T)Y —¢
(OT) cosh?v

for T4,
@ A satisfies LA = 0 for the linear operator

h2
L=c9, +0,+ 25 Y

(8VT”(V, T)+ 0, T3(v, 7')) Oy

@ Liscloseto Lo =¢10, + 0y.
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Difference between manifolds

@ Assume that A € KerLy, Lo =¢ 19, + Oy.

@ Main idea: functions in Ker£Lq bounded in a complex strip are
exponentially small in the reals.

Lety(v, ) € KerLy be an analytic in T function in [—ir, ir] x T,. Then,

@ ¢ can be extended analytically to {[Imv| < r} x T,
@ Define M = max |0V (v, T)|

(v,T)E[—ir,iNxTs
@ Then, fore < 1,

Y(v,7) € R x T, [8,0(v, )| < 2Me™= "
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@ 10,4 + 0y = 0 implies ¢(v,7) = A(t — e~ 'v) for some A.
@ We can extend analytically ¢ to {|{Imv| < r} x T,.

@ Let us take and example ¥ (v, 7) = Asin(r — e~ 'v) for some
constant A > 0.

@ We have defined M = max _ |[Ovy(v,T)|.

(v,7)€e[—ir,ir x5
@ Take (v,7) = (ir,0),

M > As='cosh(s7'r).
® S0 A< 2Mee -.

@ For real values of (v, 7): [i(v,7)| < 2Mee <.
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Better estimates for the error

@ We apply this lemma to A — Melnikov = 7Y — 7 — Melnikov:

o (Approximately) A — Melnikov € KerLg

@ The fixed point argument gives bounds for A — Melnikov for
(v,7) € [—ir,ir] x T, with r = g —€.

@ The bounds of A — Melnikov are smaller than the size of Melnikov
(in the complex).

@ We deduce exponentially small bounds for real values of the
variables.

M. Guardia (UPC) Lecture 3 February 8, 2017 23/26



Conclusion

@ Parameterizations

X = Xo(V)

Y =)+ ¥ ' (v)o, T (V’ £>

@ We obtain
WA(v,T) =9, TY(v,7) —dT5(v,T)
— dne Ve 3= (sin(T —e )+ O(e)) .

@ We have a first order of the difference between the invariant
manifolds.
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Splitting of separatrices

@ We have proved splitting of separatrices for

t y? _t
H Y X, :?+(cosx—1)+e(cosx—1)smg

@ Typically in resonances of nearly integrable systems
y?

t .t
H<y,x,g> = ?—F(COSX— 1)+<5(cosx—1)smg

for fixed § € R.
@ This case is much harder: Melnikov does not give the first order.

@ Analysis of the invariant manifolds close to the singularities gives
a new first order.
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Back to the circular problem

@ One can apply the explained ideas to the circular problem

@ Then, we have an asymptotic formula for the distance between the
invariant manifolds for any 1 € (0,1/2) and Gy > 1

3 GS _1
0T (v,)-0,T(v.€) = Gie™ 3 ((Clu)sin + G3v) + 0(Gy )

where

Cln) = ;\/gm (1 - 2p).

@ This allows us to prove their transversality in this range of
parameters.
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