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Abstract Let c(n) be the maximum number of cycles in an outerplanar graph with n
vertices. We show that lim c(n)!/” exists and equals 8 = 1.502837 ..., where £ is a
constant related to the recurrence x, 11 = 1 + x,%, xo = 1. The same result holds for
the larger class of series—parallel graphs.
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1 Main Results

It is shown in [3] that the maximum number of cycles in a planar graph with n verti-
ces is between 2.28" and 3.37". These bounds have been recently improved in [4] to
2.42" and 2.90", respectively. The problem of maximizing the number of cycles has
been also investigated with respect to the cyclotomic number instead of the number
of vertices [2].

Here we restrict our attention to particular classes of planar graphs and are able to
obtain more precise results. A graph is outerplanar if it is planar and can be drawn in
the plane so that all the vertices are in the outer face. A graph if series—parallel if it
is a subgraph of a 2-tree; a 2-tree is obtained, starting from a triangle, by repeatedly
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adding new vertices adjacent to two previously adjacent vertices. It is well known
that outerplanar graphs are series—parallel, but not conversely. Series—parallel graphs
are those not containing K4 as a minor, and outerplanar graphs are those containing
neither K4 nor K3 3 as a minor.

Let c(n) be the maximum number of cycles in an outerplanar graph with n + 1
vertices (nothing changes asymptotically if we let n 4+ 1 be the number of vertices
instead of n, and this is technically convenient). Since adding edges among existing
vertices will never decrease the number of cycles, we can restrict the analysis of c(n)
to maximal outerplanar graphs, which are isomorphic to polygon triangulations. Given
such a triangulation P, let ¢ be a vertex of degree two with neighbours a and b. Let
P’ be the result of removing ¢ from P. There are at most c(n — 1) cycles in P that do
not contain ¢, and the ones that do contain ¢ are in bijection with the paths from a to
b in P’. Let p(n) be the maximum number of paths that join the ends of an exterior
edge in a triangulation with n + 1 vertices (we say that an edge of a triangulation,
or more generally of a 2-tree, is exterior if it belongs to only one triangle). It follows
that

p)—l<cm)<cm—1D+pn—1) 6
It turns out that p(n) is easier to analyse since it satisfies the recurrence
p(n) =14+ max (p(@)pn—1i). )
1<i<n—1

This follows easily by considering the triangle that contains a given exterior edge.
The first values of p(n) are given in the following table.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
p(n) 1 2 3 5 7 11 16 26 36 56 81 131 183 287 417 677

After some inspection one is naturally led to the conjecture that the maximum on
the RHS of Equation (2) is attained when i is the power of two that is closest to n/2
(the sequence p(n) and this conjecture appear as A091980 in [5]).

Theorem 1 Ifr is the power of two closest to n/2 (either in case of a tie), then

pm)y=1+p@r)pn—r).

In particular,

2
p(#) =10 ()’
The proof is somewhat tedious, so we delay it until the following section and con-

tinue now with the analysis of p(n) and c(n). To do so we need the following results
from [1] about the sequence { p(2k)}k20.
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Proposition 1 The solution to the quadratic recurrence xp+1 = 1 + x,f, xo =1, is
k
X = |B% |, where

1 1
B = exp Zilog(l—l—xz—) = 1.502836801 . ..

i>1 i—1

Moreover, xj > ﬂzk — x%for all k > 1. In particular, if k > 4 then xj > ﬂzk — 3é_8‘

Theorem 2 Foralln > 10,

B"i < p(n) < B"

Proof For the lower bound we actually prove that p(n) > "~ /% + 1. The proof is
by induction on n, the base case being all values of n with 10 < n < 30, which can
be easily checked computationally.

Now let n > 30. If n is a power of two, we have the bound of Proposition 1. Now
assume that 7 is not a power of two and moreover that it is not of the form 2% + ;j for
j with 1 < j < 9. Let 2 be the first power of two that is larger than n/2 (note that
k > 4). From the definition of p(n), Proposition 1, and the induction hypothesis, we
obtain

k Ak 2k_i n_ok_1
P(”)Zl+p(2)p(n 2)zl+(ﬂ 338)(/3 4+1)
k1

_1 PO L 1
=1+ 4B - 338 338

Since n — 25 — 1/4 < 2¥, the desired (lower bound) inequality follows.
Now assume thatn = 2K + j for some j with 1 < j < 9. Theorem 1, Proposition 1,
and the induction hypothesis give

poy=14p (2 ) p (2 +)) 21+ (ﬁ2k1 - %) (75 +1)
B ﬂj—l/4) 1

_ n—1/4 2k _
=14+8 + B (1 333 33"
Since /~1/* < 338 forall j < 9, the bound follows.

As for the upper bound, the case where n is a power of two follows from Proposi-
tion 1. If n is not a power of two, we claim that p(n) < " — 1/50. For n < 25, this
inequality is easily checked computationally.

Next we prove the claim for all n of the form 2k 4 2k=1 for k > 5. Seta =
281 p(a) = B* — &; we know from Proposition 1 that ¢ < 1/338. From Theorem 1
it follows that
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p (2" +2"*‘) —pBa)=1+p@pQRa)=1+p@ (1 +p(a)2)
=1+p(a)~|—p(a)3.

Since p(a) = B — e, we have
p(Ba) = B3 41— —g3 4 B (1 +382—3€,3a).

To prove the claim it is enough to show that f¢(3¢f? — 1 — 3e%) > 1+ 1/50. Since
we know that 82¢ — p(2a) > O and p(2a) = 1+ (B¢ —¢e)?, it follows that e8¢ > 1/2;
this and the fact that 8 > 3 give the desired bound.

Now we prove the claim for the remaining values of n by induction. By Theorem 1
there is some r such that p(n) = 1+ p(2") p(n —2"). Since n is not a sum of two con-
secutive powers of two, n — 2" is not a power of two, hence either from the induction
hypothesis or from the particular case proved above, it follows that

(n)<1+ﬁ2’</3"—2’—i)—ﬁ"+1—’3—2r
P 50) = 50

So we only need to show that

27
1 — ﬂ_ < _i’
50 — 50
that is, that ,32r > 51, and this holds for » > 4. Since n > 25, this is the case and the
claim is proved. O

The lower bound in the previous theorem is of the form c - 8”. We remark that the
constant ¢ cannot be arbitrarily close to 1; for instance, it can be shown by induction
that p(2X +11) < B2+11=1/5 for all k > 3. Although we needed the restriction n > 10
for the proof of the lower bound, the upper bound in Theorem 2 holds for all n > 1
and the lower bound for n > 4.

The bounds on p(n) give almost directly the growth constant of c(n).

Corollary 1 Let c(n) be the maximum number of cycles in an outerplanar graph with
n vertices. Then there exist positive constants c| and ¢ such that

cp"<cm) <c2p".

As a consequence, lim c(n)t/n = B.

Proof The lower bound follows from the previous theorem and relation (1). On the
other hand, c(n) < p(n — )+ p(n —2)+---+ p(1) < (1 — p)~'p". O

The previous results can be extended to arbitrary series—parallel graphs. The edge-
maximal series—parallel graphs are 2-trees, so let z(n) be the maximum number of
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cycles in a 2-tree with n + 1 vertices. Since a 2-tree must have a vertex of degree two,
the analogue of relation (1) holds, namely

gm)—1<zm)<zm—-1D+qgm—-1), 3)

where ¢(n) is the maximum number of paths joining the two ends of an edge of a
2-tree with n + 1 vertices.

We next show that both the numbers of paths and cycles are maximized in outer-
planar graphs; that is, g(n) = p(n) and z(n) = c(n). We start by proving the first
identity.

Proposition 2 Foralln, q (n) = p (n).

Proof Clearly g(n) > p(n). We prove the other inequality by induction on n, the
cases n = 1, 2 being trivial. Pick an edge of a 2-tree with n 4 1 vertices. If this edge
belongs to only one triangle, then the number of paths joining the two ends of this
edge is at most 1 + g(r)g(n — r) for some r, and by the induction hypothesis this
is at most p(n). If the edge belongs to at least two triangles, the number of paths
is at most g(r) +g(n + 1 —r) — 1 for some r with2 < r < n+ 1 —r; by the
induction hypothesis this is at most p(r) + p(n + 1 — r) — 1. Claim D from next
section states that p(n) — p(n —m) > pn — 1) — p(n — 1 — m) for m < n and
n > 2; setting m = r — 1 and applying the claim n — r times successively, we arrive
at p(n) — p(n+1—r) > p(r) — 1, which implies the bound needed. O
Hence lim z(n)'/" = B, since on one side c¢(n) < z(n) and on the other the same
upper bound as before holds.

Next we show that among 2-trees the number of cycles is also maximized in out-
erplanar graphs, i.e., that z(n) < c(n). We start by proving that for a fixed 2-tree the
number of paths between the ends of an edge is maximized in an exterior edge (recall
that an edge is exterior if it belongs to only one triangle). Let p(T', e) be the number of
paths in 7 joining the ends of e. In Fig. 1 below, we have 15 = p(T,e) < p(T, f) =
p(T, g) =24.

Let G and G, be two graphs on disjoint vertex sets and suppose in each of them
there is an edge labelled e. Let the ends of e in G| and G; be x1, y; and x», y», respec-
tively. The parallel connection of G| and G, along the edge e is the graph obtained by
identifying x1 and x», and y; and y;, and keeping just one copy of e. This definition

Fig. 1 Illustrating the proof of
Lemma 1 ,
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extends naturally to the parallel connection of several graphs. Note that there is some
ambiguity in the definition due to the choice of the labels of the end vertices of e; in
case this could lead to non-isomorphic graphs, we just pick one of the possibilities
arbitrarily.

Lemma 1 For a given 2-tree, the number of paths between the ends of an edge is
always maximized in an exterior edge.

Proof Let e be an interior edge of a 2-tree T and suppose that e belongs to k triangles.
We can view T as the parallel connection along the edge e of k 2-trees. Of those k
2-trees, pick the one, say 7p, such that p(Tp, e) is the smallest possible, and let T}
be the parallel connection along e of the remaining k — 1 2-trees. (See Fig. 1.) Now
consider the triangle in T that contains e and let f be any of the other two edges of
that triangle. We claim that p(T, e) < p(T, f). This is enough to prove the lemma
since by repeatedly applying this move we would get to an edge that only belongs to
one triangle. Let r = p(T1, e), let s be the number of paths in 7j between the ends of
f that do not contain e and let ¢ be the number of the ones that contain e. We have that
p(T,e) =r+stand p(T, f) = s+rt. Since s is less than », we have s +rt > r +st,
as needed. O

With this lemma we can prove that indeed the number of cycles is always maxi-
mized in outerplanar graphs. (Note though that the maximum can also be attained by
graphs that are not outerplanar, as in the case of 5 or 7 vertices.)

Theorem 3 For all n, z(n) = c(n).

Proof Given an edge e of a 2-tree T, let 7(e) be the number of triangles containing
e, and define ©(T) = Ze:r(8)23 7(e). Now let T be a 2-tree that has the maximum
number of cycles and which minimizes t(7"). If ©(7") = 0 then T is outerplanar, so
assume for a contradiction that this is not the case and that e is an edge of T that
belongs to at least three triangles. Express T as the parallel connection along e of 77
and T, where e is an exterior edge of 77. The number of cycles of 7T is the sum of the
number of cycles of 77, the number of cycles of 7> and (p(T1,e) — 1)(p(T2,e) — 1).
By Lemma 1 above there is an exterior edge f of 75 such that p(T», f) > p(Tz, e).
Let T’ be the 2-tree obtained by taking the parallel connection of 7} and T along e
and f, respectively. The graph T’ has as many cycles as T, but t(T’) < =(T), which
is a contradiction. O

From the previous result and Corollary 1 we get immediately the following result.

Corollary 2 Let z(n) be the maximum number of cycles in a series—parallel graph
with n vertices. Then there exist positive constants c| and ¢y such that

cip"<z(m) <crB".

As a consequence, lim z(n)'/" = B.
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2 Proof of Theorem 1

The proof of Theorem 1 is by induction on n. Actually, the induction hypothesis is
made of the following two claims. Let () denote the power of two that is closest to
n/2 (in case of a tie, take the largest one).

ClaimM Forn >2andi & {u(n),n —u @)},

pm)=1+pum)pm—un)>1+p@ph-—1i.

Claim D Forn > 2andm < n,

pm)y—pn—-—my=zpmn—-1—pn-1-—m),
with equality holding only when m = 1 and n = 2" + 1 for some r > 1.
We will need the following easy lemma.
Lemma 2 Foralln > 2, u(n) =2X ifand only if 3 - 2K=1 < n < 3. 2K

Both claims hold clearly for small values of n. We first prove Claim D by induction
on n assuming that Claim M holds for all values less than or equal to n (this is no
problem since the proof of Claim M only uses Claim D for values strictly less than n).
Proof of Claim D.

We start proving that for n = 2" 4 1 and m = 1 there is equality. The proof is
by induction on r. For r = 1 the equality is trivial. For r > 2 clearly u(2" + 1) =
w2 =pu@ —1)=2""" hence

P +1)=2p(2)+p (2 —1)=p (2r—1) (p (2*‘1 + 1) —2p (2’—1)

+p (271 =1)) =0,

where the first and second equalities follow by the induction hypotheses on M and D,
respectively.

Now, to show that in all other cases the inequality is strict, note first that by an easy
induction argument it is enough to prove it for m = 1. We distinguish three cases.
Case D.1: u(n) = pu(n — 1) = u(n —2) = 2%

By the induction hypothesis on M we need to prove

p(n=2)=p(n-1-2)>p(n—1-2)=p(n—2-2),

which holds by the induction hypothesis on D (by Lemma 2,3 -2~ < n—2 < 3.2k,
and this implies that if n — 2% is of the form 2" + 1 then n = 2K*1 4 1, contrary to the
hypothesis).

Case D.2: p(n) = 2K and u(n — 1) = pu(n — 2) = 2K-1

This follows by an argument analogous to that of Case D.1 noting that n must be
3.2k
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Case D.3: u(n) = u(n — 1) = 2% and p(n — 2) = 2k-1
In this case we have that n — 1 = 3 - 2! and the inequality to prove becomes, after
using M,

() ()0 () = 07 (o () o (1)

By the induction hypothesis on D, the LHS equals p(26)(p(2K=1) — p2*¥—1 — 1)),
and hence the inequality is equivalent to p(2*~" ) p(2¥ — 1) > p2K) p2k~1 — 1), and
this holds by M since 28 + 251 — | = n — 2 and pu(n — 2) = 2K~ 1. o
Proof of Claim M.

From now on we set j(n) = 2% and [ = n — 2¥. We need to show that for all ; with
1 <i<n/2i¢{2% 1}, itholds that p(i)p(n — i) < p(2%)p(l). We distinguish two
cases according to whether n/2 is larger or smaller than 2%.
Case M.1:2F < n/2
The assumption implies that [ = n — 25 > 2K hence by Lemma 2 the value of (1) is
either 2% or 251,

Let us start by taking i < 2¥. By the induction hypothesis on M, the inequality to
prove is equivalent to

P (4p e =i) p =i —p =) < p (2°) A+p (@) pU = D).
Since p(i) < p(2¥), it is enough to show that

PP = po—i—pn=0)=p(2)pE@pl-p). @

Note that w(n — i) lies between w(n) and w(l), so this leads us to consider three
subcases.

M.1.1 1f u(l) = u(n — i) = 2F, then Equation (4) becomes p(i)p(n — i — 25) <
(25 p(1 —2%), which holds by the induction hypothesis since the RHS equals
p)—1.

M.1.2 If u(l) = 2%=1 and un—1i)= 2%, the proof follows an analogous argument.

M.1.3 If u(l) = u(n — i) = 25~ the equation to prove is p(i)p(n — i — 2F=1) <
p(2¥)p(l — 2K=1). This will hold by the induction hypothesis if we show
that u(n — 2K=1) = 2% this is the case since otherwise we would have, by
Lemma 2, that n — 28=1 < 3. 2k=1 and hence that n < 2K+, contrary to the
initial hypothesis of case M.1.

Next we consider the case 28 < i < n/2. Now u(@) = 2k=1 and u(n — i) lies
between 25— and wu(l).

M.1.4 If u(l) = u(n — i) = 2k=1, by applying the induction hypothesis on all four
terms of p(i)p(n —i) < p(Zk)p(l) we obtain

(0 () r(=27)) (10 () (o-i-2)
(1 () () () -2,
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M.15

M.1.6

So it is enough to show the following two inequalities.

p(i —2’<—1)p(n—i—2’<—1) < p(Zk_l)p(l—Zk_l) )

p(i _2k7]) +p(n—i _zkfl) < p(zk—l) +p(l—2k*1) (6)

Equation (5) holds by the induction hypothesis since (/) = 2¥~!. Equa-
tion (6) holds by repeatedly applying Claim D.

Suppose u(l) = un —i) = 2k, Expanding the inequality p(i)p(n — i) <
p(25)p(1) as above, we see that we need to prove the following.

p(i—Zk_l)p(n—i—Zk) <p(2k_l)p(l—2k) 7)
P =2) = () =p () (-2 = (-1 - Zk()g))

For Equation (7), it is enough to show that u(/ — 2k=1y = 2k=1 "and this
follows without difficulty from Lemma 2. For the second inequality we use
again the induction hypothesis on D and that p(2K—1) < p(2%).

Finally, suppose wu(n — i) = 25~ and (/) = 2*. As in the previous two
cases, we decompose the initial inequality using the induction hypothesis and
we obtain two more inequalities. The first of them follows by the same argu-
ment as in case M.1.4. The second one is

O e S I BC G
+p (2") P (z - 2") . 9)

By the induction hypothesis on D we know that

P DG =2 4+ pin =i =21 < p@TH(P@TH + p — 27N,

and by the induction hypothesis on M we have p(2*~h)p — 2k=1) <
p(2k )p — 2k ), hence by combining these two inequalities we obtain (9).

This finishes the case 2% < n /2.
Case M.2: 2F > n/2
We show that p(i)p(n — i) < p(2X)p(l) for all i with n/2 < i < n,i # 2K The
bound on 72/2 and Lemma 2 imply that 3-25~1 < n < 2K+1 hence (1) is either 2!

or 2K=2,

We consider first that i > 2%, By the induction hypothesis it is enough to show that

A+ p @ p—pmpa—i<(1+p(27)p(2)) p0. 10
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and since p(n — i) < p(l), it suffices to show
P pG—ppn—i=p(@)p(2)po.  ay

The value of (i) is either 21 or 2%, since 2¥ < i < n. This leads us to consider two
cases.

M.2.1 1f (i) = 2871, to prove inequality (11) it is enough, by the induction hypoth-
esis, to show that y(n —2K~1) = 2%=1 This holds by combining Lemma 2 and
the inequalities 3 - 2~! < n < 25*1 which imply that 4 . 2K=2 < n —2k=1 <
3.2k1

M.2.2 Tf u(i) = 2F, using the induction hypothesis and the fact that 2 > n — 2% we
obtain the following chain of inequalities

pp () = (140 (= 2) p—n) p ()
>p(i-2)pei-0 (1 +p (2k—1)2)_

The last term equals p(i — 2Ky pn—i) p(2k), as needed to prove (11).

We consider now the case n/2 < i < 2. The value of 1(i) is 2¥~!. We apply the
induction hypothesis to all four terms of p(i)p(n — i) < p(25) p(1) and as we did in
Case M.1, to prove the resulting inequality it suffices to prove the following two.

2
P p (=2 pw - pe—i—ne-i)<p () puepe-pay (12)
2
P () (=2t p =i p =i —pe =) < p (P + p ) pU—p )
(13)
Since () < pu(n —i) < u(n/2) = 2K=1, there are three possibilities according
to the values of (/) and u(n — i)

M.2.3 Suppose first that u(l) = pu(n —i) = 2k=2, Inequality (12) reduces to p(i —
25 Ypn — i —2F2) < p(2*=1)p(l — 2F—2), which holds by the induction
hypothesis since (I + 257%) = 2k=1 as is easily checked. Inequality (13)
can be written as

) oo (-2)
() () r-2)
which follows from the induction hypothesis on D.

M.2.4 Suppose that (1) = 2K"2 and u(n—i) = 28~ Inequality (12) follows easily
from the induction hypothesis. As for inequality (13), note first that

o2 n(1-27) <p () -2
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by the induction hypothesis on D. This implies

e R )
+p (27 p (1-27).

which gives the desired result when combined with p(2¥=2)p(l — 282) >
p(2k=1 p(l — 251, which holds by the induction hypothesis.

M.2.5 Finally, the case that u(l) = u(n — i) = 2k=1 g proved in a way analogous
to that of case M.2.3. O
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