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Preface

In many physical problems one can construct “solutions” in terms of power
series of a small parameter ¢ which reads

k
Y(t,6) =) e"Y(t) + o(e").
n=0

In some cases, this power series is defined at any order but it diverges. This
divergence may express that the system has a solution for which such an ex-
pansion misses some exponentially small term like e~1/¢* Z (t). Such a term is
said to lie beyond any algebraic orders. This kind of phenomena typically oc-
curs for physical problems governed by reversible vector fields near resonances
because of the degeneracy induced by the symmetry and the resonance. Such
problems, in which these very small terms have great practical interest, are
known in many branches of science including dendritic crystals growth, quan-
tum tunneling, KAM theory, theory of water-waves (which was our original
motivation for this work) and others. A collection ‘of these apparently unre-
lated problems can be found in [STL91].

Many works dealing with this subject use the Matched Asymptotic Ex-
pansions (M.A.E.) method for catching the exponentially small terms. Al-
though the “beyond all order asymptotics” are convincing heuristics which
can be used for a very large class of problems, they provide no rigorous proof.
In these notes we present rigorous mathematical methods partially inspired by
M.A.E. approach, which enable a systematic study of these nonlinear prob-
lems in finite or infinite dimensions. For instance, treating vector fields as
perturbation of their normal forms by higher order terms, we prove that near
a 0%*iw resonant fixed point (the definition and the nomenclature of the reso-
nances are given in chapter 3), any reversible analytic vector field in finite or
infinite dimensions, admits reversible solutions homoclinic to periodic orbits
of exponentially small amplitude. Generically in such a case, there is no re-
versible homoclinic connections to the fixed points, whereas the normal form
systems at any order do admit such connections. Similar results are proved
for the (wp)? iw; resonance. Applications of these results to water waves are
given in the third part of the book. The crucial point of the analysis is the
description of the analytic continuation of the solutions which enable to catch
exponentially small terms which are “hidden beyond all orders on the real
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axis”. The main difficulty is to determine the complex singularities of solu-
tions of non linear differential equation or at least to describe very precisely
their behavior near the singularities.

I am grateful to Klaus Kirchgissner for the interest he showed in inviting
me to write this book. All his comments and suggestions helped me to improve
it.

I am indebted to Alan Champneys, who read the first draft of the
manuscript, corrected errors and suggested improvements concerning con-
tents and style.

Finally, I should like to extend very special thanks to my former advisor
Gérard Iooss who played a mayor role in my education in mathematics and
their applications and who encouraged me whenever needed. In any circum-
stances he found time to listen to me and he was the first reader of all the
chapters.

Eric Lombardi
Nice, April 2000
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1. Introduction

1.1 A little toy model : from phenomena beyond any
algebraic order to oscillatory integrals

This work is devoted to “phenomena beyond any algebraic order” in dynam-
ical systems. To illustrate how these phenomena occur in dynamical system
we begin with a toy model in R® which reads

dA
& ~ B
dB 2 5

_ _ 1.1
- wA + p(e® — o), (L.1)
da 4 9
w

where (A, B,a) € R3 and w is a positive fixed number. This system has two
parameters, € > 0 which is small, and p which can be any real number.

This system develops typical “phenomena beyond any algebraic order”
which can be seen without any difficulty because all the bounded solutions
can be computed explicitly. Hence, this system enables to understand what
kind of mathematical difficulties are hidden behind these phenomena, and
what kind of mathematical tools have to bé developed for dealing with any
system where such phenomena are involved.

To study this system it is more convenient to set

a = ef, Z =A+iB, x =t/e,

and to rewrite (1.1) with these new coordinates. We obtain

fi—f =27 +ipe(1 - B7),

€ (1.2)
% =1-p32
dt '

This system is reversible, which means that if (Z(t),5(t)) is a solution,
then S(Z(—t), B(—t)) is another solution where S is the reflection given by
S(Z,8) = (Z,-B). We call a reversible solution of (1.2) a solution which
satisfies S(Z(-t), B(—t)) = (Z(t), B(¢)).




2 1. Introduction

Fpr p = 0, the system is uncoupled and the phase portrait is fully sym-
metric (See Fig. 1.1) : the truncated system admits two families of periodic
orbits of arbitrary size given by

Pki,tp(t) — (kei(“’t/e>+i"p, :l:l),

(k = 0 corresponds to the two fixed points) and a family of heteroclinic orbits
connecting P,;"‘Lp which read

Hip,t0(t) = (ke H% tanh(t + ).

Among these solutions there is a one parameter family of reversible ones
given by Hy oo with k ¢ R (H_go,0(t) = Hi,z0(t)) and there is a unique
(up to a phase shift) front connecting (0,£1) which reads h(t) = Hp g o(t) =
(0,tanht). At last, observe that the periodic orbits are exchanged by Sym-
metry, i.e. SP,: »(t) = P _(~t). The question is then to determine how this

Fig. 1.1. Phase portrait for p = 0

phase portrait is deformed by the higher order terms (p # 0). In other words,
do the previously found orbits persist for the perturbed system?

For periodic solutions the answer is yes. Moreover, because of the partic-
ular form of the perturbation, these orbits persist without any deformations.
Indeed P,;'fw is still a solutiog of the perturbed system. For more general per-
turbation, the periodic¢ orbits are deformed, and the proof of their persistence
can be given by the Lyapunov Schmidt method.

1.1 A little toy model 3

For the heteroclinic'connections the situation is not so clear. A first ques-
tion is the persistence of the reversible connections.

A preliminary way to make up one’s mind is to look for a reversible front
connecting the two fixed points (0, —1) and (0, 1) using a classical asymptotic
approach: one can compute a formal reversible solution of (1.2) connecting
(0,-1) to (0,1) in the form

Y(t)= | €"Zn(t), tanht

n>0

where

: n-—-2
Zo=21=0 and Zn(t) = — i d < ! ) forn > 2.

(iw)r~1 dtn2 \ cosh®(t)

So this first approach predicts the persistence of the reversible front (provided
that the power series converges.)

A second approach for studying the persistence of the reversible connec-
tion is to formulate the problem in terms of stable manifolds and to illustrate
it geometrically. We denote by W:' " the stable manifold of the periodic so-
lution P,:' of the truncated system. The manifold W: ;" is a two dimensional
cylinder in R?® (one dimension for time and one dimension for the phase
shift).The radius of this cylinder is the size of the periodic orbit, i.e. k. A
fundamental remark is the following :

Since P; and P are exchanged by symmetry, there ezists a reversible
heteroclinic orbit connecting P, and P if and only if the stable manifold of
P} intersects the symmetry space E* = {Y/SY =Y}.

In this case, £ is a line in R3. For k > 0, the intersection consists of two
points which leads to the two reversible heteroclinic orbits connecting the
periodic orbits P and Pk+ . For k = 0, there is a unique point of intersection,
which leads to the unique reversible front of the truncated system. Figure
1.2 represents the intersection between WS"' ;" and £7 in two case : k£ > 0 and
k =0 for a fixed value of ¢. .

Let us denote by W:' . the stable manifold of the periodic solution P,j of

the perturbed system. The stable manifold W:,' « is obtained by perturbation

of the stable manifold Ws+ 1" of the periodic solution of the truncated system.
On figure 1.2 we can observe that for k = 0 the situation is not robust: unless
there is a miracle, there should not exist any reversible front for the perturbed
system, whereas for k large enough, the two points of intersection between
W: »" and £ should persist, i.e. there should exist two reversible heteroclinic
orbits connecting P, and P,:' . The natural question is then to determine, for
a fixed value of the bifurcation parameter &, the smallest size k.(g) of the
periodic solutions P and P which admit a reversible heteroclinic orbit
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4% Et
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k>0 - k=0

Fig. 1.2. Stable manifold of the periodic solution P: of the truncated system

connecting themselves : is it 0 or not? And if it is not 0 we would like to
compute k. with respect to ¢.

When k. > 0, a subsidiary question is then to determine ‘the behavior
when ¢ tends to —oo of the one dimensional stable manifold WS"' o of the fixed
point (0,1).

This second approach predicts the non persistence of the reversible front.
So, we have two heuristic arguments (an asymptotic one and a geometrical
one) which lead to two opposite predictions.

Usually the analytical implementation of our former geometric arguments
is performed with a Melnikov approach [Me63] ( for a good introduction
to this theory see [GH83]). For this system, this strategy fails, because the
Melnikov function depends on € and is exponentially small.

However, here we can overcome this difficulty since all the bounded solu-
tions of the perturbed system can be computed explicitly. For a more general
perturbation, explicit computations cannot be done, and this exponential
smallness of the Melnikov function leads to serious difficulties. One aim of
this work is to give mathematical tools to study such general systems.

Now, let us perform explicit computations to check the validity of our
heuristic arguments.

1.1 A little toy model 5

Lemma 1.1.1. The bounded solutions of the perturbed system (1.2) are
P]‘:’%‘P(t) = (kei(wt/6)+i<p’ :I:].),

and

1

t
Y, .. (t) = |z eiwt/e+i 6/ eiw(t-s)/s
ta,20(t) < 0 p 0 cosh®(s + tg)

ds, tanh(t + to))

where k,p,to € R and z5 € C.

The proof of this lemma is made in two steps. We first observe that the
bounded solutions of {1.2b) are given by 5(t) = tanh(¢+to). Then it remains
to solve (1.2a) which is a linear oscillator of high frequency w/e forced by an
explicitly known, analytic, exponentially decaying second term.

Using the explicit formula giving Y, ., we easily compute the reversible
solutions.

Lemma 1.1.2.

(a) The perturbed system, admits a one parameter family of reversible
heteroclinic orbits H)y ezplicitly given by

t
H,\ — </\eiwt/a+-1p€/0 eiw(t——s)/g 12

ds, tanh t)
cosh®(s)

with A € R.
(b) The solution Hy connects Proey—oine and P,:Z/\’E),‘p()"e) where

. +o0o L +co (ws/s)
k()60 = A + / sm(ws/e)d iy / cos d
(A €)e pe 0 cosh?(s) S ree 0 cosh?(s) °

(c) When A varies from —oco to 400, k(A,€) takes twice all the values in
Jkc(e), +o0[ and once the value k.(€) which reads

*° cos(ws/e) TWwp
= — ~ —wm/2e
ele) pg/o cosh?(s) ds 2sinh(wm/2¢) e—0 Tpwe

This lemma confirms our former geometric arguments: for the perturbed
system, and for each € > 0 fixed, there exists a critical size k.(¢) (expo-
nentially small) such that for every &k, 0 < k < k¢(e) there is no reversible
heteroclinic orbit which connects P,; - and P,;': o whereas for the truncated
system, there exists heteroclinic orbits which connect two periodic orbits of
the same arbitrary small size. The “surprise” is that this critical size is ex-
ponentially small. It lies beyond any algebraic order of . This phenomenon
cannot be detected using a classical expansion of the solutions in powers of
E.
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The ne)ft question is to determine the behavior of the one-dimensional
stat?le mgmfold Wy of the fixed point (0,1), when t tends to —oo. Here
again, using the explicit formulas giving the solutions we obtain

Lemmg 1.1.3. A parameterization of the stable manifold WI, of the
fized point (0,1) is given by ’

( +oo ( 1
Y. t) - ( —i,OE/ eiw(t—s)/e ds t
s ) %coshz(s) s ,tanh(t) ).

Moreover,
%0 = P, ep =, O (™)
with
Ke)=pe [ emwsre_L mp
g)= pE/ e ws/e ds = ~ —wn/2e
—c0 cosh?(s) sinh(w/2¢) e—o0 2mpuwe :

So the front does not persist. The stable manifold of (0,1) does not con-
nect (0,-1) to (0,1), but it connects an exponentially small periodic orbit
PK(E)Jr /2 t0 (0,1). The stable manifold of (0, 1) for the perturbed system de-
velops exponentially small oscillations at —oo which cannot be detected with
a classical asymptotic expansion of the solution in powers of .

A third phenomenon beyond any algebraic order can be found when com-
puting the distance d{e) between the stable manifold W of (0,1) and the
symmetry line £*. Once again, this distance is given by ans 'oscillat,ory integral
and it is exponentially small.

In all cases, the exponential smallness of ke(e), K(e) and d(e) is due to
the fact that theses quantities are given by oscillatory integrals of the form

+o0
K(e) = /_ e F(X(t))dt

where f is an analytic function and X (t) is a particular solution of the system.
' The toy model has been designed, so that all the solutions can be explic-
}tly computed. Hence, in this particular case the integrand of the oscillatory
integral is explicitly known whereas in general this is not true. So, in general
we have to face the following problem: ,

Prpblem 1.1.4. Assume we study o nonlinear differential equation in
finite (0.D.E. case) or infinite (P.D.E case) dimensions of the form
ay

5 — F(¥te) (1.3)
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and that we want to compute

. oo it
10 = [ e qritt e
—00
where w is positive; g is a given function and Yy is a particular solution of
(1.8) characterized by its initial value or more frequently by its behavior
at infinity (for instance, it tends to a fized point, a periodic orbit... ).
The problem is to determine what kind of information on Yy we need to
know for being able to compute or at least to bound the oscillatory integral
I(e).

The first part of this book is devoted to the study of . We explain in
chapter 2 how to obtain ezponentially small equivalents for € close to 0 of such
oscillatory integrals involving solutions of nonlinear differential equations.

Remark 1.1.5. The method of stationary phase is a classical tool for eval-
uating the asymptotic behavior of an integral of the form

T = / e g (1) d

where ¢, g are smooth and where A — +o0o ( see for instance [Er56] and
[Ho9094]-1). This method is one of main analytical tool of the Theory of
Fourier Integral Operators developed by Hérmander and Duistermaat [Ho71],
[DH72], [Du96], [Ho9094]. However the method of stationary phase was de-
veloped to deal with integrals J(\) for which the phase function ¢ has sta-
tionary points, i.e. critical point of ¢ (dp = 0) which leads to polynomial
equivalents of J(A). In this context, exponentially small terms are seen as ir-
relevant and the case corresponding to a phase function ¢ with no stationary
points (which is precisely the case for Problem 1.1.4) was not investigated
because it was seen as " degenerated” since integrations by parts ensure that
J(A) = O (A\7P) for every p. So, for solving Problem 1.1.4 we had to de-

—+00
velop other tools which enable us to obtain exponentially small equivalents

of oscillatory integrals with non stationary phase.

1.2 Examples of oscillatory integrals hidden in
dynamical systems

Problem 1.1.4 is the heart of many problems governed by a system of equa-
tions where coexist “a rapid oscillatory part and a slow hyperbolic one”.

e A first example is a model of crystal growth governed by the equation

26" +6' = cosf. (1.4)
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For ¢ = 0 this equation admits a front connecting the two fixed points +7.
The question is then to determine whether this front persists for the per-
furbed equation € # 0. It appears that the stable manifold 0s(t,€) of z
connects —% to 7 if and only if 6/(0) = 0, and that 62(0) is given by an
oscillatory integral.

This problem studied by Dashen et al. in [DKLS86], by Hammersley and
Mazzarino in [HM89b] and by Amick and McLeod in [AL90]. Their arguments
are rigorous but unfortunately very specific to this equation, and thus, they
cannot be used for larger class of equations.

In [KS91] Kruskal and Segur give a very nice formal argument which
ensures that 6¢(0) is exponentially small but does not vanish. So, this gives
a formal proof of the non persistence of the front. Their approach is based
on Matched Asymptotics Expansions which enable to capture exponentially
small terms and this kind of approach is often named ” Asymptotics beyond
all orders”. The paper of Kruskal and Segur [KS91] which appeared as a
preprint in 1985 inspired a lot of others works where relevant exponentially
small terms are involved. It is not possible to list all of them, however we can
mention several papers of Hakim and co-authors: [CHDPPS8S] for the study
of Saffman-Taylor fingers, [Hk91] for the crystal growth model and [HM93]
for computing the splitting of separatrices in rapidly forced system. In [KS91)
the constant in front the exponentially small term is computed numerically
whereas in the works of Hakim it is computed using Borel summation.

We can also mention several works of Grimshaw [Gr92], Joshi [GJ95]
and Yang and Akylas [YA96] in hydrodynamics which where inspired by the
approach of Kruskal and Segur in [KS91]. ‘
~ Finally, we should mention the work of Tovbis [To94] who gives a proof
of non existence of symmetric, heteroclinic or homoclinic connections based
on the study of formal power series solutions. His approach works for several
model equations among which the upper geometrical model of crystal growth
and the perturbed KdV equation below.

» A second example is a perturbed KdV equation

By 93y ou  Ou
- % hld et gu
P + Ox3 +6u8x + ot 0.

This equation was formally derived from Euler equation by Hunter and
Scheurle [HS88] for studying water waves in the presence. of small surface
tension (Bond Number< ). For ¢’ = 0, the KdV equation admits a one
parameter family of solitary waves explicitly given by

c
2 cosh? (——(x—;t)ﬁ) .

Then one wants to know whether these solitary waves pefsist for the per-

turbed problem (g’ # 0): in other words, does the perturbed KdV equation
admit a solution of the form ‘

u(z,t) =

1.2 Examples of oscillatory integrals hidden in dynamical systems 9

u(z,t) = % Y ((z - ct)v/e)

where Y'(£) ; " 0. This amounts to looking for a homoclinic connection to
—too

0 of the fourth order equation (¢ = &'1/c)
2dY 4V 2

St Y Y =0, (1.5)
This model equation was also derived directly from the Euler equation by
Amick and Kirchgassner in [AK89] for studying the existence of water solitary
waves for a certain range of the parameters values. The linearized part of
this equation has eigenvalues 1 + O(g) and £ + O(1). Several different
authors have studied this equation. All their approaches are based on the
same remark: for a half orbit Y_(z) vanishing as £ — —o0, it is possible to
choose the time origin z = 0 such that Y’ (0) = 0. Then, one can show that
for a smooth continuation of Y_(z) into a homoclinic connection to 0, one
needs Y/(0) = 0. Y//(0) is given by an oscillatory integral and one wants to
know whether Y”/(0) vanishes or not.

Amick and McLeod prove in [AL92] that Y/”(0) > 0 holds by extending
the solution in the complex plane. However no order of magnitude is given and
their proof heavily relies on the exact form of (1.5): a fourth order equation
with a quadratic nonlinearity. Their proof cannot be generalized to the study
of a general nonlinearity.

In [HM89a], Hammersley and Mazzarino study this problem, but they
restricted their analysis to strictly decaying half orbit (Y’ (z) < 0 for z > 0).
In this context, they obtain an exponential estimate of Y”/(0) which does not
vanish for small €.

Notice that W. Eckhaus in {Ec92] gives a formal argument of non-existence
of homoclinic connections for (1.5). Other formal arguments are given by Sun
in [Su98], and a very elegant one is given by Pomeau et al. in [PYGS88].

In their pioneering paper [HS88], Hunter and Scheurle did not solve the
problem of the existence of homoclinic connections to 0 for (1.5), but they
prove that for every p > 0, there exits g¢ sufficiently small depending on p
such that for every e €]0,¢¢], (1.5) admits homoclinic reversible connection
to periodic orbits of size p. Moreover, Amick and Toland proved in [AT92] the
existence of reversible connections homoclinic to periodic orbits of size p <
C(n)e™ for any n € N and every sufficiently small e. However, they did not
compute for a fized small value of €, the smallest size of a periodic orbit which
admits a reversible homoclinic connection to itself. As we shall see below, this
smallest size is given by an oscillatory integral which is exponentially small
with respect to € but which does not vanish.

¢ For the true P.D.E. water wave problem (Euler equations + gravity
+ surface tension for a Froude number close to 1 and a Bond number less
than %), the existence of generalized solitary waves with exponentially small
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oscillations at infinity is proved by Sun in [SS93] and by Lombardi in [Lo97].
The non existence of true solitary waves for Froude number close to 1 and
for Bond number less than 3 and close to 3 was proved by Sun in [Su99).
This is an example of infinite dimensional vector field where problem 1.1.4
is hidden. Indeed, the size of oscillations at infinity is given by an oscillatory
integral.

e A fourth example is a chain of nonlinear oscillators coupled to their
nearest neighbors, governed by

Xn +V'(Xp) = v(Xpp1 - 2X,, + Xno1), nez, (1.6)

where X, is a function of ¢ € R; v is assumed to be positive and where V'
is smooth function such that V/(0) = 0 and V" (0) = 1. The existence of
breathers, i.e of solutions which are periodic in time and localized in space
is proved by R.S. Mac Kay and Aubry in [MKA94]. A second problem is the
existence of traveling waves, i.e. solutions of (1.6) of the form

Xn(t) = z(t — n1)

which amounts to find solutions z(t) of the advance and delay differential
equation

E(t) + V'[z(t)] = vzt — ) — 2z(t) + z(t + 7).

G.Iooss and K .Kirchissgner proved in [IK99] that for not too large coupling
constants 7y the solutions constitute a one parameter family of periodic or-
bits. They also proved in [IK99] that there exist in the (7,7) parameter
plane curves in the neighborhood of which there always exist nanopterons,
i.e homoclinic connections to exponentially small periodic orbits, and there
is generically no homoclinic connection to 0. The existence of nanopterons
was suggested by the arguments given by Aubry in [Au97]. Here again, the
size of the oscillation at infinity is given by an oscillatory integral.

Now if we want to determine the common features between all these
examples, we need to understand what causes the appearance of exponentially
small oscillations and the disappearance of hetero or homoclinic connections:

we first observe that all these problems can be reformulated as dynamical
Systems

dx

d¢
in finite dimensions (O.D.E. case, X ¢ R™) or infinite dimensions (P.D.E. case
X € H, H Hilbert or Banach space), studied near a fixed point placed at the
origin ( this is also true for the advance and delay differential equation, which
can be reformulated as a P.D.E. problem [IK99]). Moreover, the parameter
can be chosen such that the phenomena of appearance of exponentially small
oscillations and disappearance of hetero or homoclinic connections occurs for

=V(X,u), peR
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¢ = 0. Finally the time ¢ of the dynamical system is not necessarily the
physical time . For instance for the traveling waves “¢ = z — ct”.

A second observatiorf is that all these systems are reversible, i.e. that the
vector field V' anticommjutes with some symmetry S.

The last observation is that for 4 = 0 when the phenomena. of appearance
or disappearance occurs, the spectrum of the differential Dx V' (0,0) presents
a very specific configuration. A first example is the 0%iw resonance which
occurs for the perturbed KdV equation and for the true water water wave
problem. In this case one part of the spectrum of Dx V(0, i) is bounded away
from the imaginary axis and a second part admits the bifurcation described
in Figure 1.3. A second example is the (iwp)%iw; resonance, which occurs for
the chain of coupled nonlinear oscillators. The bifurcation of the spectrum
corresponding to this resonance is described in Figure 1.3.

+w W,
+Hw, eofe

—iw, ofe

—iw —iw,

u<0 u=0 w>0 u<0 u=0 u>0

. . . . 2. -
Fig. 1.3. 0%w reversible resonance and (iwo)?iw; reversible resonance

We can observe that for these two resonances, even after bifurcation, for
t > 0 remains a pair of purely imaginary eigenvalues which coexists 'with a
set of hyperbolic eigenvalues with small real parts. Hence, a “rapid oscillatory
part and a slow hyperbolic part” coexist in such vector fields admitting a 0%jw
or a (iwp)iw; resonance. When studying the existence of homoclinic connec-
tions this coexistence leads to problem 1.1.4, i.e. the problem of computing
oscillatory integrals involving solutions of nonlinear differential equations.

Surprisingly, in none of the previously mentioned papers, is the word
“oscillatory integral” mentioned although in each case, the crucial point of
the analysis is to determine either the size of a term given by an oscillatory
integral or whether this term vanishes or not.

The aim of this book is to provide a unified and systematic treatment of
these problems via the computation of the size of oscillatory integrals.

So in Part I, we introduce “exponential tools” which enable us to compute
equivalents and upper bounds of oscillatory integrals involving solutions of
nonlinear differential equations.
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In Part III we use these tools for studying the existence of homoclinic con-

nections for one parameter family of vector fields admitting a 0%iw resonance
(Chapters 7 and 8) or a (iwg)2iw; resonance (Chapter 9).

HO 4],
. 0
- ole
u<0 u=0 >0 H<O

p=0 o

Fig. 1.4. 0° reversible resonance and (iw)? reversible resonance

Observe from Figure 1.4 that for the two first resonances, i.e. for the 02
and the (iw)? resonances such a coexistence of “slow hyperbolic part with a
rapid oscillatory one” does not exist. Thus they can be studied with classical
tools (see [IP93]).

Other examples of equations involving Problem 1.1.4 can be found in
the Hamiltonian literature when studying the splitting of separatrices, This
study was initiated by Poincaré in [Po1893]. Later on, a regular method for
studying separatrices splitting was proposed by Melnikov [Me63] and Arnold
gave this method an elegant form [Ar64]. This theory can also be found in the
book of Guckenheimer and Holmes [GH83]. Sanders has pointed out [Sa82
that the direct application of the Melnikov theory fails when the Melnikov
function depends on a small parameter and is given by an oscillatory integral.

Upper bounds for the exponentially small splitting of separatrices in the
case of Hamiltonian systems with two degrees of freedom were given by Neish-

tadt [Ne84]. Fontich [Fo93] obtained also upper bounds for ordinary differen-
tial equations of the form

& = f(z) +<Po( L),

for p > -2, and zero-mean function g. This result is improved in [Fo95).
Starting from the work of Holmes, Marsden and Scheurle [HMS88] and
Scheurle [Sc89] the rapidly forced pendulum governed by the equation

L .t
:1:=s1n:c+ue”sm; (1.7)
became one of the most popular models involving this difﬁculty. Holmes,

Marsden and Scheurle gave exponentially small estimates of the splitting for
p > 8. This result was improved by several authors up to p=0 (sde [DS92] for
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the case p = 0 and for a good historic of this subject). More recently Gelfreich
gave a proof of the asymptotic formula of the splitting up t?o p= _—2 [Ge97).
Here again the difficulty comes from the fact that the Spllttl%lg is given by an
oscillatory integral involving solutions of nonlinear differential efluaFlons.

The case of fast quasiperiodic forcing was initiated by Simé [8194], and
studied by Delsham and al. [DGJS97] and by Sauzin [Sz99]. 'Thls prf)blem
leads to delicate analysis due to the presence of small denominators in the
integrals which give the size of the splitting. A similar difﬁcul'ty occurs2 for Te-
versible systems when studying homoclinic connections to tori near a 0%iwgiw,
resonant fixed point (see Fig. 1.5).

<0 p=0 pu>0

Fig. 1.5. 0%iwoiw; reversible resonance

The phenomena of exponentially small splitting of separatrice§ .also occurs
for maps. However, in this case the exponentially small quantities are not
given by oscillatory integrals but by infinite “oscillatory” sums. The study
of the splitting of separatrices for maps was initiated by R.W. Easton [Ea84]
and Jean Marc Gambaudo [Ga83], [Ga85]. In 1984, V.F Lazutkin [.La'84]
formally obtained exponentially small formula for the separatrices splitting
of the standard map

SM : (z,y) — (z+y+esinz,y +esinz).

This formula was refined by Gelfreich, Lazutkin and Svanidze [GLS94] and
finally rigorously established by Gelfreich [Ge99] with a proof inspired by the
original ideas of Lazutkin [La84]. .

Exponentially small upper bounds of the splitting of separatrices for f:.m.l-
ilies of area preserving diffeomorphism close to identity, having homoclinic
points were obtained by Fontich and Simé [FS90].
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1.3 From mono-frequency oscillatory integrals to

singularities of solutions of complex differential
equations

To solve problem 1.1.4 a preliminary idea is to integrate by parts. It requires
only the knowledge of the regularity of Y5 and upper bounds on its derivatives
which can be easily obtained. However, with such a strategy, we can onl

obtain polynomial upper bounds of the form ()] < Me™, ’ ¢

A basic example of oscillatory integrals which arises in our toy model is

the following
+co 1
K(e) = / A —; )
—oo cosh?(t)
This example is thfz prototype of the oscillatory integral which occurs in a
.syste.m whep there is a coexistence of an oscillatory part induced by a pair of
imaginary eigenvalues of order 1, and a hyperbolic part coming from a pair of

real eigenvalues of order e. This inte i
. gral can be computed
of residues. We obtain puted using the method

Tw 2mw _wm
RE) =m — — e 2
(€) € sinh(%Z) o e ¢

Observe that the coefficient —% in the exponential comes from the position

of the singularities of cosh™2(t) and the coeffici
g efficient 1/e comes from th
that cosh™2(¢) has a pole of order 2 at iZ. /  the fact

So,. if we Want to solve problem 1.1.4 using residues when F and g are
analytic functions, we have to face the following new problem

Prf)blem 1‘.3.1. Assume we study a nonlinear differential equation in
fintte (1 O.D.E. case) or infinite dimensions (P.D.E case) of the form

av Y
= F(Yte) (18)
where F is an analytic function.

2‘7’07‘. a particylar sqlutiqn Yo of (1.8) characterized by its initial value or
Y z'ts .beham.or at infinity (for instance, it tends towards g fized point, a
periodic orbit...) the problem is to determine ’

(2) whether Yy admits an analytic continuation in C,
(b) the nature and position of the singularities of Yy in C.

Il.le.mark 1.3..2. Restriction to equations with analytic vector fields does not
llmlt the .apphcatlon to. problems of physical interest, since almost all prob-
ems coming from physics are governed by analytic equations.

1.3 From mono-frequency oscillatory integrals to singularities of solutions 15

Unfortunately, there is no general theory for computing the nature and
the position of singularities of solutions of complex differential equations. The
only available theory is the one of Fuchs for linear time dependent equations
and there are some works of Painlevé in dimension 2. Using the theory of
Ecalle, Sauzin in [Sz95) has succeeded in determining the singularities of the
solutions necessary to compute the exponential splitting of the seperatrix of
a “modified rapidly forced pendulum” governed by the equation

N
j =sing+ psing e'c.

However, his proof is specific to this equation and does not work for the real
equation
§=sing+ psing sin £.

All the difficulties come from the fact that the nature and the position of
the singularities of analytic functions are not stable under addition, multipli-
cation, composition, or integration. For instance, accumulation of poles may
lead to essential singularities and logarithmic singularities may appear after
integration... Moreover, we study O.D.E’s or P.D.E’s with a small parameter
€. So the nature and the position of the singularities of the solution may
depend on €. Finally, knowing that the solution admits an essential singular-
ity at i% is not sufficient to compute the size of I (€).The following example
illustrates this fact:

‘ +00 ieP ie?
Ip(g) :/ e% [exp (TIE m) -1- TIE i“jl dr
—oo - -2

—_— — n —
= 93 > ——( S B N e T
ns2 ! (n —1)! e—0

We must know very precisely how the small parameter is involved in the
singularity. So, at the present time, determining the nature and the position of
singularities of solutions of general nonlinear O.D.E (or P.D.E) seems beyond
possibilities. Fortunately, in most of the cases where problem 1.1.4 is involved,
the exact value of the oscillatory integral I(g) is not necessary. An equivalent
for € — 0 or an exponentially small upper bound on I(g) is most often
sufficient.

In the first section of Chapter 2 we prove that for obtaining an exponential
estimate of I(e), it is sufficient to prove that Y5 is holomorphic in a complex
strip of the form By = {z € C,|Im (z)| < £}. The holomorphy of solutions
can be obtained with the contraction mapping theorem in appropriate spaces
of holomorphic functions defined on By.

Moreover, we also prove that it is possible to obtain an equivalent for
€ — 0 of the oscillatory integral I(e) without computing the exact position
of singularities of the solutions. For that purpose, we prove in the first sec-
tion of Chapter 2, that it is sufficient to delimit very small regions (the size
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~of which are of order ) where the singularities may be located, and to de-
scribe very precisely how the solution blows up near these regions. Following
the idea developed by Kruskal and Segur in [KS91], the division of C into
several subdomains necessary to describe the “explosion” of the solution is
inspired by the formal method of Matched Asymptotic Expansions (M.AE.).
The M.A.E. method gives a formal description of the solutions on each sub-
domain in terms of asymptotic expansions which “match” on the boundary
of each subdomain following some heuristic rules. The method explained in
the first section of Chapter 2 gives an eract description of the solution on
each subdomain in terms of sums of holomorphic functions which coincide on
the boundary of the subdomains. The estimates of the size of the different
holomorphic functions indicate how the solution explodes near the singulari-
ties. It is worth mentioning that the main technique used by Lazutkin [Lag4]
(later joined by colleagues [GLS94] [Ge99)]) to study the standard map is in
fact parallel to that of Kruskal and Segur [KS91] and was developed at ap-
proximately the same time. Finally, the method of the “reference system”
introduced by Gelfreich in [Ge97] for studying the exponential splitting of
the separatrices of the rapidly forced pendulum is based on the same kind of
ideas.

1.4 From bi-frequency oscillatory integrals to
singularities of solutions of complex partial differential
equations

A second basic example of oscillatory integral which occurs for instance in
the (iwg)%iw; reversible resonance is the following

T it /e cos(wot/e)
J(e) = — | dt
@=L o (ui)
which leads to the problem of computing for p€ Z and n € N
+0 jwit  ipwot € "
Jon = c c -
g [ ()

2me|wy + pwp|™T!  _ lwitpwoln
~ 2e
e—0 (n—1)!

The integral J is the prototype for the oscillatory integrals which occur in a
system where there coexist an oscillatory part, induced by a pair of imaginary
eigenvalues of order 1, and a hyperbolic part coming from a set of eigenvalues
e £ iwg. The resonance between the two frequencies modifies the size of the
oscillatory integral. Indeed, for a holomorphic function g, using the residues

we get
+oo
wyt £ —Tw
K = &£ —_— dt ~ 2e
&) /_oo © g <cosh(t)> e—0 Clg)e
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whereas

+0 iwit (e cos(wyt/e) L\ TTws
J(e) =/ e € g(—m— th:OC’(g)e 2e

where w, = min |w; + pwg|. The coefficient 7 in the exponential comes from
PEZ

— 00

the position of the singularity of (coshz)™! at iZ. The methods developed
for computing the size of mono frequency oscillatory integrals are based on
a complexification of time which determines the holomorphic continuation
of solutions and says how this continuation “explodes near singularities”.
In the first case, the function Hy : (z,€) — e(coshz)™! is bounded near
the real axis and explodes near its singularity at iZ. In the second case,
Hj 1 (z,€) + e(cosh z)™! cos(wpz/e) is no longer bounded near the real axis,
since for every arbitrary small £ > 0, sup |H(if,¢)| = 400 because of the
€€J0,¢0)
oscillation (cos (ifwq/€) s +oo). We are interested in the explosion induced

by the singularity and not by the one coming from oscillations. To overcome
this difficulty, a partial complexification of time is necessary, i.e we look for

solutions of the system
Y _ e (1.9)
a7
of the form Yy(¢) = yo(t,wot/€) where yo(z,s) is holomorphic with respect
to z € C and 27-periodic with respect to s. For our example it amounts to
writing Hz(t,€) = ha(t,wot/e,e) where hy(z,s,€) = eel*(cosh z)~1. Now the
function hy is bounded with respect to (2, s, €) for z near the real axis and it
explodes at z = i7. In order to find solutions of (1.9) in the form y(t, wot/e),

we look for solutions of the P.D.E.
—+—===F(Y,¢). (1.10)

"The position of the singularities of the solutions of this P.D.E. gives the size of
the bi-frequency oscillatory integral. In section 2.2 we give a “P.D.E. version
of the tools” described in section 2.1 for mono frequency oscillatory integrals.

1.5 On the contents

Part I proposes a complete set of “exponential tools” for evaluating oscilla-
tory integrals.

2. In Chapter 2 we explain what kind of information it is necessary to know on
a function f to be able to compute an upper bound or an equivalent of the
oscillatory integral induced by f. Moreover we explain how to obtain this
kind of information when f involves the solution of nonlinear differential
equations. Section 2.1 is devoted to mono-frequency oscillatory integrals
and Section 2.2 deals with bi-frequency oscillatory integrals.
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Part II gives all the necessary prerequisites for studying reversible vector

3.

fields near resonances.

In section 3.1 of Chapter 3, we recall basic properties of reversible vector
fields and define resonances. We also give a theorem of classification of
reversible matrices up to simultaneous conjugacy. This theorem enables us
to introduce a convenient way of naming resonances (see Remark 3.1.16
and 3.1.12). Vector fields are seen as perturbation of their normal forms
by higher order terms. Elphick and al. introduced in [ETBCI87] a very
efficient way to compute normal forms. In section 3.2, we recall how to
compute them and we give some examples. Complete proofs and many
examples can be found in the book of Iooss and Adelmeyer [IA92]. There
then remains the question of persistence for the full vector field of solutions
obtained to the normal form.

- When considering a perturbed system, a first task before studying the

persistence of connections heteroclinic or homoclinic to periodic orbits, is
to prove that periodic orbits persist. A very efficient tool for that purpose
is the Lyapunov Schmidt method. For analytic vector fields an adaptation
of this method described in chapter 4, gives a description of the periodic
orbit as a power series with trigonometric polynomial coefficients. This
description appears to be very useful when the time is complexified.

. When linearizing around a periodic orbit, one is often disappointed to ob-

serve that Floquet theory is not constructive. For periodic orbits close to a
fixed point, we give, in Chapter 5, a constructive version of Floquet theory
using the implicit function theorem. This constructive version appears to
be invaluable when complexifying time.

- A key step of the study of a perturbed equation near a given solution of

the unperturbed system, is the inversion of affine equations obtained by
linearization around this solution.

Chapter 6 is devoted to affine equations obtained by linearization around
homoclinic or heteroclinic orbits. We first recall the different method com-
monly used for computing a basis of the homogeneous linear equation.
Then, we recall the main result of the theory of Fuchs, which gives a basis
of solutions of the homogeneous linear equation characterized by their sin-
gularities in the complex field. The inversion of the affine equations lead
to compatibility conditions, “the principal part” of which are nothing else
than a generalized Melnikov function for systems of dimension greater
than 2. The tools given in chapter 2, were developed for the study of these
compatibility conditions in the hyper-degenerated case when the principal
part is given by an oscillatory integral which is exponentially small.

The complexification of time necessary for using the tools given in Section
2.1 does not induce new difficulties for solving affine equations whereas
the partial complexification of time necessary for the use of tools given in
Section 2.2 leads to the study of linear partial differential equations of the
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the inversion of which is far more intricate. This inversion is done in section
6.5

Part III is devoted to the problem of the existence of homoclinic connections

near resonances for reversible systems.

. Chapter 7 is devoted to the study of the 0%iw reversible resonance in

R* for analytic vector fields. We prove the existence of periodic solutions
of arbitrary small size, the existence of reversible connections homoclinic
to exponentially small periodic orbits and the generic non existence of
homoclinic connections to 0.

. In chapter 8, we extend the result of the previous section to infinite dimen-

sional analytic vector fields. This extension cannot be done via a center
manifold reduction since we loose the analyticity with the reduction.

As already mentioned, one example of such a vector field in infinite dimen-
sions occurs when describing the irrotational flow of an inviscid fluid layer
of finite depth under the influence of gravity and small surface tension
(Bond number b < 1/3), for a Froude number F close to 1. In fact, most
of the present work was undertaken to solve this problem. In this context
a homoclinic solution to a periodic connection is called a generalized soli-
tary wave. In section 8.5 we explain how the previously obtained results
ensure that there exist generalized solitary waves with exponentially small
oscillations at infinity.

. Chapter 9 is devoted to the (iwp)?w; reversible resonance. At first sight,

this resonance seems very similar to the previous one. However the in-
teraction between the two frequency wg and w; makes the study of this
resonance far more intricate and leads to a partial complexification of
time. We prove the existence of periodic solutions of arbitrary small size,
the existence of reversible connections homoclinic to exponentially small
periodic orbits and the generic non existence of reversible homoclinic con-
nections to 0. Such a resonance occurs in infinite dimensions for the chain
of coupled oscillators (1.6) (see [IK99]). Following a pioneering work of
M.Haragus-Courcelle and A. Illichev [HI98], M.Groves and A.Mielke prove
in [GM99] that it also occurs when studying 3 dimensional steady water
wave problem in which the waves are uniformly translating in one hori-
zontal direction and even and periodic in the other.




Part 1

Toolbox for oscillatory integrals




2. " Exponential tools ”* for evaluating
oscillatory integrals

This chapter is devoted to the study of problem 1.1.4, i.e. to the computation
of upper bounds and equivalents of oscillatory integrals involving solutions
of nonlinear analytic differential equations.

2.1 Mono-frequency oscillatory integrals:
complexification of time

In this section we define spaces of functions which enable us to compute
simultaneously equivalents of the mono-frequency oscillatory integrals
+00
I*(f,e) = f(t,e)etwt/e d.
- 00
Moreover we explain how to prove that solutions of nonlinear differential
equations belong to these spaces.

All these spaces are composed of holomorphic functions defined in do-
mains symmetric with respect to the real axis. If one is only interested in the
computation of an equivalent of I* (resp. I7), it is sufficient to work with
functions defined on a half domain, i.e. holomorphic for Zm (£) > 0 (resp.
holomorphic for Zm (§) < 0). However, in most of the cases, the functions
are real on the real axis. Thus, their holomorphic continuation is symmetric
with respect to the real axis and hence, automatically defined on domains
symmetric with respect to the real axis.

2.1.1 Rough exponential upper bounds

We begin with a very simple lemma which gives exponential upper bounds
for mono-frequency oscillatory integrals.

Lemma 2.1.1 (First Mono-Frequency Exponential Lemma).
Letw, £, X be three real positive numbers. Let By be the strip in the complex
field: By = {€ e C/|Im (£)| < £}.

Let H) be the set of functions f satisfying
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(a) f:Bex]0,1] — C,
(b) € — f(£,2) is holomorphic in B,

@ Wl = sup  (F(6,)NO < too
e €€]0,1},6€ 8,
+oo
Then for every f € H) and ¢ €]0,1], I*(f,e) = flte) etivwt/e gy
satisfies -
- 2ifl
£ (f,0)] < —Teatre.

Proof. We only do the proof for I*. For I~, perform the change of time
t' = —t in the integral and observe that f~ : £ — f(—¢,¢) also belongs to
B} and that |~ = £l

Let f € Hlf\, €, £’ < £ be fixed. Since f is holomorphic in By, the integral
of fe“/¢ along the path I'j given in Fig. 2.1, is equal to zero.

i
A 4
F 3

—R > R
Fig. 2.1. Path I3.
Pushing R to +o0, we get

+oo o
It(f,e) = fil +t,¢) el +8)/e gy
—0C

The estimate then follows, where the exponential comes from the oscillating
term computed on the line Im (¢) = ¢. O

Lemma 2.1.1 gives a very efficient way to obtain exponential upper bounds
because the membership to Hj‘ is stable by addition, multiplication, and
“composition”, which can be summed up as follows
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Lemma 2.1.2.

(a) H} is an algebra.
b) If f € H} and g is holomorphic in a domain containing the range of
Y
f and satisfies g(0) =0, then go f € H}.

Remark 2.1.3. Lemma 2.1.1 is called mono-frequency because functions

belonging to H; cannot have a second “high frequency” like fo(¢,e) =

cos(woé/€) cosh™ ¢. Indeed, for every £ > 0, ”fOHH’\ = 400 holds because of
2

the oscillation term. Oscillatory integrals involving such functions are studied

in Section 2.2.

Remark 2.1.4. In Lemma 2.1.1 the exponential decay of the functions at in-
finity is not fundamental. Indeed, one can obtain a similar exponential upper
bound of the oscillatory integral with another set of holomorphic functions
in By which only decay polynomialy at infinity, i.e. which satisfies

I7ll:=" sup (If(& )L +[€*) < +oo.

€€]0,1],6€8,
However, analyticity is fundamental. For instance take f(t) = e™!*; then

2¢2
w? 42’

: +o0 )
I(f,e) = / e lHeiwt/eg —

Remark 2.1.5. How to use Lemma 2.1.1 for solving problem 1.1.4
Our aim is to compute the size, or at least an upper bound of the size, of an
integral of the form

+o0 R
I(e) = / 9(Yo(t),t,e)et/edt,

o

where g is an analytic function and Yy is a particular solution of a differential

equation of the form

Yy

— =F(,t

@ ~Fte)
with F analytic with respect to (Y,t). To apply Lemma 2.1.1 we have to
proceed via three steps:

— We must find the singularity which has the smallest imaginary part of
&— F(,,£,-). This determines the width of the complex strip By: £ must
be chosen such that F' has no singularity in B,.
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- Studying the holomorphic equation

dy
d¢
we must extend the solutions of our first real equation into B,.
This step is often performed using the Contraction Mapping Theorem in

an appropriate space of functions of the type H }.

— Then, we can apply Lemma 2.1.1, to obtain an exponential upper bound
of I(g).

ZF(Ké.aE)a §EBZ>

This strategy works either in finite or infinite dimensions.

Example 2.1.6. We study here a second toy model

dA

- = _-uUB

dz w5,

dB .

- = - 2.1
T —wAteEt o), (2.1)
doe 5, 5 2 _ 2y 2

e @ + p(e? — a®)a

obtained by perturbation of the same initial system (p = 0) as the one studied
in the introduction (see Eq. (1.1)). Here again it is more convenient to set

a =ef, Z=A+1B, T =t/e,
and to rewrite (2.1) with these new coordinates. We obtain
az iw
— = =74 1— 32
7 ~ 2 +ipe(l - 57,

(2.2)
%f— =1- %+ pe?(1 - f2)p2.

System (2.2) is again reversible with the same symmetry as (1.2). The
phase portrait of the unperturbed system (p = 0) is described in the begin-
ning of the introduction (see p. 2).

As for our first toy model (1.1), the question of the persistence for p # 0
of the front and of the reversible heteroclinic connections reduces to the
computation of an oscillatory integral (see Question 2.1.7 below). Indeed, for
lpe?| < 1, (2.2b) has a unique (up to time shift) bounded solution which is
a front connecting —1 to +1. We denote by §* the parameterization of this
orbit such that 8*(0) = 0 (observe that 8* is odd). Then, because System
(2.2) is only partially coupled, all its bounded solutions can be expressed as
a function of 8*. These bounded solutions are the periodic orbits

PE(t) = (ke /Ot 47y,
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and the two parameters family of solutions

¢
Vigao®) = (206415 i [ 0e (1 (81 5+ 10) ds, £°(0 1))
' 0
where k, ¢, to € R and 2. € C. This last formula enables us to check that

(a) The stable manifold Y; of (0,1) connects (0,1) to the periodic orbit

PI_(E,p),—-’ZL of size I(e, p) with

[e 0]

I(E,p)=p€/_z<>

So unless I(e, p) vanishes, the front does not persist since it develops for
p # 0 oscillations at —co of size I(g, p).

(b) There exists a smallest size k¢ (e, p) such that for every k > k. t.here eix1sts
two reversible heteroclinic orbits connecting the periodic 01jb1ts Pkm. of
size k; for k = k. there is a unique reversible heteroclinic Qrbzt conpectm'g
P; toP7 , and for k € [0, k[ there is no reversible heteroclinic orbit

P w? .
connecting Pkil,;- This smallest size is given by

giwt/e (1 (89 e, p)) dt.

ke(e,p) = %I(e,p).

So the question of the persistence of the front and of the reversible.hete'ro—
clinic connections of (2.1) and for & small and p # 0 reduces to the following
question :

Question 2.1.7. Compute an equivalent for £ small of the oscillatory
integral

too )
I(e,p) = ,05/ elwt/e (1 —(8") ) di
-0
where B* is the solution of

% =1-p%+pe* (1-5°) 8 (2.3)
which vanishes for t = 0. A subsidiary question is the following: is the
equivalent given by the Melnikov function M.(e, p)

M.(e,p) = pe /—:0 elwt/e (1 - (ﬁh)z) dt. (2.4)

obtained by computation of the integral along the solution B"(t) = tanh(t)
of the unperturbed system (pe =0)?
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Remark 2.1.8. A non zero equivalent ensures that the front of (2.1) for
p = 0 does not persists for p ¢ 0 because it develops oscillations at oo
of size I(g, p). Moreover, since the solution of the unperturbed system is
explicitly known, the Melnikov function M,(e, p) can be computed explicitly
using residues

TWp /2
M. s =~ 9 Tw/ €
(&) sinh(7w/2¢) e—0 rwpe

To give a first answer to Question 2.1.7, we use the strategy proposed in
Remark 2.1.5. As explained we proceed in three steps:

Step 1. We look for a holomorphic continuation of 5* in the form 8*(¢,¢) =
BR(€) + v* (&, £), where B(€) = tanh ¢. To work with holomorphic functions
we restrict § to By with £ < 7.

Step 2. Our aim is now to prove that for & small, v*(-,€) is well defined on
B, and that it belongs to H for £ < % and A < 2 where

Hy = {f : By — C, holomorphic in B, | Fl,» < +o0}
£

with Ile? = Esgé) |£(€)|eX™e©I. Observe that at this step, we see v* as a
14

function of ¢ with parameter €. So we have introduced Hé\ which is a space

of functions of the unique variable £. For ¢ sufficiently small, v*(-,&) will

be built using the contraction mapping theorem in H; and we will get that

v(, )| o SM g2, This estimate will ensure that £~2v* seen as a function of
2

(€,€) belongs to H.

v* is characterized by the fact that it is the unique solution of
dy
& T = e (1= (8 +)%) (6" +9) == G()
vanishing for £=0. Uniqueness for the Cauchy problem and the variation of

constants formula ensures that v* is the unique holomorphic function defined
in a neighborhood of 0 which satisfies v* = F(v*) where

F(4)(€) = cosh™2(¢) /[0 SO0 G0 e

The estimates
2
FDy < M@ (192, + o)

F0) = F0 Ny < MEN) (Wl + Wy +02) by = Vhey

for every 7,7 € H}, l’Yle <1, |')/’|7_£A < 1 ensure that for baz sufficiently
£ 2 '
small, F is a contraction mapping from BH}(2M (£, \)pe?) to itself where
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BHy(d) = {f € H)/ |f]7_@ < d}. We can then conclude that $* has a

holomorphic continuation of the form

B =t 4 where v*(-,€) € H;, and |’y*|H,\ < 2M (£, \)pe’.
£

Henpe (¢,€) — e72y* € H) and ||z~:'2')"‘||HZA < 2M(L, N)p.

Step 3. For estimating I{e, p) we split it into two parts: the first one coming
from B%, is called the Melnikov function which can be explicitly computed
whereas the second one involving v* can only be bounded using the expo-
nential Lemma 2.1.1. We get for £ < 7,

+00 oo
I(E,p) — pe/_ eiws/e (1 _ (ﬁh)Q) ds + ps/—ooelws/e (__2,3}1,7* _ (7*)2) ds

mwp 2.3 3.5\ ~wl/e
=—+ 0 e° + p’e®le .
sinh(mw/2e) = e>0 ((e pe’) )

The explicitly known part

TWwp

-9 —ww/2e 14+0
sinh(7w/2¢) wpe ( ()

being smaller than the estimated one (because £ < 7) we cannot determine
whether I(e, p) vanishes or not. We can only finally obtain the following
exponentially small upper bounds for I{e, p),

™
[I(e, p)] < M(£) (p+ p2e + pP®)e e fort < 7

The Exponential Lemma 2.1.1 does not give an equivalent of the oscilla-
tory integral. To obtain an equivalent we would need to set £ = 7. In fact
£ = % — ¢ is sufficient to balance the exponentially small terms. However,
either for £ = 7 or £ = % — ¢, F is not a contraction mapping in 'Hj‘. So we
cannot obtain the holomorphic continuation of §* in this way. To build the
holomorphic continuation of #* in B, with £ = 3 — ¢, we must describe more
carefully what happens near the singularities. This is the subject of the two
next sections.

2.1.2 Sharp exponential upper bounds

In order to determine the subtlety of Lemma 2.1.1 one can apply it to the basic

+co
example J{e) = / et/ cosh™2(t) dt which can be explicitly computed

-0
using residues,

W 27w

- ~ e—1rw/2e.
€ sinh(mw/2e) -0 €

J(&)
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The function ¢ — cosh™2¢ has a double pole at iZ. This pole limits the
size of the complex strip to £ < 5. Applying Lemma 2.1.1, one then find

1

|7l cosh2(§)

1
e = e e Vo< L
) cos? ¢ 2
Hl
To obtain the right coefficient in the exponential we can set ¢ = 3 — 0e.
We get
/2e e
J el < e—ldﬂ’ ~ —e
el = sin® ée £—0 §2£2
With this “trick” we obtain the right coefficient in the exponential, but the
polynomial degeneracy is not correct. This is due to the fact that ”.”H’\
r4

is uniform in the strip B, and does not describe what happens near the
singularities. So we give in this section a refined version of the Exponential
Lemma 2.1.1 which gives the right coefficient in the exponential and the right
polynomial degeneracy.

—wm/2€e

Lemma 2.1.9 (Second Mono-Frequency Exponential Lemma).

Let w, vy, o, A be four positive numbers. Let § be in [1,+o0o[. Let H;’g‘ be
the Banach set of functions satisfying

fo U Boose x {e} — C,

O<e<o/§

f(-,€) is holomorphic in By_se,

£l n < +00
where
Fllgyy = 5w 1760 (10 + €270 + (1 - x, (€)@
RN

) _J1 for [Re(€)| < 1,
with X, (§) = { 0 for |Re(&)| > 1.

Then for every v > 1, there exits M (v, A, 6,w) such that for every f €
+oo

H;Y,'(s)\ and € €]0,0/6[, I*(f,¢) =/ f(t,e) etiwt/e gt satisfies
-0

1
eV

[ (f,e)l < M

LI 1 I

Remark 2.1.10. Observe that [o2+£2|7 = |(¢—io)(¢+i0)|". Hence, roughly
speaking, HZ,Q;\ is the space of the holomorphic functions in B, _s, which decay

exponentially at infinity and which explode at most as |€ + io|~" for ¢ near
Ttio.
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1L
Hnn‘
L 0
|f(€)i - J"[f—iar" |A
| se 10

—io |

i O < 15l
g7 |§ + io’l') ¥

FACIIS

Fig. 2.2. Description of f € H}?

Proof of the Second Mono-Frequency Exponential Lemma 2.1.9.
Here again, we only give the proof for I*. For I~, perform the change of
time ¢’ = —t in the integral and observe that [~ : £ — f(—£,¢) also belongs

WA - —
to H7 and that £, = £l

The function being holomorphic in B, _s. and exponentially decaying at
infinity, for every > § we get,

+oo
IT(f,e) = / eWe/ef (¢, e)dE = e_”“’/ee"“’/ et/e f(i(o —ne) +t,€)dt.
R -

+i(oc—ne) 0

Hence,
1
wW—ow - tee - L
B L e A R e

Ly e oo du
< enwemow/e ”f“H""} (2>‘_ et o /oo (1 +u2)/z )’

Pushing 7 to 4, the result follows. O

Remark 2.1.11. We check for our basic example J{e) that this lemma. gives
the right polynomial degeneracy,

2
1 T 1 _
_e—mu/2e =M sup — Ze 7\‘(4)/26.
o € ,5) \sin"z/ €
5.1

_
cosh?(¢)

|J{e)l < M

Observe for this basic example, that Lemma 2.1.9 works n02t only for v =22
but for every «v €]1, 2]. Indeed, for every v €]1,2], €277 cosh™*(¢) lies in H%',l'
Then Lemma 2.1.9 ensures that
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—7w/2e
e~ mw/2%

IO < 5 M,2,1,) 27 cosh2(g)|

Hy, a1

2 \ 1
< M(’)’, 2, l,w) sup ( — ) _e—mu/25.
[0,3] \sin“z / €

This degree of freedom on 7 is very useful when the integrand is not explicitly
known.

Remark 2.1.12. The membership to H;’,’g\ does not mean that functions

have a pole at +io. Functions like (&,e) — e=¢” which is analytic everywhere;
(§,2) = cosh™%(£/2), (¢,€) — cosh™ (¢ + ie?) cosh ™! (€ — i€?) which respec-
tively have poles at +im and at £iZ +ic?; (£, &) s el tanh(€) cosh™2(¢) which
has an essential singularity at iZ all belong to H 221 This comes from the
fact that we work in Bz _¢ and not in Bz . This lemma simply describes how
the function grows near i(o — é¢).

Remark 2.1.13. Unlike H P HZ)’g\ s not an algebra. However the following
lemma enables us to use it in nonlinear differential equations.

Lemma 2.1.14,

(a) For every f € Ht’ryz;\ and every g € H;yﬁ/\ » fg lies in HIFT A

(b) For every f e H;"’g\ and every p €]0,7], ePf lies in Hl;”’)‘
(¢) For every f,g € HZ,’;\, eVfg lies in Hg”g\.

So, Lemma. 2.1.9 can be used like the Exponential Lemma 2.1.9 to solve
Problem 1.1.4 (see Remark 2.1.5) with holomorphic continuations of solutions

in HZ,'(? instead of H, g\. Here again, these continuations can be obtained by
the Contraction Mapping Theorem.

Example 2.1.15. We come back to our second toy model (Example 2.1.6)
and more precisely to Question 2.1.7. We give a second answer to this question
using the strategy explained in Remark 2.1.5 with H;’g‘ instead ‘of H e)" As
we did for Example 2.1.6, we proceed in three steps.

Step 1. We look for a continuation of £* in the form B*(¢,¢) = B () +
Y*(€,€) with v*(,&) € H2* where

H2A = {f: Bz_. — C, holomorphic in Bz _, If,Hf'* < o0}

ith = 24 2
g = o 17 e+
A €]0,2].

2
%€+ (1-x, @))emew)] and
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. . )A
Here again, we first see v* as a function of £ with parameter € and ng/\
as a space of functions of £, which depends on €. We expect v* to lie in H E

P -3
and more precisely to behave like the function 7 := 2 cosh™° £. Observe that

6O+, <s>>e*”“<f>'>} <M

swp | (|¢+ %
£enB

T

holds for € small, whereas

@+ - <§>>e*"‘e<€>')] < Me.

sw [l (|5
£eB

5 e

These two estimates ensure that v € H %A but only the later one can be

obtained for v* using the Contraction Mapping Theor.em because we neze(:\l

small norms. This explains the apparently strange choice of the space HZ
A

for finally obtaining that v* belongs to H _}zr_,l.

Step 2. In Example 2.1.6, we proved that +* is the unique holomorphic
function defined in a neighborhood of 0 which satisfies v* = F(v*) where

F7)(€) = cosh™2(¢) /M] cosh?(€) G(+(0)) d.

The estimates

4
2.0 L e
Fhps SM| ———+pe|l+—

[F(v) - }-(’yl)lﬂi"\ <M

3
I7| AT |'7I| 2,5 |7|H2,A
u + pe 1+ EE I’Y—’YlLHg"\

£

which hold for every 7,7 € HZ?, |'y|H“ <1, W'H“ < 1 ensure that for

€

|| sufficiently small, F is a contraction mapping from BH2*(2M pe) to itself

where BH2*(d) = {f € H??/ |fl,2.» < d}. We can then conclude that for

|o] sufficiently small, 8* has a hOlOIIEIOI‘phiC continuation of the form
B =p"+9*  where v* € H>* and |’Y*|H“ < 2M pe.
Hence, e~ 19* lies in H_ZL)‘l Thus, v* € H%’\l and II’Y*“H&;"I < 2Mp.
. .

Step 3.For estimating I(e, p) we split it once more, into two parts: on one
side the Melnikov function which can be explicitly computed
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+co y Twp
Me(e,p)zps/ glws/e 1— (M) ds = ——F
o0 (1= sinh(mw/2e)’

and on the other side a second part involving v* which reads

+o0
Ir(e, p) = pe /

— 00

iws/e (_Zﬂh,y* _ (7*)2) ds.

Since (—Zﬂh’y* — (7*)2) € Hé’\l, I can be bounded using Lemma 2.1.9. We
get for |p| sufficiently small,

I €, — Twp —Tw/2e 2
(&:0) sinh(mw/2¢) e p(—DvO (¥*),
(2.5)
— ~mw/2 —Tw
= pe "/5<27rw+5_(20(e /E)+p90(p))'

Lemma 2.1.9 gives an equivalent for I(g, p) for & and p small (but not con-
nected). This equivalent is given by the Melnikov function. It ensures that for
p # 0 small and for e small, I(e, p) does not vanish. So the front of (2.1) does
not persists for p # 0 small and for € small. For p = 1, we need a more refined
method given in next section. The description of the holomorphic continua-

ttaion of f* obtained previously is not sharp enough to obtain an equivalent
or p=1.

2.1.3 Exponential equivalent : general theory

Ip this section, our aim is to determine what kind of informations on a func-
tion f we must know to compute an equivalent of the oscillatory integral
+oo .
I(f,e) = ft,e) e“t/e gt
-0

Mor.eo.ver, we must be able to obtain this kind of information when f is not
exphatly k&lown and involves solutions of O.D.Es. or P.D.Es. The member-
ship to H;,’z; only gives upper bounds of I(f, ).

A preliminary idea is to believe that the equivalent of the oscillatory

integral I(f,e), is given by the leading part of f on R. The following example
ensures that this is not always true.

Example 2.1.16. Let f be given by ft,e) = fi(t,€) + fa(t,€) with
1 g¥

cosh®(t) and fa(te) = cosh? ()’

The leading part of f on R is f; (f o f1). The oscillatory integrals can be
computed using residues

fl(t,E) =
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Tw

Li=1(fne) = sy

Tw w? 1
I = I " = —-——-—-— - e U~
2 (£2,¢) ¢ sinh{mw/2¢) (652 + 3) ¢
Hence,

I(f,€) I Q_mf)_e—""w/% forv>2
’ e—0 ! e—0 £ ’
I(f,¢) Ii+1I 210 () 4 O gmmaac for v =2
& e—0 1 2 e—0 € 6 ¢ -

3

Tw

~ ~ —ww/2e
I(f,€) -~ I s for0 < v < 2.

A second idea, comes from the previous explicit computations. We check
that the coefficient in the exponential comes from the position of the sin-
gularity of f and that the polynomial coefficient €~P" comes from the order
of the pole. So, for computing oscillatory integrals involving solutions of an-
alytic differential equations we have to face Problem 1.3.1, i.e. we must be
able to determine whether a solution of an analytic differential equation ad-
mits an analytic continuation. If it is the case, we must then determine the
position and the nature of its singularities in C. Unfortunately, there is no
general theory for computing the nature and the position of singularities of
solutions of complex differential equations. The only available theory is the
theory of Fuchs for linear time dependent equations. All the difficulties come
from the fact that the nature and the position of singularities of analytic

" functions are not stable by addition, multiplication, composition, integra-

tion. For instance, accumulation of poles may lead to essential singularities
and logarithmic singularities may appear after integration... Moreover, we
study O.D.Es or P.D.Es with a small parameter €. So the nature and the po-
sition of the singularities of the solution may depend on . At last, we observe
in Example 2.1.16, that the value of the equivalent depends in a non trivial
way of the coefficient &” in front of the pole of order 4 at +i%. So we must
know very precisely how the small parameter is involved in the singularity.
At the present time, such an approach seems beyond possibilities.

A third idea, comes once more, from meromorphic functions for which
explicit computations are available : let f(.,€) be a holomorphic function in
Bg \ {£ic} with £ > o. Assume that f(.,€) has poles of order p at +io and
that |f(€, €)| decreases exponentially to 0 when Re (§) — £oo. Hence f reads

where g(.,€) is holomorphic in B, \ {—ic} and ax(e) is a smooth function of
€ satisfying ax(0) # 0.
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Denote by Thus, formulas (2.6) and (2.7) give a process to compute an equivalent of

oscillatory integrals involving meromorphic functions with p* > 0. The next
lemmas show that this process can be used for a class of functions far more
general than the meromorphic ones and that it can be used with nonlinear
differential equations.

pr=gmax (k—ne)  and K ={ke€[lpl/k~ni=p}.

Definition 2.1.17. Let v,A>0,0>0,6 >1,mg,m; >1,0<r <1

and v > 0. Denote by E;’,’g\(mo,ml,r, V) the set of functions f such that

(a) f e HJS,

(b) for every e €]0,60] and every z € Y5, =] —&" L, e" " x] —e"" 1, —4]
f reads

i/

. 1= e
flioc +ez,e) = E;fc}"(z) + E;ff'(zﬂ)
Fig. 2.8. Path Iy g e fg ) Hgno " f1+ ) Hg;l "
ﬁgno = {f 25 — C, fholomorphic in {25 = Rx] — 00, =4,
[l gps= su2 (1Fleim) <-+o0)

Using the residues with the path Iy » (see Fig. 2.3) for o < # < £ and
pushing R to +oo, we get

—wo/e s Vk—1
Ife) ~ Slom ¥ (o) 2 and
e=0 gl kek (k—1)! . R . ~
. = {f U (25,,‘,5 X {a}) — C, f(-,&) holomorphic in Xsre,
0 /fg(t)ewzt/edt £€)0,e0)
R ~
= su z){|z|™ } < 400
where \lﬂ}ﬁﬁ ol (1Fetm ) < +oo}
2655,,-,5

Z ak(O)s k

k’
(7 € -io)
We clearly see on this example that not all the terms in the Laurent expansion
of f contribute to the equivalent. The only relevant ones are those which
belong to K. Hence the relevant part of f is not the leading part of f on R,
but it is fo. The fundamental remark is that for p* > 0, fo is given by

(c) for every e €]0,e0] and every z € Ssre f reads
. 1~ g’ o~
f(~ioc —ez,e) = g;fo (2) + ;fl (z,€)

where fy € H™ and e I?g"‘r‘

fo(§) = —fo <£ 10) with fo(2) = ii_f'r(l)ﬁp‘f(io' +ez,e).  (2.6)

/ fO uut/edt

—wa/e

fo(z) 1wzdz
E—’O ep =1 /—in+]R
for every n > 0.

Observe that the last integral is o fized number which does not de;uend on
n and €. ‘

Remark 2.1.18. The four functions ]/‘;i and ﬁi are uniquely defined.
Indeed, they are given by

and that

(2.7) FE(z) = lim &7 f (£(io + €2), )

and —~
& f(&(io +e2) = FE(2)

El/

fif(z) = lim
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Hence, we have

Lemma 2.1.19.
Let us denote by Pi the operators Pi E"Yé (mo,m1,m,v) — ﬁ?o

Foo— fF

Then, the operators PE satisfy

(a) When f is even , BT (f)(2) = P (f)(2) holds for z € {25,

(b) When f is odd , Pi (f)(2) = —PF (f)(2) holds for z € (25,

(c) When f is real valued on the real azis, Py (f)(z) = P (f)(~2) holds

for z € (2.
||f” T v
FOIS Foi ol S
] f|| A < 1] a4
45 1 v 74
7O < v ioF F==Fr+ SR

Fig. 2.4. Description of f € E;’g‘

Remark 2.1.20. The membership to H) 1A s simply ensures that f(-,¢) decays
exponentially for [Re (£) | — co and explodes at most as | Fig|” for £ close to
+i(o — d¢). Membership of E'Y'& specifies the behavior of the function f(:,¢)
near Fi(o —de). In the domain | —e",e"[x]o —e™, o - d¢|, (see Fig. 2.4) f(£,¢)

is given by : , .
fea = =7 (20)+ S (22

and for £ close to (o — d¢), f(£,¢) explodes like E%}"gr(i&) = E%Pr'*(f)(ié).

So, PF(f) is the “leading part of f near i(c — d¢)”. We call it the principal
part of f. Similarly, Py (f) is the principal part of f near —i(c — d¢)

Moreover, the membership to E‘" (mo, m1,7,v) does not mean that func-
tions have poles at +ic. All the followmg functions belong to the space
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E%?l ( ,2, ;, ;) but only first two have poles at +iZ. This comes from the
fact that we work in Bz . and not in Bx.

— The function f :l(§,5) — cosh_2(§) has poles of order 2 at :i:%7r and
Pri(f) =-z% .

— The function f : (£,€) — &?cosh™(€) has poles of order 4 at +'Z and
PE(f) = 274 '

— The function f: (€, &) — e=¢” is entire and BE(f) = 0;

— The function f : (€,€) — cosh™2(£/2) has poles at
+ir and PE(f) = 0;

— The functlon (e ) — cosh™2(€ + ie?) cosh ™! (¢ — i€?) has poles at
+iZ +ie? and Pi(f) -2

- The function f : (£,€) — e‘E tanh(f) cosh™?(£) has an essential singularity
at iZ and BF(f) = —z72e*/2.

The membership to E} 55 Bives enough information on f to compute an
equivalent of the oscﬂlatory integral involving it.

Lemma 2.1.21 (Third Mono-Frequency Exponential Lemma).
Lety>1,6>1,0,A>0, mo,m1>1 O<r<l1, vw>0.
For every function f € E””(s (mo,mq,7, V) the oscillatory integral

I*(f,e) = / +°° e f(t €) dt

satisfy

r(e) = S (454 0, ()
where v* == min(v, (1 — r)(mg — 1), (1 —7)(y — 1)) and
w= [ BHPE)

forn > & (AT does not depend on ).

This lemma ensures that the relevant parts of f € E;’,’g\ for computing an
equivalent of the oscillatory integrals I (f,e) are PE(f). Moreover, it gives
a very efficient way to compute equivalents of oscillatory integrals mvolvmg
solutions of nonlinear differential equations since the principal part Pr of a
sum (resp. of a product) is the sum (resp. the product) of the principal parts.
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Lemma 2.1.22.

! E Mg, M1, T, V) 45 a linear space and PE . E mo, M1, T, V)
S 0'5 T o, 5

ng are linear operators.

|. (b) - The two Banach spaces H 7 and Hy 5t are algebras.

(c) For every f € B} and every g € E ', Fg lies in EZ,-EAY,')\H/ and

Pr-g:t-,’,x+>"(fg) PrE»y A(f)PrE-y Al (g)

(d) For every f € E;’,’g\ and every p € [0,7], ePf lies in E;/;p)\ and
+ +
PrEz:sp.A(epf) = PI‘E;,.,: (f) N
| (&) Forevery f € E ’5 and every g € E;Y’&] €Y fg lies in EZ,’S\ and

Pri(eyfg) = Pri(f)Pri(g)-

Proof of the Third Mono-Frequency Exponential Lemma 2.1.21.
Here again, we only do the proof for I'*. For I~, perform the change of time
t' = —t in the integral and observe that f~ : £ — f(—¢£) also belongs to E;’g‘ ,

B (f7) =P (f) and that B (f7) = B (f).

Fig. 2.5. Path Iy, r

Let n be fixed in ]§,1/e'~"[. The function ¢ — f(£,€)e“s/¢ decreases
exponentially for |Re(£)| — oo and is holomorphic in B,_s.. Hence, using
the path I'; g (see Fig. 2.5) and pushing R to oo we get

IT(f,€) =/ eiwg/af(ﬁ,s) d¢.
i(oc—ne)+R
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For estimating I*(f,&) we split it in three parts corresponding to the
three subdomains crossed by the line i(c — ne) + R.

+o0
(/ / ) 0' - 776) + t) e_wa/éenw lwt/sdt
e |
/ + / f(i(o' - 778) + t) e—wa/eenwelwt/adt,

e

I

I

I3 f(i(a — T]E) + t) e"‘wf"/fe‘flweiwt/adt-

-

Hence,
L] <27l f L, e el
HS
e—wo’/s (28)

-1
er1 7

1 eMwe—wo/e
| 12| 52/erm17262—252|'”2 “f”H“’* dt,

M) 150 €™

and

-1

2eM e““’"/ € ¢ ds
71,3 |
€

o E’Y— =1 |n2 + 3217/27
2e™ e_“"’/a e ds
U"Y E’Y ]_ ”f“H‘Y A el ;T)'-’
< M) I

Setting t = €5, we get

IA

IA

1-M(r-1).

1/et-7 1 ~ e '
I; = 5/ <E—7f0(—i77 + )+ gfl(—in + s)) e~wo/egnuelws g g

—1/el-r

—~wo/e
o (41 () + Ao(n, ) + A (n,))

with

A*(m) =_§me,
-

—l/el"r +o0 . ) ]
Ao(m,e) = — / +A/ Folin + s)el=inte) g,
—o0 el—r

1/et-T . . '
Av(me) =e” / Fi(=in + s)el(=1+9) ds,

1/el—"
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The functions fo, f1 belong respectively to H§"° and H 1. So, Ag and A

can be easily bounded
‘fA“ /+°° ds
° aro Jijer-r (n? + s2)me/2’

~ +o0
< 9em Hfo“A / 2L, (2.10)
fimo

1/e1-7 80

[4o(n,€)] < 2e™

< M(mo) ”ﬁ)“ gMwe(l=r)(mo—1)
BpO
and

N 1/ 1—7r
] 1 Y .
grr S qje-r (% + s2)m/2

— 00
comlil [Tt e
H;';_l - <1+32)m1/2

< M(my) “1?1“,\ eMe?,
B}

Collecting (2.8), (2.9), (2.10), (2.11) we finally get

e—wo/e

I¥(f,6) = S (A7 () + J(e,m)) (2.12)

where
!J(€7 7])| < M(U, )‘1 Y, Mo, ml)ewney"

with v* := min(v, (1 — r)(mo — 1), (1 —7)(y — 1)).

The function z — fo(2)e!“? is holomorphic on .(25 and decays polynomialy
at co. Then using the path I, g (see Fig. 2.6 ) and pushing R to co we
obtain that A*(n) = A*(n') for every n > 8, 1/ > 6. So, A does not depend
onn. Thus, J does not depend on 1 too. Finally, pushing 7 — § we get

|J ()] < M(o, )y, mg, ml)e“"se"'. (]

—R—in R—in

—-R—in R—in

Fig. 2.6. Path I}, ./ p
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2.1.4 Exponential equivalent: strategy for nonlinear differential
equations

To use the Third Mono-Frequency Exponential Lemma 2.1.21 for solving
Problem 1.1.4, i.e. for computing equivalents of oscillatory integrals

+oco
IE(f,e) = f(t,e) et t/e dt
-0

when f involves solutions of real nonlinear differential equations, we must
be able to prove that a given solution of a dlfferentlal equation admits a
holomorphic continuation which belongs to E”’ The set E”'(s can be normed
with

=Wl + |, ]
”f”E:'.;\ “f”H;’,'; fO ﬁ;"o fl F[;"l

to obtain a Banach space. So, a first idea is to build the holomorphic con-
tinuation using the Contraction Mapping Theorem in E7”\ This strategy

happens to be quite intractable because the norm |- || 7 1nvolves fo and fl
which are indirectly linked to f. We propose here a strategy which enables

us to prove step by step that a given solution Y of a real nonlinear analytic

differential equation

dy
— =F(¥t) (2.13)

admits a holomorphic continuation which belongs to E%& In particular, this

strategy gives a simple way for determining P;" () which is the relevant part
of Y used for computing oscillatory integrals involving it. Since ) is real

valued on the real axis P (YV)(z) = Pi"(V)(—%) holds.

The strategy proposed in this section is described for simplicity in the
one-dimensional case. It can be readily extended either to finite or infinite

n n
dimensions with spaces of type (Egg\) or more generally of type [] E;”‘g*".
! k=1 ’

Step 1. Continuation far away from singularities. For proving the
existence of a holomorphic continuation of ) in

Dyne = By \ {£ € C/|Re (£)] < %er, Tm (£ £ i0)| < %er},

(See Fig. 2.7), one can use the Contraction Mapping Theorem in the space
of holomorphic functions defined on D, - such that

sup [1£(6,)1 (lo” +€116.(6) + (1 = %, (€)1 < +oo.

O<e<egp
§€Dg re

where ¥, is defined in Lemma 2.1.9.
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Fig. 2.7. Step 1 : continuation in domain Dore

Step 2. Continuation near io. For proving the existence of a holomorphic
continuation of Y(§) in | — €”,¢"[ x Jo — &", 0 — d¢[ which satisfies

V(o +ez,¢) = l?g () + iﬁf(z, ¢) (2.14)

with J)O cH ° and y1 c H™ 5 . it is convenient to introduce two systems of
coordinates i m space and time:

— a first one (Y,€), which is the initial one on R, is called the outer system
of coordinates;

~ a second one (Y z) == (7Y, (€ —i0)/e) is useful to describe what happens
near io. It is called the inner system of coordinates.

Since this whole step is devoted o the descrlptlon of YV near ic we omit
the exponent “+»_ In what follows yo ) yl , P are respectively denoted by

Yo, 31, v

For an orbit Y (€) in the outer system of coordinates, let us denote by
?(z) =e"Y (io + €2)

the corresponding orbit in the inner system of coordinates. Conversely, for
an orbit Y(z) in the inner system of coordinates, let us denote by

v(e)= L9 (5 E“’)

the corresponding orbit in the outer system of coordinates.
We use the same notation for the vector fields: for a vector field F ex-
pressed in the outer system of coordinates by ¥ — F(Y,¢, €) let us denote

by F the corresponding vector fields in the inner system of coordinates given
by

Vo ertip (El;?(z), io + ez, e)
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and vice versa. Finally, for a domain X' of C, in the outer system of coordi-
nates, let us denote by £ = (X — io)/e the corresponding one in the inner
system of coordinates and vice versa.

Fig. 2.8. Step 2 : continuation in X5

Step 1 gives a holomorphic continuation of Y(£) in D, ¢, i.e. a holomor-
phic continuation of f(z) in ’50,,,5. Then we must prove the existence of a
holomorphic continuation of Y(¢) in X5, :=] —€",€"[x |0 — €",0 — b¢] (see
Fig. 2.8) which satisfies (2.14), i.e. the existence of 2 holomorphic continu-
ation of Y(z) in T =]~ 1/, 1/e1="[ x | = 1/e}~7, —6[ (see Fig. 2.9)
which satisfies

5)\(2,6) = 51\0(2) + E”ji\l(z,s) (2.15)
with j)\o S f_j’;ﬂo and 57\1 S f—jg’:

Du,r,s

Fig. 2.9. Domains ﬁa,,-,e and 26,1‘,5
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Such a continuation in 2'5,,.,6 is a holomorphic solution of the full system
(2.13) rewritten in the inner system of coordinates

(cii_}z, =F(Y,ze) ="t <6i7}7(z), io + az,e) , (2.16)

which satisfies (2.15) and which “matches” the continuation obtained in Dg re
at Step 1, i.e. which coincides on 25 re ﬁDa r,e With the continuation obtained
at step 1 (see Fig. 2.9). The existence of such a holomorphic continuation can
be proved in two steps.
Step 2.1. Inner system. R

The first task is to determine Yy = Pr()). It is characterized by

Yo = lin}) ﬁ(z,e) and Y € flgm’.
E—
Hence J can be obtained using the Contraction Mapping Theorem to solve

‘Z Fo(Y,2):= F(¥,20) (2.17)

in ﬁ 7. This system is called the “nner system” and it represents “the

relevant part of the system near ic”: J = Pr(Y) which is the relevant part
of Y for computing oscillatory integral involving it, is obtained as a solution
of the inner system.

Step 2.2. Matching of holomorphic continuations N
For achieving our purpose we must prove the existence of a solution ¥ of
(2.13) which satisfies

(i) Y(ze) = Yo(z) + e, (2,€) where ) has been obtained at Step 2.1,
(i) Yi(.,€) is holomorphic in S,
(i)  sup (|z|m1|371(z,e)|) < 400,
£€)0,e0)
2626,1‘,5
(iv) Y coincides with ) on Zsre N ﬁ,,r,e where J is the holomorphic con-
tinuation of ) obtained at step 1.

For that purpose, we can see the full equation as a perturbation of the inner
equation L o o

F(Y,2,6) = Fo(Y,2) + F1(Y, 2,¢)
where the perturbation term is given by Fy (¥, z &) =F(, z &) —F({¥, 2, 0).

In other words, Step 2.1 gives a solution of the inner equation

dy

E; = O(sz)
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in .55 and we must prove the existence of a solution of the full equation
dy

— = Ey(Y,2) + Fi(Y,2,¢)
dz

which satisfies (i)-(iv). It amounts to proving the existence of a solution X;
(“-21 =e’y; ») of

% =F (yo(z) +)?(Z)7z) + R (ﬁo(z) —I—f(z),z,s) - F (j)\o(z),z)

in X5 which satisfies

(a) X1(. &) is holomorphic in Eg,r,e,

(6) sup (Jzm™|Ru(ze)) < Me,
€€]0,e0}
Zegé,r,e N -

(c) 57\0 +X 1 coincides with J on Xs . N Dy . where Y is the holomorphic
continuation of ) obtained at step 1.

To build )?1, we can use the method of continuation along horizontal
lines described in Appendix 2.A: we can first see it as a smooth function of
(rym) € 2’5,,.,5 (instead of seeing it as a holomorphic function of z = 7 + in),
and define it as the unique solution of “the ordinary differential equation
along horizontal lines with parameter 7"

%_i( =5 (yo(T—l-ln) + X(r,n), 7'-}-177)

+F (370(7 +in) + X (r,n), 7+ in,e) - Ry (370(7 +in), 7 + in) :

which is equal to J(1/el~" + in) for 7 = 1/e'~". Using the contraction map-
ping theorem in a space of functions satisfying

sup (I'r + inlmllf(ﬂn,e)o < Me”.
('r,n)efs,r,.:

we can prove that )/(:1 (1,m,€) is defined and smooth in f’gme, and satisfies
(b).

The lemma of continuation along horizontal lines given in Appendix 2.A
ensures that X 1 is holomorphic in Y5, . and that yo + X1 coincides with Y

on 25,“5 N Dgre. So (a) and (c) are fulfilled.

Step 3. Continuation near —io : symmetrization

Steps 1 and 2 give a holomorphic continuation of Y in A = D, ; 1 EUZ’§
We still denote by Y this continuation. Moreover, Y is real va,lued on the
real axis. Hence the two holomorphic functions & — Y(¢) defined on A and
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& — Y(€) defined on A coincide on the real axis, and thus on AN A because
of the isolated zeros theorem. Then, we obtain a holomorphic continuation
YofYinduA= Dy1,e U516 UZ5 1 by setting

VE) forgea
5@ fortc A

V() =

The holomorphic continuation being unique, we - can omit the “tilde” and we
still denote by ) the continuation obtained in A U A. Fi}\nally, since £ — &
is an isometry, Steps 1, 2, 3 ensure that ) belongs to E;”’é (mg,my,T,v) and

that P~ (V)(2) = P (V) (-32).

Fig. 2.10. Step 3 : continuation in Ysire

Remark 2.1.23. Link with the Matched Asymptotic Expansions
Theory. This strategy of continuation step by step on different subdomains
18 a rigorous version for this problem of the Matched Asymptotic Expansions
theory (M.A.E.) (The words outer and inner systems of coordinates, and in-
ner system comes from this theory). Roughly speaking, with the theory of
Asymptotic Expansions, one can describe a solution Z of perturbed O.D.E.

N ‘
(or PD.E.) in the form “Z = Y Z, + o(Zn)" where Z,41 = 0(Z,). The
_0 H

theory of Matched Asymptotic %)xpansions was introduced to deal with so-
lutions which cannot be described by a unique asymptotic expansion in the
whole domain : on one (or several) small subdomain(s) called “inner domains
in the language of M.A.E., the asymptotic expansion is no longer well ordered
and another asymptotic expansion is required to describe Z in the small sub-
domain(s). Then, one has to check that the different asymptotic exipansions
match properly. In our case, we do not describe a solution Y of a perturbed
differential equation with asymptotic expansions, but we decompose it in
several holomorphic functions:
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in D, , . (the outer domain in the language of M.A.E.), ) reads

V(§,€) = “leading part on R + perturbation term” (2.18)
=y(§,0)+yp(§,5); ’
and in X, . (the inner domain in the language of M.A.E.), ) reads
_ 15 (é-io e (E—io
V() = ;yo ( z ) + €—7y1 ( . ) . (2.19)

Nevertheless, we have to face the same kind of phenomena: the decomposition
of J in the form (2.18) is not in general relevant in the whole domain. We
may have a relative change of size between Y(&;0) and YV, (€,€) when moving
from R to i(c — de) + R : for instance, the function

1 4 €
cosh®(¢)  cosh? €3

V() =

belongs to E%zl and

n 1 _ + £ 1
PIE%'?, (cosh2(£)> 0 PrE%’i <cosh4(£)> 24
The leading term near io comes from the perturbation on R!

For solutions of nonlinear differential equations, this relative change of size
between the leading part on R and the perturbation term when moving from
R to the complex singularity, is in general induced by a similar relative change
of size between the leading part of the vector field on R and the perturbation
part. When using the above strategy, the leading part of the solution near
i, i.e. the principal part P; is found as a solution of the inner system, which
is nothing else than the leading part of the vector field near ic. For instance,
for all the resonances studied in the third part of this book, we have to face
this phenomena of relative change of size, when studying the existence of
homoclinic connections to 0. The typical situation is the following:

On R, we use a first decomposition of the vector field
v _ _ o { B < N)

P (V) = N(Y)+R(Y), Y =Yn+Yg with { Vo < Yy
where N is the the normal form and R represents the higher order terms,
whereas near io the above decomposition is no longer relevant because N and
R have the same size. So, for catching the principal part V& of ¥ near io,
We use near io a second decomposition of the vector field in the form “inner
system+perturbation”,

4V ae e ~ -~ ~
& =FO) =R + B)+ O + BD),  T=T + o5
Fy() R

with F ) < ﬁo(j) and 6”57;" & jgf near ic and Y = 7.
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Matched Asymptotic Expansions Theory was precisely designed to deal
with perturbed problems, in which such a relative change of size between
the unperturbed problem and the perturbation term occurs in some small
pathological domains called inner domains. The fundamental idea of using
an inner system to describe properly the solutions in the inner domain comes
from this theory. A first use of this theory for this kind of problem, was done
by Kruskal and Segur in [KS91] which appears as a preprint in 1985.

Remark 2.1.24. The space E;’g\ and the above strategy were designed to
deal with perturbed differential equations such that the unperturbed equation
has a solution which has poles at *ic. If the unperturbed problem as a
solution with several poles with the same imaginary part, then one has to
introduce new spaces similar to Eg‘g‘ which describe the polynomial growth
of the functions near each poles. For instance, if the unperturbed problem
admits a solution with four poles of the same order at +a =+ 10, with a,c >
0 one should introduce the space EZ,’?,a defined as Ezg\ with four “inner
domains” instead of two for describing the growth of the functions near each
poles (see Fig. 2.11).

fleatio +ez) = %ﬁ,"’“(z) ¥ z—:f;‘-(z) flatio +ez) = gquo’f*(z) +SRE)

{4 - 2
LGS W 1 < |6 —a—ic[Yara?Y
_____ -
I —-a - iaT-, "f a—io
LN < UFllp €7 OIS [l &R
NN gy T P
IFel< |—§_+?z—+ic:i"/.a—”w2" Lf(OI < Eatioliaom

Fig. 2.11. Description of f € E?}

o,8,a

2.1.5 Exponential equivalent: an example

Lemma 2.1.21 combined with the strategy explained in the previous subsec-
tion enables us to give a final answer to Question 2.1.7
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Lemma 2.1.25 (Answer to Question 2.1.7). Let B*(t,¢, p) be the so-
lution of ,

% dB 2

P 1 -2+ pe? (1—,32),32

which vanishes for t = 0. Observe that 8* is odd and that it is of course
real valued on the real azis. :

(a) For p =0, B* = B"(€) = tanh¢. Thus it belongs to Ei’01(1,2, %, %)
PRl
and P (BR) = 1/z.

(b) For po arbitrarily fized, there exist 81 21 and &3 > 0 such that for
every p € [—po, po] and every e €]0, €3], B* reads

B*(&,e,0) = BHE) +7"(6,,p) where v* € By (2,2,4, 1) (2.20)
with A €]0,2(. Hence, B* belongs to E%’?&(l,& %, %) and
BE(6%) = BE(B") + BE (7).
Moreover, Bg = P (8*) is solution of the inner system
%’f— = 3%~ pp* for z € 551, (2.21)

and for every z € ﬁgl, o~ Bg(z, p) is holomorphic in D(0, po) =
{p € C/lol < po}

(¢) The oscillatory integral

+co
Ie, p) = pe / e (1= (0" (t,e,0))?) d
satisfies
I(e,0) = po™ % (A(p) + O (}) (2.22)

where 690(54) is uniform with respect to p € [—po, po] and

Alp) = / o (ﬁa(z,p))zei‘”dz foranyn>é;.  (2.23)
—in

The function p — A(p) is real analytic in | — po, pol, and satisfies
[A(O) = 2nw. Hence, A vanishes at most for a finite number of p in
—Po, PO] .

Because of the particular form of the inner system we can obtain explicit
formula for 8 and A(p).
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nia 2.1.26 (Explicit formula for ﬁ;(z, p) and A(p)).
or. every p €] — po, pol,

~ pn ~
Bi(z,p) =Z“"W’ for z € £2,,

n>0
and
>l s
Alp) = 271w » i aplq (2.24)
!
= (2n + 1)! piazn
where the coefficients an, are positive and given by induction
ap =1,
= (2.25)
On =527 | 20 Gk@n-k+ ), Gpagara; | forn>1.
k=1 pHq+ktl=n—1

Remark 2.1.27. Lemma 2.1.25 ensures that except for a finite number of
p € [—po, po), I(e, p) is exponentially small but does not vanish. Moreover,
Lemma 2.1.26 ensures that A(p) > 0 for p €] — po,0[. Thus, the front of our
second toy model for p = 0 does not persists for p # 0 except perhaps for a
finite number of p in ]0, po]. It develops exponentially small oscillations for
t — —o0. )

For a more general system, the existence of a solution for the inner system
in ﬁ?° can be obtained using the Contraction Mapping Theorem as for
Lemma 2.1.25. However, in general, an explicit expression of this solution
(like the one obtained in Lemma 2.1.26) cannot be obtained.

Remark 2.1.28. For p and € small, (2.22) and (2.24) ensure that
I« 1
I(e,p) = pe~ 2 (27rw + O+ 9 (e ))

So (2.22) generalizes the result obtained with the second exponential Lemma.
(see (2.5) obtained in Example 2.1.15 ).

Observe that for p and ¢ small the equivalent of I(e, p) is given by the Mel-
nikov function M, (g} defined in (2.4). However for p of order 1, the equivalent
of I(g, p) has the same exponential degeneracy as the Melnikov function, but
the numerical coefficients in front of the exponential are different:

_nw - _Tw
I(e, p) P Ap)e™ 2, M.(e) 0P 2mwe” 2%,

and A(p) = 3 App™ with 4y = 27w,

n>0
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Remark 2.1.29. One could address a more general question : Compute an
equivalent for € small of the oscillatory integral

In(e,p) = p€/+°° elwi/e (1 - (ﬁfn)z) dt

—0

where By, is the solution of

d
E’?—=1—ﬂ2+p€m(1—,@2)ﬂ2

which vanishes for t = 0. Question 2.1.7 corresponds to m = 2.

m>2 This case can be seen as a particular case of the case m = 2,
by setting p' = pe™2: I,,.(¢,p) = I(e, pe™=2) /e™=2. Since for
any p fixed in [—po, po], o’ still belongs to [—po, po], the previous
result still holds and

In(e:p) = pe” % (4(pe™2) + O (e})

= _75_“’ m—2 3

pe” 2 (27rw + 590(5 )+ 590(84 ))

Hence, for m > 2, the equivalent of I, (e, p) is given by the Mel-
nikov function.

m =2 It corresponds to the limit case : for p small the equivalent of
I(e, p) is given by the Melnikov function M. (e) whereas for p of
order 1, I(e, p) has the same exponential degeneracy as M, (¢), but
the numerical coefficients in front of the exponential are different.

0 <m <2 This case can also be seen as a particular case of the case m — 2,
by setting p’ = p/e2~™. However, for a fixed p € [—po,pa), pf —
+00 for € — 0. So in this case, the equivalent of I (e, p) cannot be
deduced from the result obtained for m = 2.

For m > 2, and for any 3 € EI%’?J,
L- 8% pe™(1-H)*6" € ESS;
whereas for m < 2,
1-p8%¢ E%’?‘; and  pe™(1 - B)26% ¢ E%—ysm,o'

Hence, for m < 2 the unperturbed system is no longer the relevant
part for the computation of I(e, p) and the Melnikov function is
no longer relevant too.

The resonances studied in this book (0%iw, (iwo)%iw:) lead to perturbed
systems (Normal form +higher order terms) analogous to the limit case m =
2.
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Proof of Lemma 2.1.25.
(a) is left to the reader, and (c) directly follows from (b). Indeed, denote
by
fi=(1-(89) =1- (8" - 28"y - ().

Then, \
- 2
1— (8*(€))” = cosh™(¢) € E3%(2,2, 3, 3)

and ) \ -~

B (1-(8Y)7) = -1/22 = ~(@)>
Moreover, ) e .

—218}1'7* - (’Y*) € E—%’-,&; (2!27 27 Z)
and

B (-28% - (")) = —2B6% — (3%)°
where i := P (8") and 3% := Pit (v*). Thus, f belongs to E;‘;l"\(Z, 2,4, 4y
and B (f) = —(B + 7%)2 = —(Bg)* Then, Lemma 2.1.21 gives (2.22) and

(2.23). The analyticity of p — A(p) comes from the analyticity of B{; with
respect to p.

There remains (b). We follow the strategy proposed in subsection 2.1.4.

Step 1. Continuation far away from singularities We look for a holo-
morphic continuation of §* in Dz . (see Fig. 2.7) in the form §*(§,¢) =
B (€,€) +*(&,€). To work with a domain which contains each interval [0, £]
for every £ in it, we enlarge a little bit Dz .. to obtain D% D Dz e
(see Fig. 2.12 and observe that for £ € 'DZ\'
0<e<).

777‘15

[€ + iz = z=1." holds for

Z, e 27
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We look for "y*( -,€) in the Banach space,

'Hgv\(r) ={f: D*%’T’E — C, holomorphic in D%.r,e’ |f|H2_,\(T) < +o0}
2
it £y = w1700 (e + % 0@+ (1-x, @)
Zore ,
and X €]0,2].

Once more, notice that v* is the unique holomorphic function defined in
a neighborhood of 0 which satisfies v* = F (v*) where

F(y)(€) = cosh™2(¢) /[0  coh(©) GO0 it

with G(7) =~ + pe? (1= (B* +)%) (8" + )"

For every v € H2*(r), F(v) is clearly holomorphic in D*=z .. Rewriting
F(v) as

Fo© =eosh) ([ 4 / cosh®(¢) G(Y(C)) dc,
[0,Re(&)] [Re(£).£]

one can check that there exists M, such that for every r € [0,1], € €]0,1],
p € [=po, po) and every v, € H2*(r), satisfying 17|H2'*(r) <1, [ <

2 (r)
1, F satisfies

er €

|’7|2 2,7 |'7| 2,2 :
F gy < Mows | 2220 4 caor (1 " Lﬂ)

|F(v) = F(Y)

I'YIHz,,\(T) + 17

S Mout

3
2, I’Y| 2,A
HM(r) _I_EQ—'r <1 + 7:; ("')) I,.y _ "}’/|

HIM ()

er H2 A (r)
These estimates ensure that for any r € [0,1], there exists e1(ry > 0
such that for every e €]0,e1(r)] and every p € [—po, po], F is a contrac-
tion mapping from BHZ*(r)[2M,ui%7"] to itself where BH2Xr)[d) = {f €
H2A(r)/ Ile“(r) < d}. We can then conclude

Result of step 1. For any r € [0,1], there ezists e1(r) > 0 such that for

every e €]0,e1(r)] and every p € [—po, po), B* has a holomorphic continuation
N Dz e D Dz re of the form

B*=p"+ where v* € H?:’A(T)a and I’Y*|’H2"\(r) < 2Moue® .

In what follows, we will use this result with r = %
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Corollary of step 1.There ezisis &3 = 61(%) > 0 such that for every e €
10, 2] and every p € [—po, po], B* has a holomorphic continuation in D%, , . D

212>
D= 1 . of the form

€

< OMyue?.

B* =B+ where v* € ’Hg’A(%), and |’y*|H2,A(%) <

Step 2. Continuation near i7. This second step is devoted to the de-
scription of §* near iZ. For that purpose, following the strategy described in

section 2.1.4, we introduce the inner system of coordinates (E, 2) defined by
1~ T
ﬁ—g,@, 5—1—2—+5z.
In this system of coordinates, (2.1) reads
B o
E;zF( ’p,g) = FO(ﬁ)p)+F1(IB)p7E) (226)
with
ﬁo(rg’ p) = ﬁ(ﬁ’ P 0) = _B2 - p:g4> and F\l(ﬁ7 P» 5) = 62 + ,052,52 (227)

We define the inner equation by

B 4~ N

= = Fo(B.p) = ~F* - oB*. (2.28)

Then, we proceed in two sub steps:

— In step 2.1, we build a solution Eo of the inner equation which belongs to
H} for § sufficiently large. [, is our candidate to be the principal part of
B*. N N :

—1In step 2.2, we prove that §* admits in Zj ;. :=] — e7¥/%,e71/2x
] —&~/2, —6] a holomorphic continuation which reads

B*(z, DE) = Eo(z, o)+ E%E{(z,p, €) where E{ € ﬁ?% (2.29)

for sufficiently large § and small . This later formula confirms that Eo =
Pr(B8*) holds.

Step 2.1. Inner equation. The inner equation (2.21) admits for p = 0, a
solution B = 1/z which is the principal part of 8"(¢) = tanh§, i.e. Pp(8") =
Bt = 1/z. Thus we look for a solution of the inner equation of the form

Bo(z, p) = B (2) +Fo(z, p).

Moreover, we want to prove that ¥ is holomorphic with réspect to p.

Hence, in this substep we work with p € D(0,00) = {p € C/ |p| < po} and
we look for Fp in the Banach space HZ of functions 7 satisfying :
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(a) ¥: 825 x D(0, py) — C,

(b) ¥ is continuous in {25 x D(0, Po),

(c) For every p € D(0, po), 2 = (2, p) is holomorphic in 25,
(d) For every z € £25, p + (z, p) is holomorphic in D(0, po),

~ ~ 1 ~
©) Algy = s (sPAEA)+ = swp (ldf(p)]) < +oo,
£25x D(0,p0) 4 2} x D(0,p0)

where ﬁ;’ = Rx] — 00, ~4[ and ﬁ;’ := [0, +00[x] — 00, —4.

Using the variation of constant formula to turn the equation satisfied by o
into an integral form,

dy ~ ~ ~
=, + 2807 = -7 — p(Bs +7)*
we obtain : if ¥y = .7/-:0(%) where
~ 1 [T -
P = [t (PaoB D) a2

then Bg := Eg + o 15 a solution of the inner equation (2.21 ).

The theorems of continuity and differentiability under the symbol [ de-
rived from Lebesgue’s dominated convergence theorem ensure that for every
4 € H? satisfying lfy\[ﬁz <1, Fo(¥) is continuous in 25 x D(0, po) and holo-

)

morphic with respect to z (resp. p) in {25 (resp. in D(0, po)). The estimates
212
|7|ﬁ§ +1

P, < Mo |

Fo@) - Fo (@)

772

~ P~
o (Ivlggﬂvlﬁgﬂ
m
3

5 ) ':Y\ - :Y\Ilﬁg

which hold for every § > 1, p € D(0, po) and for every 5,7 € 7"2? satisfying
Wlﬁg <L ¥ Iﬁg < 1, ensure that for § sufficiently large, Fy is a contraction
mapping from BH2(2M;,/6) to itself where BH2(d)= {5 € H2/ Al < d}.
We can then conclude !

Result of Step 2.1.There ezists 0o, such that for every p € D(0, po) and
every § > &y, the inner equation (2.21) admits a solution

EO(ZaP) = Bg(z) + :Y\O(‘Z": P)

where Jp € H2 and
Molizs < 2Min /6. (2.31)
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Step 2.2. Matching of holomorphic continuations. From now on, p is
no longer complex and lies in [—po, po]. As already explained this step is
devoted to the proof of (2. 29) It is equivalent to prove that ﬁ*( ) admits a
holomorphic continuation in 25’ 1, Which reads

B*(z,p,€) = Bo(z,p) + Bi(z, p, )
where B, is holomorphic in 2'5’ 1, and satisfies

sup  (|2%1B(z€)l) < Met, (2.32)
1626'%’2

The construction of such a continuation is done using the method of
continuation along horizontal lines described in Appendix 2.A. Hence, we
must check that Assumptions 2.A.1, 2.A.2, 2.A.3 are fulfilled: we study the
complex differential equation (2.26) which has the form

A8 = ~
L =FRB o)+ Fi(Bp.e)

with Fp, Fy given by (2.27) and where 2 lies in Rx]—e~%, -] (see Fig. 2.13).

I
i
1

outer coordinates inner coordinates

Fig. 2.13. Continuation to s, 1 along horizontal lines

»€

As. 2.A.1 Step 2.1 ensures the existence of a solution 3, of the inner equation

which is holomorphic in ﬁ,s O Rx] - a_%,—é[.
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As. 2.A.2 Step 1 ensures the existence of a holomorphic continuation of g*
in Dy 1 .. This continuation has been obtained in the form §* =
,Bh—{-'y*{ Rewriting this result in the inner system of coordinates, we

can state: the full equation (2.26) admits a holomorphic solution
B =PFo+ B
1’5% 3e D)iem %, 400[x] — £7%, —§[ where
/B\l zﬁh +?* _B()a
with B%(z) = efh(i + ez) and 3*(z) = ev*(i% + £z). Thus, As-
sumption 2.A.2 is fulfilled too.

As. 2.A.3 Following Appendix 2.A, we introduce the equation along horizon-
tal lines

%5 _ FulButr +in) + Br,m) - Falfatr +im)
+F (,50(7' + in)» + B(r, ).

,51 is seen as a function from R? to C and is characterized by the
fact that it is the unique solution of (2.33) which is equal to

Aln) := e +in) + 5% (et +in) ~ Bo(e™% +in)  (2.34)

for 7 = &7 2. If we prove that ,El has an interval of life which con-
tains | —&~ 7,7 2] for every n €] -~ 2 , —6[, then Assumption 2.A.3
is fulfilled and Lemma 2.A.5 ensures that ,30 + ,31 is a holomorphic
continuation of ﬁ* in 25, 1

(2.33)

n|..- R

To obtain such an estimate on the interval of life of 3;, we rewrite (2.33) as
an integral equation and we solve it using the Contrag:tionlMapping Theorem
in an appropriate space of functions defined on | —e~ 2, £~ 2] satisfying (2.32):
we choose the Banach space C‘?,E of functions g

Ci.=1{8:]- €7%,67%]x] —e~%, -6} — C, continuous ,
|Blez = sup(|B(r, )} I +in]?) < +oo}

The equation along horizontal lines (2.33) can be rewritten as

'B = @0(5(77 77)77—7 77) + Ql (E(ﬂ 7’)7T1 77)

QJ]QJ
\]

where

Qo(B, 1) = —27%B + B% — p <(Bg+%+f3\>4 - (Eg+ﬁo>4> ,
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and )
Ql(ﬂ)TuT}) = 62 +p62 (IB\(I)L +§0 +B)

Uniqueness of the Cauchy problem and the variation of constants formula
ensure that ﬂl is the unique c?ntmuous function of 7 with parameter 7 defined
in a neighborhood of 7 = £~ % which satisfies ﬁl .7-'1 (ﬂl) where

e 3
Alw) (=7 +in) - [

o (s +in)? (Qo + Ql) (E(s,n),s,n) ds
Fi(B) () = = 1)’

Rewriting |A(n)| as
A — Bh _Bh % = -1 fo.
(m) = (B" =65 +7 +70 ) (672 +in);
observing that
sup (|a2(8" - B})(2)) < Met, (2.35)
26,%,5
and using the estimates obtained at Step 1 and 2.1

S~ 2Mi1 ~% 2 .
o (e ) < 278 sw (@ + ) < 2bonet
e €

2§ xD(0,p0

IRe©)]<1
we get
A1) (e‘% + in)2
(r+ i17)2

2
c&,r:

Finally, the estimates
BB, < Mias ([3@2 T+ Bl + e%>
Cg,s 8¢ b,e

|7.B) - 78

~ N N 3\ |~
Cgls < Myt (|,B|C§’e + |'3IIC§.5 +671 + 62) —

Cge
which hold for every ¢ €]0, €2}, 6 € [do, €72, p € [—po, po) and for every 8, B’ €
C?, satisfying |,B|c2 <1, |7 lcz < 1, ensure that for §; = max(4Myas, dg)

and ¢ sufficiently small, .7-'1 is a contraction mapping from BC? 5 E(2M,mat(s4)
to itself where BCZ (d) ={7 ¢ c3 ./ |7|C2 <d}.

So Assumpt1on 2.A3is fulﬁlled ,61 has an interval of life whlch contains
J—&7%,e7%) for every g €] —e~%,—4[. Then, using Lemma 2.A.5 and setting

b =e¢q 51 we can conclude

o
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Result of Step 2.2.There exist §; > §y and €3 €]0,e3}, such that for every
€ [—po, po] and every e €]0,e3], B* admits a holomorphic continuation in
X5, .1, which reads

E*(z,p,e) = BO(Za,D) +€:‘1—,§;(Z,p, E)

where Eo has been obtained at step 2.1 and E’f satisfies

sup (121185 (2, ,)|) < 2Mumar-
=€)0,ea].lpl<po
ZEX 61, % "
Step 3. Continuation near —iZ: symmetrization. Using the argument
of symmetry with respect to the real axis given at Step 3 of subsection 2.1.4
(B* is real valued on the real axis), we can finally conclude

Result of Step 3. There exist 6; > 1 and €3 > 0, such that for every p €
[—po, po] and every € €]0,e3], B*(-,&,p) admits a holomorphic continuation
n

D, := D_;;‘%’E U 261,—;-,5 U 251,%’5.
This continuation is still denoted by B* and it satisfies:

(a) B*(&) = B*(€) for every £ € D..
(b) In ’DE’_ e B* reads f* = P + v* and

X (€)+(1-x (5))@'7‘8(5)')} < +00

Ees]glza] [I'Y*(&E)I (|§2 + o

€D
¢ '2’75

() In s, 1) e for z € 251,%,51 B* reads

O

F65 +e56,0) = = (Bo() +70(2:0)) + SBi(z,,0)

where B(z) = 1/z € H} , 5o € HE and B} € flgh%
Moreover, B" + Jo 4s solution of the inner system (2.21).
Hence, 8* belongs to € Eloé (1, 1,2 5 4)

Finally, since g" € ;,L?&]( ,1,3, 1), (b),(c) ensure that

W*Zﬂ*—ﬁh ""61(1 17%>%)
Remark. (b) comes from the corollary of step 1 observing that ,

€+ 5| = le -5 le+i5| 2 § 4} foreeDyy. O
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Proof of Lemma 2.1.26 N
Lemma 2.1.25 ensure that p — f(z, p) is holomorphic in D(0,2). Using
the Cauchy integral formula and (2.31) we obtain that

BS(Z,,D) = Z pnﬁa,n(z)i for z € ‘6517 pe D(O,po)

n>0

where 5 ,, is holomorphic in 25,

~ =~ 1 27 2M;, 1
— = - d * < —_— . .
Boo=Bi) =7 and swp (|BPBa(e) < Sp® o (236)
The function 35 = 85 — g = 3 pnﬁa,n satisfies
n>1
Fo = Fo(Fo) (2.37)

where Fy is defined by (2.30). Substituting the power expansion of 7y in
(2.37), and identifying the power of p, we get

~ 1 [t ~ o~ ~
Bon()==— | +0? | D BopBsa+ D BiobBsolsnbss | (z+t)dt
0 pt+g=n p+g+k+l=n—-1
for n > 1. We can then check by induction that for every n > 0,
—~ an
Bon(2) = Py (2.38)

holds where the coefficient a,, are given by (2.25). Finally, using (2.23), (2.38),
and (2.36)

A(p)

—/_Wr]R (ﬁa(z,p))zei‘”dz

: QA,a,
= _/ eiwz E o" Z = :l; ¢;+2 dz
—~in+R n>0 ptq=n % pTq

eiwz
- (2 apaq)/_inm;zrrz dz

n>0 ptg=n

- Pn( 2 apaq)

n>0 p+g=n

2mi(iw)?ntl

X

2.2 Bi-frequency oscillatory integrals: partial complexification of time 63

2.2 Bi-freqﬁency oscillatory integrals: partial
complexification of time

The previous section gives tools for computing upper bounds and equivalents-
of mono-frequency oscillatory integrals like the basic example

+oo iwgt € — 7wy
Jl(e)z[w (S g<m> thZOC(g)e 2

which occurs for instance in the 0%iw resonance.
A second basic example of oscillatory integral which occurs in the (iwp)?iw,
reversible resonance is the following

+O0 eyt € cos{wpt/€)
Ja(€) =/ e e g(W) dt

—00

which leads to compute for p e Z and n € N

OO wnt  ipwot € "
Jpn = / e e e ¢ — dt
. cosh(t)
2me|wy + pwo| _lertpuolr
~ €
e—0 (77, - 1)'

The integral J, is the prototype of oscillatory integral which occurs in a

system where coexist an oscillatory part, induced by a pair of imaginary

eigenvalues of order 1, and a hyperbolic part coming from a set of eigenvalues

+e T iwg. The resonance between the two frequencies modifies the size of the
oscillatory integral. Indeed, for a holomorphic function g, using the residues

we get

OO gt € cos{wot/e) rpoy W
J2(€)—/ e e g(—cosh(t) ) dt_~ C'(ge 2

where w, = miIZ1 |wy — pwo|. The coefficient 7 in the exponential comes from
pE .

the position of the singularity of (cosh¢)~! at if. The methods previously
developed for computing the size of mono-frequency oscillatory integrals are
based on a complexification of time which determines the holomorphic con-
tinuation of solutions and says how this continuation “explodes near singu-
larities”. In the first case, the function Hj : (€,¢€) — &(cosh &)™ is bounded
near the real axis and explodes near its singularity at iZ. In the second case,
Hy : (&,€) — e(coshé)™! cos(woé/e) is no longer bounded near the real
axis, since for every arbitrary small £ > 0, sup |Hz(i¥,¢€)| = +oo because
€€]0,&0)
of the oscillation (cos (ifwp/e) = +oo). We are interested in the explosion

induced by the singularity and not by the one coming from oscillations. To
overcome this difficulty, a partial complexification of time is necessary: a
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function Y (¢, &) with a rapid oscillation, should be seen as a function of two
variables

Y (t) = y(t, wot/e)
where y(£, s) is holomorphic with respect to ¢ € C and 27 periodic with
respect to s. For our example it amounts to write Hy(t,e) = ha(t,wot/e, €)
where hy(€, s,€) = ecos(s)(cosh£)~!. Now the function s is bounded with
respect to (&, s,€) for & near the real axis and it explodes at §=1i%.

In the next subsection, we give three “exponential lemmas” analogous
to the one obtained for computing the size of mono-frequency oscillatory
integrals, which are adapted to bi-frequency oscillatory integrals.

2.2.1 Exponential upper bounds and equivalent

As for mono-frequency oscillatory integrals we begin with a first lemma which
gives rough exponential upper bounds.

Lemma 2.2.1 (First Bi-Frequency Exponential Lemma).
Let wo, w1, €, A be four real positive numbers. Define w, by

= mi — .
Wi =1 El%lwl puo|

Let By be the strip in the complex field: B, ={£ € C/|Im(€)| < £}. Let
°H} be the set of functions f satisfying
() f: BexRx]0,1] —C,
(51375) '_’f(é-asre)
(b) s+ f(&,5,€) is 2m-periodic and of class C' in R,
(c) (&,8) = f(¢,s,¢€) is continuous in By x R,
(d) &= f(&,s,€) is holomorphic in By,

- of @)
© Wlogy 1= o (7€ s0]+ |50 50)]) 7 o) < oo

Then for every f €®H} and € €]0,1),the bi-oscillatory integral

+00 ,
I(f,e) = F(t, 08, &) elent/e gy

-0

satisfies

gy e

II(f,&)‘ < C(‘e7w07w1) 2\ )

Lemma 2.2.1 gives a very efficient way to obtain exponential uppér bounds
because the membership to °H } is stable by addition, multiplication, “com-
position”, which can be summed up » i
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Lemma 2.2.2.

(a) °H} is an algebra.
(b If f e”Hg\ and g s holomorphic in o domain containing the range of
[ and satisfies g(0) = 0, then go f €bH).

Remark 2.2.3. The main difference between mono-and bi-oscillatory in-
tegrals, comes from interaction between the two frequencies in the latter
case. Indeed, the First Mono-Frequency Exponential Lemma 2.1.1 gives up-
per bounds of the form

e 2]
wif
I(f,e) < o7 2

whereas the First Bi-Frequency Exponential Lemma gives upper bounds of
the form

it [l
el <oy o2t Lon

In the latter case, the interaction between the two frequencies changes the
constants in the exponential.

The proof of the First Bi-Frequency Exponential Lemma, 2.2.1 and of the
following ones are delayed until the end of this subsection. The following
lemma. gives sharp exponential upper bounds for bi-oscillatory integrals.

Lemma 2.2.4 (Second Bi-Frequency Exponential Lemma).

Let wy, wy, v, A, o be five real positive numbers. Let § be in [1,+00].
Define w, by
Wy = mip w1 — pwy].

Let bHZ,'g\ be the Banach space of functions f satisfying

(a) f: U Boose xRx {e} —C,

O<e<o/s
(57 s’ 6) = f(E’ S’ 6)
(b) s+ f(¢,5,€) is 2m-periodic and of class C! in R,
(c) (&, s) — f(&,s,€) is continuous in By_se x R,
(d) &€ f(¢,s,¢) is holomorphic in B, _se,
© Wy = 50 [(I7659] + 1 Zie,s.0))

O<e<o/§
(B0l 4 €2, )+ (1= )|
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1 for|Re(§)| <1
(5):{0 for [Re (6)] > 1.

Then there exists C(vy,A,0,6,wp,w1) such that for every f e"HZ:‘;\ and
€ €]0,0/268], the bi-oscillatory integral

+o0
I(f,e) = f(t, ot ¢) &nt/e dt

satisfies
1 —Wx T
LS C g™ [y

Unlike %H, é\, bq Zg\ is not an algebra. However the following lemma. enables
us to use it in nonlinear differential equations.

Lemma 2.2.5.
(a) For every f eb}ﬂﬂ'(s and every g eme; , fg lies in bHZ:? AN
(b) For every f EbH7’5 and every p €]0,7|, P f lies in bHZ;SPv'\

(c) For every f,g ebH""é e7fg lies in bH%

Finally we define appropriate spaces to obtain equivalent of bi-oscillatory
integrals.

Definition 2.2.6. Let y,A > 0,0 >0,6>1,me,m >1,0<r <1
and v > 0. Denote by bEZ”g\ (mg, mq, 7, V) the set of functions f such that

( ) febH0'67
(b) for every e €]0,&0] and every z € Ls 0 1= —e™ 1, e x] —e""1, =4[
f reads
. 1~ e¥ ~
fllo+ez,8,€) = Efg’(z,s) + E—yfl"'(z,s,s)

where ePHM and fi Ebﬁg}l with
bEmo— {f 25 xR — C, where 25 1= Rx] — o0, —4],
(2,8) = F(z,s) continuous in {25 x R

zZ f(z, s) holomorphic in s,

$ f(z, s) 2m-periodic in R,

17].= s (1, 9)llslm™) < +oo}

brpm, —~
H, © (z,8)E825 xR

ng‘;‘: {f U ](Eé,'r',a xR x {5}) -G,

£€]0,e0
(z,8) = f(z,8,€) continuous in Eé,'r‘,e x R,
z v+ f(z,5,€) holomorphic in f‘gmg,

8 f(z, s,€) 2m-periodic in R,

g s ((Fe, s)le™) < +oo)

bﬁz‘: €€)0,e0]
(¢) for every € €]0,&0] and every z € Eams, f reads

(2,8)E S5, xR

. 1~ ¥~
f(—io —ez,8,¢) = E;fo (z,8) + g_wfl (z,8,¢€)

where fo ebﬁ?" and fi ebﬁﬂl

Remark 2.2.7. The two functions ]% and fl are uniquely defined. Indeed,
they are given by

Tz 8) = Eh_x:% " f(x(o + e2), 5,€)
and

& fE(k(io + £2), 5,€) = i (2,9)

E—»O gv

fi(2) = lim

Hence, we can define

Definition 2.2.8.
Denote by Py the operator PF : bE'“ (mo, m1,7,v) — PHM®

Fooo—

Lemma 2.2.9 (Third Bi-Frequency Exponential Lemma).
Letvy>1,621,0,A>0,mg,m; >1,0<r <1, v,w>0.
Let wo, wy be two positive numbers. Define w, by

we = min ju; — puol
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and assume that w, > 0, i.e. %; ¢ N. For 501 € N+ %, this minimum is
reached for a unique value of p denoted by p,. When sl eN+ %, it is
reached for 2 values of p and we denote by p, the smallest one.

Then, for every function f ebE;’";‘ (mo, m1,r,v) the bi-oscillatory integral
=
Ire)= [ enies k)
—o0
satisfies
e—o‘w*/e e
1(5e) = = (4+,9, (<))
where v* := min(v, (1 — r)(mo — 1), (1 = 7)(y — 1)) and A4 is given by
(a) for & ¢ N+ 3,
A= dz ei“"*zi Flz, s)eP*5ds withn > ¢
—in+R 27 -7

where f: ]%" when w; — pywp > 0 and f: f;‘ when wy — pywg < 0;
(b) forwy = (ps + 3)wo,

™

| — . - .
= d iwyz + ipes ~(z, i(p.+1)s d
A R z e —27T/-1r (fo (z,8)eP* + fi (z,8)e ) s

with n > 4.

This lemma ensures that the relevant parts of f EbEZ,’g\ for computing an
equivalent of the bi-oscillatory integral I(f,¢) are P (f). Moreaver, it gives
a very efficient way to compute equivalents of oscillatory integrals involving
solutions of nonlinear differential equations since the principal part Pr of a
sum (resp. of a product) is the sum (resp. the product) of the principal parts.

Lemma 2.2.10.
(a) "EZ,’;‘ (mg, m1,7,v) is a linear space and
£ b b7
B CEYs (mo,ma,r,v) —CH™

are linear operators.
(b) The two Banach spaces *H}* and bﬁg’;} are algebras.

(c) For every f E”E;’:g\ and every g €3, fg lies in bEZ’-;«/,,\H' and

o8
Pr:?;:;v’.»\w’ (f9) = Pr;;;,’,;\ (f)Pr,:;Z.féx (9)-
(d) For every f GbE;”’;‘ and every p € [0,v|, ePf lies in bEZ;;p"\ and
Bripyr (€F) = Brign (F):
(e) For every f e"EZ;Q and every g ebE;',’g‘, eVfg lies in bE;’y’g\ and

P (e7fg) = B (f)PE(g).

We now prove the three bi-frequences Exponential Lemmas.

Proof of the First Bi-Frequency Exponential Lemma 2.2.1. Let f be
in bHe}‘. The function s — f(¢,s,¢€) is 2m-periodic and of class C1. Hence, it
reads

F(&,5,6) = cpl€,6)e™  with cy(€,¢) = %/W F(€,5,€) €75 ds

PEZ

For computing the bi-oscillatory integral

+oo ]
I(f’ g) = f(t7 %}i’s) glwit/e

— 00
we proceed in several steps.
Step 1. Rewriting of the integral as series. The integral I(f,¢) reads
+o00
159~ [ e

o0

k23
F(t)= lm Fo(t) where Fu(t)= ) cpt,e)eilrmoolt/e,
p=-n
For using the dominated convergence theorem of Lebesgue, we look for g

integrable such that [F,(t)| < g(t) holds for every n and t. Integrating by
parts we get

cp(é ) = % o (€,€) where cplé,e) = %/ g_‘,:(g’s’g) &S s,
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Hence, for every p # 0

e—)‘ltl e>‘|t|

2p2 + Tlc;;(t7 5)12'

lep(t,€)] <
Moreover, R
leo(®)] < 1£ll,,, .
4
Finally, using the Parseval’s formula, we get

F®] <leote)l+ X lep(tse)l,
—n<p<n

p#0

+oo
S 1Fllgyn €™M+ 50 5+ 3 T o (t,e),
: p=1 PEZN{0}

2
%E(t,s,s)‘ ds,

-

+oo kg
- - 1.2 1
= 1fllgy &N+ S 5 4 Jel E/
p=

+o0
- 1,1 2 — ]
= + + 5 e .
<||f||bHE\ pZ—_:l P2 2 ||f”bH2\>
Then, the dominated convergence theorem of Lebesgue ensures,

+00 .
I(fe)=>_ / cp(t, ) ellwrPwol/egy (2.39)

pEZ”

Step 2. Upper bounds of I,(w, ). For w € R, let us define

+o0 .
L(we) = / eplt,€) e ds,

—0oQ

Since § — ¢p(€, €) is holomorphic in B, and since
lep(€,€)] < Hf”"H’\ e—AI’Re(E)|’
£
the First Mono-Frequency Exponential Lemma 2.1.1 ensures

—jwle 2 ”f“bH;\

[Ip(w,e)] < e e o for w e R. (2.40)

Step 3. Upper bounds of I(f,e). Collecting (2.39) and (2.40) we get
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II(f’E)I = Z Ip(wl —pUJ(),E) ’
. PEZL
S 3 el Pl N £l
pEZ £
S 2T flly,n €9 HE T el-lwimpuwoltw,)e/e.
H PEZ
<O fll,., el T ol-lon—punl+w)e
He pEZ
<2x? 1 1lo.0n e~ wil/e Z el(—Iplwotwi+w,)e
H pEL
_ 2e(w1+"‘)t)£ _
<2X ! ”f”"H;\ 1_—6"—“’0@ e w,l/e. O

Proof of the Second Bi-Frequency Exponential Lemma 2.2.4. Let f
be in bH;’)'g\. As for the previous lemma, we proceed in 3 steps for computing
a sharp upper bound of the bi-oscillatory integral I (f,2).

Step 1. Rewriting of the integral as series. Using here again the domi-
nated convergence, we check that

+°° . +00 .
I(f €)= f(t, 48t e) ert/e =3 / cp(t,€) elrPoolt/egy (9 47)
—co pEZ — 00

where
kig

ol6,) i= o 1,6y 67 as.

Step 2. Upper bounds of I(w,€). The function £ — ¢p(€,€) is holomor-
phic in B,_s. and satisfies

. Jlenle, 9] (o +£275,(6) + (1 -, OO | < 5l < +o0
0<e<o/§ i

§€Bs_se

Hence, the proof of the Second Mono-Frequency Exponentisl Lemma 2.1.9
ensures that for every w € R and every ¢ €]0, 0/4],

M(y,») =lelo-se)
AN A T

400 .
Lp(w,e)] = ‘/_oo eoltse) e“"t/edt' < 2

£l (2:42)

where

e~ 1 [~ du
My, \)=25_ 4~ [ 9%
(1)) 3 +07Am ERET

Step 3. Upper bounds of I(f, ). Collecting (2.41) and (2.42) we get that
for every € €]0,0 /2]
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11(f,e)l = |3 Lp(wi —pwo,e)

PEZ

)

1 Zlwi—pwol(c—Je)

S pZG;Z m‘e € M(’Y7 /\) ”f”bH;/.,sA )

1 —wy (g—6€) (=lwi—pwo|+w,) (0 —de)
e € e € s
pEZ

S M(’Y: ’\) “f”me‘;\

er-l1

1 —w,{oc—8¢€)

< M(y,A) ”f””H"g\ E_y_le € > e(—lwl—Pon+w*)a/2’
o, pEZ
1 —wy(g—d¢
< M(v, A L (~Iplwo +wr+w)o /2
< M(v,A) ”-f”bH;y'.;\ E’Y—le € p%:ze )
2e(w1+w*)o/2

<M(v,A) e"wo/¢

1
T & Wl

Proof of the Third Bi-Frequency Exponential Lemma 2.2.9. Let f
be in bEZ,'?' To compute an equivalent of the bi-oscillatory integral I (f,€) we
proceed in four steps.

Step 1 and 2. Rewriting of the integral as series and upper bounds
of I,(w,e). The two first steps are the same as for the previous lemma.
Hence (2.41) and (2.42) still holds for f ebE;’g\.

Step 3. Splitting of the series in two parts (leading one and remain-
der). Upper bound of the remainder. We must distinguish' two cases.
For %"; N+ %, I(f,e) reads

I(f,€) = Ip, (w1 — pewo) + J(f, ) (2.43)

whereas for w; = (p, + %)wo,

i

I(f,€) = Ip. (w1 = petwo) + Lp, 41 (01 — (pe + Do) + J(f6)  (2.44)

where

J(fr€) = Y Ip(wi — puwo)

peET

with J = Z\ {p..} for u g N+% and J = Z\{ps,p, +1} forwy = (Pu+ 3)wo.
Observing that there exists & > 0 such that for everype J !

w1 — pwo| > wy + @

and using the same strategy as in Step 3 of the previous lemma we get

NS M Wl =

gr-1

e—(w.+a)a/e | (2.45)

where
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ze(wl tw.ta)o/2 5
1 _ (weta)
M =My, ) oo © )

Step 4. Computation of the equivalent.
Case 4.1. Z—§ N+ % For wi — pewg > 0,

+o0 )
I, (w1 = puwo) = L, (+w.) = [ cp(t,€) €™ H<dt
o0

whereas for wy — pewp < 0

+oo
Ty = puso) = I (=) = [ epleie) emloan
Moreover, the function (¢,€) — ¢p, (€, €) which reads
co(6re) = g [ 6is,e) o ds
belongs to EZ;‘ (mg, m1,7,v) and
Pi(en) = 5 | B @t ds

Hence the Third Mono-Frequency Exponential Lemma ensures that
e—aw*/a e
Iy, 1 = pa) = o (44 9, (7))
where v* := min(v, (1 — r)(mg — 1), (1 — r)(v — 1)) and where A is given by

A= / dz ei“’*z% F(z,5)eP**ds  withn >4 (2.486)
—in+R L

where f: )/‘;"' when w; — p,wp > 0 and }?= ﬁ)_ when w; — pywy < 0.
Gathering (2.43), (2.45), (2.46), we finally obtain the equivalent of I{f,¢)

T (1 2,(#)

Case 4.2. w1 = (P« + %)wo. Similarly, using (2.43), (2.45) and the First
Mono-Frequency Exponential Lemma, we prove

I(f,e) = e;:iil/e (A+ o (e"'))

e—0

I(f,E) =

where A is given by

n ) N -
A ::/ dz eiw*ZL/ (fd*’(Z, 5)eiP*s + f(]_(z,s)el(p*+1)s> ds
—in+R

2r J_

with n > 6. O
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2.A Appendix. Method of continuation along horizontal
lines

In this appendix, we describe in a general and abstract way the technique of
continuation along horizontal lines, because we need it several times. Knowing
a holomorphic continuation of a solution of a perturbed differential equation
on & domain, this technique enables us to prove the existence of a holomorphic
continuation in a larger domain.

Suppose we study a complex ordinary differential equation of the form

dYy
Where Fy and Fj are analytic functions with respect to (Y,2), and z lies
in ]T', +oo[x]a,b[ where @ < b and T € [~c0, +00[. We make the following
assumptions:

Assumption 2.A.1. There exists a solution z v h(z) of
ay
dz

defined and holomorphic in |T, +oc0[x]a, b|.

FO(Y, Z)

Assumption 2.A.2. There exists a solution of (2.47) Y(z) = h(z) +
v(z), holomorphic in Jto, +oo[x]a, b with tg > T

Let 7*,t; be fixed such that 7* > ¢y > t; 2 T. Our aim is to continue v
in Jt1, +o0[x]a, b].

T

Fig. 2.14. Continuation along horizontal lines
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For that purbose, we define the following one parameter family of ordinary
differential equation along horizontal lines

a—u)_ {

5 Fo(hét + in) + w(t, ), t + in) — Fo(h(t +in),t +in)

+Fy (At +in) + w(t,n),t +in) = g(t,n,w).

(2.48)

Denote by &(t, 7, t;, w;) the flow of this O.D.E: ¢; is the initial time and wy
is the initial value (&(ti,n, ti, w;) = w;). The function g is C* with respect
to (t,n,w). Hence, & is C*® with respect to {(¢,n,t;, w;).

Assumption 2.A.3. Denote by w*(t,n) = &(t,n, 7*,v(r* +in)). For ev-
ery n €la,b], w* is defined in |t1,7*]: the life interval of w* contains at
least |ty, +oo| uniformly with respect to 7. :

Remark 2.A.4. This assumption is usually proved using the Contraction
Mapping Theorem in appropriate sets of functions defined on J¢1, 7*].

Lemma 2.A.5. Under Assumptions 2.A.1, 2.A.2, 2.A.3, w* satisfies

(a) w* is defined in |t1, +oo[x]a,b] and w*(¢,n) = v(t +in) fort > to,
and n €la,b|, '

(b) w* is holomorphic in Jt1, 7*[x]a, b[.

(¢) Y = h+w* is solution of (2.47) in |t1, +oo[Xx]a, b[.

Proof. (a): By definition w*(7*,n) = &(r*,n, 7%, v(7* + in)) = v(T* + in).
Moreover, Assumption 2.A.2 ensures that t — v(t + in) is solution of (2.48).
Thus, t — w(t,n) and t — v(t + in) are two solutions of the same O.D.E.
which are equal for ¢ = 7*. Hence, w*(¢,n) = v(t + in) for t > to, which
ensures that w* is holomorphic in Jtg, +00[X]a, b].
(b): The flow & is of class C*°. Thus w* has the same regularity and for
proving that w* is holomorphic it is sufficient to prove that w* satisfies the
Cauchy-Riemann equation

ow*  .ow*

o et

We have already proved that w*(¢,7n) = v(t+in) for t > to. By Assumption

2.A.2, v is holomorphic and thus

ow*
on

* _,8’(1)* *
(") =1 5 (m*,m).

Moreover we have,
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6 %*
it(t, n) = Fo(h(t +in) +w*(t,m),t + in) — Fy (h(t + in), ¢ + in)

+Fy (h(t + in) + w*(t,n), ¢ +in),
H2uw*

. .\ .dh . Sw*
W(t’ n) = Dy Fo(h(t +in) + w(t,n),t + m)-[l;(t +in) + —%(t,n)]

OF,
+ia—z°(h(t +1in) +w(t, n),t + in)

dh
—iDy Fo (h(t + in),t + in).a—z—(t +in)

dh ow*
+Dy Fi ((t + im) +w(t, )t +in) i (¢ + i) + —%(t, ]
+i%% (At +in) + w(t,m), t +in)
ow*
=G ta s D
(t,n an )

2w , . AR, ow*
—(;atT(t,T]) = DyFo (h(t + l'f]) +w (t,'r]),t + ln)[a(t + 17]) + W(t,’f})]

+%I:9(h(t +in) +w(t,n),t + in)
d
—DFy(h(t + in),t + in).d—}:(t +in)
dh Sw*
+DFy (A(t + in) + w*(t, ), ¢ + in) [ (¢ +im) + 6—“;(7:, ]

OF,
+a—zl(h(t +1in) +w(t,n), ¢ + in).

02w LOw* . . Ow
Hence, 1—at7(t,n) = G’(t,n,l—at—). For 7 fixed in Ja,b[, ¢t w'i e

*
and

ti—

(,;':7 are solutions of the same O.D.E. and are equal for t = 7*. Therefore,

ow*  dw* .
o = s for n €la, b], t €T, 7.

So, w* is holomorphic.

(c): (b) ensures that w* is holomorphic and since w* is solution of (2.48) we
have

dw* Ly Ow* . . dh
E(H””?)—- En (t+177)—(F0+F1)(h+v)(t+177)—EZ'(H'”?)- o

Part 11

Toolbox for reversible systems studied near
resonances



3. Resonances of reversible vector fields

3.1 Definitions and basic properties

We denote by M, (R) the set of n xn real matrices and by GL,,(R) the subset
of the invertible ones.

3.1.1 Reversible vector fields

Definition 3.1.1. Let V : U— R™ : u — V(u) be a vector field in R™
defined in an open set U of R™. The vector field is said to be reversible
when there exists a symmetry S € GL,(R), S? = 1d, which satisfies

SV(u) = -V (Su) for every u € Y.

Lemma 3.1.2 (Pair of solutions and reversible solutions).
Let V' be a smooth reversible vector field in R™.
(a) If u(t) is a solution of
du
Z =V 3.1
=V, (31)
then Su(—t) is also solution of (3.1).
(b) A solution u of (3.1) is said to be reversible when it satisfies one of
the three following properties which are equivalent

u(t) = Su(—t) holds for every t € R, (3.2)
there exists t* € R such that w(t*) = Su(—t*) holds, (3.3)
u(0) = Su(0). (3.4)

Proof. (a) follows directly from Definition 3.1.1 and (b) from uniqueness of
the solution of the Cauchy problem. O

Remark 3.1.3. This lemma ensures that solutions of (3.1) are given by pairs
except for the particular ones which are reversible (the two solutions coincide
in this case).

Remark 3.1.4. Observe that knowing the behavior of a reversible solution
at +oo, (3.2) gives its behavior at —oo. It happens to be very useful when
studying reversible homoclinic connections. Since $? = Id, it is diagonalizable
and its eigenvalues are 1 and ~1. So, in an appropriate system of coordinates
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(obtained by a linear transformation), a reversible solution is a solution which
has even or odd components depending on the eigenvalues of S.

Lemma 3.1.5 (Reversible fixed points).
Let V' be a smooth, reversible vector fields in R™. Denote by ug a reversible
fized point of V' : uy satisfies V(uo) =0 and Sugp = ug.

(a) Denote by L := D,V (ug). Then LS = —SL holds.

(b) If o is an eigenvalue of L, then —o and & are also eigenvalues of L.
Moreover, the eigenspace and generalized eigenspace belonging to —o
(resp. to T) are the images of the spaces belonging to o by S (resp. by
u— ). Hence, three cases may occur
(1) o€ C\(RUIR) belongs to the spectrum, of L. Then ~0, 7, -7

are three other eigenvalues of L with the same geometrical and
algebraic multiplicity.

(i) o is a non zero, real or purely imaginary eigenvalue of L. Then,
—0 is an eigenvalue of L with the same geometrical and algebraic
multiplicity.

(1) 0 is an eigenvalue of L.

(c) Denote by Wy(ug) (resp. W, (uo)) the stable (resp. unstable) manifold
of ug. Then, Wy(up) = SW(u).

(d) There ezists a reversible orbit homoclinic to uwy if and only if
(We(uo) \ {uo}) NE+ # 0 where B+ is the symmetry space Et =
{v €R*/ Su = u}.

Remark 3.1.6. For the definition and existence of stable or unstable man-
ifold of a fixed point (non necessarily hyperbolic) see for example [GH83],
[Wi90] or [Ke67] and for details see [HPS77).

Remark 3.1.7. Property (d) happens to be very useful when studying re-
versible homoclinic connections. Indeed, the study of homoclinic connections
requires in general the computation of the intersection of the two manifolds
Ws and W,,. For reversible homoclinic connections it is sufficient to study the
intersection of the stable manifold W, with the fixed, explicitly kﬁown linear
symmetry space E7T. ;

Proof. (a): (a) directly follows from Definition 3.1.1 by diﬁerentiating.

(b): Property (a) (resp. The fact that L is a real matrix) ensures that if v
belongs to ker((L — ¢1d)?) then Sv e ker((L + 01d)?) (resp. Sv € ker((L —
&1d)7). (b) follows.

(¢): (c) comes from the property (a) of Lemma 3.1.2.

(d): If there exists a reversible homoclinic connection h to ug, then A(0) be-
longs to (Wi (uo)\ {uo}) NE* which is consequently not empty. Relciprocally,
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assume that (Ws(uo) \ {uo}) N E* # 0. Choose vp € (Ws(uo) \ {uo}) N B+

and denote by v the solution of (3.1) such that v(0) = vo. Since v € Wi (uo),

v satisfies lim wv(t) = uwg. Moreover, since vy belongs to E+, Lemma 3.1.2-
t—+o00

(b) ensures that v is reversible, i.e. Sv(t) = v(—t) for every t € R. Her'lce,
lim v(t) = lim v(—t) = lim Sv(t) = Sup = ug, since ug is a reversible
t——co t——+o00 t—+oo

fixed point. So, v is a reversible homoclinic connection to ug. O

Lemma 3.1.8 (reversible periodic orbits).

(8) Let u be a solution of (3.1). Then, there exist ¢ € R such that t —
u(t + @) is o reversible periodic function if and only if there ezists
to,t1 € R, to # t1, such that u(ty) and u(ty) belongs to Et where E+
is the symmetry space E* := {u € R*/ Su = u}.

(b) Letu be a reversible periodic solution of (3.1). Denote by Wy(u) (resp.
Wy(u)) the stable (resp. unstable) manifold of u. Then, Wy(u) =
SWy(u).

(c) Letwu be a reversible periodic solution of (3.1). There exists a reversible
orbit homoclinic to u if and only if (Ws(u) \ {u(t)/t € R}) nE* # 0.

Remark 3.1.9. Property (a) gives a simple geometric characterization for
periodic orbits. As for fixed point, Property (c) gives a simple way to study
the existence of reversible homoclinic connections to periodic orbits.

Proof. (a): Ift ~— u(t+¢) is a reversible T-periodic solution, then u(p) and
u(p+T/2) belong to E*. Indeed, define %(t) := u(t+¢). Lemma 3.1.2 ensures
that u(y) = u(0) = Su(0) = S(u(p)) and that u(p + T/2) = u(T/2) =
u(T/2 = T) =u(-T/2) = S(u(T/2)) = S(u(y + T/2)).

Reciprocally, assume that u is a solution of (3.1) such that u(tp), u(t;) €
E* for t; > to. Define T := 2(t; — tp), ¢ := to and (t) := u(t + o). Since
u(to) € ET, 4(0) = S%(0) and thus 4 is reversible. Hence,

u(=T/2) = 5(u(T/2)) = Su(t:) = u(t1) = UT/2)
since u is reversible and since u{t;) belongs to E+. This last formula and the
uniqueness to Cauchy problem ensures that % is T-periodic.
(b): (b) follows directly from the property (a) of Lemma 3.1.2. Indeed, if h
is solution of (3.1) and satisfies tETw(h(t) —u(t+ ¢)) = 0 then t — h(t) :=
S(h(—t)) is also solution of (3.1) and satisfies t_lir_noo(ﬁ(t) —ut—p)) =0.

(c): If there exists a reversible homoclinic connection & to u, then h(0) belongs

to (Ws(u) \ {u(t)/t € R}) N E+ which is consequently not empty.
Conversely, assume that (Ws(u) \ {u(t)/t € R}) N E* # (. Choose v €

(Ws(u) \ {u(t)/t € R}) N E* and denote by v the solution of (3.1) such that
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v(0) = vq. Since vy € Ws(u), v satisfies . hT (v(t) —u(t+¢)) = 0. Moreover,
— 100

since vy belongs to Et, Lemma 3.1.2-(b) ensures that v is reversible, i.e.
Sv(t) = v(—t) for every t € R. Hence, ,Jim (v(t) ~u(t—p)) = , lir_‘p (v(-t) -

u(—t — @) = t_lgrnooS(v(t) — u(t + ¢)) = 0, since u is a reversible periodic

orbit. So, v is a reversible homoclinic connection to . O

3.1.2 Linear classification and nomenclature of reversible fixed
points

One aim of this work is to study the dynamics of

du

dt
for vector fields V(u) reversible with respect to some symmetry S near a
reversible fixed point ug when the spectrum of the differential L = D,V (uq)
at the fixed point has purely imaginary eigenvalues (non hyperbolic fixed
point). For simplicity we place the fixed point at the origin (ug = 0). We are
specially interested in the existence of periodic orbits and homoclinic connec-
tions near the origin. So we are only interested in the dynamics of V up to
a linear change of coordinates, and more generally up to a change of coordi-
nates of the form u = ®(u;) with $(0) = 0 where & is a diffeomorphism near
the origin. So a very first step is to perform a linear change of coordinates,
u = P(u;) with P € GL(R") to obtain an equivalent equation

V(w) ueRY,

d

% = Vl('u,l) u € RN,
where S; = P~'SP and Ly = P~'LP = D,,V;(0) are simultaneously as
simple as possible. Observe that Vi (u;) = P~V (Pu;) and L; are reversible
with respect to the symmetry S;.

Theorem 3.1.10 below gives the classification of the reversible pairs of
N x N matrices, i.e. {(L,5) € (M(RN))?/S? = 1d, LS = —SL} with
respect to the equivalence relation ~ defined by the simultaneous conjugacy,
ie.

(L,8) ~(L1,51) &5 3P € GL(RY), Ly = P"'LP and S, = P~1SP.
Moreover it gives for each equivalence class a representative (L, S) where L
is a Jordan normal matrix and S is the direct sum of blocks of the form I,,
—1I,, and

( % 'g ) where S is a diagonal matrix .
In other words, this theorem says that it is always possible to perform a
linear change of coordinates to obtain an equivalent equation governed by
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a reversible vector field Vi such that (L;,51) is one of the previous repre-
sentatives. Then we introduce in Remark 3.1.12, a notation inspired by the
notation of J ordah matrices used by V. Arnold in [Ar83] to name each classes.

To state the theorem we introduce the following convenient notation to
describe matrices which are blockdiagonal and antiblockdiagonal:

—forakxk maﬁrix M and a p x p matrix N we denote by M [N] N (resp.
by M [/]N) the blockdiagonal matrix (resp. the antiblockdiagonal matrix)

MEN:(A(;I ;3,) M[ZN=<]\OJ 1:)

— for k; x k; matrices M; we denote by M; (resp. by
— ;

D
Mj) the block-
Jj=1

diagonal matrix (resp. the antiblockdiagonal matrix)
My 0 0

p » 0 0 M,
NM = ¢ . M= o . o0
j=1 0 0 Mp j=1 Ml 0 0

For a real matrix L, denote by . its minima} polynomial. It has the form

Lt R
pr(X) = H(X EPPLICY H((X — o)X - _j))m(o'j).
j=1 j=1
where ); € R and.o; € C\ R. Denote by Jor(L) its real Jordan normal form
which reads

P_m(A;) ne();) R m(oj) ne(o;)
Jor(Z) =[] N Te(h) RN N N o)
i=1 k= = j=1 k=1 £=1

where ng(€) is the number of Jordan blocks of size k corresponding to the
eigenvalue £ and where Ji.()\) is the k x k matrix '

A1 00
0. .0

=10 o) (3.5)
0 0 0 X

and Ji(z + iy) is the 2k x 2k matrix

G (é_ ) oo

0 0
Te(z +iy) =
0 0 (3 (1))
0 0 0 (m _y>
y x
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Theorem 3.1.10 (Classification of real reversible matrices).

(a) Let (L,S) be two N x N matrices such that S is a symmetry S%2 =1d
and SL = —LS holds. Then the minimal polynomial of L reads

P Q R
ur(X)=X" [ (X=X [ (X2 )] (X2 -o3) (X2 -55) ™)

j=1 j=1 j=1

where Aj,w; > 0 and o; € C with Re (o) ,Im (0;) > 0. The numbers
m, P, Q, R may be equal to 0. So the normal Jordan form of L reads

m 1 (0) P m(X;) ng(A;)
Jor(L) =\] (|§1 Jk(O)) NN ﬁ (T(05) N Ik (=9))

k=1 = J=1 k=1 (¢=1
m(iw;) 'n;,(iw,-)A R_m(g;) ne(o;) ~ A
N& N Nt NN N (Jk(Uj)NJk(—Uj))
j=1 k=1 =1 =1 k=1 =1
)
P
N
7

ke
£ .
(b) (L,8) ~ (Jor(L),Sor(L,S)) where Sor(L,S) is the matriz

m_ [(pe(L,S) ax(L,S) mA;) ne(As)
Sor(L, S) =N ( Sy L (“Sk)> N N L zEJ (Sk [ A 5x)
=1 =1 = =

k=1 =1
miw;) ny(iw;) - R_m(g;) ni(oj) _ _
SINENENERNINEN IR ZER
=1 k=1 f=1 =l k=1 £=1
where Sy, (resp. S, Si) is the k x k (resp. 2k x 2k) diagonal matriz
given by 1 1
Sp = diag(l,-1,1,-1,--), S =NJ(-1)/Ss, Bk = NJ(-1)L, (3.6)
=0 j=0

j
with pr(L, S) and qi(L,S) are given by inverse induction

pn(L, S) = dim (ker(L) N im(LV¥~1) N ker(S — Id)),
gn(L, S) = dim(ker(L) Nim(LV¥-1) Nker(S + 1d)),
where im(L) is the image (or the range) of L and
N |
pi(L, S) = dim(ker(L) Nim(L*~1) Nker(S — Id)) - ¥ ip(L,S),
i=k+1

gr(L, S) = dim(ker(L) Nim(L*~1) N ker(S + Id)) - % q:(L, S).
i=k+1

(c) So, (L,8) ~ (L1,51) if and only if Jor(L) = Jor(L;) and |
(pk(S’L)’Qk(S1L)) = (pk(SI)L1)7qk(SlyL1))1 fOT 1 TIS k < N.

3.1 Definitions and basic properties 85

The proof of this theorem is given in appendix 3.A

Remark 3.1.11. This theorem ensures that for reversible matrices L, Ly e
GL(R™) (i.e. invertible), (L,S) ~ (L1,S;) holds if and only if Jor(L) =
Jor(L1). In other words, for the reversible matrices which have the same
invertible Jordan normal form there is only one possible symmetry up to
simultaneous conjugacy. In this case, the theorem gives for each Jordan block
the corresponding symmetry.

However, for the reversible matrices which have the same non invertible
Jordan normal form, there are several possible symmetries which leads to
different equivalence classes for the simultaneous conjugacy. Each class is
characterized by a non invertible Jordan normal form and by a sequence of
positive integers (px,gx) with 1 < k < N which satisfy py + g5 = nx(0)
where ng(0) is the number of 0-Jordan block of size k in the Jordan normal
form: for a class characterized by (pk,qx), the symmetry corresponding to

ng (0
the direct sum of n;(0) 0-Jordan blocks of size k, i.e. [i]) J (0}, is given by
o o =1
(N Sk) N (N(—sk)) :

=1 é=1

Remark 3.1.12. Nomenclature of classes of reversible pairs up to
simultaneous conjugacy. For denoting each class, we must introduce a
name which describes the Jordan normal matrix and the sequence Pk, qr),
i.e. the structure of the symmetry corresponding to the 0-Jordan blocks. For
denoting Jordan normal matrices we can use the nomenclature introduced .
by V. Arnold in [Ar83]: A Jordan block Ji(\) corresponding to a real eigen-
value is denoted by A\* and a Jordan block j;c(or) corresponding to a pair
of complex conjugate eigenvalues (0,7) is denoted by o*z*. Then a gen-
eral Jordan normal matrix is denoted by the formal product of the name of
its Jordan blocks. Hence, AgAgA30%5? represents the Jordan normal matrix
J1(0) NI V1 (20) N J3(A1) N J2(0).

For reversible Jordan normal matrices, we know that if A € RUIR \ {0}
is an eigenvalue, then —A is also an eigenvalue with the same Jordan blocks.
So we can omit the product of the name of the blocks corresponding to —A\.
Similarly, we simply write o* instead of o¥5*(~a*)(~5*). So in what follows,
AA?g3 represents the reversible Jordan normal matrix

T N0 N () N 2 (A [N T(0) [N Ta(—o).

To obtain an abbreviated name, instead of writing AAAZA2, we write
3.2(2.0%)

Finally for denoting a class up to simultaneous conjugacy we must add to
the name of the Jordan normal form something which represents the sequence
(Prsqx) 1 < k < N (as already explained, this sequence describe the symme-
try corresponding to the 0 Jordan blocks). For that purpose we incorporate
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the sequence in the name of the 0 Jordan block : we denote by (p.0**)(q.0%~)
the class of the pair

C@ka),;ﬁlsk N(—Sk>>

- Moreover, when p (resp. q) is equal to 0 we do not write the term (p.0%*)
(resp. (g.0¥7)). Hence, for example, we denote by 2.070%~ (iw)? the class of
the reversible pairs which are simultaneously conjugated to the pair (L, S)
with

00000 O 10 0 00 O
00000 O 01 0 00 O
00010 O g_ |00 -1 00 O
L=1%0000 o0 oo o 10 0
00000 —w 00 0 01 0
0000 w 0 00 0 00 -1

3.1.3 Families of reversible vector fields and resonances

Definition 3.1.13 (Reversible families of vector fields).

Let V:Ux A= R™: (u,A) — V(u,A) be a p-parameters family of vector
fields in R™ defined in an open set U of R™ with parameter A lying in an
open set A of RP. The family is said to be reversible when there exists a
symmetry S € GL,(R), S? = Id, which satisfies

SV{u,A) = =V (Su, A) foreveryu €U and A € A.

In other words the symmetry is the same for all A € A.

Definition 3.1.14. (Fixed points of a reversible family of vector
fields) A fized point uy of a family of vector fields V(u, ) with u € U,
A € A is a point ug such that V(ug,A) = 0 holds for every A € A.

When studying the dynamics of

du

==
for a reversible family V(u, ) of vector fields near a reversible fixed point
ug where the spectrum of the differential L(A) = D,V (uop,\) at the fixed
point has purely imaginary eigenvalues (non hyperbolic fixed point) for some
critical value of the parameter A, a first question is the behavior of the
eigenvalues of L(A) for A close to ). As already mentioned the eigenvalues
of L()) are given by pairs (0, —0) for ¢ € (RUIR) \ {0} and by quadruplets
(0,—0,7,—7) for 0 € C such that Re(c)Im (o) # 0. Moreover, (o, —0)

V(u,A) u e R™,
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(resp. (¢, —0,7, —7)) have generalized eigenspaces with the same Jordan de-
composition. So, if o(}) is a simple eigenvalue for A = )_ it cannot leave
the imaginary axis for A close to A.. So bifurcation of the spectrum can only

occur for multiple purely imaginary eigenvalues. So, we define ’

Definition 3.1.15 (Resonant reversible fixed points). 4 reversible
fized point of a reversible family of vector fields V(u,) is said to be res-
onant for A = A, when the spectrum of D,V (ug,).) contains multiple
purely imaginary eigenvalues.

Remark 3.1.16 (Nomenclature of reversible fixed points). We name
such a fixed point using the nomenclature introduced at the previous subsec-
tion. So for instance, we say that ug is a 0¥iw resonant fixed point of Vu,A)
for A = A; or equivalently that V/(u,)) admits a 02*iw resonance at ug for
A=A if ?

= V(up, ) = 0 for A close to ),

— the spectrum of D,V (uo, ) is {0, £iw} where 0 is double non semi simple
eigenvalue and +iw are simple eigenvalues.

= S(0) = +po where ¢y is any eigenvector corresponding to 0.

When we say for instance that V(u, ) admits a 02+iw resonance without
mentioning the fixed point and the critical value of the parameter we always
assume that the fixed point is placed at the origin, and that the critical value
of the parameter is equal to 0.

3.2 Global normal forms associated with resonances

As already mentioned, one aim of this work is to study the dynamics of

ax

— =V(X,A),X e R",

dt (X,2)
for a reversible fan’lily of vector fields near a resonant fixed point placed at
the origin and for a critical value of the parameter A also equal to 0. Let us
denote by Ty the Taylor expansion of the vector feld up to terms of order
k > 2, and by Ry the higher order terms,

V(X,2) = Te(X,2) + Be(X,2),  Ri(X,)) = O(|X[F+1).
A natural idea is to begin with the study of the truncated system

dX

— =Ti(X, )\ 3.7

dt k( 7_) ( )
and then to show that the orbits obtained for the truncated system persist
under the perturbation induced by the higher order terms. Unfortunately,
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T} is in general too complicated (even for k& = 2) to determine whether
the truncated system (3.7) admits for instance a homoclinic connection to
0 or periodic orbits. So, a second idea is to perform a change of variables
X = @(Y), to obtain an equivalent equation near the fixed point
S =T,y er,

governed by a new reversible family of vector fields, the principal part of
which being as simple as possible. The theory of normal forms is precisely
designed for that purpose. We only recall here the theorem giving the global
characterization of normal form. See [IA92] for a good introduction to this
theory. Normal form Theory for reversible systems can be also found in [Se86].

3.2.1 The fully critical case

We begin with a first theorem giving the normal form for ﬁxéd points where
the differential has all its eigenvalues on the imaginary axis.

Theorem 3.2.1 (Normal form theorem for critical spectrum).
LetV :Ux A — R™: (u,\) — V{u, ) be a p-parameters family of smooth
vector fields in R™ defined in an open set U of R™ with parameter A lying
in an open set A of RP,

Assume that 0 is a fized point of the vector field V(X,0), i.e. V(0,0) =0
holds and that the spectrum of the differential ot the origin Ly :=
DxV(0,0) is fully critical, i.e. that all the eigenvalues of Lq are on the
1Maginary axis.

(a) Then, for any integer k > 2, there are two open setsU, A, 0 € U C U,
0edc A, and there are polynomials smoothly dependent in ),
&(,A) : R® — R™ and N(-,}) : R* — R™ of degree < k, with
&(0,0) = 0, Dy®(0,0) =0 and N(0,0) = 0, Dy N(0,0) = 0 such
that for o

X =Y +d(Y,)) and (Y,A) €U x A,

the equation

dX

= = by

dt V(X7 _)a
becomes iy
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for allY, )\ and t and
R(Y,2) = o] [F).

(b) If there is a unitary map T on R™ with V(T X, ) = TV(X,A) for all
X and A, then for all Y and ),

$(TY,2) = TE(Y, ), N(TY,)) = TN(Y, ) and R(TY, ) = TR(Y, )).
(c) If the family of vector fields is reversible, i.e. if there is a symmetry

S € GL(R") , 82 = I, with V(SX,)) = =SV(X, ) for all X and o
then for allY and ),

B(8Y,) = S3(Y), N(SY,A) = ~SN(Y,2) and R(SY,)) = —SR(Y, }).

Remark 3.2.2. Observe that for this theorem we do not need that 0 is a
fixed point of the whole family of vector fields.

Remark 3.2.3. “N(-,)) commutes with e*Z5 for all A and t” is equivalent
to “Dy N(Y,A)LgY = L{N(Y, ) for all Y and A”.

Remark 3.2.4. If 0 is not an eigenvalue of Ly then the proof is contained
in Elphick et al. [1987]. Even when 0 is an eigenvalue of Ly, the theorem
still holds after a simple adaptation of the proof above, which uses again the
Implicit Function Theorem.

Remark 3.2.5. Property (c) ensures that if the family of vector fields is
reversible then the vector field obtained after normal form changes of coor-
dinates is also reversible with respect to the same symmetry.

Remark 3.2.6. Equation (3.8) gives a global characterization of the normal
form, and it gives also a way to compute it. Moreover observe that this char-
acterization and property (c) ensure that the normal form N for a reversible
family of vector fields, depends only on the linear part Ly = DxV(0,0) for
the critical value of the parameter and on the symmetry S. We give several
examples below.

Remark 3.2.7. (Strategy for studying dynamics near resonant fixed
points). When studying, the dynamics of a reversible family of vector fields
dx

5 = V(X2) (3.9)

near a fixed point placed at the origin

V(0,A)=0, . forevery ),
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we proceed in four steps:

Step 1. We use the Theorem of classification of reversible matrices 3.1.10 to
perform a linear change of coordinates X = PX with P € GL(R™) to obtain
an equivalent equation

— =V(X,A

dt ( ’—)

where TZ is a family of vector fields reversible with the symmetry §, where
S and Ly = DzV(0,0) are in the simple form (Jordan normal form and
associated symmetry) given by the Theorem of classification 3.1.10

Lo = Jor(Lo) and S= Sor(Lg, S).

Step 2. We use the normal form theorem 3.2.1 above to perform a second
change of coordinates which is polynomial and close to identity, X = Y+&(Y)
to obtain a third equivalent equation

%}?’ = LoY + N(Y,A) + R(Y, )
with - -
N(e'3Y,\) = etLS N(Y, )) and R(Y,)) = of[Y]*).

Step 3. We study the dynamics of the Normal form system

ay =

— = LoY + N(Y,))

dt
In several examples like the 02+iw, (iwg)?, (iwp)?iw; resonances, the normal
form system is integrable and so the study of its dynamics is not too difficult.

Step 4. We have to determine which of the previously found orbits persist
for the full system, i.e. when the normal form system is perturbed by higher
order terms denoted by R. This work is devoted to the question of persistence
of homoclinic connections to fixed points or to periodic orbits.

The two first steps of this strategy ensure that there is a uniquely de-
termined normal form system for all the reversible families of vector fields
admitting the same resonance at the origin.

Example 3.2.8 (the (iw)? resonance).

Let V:R* xR — R*: (X, ) — V(X,p) be a one-parameter family of
smooth vector fields in R%. Assume that 0 is a (iw)? resonant fixed point of
the family.

Step 1. The Theorem of classification 3.1.10 ensures that up to a linear

change of coordinates, we can assume that Ly = DV(0,0) and the symmetry
reads
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0 —w 1 0 1 0 0 0
w 0 0 1 0 -1 0 0
000 0 —w | ™MS=g o 1o
'O 0 w 0 0 0 0 1

Step 2. Using the characterization of the Normal Form given by Theorem
3.2.1 one can check that the normal form system reads

d

% = iwz) + 2o + 121 P(u, v, 1)

dz

d_t2 =iwzy + iz P(u, v, u) + 21Q(%, v, 1)

with Y = (al,bl,ag,bz), z1 = a1 +1iby, 22 = ag + iby and where u = |2|?,
v=1i(z12z3 — zsz'I)/Z, and P and Q are real polynomials in (u,v) such that
P(0,0,0) = Q(0,0,0) = 0. For the explicit computation of this normal form
see [ETBCI87]. Moreover, one can check that the normal form system admits
the following two first integrals

p=i(z1275 — 22%7)/2 and K = |z5)? — / Q(s, p, 1) ds.
0

Step 3 an 4. The above system was found by [IMD89] in the context of
bifurcating bounded steady flows in a cylindrical (unbounded) domain. This
case also occurs in water-wave problems, and allows in particular, to prove the
existence of solitary waves {IK90]. The proof of persistence of quasi-periodic
solutions for the untruncated system is made in [IL90], and the persistence of
homoclinic solutions to periodic solutions or to the origin is made in [IP93].

Example 3.2.9 (the 0%iw resonances).

Let V:R*x R — R*: (X,p) — V(X, ) be a one-parameter family of
smooth vector fields in R%. Assume that 0 is a 0%w resonant fixed point of '
the family.

Step 1. The Theorem of classification 3.1.10 ensures that there are only two
possible symmetries up to a linear change of coordinates. So, we can assume
that Ly = DV(0,0) reads

01 0 0
000 O
Lo=1| 40 0 —w
00 w 0

and that the symmetry has the form

S =diag( I1,-1,1,-1) for the 02%iw resonance,

S =diag(-1, 1,1,~1) for the 02~iw resonance.
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Step 2. Using the characterization of the Normal Form given by Theorem
3.2.1 one can check that the normal form system for the 0°tiw resonance

reads
da

?E :ﬁ’
s _ 2, g2
dIII —@(OZ,A +B nu)v

(3.10)
% = —BU(a, A% + B2, ),

dB

—— = A¥U(qa, A2 + B?
T (o, A? + B2, ),

where @,V are real polynomials satisfying

$(0,0,u) =0, Dy®(0,0,0) =0,  ¥(0,0,1) = w + Op).

The normal form system for the O?~iw resonance reads

d

ﬁ = B+ a? No(a?, A2 + B2, ),
d
ﬁ = ,8N0(&2,A2 + B2,,LL) +« Nl(a2)A2 + anu“)y

A o (3.11)
= ~B¥(a?, A? + B2, u) + aAd(a?, A? + B2, 1),
(—;E = A¥(a?, A% + B2, 1) + aB®(a?, A2 + B2, ),
z
where Ny, N1, &, ¥ are real polynomials.
The normal form system for the 0?tiw resonance is 1ntegrable with the
two first integrals

A2 +BZ =p2,
— &, p?, 1) = H, Ba® = 28.

So the phase portrait of the normal form system can be obtained with no

difficulty in this case. For the 02~ iw resonance the situation is not so clear
(see [IA92] chap. 1).

Step 3. and 4. The 02*iw resonance appears in water waves problem. The
explicit computation of the normal form and the proof the persistence of
quasi periodic solutions are given in [IK92|. The persistence of homoclinic
connections to exponentially small periodic orbit and the generic non per-
sistence of homoclinic connection to 0 are proved in Chapter 7. The infinite
dimensional case and the water wave problem are studied in Chapter 8.
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3.2.2 The general case

We now give a second theorem which gives normal forms for fixed points
where the eigenvalues of the differential are not necessarily all on the imag-
inary axis. Usually, this theorem is not used to study dynamics of vector
fields close to fixed points when one is interested in periodic solutions, ho-
moclinic connections, and more generally in bounded solutions close to the
fixed point, since all these orbits lie on a center manifold. So usually, one
use the Center Manifold Theorem to obtain a reduced equation on a center
manifold which has a linear part with only critical eigenvalues. For such re-
duced equations the previous Normal Form Theorem 3.2.1 is sufficient. See
[TA92] for a pedagogical explanation of this approach. Such an approach can
only be used when a C* smoothness of the vector field is sufficient to make
the proofs, because the center manifold reduction destroys analyticity and
C® smoothness. As already explained, one of our aims is to study the exis-
tence of homoclinic connections near resonant fixed points. For vector fields,
for which the exponential tools given in chapter 2, are required to study the
persistence of homoclinic connection, analyticity is fundamental. So, center
manifold reduction cannot be used, and so, the second Normal Form Theorem
below is necessary. This theorem also works in infinite dimensions. See [IL90]
for an example in infinite dimensions where C™ smoothness is required to
study the persistence of quasi periodic orbits using the Hard Implicit Func-
tion Theorem. See also chapter 8 for a second example in infinite dimensions
where analyticity is required to use the tools of chapter 2.

Theorem 3.2.10. (Normal form theorem)

Let V:UxA: (u,A) — V(u,]) be a p-parameters family of smooth vector
fields in R™ defined in an open set U of R™ with parameter A lying in an
open set A of RP,

Assume that 0 is a fized point of the vector field V(X,0), i.e. V(0,0) =0
holds. Denote by E. (resp. Ey) the vector space spanned by the eigenvec-
tors and generalized eigenvectors of Lo = DxV(0,0) corresponding to the
etgenvalues with 0 real parts (resp. with non zero real parts).

" = E.DE.

Moreover let us denote Loc = Lo|g, and Loy = Ly|g,

(a) Then, for any integer k > 2 there are two open sets U,A0elC u,
0e AC A and there are two polynomials smoothly dependent on A\
O(-,,A) : Ec x By, — R™ and N(-,}\) : E; — E; of degree < k with
#(0,0,0) = 0, Dy, y»9(0,0,0) = 0 and N(0,0) = 0, Dy, N(0,0) = 0
such that for

X=Y. +% +0(Y,Ya,d) and(Yo,Ya)el, e A
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the equation

X
d— =V(X,A),X e R",
dt
becomes
dy.
dt = LOC},c + N(YE,A) + Rc(ifc,Yh7_>l)
dYn
_dt— - LOth + M(Y::,YhaA) + Rh(}/t.:a Yha_)i)
with

N(ethoy,, )) = etFN(Y, A) (3.12)
for allY, A and t and

M(Ye Yo, d) = O(|YRI(12] + Yel + %)) ),

0
Re(Ye,Y,2) = O(I% + [Yel+1),
Rh(},th)A) O(IK:Ik-'_I)

(b) If there is a unitary map T on R™ with V(TX,)) = TV(X, ) for all
X and A, then for allY and ),

Reor h(Ty'c,TYin)\_) =TR. o h(y'c, Yh,_)\_)-

(c) If the family of vector fields is reversible, i.e. if there is a symmetry
S e GL(R™) , §2 = I, with V(SX,)) = —SV(X,\) for all X and ),
then for allY and ),

é(SY;nSYhaA) Sé(ymyh, ) (Slfca’\) = _SN(},caA)
Reorn(SYe, 8Yh,A) = =SReorn(Ye, Y, A).

The proof of this theorem follows from the indication giver in [ETBCI87).

3.A Appendix. Proof of theorem of classification of
reversible matrices

To prove Theorem 3.1.10, it is more convenient to reformulate it in terms of
linear maps rather than in terms of matrices. So, let © and s be two linear
maps in RY whose matrices in the canonical basis of RV are respectively L
and S. Then for proving (b) of Theorem 3.1.10 it is equivalent to prove that
_there exists an appropriate basis of R where the matrices of u and s, called
" respectively M, and M, are given by M, =Jor(L) and Ms;=Sor(L, S) Since
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RY = ker(u™) @@ker (= 23)m @@ker ((u? + w}ymws)

- =1 =1
| @é (ker((uz —2Re(o;)u+ |0j|2)m(<’j))
=1

Der(u” + 2Re () u + |aj|2)’”<”")),

we can split the proofs in several parts and find appropriate basis for each
kernel. So it is sufficient to prove the following lemmas

Lemma 3.A.1. Let u, s be two linear maps of RY and assume that

— u is nilpotent of index m, i.e. u™ =0, u™™! £ 0.
— s is a symmetry (s? = 1d) which anticommutes with u, i.e us = —su.

(a) Then, there exists a basis of RN in which the matrices of u and s
are respectively given by M, N Ji, (0) and M, epSkp with
p=1 =1
€p = x1, kr = m, kpr1 < kp and where Ji and Sk are respectively
given by (3.5) and (3.6).
(b) There exists .a basis of RN in which the matrices of u and s are re-
spectively ‘given by

m
M, =[]

k=1 {=

ng(0)

]

—

m  [/pe(0) qx (0)
Je(0) M, = kgl ( Sk g (—S@) :

where (pg,qr) are given by the inverse induction

N
Zpi = dim(im(uk‘l) M ker(u) Nker(s — Id)),

i=k
N

Z g; = dim (im(uk_l) Nker(u) Nker(s + Id)). :
i=k

Lemma 3.A.2. Let A > 0 and let u,s be two linear maps of RV and
assume that

— u? — A2 is nilpotent of index m.
— s is a symmetry (s? = 1d) which anticommutes with u, i.e us = —su.
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Then, there exists a basis of RY in which the matrices of w.and s are
respectively given by

M= NNGORA-D), M= RIRs D),

where ny is the number of Jordan blocks of size k corresponding to the
eigenvalue .

Lemma 3.A.3. Letw > 0 and u, s be two linear maps of RN and assume
that

— u? + w? is nilpotent of index m.

— s is a symmetry (s? = 1d) which anticommutes with u, i.e us = —su.

Then, there exists a basis of RY in which the matrices of u and s are
respectively given by

M, = NJk(lw) M, = N Sk, (3.13)
=1£¢=1 k=1¢=1

where ny, is the number of complez Jordan blocks of size k corresponding
to the eigenvalues +iw.

Lemma 3.A.4. Let 0 € C with Re(0)Im (o) # 0. Let u, s be two linear
maps of RN and assume that

— (u? —Re(o)u+ |O‘| )(@? + Re (o) u+|o|?) s nilpotent of indez m.
~ 8 is a symmetry (s? = Id) which anticommutes with U, i.e us = —su.

Then, there exists a basis of RY in which the matrices of u and s are

respectively given by ;
i

3

&

BN g Jk(O')E]:fk(—O')), M, = |§| Sk.Sk) (3.14)

k=1

&
I
-

where ny, is the number of complez Jordan blocks of size k correspondzng
to the eigenvalue o.

Proof of Lemma 3.A.2. Observe that if (ej)o<s<k—1 is a family of vectors
satisfying

ueo) = Aeo,  u(e;) = Aej +ej_y for j > 1,

then e} = (—1)7s(e;) is a family of vectors satisfying
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u(eg) = —Aep, ufe;) = ~Aej + ey for j > 1.
Lemma 3.A.2 follows readily. O

Proof of Lemma 3.A.4. The proof of this lemma follows from the previous
observation and from the following one: if (e;)o<;<k~1 is a family of complex
vectors satisfying

u(eo) = oeo, u(e;) = oe; +ej1 for j > 1,
then e} =& is a family of vectors satisfying
u(ey) = Tep, u(ey) =vej +ej_; for j > 1.

So, lete’?’l, 1<k<m,1 <2< g, 0<3j<k-1Dbeacomplex basis of
ker(u — ¢)™ in which the matrices of » is under Jordan normal form with
Jordan blocks ordered by size, i.e. for 1 <k <mand 1 </{ < ng,

u(elg’e) gel?, u(e?’e) = ae?'l + e?'_el for1 <j<k-1.

Then e £ (- l)Js(elc 4, (~1)i s(e; %:) are respectively basis of ker(u — 7)™,
ker(u + )m ker(u+a)™. Fmally7 in the real basis

ke kL i of et o (gt
(=557, (=1 s(277), (1) s(y;""))
with x = (€j k. W)/Q and yf’e = (e—f’—‘Z - e?’e)/Qi, the matrices of u and
s are glven by (3.14). O

Proof of Lemma 3.A.3. For proving this Lemma it is sufficient to prove the
existence of a complex basis of ker(v —iw)™ in which the matrix of u is under
Jordan normal form with Jordan blocks ordered by size, i.e. for 1 < k <m
and 1 <7 < ng,

u(eg’ )= 1we§e, u(e?’e) = iwef’e + e?’_el for1<j<k-1.

which satisfies also — —

e;” = (=1)7s(e5"). (3.15)
Indeed, if such a complex basis exists, then in the real basis (z?’e,yf’z) with
x?'z = (e?’e + e?’e)/Z and y?e = (ef’Z - ef’e)/2i, the matrices of u and s
are given by (3.13). Then, for building such a complex basis of ker(u — iw)™
satisfying (3.15), we first consider a basis ( ff *) of ker(u — iw)™ in which the
matrix of v is under Jordan normal form with Jordan blocks ordered by size.

We observe that.for any family of real numbers (8%); ., the family
’ lglfnk

f;c,l(ek,é) = eiek'zf]{cé —-19 ( 1)] ( )
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is also a family of vectors which satisfies
Ak,é s Nk,e ¥ H ¥ ¥ y
u(fy”") =iwfy", u(f}ce)=1wffe+ff_el for1<j<k-1.

Moreover this family also satisfies (3.15). So the only thing to prove is that

it is possible to choose an appropriate family of real numbers (4% )1<k<m

1<5e<n,
so that the family of vectors (f;“ ) is linearly independent. To prove this
property, we proceed in several steps.

Step 1. By contradlctlon we check that it is possible to choose 811 so that

the family (f3*(6% 1), fo o ™) are linearly independent. Otherwise,
for all 8 there would ex1st complex numbers 1*4(8) such that

fot@h= > et
1<k<m,1<e<n—1
(k,£)#(1,1)
Then, the two prev1ous formula obtained for § = 7/2 and § = 7 imply that

the family (f, ( ) 1 <k <m, 1<{¢< ny is not linearly independent, which
is false.

Step 2. Similarly, we prove by induction that it is possible to choose
2, -..,0™m™ such that the vectors fE4(0%€), 1 <k <m, 1< < n
are hnearly independent.

Step 3. Finally, assume that the vectors f (Hk’e),l <k<m, 1</¢<
ng, 0 <7 <k —1 are not linearly 1ndependent

and denote by p the largest integer j such that there exists (k,2) with p,k ¢ # 0.
Then,

(ekl) =0.

'.rms
JL'ML

m'n,kk:l

0= (u—iw)? ZZZ“ 9“ ZZHI;'ZJ%C’Z
k.2

k=1 4¢=1 j=0

and step 2 ensures that uf* = 0 for all (k,£) which leads to a contraction.

Hence, the complex vectors elc t= fk 2(9;C %) is a basis of ker(u—iw) in which
the matrix of v is under Jordan normal form with Jordan blocks ordered by
size and which also satisfies (3.15). O

Proof of Lemma 3.A.1.
(a): To prove this first part of Lemma 3.A.1 we proceed in two main steps:
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1. We begin by ;building a m-dimensional subspace F' of RY stable by u and

s which reads F := vect(z u(z), - ,um‘l( )) with s(z) = (-1)™ le1z

and g; = +1. Then, in the basis z; = u™'7?(z) with 0 < § < m —1 the
matrices of u and s are respectively given by J,,,(0) and &1 Sy,.

2. We build a supplementary subspace F' of F (RY = F @ F') which is also
stable by v and s.

Then, the proofiof Lemma 3.A.1-(a) follows by induction and applying the
result of Step 1 to u|p and s|p.

Step 1. By hypothesis im(u™1) # {0} and it is stable under s since u and s
anticommute. So, since §|m(ym-1) is also a symmetry, there exists necessarily
y # 0 in im(u™7!) such that s(y) = €1y and 1 = 1. Moreover, there exists
z such that y = u™1(z). Then we check that z = (z +&1(—1)™"1s(z)) /2
satisfies

s(z) = (-1)™ ez, u™ z) = y.

Denote by u, the minimal polynomial of z. Since w is nilpotent of index m
then p, divides'X™. Moreover, ™ !(z) = y # 0. Thus, yu; = X™ and the
vectors (z,u(zx), - -,u™ !(z)) are linearly independent. We denote by F the
m dimensional vector space spanned by these vectors. F' is stable under u
and s since g, = X™ and since s(u*(z)) = (=1)™"1"*g1uk(2).

Step 2. s is diagonalizable and (z,u(z), - -,u™ !(z)) is a family of linearly
independent eigenvectors of s. Hence it is possible to add to this family other
O-eigenvectors of s to obtain a basis (e;)1<j<n of eigenvectors of RY with
e; = w~!(z) for 1 < j < m. Denote by (e})1<;j<n the associated dual basis,.
by

H = vect ("ui(e;‘n))

i€N
and by F’ := H' the orthogonal space of H for the duality. Qur aim is to

prove that RY = F@ F and that F' is stable under u and s. We proceed in
several substeps.

Step 2.1. Stability of F'. We first observe that H is stable under % and thus
F' = H* is stable under u. Secondly since (e;)1<j<n is a basis of eigenvectors
of s, then (e})1< < is a basis of eigenvectors of . In particular, s(e;,) = e,
with € = £1. Hence, since ' and % anticommute

s (W' (em)) = (<) W' (s(ef) = (~1)'elu’(eh).

Thus H is stable under % and F = H' is stable under s.

Step 2.2. dimensions of H and H-. Since u is nilpotent of index m,
%™ = 0. Hence the minimal polynomial pez, of ey, divides X™. Moreover,

(" en) 1) = (e, W™ (@) = (ehrem) = L.
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m—1, , 3
Thus %™ " (ey,) # 0 and 50 pes = X™. Hence (w'(eX))

H. Finally, 0<i<m-1 1S a basis of

dim(H) =m,  dim(H')=N-m.

Step 2.3. F N H* = {0}. Let z be in Fn H. Step 2.2 ensures that since

z € F it reads
m—1 m
z= Z ojut(z) = Zaiei.
i=0 i=1
Moreover since 2 € H+, for 0 <k <m — 1
0 = (" ¥ (er),2)

k
= E) aifer,, um TR (g))
m

= 2 mklen, W (z))
j=m—k

= ak(e:nve’m) = Q-
Hence z =0 and F N H* = {0}.

Steps 2.2, 2.3, ensure that RV = F@ HL and Step 2 ]
, 2.3, = .1 ensures th
and H' are stable under u and s. ’ et £

.(b):. The pro9f of (b) follows from (a) by ordering the vectors of the basis
In an appropriate way. The determination of (py, qx) is made by inverse in-

ductiop counting the numbers of eigenvalues of s equal to +1 in|the space
Fy := im(u*~1) N ker(u). O :

4. Analytic description of periodic orbits
bifurcating from a pair of simple purely
imaginary eigenvalues

4.1 Real periodic orbits: explicit form

When studying the existence of homoclinic connections to periodic orbits, a
preliminary task is to study the existence of periodic orbits. We are more
precisely interested in the dynamics of one parameter families of vector fields
V (X, i) near a resonant fixed point placed at the origin, such that even af-
ter bifurcation, the differential DV (0, u) still admits a pair of simple, purely
imaginary eigenvalues. Indeed, in such families of vector fields, there coexist
an oscillatory part with frequency of order one induced by the pair of sim-
ple eigenvalues and a “slow” hyperbolic part induced by a set of hyperbolic
eigenvalues with small real parts and, as explained in the introduction, this
configuration of spectrum leads to exponentially small phenomena which are
the object of this book.

So this chapter is devoted to the existence of reversible periodic orbits
bifurcation from a pair of purely imaginary eigenvalues. The following theo-
rem due to Devaney ensures, for reversible vector fields, the existence of such
periodic orbits provided that some “non resonance criteria” hold.

Theorem 4.1.1 (Devaney). LetV be a smooth reversible vector field in
R?" such that the origin is a fized point. Assume that the spectrum of the
differential DV (0) at the origin reads {£iw, +Xs,---,xA,} where +iw,
w > 0 45 a pair of simple purely imaginary eigenvalues. Moreover assume
that none of the ratio A\ /iw is an integer. Then, the equation

dX

dr
admits near the origin a smooth one-parameter family of Ty-periodic orbits
Py with k € [0, ko] such that

V(X)

2m

i (sgUeon) =0 =

Moreover, if the vector field is analytic then Py depends also analytically
on k.
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The proof of this theorem can be found in [De76] or in [Se86]. An anal-
ogous theorem due to Lyapunov holds for Hamiltonian system. It can be
found in [SMT1]. In both cases, the proof is based on the Implicit Functions
Theorem.

When one wants to apply the above theorem to reversible families V (X, u)
of vector fields admitting a resonance at the origin such that the spectrum
of DV(0, ) admits a pair of simple purely imaginary eigenvalues, a first
difficulty is that the theorem does not always apply for 1 = 0. For instance,
it does not apply to the 0%iw resonance for # = 0, and it applies to the
(iwp)?iw; resonance for y = 0 if and only if wo/w; is not an integer.

Even if it can be applied for > 0 , a second difficulty arises when com-
plexifying time. Indeed, just after bifurcation, the spectrum of the differential
at the origin DV/(0, 1) can be split in three parts

P 1. A pair of purely imaginary eigenvalues Tiw(p), with w(p) > 0,
P 2. A set of eigenvalues which are very close to the imaginary axis. For

instance &, /z for the 0%iw resonance, and ./ + iwp for the (iwp ) %iwy
resonance.

P 3. A set of eigenvalues A, -y Ap bounded away from the imaginary axis,
i.e. Re(Ax(1)) > & > 0 holds for any k and any u close to 0.

So, Devaney’s Theorem 4.1.1 always applies for u > 0 and, for analytic
vector fields it ensures the existence of a one parameter family of reversible
periodic orbits of the form

Peu(r) =Y k"po(r, 1) (4.1)
n>1

where p,, is a periodic function. However, the behavior of p, (7,1) when
tends to 0 cannot be obtained by this theorem when it does not apply for
# = 0. This leads to a second difficulty when complexifying time : when
studying the existence of homoclinic connections to exponentially small pe-
riodic orbits, using the exponential tools developed in chapter 2, we need to
extend and to control the size of such periodic orbits in a complex strip of
the form B, z = {€ € C, |Im ()] < ¢/+/} with ¢ > 0. For that purpose,
since cos(iwf/. /i) IT» +o00 for any £ > 0, we need to know very precisely

—0
how pp (7, 1) depends on 7 and K- So we need a more precise theorem than
Devaney’s one which gives this dependence.

This dependence can be obtained by redoing the proof of existence of
periodic orbits with the method of undetermined coefficients with majoriza-
tion of the power series rather than with a direct application of the analytic
implicit function theorem as for Devaney’s theorem 4.1.1.

Theorem 4.1.2 below gives such a dependence. It is stated in the form
under which we will use it in chapters 7 and 9, i.e. with rescaled time and

parameter ( for instance t = Vit and v = /i for the 0%iw and the (iwp ) %iwy
resonances).
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i

Theorem 4.1.2. Let us consider the reversible system

| %}t: = LY +Q(V,v) (42)

where Y = (A, B,Yy) € R*, v €]0, 1] and

0 -2 g
v
(i) L,= S0 0 0 where wp, = w + v a(V),
’ v Lu(v)
0 0 ”
withmg = inf wp, >0, |a|l, = sup |a(v)| < +oo and where
VG]OrVO] ’ UE]O,Vo]
Ly (v) 4s a d x d matriz satisfying for every v €]0,p)] ‘
[ Ln ()|} < M, (4.3)
-1
G
<Id — exp (M)) <2 (4.4)
wo,v 14

) = 0; ; 0 such that
i) Q satisfies Q(0,v) = DyQ(0,v) = 0; there ezists ro >
) Y — Q(Y,v) is analytic in D(0,rp) :={Y € C?>*+4 |Y| < ro}, for all

v €]0, 1] .and
sup QY v)| < +oo.
|Y|<’ro, UE]O,Vo]

Then, there exists ko > 0 such that for all v in ]O,V.o] 'the sys.tem
(4.2) admits a one parameter family of reversible periodic solutions
(Yie,w (£))kefo ko] with N

Yeu(t) =Y (g bk, v)

and

?(s,k,u) =3 k" ?n(s,u),

n>1
(a) Y= (cos(s),sin(s),0), ¥, e ’ﬁn,R, forn>2
(ko)™ H?nH < Cy for every v €]0,1],n > L.
Pl

with Pp g = {? ‘R R2H V(s) =ag+ pz__:l ap cos(ps) + by sin(ps),

Sap = ap, Sby = —bp} N {?/ /0272?(3),?1(3))@ = 0}

= sup |Y(s)|+ sup
pl s€[0,27) s€[0,2x]
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(b) { w(k,v)= %:2@2,1(1/) k*™ for every k € 0, ko], v €]0,vy],

|0k, v)| < Cuk? for every v €]0, 1), k € [0, ko).
(€) &(=k,v) =0(k,v),  V(s+m, —kv) =T (s k).
(d) If we assume that there exists o > 0 such that

sup |v™*Qa(Y,v)| < 400, sup v *Q (Y.
|Yl<ro, v€)0,10] Yi<ro, EE](I),UO] QA( ’U)I < too (45)

where Q = (Qa,QB,Qn), then we get that &k, v)| < CLk20>.

The detailed proof of this theorem is given in Appendix 4.A.

Remark 4.1.3. Observe that no hypothesis on the smoothness|of L, and
Q(.,v) with respect to v is made. ‘

Remark 4.1.4. In Devaney’s Theorem 4.1.1 the “non resonance criteria” on
the eigenvalues comes from the fact that for building the family of periodic
orbits by the Implicit Function Theorem, one needs to invert the matrix
Id — exp(27Ly /w) where Ly, is the restriction of DV(0) to the direct sum of
the eigenspaces and generalized eigenspaces corresponding to the éigenvalues
+Ag,- -+, £A,. Here we do not assume that the non resonance criteria holds
for v = 0, but hypothesis (4.4) controls the size of :

2n Ly (v) -1
Id —e wo

Remark 4.1.5. Observe that C?’ C,, are independent of k, v. We have
constructed a particular family of reversible periodic solutions Yki, of (4.2).
Since (4.2) is autonomous, we can deduce from Y%, other periodié solutions
by an arbitrary shift in time. Among these periodic solutions, Yk »(t) and
Yo (t +7/w,, ) are the only ones which are reversible, . 3

when v tends to 0.

Remark 4.1.6. The Theorem of classification of reversible matrices ensures
that S rez_mds 5 :(A,B,%4) — (A, -B, SyY1) where S, € GL4(R) is a sym-
metry which anticommutes with Ly, (v) and @n(,v)
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4.2 Complexification of the periodic orbits

The description of the periodic orbits given by the above theorem, enables
us to complexify time: for each n, Y, is a trigonometric polynomial of degree.
n. Thus it can be extended by analyticity to obtain an entire function. It
remains now to find the radius of convergence of the power series Y k™|Y,, (£)]
for £ € C. The following proposition gives a lower bound of this radius..

Proposition 4.2.1. There ezists C’é; such that

&Y, , k"
n n < Clopi+/ 1 (= n|Im (&)
P ¢&,v) _Cyn n+ <k0> e ,

holds for every j >0, k € [0,kg], v € [0,10], £ € C, andn > 1.

The proof of this proposition is given in appendix 4.B.

Proposition 4.2.1 ensures that taking (k/ko)eP™E! < 1, one can de-
fine V(¢ k,v). Since Yiu(€) = Y(wg, &k v), Yio(€) is well defined if
(k/ko)ee Tl < 1. But Wi, has a “bad” dependence on v (w;, =
w/v + ). So one way to keep (k/ko)e2T™Ol < 1 is to keep ¢ in a
complex strip By = {¢ € C/|Zm (€)] < £} and to choose k in [0, ke ™%2.+].
Then, Y% . (€) is well defined in By, as well as its derivatives.

Theorem 4.1.2 and Proposition 4.2.1 will be used in the second part of
this book to prove the existence of Homoclinic connections to exponentially .
small periodic orbits for the 0%iw and the (iwg)?iw; resonances using the
Exponential Lemmas 2.1.1, 2.2.1 which require complexification of time in
complex strips B,.

4.3 Analytic conjugacy to circles

The very precise description given by Theorem 4.1.2 of the reversible periodic
orbits bifurcating from a pair of simple purely imaginary eigenvalues, enables
us to prove that there exists an analytic diffeomorphism 6, close to identity,
such that setting Y = ©,(Y") the resulting equation admits a one parameter
family of reversible periodic orbits which are circles.

Theorem 4.3.1. Under the hypothesis (i) and (i) of Theorem 4.1.2,
there exists ky €0, ko[ and an analytic diffeomorphism O, close to identity
such that setting Y = ©,(Y"), the equation (4.2) is equivalent to

YI
ddt =LY +Q'(Y',v) (4.6)
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(a) Fork €]0, k], v €]o, vol, the periodic orbits Yi of (4.2) reads Yy, =
©,(Yy ) where Vi, @) = (k cos(gk,,,t),ksin(_cgk,l,t),O) 15 a periodic
solution of (4.6);

(b) $6,(Y) = 0,(SY);

(c) G4, B Y} = (A, B"Y{) + ©L(A', B),
where O} : (] — ky, k1[)? +— R2*+9 sqtisfies
OL(AL B S C(IAT +|B'2), |DEM(4,B))| < C(IA] + |B'2)?
for v €]0,n), and (JA']? + |B'|2)} < k.

(d) Q' is analytic, reversible and satisfies Q'(0,v) = DQ'(0,v) = 0.

The proof of this theorem is given in Appendix 4.C

4.A Appendix. Proof of Theorem 4.1.2

4.A.1 Rewriting of the system as an implicit equation

We start by rewriting System (4.2) as an implicit equation G, (u, k) =0 (see
Lemma 4.A.5) where G, is holomorphic with respect to u, k, but not with
respect to v. Moreover, G, is not defined for v = 0. We could apply for each
given v the Analytical Implicit Function Theorem at the point (u,k) = (0,0)
to obtain a reversible holomorphic periodic solution u(k,v), but we would
not know how v depends on v. Then, to determine the dependence of u
on v we use the method of undetermined coefficients with majorization of
power series. So, we rewrite System (4.2) and we introduce Banach spaces to
be able to apply the Analytical Implicit Function Theorem. First, using the
analyticity of the vector field we check that the following lemma. holds:

Lemma 4.A.1. System (4.2) is equivalent to

dYy
- = (n)
dt LVY+T§2QTL(Y ,I/), (47)

with
(n) = ..
(8.) Q’n(y 7’/) Q’n(Y) 7Y7U)

n times
is a n-linear symmetric operator from (R2+4) o R2+d,
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(b) There exist Cg, r >0, such that
l n( 17"',K1,V)|<()'0_r_..._r__

for every v € [0,10], n>2, Vi € R2+d, 1<i<n.
(¢) If Q satisfies (4.5), then there exists C1 such that

‘ Ya] ¥l
QAL Ya)| < Cuwe SR 2E

-
: o Ml Yl
QB+, Yn, )] S C® T2 BE,

for every v € [0, 0], n>2, Y; € R2+e 1 <i<n.
(d) Reversibility properties read

-SL,=1L,S and Qn(SY1,--+,8Yn,v) = —8Qn (Y1, Yn,v).

2+d . .
for every v €.[0,15), n>2, V; €R*T%, 1 <i<n

We look for periodic solutions, but we do not know the period. We expect

it to be near 2my which is the case for the periodic solutions of the linear
' .

0‘ . . .
system. To work l{m the set of 2m-periodic functions we set

LD =¥(s)=Y : 4.8
S=wpt we, =240, YO =V () =Vt (48)

=k,

So, we now look for (¥'(s), &) and we want to know how Y (s} depends on v.

We define all the Banach spaces needed to find the 27 —periodic solutions:

Definition 4.A.2. |
P}, = {f:R— R/ 2n-periodic of class Cc7y,
v

PL ={Y/Ye (Pi,)2+4, Y reversible},

Py = ¥/ Ve (Pgﬂ)2+d,? antireversible},
Or

27 N ~

L =Phn{?/ [ (7l Filsds =0h
0

uy  ={u=(Y,0)/ Y e P},5 R},
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where }”\'1(3) = (cos(s),sin(s),0). We norm these spaces with

LA

7], = swp 171+ sup |2

1
) fOT P}Z; PR1
P s€[0,27) s€[0,27)

1] = swp 1P, for P,
PO 3€[0,2n]
Il = 7]+, or g

We define now finite-dimensional subspaces of the previously'defined ones.
These are the “trigonometric polynomial” subspaces (n indicates trigonomet-
ric polynomials of degree less than n):

Definition 4.A.3.

—~ —~ k3
Pr = {Y R R2+d, Y(s) =aqg + E ap cos(ps) + by sin(ps), }
p=0
Prr = {? € Pn, Sap =ap, Sb, = _bp}

Pr.ar = {? € Prn, Sap =—a,, Sb, = b,,}

—~ 27\' —~ —~
Par  i=Prrni{P/ /0 (P (s), Pu(s))ds = 0},

Unr  =PnrxR.

Now considering the form of one parameter families of reversible periodic
solutions for the truncated system, we look for 2n-periodic solutions of the
form ‘

Y(s,k) = k¥i(s) + kZ(s, k) with Z in PL. (4.9
Our aim is to expand Y (s, k) in powers of k: Vs, k) = > k¥, (s). We
n>1 ;

choose for the first term }71 the periodic solution of the linear syétem. Z is
considered as a perturbation. We can now prove

Lemma 4.A.4. For every v €l0,w), k satisfying |k| < ir where r is

2
introduced in Lemma 4.A.1 and Z € ”ﬁ}z satisfying ”2’ < 1,:System

1
(4.2) is equivalent to v
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> +1
= _dZ = ~m S(p+1-m) S(m
Lo(2,0) = 0 + 3 K 3 CpQpa (V77,2 )
$ p>1 m=0
with
—~ wo,,, dZ =~ /\d_.?j. m o__ pl
£u(2,0) = v ods Lz+o ds’ G = ml(p —m)!’

Proof. Using Lemma 4.A.1, we verify that for every k satisfying “,CJ < % and
Ze PL satistying H?l < 1, the power series 3. k"Qn((Y1 + Z)™,v) is
n>2

Pl
absolutely convergent since

p¥l o(n—m) Z(m
k™ Y CrQa(Y ™, 207, b) |

m=0
n

1 2%,
< K3 CpCo = Co(—)™

m=o

k™ Qn (Y1 + Z)™,v)|

The conclusion of the proof follows. [

Finally, we can rewrite System (4.2) as the following implicit equation:

L T
Lemma 4.A.5. For every given v €]0, 1], k satisfying k| < 3 and
u € U satisfying ||'u.||u1 < 1, System (4.2) reads

Gu(k,u) =0 foru=(Z,), (4.10)

where

Gu(k,u) = Z kpgpq[u(q)] = L, (u) + kG0 + Z kzagpq[u(q)]7

ptq>1 p+q>2

_dZ
Gorlu] = Lu(u), Goalul) =0—, Gog[u@] =0 Vg >3,

~C2 kP Qi (VP92 1) ifg<p+1,

Vp 2 1, kPGpg[ul?] ={0 ifg>p+2.

Moreover,

(a) for every (p,q) € N2, Gyq is a g-linear operator from (UR)9 to PYp,
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(b) there ezists Cy such that

P <C 2k\?
f qu[ulwwuq]llpo_ zllmllul---lluqllu1 -

holds for every v €]0,u), k satisfying k] < %7‘, (p,q) # (0,1), and
u; € UL satisfying lull, <1, 1<i<q.

Recall that we look for u = (Z, @) and that we want to know how
depends on v. As explained earlier, our strategy is now to apply Cauchy’s
method of undetermined coefficients with majorization of the power series to
obtain an explicit solution. We proceed in three steps:

— As usual, we start by studying £, = g—g(0,0).

~ We look for u in the form u(s, k,v) = 5 k" un(s,v). We put 3" k™u,, in
n>1 n>1
(4.10) and we identify the coefficients of the powers of k. This step gives
the necessary form of (un)n>1 (un is obtained by induction).
— Finally, using a majorizing power series, we find a lower bound of the

radius of convergence of the power series > k™u, where u, has been
n>1
obtained at the previous step.

4.A.2 Study of £,

Lemma 4.A.6.

(a) For allv in]0,10], £, is a bounded operator from Ui to PY.
(b) There exists Cs, such that LN < Cs/v for every v €]0, vy].
(c) For allv in]0,w), L, is an isomorphism from Uz to PY5.

Proof. (a),(b). For all Z in PL, the functions d¥i/ds, dZ/ds, L,Z are
antireversible. Thus £, (u) is antireversible. Moreover,

2](4.)0,,, + || Ly, 2(w + {a|, + My,
1Ll < M”u” < (w + lal, 0 )”u” N
v u v u

(c): Let f € PS5 We look for u in L?}z satisfying £,(u) = f, which is
equivalent to

3 o
7(s) = it Z(0) 4 [ et {—”f D _ By e

0 wo,,  wo, ds
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Z is 2m-periodic if and only if Z 0) = Z (27), which is equivalent to

N o onenyile Lyf(r)  vD d¥y
[Id _ e?ﬂ'llL,,/wd,,,] Z(O) — /0 e( a T)U-’O,u P S A —-E dT. (412) .

wo,v Wwo,v

Computing explicitly esLv/wov we find that (4.12) is equivalent to

0 = v /27r [cos(T) fa(T) + sin(T) fB(T)] dT, (4.13)
o 2TV
0 = - v /2 [—sin(7) fa(r) + cos(t) fp(7)] dr — ”~ (4.14)
wWo,v Jo ,
2% Ly (V) -1 o (2m—5) Ly (v) Vf (S)
Zh(O) = (Id —e o > /0 e wWov —M};Tds. (4.15)

Equation (4.14) gives @ and equation (4.15) gives Zh(O). Equa%tioln (413)
is automatically satisfied because f lies in P4 5. Thus f is 27-periodic; f4 is
odd; fp is even. R ~ ~

Now, Z is reversible if and only if Z(0) reads Z(0) = (A(0),0, Z(0))
where S, Zp(0) = Z1(0). So we must check that the necessary value of Zy

given by (4.15) satisfies this last condition. For that purpose, we use that Sh
anticommutes with Ly (v) and f;, is antireversible with respect to Sh. We get

—27 Ly (v 1 on (s=2m)Ln(v) Ufi’l(——s)d
7 wo wo,v —~ ‘s,
SnZn(0) =-— (Id —e wo /o e on
-1
27 Ly (v) 2n sLn(v) _
= (Id —e ‘Uol?u > / e wWo.r Mds,
0 wWo,v ‘
-1
Ly (v) 2r (2m—s)Ln(v) =
= (Id - e2 “‘Olvf > / e Wow Lh(slds = Zy(0).
- 0 wO,u
2r - ] .
Finally, the last condition to be satisfied is / (Z(s),Y1(s))ds = 0 which is
) 0 |

equivalent to

2 ps (s=7)Ly " . _vf(n) _vd dh
21 A(0) = —/0 /0 (e wor g(r)dr, Yi(s))ds with g(r) = woy wou dS

Computing explicitly the exponential and the scalar product we get
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. 27 ps
21A(0) = -—/ / (9a(7) cosT + gp(r)sinT) drds,
0 0
2r
= —/ (27 — 7)(ga(T) cos T + gp(7) sinr) dr,
0

2m
= / 7(94(7) cosT + gg(7)sinT) dr
0

since g4 is odd and gp even and both are 27 periodic. Finally, since

(43,%1) =0,
2 N v 2w N
RO = 5 [ rtotr), Bl = o [Ty, o

This equation gives 2(0) So, there exists a unique u in Z;lé satisfying £, (u) =
f£.0

The proof of Lemma 4.A.6 gives the explicit form of £ ! which is rewritten
in the next lemma.

Lemma 4.A.7. Let f € P'(‘)‘Ri f = (fa,fa, fr). Set u = (2,@) =
L), with Z = (A, B, Zy) € t}. Then

L _ Lo dh
=) (f(s), —=(s))ds,

Moreover,

Ais) = A(0) cos(s) + A(s),
B(s) = A(0)Asin(s) + B(s),

o~

S
Zn(s) :esLh(u)/wo,uZh(o)_l_w:U/ (5= Ln(v)/wo,, Fulr) dr.
' o}

where
Als) = 0” - /0 " [cos(s — T)fa(r) = sin(s — 7)f5(7)] dr + ‘z”usgin(s),
B(s)= Kyu Os [sin(s — 7) fa(T) + cos(s — T)fB(7)] dr — f;yu s cos(s),
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27 Ly (v) 27 (27—s)Ly(v)

-1
2h(0)=wy (Id—e wo,v ) /0 e wou %’(j)fh(S)ds.

0,v

Now using the explicit form of L5 we can prove

Lemma 4.A.8. There exists Cy such that ”ﬁ;l(f)H L, S Cy Hf”7>0 for
u
every v €]0, ), and f € PY.

Proof. Denote u = (2,&7) = L;Y(f). Firstly, Lemma 4.A.7 ensures that
@] < ”f”,,o' Secondly, using Lemma 4.A.7 and the assumptions on Ly (v)

and wg, given in Theorem 4.1.2-(i) we check that there exists C' such that

1Z] < cifi, bods for v €0, vo]. Now, to estimate recall that
PO

PO

dZ _vL, 5 vdd¥, uf
L,(u) = — =y an .
v(w) =f = ds  wy, wp,, ds + wo,u

The conclusion of the proof follows. [

To conclude the study of £, we study the image of the “trigonometric
polynomial subspaces” under £,. More precisely,

Lemma 4.A.9. £, is an isomorphism from Z;In,R 0 Pr,aR-

Z _ 5 dY,
‘fi—s, L,Z, % lie in P, 45. Thus £, (u)

lies in P, 45. Moreover £, is injective in I/ }2 ) Z:{n, r. So L, is injective from
L?n,R t0 Pp ar. To obtain that £, is surjective from Z:{n,R to Pr,ar We use a
dimensional argument. Observe that 0 is not an eigenvalue of L,. Then, the
theorem of classification of reversible matrices 3.1.10, ensures that d is even
and that

d+2

dim(ker(S — Id)) = dim(ker(S + Id)) = —

Proof. For all u = (Z,0) in B, g,

Then, 54 d
dim(Pp, ) = dim(Pp_4z) = % 2n +1).

2m
The map Z — / (Z,Y1) is a linear form in Pn,r which is not identically
0

equal to zero because }71 lies in P, g. Thus dim(ﬁn,R) = dim(P, g) — 1.
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Finally dlm(un R) = dlm('Pn r %X R) =dim?P, r = dim(P, ar). So, £, is an
isomorphism from Un, r to Ppar. O

4.A.3 Expansion in powers of k

Recall that we look for a solution u = (Z,®) of (4.2) rewritten as G.(k,u) = 0.
(See (4.10)). We look for w in the form u(s,k,v) = Y. k™un(s,v). More
n>1

precisely, we look for ky < %, (Zn(s, U nz1 € (Pa,r)Y and (@n(v))n>1 €
(R)N" such that

(a) > "Z\n(s, V)H |k|™ converges for every k € [—ko, ko], and v €]0, ).
n>1 Pl

(b) > [@n(v)]|k|™ converges for every k € [—ko, ko], and v €]0, vg].
n>1

(¢) ||u||M1 <1where u= Y k™up and up = (Z,on).
n>1

(d) gu(kv ’LL(S, k, V)) = 0
We proceed in two steps:

— We put ) k™u, in (4.10) and we identify the coefficients of powers of k.
n>1

This step gives the necessary form of (un)n>1. (un is obtained by induction
in Lemma 4.A.10).

— Then, using a majorizing power series, we find a lower bound for the ra-

dius of convergence of the power series . k™u,, where the u, have been '

n>1
obtained at the previous step (Proposition 4.A.11).

4.A.3.1 Identification of the coefficients. Proceeding just as explained
and using the form of G, given in Lemma 4.A.5 we obtain

Lemma 4.A.10. Q,,(k u) = 0 has at most one solution given by v =
> k™u, where u, € U}. The sequence (Un)n>1 18 given by induction:
n>1

w = —L; Y (Qa(Y1, ¥1,0)), (4.16)
un= L7 N D Gpgluiy, e uiy)) (4.17)

p+q>2 iy+...tig=n—p
p<n ig>1
g<n
The formal power series uw = ), k™u, is a true solution if and only if its
n>1
radius of convergence is not equal to 0 and if |lul| < 1.
u
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4.A.3.2 Majorizing power series. Using Lemmas 4.A.8 and 4.A.5-(b) we
check that

2|k
= £(G0) = WMl < Cacy 2,

2|k ) )
el <G S Bl g, e

p+q22 i1+...tig=n—-p
p<n iy>1
q<n

Now we replace inequalities by equalities and denote I|un|| by yn, n =

> ¥alk|™; we obtain a majorizing power series, the coefficients of which are
n2>1

given by induction. Let M be C3Cy. M is independent of v and
2|k|

)

|k|ys = M

n 2k [3 %
k™ = MZ S g, - ey,

p+q>2 iy+..+ig=n-p
psn ig>1
qs<n

Thus 7 formally satisfies the equation
2|k| 2|k|
= Mt 2% e
—t+ > (=)
p+q2>2
But when |k| < 12'- and 77 < 1 this equation reads
M

n:—T— M - Mn, (4.18)
1-—=)1-m

This equation must have a solution 7 = n(|k|) satisfying

(i) =(0) =0,

(if) n(lk|) is defined for with ko <
(ili) [n(l&} < 1for k e [0 ko).
But (4.18) is equivalent to

2 n M 20k|/r

1/ =0,

1+M  1+M1-2|k|/r
which has real solutions if and only if k| < ko < 7 where

ko = "

TV (L 20y The function 7 is then given by

(- )

77:

2(1+ M) V1= 2lk|/r



116 4. Analytic description of periodic orbits

which satisfies (i), (ii), (iii). Observe that ko does not depend on v since Cy
and C4 do not depend on v. We can then conclude:

Proposition 4.A.11. There exists ko such that for all v in )0, 1] and
for all k in [—ko, ko] the full system rewritten as G(k,v) = 0 admzts a

solution
u(s, k,v) = Zk U (s,n)

n>1
satisfying

(a) For everyn > 1, wun(-,v) € Us.

(b) The power series is absolutely convergent for k in [—ko, ko).

(¢) There ezists Cs such that (ko)™ ||un(-,1/)||u1 < Cs holds for every
v €]0, vg].

@ ful,, <1

Statement (c) holds because the majorizing power series does not depend
on v.

4.A.3.3 Supplementary information about u,, &@. Using the explicit
definition of G, and the definition by induction of u, we can prove that u,
is a trigonometric polynomial. More precisely,

Lemma 4.A.12. For everyn>1, u,€ dn+1,R-

Proof. We prove this lemma by induction. u; = —£; 1(Q2(?1, }71,‘1/)) More-
over, ¥; = (0,0, cos(s),sin(s)), @ is 2-linear, thus QQ(?I,?]_, v) lie“s in Py ag.
Lemma 4.A.9 ensures that £, is an isomorphism from Un R tO 'Pn AR. Thus
1 lies in Z/I2 R-

Now, assume that for every p <n—1, up € Upy1,r. The explicit form of
Gpq given in Lemma 4.A.5, and Lemma 4.A.10 ensure that

n=147,
cl’(un) = - . dp n— p+Qn+1( (n+1); )
p:
Ko - (p+1-¢q) Z
+ Z Z C Z Qp-l'l(Y Zlu"l‘ 1471/)'
p=1g=1 1+......+iq=‘n.—p :

/A
d_sp € Ppi1,aAR C Pnar C Pryi,4r for ev-

ery p < n—1 ¥ = (0,0,cos(s), sin(s)), and Qp41 is (n + 1)- hnear thus
Qns1(Y1(n +1),v) lies in Ppyy ar.

In the same way, QP+1(Y1(p+1 q), Ziyy ey Ziq, v) lies in Py ar with N given
by !

By induction hypothesis,
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N=p+1-g+(iy+1)+...+(i,+1) =p+l—g+(i1+..4+i)+g=n+1.

Thus £, (un) lies in Pp1,45. Finally, u, lies in L{n+1 r O
To complete the proof of Theorem 4.1.2 we now prove

Lemma 4.A.13. Let u(s, k,v) = (2(5 k,v),&(k,v)) denote the solutwn
of the full system (4.2) given by Proposztzon 4.A.11.
(2) &(k,v) = &(—k,v) and —Z(s + m,—k,v) = Z(s, k,v).

(b) If Q satisfies the extra hypothesis (4.5), then there ezists Cg such that
& (k, v)| < Csk2v® for every k € [— ko, ko] and v €]0, vp).

lilroof. (a): Denote by v(s,k,v) = (~Z(s + =, —k, v),&(=k,v)). Observe
that

G(v,—k) = -G, (u, k) =0
where G, is defined in Lemma 4.A.5. Proposition 4.A.11 ensures that

u(s, k,v) = ) KMun(s,v)  with un(s,v) = (Za(s, v), wn(v)) € U
k>1

Thus,
v(s, k,v) kZ:k”vn(s yV) with v, (s,v) = (- 1)”( n(s+m, u) wn(v)) € Up.
>1

Finally, the uniqueness of the solution given by Lemma 4.A.10 ensures that
v(s, k,v) = u(s, k,v), and thus

O(=k,v)=0(k,v),  —Z(s+m, —k,v)=Z(s kv).
(b): Lemmas 4.A.4 and 4.A.7 ensure that

1 27

o= L[Mizw prrim g, 40
27 Jo (p§1 mX—: pr1Qpra( Z,v), ds yds

& (¥ 4y, dZ
*%/0 (G5 25

Integrating by parts we find that

2
T dYy, dZ ELEPUN
|l = [ (P20,

because Z lies in 1/} Thus,

1 p+1

~ dY
=3, "u Zs )85 With £ = 3Tk 3 G Qpua (VT 26y,
p>1 m=0
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The frequency & is even with respect to k. Thus

p+1

27 1— )
o= ZL/ (g, le Yds with g —Z KP Z 1 @p1( Y(p+ m),Z(m),U).
T
° p e'ue'n.
so that

2
@l = 1= /0 [~ga(s) sin(s) + ga(s) cos(s)}ds| < ugA||,,o+ngsupo

Lemma 4.A.1 ensures that Q7 [(FHmm) Zem)

l 2| <lull , <1 Thus
»0
P+1 N 2
(p+1—-m) Z(m) Zyp+1 a
Cpin | @ 77, 20| < Crriow
m=0
Finally, oo
lgall , < r—32(7)p kove.
p=0

The power series is convergent because ko < 5. The same inequality holds
for gg. O

4.B Appendix. Proof of Proposition 4.2.1

We start by recalling some material about Fourier series and norms.

Lemma 4.B.1. For f € P, (P, is defined in Definition 4.A.3) let

M) = Iao|+illap|+lbpl7
p3
L= Ja b L 55l + 11
No(f) = go |f| = 0 2.5 D 13
Ifl, = sap [f(s)l.
s€[0,27)

Then

Ni(f) £ V202 + 1)Na(f) < V2020 + D], -

Now we compare the size of a trigonometric polynomial at a complex
point £, f(£) and the size of the polynomial on the real axis || f{[ .
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i

Lemma 4.B.2. The following estimates hold for every f € P, £ € C
and j >0

i

‘d@ (5)‘ <n/v/2@n 1) |If], O,

Proof.

%@’ < Elpja [P Fm O] < nd N (f)entEme)!

< w/2(2n+1 ) IIfNl, e FmEn O

Now we have enough material to control the size of |Y (¢,v)] in the com-
plex plane.

Proof of Proposition 4.2.1. Applying Lemma 4.B.2 to }7”(5, V) we get

iV ( R
k™ d—}z‘g’—y) < k”nj«/2(2n+1)’ A enlZml
o
< (ko)™ || Y (;) n? \/2(2n + 1)erTm@),
Pl 0

Applying Theorem 4.1.2 we finally get

diY,(€,v)

n
k i

<2Cp n?Vn+1 (Ek—) Il
0

4.C Proof of Theorem 4.3.1

We perform a first linear change of coordinates Y = @(Y) where ¥ is the
nonsingular linear operator

ViR AxRY: (A,BYi) - (C= A+iB,C = A~ iB,Y).

where A = {(C,C) € C2,C = C}. Observe that ¥ can be extended to an
isomorphism of C2+¢, We equip A x R? with the inner product

.Yy = 20C" + 36 + (¥h, Yi)me.

This way ¥ is an isometry. We can reformulate the result of Theorem 4.1.2
in this new system of coordinates.
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Lemma 4.C.1. Performing the linear change of coordinates Y = ¥(Y'),
(4.2) is equivalent to
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(a) Then, for any kj €0, ko, there exists M (ko) > 0 such that for v €

4 =LY+ Q(Y,v) (4.19)
dt

where L, (C, 5’, Vi) = (iwo,, C, —iwoy,,a’, %Lh(u)Yh) and where Q also sat-
isfies hypothesis (i) of Theorem 4.1.2. Moreover, (4.19) admits a one
parameter family of periodic orbits Yy, given by

10, 5] and Y’ € Do(0,k}) x C¢,
650Y) < M(kg)(IC'2 +C'2),  |DELY")| < M(KO)(IC? +|C7|)%.

(b) 6, (ke's, ke™',0) = Y(s,k,v) for k € [0, ko[ and v €]0, vo).
(c) ,(AxRY) C A xR and 56,(Y') = 6,(SY").

(d) There exists ky < ko and a family of open sets 2, C C2, 0 < v < 1y,
containing the origin, such that for every v €)0, 1], 8, is an analytic
diffeomorphism from Dy(0,k;) x C¢ to £2, x C8.

Yieo (t) = Y(wg b, b, v)

where R ~ _ _
Y(s, k,v) = Z k™ Yo(s,v), Y1 = (e¥,e7,0),

n>1

and forn > 2, ¥, reads Remark 4.C.4. Observe that 8%(Y’) only depends on (C’,C’ ). Moreover,
Theorem 4.3.1 readily follows from this lemma by setting &, = ¥of, o0 =

n
Vnls,0) = 3 @aplt) 67, 8np(v) €%, Fin (1) €7°), ld+@of, 00",
' p=-n Proof. (a): We first check that 6, is well defined for Y’ € D(0,k}) x C¢
with kj < ko. Using the Plancherel Formula and Lemma 4.C.1 we get, for

n > 2,

with
(8) Cup(v) €ER, Zna(v) =0, ?h,n,-p(l’) = ?h,n,p(’/) = Sh?ﬁ,n,p(V)-

o~

~ ~ n o~
165 (CHCNE < @+ DICTE +IC)™ 3 (1Bnpl? + [Yamsl?)

S ay,
(b) k2 | sup [Yn(s,v)|+ sup |—=(s,v)| | < Cp for v €]0,10), n > 1. on
[0,2%] [0,27] ds L e
(€) Gap(¥) =0 and Tump(v) = 0 if n+p i odd. <@+ (P + 1P o [ Fals )
0
)2 21812\
Remark 4.C.2. Statement (c) is equivalent to Theorem 4.1.2-(c} and for < (Gp)*(2n+1) < k2

this new system of coordinates, the symmetry of reversiblity S reads

S(C,C,Y) = (C,C, SuYh) (see Remark 4.1.6). Thus, for kf < ko and every (C,C') € Dy(0, k}), 6% is well defined and

lt(c’,C")| < Y(|C"|2+]C"|)Z\/2n+ (’“")

Lemma 4.C.3. Denote D(0,7) = {(C,C) € C%,|C)* + |C’|2 < r?} and
n>2

let 6, =1d + 91 where
6L : D3(0, ko) x €% — €2+ : (¢, &', %) > S 6L, c’ & Similarly, we check that for kf < ko and every (C',C") € Dy(0, kj),
: n>2 |D6L(C",C")| < M(Kp) (I + |C"|?)3

with

= i
011”77'(0,’ 5,) =Z(’c\"‘:1’01%ﬂ éln_;E ) ’c\'n,pc’ﬂ_;E C’%E ) Yh,n,pc’llji‘f—E Cl"_za) .

p=—-n f
p+n even

with

M(ky) = kzznm ( )n_Z.

n>2

(b): Observing that
(ke“‘) (ke—ls) . kneips, (keis)"—;fl(ke—is)-"-# — kne—ips’
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Lemma, 4.C.1 ensures that 6, (ke'*, ke™i#,0) = Y(s,k,v) for k € [0, ko[ and
v €]0, vo].
(c): Using Lemma 4.C.1-(a) we obtain

56% .(C",C)

n n —~ . —~ _
—~ n—p = n+p ~ yntp N n—p y2tp yn—p
= 3G pC T O 3 O T O Y Y, pC T O )

p=—n p=—n p=-n
p+n even p+n even p+n even
n n ~
o~ ntp =, n— -~ n— n+
= | SO 5 8y O Y B O O
p=—-n p=—n g=—-n
p+n even p+n even g+n even
LN nep Zynte o n4p yn—p nop 3 nte
= Z(cn pC/" '3 , anl C'= Yh npcl c' )
p=—-n
p+n even

=L .(C",C").

Thus, S8, (Y") = SY' + S6L(C',C") = SY' + 61(C',C") = 6,(SY'). Similarly,

we check that 8, (A x RY) C A x Re.

(d): We proceed in several steps.

Step 1. 6, =Id+ > 6}, holds; 8] , is an analytic function and the com-
n>2

putation made for (d) ensure that the series is normally convergent for

Y’ € Dy(0,kb) x C? for kly < ko. Hence, ©, is an analytic function on

Dz(O,kJo) X (Cd.

Step 2. We denote 6}, = (4}, o, ,9,1,)}1) and we introduce

¢, : D2(0, ko) — C*: (C',C") = (C" + 6} o(C",C"), C" +9;5(C’,C')).
where. Since ¢, is an analytic function which is uniformly bounded for
v €)0,15] and for (C',C") € Do(0,k}) with 0 < kfj < ko and which satis-
fies D¢, (0) = Id, the analytic Inverse Function Theorem ensures that there
there exits k1 €]0, ko[ which does not depend on v and a family of open sets

U, containing the origin such that ¢, is an analytical diffeomorphism from
D2 (0, k1) to U,.

Step 3. So, 4, is a one to one map from Dy(0, k1) x C?¢ onto U, x C¢ whose
inverse is explicitly given by

0,1(Y) = (6,7(C.0), % ~ 6,067 1(C, C)).
where Y = (C,C,Y4) and 6L = (6% 0" b 6, 1,)- This explicit formula for

0! ensures that 6, is an analytical diffeomorphism from D5(0, k1) x C¢ onto
U,xct. 0O

5. Constructive Floquet Theory for periodic
matrices near a constant one

When looking for a homochnlc connection to a periodic orbit, one has to
study the system linearized around the periodic orbit for determining the
dimension of the stable and unstable manifolds of the periodic orbit and
the Floquet exponents which give the speed of attraction of an orbit which
tends to a periodic orbit in infinite time. Usually, the determination of the
Floquet exponents is very difficult because it requires the knowledge of the
fundamental matrix after one period. However when one studies periodic
matrices close to a constant one, one can determine Floquet exponents using
perturbation theory. Such families of periodic matrices close to a constant one,
typically occur when linearizing around a one parameter family of periodic
orbits near a fixed point, like the one obtained by bifurcation from a pair
of simple purely imaginary eigenvalues (see chapter 4). So this chapter is
devoted to such a “constructive Floquet theory” for perlodlc matrices near a
constant one.

More precisely, for any continuous, n X n complex matrix function A , we
denote by R4 the fundamental matrix, i.e. the unique n x n matrix function
R such that

dR
When A is T-periodic, Floquet theory ensures that R4 reads

Rat) = Q(t)e*”

where @ is a T-periodic invertible matrix and A is a constant matrix.
The eigenvalues of A are called Floquet exponents of A determined up to
2%, n € Z. When A is obtained by linearization around a periodic orbit,
these exponents characterize the stability properties of the periodic orbit.
Their explicit computation is quite difficult in general since A is simply char-
acterized by the relation R(T) = eT4. However, when 4 is close to a constant
matrix, perturbation theory enables us to compute Floquet exponents. We

study in this chapter, a linear time dependent differential equation
dYy
dt

where Lg is n X n complex matrix and where M _is a smooth, T-periodic
matrix function which satisfies

= LoY + M(t,A)Y, Y eC'\AecR™ (5.1)
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M(,0) =0, for t € R.

Floquet theory ensures that, for every A € R™, there exists a T-periodic,
invertible matrix Q(-,}), such that performing the change of coordinates
Y (t) = Q(t, A), (5.1) is equivalent to

az
dt

where L()\) is a constant matrix, the eigenvalues of which are Floguet expo-
nents. Since Lo + M (t, A) is close to Lo for A close to 0, one can hope that
L()) and Q(-,A) are respectively close to Ly and Id. The following theorem
ensures that this is only true if the eigenvalues of Ly are non resonant. In the
resonant case, L and @ are not close to Ly and Id.

L)z

5.1 Constructive Floquet Theory in the non resonant
case

Theorem 5.1.1 (Floquet Theory in the non resonant case).

Let Lo be a nxn matriz and let M : (¢, ) — M(t,A) be a matriz function
of class C™ with r > 0, which is T-periodic with respect to t for any small
A € R™ and which satisfies M (t,0) = 0 for t € R. Denote oy,---,0, the
eigenvalues of Ly and assume that they are not resonant, .e.

oy okt ZEN{0),  forl<j<m l<ksn  (52)

(a) Then, for any sufficiently small ), there exists an inventible T-
. pertodic, n X n matriz Q(-,A) such that setting Y (t) = Q(t A Z(t),

(5.1} is equivalent to

dz

=Lz (5.3)
with ;

LQ)=Lo+ L2, Li0)=0,  L3Li(d) - Li)Lj =0,

and
Q(taA) =Id+Ql(t)A)7 Ql(t,o) =O

where A — Li(A) and (t,A) — Q1(¢,)) are functions of class C™ and
t— Q1(t,A) is of class CT+1,
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(b) If Lo and M are reversible with respect to some orthogonal symmetry
S, i.e.

LyS=—-SLy,  SM(-t,\)=-M(t,)\)S, S=8" =8,

then
L1(A)S = =SL1(Q), S5Q1(~t,A) = Q1(¢,A)S.
(¢) If Ly and M are real matrices, then Ly and Q1 are also real matrices.

(d) If (t,A) — M(t,)) is an analytic functions then A\ — L(\) and
(t,A) — are also analytic functions.

The proof of this theorem is given in Appendix 5.A. It is based on a
rewriting of the equation satisfied by L;, Q; as an implicit equation, solved
by the Implicit Function Theorem. So It is possible to compute explicitly the
Taylor expansion of Ly and Q; in powers of ).

Moreover, we can prove that when M is “an analytic matrix function
computed around circles”, then @i is also an “analytic function computed
around circles”.

Lemma 5.1.2 (“Analytic matrices computed around circles”).
Let Ly satisfy the hypothesis of Theorem 5.1.1 and let

M(t,p) = J\vl(pei”t,pe_i“’t) with p € R, w > 0.

where M : C2 — M (C) be an analytic function on (D(0,p1))? with

p1 > 0, where D(0,7) = {z € C, |z| < r} satisfying M(O 0) = DM(0,0),
i.e.

M(C,C) = 3 MpgC?CY,  with |Mpy| < G );+q
p+q22

Then there ezist pa €]0, p1] and my such that fort € R and p €] — pa, py],
the two matriz functions given by Theorem 5.1.1 L1(p) and Q1(t, p) read

* * m
= szkLl,%; LoLy ok — LyLyor =0, |L1,2¢] < —2%,
et (p2)

and Q1(t, p) = él(pe‘i“t,pe‘i“t) with

v m
QI(C C Z QP qcpcq 1Qpql(1+]p — glw) < (—P2)”L+q'
ptg2>2

The proof of this lemma is given in appendix 5.B
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Remark 5.1.3. This type of matrix M typically occurs when linearizing
analytic vector fields around periodic orbits which are circles, like the one
obtained in Theorem 4.3.1.

Remark 5.1.4. The above description of M and Q; appears to be invaluable
when complexifying time. Indeed, if £ lies in a strip B, = {¢ € C,[Im (¢) | <
£}, then the above description ensures that M (¢, p) and Q1(¢,p) are both
well defined provided that p < poe 4.

5.2 Constructive Floquet Theory in the resonant case

The resonant case can be deduced from the non resonant one using sufficiently
many linear T-periodic transformation V of the type given by Lemma 5.2.1
below. Observe that consequently, in the resonant case, Q and L are not close
to Id and Ly.

Lemma 5.2.1. Let Lo be a n x n matriz and denote 05, 1 < j < £ its
eigenvalues (o; # oy for j#k) .

Let M : (t,2) — M(t,A) be a matriz function of class C™ with r > 0,
which is T-periodic with respect to t for any small A € R™ and which
satisfies M(t,0) =0 fort ¢ R. '

Then, there exists an invertible matriz function V, such that the transfor-
mation Y (t) = V(t)Y(t) transforms (5.1) into an equivalent system

&y -~ —~
— = LoY + M(t, ), (5.4)
dt

where Eo has for eigenvalues o, — 2%",02, <+, 0¢ and where M satisfies

the same properties as M.

Proof. We first assume that L is under Jordan normal form

Loy 0}

Lo = }
° 0 Lp

where Lo is the ny x n; matrix equal to the direct sum of all the Jordan
block corresponding to the eigenvalue o,

g1 (52 0 0

L01= 0 o1 " 0
.. . 5n1
0 0 g1

d; being 0 or 1. Then, denote by U the matrix
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2
U(t) = [ et dny 0 } .
0 ITL—TLI

Clearly U is invertible with U~1(t) = U(—t) and setting Y(t) = U(t)Y (¢),
(5.1) is equivalent to (5.4) with

7o 501—%17;1 0

2 o] Few = uome ne

Thus, Ly and M have the required properties.

In case Ly 1s not under Jordan normal form, the transformation U can be
replaced by PU, where P is chosen so that P~1LyP is under Jordan normal
form. Setting V.= PU the lemma is proved. O

5.A Appendix. Proof of Theorem 5.1.1

5.A.1 Writing of the equation as an implicit equation

We look for (Qy, L1) such that setting ¥ = (Id + Q1(-, A))Z, equation (6.1)
is equivalent to

Y o+ L)z

To obtain the equation satisfied by L; and Q;, we perform the linear change
of coordinate Y = (Id + Q1(-,A))Z in (5.1) '

UZEDGNE) _ 174 Qut,2)2) + Mt A)(Z + r(t0)2)

dt
. dZ
and we prescribe that Fr (Lo + L1())) holds. Hence, we get
d
IhZ + %Z + N LoZ + Q112 = LoQi1Z+MZ+MQ, 2.

So we can conclude

Lemma 5.A.1. Ifu=(Q1, L) satisfy

L(u) =N(u,]) (5.5)
where
£(0) = L+ QiLo-Lo@i+ S, M(u,3) = ~@uLy+M(, )+ M (-, 1)Qs

and if Id+Q1(t, A) is invertible fort € R, then (5.1) is equivalent to (5.3).
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The idea is then to solve this equation using the implicit function Theorem

in appropriate Banach Spaces for © = (Q1,L;) and A close to 0. For that
purpose we introduce the following notation and definitions

Definition 5.A.2. Denote by M,,(C) the set of the complez n x n ma-
trices equipped with the inner product (A, B) = tr(A*B) and let|-| be the
corresponding norm which is a norm of algebra, i.e. |AB| < |A] |B|.

Definition 5.A.3. Let us define the Banach spaces
Pr(Mn) =A{Q:R — M,(C),T—periodic, of class CT},
PRH(Ma) = PR(Ma) 0 {Q: R = My, [ Q(0)dt € (ker do)* }
URt (M) = {u=(Q L), Q € Pp-(My), L € ker A3},

normed with

r dQt r
1Ql,, =3 sup [T for o ag,), Pt (M),
T Jj=01[0,T] i
el =1Qlp, +IZI for PR (M),

where Ag is the linear operator given by

.AQ . Mn((C) — M-n,(C) :P— LQP — PLO

5.A.2 Study of L(u)

As usual, the crucial point is the study of the linear part (classi@al result).

Lemma 5.A.4. Let Ay : Myp(C) — My(C): P+ LoP — PLo,

(a) When M, (C) is equipped with the inner product introduéed in the
previous definition, the adjoint A§ of Ao is given by A5(P) = LiP —

PLj.
(b) The eigenvalues of Ag are the numbers o; — oy, 1 < j < ¥, 1< k<¢
where o1, -+ ,0¢ are the eigenvalues of L.

Proof. (a):
(@, AoP) =tr(Q*LoP) — tr(Q*PLo)
= tI‘(Q*LoP) — tr(L()Q*P)
= (L5Q - QL}, P).
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(a): Let us denote (z; k) 4 1< 52 a basis of C™ for which Lg is under Jordan
0<k<n;
normal form, i.e.

Aozjo = 0540 for1 <j<¢,
Aofz:j,k = 0%k + 5]’,}: Tjk—1 for1<j<¢ 1<k< n; —1

where 0; % = 0 or 1. Similarly, since the transpose Ly of Ly has the same
eigenvalues as Ly with Jordan blocks of the same size, we can find a basis

(Ysk) 1<5<e  for which Lg is under Jordan normal form, i.e.
0<k<n;_1

Aoyjo = o550 for 1 <j <4
Aoyjk = 03k + 65 4yjk—1 for1<j<q, 1<k<n;—1

§,p<e 15 a

where 67, = 0 or 1. Then, the family of matrices (x;x %, o)1
0 WgE<n -1

1<
k
basis of M, (C). Moreover,

t, t 1, t
'AO('TJ',/C yp,q) = (Uj - Up)xjyk Yp.q +5P:q$.’i,k Ypg-1 +6',k$]}k—1 Ypq *

So, if we order the basis  x ‘yp’q with the lexicographical order for (4, &, p, gq),
we observe that for this basis of M,,(C) the matrix of Ay is an upper trian-
gular matrix with coefficient o; — o, on the diagonal. So, the numbers o; — o,
are the eigenvalues of Ay. O

'The study of the operator £ defined in Lemma 5.A.1 will be essentially.
based on the following technical lemma.

Lemma 5.A.5. Let T > 0 and let A be a linear operator on a C-Hilbert
space E of finite dimension. Denote by Ay, -+, A\, the eigenvalues of A.

Assume 0 Z
i .
A ¢ —\ {0}, for1<j<q.

T
Then, the operator B = / exp(s.A)ds is an isomorphism of E. Moreover,
0

B(ker A*)PimA = E, B(ker A)P(ker A)* =
and
ker A = ker(Id — exp(T'A)), imA = im(Id — exp(T.A)).

where im.A is the image (or the range) of A.

Proof. Step 1. First assume that in an appropriate basis, the matrix M4
of A, reads M4 = Ald + J, where J, is the ¢ X ¢ matrix given by
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A 100

0o
J, = .
a4 0 0 .1

0 0 0 A\

If A = 0, then the matrix My of B in this basis reads
T -1(Jg)e ! T2J T9(Jg)*?
— RO O = g, T
Mg = /0 (Iq +sJy+-- + -1 ) ds =TI+ 5 + 4 p

which is a nonsingular, upper triangular matrix. Similarly, if A ¢ 2’532, then
the matrix Mp of B in this basis reads

T
Mg =/ e (Ig + sJg + - + gy 1),(J) Dds
0

T T
-1 _
= (T —1)I, + /0 seMds Jy + -+ /0 (;—q_T)-!-e“ds (Jg)at

which is a nonsingular, upper triangular matrix, since (e7* — 1) # 0. So,
B is invertible. The general case, readily follows from this particular case,
considering a basis for which the matrix of A is under Jordan normal form.

Step 2. Denote F' = B(ker A*). Since B is invertible,
dim F = dim(ker A*) = dim(im(A)*) = dim E — dim(imA).

Hence, to show that E = F @ imA, it is sufficient to show that FNIm (A) =
{0}. So, let = be in F NimA. Thus, z = Bz with z € ker A* = (im.A)* and

T T

T
0={z,2) =/0 (exp(sA)z, z)ds =/0 (z,exp(s.A*)z)ds =/0 (z,2)ds = T|z|*

since for z € ker A*, exp(sA4*)z = z. Hence z =0 and z = 0.
Step 3. Blier.4 = T1d. Thus, B(ker A) = ker A and thus
B(ker A)P(ker A)1 =

Step 4. Observing that
T
AB = / Aexp(sA)ds = Id — exp(T'A)
0

we deduce that im.A = im(Id — exp(T'A)) since B is an isomorphism of E.

Step 5. Applymg the result of the two previous steps to .A*, whose eigen-
values are Mg, - - )\ and thus also satisfy the same non resonance criteria as
the one of A, we get

ker A = (imA*)* = (im(Id — exp(T\A*)))* = ker(Id — exp(T A)). O
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We concludé this subsubsection devoted to the study of £ by

Lemma 5.A.6. For any k > 0, L is a Banach isomorphism from the
space UM (M) to PE(M.,).

Proof. L is clearly a linear bounded operator from Z/{qkq"'l’L(Mn) to P%,E(Mn)

conversely, let N be in PE(M,,). We look for u = (Q1,L1) in U§°,+1'J'(Mn)
such that L£(u) = N which is equivalent to

Q1(t) %exp(tAo)Ql(O) + /o exp((t — 8)Ao).(N(s) — L1)ds.

This formula ensures that Q; is of class C**1 since N is of class CF. Moreover,
Q21 is T-periodic if

T
(Id — exp(T'Ao)).Q1(0) = / exp((T — 5)Ao).(N(s) — L1) ds,
° (5.6)
= /0 exp((T — s)Ao).N(s)ds — Bo.Ly
where

T
Bo.Ly :/ exp(sdo).L1 ds.
0

Equation (5.6) as a solution if and only the right hand side belongs to
im(Id — exp(T'Ap)). Lemma 5.A.4 and the non resonance criteria (5.2) en-
sure that Lemma 5.A.5 holds for Ag. Thus, :

im(Id — exp(T'Ap)) = imAg, ker(Id — exp(T"Ag)) = ker A
and
Bo(ker A5)PimAg = Mn(C),  Bolker Ag)P(ker Ag)t = M, (C).

Thus there exists a unique L; € ker A7 such that (5.6) has at least one

solution. Moreover, for [; = Ll, there exists a unique Q10 € (ker Ag)*
which is solution of (5.6) and all the solutions of (5.6) are given by

Q1(0) = Qo+ Q11 where Qq; € ker A

T
Finally, / Q1(s)ds € (ker Ap)* holds if
0

- T pt _
Bo.(Q1o + Q1) + /0 /0 exp{(t — $)Ao).(N(s) — L1)ds € (ker Ag)*. (5.7)

Since By (ker Ao) €D (ker Ap)t = M,,(C) there exists a unique Qy; and thus
a unique @1(0) = Q10 + Q11 such that (5.7) holds. This shows that for any

N € PE(M,) there exists a unique u = (Qq, L) € Z/{;H’J'(Mn) such that
Lu)=N. O
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5.A.3 The implicit equation

‘We have now enough material to prove Theorem 5.1.1.

(a): Observing that A is a C™ function from Up " (M,,) x R™ to PL(My)
such that A (0,0) = 0, and since £ is an isomorphism from UF}H"L (M) xR™
to P7(Mpy), the implicit function theorem ensure that (5.5) has a unique
solution which reads u = p(A) where ¢ : R™ — L{,}H’l(/\/tn) is of class C7
and satisfies p(0) = 0. This completes the proof of (a).

(b): If M and Ly are reversible with respect to some orthogonal symmetry

S, then if u = (Q1,L;) € L{TH (M) is a solution of the implicit equation
(5.5), then v = (SQ1(— t)S —SL;8S) is another solution which also lies in
U (M,,) since S : M n(C) = Myp(C) : P — SPS is a self adjoint
isomorphism which anticommutes with 4, and Aj. The uniqueness of the
solution given by the implicit function theorem ensures that v = w.

(c): If M, Lo and S are real matrices, then if u = (Q, sL1) € c U (M,) is
a solution of the implicit equation (5.5), then v = (Qy, L1) is another solution
which also lies in U1 (M,,) since R : Man(C) = My(C): P Pisa
semilinear 1somorphlsm which commutes with 4y and A%. The uniqueness of
the solution given by the implicit function theorem ensures that v = u. [

5.B Proof of Lemma 5.1.2
Step 1. Let us denote A = (p, ) € C? and M(t, ) : (D(0, p1))2 — Mn(C),

(t )\) (pe iwt pe—iwt)'
As for Theorem 5.1.1, we introduce the implicit equation

F(u,A) = L(u) — N(u,A) =0, (5.8)
where u = (@, L) and !
L(u) = L1+ Q1L —L0Q1+£i-%, N(u,A) = —Q1L; + M., )\)-jka/(- Q.

F can be seen as an analytic function from U (M,,) x (D(O p1))? to

Pr(My) with T = 27 /w. Using the Analytic Imphclt Function Theorem at -

the origin, we get that there exists po < p; and a unique %()) such that
F@,A) =0

for A close to 0. Moreover, A — %()) is an analytic function on| (D(O 02))?,

ie.
u(d) = ulp,p) = Z Up,q PPO7

p+g>1
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with - mo
-+ ~
uP q € u (MTL)7 HUP:QHU;+1,J. S (p2)p+q . (59)

Moreover, for small |p|, p € R, the function u(p) = (Q1(:, p), L1(p)) given
by Theorem 5.1.1, are found as the unique solution of F(u, p,p) = 0 in the
b (M,,). Hence,

space Uy
u(p) = u(p, p)-
Step 2. Observing that for any ¢ € R and every t € R
M(p, 5t +0) = M(pe ), e™10+0)) = M(pei?, &7, 1)
we get that if ¥ = (Q1(t), L1) is a solution of F (3, p, p) = 0 in UpTH(M,,),

then @ = (Q1(t+y), L1) is a solution of F (i, pel¥, pe~%) = 0 in U1 (M,,).
Thus, for every ¢ € R,

Li(p,5) = Li(pe'®,e7%5),  Qulp, it + ) = Qu(pe'*,e™5,2), (5.10)
where %(p, p) = (Zl(p, ), Q1(p, 7, t)) is the unique solution of

Flu,p,p) =0

given by the Implicit Function Theorem for |p|, 5] close to 0. From (5.9) we
get that (Ql,Ll) reads

Qe mt)= Y Grpa® PP, LipB) = Y. Lipg 077

p+g21 pta>1
where Q1 4 € P PRt (M,,). Then, (5.10) ensures that
Cjl,pﬂz(t +) = él.z’,q(t) eP-99, Zl,p,q = f’l,p,q elPe, (5.11)

for every ¢ € R. Hence, El,p,q =0 for p # q and ffl reads

Li(p,5) = Y Lo u*p*. (5.12)
E>1

Moreover, since Q1,p,q is of class"C' and T-periodic we can expand it in

Fourier series
A A ikwt
Q1p,e(t) = ZQl,p,q,k e

k€EZ
and (5.10) ensures that for every ¢ € R,

Q10,6 lP=0% = Q1,p,0.k k¥

So, al,p,q,k =0 for k # p — g and Q; reads
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Ql(/% pit) = Z al,p,qm—q Wm0t P, (5.13)

pt+g21 :

Finally grouping together (5.9), (5.11) ,(5.12), (5.13), we get that for p € R,

u(p) = (Ql(pvt)7L1<p)) = (él(p7 2, t)1f’l(p7 p))

reads
Li(p) = szkLl,Zka Qilp, prt) = Z Qupigp-g (P“)P(pe™)9,
k>1 p+g>1
with
Ligreker Ay, |Dupkl € oy [Qupgipmgl (1Hwlp—g)) < 2.
2Ky Wkl = (p2)2k P, (pz)p+q

This completes the proof of Lemma 5.1.2. O

6. Inversion of affine equations around
reversible: homoclinic connections

When studying the persistence of homoclinic connections h to 0 of a per-
turbed system of the form

Y N+ R,
dat
with dh
d—t = N(h, E),

a natural idea is to look for a homoclinic solution of the full system under the
form Y = h + v/where v is a perturbation term and to rewrite the equation
for v in the form

L) = N(v, e) (6.1)

where

L(v) = %t_) — D,N(h,e).v,
N(v,e) = N(h +v,e) — N(h,e) — DyN(h,e).v + R(h +v,€).

Then, for solving (6.1) in a space of functions v which satisfies v s 0 there
—T00

are two usual methods which are essentially equivalent:

1. One can try to invert the linear map £ in an appropriate space of functions
which go to 0 at £c0. If one succeeds in this inversion, then one can rewrite
(6.1) as a fixed point equation

v =L N(v,¢)

and try to solve it using the Contraction Mapping Theorem.

2. One can try to solve (6.1) using the Lyapunov Schmidt Method (see [Ha78]
for a good introduction to this method). This method is based on the
Implicit Function Theorem, and once more the crucial step is the inversion
of £ in appropriate Banach spaces.
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So for both cases, the crucial point of the analysis is the inversion of affine
equations with linear part obtained by linearization around homoclinic con-
nections. When £ is not invertible, then A/ (v,€) must belong to the range of
L. This leads to so called compatibility or solvability conditions “the prin-
cipal part” of which are nothing else than a generalized Melnikov function
for systems of dimension greater than 2. The tools given in chapter 2, were
developed for the study of these solvability conditions in the hyperdegener-

ated case when the principal part is given by an oscillatory integral which is
exponentially small.

This chapter is devoted to such affine equations for reversible systems
with linear part obtained by linearization around homoclinic connections.
Sections 6.1, 6.2 and 6.3 deal with the linear homogeneous equations, i.e.
with the kernel of £. Sections 6.4 and 6.5 are devoted to affine equations and

in particular to the solvability condition required to belong to the range of
L. ‘

6.1 Explicit computation of a basis of solutions of the
linear homogeneous equation

For solving affine equations of the form
% = At + f(t), v eR®

where A(t) is a n x n time dependent matrix, the first step is to buiild a basis
of solutions of the linear homogeneous equation |

dv :
= = Al o (62)

|
i

In general, it is not possible to compute explicitly all the solutions of such an
equation. So in general, to obtain the behavior at infinity of a ba.s:is of solu-
tions, one has to use mathematical tools such as the Theory of Dichotomies
(see [CoT8] for a good introduction). However, when (6.2) comes| from the
linearization around an explicitly known solution h of a vector field N , Le.

%=N(h<t)>v and  A(t) =DN(h(®), = (6.3)

. . b
one can find one or several solution and sometimes all the solutidns of the
homogeneous equations

& DN s

using several “tricks”:

6.1 Explicit computation of a basis of solutions 137

1. Observe that p(t) = % is a first solution of (6.4) (differentiate (6.3)).

Moreover, since ih
= — = N(h{t)),
plt) = 5 = N(h(t)
we deduce that ' . ' .
— when h is reversible, i.e. Sh(t) = h(—t), then p is antireversible, ie.
Sp(t) = —p(-1). o
— when h is a homoclinic connection to 0, then p also tends to 0 at infinity
with at least the same speed as h since

lp(®)] = IN(R())] < glé%(llDN(Y)ll) ()]

where K is any compact set containing the origin and the graph of h.
2. More generally, if h belongs to a smooth m-parameter family of solutions
H(t, 01, 1 Pm), i-e. h(t) = H(t, @3, -+, 8 with

86—13 = N(H(t)(Pha(Pm)) for any @1, ,%m,
then the m functions
OH , o 0 for1 <j<
pj(t)='_(t,(,01,"',(,0m) ortsjpsm,
Op;

are solutions of the homogeneous equation (6.4). However, they are not
always linearly independent. The case 1, is a particular case of this one
with a one parameter family of solutions given by H (¢, ) = h(t + ¢).

3. It happens frequently when N is a normal form that DN (h(¢)) is block
diagonal. So the problem of the inversion can be solve.d for e.ach b10(':k
separately, which leads to problems of smaller dimension which are in
general, easier to solve. .

4. Another helpful observation is that the Wronskian determinant W (t) of
a basis of solutions (by(t),--,b,(t)) of the homogeneous equation (6.4)
defined by

W(t) = det(b1(t),-- -, bn(t))

is always explicitly known. Indeed it is given by

W(t) = W (0) exp ( /0 (DN (h(s))) ds)

where tr(A) is the trace of a matrix A. This observation happens to be
useful when one knows explicitly n — 1 independent solutions and wants
to compute a last one. For n — 1 vectors z;, 1 < ¢ < n — 1, denote by
1 A -+ Azn—1 the unique vector y of R™ such that for every z € R,

det(IIIl, o, Tp—1, Z) = (yv Z>

where (-, -} is the usual scalar product in R™. We then have:
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Lgmma 6.1.1. Let by(t), --,bp_1(t), n—1 be linearly independent solu-
tions of a linear time dependent equation

dv
i = A(t)

where A(t) is a continuous n X n matriz function defined on R. Then the
last solution b such that the Wronskian determinant satisfies

W(O) = det(bl(o)v | bn_]_(O), b(O)) =
is given by
n—1
bE) = 3 ault) Bi(8) + alt) 7(0)
where T(t) = b1 (t) A+ Abp_1(2),

_w@E) ¢
a(t) = CORD)] @) W(t) = exp (/0 tr(A(s))ds) ,

and ;
i) = [ als)i(6), (Ar - —) ())ds
with

bi(t) = (-1)*~ b1 () A A b1 (8) Abiga(E) - Abp_1(t) AT(2)
1 ), 70 -

6.2 Complex singularities of solutions of the
homogeneous equation

In the previous section we recalled the classical methods for computing a real
basis of solution of a linear equation obtained by linearization of a system
around a homoclinic connection to 0. The solutions of the basis obtained
are essentially characterized by their reversibility properties and by their
behavior at infinity.

When complexifying time for using the exponential tools given in chapter
2, other important information required on the solutions of the basis is the
location and the nature of their singularities in the complex field. The theory
of Fuchs enables us to compute another basis of solutions characterized by
their singularities. Then, the difficulty is to find the link between the two
bases. See for 1llustrat10n Example 6.2.10 below for the 02*iw resonance.
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|
6.2.1 Theory of Fuchs for linear systems

A first part of th:e theory of Fuchs deals with systems of the form

| df = A(¢)v ‘ (6.5)
where A is an n X n matrix with at most an isolated singularity at some point
&, but which is otherwise single valued and holomorphic near &. A second
part deals with équation of nth order. It is given in the next paragraph. We
only recall here ?he main result of the theory of Fuchs. For complete proofs
and ezample seellfor instance [CL55] Chap. 4 and 5.

A first resulﬁ gives a rather qualitative description of the fundamental
matrix of (6.5) when A has an arbitrary isolated singularity.

Theorem 6.2.11. Let £ — A(£) be a single valued; holomorphic n x n
matriz function in the punctured disk D(€o,7) := {§ € C/0 < |€—=&o| < T}

(a) Since D(Eo, 1) is not a simply connected domain, the solutions of (6.5)
are not necessary single valued. However, the problem can be con-
sidered in a simply connected domain if the domain is allowed to be
many-sheeted: the Contraction Mapping theorem ensures the ezistence
of an analyt ' tic fundamental matriz on 2 given by

Q:‘;O<p<r, —00 < § < 400, and&—go—_——pew.
(b) Moreover, cfzvery fundamental matriz ¥ of (6.5) has the form
| B(¢) = Q(&)ellose—¢o)lB

where Q zs a single valued holomorphic n X n matriz functzon mn
D(&,7) and B is a constant matriz.

Remark 6.2.2.§Denote by J := Jor(B) the Jordan normal form of B.
J and B are linked by B = P—lJP where P € GL,(C). Then, ¥(¢) =
Q(€)P~1elos®)I p, and ¥ = ¥P! is another fundamental matrix of (6.5)
which reads W(E) Q(&)elosE=%) where Q is a single valued holomorphic
n x n matrix function in D(&o,7). Thus ¥ reads ‘

m(X;)

Ho-30 5 S LM ogte - e,

1<j<q k=1

where X;, 1 < j < ¢ are the eigenvalues of B (or J) and II; are the projectors
on the generalized eigenspace corresponding to A;. Hence, for each eigenvalue
A; of B (or J), equation (6.5) always admits a solution of the form v(¢§) =

(€= &)
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When A has only a pole of order one, a more precise description of the
fundamental matrix can be obtained. “

Theorem 6.2.3. Let A be a n X n matriz function given by

400
A€)=¢T'R+ ) M4, (6.6)
m=0

where R # 0 and A,, are constant matrices, and where the power series
converges for |£| <r, r > 0. : :

(a) If R has eigenvalues which do not differ by positive integers, then (6.5 )
has a fundamental matriz ¥ of the Jorm

T() = Q€)EOR  for 0 < ¢| < 7o, withro >0,

where Q(€) is a convergent power series

+oo
QE) =D t™Qm, Qo=1I,.
m=0

(b) In the general case, equation (6.5) has a fundamental ma,tfi"iz of the
form |

P(€) = QE)EOR  foro <) <c, withe> 0,

where Q(€) is a convergent power series

“+oo

Q)= €™Qm

m=0

and where R is a constant matriz with eigenvalues which do not differ
by positive integers.

Remark 6.2.4. The general case (b) can be deduced from the particular
case (a) using sufficiently many transformation V of the type given t y Lemma
6.2.5 below. We give the proof of this lemma because it gives the explicit form
of V and enables to compute explicitly R as a function of R.

Lemma 6.2.5. Let A be a n x n matriz function given by (6.6).| Let A,
1 <7 <gq, be the eigenvalues of R. ;
Then, there exists a matriz function V' of ¢ invertible for & # 0 and

linear in £, such that the transformation v = V¥ transforms (6.5)linto an
equivalent system
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~ . +o00 _
o Ay, with A(¢)=¢TR+ ) tmAn (6.7)
dg m=0
where R has for eigenvalues A\ — 1, A2, -+, Aq.

Proof. We first assume that R is under Jordan normal form
Ry O
0 Ry

where R; is the p; X p; matrix equal to the direct sum of all the Jordan block
corresponding to the eigenvalue Aj,

A 6 0 O
M .0
Ri=| % M
- T 6?1
0 0 M

d; being 0 or 1. Then, denote by U the matrix

U= &1 0 )
0 In_p

Clearly U is invertible for £ # 0 and

g1 | €7 0}
0 I‘n—‘Pl

Then, setting v = U7, (6.5) is equivalent to (6.7) with

¥ - —1dU py myr—1
A(E) =§_1U 1IRU - U d_§+ Z ¢ U AU
=0
~ +o00 ~
=¢"R+ 3 ™A,
m=0
where

_ Ri—1I, A . _ | A A ]
R = [ 0 1 R, with Ag Ay Aoy

where Aj; is the block of Ag of length and width p;. Thus, R has the required
properties.

In case R is not under Jordan normal form, the transformation U can be
replaced by PU, where P is chosen so that P~1RP is under Jordan normal
form. Setting V' = PU the lemma is proved. O
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Theorem 6.2.3 gives the form of the fundamental matrix for (6.5) when A
has at most a pole of order one at the origin. However, it does not give explicit
solutions. When one wants to compute ezplicitly the fundamental matrix the
following theorem 6.2.6 appears to be very useful. Indeed it ensures that when
A has at most a pole of order one at the origin , any “formal solution” of
(6.5) is in fact a true solution. So, one can compute explicitly true solutions
by looking for formal solutions with an a priori form given for instance by
theorem 6.2.3. The coefficients of such solutions will be given by induction.
Then, Theorem 6.2.6 will ensure that all the series involved in any formal
solutions are convergent.

Theorem 6.2.6. Let A be a n x n matriz function given by

+o0
A€)=¢T'R+ ) M An
m=0
where R # 0 and A,, are constant matrices, and where the power series
converges for |{| <, r > 0. Then, if v is a formal solution of (6.5) of the
form
J K +o0
v(§) = ZZ D agke €8] €9 (loge)*

7=0 k=0 £=—m.,-k

where J, K,mj, € N and );, ajre € C, then formal series occurring in v
are convergent in 0 < [£] < 7.

Remark 6.2.7. This theorem is no longer true when A has a pole of order
2. This leads to serious difficulties. See for instance [CL55) Chap.5 for more
details.

6.2.2 Theory of Fuchs for equation of the nth order

This paragraph is devoted to the study of an equation of nth order
D tn-m(€) =2 =0,  with ao(¢) = 1. (6.8)

where the a;, are single-valued and holomorphic in a punctured neighborhood
of a point &. The study of such equations can be deduced from the study of
the usual associated first order linear system. With this method the detailed
description of the fundamental matrix given by Theorem 6.2.3 can only be
obtained for equations of the nth order (6.8) if the coefficients a; have at
most a pole of order 1 at &. However, using another associated system, one

can apply the result of Theorem 6.2.3 to a far more large class of equations
of nth order:
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Lemma 6.2.8: Let ax, 0 < k < n be n single valued, holomorphic func-
tions defined on a punctured neighborhood of &y such that

a@E1,  ak(€) = (- &) F(§) for 1<k <n.
where by are Ijzolomorphz'c functions. To every holomorphic function. @
defined on a punctured neighborhood of &, we associate a vector function
@ in C™ with components @1, -, Pn given by

i dk—l
@c(f) = (£ - &) dgk—(f for1 <k <n.

Then, @ is soliition of (6.8) if and only if @ is solution of the first order
system

_ 6.9
T = A (6.9)
with
"0 1 00 0]
o 1 10 0
| 0 0o 21 0
AE)=(—&)| 0 0o 03 0 (6.10)
o 0 00 . 1
L -—bn —bn—l . o (n - 1) —-b1 i

Proof. The proéf directly follows from
(E—go)$L=(k—1)¢k + Pr+1 forl1 <k<n-1,
(€ = €0)Pn = (n = 1)@ + (£~ &)™ O

Remark 6.2.9. As already explained, under the hypothesis of Lemma 6.2.8
the explicit computation of a fundamental basis can be perforlged by.r con-
sidering (6.9), (6.10) and using Theorem 6.2.3. If (6.9) is rewritten in the

form

dv

+o00
= |- TR ST (E-&)™ Am|v

m=0

where R, A, aré constant matrices, and if the coefficients by, reads

400
br(€) = bemé™
m=0

then the eigenvalues of R are the roots of the equation

)\(A—l)---()\—;Tl+1)+b1,0/\()\—1)-'~()\—n+2)+"'+bn_1,o>\+bn,o =0.
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This equation is called the indicial equation for (6.8) relative to the singular

point &.
So, if for instance the eigenvalues Aq,---, A, of R are distinct;and do not
differ by positive integers then a basis of solution of (6.8) is giverjl by

(&) = (€ ~ €)™ px(€)

where p;. are single valued holomorphic functions in a nelghborhood of & sat-

isfying p(£0) # 0. For more complicated cases, we must proceed as explained
for Theorem 6.2.3.

Example 6.2.10. (Linearization around the homoclinic connectlon
to 0 of the normal form of order 2 for the 02*iw resonance)

In Example 3.2.9 we gave the general normal form system of jorder k for
the 02*iw resonance. The normal form system of order 2 reads

da
dr
dB
dr
dA
dr
dB
ar
where u is the bifurcation parameter close to 0 and w1, M, ni, N2, N3 are

real fixed numbers. In this system of coordinates the symmetry of r%versibility
reads :

=B,
= niud + nod? + na(A2 + B?),
= —B(w + pwy + ma),

= A(w + pwy + ma).

S(&,B,4,B) = (&,-5,4,-B).
Assuming that n; # 0, ny # 0, the normal form system admits a reversible
homoclinic connection & for nypu > 0 given by :

~ -3 1 3v3 tanh(:vT) &
B = ,— 2 70,0 ith v = /ni .
( 2n4 coshz(%m-) 2n9 coshz(lzn') b ; e

In order to work with a homoclinic connection which does not depe *nd on the
bifurcation parameter we perform a scaling for time, space, and parameter
32 3.8 |

t=vr, a=--—a, f=- A=v24, B=v"B, v =,
vT, G =g a, B 2n2'6’ A, B=1V?B, v VALH.

After scaling, the normal form system of order 2 reads

dY !
T = N(Y,v)

with l
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B
o— 302+ d(A% + B?)

=(a7/87A7B)7 a'nd N(Y?V): _B(E_*_al/_*.bya)
v

A(% +av + bra)

where a, b, d are three real constants given by

w1 3m 2n9n3
= —_— b = —-——, d = —_-—
@ ny’ 2n9 3
This system admits a unique (up to time shift) homoclinic connection A to
0, given by h(t) = (”(t), 8*(t),0,0) with

o™(t) =cosh™?(4t),  B"(t) = — cosh™2(3¢) tanh(Lt). (6.11)

Step 1. Computation of a real basis of solutions characterized by
reversibility properties and behavior at infinity

This orbit is reversible. Using the “tricks” given in Section 6.1 we are able
to compute explicitly a basis of solutions of the equation linearized around A

W DN, ) (6.12)
dt
with
0 1 0 0
1-3a" 0
DN(h()) = 0 0 0 —(% + av + bval)
0 0 (% + av + buat) 0
h
Indeed a first solution is given by p = p = (Pa, Pg,0,0) with

tanh (31)
cosh? (-21-t) ’

pa(t) = o™(t) - §(M())* =

pa(t) = BR(t) = —

1 _ § 1
cosh? (3t) 2 cosh* (3t)

and it satisfies
Sp(—t) = —p(-t), jtelug(lp(t)le'”) < +o0.

A second solution is obtained using the “Wronskian trick” for the first diag-
onal block. Denote g the solution of (6.12) which satisfies ¢(0) = (1,0,0,0).
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Observe that since DN (h) is block diagonal, ¢(t) = (¢g(t), gg(¢),0,0) holds
for t € R. So we work with the reduce linear time dependent system

0 1
1-3a"t) © ] (6.13)

For computing ¢ it suffices to observe that tr(A(t)) = 0. So the Wronskian of
the reduced system is constant. The Wronskian equation reads

d

E% = A(t)g  with A(t) = [

W(0) = 5 = W(t) = pa()as(t) ~ ps()aalt) = 2a() 22(0) - 5 (1))

Thus, since p(t) is explicitly known, this equation enables us to compute ¢
explicitly. We obtain

1 15ttanh(%t) 1 21 21
alt) = -0 — —cosh(t) tanh“(5t) — tanh“(31),
%a(t) coshz(%t) 16 coshz(%t) 8 () (31) (31)
_ 4
W) =—-

Moreover, g is reversible and satisfies

sup |g(t)le ™" < +oo.
teR

The two last solution are found explicitly because of the special form of the
second diagonal block of DN (h(t)). Denote by r,.,r_ the solutions of (6.12)
satisfying 74 (0) = (0,0,1,0) and r_ = (0,0,0,1). Then r, 7_ are given by

r4(t) = (0,0, cos 9, (t),sin ¢, (¢)), r_(t) = (0,0, —sin 9, (t), cos ¥, (¢))
where 1), (t) = (w/v + av)t + 2bv tanh(}t) and they satisfy
lry @) =|r-@)| =1 fort € R.
Finally, r, is reversible whereas r_ is antireversible.

d .
Remark. This first step ensures that when £ = prie DN(h,v) is restricted

to the space of reversible functions which decay to 0 at too, its kernel is
equal to {0}.
Step 2. Computation of a Fuchs basis near im

At the previous step we computed a real basis of solutions of (6.13). This
basis is characterized by reversibility properties and behavior at infinity of
the solutions.

Now we are interested in a second basis adapted when complexifying
time and in particular when ¢t is close to im. Since all the computations of the
previous step are explicit, we readily check that (p, ¢,74,7_) are holomorphic
in C\ {inm,n € Z} and that

'
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= Pa;Qa (resp. pa‘

»gp) admit poles of order 3 at inm, (resp. poles of order 4).

— 74+, 7_ have essential singularities at inm.

In what folloxﬂ
|

u© which reads u =

a zero of order 3.

The theory of

s we show how the Theory of Fuchs gives “a better basis” .
near ir. Indeed thi

is theory ensures the existence of a basis (p, u, 7, 7_) where
(U, ug,0,0) is such that u, has a zero of order 4 and ug,

Fuchs is local, and it may be difficult to link the real

basis characterized by its behavior at infinity and the local basis given by

Theory of Fuchs.

Here, since the computations of Step 1 are fully explicit,

there is no difficulty, and we know explicitly the link between (p, u) and (p, q)

(see (6.16)). The

e two bases happen to be very useful when studying the

persistence of homoclinic connection A when the normal form is perturbed

by higher order t{

rms. The first basis is useful when describing behavior at

infinity (we look ifor homoclinic connection to 0). The second is useful for
describing the behavmr near im (the study of the persistence of h requires
the exponential tdol developed in chapter 2). Since the link between the two

l

bases is explicit there is no difficulty to link the two behaviors (see chapter 7

for details).

So, as previous

ly explained our aim is now to compute a basis of solutions

of (6.12) which have a good behavior near in. More precisely we are interested

in a basis of the 2

dimensional system (6.13) which corresponds to the first

diagonal block of iDN(h). Observe from (6.13) that A is holomorphlc in C\

{inm,n € Z} (a”(
To study singi
a(¢) = afir +¢).

equation of order

&(0) + ¢ ()¢ = 0

Following Lemma

ciated with the fir:

dg
d¢

2

c) = cosh™*(3¢)).

ilarities at im it is more convenient to set ¢ = im + ¢ and

With this notation, system (6.13) can be rewritten as an

with b2(¢) = —¢*(1 + ). (6.14)

3
sinh?(¢ /2)
6.2.8, setting $({) = (a(¢),¢c/(¢)), this equation is asso-

st order system

Then, Remark 6.2!

“_31 0 1 ~
Tl (o) 1| P7

+00
'R+ Y (mAmJ @. (6.15)

m=0

9 ensures that the eigenvalues of R are the solutions of the

indicial equation

0—;\(,\—1)+b20

where b2 0= bg( ) -12.

Thus the elgenvalues of R are -3 and 4. They differ by positive integer. Then,
Theorem 6.2.3 and Lemma 6.2.5 ensure that (6. 15) admits a fundamental
matrix ¥ of the form

F() = QeSO
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where @ is an holomorphic function in a neighborhood of 0 and .

~ -3 4
R= with d € R.
0 -3

Hence, (6.15) admits a basis of solution of the form

B1(O) =00, P2(0) = 6¢ 3 log(Q)dhi () + 4‘3@(4)

where {ﬁ\, : C — C2?, i = 1,2 are two holomorphic functions in a nélghborhood
of 0. Then, Theorem 6.2.6 ensures that all formal solutions of (6. 15) Or equiv-
alently of (6.14) are in fact true solutions. So, for computing true solutions
of (6.14), it suffices to look for them as formal solutions of the fqrm

“+o0
@)=Y (" @) =blog(() Z o ¢ + Z on C".

n=-—3 n=-3

Looking for a formal solution &; with the above form we get, 1n fact two
independent formal solutions. Since, all formal solutions are true solutions,

this simply ensures that § = 0. So, a basis of true solutions readsf;

+oo
&) = Z an " @) =) aza ¢
n=2

n=-2 \
2, G1p }l:’q
a2 =1, ar,-1=a10=0  Qipp1 = ptg=n |
’ ’ ’ 12— (2n +2)(2n + 3)
2. a2 b
ag o =1 a — ptg=n
2,2 =1, 2l T 1 T (n+1)(2n + 2)
where
3 400
b =_2(1+-—>=_ 12 + b, 2042 b = 0.
2(() C 51nh2((/2) qg% q C 0 )
Observe that the first solution &; has a pole of order 3 and is odd whereas

the second &3 has a zero of order 4 and is even.

Coming back to our original problem coordinates, this analysm ensure the
existence of a pair of solutions (p,q) of (6.12) which read p = (pqa,pg,0,0)
and q = (qa, 98, 0,0) where :

S ~ L _ b |
bell)=0alt—im o TTmr 0 P T |
o = Ba(6 ~ im) (€= im)* % =52
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Finally, using the evenness properties of the two pairs with respect to ¢ — ir,
we finally get

p(§) =8p(§), g6 = lﬂp(é) +u(f) (6.16)
where u = (uq,ug,0,0) = —111—2q reads

tanh 3¢ 1 15 1

15 . -
ua(§) = ——'(5 - ) osh? 15 ECOS 8 cosh? 1¢
2

6.3 Linearization around homoclinic connections

This section is devoted to affine equations obtained by linearization around a
reversible homoclinic connection generated by a pair of opposite, real, eigen-
values £Ag, Ao > 0 or by four conjugate eigenvalues +iwg + Ag, wg, Ao > 0.
The following lemmas give in each case, a particular basis of solutions char-
acterized by their smoothness, reversibility properties and by their behavior
at infinity. Moreover, in each case, a similar set of informations is also given
for the dual basis which is required when solving the corresponding affine
equations using the variation of constants formula. We first introduce some
Banach spaces necessary to the description of the basis.

Definition 6.3.1.

(a) Let I be an open interval of R. Fork,n € N and ) € R, let Ck(I,R™)
the Banach set given by

CY¥(IL,R™ := {f : I - R™, f is of class CEF s ons < +00}
Ck(I,R™)
k jf(t) by
= ¢l
where |f|c‘;(1,1R“ ]E ) teR — e

(b) For £>0 and X € R, let H)(C") be the Banach set given by
Hg\(C") == {f: B¢ — C", holomorphic in By,
_ ARe()]
ey sup 1£(&)le < +o0}

where By := {€ € C, [Im(£)| < £}.
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(c) For a symmetry S and a vector space X of functions from R or C
to R™ or C™, let us introduce the four subspaces of X spanned by the
functions which are reversible or antireversible with respect to S, or
reversible or antireversible with respect to transpose %S of S i.e.

X|g = X0 {f,Sf(—t) = f(t) for any t},
X =XN{f,8f(—t) = —f(t) for any t}.
X = X0 {f,1Sf(~t) = f(t) for any t},

X e = XN{f,5Sf(=t) = —f(2) for any t}.

Remark 6.3.2. The last definitions of X|,. and X|, . are useful to describe

the symmetry properties of dual bases.

AR*

We begin with a technical lemma which is very helpful to bound bases of
solutions

Lemma 6.3.3. Let A be a n x n diagonalizable matriz. Denote by

A= max Re(o), w= max [Im(o)|
oc€Sp(A) oESp(A)

where Sp{A) is the spectrum of A.

If € — B(£) is bounded on 2 C {{ € C/Re(£) > 0}, then there exists
Mg such that

lexp(64 + B(E))|| £ Mape*eO+IImOl - for £ e 02,

Remark 6.3.4. Observe that w is non negative whereas A may be negative.

Proof. On the set of the n X n matrices, all the norms are equivalent. So we
can prove this lemma, with a suitable choice of the norm for matrices. Hence,
we use the following norm, which is a norm of algebra

P-lMP ~
1)) = NP~ MPY| = sup L 2P i o 2 S g
i=1

z#0 |I|

where P is an invertible matrix such that D = P~'AP is diagonal. Let
us denote D = diag(oy,--,0,). By definition, for every 4, 1 < 5 < n,
Re(o;) < X and [Zm(0;)| < w. Moreover, for every pair (X,Y) of n x n
matrices

exp(X+Y) = lim (exp(X/k) exp(Y/k))".

Thus, for every pair (X,Y) of n x n matrices, there exists N such that
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[ N
llexp(X +Y)|| < 2[|exp(X/N)||™ exp(l[Y[).

Hence, for every if € 12, there exists N¢ such that

lexp(¢A + B<s)>}, | < 2[lexp(¢A/Ne)||™ exp(Ms) where Mp = sup [|B(E)Il |

Finally, observingr that for every 7 > 0 and n € R,

W=

i n
L 2 o)
et AY = flelm+HMPY| = sup = < e,

o (B )’
=1

we get that for E!G £,

e A+B)| < of( AR +IZm(EN/NeYNeMa < oM MRe(E) +ulZm(©)] [

Moreover, for' determining the properties of dual bases, we introduce the
following notation

Definition 6.3/5 (real and complex dual basis).

(a) For z,y € C*, denote by

(z,9), = Z%’yj =(T,y)

where (-, ) zs the canonical inner product in C™.
(b) For any basis (e1,---,en) of R™ (resp. of C™) we define its dual basis
(€1, ,ey) as the unique set of vectors of R™ (resp. of C*) such that

<%i7 ej), =1ifi=j and (eire5), = 0 otherwise.

Here, it is more convenient to identify (C")* with C* with y —
(y,-), rather than with y + (y,-), because when working with bases
(e1(€),- -+, en(€)) which are holomorphic functions of £, £ — ef (€) still are
holomorphic functions whereas with the classical identification with the stan-
dard inner producjt the dual basis is not holomorphic but its conjugate is.

Lemma 6.3.6. j}For any set of n — 1 vectors (z1,---,Zn-1) of R™ (resp.
of C*), we define x1 A--- Ax,_y as the unique vector of R™ (resp. of C*)
such that 1

det(zy, -, Tpo1,2) = {T1A- - NZn-1,2), for every z € R (resp. C).




(8) (T1, "1 Tne1) P TI A AZp_pisn—1 linear in R™ or C™.

(b) For any n x n real or complex invertible matriz A, ]

Az A ANATp_; =det A (PA) Hzi A Azny)

where *A is the transpose of A.
(C) ‘xl/\"'/\mn-—llSMnlxll"'lmn—ll' : .
(d) For any basis (e1,---,en) of R™ or C™ the dual basis (€], -, €5,) s
explicitly given by
x e1AN-- ANei—1Nepi1 N---Nep
% T T detler, -, en)(—1)"

We begin with homoclinic connections generated by a palr of opposite
eigenvalues.

Lemma 6.3.7. Let N be a smooth vector field in R? reversible with re-
spect to some symmetry S. Assume that ‘

(i) the origin is a fized point and the spectrum of the dzﬁerentzal DN(0)

of N at the origin is {Xo}, Ao > 0;
(ii) the vector field N admits o reversible homoclinic connectwn h to 0.

(a) Then, the equation linearized around h

‘2—” ~DN(h)v =0 1
admits o basis of solutions (p,q) which belongs to C¥, (I%{,R2)| AR
CE, (R, R?)|, for every k > 0. ‘
(b) The dual basis (p*,q*) of (p, q) belongs to the space ck o (]Rl
Ck (R,R?)|,. for every k = 0. !
(c) Moreover, if N is holomorphic and if h belongs to H?"(t Nn, then
(p,q) belong to H,°(C?)|,n % Hy Ao (C?)|, and (p*,q ) belongs to
HZI\O (Cz)lAR‘ % HZ\O (Cz)ln' ;

(6.17)

R?)| upe X

dh !
Proof. A first solution of {6.17) is given by p = e Thus p is smooth and

antireversible since h is reversible. So Sp(0) = —p(0) holds. The Theorem (?f
classification of reversible matrices 3.1.10 ensures that the speitrum of S is
{+1, —1}. Hence, there exists a unique go € R? such that |

Sqo0 = qo, det(po, q0) = 1. ’
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We can define g as the unique solution of (6.17) such that ¢(0) = go. Then ¢

is smooth and reversible. Moreover g can be computed explicitly using lemma

6.1.1. The end of the proof readily follows observing that |h(t)| et Ce~Hot
=00

with C > 0 and that the dual basis is explicitly given by

*

1 « 1 .
P’ =—(gs~¢a), ¢ = (=P, pa) With p=(pa;pp); 9= (4aqp) |

where w(t) = det(p(t), q(t)) = exp (/0 tr(DN(h(s))ds). O

Lemma 6.3.8. Let N be a smooth vector field in R?* reversible with re-
spect to some symmetry S. Assume that

(i) the origin is a fized point and theﬁpectmm of the differential DN (0)
of N at the origin is {%iwg + Ao}, wp, Ao > 0;
(i) N commutes with a smooth one parameter family of matrices R,
R
w € R, such that Ry =1d and J := %(0) is reversible.

(iil) the wector field N admits o reversible homoclinic connection to 0
h e CY (R,RY)|, such that d};go) and Jh(0) are independent.

(a) Then, the equation linearized around h

dv
= ~DN(h)w=0 (6.18)

admits a basis of solutions (po,pl,qo,ql) whzch belongs to the space
(Ck (R, R?) IAR) x (Ck, (R,R* )IR) for every k > 0.

(b) The dual basis (p§, P}, 43, 95) belongs to the space (C¥ (R, ]R"‘)[AR,,)2 x
(Ck,, (R, R4)]R,)2 for every k > 0.
(c) Moreover, if N is holomorphic and if h belongs to Hz\" (CYHy,

A 2 A 2
then (po,p1,q0,q1) belong to ('H2°(C4)|AR) x (HZ °((C4)|R) and
ko ok ok ~Ao 4 2 Ao 4 z
(98,9148, 47) belong to (H;°(C),n ) x (HP (€Y. )

Remark 6.3.9. Examples of such vector fields satisfying (i), (ii) and (iii)
are given by the normal forms of any order corresponding to the (iw)? reso-

nance after bifurcation (see Example 3.2.8) where the family RuJ 1s a group
of rotations.

Proof. (a): Observing that for any w € R, R,h is also an homoclinic con-
nection for N and differentiating respectively with respect to ¢ and w we get

dh
that pg = P and py = Jh are two smooth antireversible solutions of (6.18).
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Moreover,

<1 1Al

Ipo |cgo (R,R*) 3, (RR%)’ 2 |c§0 (R,R*

< sup [DN(X)]l|A o8, @Y

where K is any compact set containing the range of . The successive upper

bounds of the norms |p; lc“ ®RE for k > 1, can be obtained by induction
Ag V™

differentiating k — 1 times the equation (6.18).

The Theorem of classification of reversible matrices 3.1.10 ensures that
dim(ker S £ Id) = 2. Moreover, (po(0),p1(0)) is a basis of ker(S +Id). Then,
choosing (qoo, g10) any basis of ker(S—1Id), we define (qo, ¢1) as the unique so-
lutions of (6.18) such that (go(0), ¢1(0)) = (qoo, q10)- Hence gy, g1 are smooth
and reversible and (po,p1, 4o, q1) is a full basis of solutions of (6.18).

Observing that ¢;(t) = exp (fot DN(h( ))ds) qj(O) and using Lemma
6.3.3 with A = DN(0) and B(t) = [;(DN(h(s)) — DN(0))ds which is
bounded on R, we get that

< max(1, [[S1)) lgsl o < +o0.

|q7| 2o ®ERY) = 20 (RT R

The successive upper bounds of the norms |qj|c,;0 ®REY) for kK > 1 can be
obtained by induction differentiating k — 1 times the equation (6.18).

(b): Lemma 6.3.6 gives explicit formulas for the dual basis. Thus,
AGAqQ

*
Do w

where w(t) = det(po(t), p1(t), qo(t), q1(t)) = w(0)exp (fot tr(DN(h(s))) ds).
Since tr(DN{(h)) = tr(DN(h) — DN(0)) -—;H(zgg"\"'t'), the integral in the

exponential converges and m = iﬁf(w) > 0. Hence

<25 | a1
|p°|c°_xo<m,m4> S o lpo C9, (RR%) q°|c°_A0<R,R“> Blee, ®mRY

The explicit formula giving the derivative p} = %’;Q of po

PIANQAG+PIAQAQ+FP1AQ@AQ + tr(DN(h))

oo = — Ago N
Po w (PLAqo A q1)

w

ensures that |p0| < +o00. The successive upper bounds of the norms

2o (REY)

F2q oF ®RY) for k 2 2 can be obtained by induction differentiating k —2 times
X%

the above formula.

Finally, since N and h are reversible, the Wronskian determinant w is
an even function. Then, the explicit formula giving p§ and Lemma 6.3.6-(b)
ensure that
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Spi(t) A Sqo(t) A Squ(t)
w(t) B

pp(—t) = ~"Spp(t)

l
since p; is ant1r'evers1ble o, q1 are reversible and det(S) = 1.
Similar proofs hold for p¥, 43, g5

(c): the proof is very similar to the previous one. So, the details are left to
the reader. D|[ :

The previoills lemma, gives a description of a basis of solutions of the

linearized equa.:tlon around a reversible homoclinic connection induced by

a set of conJug’ate eigenvalues +iwy + Ag. However, when the frequency wp

depends on a small parameter ¢ €]0, 1],

| Wo .
wo (€) =}! — + wyy (€), with wp > 0, Ezt;pl lwei (€)] < +o0,

one needs a more precise description of the basis. Indeed the rapid oscillation
due to the hlgh frequency, leads to very bad estimates when complexifying
time, since for every £ > 0, cos(wa/e) 3 oo The following lemma enables

us to control thls bad behavior of the basm since it ensures that the rapid
oscillation can factored out of the basis.

This factorlzatlon will enable us to complexify partially the time when
solving the corresponding affine equations (see section 6.5). This partial com-
plexification ofitime is the crucial point of the study of the existence of re-
versible homoclinic connections near a (iwp)?iw; resonant fixed point. Indeed,
the rescaled normal form systems of any order corresponding to the (iwp)2iw;
resonance admit & reversible homoclinic connection induced by a set of con-
jugate elgenvalues :i:lﬂ"eEl £ 1. The differential of the normal form at the
homoclinic connection is block diagonal. A first block, corresponding to the
set of elgenvalues ﬂ:l“"’(s) +1 is four dimensional and the corresponding basis
of solutions directly follows from the Lemma 6.3.11 below.

Definition 6‘310 For£>0and A\ € R, let Hlf\((C") be the set of func-
tions f satisfying

(2) f:Bex]0,1] — C™ where B, = {¢€ € C/|ITm (¢)| < £},

(b) £ f(£,€) is holomorphic in By,

c) ||f nyii=  sup f(€,€)|eMReO)) <« 400,
() ” ”HE\(C )‘ eE]O,l],EEBe(I ( )| )

Observe that functions lying in H}'(C") depend on ¢ and that the norm
is uniform with' respect to €.
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Lemma 6.3.11. Let N : R*x]0,1] — R*: (Y,e) — N(Y,¢) be a family
of smooth vector fields reversible with respect to some symmetry S. Let
wo(€) = wo + ewpy (€) with lwe|, = sup |wy,(€)| < +o0. Assun{e that

]

€€]0,1

(iy N¥,e)=L(e)Y + Q(Y,¢) where
P~1JP = diag(i, i, —1, —i)

Lig) = :“Qﬂj+ A with :
(6) == we P~1AP = diag(Xo, —Ao, Ao, —Ao), Ao >0

where P is an invertible matriz and where Q(0,e) = DQ(p,e) =0
and Q is holomorphic on some open set 2 C C* containing the oTigin
andsup | D*Q(Y,€)|| < co for alln € N and all compact set K C 2.
€€]0,1], YEK

(i) NR, = R,N for w € R where R, = exp(Jw).

(iii) the vector field N admits a reversible homoclinic connectzdn htoo

such that d’:i(to) and Jh(0) are independent and such that

h(€,€) = Rwge h(€,€) € H)°(CY).

(a) Then, the equation linearized around h

dv f
prie DN{h)v

admits a basis of solutions (po,p1,q0,q1) such that

(6.19)

pj= Rﬂﬁpj € HE\O(C4)|AR> 45 = R—woé g; € HZ_AO(C‘i)IR'
€ €

(b) The dual basis (p§, %, 45,9%) of (Po,p1,40,q1) satisfies

By =Run P} € B (CHlaner & =Rugg 4 € H}*(C)],...
€ € :
Proof. (a): {
Step 1. Preliminary remarks. Since N is holomorphic and commutes
with R, for w € R then it also commutes with R, for w € C. Moreover,
L(e)S = —SL(e) holds and the necessary form of the symmetry S given
by the Theorem of classification of reversible matrices 3.1.10 ensures that

SJ = —JS and thus that SR, = R_,S.

Step 2. The two first solutions pg and p;. Observing that for any w € R,
R, h is also an homoclinic connection of N and differentiating réspectively

dh
with respect to ¢t and w we get that p = pr and p’ = Jh are two antireversible
solutions of (6.19) holomorphic on B,. However, when diﬁerentiatﬁng h

6.3 Linearization around homoclinic connections 157

dh

dh " dn
d£> =57 R g

de

we observe that p has a bad behavior with respect to € because of the term-
% in front of p’. So we choose for the two first solutions

p=— = Rw_0§ (‘“—f’iJh +

\2

w dh
Po = —4%p +p= Ry 5,
e d€

which are antireversible and holomorphic on B, and satisfy

p1:=p = Jh

4

v dh
Po:= R_ypepo = r Py = R—wogm Th.
€

Then, for £ € B,

ateell |3 (Rloe_h@,e))‘
|(war (€7 + )A€, €) + QU ), )
< (laorly 11+ A1) 1l 20 oy~

+ sup IDRQU)] g e 010
c€j01],X @

where K is any compact set containing the image of },7, Hence, IVJO belongs
to Hé\° (CY)|,n- Similarly, we deduce from Py = Jh that P belongs to

Hy®(C*)lan-

Step 3. The two last solutions ¢o and g;. The Theorem of classification

of reversible matrices 3.1.10 ensures that dim(ker S £1Id) = 2. Moreover,

(po(0),p1(0)) is a basis of ker(S + Id). Then, choosing (goo,q10) to be any

basis of ker(S — Id), we define (go, g1) as the unique solutions of (6.19) such

that (go(0),4¢1(0)) = (goo,q10)- Hence go, ¢y are smooth and reversible and

(Po,P1,90,¢1) is a full basis of solutions of (6.19). Observing that

dq
3
and thus that g¢;(§,e) = exp ((QOI(E)J-FA)f + f[o,g] DQ(}Vz(s,e))ds) q;(0)
and using Lemma 6.3.3 with A = wy,(£)J+A and B(£) = / DQ(}VL(s, €))ds

0,

= (woi(e)J + A)d; + DQ(h,€).4; (6.20)

which is bounded on By, we get that ||<\fJ < +o0 and thus that 5]‘ be-
longs to H,°(CY)|..

(b): Lemma 6.3.6 gives explicit formulas for the dual basis. Thus,

lizo ey
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v v v
Rune D1 A Rugedo A Ruge v v v
o PLAGAG £of P17 ol 0 1 el 1:_tR DL AGyAGy
0 w w :‘:_0€ w

since det(R,,) =1 for every w € C and where
w = det(po, p1, 40, 1) = det(Po, b1, %0, &1) = exp ( /{ ]tr(DQ(fVL(s,e),s))dS> .
0,§

ok Vv /\ N4 v
Thus, P, = —w. As for Lemma 6.3.11-(b), we deduce from this

w
explicit formula that 1\30 € H;?°(C*) and that 12/70 is antireversible with respect
to %S. Similar proofs hold for p¥, g3, ¢%. .

6.4 Affine equations with real and complexified time

The three previous sections deal with homogeneous equations of the form

Lv)=0 with L(v) = él—) — A(t)v.

Sections 6.1 and 6.3 are devoted to the kernel of £ when A converges expo-
nentially quickly to a constant matrix (this situation typically occurs when
linearizing around a homoclinic connection to 0). This section is now devoted
to the range of £ and in particular to the solvability conditions required on a
function f for belonging to the range of £ when £ is restricted to reversible
functions which go to 0 at infinity. We give three lemmas which correspond
to different linear operators A(¢):

— The first one typically occurs after linearization around a reversible homo-
clinic connection to 0 induced by a pair of opposite eigenvalues.

— The second one occurs for instance, when using the second Normal Form
Theorem 3.2.10 (with non fully critical spectrum). It corresponds to the
part of the spectrum which is bounded away from the imaginary axis. This
second Normal Form Theorem is typically used when the center manifold
theorem cannot be used because one needs analyticity of the vector field
to use the exponential tools developed in Chapter 2.

— The last one occurs when a pair of simple purely imaginary eigenvalues
stay on the imaginary axis even after bifurcation. This is precisely the case
for the 02*iw and the (iwp)?iw; resonances.

Of course these three cases may occur simultaneously when A is block
diagonal. This is the case for the 0*"jw resonance (see Example 6.2.10). In
such a case, each affine equation corresponding to each diagonal block can
be solved separately.
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Lemma 6.4.1. Let A be a smooth 2x2 matriz function which is reversible

with some syf

Assume that the homogeneous equation

]
i
|

admits a basis

ery k > 0 where Mg > 0 and such that its dual basis (p*,q*) belongs to

CE}\U (R7 IR2)|;’1

(2) Then foriany X €]0, Mo[, and every function f € CY(R,R?%)|,, there

eTists a upique solution v of L(v) = f which tends to 0 at oo and

|

which is Teversible. This solution is explicitly given by

F)) = /{0 (p(5), £(s)).ds plt

(b) If (p,q) belongs to HP2(C?)]an X Hy 2(C?)| and if (p*,q*) belongs
to ’H;’\° (€)] g % H)°(C?)|,. then F is a bounded linear operator
from H?(Cz)IAR to 7‘[2\(@2)|R

(c) For any A €]0, o[ and any k >
from C5(R,R?) |,z to CYF (R, Rl

R*
i

metry S, i.e. SA(~t) = —A(t)S holds for every t € R.

Lv)=0 with L{v) = — — A(t)v
of solution (p,q) € Ck, (R,RZ)IAR x C¥, (R,R2)|, for ev-

x C]/\co (R7 R2) R*

/(q (t+5), f(t+s)).ds q(t) (6.21)

0, F is a bounded linear operator

Remark 6.4.2.
CET(R,R?)|,

both cases £~}
quired on f for

t
|
!

Remark 6.4.3.

ering the first d
the homoclinic

This lemma ensures that £ is a Banach isomorphism from.
onto C¥(R,R?)|,, and from H;(C?)|, onto H3(C?)|,r- In
= F. So, in both cases there is no solvability condition re-
belonging to the range of L.

An example of such a linear operator occurs when consid-
iagonal block of the matrix obtained by linearization around
connection to 0 of the normal form of order 2 for the 0%tiw

resonance. More generally, it occurs after linearization around a homoclinic
connection to 0 induced by a pair of real opposite eigenvalues (see Lemma

6.3.7).

o€Sp(An)
Let vy : [0,1]
such that : v_

are in the inte

(see Fig. 6.1).

Lemma 6.4.4. Let Ay be a n x n matriz. Assume that m(An) =
min |Re (o) | > 0.

— C be two rectangular paths with side parallel to the axis
(t) = —v4(t); all the eigenvalues of Ay of positive real parts
rior of v+, Re (v(t)) > 6, fort € [0,1] with 0 < § < m(4n)
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Denote by E* (resp. E™ ) the direct sum of all the generalized eibenspaces
corresponding to eigenvalues of A with positive real parts (resp.{ negative
real parts). Then R™ = EY @ E~ and the projectors on E* parallel to
E¥F are given by ‘

7t =/ (A —Ap)~ ! dr
vz ;
Denote by Ay : R™ — E* C R™ the two matrices A = Ay, |
(a) Let f € CYR,R™) with A > 0. Then, there ezists a unique sélutz’on of

La(v) =f  with L,(v) = % — Apv L (6.22)

which is bounded on R. This solution is given by

400 + t
i) == [ e foyds [ o0 p(syas
t _—
oo *® - (6.23)
= K (s)f(t — s)ds :‘
-0
where Ky, (s) = —e*h for s < 0 and Kn(s) =e**n for s >0l
(b) If Ay satisfies SAp = —ApS and if f € CY(R,R™) is antireversible,
then Fn(f) is reversible. ' !
(c) For any X\, 0 < X < m(Ayn), Fu s a bounded linear opemﬁzo'r from
H)C™) to H)(CP).
(d) For any A, 0 < A < m(4y), F is a bounded linear opem*;or from
Ck¥(R,R™) to CF+Y(R,R™). ;

Fig. 6.1. Paths vy
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Remark 6.4.5. This Lemma ensures that £}, is a Banach isomorphism from
CHH(R,R"™) onto C¥(R,R™) and from H}(C™) onto H,(C"). When Ay is
reversible then Ly, is also a Banach isomorphism from CF+!(R,R")|, onto
CE(R,R™)],, and from H}(C)|, to H}(C™)|,y. In each cases, L' = Fi:
Here again, there is no solvability conditions for belonging to the range of
Ly. The same result holds in infinite dimensions when A is an unbounded
linear operator (see the general result given in section 8.2 of chapter 8).

Lemma 6.4.6. Let w > 0 and let A, be the 2 x 2 matriz reversible with
respect to S given by

0 —w 1 0
Aw:[u} 0]’ S_[O —1]'

(a) Let f € CY(R,R?) with A > 0. Then, there exists a unique solution of

-d—: — Ay (6.24)

L,w)y=f with L, = p

which tends to 0 at +oo.
This solution is given by

+o0 +oo
Fulf) =- / (7o (5), £(5))ds 4. (t) - / (r— (), £(s))ds 7 (2),

= [T Ru(s) Fe+ s)ds
0

(6.25)
where 74.(t) = (cost,sint), r_(t) = (—sint,cost) and

_ cos(ws)  sin{ws)
Ko(s)=- [ —sin(ws) cos{ws) ] '
(b) For any f € CR,R?) with A > 0, F(f) t:OOO if and only if f

satisfies the two solvability conditions

+o0 +o00
[ trehpieds = o, | stspas =o.

—00 —0o0

(c) For any f = (fo, f1) € CUR,R?)|,, with A > 0, the following condi-
tions are equivalent

(1) Fo(f) is reversible,
(@) Fulf) = 0,

(ii4) /_ +ooei‘“( f1(t) +ifo(t))dt =0,




162 6. Inversion of affine equations around reversible homoclinic connections

400

) [ (), fonds =0,
oo

(v) /O (r-(s), f(s))ds = 0.

d) The operator F, is a bounded linear operator from H(C? N
+oo £ AR
{f [l (r—(s), f(s))ds = 0} to H(C?)|,.
e) For any k > 0, F, is a bounded linear operator from C¥(R,R?)|,. N
oo . A AR
{f, JZo (r—(s), f(s))ds = 0} to C3*'(R,R?)|,.

Remark 6.4.7. This Lemma ensures that £, is a Banach isomorphism from
Cf“(]R, R?)|, onto C¥(R,R?)|,, N {f, +:f('r_ (s), f(s))ds = 0} and from

Hp(C?)lp onto HP(C?)|mN {f, [T22(r_(s), f(5))ds = 0}. In both cases,
there is one solvability condition required on a function f for belonging to
the range of £,,. Observe on (e)(iii) that when w reads w = wq /e where ¢ is
close to 0, then this solvability condition is given by an oscillatory integral.
The tools described in chapter 2, have been precisely developed to study such

solvability conditions given by oscillatory integrals.

Although the proofs of these three Lemmas are elementary, we give them
because they show precisely where the solvability conditions come from.
These solvability conditions are the crucial point of the analysis when study-
ing the persistence of homoclinic connections when a pair of purely imaginary
eigenvalues stay on the imaginary axis even after bifurcation.

Proof of Lemma 6.4.1

(a): A basis of solutions of L(v) = 0 is given by (p, q). Using the variation of
constants formula, we get that any solution v of L(v) = f reads

v@)=<%41£?fwhﬂ$2®>p®4-@w+A?f@%ﬂﬂL%>qw-

Ifv — 0, then necessarily
: t— 400

(@ @90, = b0+ [ (a°(), £, = 0.
Thus +oo
bo= = [ (a"(), F(6)) s

Now if v is reversible, then 0 = Sv(0)~v(0) = 2aqp(0), since p is antireversible
and ¢ is reversible. So, since (p(0), ¢(0)) is a basis of R2, p(0) # 0 and ag = 0.

Thus, there exis
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ts at most one solution which tends to 0 at +o0o and which

is reversible. This solution is given by F(f) where F(f) is defined in (6.21).
Conversely, if f is antireversible, then the two functions s — (p*(s), f(5)),

and s — (q*(s)
the function

f (s)>* are respectively even and odd. Thus, for any by € R,

tHA%ww@mwm+@+£w®J@QOy

|
is reversible be

ause p is antireversible and ¢ reversible. Hence F(f) is re-

versible. Moreo}rer, for any t > 0

I
|

t
Ao—A)|sl * —Xolt]
FO@IS | Mg e, do ol o7

_I_i

J0
1 1 * * —At
< (s s (plog 1P7ln, 10715 laloo ) 1Flgg &

oo
— Aot
e (Ao+A)[s+t| |f| o |q*| go |q| 0—/\0 e olt|

So, F(f) —— 0 holds. Moreover, since F(f) is reversible, this last estimate

t— 400
also ensures tha

t F(f) e 0 and more precisely that

L 2Xp * *
ey = (57255 ) Fleg, o, +107log Ioloa, ) g

(b): The integy
the integral der

that

al expression of F(f) and the theorem of derivation under
ved from Lebesgue’s dominated convergence theorem, ensure

that F,,(f) is holomorphic in By for any f € H,(C?). As previously we check

* * ’
|-7:(f)|H2\‘-(C2) < M(|plcgo |p |C°—x0 +lq lcf\)(, IQ|02AO) |f|’H;\(C2)'

(c): The proof is very similar to (b) and thus left to the reader. O

Proof of Lemima 6.4.4

(a): Any solutibn u of (6.22) reads

¢
u(t) = eryg +/ elt=s)Anfla)ds with uo € R™.
0

" .
Observing thattAf = ApnE = 7 Ay, b4 = etAngt = gEet4h and project-
ing the above equation on E* we get,

+ E +
et nu(t) = 7+ (ug) +/ e~ f(s).

0
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. —_gaAt e .
So, since e~t4n t—+> 0, if u is bounded necessarily
— 00

7t (uy) = — /0+°° e_SAle(s)ds.

Similarly, we get that if v is bounded necessarily

0
7 (ug) = —/ e'SA:f(s)ds.

-0
Hence, there is at most a solution « which is bounded on R and itjis given by
u = Fu(f) where Fy, is given by (6.23). Conversely, For checking that F,(f)
is bounded on R for f € CJ(R,R"), we observe that for any § €]0, m(An)],
there exists M > 0 such that |

|etA::z| < Me™1H8|g] fort <0, z € R",
letnz| < Me~é|z]  fort >0, z € R™

Then it readily follows that |7y, (f)| ) < 2M6 | f

CY(R,R™ C3(R,R™) |

(b): If Ay, is reversible with respect to the symmetry S, we check that
St = / S(A — Ap)~L = / (A +A)~15 = / (A= Ap)"'§ =78
7+ ~+ ~=

and consequently Set4i = e™*n S holds for t € R. Hence, if the function f
is continuous, bounded and antireversible and if Ay, is reversible, then Fy,(f)
is reversible. Indeed, :

SF(f)(t) = ‘_+079Kh<s)f(t — s)ds = +®Kh(‘5)f (<t +3)ds
+00
= | En(s)f(-t = s)ds = F(£)(-).

Thus Fy(f) is reversible.

(c): The expression of Fy,(f) as a convolution product with kernel &, and the
theorem of derivation under the integral derived from Lebesgue’s ‘cjlominated

convergence theorem, ensure that Fy(f) is holomorphic in By for any f €
H;(C™). Moreover, for a given A €]0,m(Ay)[, we can choose & !such that
0 < A <4 <m(Ap). Then, (6.26) ensures that ;

+o0 |
—5lul —~ARe(€—w)| i
Blpl < [ M e Rl |

+00
Se—xme(sn/ Me(=6+Nlul ]
-0

oM
< £
S 7 Mheem e

23 (cmy B ‘l

—ARe(£I,
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Hence, we get that for every f € H)(C"),

2M

< —— .
l]:h(f)LH;\(C") = m(Ah) Y |f|’H2\(C")

(d): The proof is very similar to (¢} and thus left to the reader. O

Proof of Lemma 6.4.6

(a): A basis of solutions of £,,(v) = 0 is given by (r,r..). This basis is an
orthonormal basis and using the variation of constants formula, we get that
any solution u of (6.24) reads

t
0

) = (35 + | t<r+(s),f(8)>d3> re®+ (15 + [ - 7(ods) -0

If w — 0, then necessarily
t—+400

(wt)r(®) = + [ (ra0), S, 22,0

Thus +oo
uoi = —/0 (ra(s), f(s))ds and u = F,(f)

where F,,(f) is given by (6.25). Conversely, one checks easily that F,(f) is
well defined for f € CY(R,R?) and that it satisfies F,,(f) v 0.
=1 CC

(b): (b) readily follows from (6.25), recalling that (r4,r_) is an orthonormal
basis.

(c): (c¢) follows from (b) observing that when f is antireversible, s ~—
{ry(s), f(s)) is odd and thus the first solvability condition

+o0
| s stsnds =0

is automatically satisfied.

(d): The integral expression of F,(f) with kernel K, and the theorem of
derivation under the integral derived from Lebesgue’s dominated convergence
theorem, ensure that F,,(f) is holomorphic in B, for any f € H}(C2). More-
over, (c¢) ensures that since f is antireversible and satisfies (¢)(iv), then F.,(f)
is reversible. Then, for any £ € B, such that Re(§) > 0,

+00
7o (NI < /0 IIIKw(s)||||f|H?(C2)e—AIRe(§+s)ids

+
< e-XR.e(&) ooe—)\t Ifl ds < _1_ |f| e—ARe(E)
= 0 e = X e '
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Hence, since F,,(f) is reversible, this last estimate ensures that for every

feH(C),
1
l}—w(fﬂﬂ?(cz) < X 'f|‘H;\(C2) .

(e): The proof is very similar to (d) and thus left to the reader. [

6.5 Affine équations with partially complexified time

Sections 6.1 and 6.3 deal with homogeneous equations of the form

Lv)=0  with L(v) = ;Z_;) — A(t)v,
i.e. with the kernel of £ when A converges exponentially quickly to a constant
matrix (this situation typically occurs when linearizing around a homoclinic
connection to 0).

The previous section is devoted to the range of £ and in particular to the
solvability conditions required on a function f for belonging to the range of £
when £ is restricted to different sets of reversible functions which tends to 0 at
infinity. More precisely, we have studied the range of £ when £ is restricted to
C¥(R,R™)|, and to H)(C™)| for different matrices A(t) typically obtained
by linearization around reversible homoclinic connections.

This section is now devoted to affine equations with partially complexified
time, i.e. to the study of the solvability conditions that a function g: BexR —
Cn, 2m-periodic with respect to the second variable, should satisfy so that,
there exists a reversible solution v of

L)) = g(t,28)  with L(v) = % — Aty
which tends to 0 at 200 and which reads
u(t) = v(t, wTOt)

where v : By x R — C™ is 27-periodic with respect to the second variable.
Such solutions of affine equations are required, when one needs to use the
First Bi-frequency Exponential Lemma 2.2.1 given in chapter 2. We give
three propositions which correspond to different linear operators A(t):

— The first and the second ones respectively typically occur after linearization
around a reversible homoclinic connection to 0 induced by a pair of double
semi-simple eigenvalues X9 and a set of conjugate eigenvalues :i:i“"’—E(EZ +X.

— The third one occurs when a pair of simple purely imaginary eigenvalues
stay on the imaginary axis even after bifurcation. This is precisely the case
for the 02*iw and the (iwp)2iw; resonances.

|
Of course

For instance,i

In such a case

be solved sep
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these cases may occur simultaneously when A is block diagonal.
the second and the third one occur for the (iwp)?iw; resonance.
2, each affine equation corresponding to each diagonal block can
arately.

Definition
tions f sati.

(a) f:Byx

7(C") sp
antireversib
"H)(C

B (C
B (C

6.5.1. Let A € R, £ > 0 and let ®H(C™) be the set of func-
sfying
R — C", where By ={£ € C, |Zm(¢)| < £}

(b) s+ f(§,s) is 2n-periodic and of class C* in R,
() (&) | f(€,5) and &, s) %f(é,s) are continuous in By X R,
(d) €~ f(é,s) is holomorphic in By,
of AIRe(€)]
© g 30 (17060 +15(6.0)]) Ae0) < oo

For a symﬁzetry S and w > 0, let us introduce the four subspaces of

anned by the functions which are real on the real axis and

which are reversible or antireversible with respect to S or reversible or

e with respect to the transpose 'S of S, i.e.

MCP)lne = HH(C) N {F, SF(=€, —5) = F(£,5)} N*Hly,

1)[AR.R = bH?(Cn> n {f, Sf(—f, _s) = _f(gv S)} N lem
1)|R",R = b}.{?(cn) N {f> tSf(—&, _5) = f(£7 S)} N lelka
31)|AR‘,R = b}.{?(cn) n {f, tSf(_éa _S) = _f(€7 S)} n le]R

where *H|, = {f : Be x R —» C™, f(t,“2t) € R™ for any t € R, e €]0,1]}.

(i.e. SAn(E

(87 ()
(H o)

R y _
Proposition 6.5.2. Let {,wy > 0 and Ap : B¢x]0,1] = My(C) a 4 x 4
matriz valued function, reversible with respect to some real symmetry S

) = —;1},(—5,5)5) which is real for (€,€) € Rx]0,1] and

holomorphic with respect to £.

Assume that the homogeneous equation

Y v dv v
! [:h,s(v) = 0, with ACh,E('U) = E — Ah(t,€)v

v v v v . . 2
admits a basis of solutions (Po,P1,40,91) lying in (H}°(C4)|AR’R> X

2 [VE BRVESIRE S
IM) and such that its dual basis (po,i/?l,qo,ql) belongs to

i 2 2
liﬁ/m'.n) X (Hé\"(C‘*)[R"R) where Ag,wp > 0.
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(a) For every g € ")-_lz\(C“)IAR_R with X > X, there egists a unique v,
reversible and which tends to 0 at +oo such that ;

Ln,e(vg)(t) = (t, 2%). S (e2n)

(b) Moreover, for every e €)0,1], there exists a linear operator '\ﬁh,e which
maps PH (C*)| unx t0 M0 (CY)|n p for any A > Ao, such thcizt
Ug(t) = Th,e(8)(t, 222 for every g € PHY(CH)| ypn with A > Aq.

(¢) The family of operators Th,e s uniformly bounded, .e. there exists
My such that

Th

Th,e(g)l%?o S My fely,  fors € HCY n £€0,1)
i

1

!
Remark 6.5.3. This Lemma says that when g is “partially complexified”,

. V_l
i.e. when g € "H}(C*)|,. ., then v, (t) = Ly (g(t,“2t)) has the same form
and belongs to "H,° (CY]ex- :

We deduce from the above proposition, a second one which will be used
for the study of the (iwp)%iw; resonance. |

Proppsition 6.5.4. Let £ > 0 and Ay : Byx]0,1] — My(C)lia 4 x 4
m_atmz valued function, reversible with respect to some real symmetry S
(i.e. SAn(€,€) = —An(—¢,€)S) which is real for (¢,¢) € ]Rx]‘),l] and
holomorphic with respect to .

L'et J be a 4 x 4 real reversible matriz such that +i are double semi-simple
eigenvalues and denote An(€,s,e) := RsAn(€,€)R_; where foriw € C
R, = exp(wlJ). : ,

Assume that the homogeneous equation

ﬁh,E(’U) = 0, with ‘Ch,e(v) = % -~ Ah(t, %@,E)U

admits a basis of solutions (po, 1, 90,q1) such that a

P = R-‘:oé pj € Hz)\o(c‘l)lAR,m 5]' = R—wo§ q; € He—)\o((c‘l) |
€
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and such that its dual basis (p§, D}, 5, q5) satisfies
v* " Y v* A
pj =tRw_0§ D; € HZ O(C‘l)lAR,,R, qj =tRw_o§ q; € HZO(C4)|R*,R'
€ €

where Mg, wq > 0.

(a) For every g € "H)(C*)|,np with X > Ao, there exists a unique vg
reversible and which tends to 0 at +o0o such that

La . (vg)(t) = (5, 22%). (6.28)

(b) Moreover, for every € €]0,1] there exists a linear operator Th,e which
maps "H}(CH)| anzr t0 Hp° (CH)lag for any A > Xo, such that

vg(t) = Th,e(8)(t, 9—31) for every g € b)‘iﬁ‘((C‘l)lm,"R with A > Ao

(c) The family of operators T, is uniformly bounded, i.e. there exists
M+, such that

ITh,E(g)hH;\o < MTh lg|bH? fOT g€ bT-l?(C‘l)lAR,]R! € 6]07 1]'

Remark 6.5.5. This Lemma says that when g is “partially complexified”,
i.e. when g € "H}(C*)|,nr> then vg(t) = £g;(g(t, 0t)) has the same form

and belongs to TH)° (C4)|y -

Remark 6.5.6. An example of such a linear operator occurs when consider-
ing the first diagonal block of the matrix obtained by linearization around the
homoclinic connection to 0 of the normal form of any order for the (iwp)?iwr
resonance. More generally, it occurs after linearization around a homoclinic
connection to 0 induced by a set of conjugate eigenvalues :i:iﬂ"e—a—) + Ao (see
Lemma 6.3.11).

Proposition 6.5.7. Let wo,wy, £ > 0 and w;(€) = wy + ew;, (€) with
lwyql, = suplwyy(€)] < +oo. Let
€€]0

,1

0 —ald _yge) 1 0
Ac(,e) = ¢ ’ ) S =
& ( 4 1 y(e,e) 0 ) < 0 - >

where 1 : Bgx)0,1] — C is holomorphic and even with respect to £ € By

and sup {(|¢(&e)|+ ’f[o,g] w(s,a)ds') < 400.
(£,6)€Bex10,1]
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(a) Then, the linear homogeneous equation
Lee(v) =0, where L ¢ (v) := i At el
admits a basis of solutions (ry,r_) which reads r;. = (cos ¢,sin¢),
r_ = (—sing,cos @), where ¢(t,e) = %éi)t + f[o 9 P(s,e)ds.

(b) For every function g, if there exists v reversible which tends to 0 at
+o0 such that L. (v) = g, then g is antireversible and

+o00
/0 (r_(t,€),9(t)), dt =0.

(c) Conversely, denote

H(C?) e = HE(C?) anp N {F : R? - R, <r (8), £(t, %)), dt = 0}.

AR,R

For every g € "H}(C?)|1 . with X > 0, there ewists a unique vg re-

ARR
versible and whzch tends to 0 at +oo such that

Le,o(vg)(t) = g(t, 22).

(d) Moreover, for every e €]0,1], there exists a linear operator T . which
maps bH’\((C2) +or 10 TH}(C?)| g for any X > 0, such that

AR,R

vg(t) = Tee(8)(t, “2L) for every g € *H (C?)|: . with A > 0.

AR,R

(e) The family of operators T.. is uniformly bounded, i.e. there erists
My, such that

TC,E(g)|b—’{?§ MTc |g|b;_l? fo’r g e b}{A((Cz) AR,R’ € 6107 1]

Remark 6.5.8. This Lemma says that when g is “partially complexified”,
i.e. when g € "M} (C?)| ;r x> then g should satisfy one solvability condition for
belonging to the range of L. .. If g satisfies such a condition, then vy(t) =
L :(g(t, “2t)) has the same form and belongs to %H,°(C?)|, ,. Observe that
the solvability condition required on g is a bi-oscillatory integral. The Bi-
frequency Exponential Lemmas given in Chapter 2 have been developed to
study such solvability conditions.

Remark 6.5.9. An example of such a linear operator occurs when con-
sidering the second diagonal block of the matrix obtained by linearization
around the homoclinic connection to 0 of the normal form of any order for

|

the (iwp )%iw; re
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sonance. More generally, it occurs when a pair of simple purely

imaginary eigenvalues stays on the imaginary axis after bifurcation.

|
The proofs!
subsections.

of the three previous proposition are given in the next three

Proof of Proposition 6.5.2

Let g be in t’H;
(6.27) which a

If Ln,e(v) -
where ao,al,bL

(C*)|are With A > Xg. We look for solutions of the equation
e reversible and which go to 0 at +oo.
= 0 then v reads v(t) = aoﬁo(t) + 011%/71(25) + bo(\io(t) + blél(t)
b; are four real constants. On one hand, if v is reversible

H v v v \'4
then ag = a3 % 0 since Pg,P; are independent and antireversible and 4y, q;

are revers1ble On the other hand, if v tends to 0 at +oo, then by = by = 0
since b; = (q (#),v(t)), and v,f\I/j go to 0 at +oco. Hence there exists at most

one solutwn of

(6.27) which is reversible and which tends to 0 at +oo.

The rest ofthis subsection is devoted to the proof of the existence of such

a solution of tlJ

e form vg = v(t, “2%) with v € b}{’\°|m. For that purpose we

introduce the following linear partial differential equation

where [h,s(v)’(é

IROIGBEFGD (6.29)
,8) = gg + %% - ,Zlh(f,a)v and we check.

Lemma 6.5.
solution of (6

10. If v is a solution of (6.29), then v(t) = v(t,“2t) is a
27).

Remark 6.5. 11 The above associated P.D.E. is not the umque possible
one. The above lemma is also true for any P.D.E. of the form Lh RO

8(6,5) + §(£,5)

where g(t, “2t) = 0 holds for every ¢ € R. For instance such

a condition is fulfilled by any g(¢,s) = G(£ — 53) where G is holomorphic
and satisfies G(O) = 0. In what follows, we explaln which function g should
be chosen to obtam the desired result. We first check that

Lemma 6.5. 12 The functions (€,8) — PJ(,E, e), (£,8) — 6]‘(5,5) are

solutions of the linear homogeneous equation Lh e(v)=0.

For obtaini%ng a solution of (6.27) in the form wvg(t) = v(t, o) =

'\Il'h,e(g)(t, “ot) e proceed in two steps:

1. We first obtain formally an integral formula for '\I/'h,e(g).
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2. We check carefully that the proposed formula is really a. solutlon of (6.27)
of the form v(£) = v(t, 2} with v € *H, fad N

Step 1. Formal obtaining of an integral formula for Thg( ). The
integral is obtained using a variation of constants formula w1th the basis
of solutions given by Lemma 6.5.12. Moreover, we also explain, yhow (6.29)
should be modified to obtain a new associated P.D.E. (see Remark 6.5.11)
which has all the desired symmetry properties. Performing the change of
coordinates i

T=s-E £=¢  v(Es) =V(ET) = V(s - 45,
the equation (6.29) is equivalent to

g—g—ﬁh(ae)V=g<s,r+W—g€).

Using the variation of constants formula, we get

W= 3 (a;-(r) +f, ad’;“)’g( 2 7)), dc) 5()

TIMH

+ 2, (e [ 500655000, ) e
For obtaining an integral formula Wthh is well defined, i.e. such that gl¢, 7+
“’—"{) is well defined it is necessary that »

THEL ER & s+R((-€ER & (€é+R | (6.30)

This can be achieved by an appropriate choice of the constants a; (1), b;(7).
Indeed, using one of the two paths drawn in Figure 6.2

¢ £+p E-p 3

Y
r 3 d

Re(€)+p Re (€) —

A

Fig. 6.2. Paths I’;t

we check that any of the following natural choice for the constant]

+oo

e[ s er [ =< .

0 [OrE] €‘HR+ ! :

0 f

g Je+r- |

TR = ey et
=—3 = ¢+ [ =-2 += . (C3
2 o 2Jerme 2 Jeuk- ©3)

————gp——
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ensures that (6.30) is fulfilled. To determine which of the previous choices, we
shall make for a;, b; we must keep in mind that the integrals should converge
and that we look for a solution v which satisfies

sup |v(¢, s)|e*Re@l < too, Sv(—&,—s) = v(¢,s). (6.31)
BexR

With the choice (C3) for a; we obtain that

frcteen) = (=5 [ 45 [, ) Banac 28+ maciiiee)

reads

Tp;.e(8)(6:8) = Up, c(8)(£,8) + SUp, .« (8)(—€, —5)

where

U @69) = 5 [ (6 +1.0)ole +tos + )t By

and that
e~ MRe(8)]
|Up],€(g)(§7 sl < ||p “H"\O “pj “H'\O lg!m,\ 2()‘—/\’5 for Re(§) > 0
e—MalRe(&)|

1Up, (8)(E, )] < II7; g2 IIPJIIHAo el g for Re(©) <0

So, (6.31) is fulfilled by '\I/'p]. «(g) for the choice (C3) for a;.

Although, the situation seems very similar for b;, it is in fact more tricky.
Indeed, here again we shall choose b; such that (6.31) is fulfilled. With the
choice (C1) for b; we get

Toel@6rs) == [ (GGea6 2+ b6

+oo v v
= —/ (qj(§+t,e),g(§+t,s+ﬂe@))*dt 4;(&,¢€)
0

and that
. o . - ARe(®)]
Tas.e(€)(&: 8)1 < 1951120 1951120 8y v for Re(¢) > 0,
. - y 96Nl Re(€)]

Ta;.(@) (& )| < 1191l 720 1951120 8Ly 0 Vv for Re(€) <0

So, with this choice we obtain a very bad estimate for Re(€) < 0. With
the choice (C2) the estimate is then bad for Re (£) > 0 and with the choice
(C3), although the solution is reversible, we obtain bad estimates for both
Re(¢) > 0 and Re(£) < 0. To overcome this difficulty, we determine under



174 6. Inversion of affine equations around reversible homoclinic connections

which condition —\]/—q_.,-,e (g) obtained with the choice (C1) is reversible. We check
that

STg,e(8)(—€,—5) = Tu,  (€)(€, 5) + do, (&) (€, 5)45(€, €) (6.32)

where the defect of symmetry d,; .(g) is given by

Lemma 6.5.13. For g € "H(C*)|,p.x, let dg, -(g) be given by

too | x
dl]j,e(g)(gvs) =/_ <qj(§+t75)1g(€+tvs+ﬂsﬁ)>* dt.

Then, for every (€,s) € By x R and g € "H}(CH)| 4n s,
dg;,e(8)(&:8) = b4,,e(8)(§ - f,—z)

where 04, . is an odd, m-perzodzc function holomorphic on By, real valued

on the real axis and ezplzcztly given by

0,.0(8)(C) = / T ), (€ 4w 4)), du,

Moreover, dg, . is a linear operator from "H}(C*)| g , to b]-le (C) which is
uniformly bounded with respect to €, i.e. there exists Md such that

ld‘Ij,E(g)IbHo < quj |g|bH2\ forge bHé (C4)IAR,]R’ 3 E]Oa 1]'
£

Proof. Perform the change of variable u = ¢ — £ to obtain the explicit for-
mula for 6, .. Its properties readily follows. Using the theorem of derivation
under the integral derived from Lebesgue’s dominated convergence theorem,

we prove that d,; . maps "H3 (C%)|,, . to bHe( ) with

4”qj ”HE\O N d
quj,E(g)|b7_tll) < T/\O Iglbﬂé\ forg e bHZ (C )lAR,R: € 6]07 l]'
To obtain a term Tq «(g) with no symmetry defect, i.e. with dg;c(g) =0,

we shall work with a modified g, i.e with a modified associated P.D.E. given
by

1
Lh,e(g) =g+ Z Hq_,-,e(g) (6'33)
=0
where

I,y o (@)(€,8) = ———e€dy, (&) £, 5) (6 €)
N

formula for '\[/'} €
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|
Observe that since II,, (¢, ﬂgi) = 0 for every ¢, the property of Lemma

6.5.10 is still \true: if v is a solution of (6.33), then v(t) = v(t, %) is a
solution of (6/27). Moreover, we have modified the equation in the direction

53- which ensures that the previous computations made for P; are still true,

v | 1 v . .
since Tp, e (84 D Iy, ,c(8)) = Tp,,.(8). So, we propose the following integral
' it j=0 | .

Definition 6.5.14. Let

1
‘Th,a(g) = Z Tp,-,e(g) + qu,e(g + qu,s(g))

=0

where Iy, . s defined in (6.33) and where

T (6 5) = Upy e (0(€,5) + SUp, () (=6, =)
with |

v \ Too | x v
b)) =5 [ (Brle+ehote+tis+ )t By(ero)

i
|
I
|
{

\ 1 too v
qu,a<f><;¢,s>=—/0 (G5(E +,6),9(€ + 1,5+ 99 dt L,(€, €).

and

Step 2. Study of Th e- Our aim is now to check that the above integral

formula propoéed for T ¢(g) is well defined for g € H)(C*)|unx and that it
is a solution of'(6 33) which lies in ?M,°(C*) |r.z- We proceed in three substeps.
We begin wl’ch=

Lemma 6. 5§15.

(a) ij ¢ is @ linear operator from l’H’\((C‘*MARIR to lE’H)\" (((3‘1)|R,R which is

umformly bounded with respect to €, i.e. there exists M¥ such that
?j

< My

5 )' T |g|b—H}\ forge b}-i?(c4)|AR,R7 £ €]0,1].

(b) Lhem,,E(g) €, 5) = (B, (£,2), (6, )} D5(E, €).
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Proof. (a): As already mentioned, we check without any difficulty that for

v
g € "H}(CH)|,nn»> Up,,e(g) belongs to bH’\"((C4)|RR, is real on the real axis
and satisfies for every e €]0, 1]

< 1 v* v
o = /\—_‘);“pj”H;'\c)“pj”H;\o Igl"l—t;‘ .

Thus 'Y'pj €(g) is reversible and belongs to %H,° ((C‘l)lR X ‘
(b): Denote Upj,e(g)(ﬁ s) = u(g, S)Pj(ﬁ,s) Since [ 5(17] &, €)= O we obtain

LU, w869 = (g + 22 ) (ul6s9) B

Then differentiating under the sign [ we get

(& +=28) W)= 2/0+°°%(<:Y>I(s+t,e>,g<e+t,s+ ) ) gt

= 1(5;(€,€),8(6,9)). |

Thus - 1
Ln.e(Up; c(8))(€, 5) = §<Z’j(§,6),g(§7 s)), ;zv)j(g, £)

Similarly, since Sl\jpj,s(g)(—é:, —s) = —u(-¢, —s)}/?j(g, €), we check;

Lo (SUp,.e(@)(~6,—5)) = (£ + %Qa%) (u) (=€, ~3) D (&)

P;(~¢,€),8(—¢, —3)), Ivoj(g,e)

= 5( =SB, (~¢,¢), ~Sg(€, 5)), Py(é.e)

= §<p_—,' (év 5)’g<§7s)>* p]-(g’g)
Hence, _

Lie (Up; 2 (8))(€, 8) = <p (€,€),8(€,9)), P(&,€). O

Lemma 6.5.16. j

(a) Iy ,c is a linear operator from *H}(C*)|,p , to Hy (CH) ] arrl \which is
uniformly bounded with respect to €, i.e. there exists M, ., such that

lHije g)‘ 2 S MHq' 8]y, Jorg e %?(C4)IAR,IR’ € Ei]()’ 1]'
b 5 1210 i
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(b) For every f € H}(CHlunps s — ﬂj,e(f)(g, 8) s 2m-periodic and of
class C! on R; £ — ‘\ll‘qj,s(f)(ﬁ, s) 1is holomorphic on Bg; (£,5) —

v OTq, o(f
Te;e(F)(&,8) and (§,s) — %52(5,3) are continuous on By x R.
Moreover, there exists M such that for every € €]0,1] and f €

Ta;

H (C)lase

5Tq] (f)

— (&)

T () o)+ < My e MR

93

for& e By, Re(€) >0, seR.

(c) g — qu,e(g + Iy, ¢(g)) is a linear operator from *Hy(C*)|,n, to
b (C* Nrn which is uniformly bounded with respect to €, t.e. there
exists Mv  such that

k5]

TQj»E(g + HQj,E(g)) le < M:I/'.,, |g|b’)—l;\ fOT g € %?(C4)|AR,R’ € E]Oa 1]'

(d) For everyf € bHﬁ‘(C‘l)IAR,R:

Une (Tas e (E))(€,5) = (8, (,2), (€, 8)), 45(6,2).

Proof. (a): Statement (a) directly follows from Lemma 6.5.13 observing that
for every £ > 0, A > 0 and & € By,

=€ < e~ IReO < £ 4N/2g=ARe(E)]

(b): The smoothness properties of ‘\l/'q].,E(f) are obtained using the theorem of
derivation under the integral derived from Lebesgue’s dominated convergence

theorem. Tq E(f ) is clearly real valued on the real axis. Moreover we get that
for every f € Hp(CY)| n> s €R, & € By with Re (€) 2 0

ﬁ-qg',s(f)(g,sn + aTqu"—'( )

o

2w g “AIR
< m||qj”H;>\o”qj”H;\o |f|sz\ € l E(E)|_

(¢): (a), (b) ensure that for every g € "HY(CY)|anr» &8 + I, c(g) also be-

longs to *H}(C*)|,n x, 2nd that Tq (g + I, (g)) has all the desired prop-
erties to belong to bH (C*)|q.x except the reversibility and the estimate for
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Re(€) < 0. If we prove that '\I/'qj,e(g + I, .(g)) is reversible then the esti-

mates for Re (¢) < 0 follows automatically. We first compute Tg; (/g «(g))-
Since

e~ (E+t)2

HQj;E(g)(€+t) s+9_§£) = __\/_7_1__9q5,5(g) (§+t“fo(3+9‘g£)) 5j(£+t>€)
: e (£,
= —04;,(8)(€ — %5 N 7;(§ +1¢,e),
we get
v +0Q,x . v
qu,E(HQj,E(g)) = _/ <qj(§+t1€)7ﬂqj,e(g)(§+tas+ %L)>* dt q](gvs)
0
+oo —(¢+t)°
Oy @)e-2) [ Tt )
Hence,

Tase(g + Moy (@))€, 5) = Toy c(8)(6,8) + a)dgs e 6, 8) 45(6,2)
where L oo
- ~(E+t)?
a(g) = ﬁ/o e~ &t gt
We have already proved (see (6.32)) that for g € H) (C*)| 1ns
ST 03e(€)(—6, =) = Ta; e ()€, 8) + gy el6,9) Gi(E, ).
Thus, since 8, ¢ is odd, dg; (=€, =5) = 0g;,e (=€ + 52) = —dg, (£, 5), we get
S-\I/-(Ij 16(g+quyE(g))(_§7_s) = (-\]/—qy‘,i(g)(gv S) + dq_j,E(£7 S) (Ej(g;E))
—0(~€)dg < (£,5) S4;(=&,€)
= Toy.c(B) (6 8)+(1=0l£))dg,,e 6, 8) 456, )-
Finally, observing that

1 +oo ()2 gy 1 Foo .
a(€)+a(—§)=ﬁ/-ooe Tt dt—ﬁ/_ooe dt =1

we obtain that '\Il"qj,E (g + I,; c(g)) is reversible

STase(8+ Mgy c(@)(—€, —5) = Tay,e()(E, 8) + (€)dg (€, ) U5(€, )
= Tae (€ + gy, (€)) (€, 9)-

This symmetry property combined with the estimate obtained previously for
Re(£) > 0 enables us to obtain the desired estimates on By,
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v | +
TQj,E(; + H‘Ij,E(g)) - < max(1, “S”>M¥qj lg + qu,s(g)lb]_@
| < max(L,[ISIM (1+ Ma,,) lel,, -

93

which holds jior every g € "H}(C*)|anz and £ €]0,1). Hence, g — T, c(g +
I1,; c(g)) is 8 linear operator from ’Hé (CHanx to H(C*)|n g Which is uni-
formly bounded with respect to €.

(d): The pro}af is the same as the one for 12/)]- given in Lemma 6.5.15. O

We can finally conclude that

Lemma 6.5.17. 1V'h,E is a linear operator from the space Hy(C*)|, 5 » to
H,° (C*)| x| which satisfies

Vv

1
Lh,él Th,e(g)) =g+ ZHijE(g) forge b}{?((c‘i)!l\n,k
7=0

and which ds uniformly bounded with respect to €, i.e. there exists M'\F
h
such that

Toc(®), |, <My lebyy  fors € MY, e €01 (630

2

Remark 6.5.18. The Proof of Proposition 6.5.2 follows directly from this

Lemma since 1, .(g)(t, “2t) = 0 (see Lemmas 6.5.10 and 6.5.13 and Remark
6.5.11).

Proof. Lemmas 6.5.15 and 6.5.16 ensure that (6.34) holds with
| 1

‘ Mv :ZMV +Mv

and that

U e (Th.e(£)(€,5)

(B (€,€), 86, )56, )

>
j=0
+ éo (83(6,€), (g + Iyy e (8)) (&, ) ), 58, €)

1
g+ 'X:O Iy (8)
J:

since

(Pe, Iy, o (g)), =0 for j,k=0,1,
(G 1Ty, e(8)), =0 for j,k = 0,1, k # 4. O
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Proof of Proposition 6.5.4

Proposition 6.5.4 directly follows from Proposition 6.5.2. Indeed for g €
"H)(C*)| \r.x> the equation

dv @ 1
dt Ah(t _502)6) = g(ta %Lt (635)
is equivalent to
dw

dt Ah(t E)’LU R _J)_g(’ e )

where N
w(t) = 'u(t) An(t,e) = An(t,e) — 22J.

Since J is reversible and has i for double semi-simple elgenvalhes we get
that \
SR;=R_,S for s € R, Mg = sup |Rq|| < +oq.
s€R

Thus (£, s) — R_,g(¢, s) also belongs *H}(C*)|,. ; and

Ingle? < Mg(1+171) |gle;\ . ‘

Observe that (1}/30,1;31, 21,0, 51) is a basis of solutions of

dw

dt Ah(t E)W 0

2 2 !
which belongs to (H 2\" (CHr R) X (H 7 Ao ((C‘l)lR'n) such that itg dual basis

v vk vk oy

Xo(vd 2 Do (4 2 i
(po,Pl,qo,ql)hesm(H °(C )|AR.R) X(He°((C )|R_R) Hence| we deduce

from Proposition 6.5.4 that (6.35) has a unique solution v which is reversible
and which tends to 0 at +00. Moreover, Proposition 6.5.4 also ensure that

vg(t) = The(g)(t, “2)

where N
Th,e(8)(€,8) = RsThe(R_sg(£,5))

is a linear operator from %M} (C*)|,  to l’?—[fz‘°((C4)|R'R such that |

M@)o < My (1+ 171D ME el
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Proof of Proposition 6.5.7

The basis of solution (ry,r_) of L (v) = 0, readily follows from the explicit
form of A;. Moreover, observe that r} = r4.

Then, if g is such that there exists v which is reversible, which tends to 0
at +oo and satisfies L¢(v) = g, using the variation of constant formula we
get that

o) = (o0 + fy (r+(5,6),9(5))ds) r4 (8, )
(bo + fo (r_(s,e), 9(s) )ds) (t,€).

On one hand, since v and r are reversible and r_ is antireversible, we get
that by = 0. On the other hand, v tends to 0 at +-00 and r_ is bounded, thus
(r-(t,e),v(t)), s 0 and

— 400

+o0
bo = —-/O (r- (s,s),g(3)>*ds
Hence,
+o0
/0 (r—(s,€),9(s)),ds = 0.

The proofs of statements (c), (d), (e) are very similar to the proof of
Proposition 6.5.2. So we give only an outline of the proof. The details are left
to the reader. As for Proposition 6.5.2, to look for solution of

dv
dt
of the form v(t) = v(¢, “2) we introduce an associated P.D.E. where the
function g has to be modified to obtain the desired properties. So we introduce
Ov  wqp Ov
—_— + ———
¢ € 0Os

 Act€) = (b, 45t (6.36)

Ac(§,e)v =g+ T4 o(g) + 11 .(g) (6.37)

where IT, . and II_ . are given by

Lemma 6.5.19. For g € "M} (C?)| . let I+ (g) be given by

2

s o(g)(6,5) = = =

di’€(§7 s) ra(t, e)

+o0

dse(2)(6,s) = / (ra (€ +1,6), g€ + ¢, 5 + 228 dt.

—00
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(a) Then, for every (£,s) € By xR and g € b}'{Z\(C4)|AR,m
die(g)(€,5) = 01 (g)(€ — 22

where B4 . is a %-peﬁodic function holomorphic on Be, real valued

on the real axis and explicitly given by

400

6:.(2)(C) = / (r(C +u€), 8(€ +u, “2%)) du.

—00
Moreover, 6 .(g) is odd and 6_ .(g) is even.

(b) My + II_ is a linear operator from *H,(C?)|+ arg 0 HHC?) ank
which is uniformly bounded with respect to €, i.e. there exists My,
such that

\Lt.c(8) + 11— (8)lsy» < My lgl,y forg e HP (€l annr € €10,1].

Remark 6.5.20. Observe that 6, (g) is odd. So 8, (g)(0) = 0, whereas 6_(g)
is even. However, 6_(g)(0) is also equal to 0 because g satisfies the solvability

condition
+oo
| ettt ), de=o

since g € "Hy (C?)|x, o Thus, IT, (g)(t, “28) = IT_ .(g)(t, %) = 0, and each
solution v of (6.37) gives a solution v of (6.36) with v(t) = (t woty,

The proof of Lemma 6.5.19 directly follows from the definition d4 . and
from the explicit formula giving IT, + IT_,

+o0
I(g) +II_(g) = i K(t,&,e).8(€ +t,5 + “2b)dt

where

K(t,€e) =

cos (t, €, a) sin¥(t,&,€)
—sin¥(t,€,e) cos¥(t, &, ¢)

with
T(t,€,6) = (€ +t,6) — $(€,€) = ‘”016(5)15 + [ Y e)du— | Plu,e)du
[0,6+t] {0,€]

whose imaginary part is bounded on B, x Rx]0,1] so that K is also bounded
on B, x Rx]0, 1].
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|
i

Now, let us introduce the operator T, given by

Toe = (et Too) 6+ Macl®) + 1 o(e)
| =Tyelg+ I e(8)) + T-elg + - c(g))

where

+o00 ‘
Tﬂ:,E(f)(ﬁ’S) =—/0 (ra(€+1,6),8(6 +1,5 + £05)) dt r4(€,2).

As for Propoéition 6.5.2, our aim is now to prove that T.. is solution of
(6.37). For that purpose we first prove

Lemma 6.5} 21.
(a) For ever};f € HYC)|nrs 8 = Ta (), 8) is 2m-periodic and of
class CY on R; &€ > Ti(f)(&,s) is holomorphic on By (€,8) —

Ty ()(&s) and (€,5) —
Moreover, there ezists M{fi such that for every e €]0,1] and f €
HYC) dun

(£, 8) are continuous on By x R.

(T4, +T-)(f)
Js

for&eBL, Re(£) >0, seR.
(b) bé;{Ti(,e(g + Tie(@)(=€,—5) = Tielg + Hie(g))(Es) for g €

£ |ARR

(Ta et T )EE 5)] + (€ )| < Mf, e RO f)

(c}) g — TCE( ) = Tyelg+ Iy o(g) + T (g + HI- o(g)) is a lnear
operator from PH)(C?)|E arp 10 "H(C?) | which is umformly bounded
with respect to €, i.e. there ezists My, such that

ITee(®)s, = IT+ @+ Ty e(8)+T - elg+I- (8., < M7, lgl,,,, (6.38)
o " b
forge bHA(Cz) ann € €10,1).
(d) For every f € bHé(C2)|AR,R,
Lee(Tee®)E9) = (ra(6,6), 76, 9)), r2(6.6)
(e) For every g € H (CO) L o

Lee(Te,e(8))(€,8) =g+ 14 c(g) + I1- ()

The proof bf this Lemma is very similar to the ones of Lemmas 6.5.16
and 6.5.17. For the estimate 6. 38, we use the explicit formula giving (T4 - +
T_ )(f). The details are left to the reader.
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The Proof of Proposition 6.5.7 follows directly from this Lemma since

Oie(g)(t, 2ty =0. O Part 111

Applications to homoclinic orbits near
resonances in reversible systems




|

7. The 0?tiw resonance

7.1 Introduction

This chapter is devoted to the 02tiw resonance in R%: we study analytic one
parameter families of vector fields in R*,

du
E = V(u7 ,LL), L3S R47 Le [_/1‘07 ,LL()], Ho > 0 (71)
near a fixed point placed at the origin , i.e.
V(Ohu) =0 for IS [—/‘LOHLLO]' (Hl)

In addition, the family is supposed to be reversible, i.e. there exists a reflection
S € GL4(R) %uch that for every u and p,

V(Su, 1) = —SV(u, 1) | (H2)

holds. We as$ume that the origin is a 0%iw resonant fixed point, i.e. that
the spectrum; of the differential at the origin D,V(0,0) is {+iw,0} with
w >0 and wﬁere 0 is a double non semi-simple eigenvalue, and we denote
by (o, ¥1, ¢+, ~) a basis of eigenvectors and generalized eigenvectors

DuV(0a0)<P0§= 0, DyV(0,0)¢1 = o, DyV(0,0)px = Fiwpy, (H3)

and by (¢}, <p§, @k, ) the corresponding dual basis.

The Theorem of classification of reversible matrices 3.1.10 ensures that
there exists only two types of such vector fields up to linear change of coor-
dinates. Indeed hypothesis (H2) and (H3) imply that Syy = £ holds. The
vector fields corresponding to Sypo = @y are said to admit a 0?*iw resonance
at the origin, the other ones are said to admit a 0%?iw resonance. In this
chapter, we only study vector fields admitting a 0*Fiw resonance due to their
physical interiest. So we assume that

Spo = o. (H4)

Two final geﬂeric hypotheses on the linear and the quadratic parts of the

vector field are made. The first one concerns the linear part of the vector
field, ‘
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c10 = {1, D3 ,V(0,0)p0) # 0. (H5)

It ensures that the bifurcation described at Figure 7.1 really océurs we do
not study the hyper-degenerated case when the double elgenvalue 0 stays at

0 for pu # 0.
The last hypothesis,

c20 = {3, D2, V(0,0) [0, po]) # 0 (HS)

ensures that, in some sense, the quadratic part of the vector ﬁeld is not
degenerated. |

| +i(w + O(w)) +iw Hi(w + O(u)
+iy/—per (1)

—iy/—pe1(p) 0 —v/uei(p) |/ #Cl(ﬂ)

—i(w + O(u)) —iw —i(w + O(u))

clopn < 0 Ciopt = 0 Cioth > 0
Fig. 7.1. Spectrum of D, V(0, u) for different values of ciop { c1() = ¢10 + O(p)).

Finally, since we are interested in the existence of homoclinic cg hnections,
we only study the “half bifurcation” corresponding to

Clot > 0 % (H7)

for which the differential D, V(0, 1) admits eigenvalues with noﬁ zero real

parts This chapter is devoted to the proof of the following theorem
\

Theorem 7.1.1. Let V(-,u) be an analytic, reversible one p;a,mmeter
family of vector fields in R* admitting a non degenerate 02+iw 'Tsonance

at the origin, i.e. satisfying Hypothesis (H1),---,(H6). i

Then, there exist five constants o, k3, ko, k1 > 0, Ko > 0 such thit for |u]
small enough with cyop > 0 the vector field V(-, u) admits near the origin

(a) a one parameter family of periodic orbits p., of arbitrary srﬁnall size
K€ [Oa K3UJ’|]; ‘
_w(w—a(Cmu)T%)

(b) for every k € [r1|ule Vel ,ka|pl], a pair of reversible ho-
moclinic connections to p,. , with one loop; :

W 1

(c) for every k € [0, ko|ule V1R [, no reversible homoclinic con!nections
80 D, with one loop. Generically (with respect to V), ko s positive,
t.e. kg > 0. l
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More precise versions of this theorem are given below: see Theorem 7.1.4
for the periodic orbits, Theorems 7.1.7, 7.1.18 and Remark 7.1.19 for the
existence of homoclinic connections to periodic orbits and Theorem 7.1.11
and Remark 7.1.19 for the non existence. :

KJ _w W—U!clop, 1%!
K K = K1lule Vel

—TwW

K=K, eVerok

expected critical size

nonexsistence

Periodic orbits py,. Reversible homoclinic connections to py,,

Fig. 7.2. Domain of existence of the reversible periodic orbits D, and domains of
existence and nonexistence of reversible homoclinic connections to p.,,

Figure 7.2 shows in the parameter plane (k, |¢|) the domain of existence
and non existence stated in Theorem 7.1.1. As for our first toy model 1.1
given in the introduction of the book, it appears a critical size K,(u) for
the existence of reversible homoclinic connections to the per10d1c orbits. ThlS
critical size is exponentially small

__Tw _“-’(7"_‘7(510}1‘)%)
Kolule VEoE < Ko (u) < Kylule Vewon

We expect that the critical K,(u) size is generically given by

Ko(u) = ke e Veior,

7.1.1 Full system, normal form and scaling

For studying the dynamics of (7.1) near the origin we follow the strategy
explained in Remark 3.2.7 :

Step 1. Linear change of coordinates. The Theorem of classification of
reversible matrices 3.1.10 ensures that up to a linear change of coordinates,
we can assume that Lo = D,V(0,0) and the symmetry S read

01 0 0 1 0 0 0
{00 0 o0 0 -1 0 0
L°*000—w’5_0010
0 0 w 0 0 0 0 -1



190 7. The 0°>Tiw resonance

Step 2. Normal form and scaling. The previous linear change of coordi-
nates leads to a simple linear part. We now wish to obtain a quadratic part
as simple as possible. The theory of normal form was precisely designed for
that purpose.

Step 2.1. Polynomial change of coordinates: normal form. The Nor-
mal Form Theorem 3.2.1 ensures that we can perform a polynomisal change
of coordinates close to identity, analytically depending on g, u =Y +$(Y, )
such that equation (7.1) is equivalent in a neighborhood of the origin to

& _ N+ R p) (7.2)

where N is the normal form of order 2 and R represents the new terms of
order greater or equal to 3. The two vector fields N and R satisfy

B
c1(u)pd + ca(w)a? + cs(w) (A” + B?)

.Zv ?,/j = ~ ’
(k) "B (o + por() + m()3)
A (w+ pwi(p) + m(p)a)
9
=5 Rp(Y, p) 713
R(Y,u) := ~7 = O(Y°),
Fow= | Rhpity | =OFP
RB(YHLL)
where ¥ = (a, E, ;1', E), and cj,c,c3,w;,m are analytic function of u.

Moreover hypothesis (H5) and (H6) ensure that cip = c1(0) # 0 and
coo = ca(0) # 0. The first component of the rest R can always be cho-
sen equal to 0. This can be done by a change of coordinates of the type

' =B+ Ra(@ B A B,p).
Reversibility is preserved by the two changes of coordinates. So system
(7.2) has the following symmetry properties:

SN(Y,u) = —N(SY,p),  SR(Y,u)=-R(SY,u)

with S(&,B, A, E) = (a, —,5, A, —§) Moreover, analyticity is preserved too.
Thus, near the origin, R(Y, 1) reads

RY,py= Y Gme Y™ 44,

(m0eL
where
m = (mq,mg, ma, mp) € N4, || = mq + mg +ma+mp,
I ={@m,¢) eN*x N/ m| >3},
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and
Fme = (0,8p7m,0,8am0 GBme) € {0} X R?,
Y™  =gme fms AMma B™E,

We denote by (7o, o) (where 7o = (Ta, 73, 7a,78) € (R%)?) the “polyradius”
of convergence of this power series, i.e. there exists Mg such that

L Mg Mg ~ .
O el L == = for (,4) € T. 7.3
el < Toub  TacTh TaATEE UG . 4) (73)

Step 2.2. Scaling. The last technical transformation of the system before
studying dyhamics is a scaling in space and time. We are interested in the
existence of [homoclinic connections. For cigu > 0 the truncated system

Yy ~ .=

admits a unique —up to a time shift— homoclinic connection h to 0 which
depends oniu, whereas for cjopu < O there is none. Observe that cjop > 0
corresponds|to the half bifurcation where the differential D,V(0, ) gener-
ates “oscillatory” dynamics with a frequency of order 1 — due to two simple,
opposite eigenvalues lying on the imaginary axis— and a “slow” hyperbolic
dynamics — due to the real eigenvalues ++/c1(p)p. The homoclinic connec-

tion h to 0 gomes from the two real roots, and its two components along the
oscillatory part of the truncated system are equal to 0. Since we want to use
perturbation theory to study the persistence of h, we wish h not to depend on
the bifurcation parameter u. This can be achieved by performing the scaling

|

&=-x1ta, f=-—1%0, A=V, B=1'B, z=t/v (14)

where 1?2 = icmu. Setting Y = (¢, 5, A, B), we obtain a rescaled full system

equivalent to our initial equation (7.1) which reads
@

% = N(Y,v) + R(Y,») (7.5)
with
B
NED= | B ratwa) | EEI)=| Ry
v RB(Y7 V)

A(% + av + bva)

where a, b,cé are real constants given by a = w;(0)/¢10, b = m(0)/c10, ¢ =
—2¢3(0)caq/3. We can now write
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Rﬁ(Y, I/) — E ag e Y™ 2ml+mp+26— 4 .
(7,8)eT i
RA(},, IJ) — E aame ym U2|ﬁ|+mg+2£—3’ (7 6)
(m0)eT ’
RB(Y, I/) — Z apm.e Y™ y2lml+me+26~3
(m,8eT

where
I ={(m,¢) € N* x N/ [m| +£ > 3,|m| > 0},

since we incorporate in R the terms of order (u|Y|2 + p2|Y]) coming from N.
Estimate (7.3) ensures that !
for (m,8) €T (7.7)

Mg
07y < —=—=
, m,el = Tange

with vy =/Clofio and 7o = (Ta,7s,74,7B) = (%|cz0[Fa, %ICzoW,?ﬁv TB).
The symmetry properties are now ;
SN(Y,v) = —=N(SY,v), SR(Y,v)=—R(SY,v), ‘ (7.8)

with S(a, 8, A, B) = (o, —8, A, —B). Using the power expansmn of R and
the bound of az, given by (7.6) and (7.7) we check that k

Lemma 7.1.2. For every d > 0, there exist two positive constaths vy (d),
M(d) such that for every Y € C* satisfying |Y| < d, and eqj;ery v e
10, v, (d)], R(Y,v) is well defined and satisfies

WMMSWWLWMMmMﬂHI%MMQMM-

Moreover, for every (Y,Y’) € (C*)? satisfying |Y| < d, |Y'| < d and every
v €]0,v,(d)], the following estimates hold:

|Rs(Y,v) - Ro(Y',v)| < Mu?Y — Y|
|Ra(Y,v) — Ra(Y',v)| gMu?’]Y—Y’I,
|Ra(Y,v) — Rp(Y',v)| < MA|Y - Y|

Finally we obtain that

0 1 0 0
1+0@%) 0 0 !
Dy(N + R)(0,v) = 0 0 0 Wo,v (7.9)
V i
0 0 L2 !
V i
|

where wy,, = w + av? + O(v4).

The study of the existence of homoclinic connections requires the ex-
ponential tools developed in Chapter 2. Thus a complexification |of time is
necessary. So, we shall study the following complex differential eqyation:
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ay
T
This equation makes sense because N(-,v) is a holomorphic function in C*

and because R(-,v) is holomorphic in some neighborhood of 0 in C%. Observe
that the symmetry properties (7.8) are still true when Y lies in C*.

N({Y,v)+R(Y,v) withé=t+ineC. (7.10)

For studying the dynamics of (7.1) near the origin, we have performed a
polynomial change of coordinates followed by a scaling to obtain an equivalent
system (7.5) for which the “linear+quadratic” part N is as simple as possible.
So, following strategy explained in Remark 3.2.7, the next step is the study of
the truncated system (7.11). This study is done in the next subsection. The
rest of the chapter is then devoted to the problem of the persistence for the
full system of the homoclinic connections obtained for the truncated system.

7.1.2 Truncated system

The truncated system

ay
— =N (7.11)

happens to be integrable, which makes its study far more easy. This property
of integrability, is not only true for the normal form of order 2, but it also
holds for normal forms of any order. For the normal form system of order 2,
two first integrals are

A2+ B2 =k B =0%-a®-2ck’a+ H. (7.12)
The truncated system admits near the origin a one parameter family of re-

versible periodic orbits Yy, of size k > 0 explicitly given by

1—+/1—6k%
k)= ——
Yk*,u(t) = 0
kcos{wg(k,v)t)
ksin(wj (k, v)t)

with wi(k,v) = 2+ av + buar (k). In other words, the truncated system

admits, for each v, periodic solutions of arbitrary small size. Moreover, each
periodic orbits admits a two-parameters family of solutions homoclinic to
itself i

an, (t)

Bh.(t)
P () = k cos[wg (k) (t + @) + 2bun(k) tanh(3n(k)t)]
ksin[wg (k)(t + @) + 2bun(k) tanh(%n(k)t)]
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with (k) = /I=3BH) = (1 - 6k2)4,
an(t) =a"(k)+ nz(k)m’

Bri(t) = —nP(k) tanh (§n(k)t) T(ln—th)
2

Among these homoclinic solutions there are two one-parameter families of

reversible solutions
i (t)

“o

2bw](k)>
Yy Lt .
hk,O Re(;——:+oo k'”( + w(;(k)
Thus, the phase shift between hg o and Yk*’l, at +oo is

2bun(k) = 2nm
T o) T W)

In the same way, the phase shift between Ay, = and Y}, at 400 is
wo b

_ 2bun(k) LT 2nw "
B ) k)
And finally, the truncated system admits a unique reversible homoclinic con-
nection h to 0 explicitly given by

1 —tanh %t
h = (an, Br,0,0) = , 0,0). 7.15
(e, B, 0,0) (cosh2 it cosh® 1¢ (7.15)

hk,O(t)v h’k,

Observe that

€Z. (7.14)

The orbit h appears to be the limit case for k — 0 since

Yy, =0, ho,0,= ho,—z—. = h.

105

Observe that the homoclinic connection A is induced by the pair of real
eigenvalues of the linear part whereas the periodic orbits are induced by the
pair of simple eigenvalues which stay on the imaginary axis after bifurcation.

Remark 7.1.3. The truncated system also admits two other class of solu-
tions : elliptic periodic orbits and quasiperiodic orbits. However, this book is
devoted to the problem of the persistence of homoclinic connections. So, we
do not study the persistence of these two class of solutions. For more details
about these two class of solution we refer to [IK92].

There remains the problem of the persistence for the full system (7.5) of
the previously found periodic and homoclinic orbits. In other words, do the
previously found orbits persist when the normal form system is perturbed by
the higher order terms?
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|
7.1.3 Statement of the results of persistence for periodic solutions

For the perigdic solutions the answer is yes : the full system admits a one
parameter family of reversible periodic orbits Yj, of arbitrary small size
k > 0 given by Theorem 7.1.4 below. This result follows directly from the
genera'l Theorem 4.1.2 given in chapter 4 which ensures for reversible systems
the <.ex1stencei of a one parameter family of periodic orbits bifurcating from
a pair of simple purely imaginary eigenvalues. This theorem gives a detailed
description of the periodic orbits which is very useful when complexifying

time for studying the persistence of homoclinic connections to exponentially
small periodi¢ orbits.

Theorem ?.1.4. There ezist ko > 0, v1 > 0 such that for all v in 10, 4]
tf.Le real full\system (7.5) admits a one parameter family of periodic solu-
tions (ka"(t))ke[o ko) With

Yk,”(t) = ?(y.k,ut’ kv V)

t

and

Y(s,kv)= S k™ Yo(s,v),

n>1
(a‘) Yn e ﬁn,Ra 5}1 = (0)07005(5)78111(8))7
(ko)™ || ¥,

< Cp for every v €]0,14], n>1.

Pl

with Pp g = {Y ‘R RY, Y(s) =ao+ 2 ap cos(ps) + by, sin(ps),
: P=0

Sap = ap, Sby = -b,,} n {?/ /0272?(3),?1(3)‘)@ - o}

and “Y : sup l?(s)[ + sup _dY (s)].
Pl s€[0,27) s€[0,27] ds
Wo,» ~
Wep =~ F W(k,v), where wp, =w+av?+ O@H),

(b) § (k) = 3 Ba(v) k7,

‘ n>1
W(k,v) < Cokv for every v €]0,v1], k € [0, ko).
Remark 7.1.?. Qbserve th?xt C’}f;, C. are independent of k, v. We have
constructed a particular family of reversible periodic solutions Yz, of (7.5).

Since (7 .5) is a;éutonomous, we can deduce other periodic solutions from Y,
by an arbitrary shift in time. Among these periodic solutions, Yy, (¢), Yy .,(til-
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7 /wy, ) are the only ones which are reversible. In addition, we can check that
Wi, is even with respect to k.

Figure 7.3 shows in the (v, k) plane the domain of existence of hyperbolic
periodic orbits of size k respectively for the truncated system and| for the full
systeim.

k k
k*

0 ‘ v 0
Truncated system (p = 0) Full system (7.16)|(p # 0)

Fig. 7.8. Domain of existence of reversible periodic orbits of size k for the truncated
system and domain of persistence obtained in this chapter

7.1.4 Statement of the results of persistence for homoclinic
connections :

For the homoclinic connections the situation is far more intricate. Cne way to
ST . . | .

make up one’s mind is to formulate the problem in terms of stablg manifolds

and to illustrate it geometrically. We denote by W (k, v) the stable manifold

of the periodic solution Y7, of the truncated system. The manifo d Wk, v)
looks like a two dimensional cylinder in R* (one dimension for time and one
dimension for the phase shift).The radius of this cylinder is essentlgllly the size
of the periodic orbit, i.e. k. The fundamental remark, is that for ‘a reversible
system, a reversible periodic solution admits a reversible homocli: ic connec-
tion to itself if and only if the intersection between its stable mam’_;;ld and the
symmetry space Py = {Y/SY =Y} is not empty (see Lemma 3. j 8). In our
case, P, is a 2 dimensional plane in R%. For k > 0, the intersect on consists
of two points which lead to the two reversible homoclinic connections to the
periodic orbit Y;*, . For k£ = 0, there is a unique point of intersection, which
leads to the unique reversible homoclinic connection to 0 of the truncated
system.

To illustrate the situation , we draw a picture in R3 (we cannot draw
in R*!). On this picture W} (k,v) still looks like a 2 dimensiongl cylinder,
whereas the symmetry plane is now a symmetry line. So, Figure 7.4 represents
the intersection between W (k,v) and P, in two case : k > 0 and k = 0 for
a fixed value of v.
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k>0 : k=0
Fig. 7.4. Stable manifold of the periodic solution Y}, of the truncated system

Let us denote by W;(k, v) the stable manifold of the periodic solution Y} ,
of the full system. The stable manifold W(k, ) is obtained by perturbation
of the stable manifold W (k,v) of the periodic solution of the truncated
system. On Figure 7.4 we can observe that for £ = 0 the situation is not
robust: there might not exist any reversible homoclinic connection to 0 for
the full system, whereas for k large enough, the two points of intersection
between W (k, v) and P, should persist, i.e. there should exist two reversible
homoclinic connections to Y .. The natural question is then the following:

Question 7.1.6.

(a) "Determine, for a fized value of the bifurcation parameter v, the small-
est size k.(v) of a periodic solution which admits a reversible homo-.
clinic connection to itself : is it 0 or not? And if it is not 0 we would
like to compute k. with respect to v.

(b) If k.(v) > 0, what is the behavior in the past of stable manifold
Ws(0,v) of 07

A more analytical approach complements usefully the geometrical ap-
proach and points out that we have to face the same kind of difficulty as
for our toy model (1.2) given in the introduction of the book: the truncated
system can be seen as a system of two “uncoupled” two dimensional systems,
which have very different behaviors. Using the two firsts integrals (7.12), the
first two dimensional system can be written

& B
<B>=<a—ga2—ck2>’

and the second system reads

<A> B( +av + bvar)
B ) A( +au+bz/a)
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The first system is “hyperbolic and slow”. The differential at the origin admits
two simple real eigenvalues +1. For k£ = 0, it admits a reversible connection
to 0 given by (an, Br)-

The second is “oscillatory with high frequency”. The differential at the
origin admits two purely imaginary eigenvalues :I:i(% + av). The solutions of

this system oscillate rapidly along the circle 4% + B2 = k2.

For the homoclinic orbit h, these two systems are really uncoupled because
k? = A2 + B? = 0 holds for h. Now, when we add the rest “R”, i.e. higher
order terms, we “couple” these two systems. The question is then to determine
whether or not the homoclinic orbit h survives the oscillations induced by

the eigenvalues :l:i(g)— + av)? So, as for our first toy model, we expect that
14

the answer is no. Moreover, we expect the appearance of a critical size k.(v)
which is exponentially small such that for k > k.(v) there exists reversible
homoclinic connections to periodic orbits of size k, and for k < k.(v) there
should not exist any reversible homoclinic connections to periodic orbits of
size k and in particular there should not exist any homoclinic connections to
0. :

For our toy model (1.2) the problem of the persistence was solved by
explicit computations. Here, no explicit computation are possible for the full
system. So we use the “exponential tools” developed in chapter 2 for studying
such systems.

7.1.4.1 Persistence of homoclinic connections to exponentially small
periodic orbits. Using the First Mono frequency Exponential Lemma 2.1.1
we prove the persistence of homoclinic connections to exponentially small
periodic orbits.

Theorem 7.1.7. For all £, 0 < £ < m and all A\, 0 < X < 1 there
exist M, vy such that for all v in ]0,v4) the full System (7.5) admits two
reversible solutions of the form

Y (t) = h(t) + v(t) + Yk, (t + @ tanh 1t)
where
|h(®)| < Me™ 1, o) < Mv2e™  forteR,

and where Yy, s a periodic solution of the full system satisfying

Vt € R, Vi, (t)] < My2e /v,

A complete description of the periodic solution and of its period is given
in Theorem 7.1.4. The proof of this theorem is given in Section 7.3.
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Remark 7.1.8. It is possible to obtain such a reversible homoclinic connec-
tion to Yg , with

|

lu(t

The proof i
exponents of
Yy, is close

| < My2e= 2t for t € R, with A, = 1+ O(v?).

more intricate since it requires the computation of the Floquet
the periodic orbit Yy . These exponents can be estimated since
to a fixed point (see Chapter 5).

Remark 7.1.9. To come back to our original Equation (7.1) it suffices to

perform the
the Normal

scaling (7.4) and the polynomial change of coordinates given by
Form Theorem 3.2.1. The solution has the same form and the

oscillations 4t infinity are less than Myte—%/v,

Remark 7.1.10. This Theorem gives a first partial answer to Question

7.1.6: it ensu

|
7.1.4.2 Ge

A second
following the
connection {
extra param

For p =0, W(
h to 0. Now
particular fo

res that k.(v) is at least exponentially small.

neric non persistence of homoclinic connection to 0.
partial answer which completes the previous one is given by the
corem which ensures the generic non persistence of homoclinic
0 0. To state the theorem we introduce in equation (7.5) an
eter p € [0, 1]

ay

i N(Y,v) + pR(Y,v). (7.16)
> get the truncated system which admits a homoclinic connection
we would like to understand what happens for p # 0 and in
r p =1 which corresponds to the full system (7.5).

Theorem

and dg > 0
enough, the

tion Y to 0, which principal part is h, i.e. such that

The first coefficient Ay is explicitly known in terms of Bessel functions
and in terms of the coefficients of the power expansion of the rest R

7.1.11. There exists a real analytic function defined on [0,1]

Alp) = Z J o™

n>1

such that for any p € [0,1] with A(p) # 0, and for v small
full system does not admit any reversible homockinic connec-

sup |Y () — h(t)] < de. (7.17)
teER

(see Remark 7.1.15 for the explicit expression of A;).
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Corollary 7.1.12, If Ay # O (which is generically satisfied), there is at
most a finite number of values of p for which the full system ddmzts for
v small enough, a reversible homoclinic connection to 0 whzch pmnczpal
part is h.

The proof of this Theorem is given in Section 7.4. 1

h 1 loop

Fig. 7.5. Homoclinic connections with one or more loops

Remark 7.1.13. Equation (7.17) characterizes the homoclinic ¢connections
with one loop (see Figure 7.5). So, Theorem 7.1.11 ensures the generic non
persistence of homoclinic connections to 0 with one loop wheregs Theorem
7.1.7 ensures that there always exist homoclinic orbits with one loop con-
necting an exponentially small periodic orbit to itself. The que tion of the
existence of homoclinic connections to 0 or to periodic orbits with | more than
one loop is not studied here.
Remark 7.1.14. For p = 0, A(p) = 0. Indeed, the truncated s‘ystem does
admit a reversible homoclinic connection to 0.

Remark 7.1.15. The coeflicient 4; is explicitly given by ‘
A= Y bmump Amems L (1.18)

Ma,Mg ENZ 1
Ma+mg>3 i

with i
ﬂ+ ( Zb)n 2w 2m,,+3mp+17;,—1
Amemp =21 (=1 mﬁ+E( ) Z :

(2mg +3mg +n — )jin!’

and

bma,ms = GA,(mamp,0,00,0 T CB, (ma.ms,0,0),0 |

where as ¢, aBm,e are defined in (7.6) and where for z € R, E( ) is the .

largest integer smaller or equal to z (see Proposition 7.4.8 for the proof of
this result). Observe that A, mg Can be rewritten using Bessel f nct1ons
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! —4bw)™
9 2mq+3mp—1 (
() nZ=0 (2mq+3mp+n—1)I nl’

Ay ms =21 (—1)

Using the Bessel functionJ)(z) and the modified Bessel function I (z)
R (=32)" AR (3"
Hz) = (5) ;n! 'A+n+1) h(z) = (5) ;n! Irh+n+1)’
we obtain

(Qw)Zma+3mg 1
=2
™ Eimemo (2 + 3mg — 1)!

—for b =0, Am, m;

2ma+3mp—1

—w 2

— for b <0, A, me=2TEmq my <T> DIy +3mp—1(4v —bw),
2ma+3mpg—1

o etdmp—l

— 1 b> 0, Ampmp =2 Emy mp (3) P Domatame—1(4V0W).
_ 'm.ﬁ-l—l

with e, m, = (=1)™7 1+B(7 )

We deduce from this explicit form of A, ,mg that for b < 0, Ama,mﬁ
never vanishes whereas there exists an infinite number of positive b for which
A, m, vanishes.

Remark 7.1.16. Among the coefficients A,, A; is the only one which is
known explicitly. So we have a generic non existence result, but from a theo-
retical point of view, for a given system we are not able in general to determine
whether A(p) vanishes or not. However, Proposition 7.4.8 gives an integral
formula for A(p). This integral does not involves the small parameter v. It
only involves explicitly known terms and the solution of an “nner system”
which is deduced from the full system and which does not depend on v. So
this gives a numerical way to compute directly A(p) without having to face
the troubles induced by the terms which are exponentially small with respect
to v.

Remark 7.1.17. Conjecture of codimension 1 persistence of homo-
clinic connections to 0. On Figure 7.4, we see that reversible homoclinic
connection to 0 should be of codimension 1. In [Ch2000], A.R. Champneys
proposes to use the frequency w as an extra parameter. He performed numer-
ical computations which suggest that for b > 0 there are curves in the (v,w)
parameter plane along which there exist reversible homoclinic connections to
0. To prove theoretically such a result, there are two main difficulties:
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— For a fixed p (typically p = 1) we can see A(p) as a function of w : A(p,w).
Then, the first problem is to determine for which value of w, A(p, w) van-
ishes.

— The second problem is to prove a result of the type : If A(p,wp) = 0 and

Qﬁ%ﬁjﬂl(wo) # 0 then there exits a curve w(v) defined at least for small v
with w(0) = wp along which there exists homoclinic connections to 0.

7.1.4.3 Behavior in the past of the stable manifold of 0. Question
7.1.6-(b) remains open: when there is no homoclinic connection to 0, what
is the behavior in the past of the stable manifold of 0? One can expect as
for Toy Model (1.1), that the stable manifold develops exponentially small
oscillations at —oo. This is what happens with the toy model

da
dz
dg
dz
dA
dr
dB
dz
which is a particular example of reversible family vector fields admitting a
0?*iw resonance at the origin. Applying the scaling (7.4), we get

= 1048 + o0&

=-Buw

=Aw-— p(2¢20/3)a®

da

’ =p

B _ 39

a T *T2¢
E _wB

dt = v

dB _wA 33
@ Ty e

This systems corresponds to the rescaled normal form of order two with
¢=a = b= 0 perturbed by a unique monomial (0,0, 0, pr®c?). The solutions
of this system can be computed explicitly since the system is only partially
coupled. We check that the stable manifold of 0 is explicitly given by Y;(t) =
(as(t), Bs(t), As(t), Bs(t)) with

as(t) = COSh_z(%t), Bs(t) = — cosh_z(%t) tanh(4t),

too ds
Zs(t) := As(t) +1By(t) = —ipu3/ ewlt-/v
¢ cosh®(3s)

and that Y; develops exponentially small oscillations at —oo
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Ys(2) t-»N—oo(O’ 0, K(v)sin(wt/v), —K(v) cos(wt/v))

where

\

| too ds T Wb
K(v):= 1/3/ ewslv = o 5 — L emwn/v,

‘ ¥)=p —oo cosh®(1s) w20 50 772

Another'lexample of family of vector fields admitting a 0%*iw resonance
at the origin is the following '

dbu  d*u 4 2
—t - —ut+eu" =0
| dzt =~ dz? ’
Setting Y =‘ €%u, t = ez we obtain the equivalent equation
| &ty d?y
2 2
E—+—-Y+Y*=0
| e + ’

This last equation was studied by Amick and McLeod in [AK89] who proved
that the stable manifold of 0, explodes in finite time in the past.

So, there are at least two possible behavior in the past for the stable
manifold of 0, when the origin is a 0%tiw resonant fixed point of a reversible
family of vector fields. At the present time we do not know any general
criteria to determine which of these two possible behaviors occurs for a given

reversible family of vector fields admitting a 0?+iw resonance.

7.1.4.4 Domains of persistence of homoclinic connections. The two
previous theprems are devoted to the estimation of the smallest size for a fixed
v of a periodic orbit which admits a reversible homoclinic connection to itself.
However, for the truncated system, there also exist reversible homoclinic
connections to periodic orbits the size of which is of order one. More precisely,
in subsection 7.1.2, we checked that the truncated system (7.11) admits two

one parameter families hio, A s of reversible homoclinic connections
3 , "o

connecting a periodic orbits of size k € [0, k*] with k* = 1/1/6c for ¢ > 0 and
k* = 400 for ¢ < 0 where ¢ is defined in (7.5). The following theorem ensures
the persistejnce of the two families of reversible homoclinic connections to
Yk, provided that k € [K(£)e=%/, K, [ for v €]0,v4(£)] and 0 < £ < 7.

Theorem 7.1.18. There exist K,, M, such that for every £, 0 < £.< 7
and every\, 0 < A < 1 there ezist K(£), vs(£) such that for every v €
10,v5(8)] and every k € [K(€)v2e~%/¥ K,[ the full System (7.5) admits
two reversible solutions of the form

1 Y (t) = h(t) + v(t) + Y&, (t + ¢ tanh 1)
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.............................................................. TR
and where Yy, is a periodic solution of the full system satisfyihg

Y, (t)] < M,k fort e R.

This theorem is a direct consequence of Theorem 7.1.7. Its Piroof is given
at the end of Section 7.3. Figure 7.6 shows the domains of (non)*iexistence of
reversible homoclinic connections to a periodic orbit of size k proved in this
chapter. Compare with the domain of persistence of periodic solutions drawn
in figure 7.3. 1

’: k

k K* i . wl
le™ v
Alp) -

ted critical size )

0

nonpersistence

i
Full system (7.16) (0 # 0, 0% £< )

0 VO 14

Truncated system (p = 0)

Fig. 7.6. Domain of existence of reversible homoclinic connections té) a periodic
orbit of size & for the truncated system and their domains of persistefice and non-
persistence obtained in this chapter :

Remark 7.1.19. Improved estimates of the critical size f i)r the full
system, (p = 1). In fact, one can obtain sharper lower and upper bounds
for the critical size : for any A, 0 < A < 1 there exist vy > 0, o, %; >0, M’,

K}, K1, such that i
3
w(r—ov¥) '
(a) For every v €]0,1)] and every k € [K} e™~ , K3 the full System
(7.5) admits two reversible solutions of the form T

Y(8) = h(t) + v(t) + Yi, (¢ + ptanh Lt) (7.19)

where

[B()] + Ju(t)] < M'e™ M fort e R,
and where Yy, is a periodic solution of the full systemi
Vi (t)) < Mk forteR. ’

(b) For every v €]0,u}) and every k € [0, A(1) e_:w[ the full System (7.5)
does not admit any reversible solutions of the form - ‘
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3
k _w!w—au”
k=Kje v

— W
e v

k= Al
W
(expected critical size)

— T

k= A(1l)e™ >

nonpersistence

Fig. 7.7. Domains of persistence and non-persistence of reversible homoclinic con-
nections to a periodic orbit of size k for the full system (7.5) (p = 1)

Y(t) = h(t) +v(t) + Y4, (¢t + @ tanh 1¢) (7.20)

with
sup [v(t)| < dI, sup [v(t)[eM < +o0. (7.21)
teR teR

These two results, enlarge the domain of existence and non existence
previously obtained in Theorems 7.1.11, 7.1.18 (see figure 7.7).

The crucial point of the study of homoclinic connections to the periodic
orbit Y%, is that a solution of the full System (7.5) is a reversible homoclinic
connection to Yy, with Y (z) Kol Yi.(t £ ¢) if and only if it satisfies a

solvability condition, which reads very roughly speaking,
ksin(p) + I(Y,v) =0

where I(Y,v) is an oscillatory integral. Such an equation admits solutions ¢,
if and only if k > |[I(Y,v)|. The different result of existence or non existence
of homoclinic connections to Y, corresponds to different estimates of the
oscillatory integral I(Y,v) with the different Mono-frequency Exponential
Lemmas introduced in Chapter 2. All these lemmas require a complexification
of time. Working in a strip By = {¢ € C,|[Im (¢)| < £} of width £ = 7 — 6
we obtain that

e_w!w—éu _ w(mr—dv)
v e
mA(1) g — < [I(V) < M~
v 35y

However, to have the periodic orbit Y, well defined when working in a strip
By of width £ = m — év, we need that (see Theorem 7.1.4)

w(n—dv)
k < koe— v .
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3
w(r—ov5)
So, on one hand, the result (a) is obtained for § = ov~%, k= Me™ v
and o chosen such that

M
gﬁko-

On the other hand, the result (b) is obtained for § fixed, 0 < A1)k <
w(r—dv)

e v and v chosen sufficiently small so that

mA(1) M

1 < W, and W 2 k‘o.

Remark 7.1.20. For ¢ < 0 (see Equation (7.5)) and the beginning of para-
graph 7.1.4.4) the estimates of the critical size can be improved, since the
constraint coming from the complexification of time for the periodic orbits
can removed. Indeed, in this case, it is possible to build directly the one pa-
rameter family of periodic orbits Y}, of size k with the Contraction Mapping
Theorem in a space of function f which are periodic, holomorphic in the strip
B,, normed with || f|| = sup (|f(&)le"#™©Iw/v). Hence for ¢ < 0, we obtain
€Bn,

that

— there does not exist any reversible homoclinic connection of the form (7.20)
satisfying (7.21) for k € [O,mAyl) e%g[ with m < 1;

— there exist reversible homoclinic connections of the form (7.19) for k €

Kul _w_wK/
[ 1,2€ VY, 2]'

k> k. k=k.

c

Fig. 7.8. Stable manifold of the periodic orbit P,j: ,, for Toy Model (1.1) for different
values of k&
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Remark 7.1‘ 21. In the small tong between the two domains of existence
and non existence (see Figure 7.7) nothing is known. A priori, we can not
exclude that it may exist in this domain small tongs of existence intertwined
with small tong of non existence. Indeed, for our Toy Model (1.1) the stable
manifold of a|periodic orbit of size k is a circular tube whose cross section
are circles of radius equal to k¥ which miss the symmetry line when k is too
small (see Figure 7.8). For the 0%*iw resonance, the stable manifold of the
periodic orbits is still a tube, but the cross sections are no longer circles. This
may lead to g more subtle mechanism of transition between the domain of

. | . . . . .
existence and|non existence of reversible homoclinic connections.

7.2 Proof ?)f the persistence of periodic orbits: explicit
form and complexification

This section is devoted to the persistence of periodic solutions. We first prove
Theorem 7.1.4 which follows directly from the general Theorem 4.1.2 given
in chapter 4 which ensures for reversible systems the existence of a one pa-
rameter family of periodic orbits bifurcating from a pair of simple purely
imaginary eigenvalues.

Proof of Theorem 7.1.4. The explicit form of N, R and Dy (N + R)(0,v)
given respectively by (7.5), (7.6), (7.9) ensures that Equation (7.5) can be
rewritten as ! iy

, 2 Y,

7 Y +Q(Y,v)
where |

by

14
(@) L, =Dy(N+R)(0,»)=| o 0 2o

: 1%

| 0 2w

124

with Lh(ll) =v [ €(OV) (]; :l L0y =1+ O(yz), wo,, = w+ay2+(9(z/4).

Thus we cé;.n choose vy €]0, 1] such that

inf woji,,, >0, sup |va+O(®) <+oo, sup |[Ly(v)| < +oo
vElo,un) : vE€)0,u] V€0,
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Finally, since i

L) \\ ' 1 ()" coth(n(v))
(Iz_exp( wo )) _[(e(u))%coth(n(u)) 1

with n(v) = wu(ﬁ(u))%/wo‘y, there exists M such that for evtjary v €]0, 1]

(e (%522))

(b) the nonlinear part Q satisfies Q(0,v) = Dy Q(0,v) = 0. Moreover, Q is
analytic in D(0,7) = {Y € R*,|Y| < r} with 0 < 7 < min(ry, 73,74, 75)
and satisfies

M

< .
14

sup |Q(Y,v)| < +o0,
|Y|<r, v€]0,1)

sup  |v71Qa(Y,v)| < 400, sup v QB(Y )| < +oo.

[Yi<r, v€]0,1] Yi<r, v€]0,11]

Thus hypothesis (i) and (ii) of Theorem 4.1.2 are fulfilled] The result
follows directly from this last theorem. O

The real full System (7.5) admits a one-parameter family of|periodic so-
lutions Y . (t) given by Theorem 7.1.4 which are real analytic with respect to
(t, k). If we succeed in extending Y% . (t) by analyticity into a nTlghborhood
of the real axis in the complex field to obtain ¥} w(€), then ¥y ,, ) has to be
a solution of the complex Equation (7.10). Moreover,

. - \'
Yio(t) =Y (w b, k,v), and Y(s,k,v) = Z k™Y, (s, v), with Y € Pn.r.

n>1

For each n, ?n is a trigonometric polynomial of degree 7. Thtfs it can be
extended by analyticity to obtain an entire function. It remains now to find
the radius of convergence of the power series 3 k™|Y,,(¢)|.

The following proposition gives a lower bound of this radius.

Proposition 7.2.1. there exists C’i}; such that

n
< CLiVETT (;) AIm(|
— Y b

0

&Y,
W(va)

holds for every j >0, k € [0,ko), v € [0,11], ¢ € C, and n > 1.

This proposition directly follows from Proposition 4.2.1. O
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Remark 7.2.2. Proposition 7.2.1 ensures that taking (k/ko)elZ™(©)! < 1,
one can define ¥ (¢, k, v). Since Y} L&) = (w,C W&, k1), Yy, 1 (€) is well defined
if (k/ko)e2e MOl « 1. But Wy, has a “bad” dependence on v (w,, =
w/v +--). So one way to keep (k/ko)e2s+ IOl <« 1 is to keep § in a
complex strip B, = {¢ € C/|Im (€)| < £} and to choose k in [0, kge ™% vl

In Be, Y%, (€) is then well defined as well as dYk ~(6), d d?; “(€). The precise

choice of the complex strip and of the dlfferent parameters is given in the
next section which is devoted to homoclinic connections to exponentially
small periodic orbits.

7.3 Proof of the persistence of reversible homoclinic
connections to exponentially small periodic solutions

A quite natural idea to find reversible solutions of the real full System (7.5)
homoclinic to the periodic orbits Y., obtained in Theorem 7.1.4 is to compute
the stable manifold of Y} , in the form

Y(t) = h(t) + Yi,(t + @) +v(t), t€[0,+00], p €R,

where h(t) is the unique reversible solution of the truncated system homo-
clinic to 0. The perturbation v is obtained using the Contraction Mapping
Theorem. System (7.5) is reversible and autonomous. Thus, for any solution
Z(t) of (7.5), if there exists a time t* such that SZ(t*) = Z(¢*), then Z(t+1*)
is a reversible solution of (7.5). So, to find a reversible solution homoclinic
to Yk, we must find the intersection between the stable manifold and the
symmetry plane P, = {Y/ SY = Y'}. This intersection is given by a scalar
equation which can be solved provided that k is of greater size that an integral
of the form

+oo wt
/ f(t,v)sin —dt (v — 0).
0

Coarsely dominating the integral by fo |f(t,v)|dt, ie., not taking into
account the oscillations we obtain that k¥ must be greater than v

We recall here that we want to take k, the size of the peI‘lOdIC orbit, as
small as possible. So to get & exponentially small we want to apply the First
Exponential Lemma 2.1.1. The trouble is that this lemma only works with
integrals of the form

+0o0 i
/ ft,v)ewt/vdt.
~00

For symmetrizing the integral by evenness we must use the fact that the
solution Y'(t) is reversible. But this is precisely what we want to know by
studying this integral!
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To have a correct proof, we do not try to compute the whole stable man-
ifold. We try to find directly a reversible solution homoclinic to the periodic
orbit using the Contraction Mapping Theorem in an appropriate set of re-
versible functions. But now the parameterization of the stable manifold is no
longer suitable because the set of functions v

{v/t — h{t) + Yy, (t + @) + v(t) is reversible}
is not a vector space. So, we look for Y'(¢) in the form
Y (t) = h(t) + Y (t + ptanh 3t) + v(t), tE€R, p€R. (7.22)

The choice of Yy, (t + ¢ tanh 1t) is motivated by the form of solutions of
the truncated system homoclinic to periodic orbits given in Subsection 7.1.2.
Observe that the function ¢ — h(t) + Yk . (¢ + ¢ tanh 2 t) is reversible. Now
the set of functions {v/ t — h(t) + Y,,(t + ¢ tanh 1t) + v(t) is reversible} is
a vector space, since it amounts to having v reversible. So from now on, we
look for the reversible perturbation function v and for the phase shift ¢. Our
strategy to build a solution Y of (7.5) under the form (7.22) is the following:

In subsection 7.3.1, we first rewrite the equation satisfied by v in the form

((11_'0 — DN(h,v).v = g(v,p,k,v,t). (7.23)
Our aim is to transform this equation into an integral equation and to solve
it using the Contraction Mapping Theorem. For that purpose we must invert
the linear part of (7.23). The crucial point of our analysis is the following
: for an antireversible function f which tends to 0 exponentially at infinity,
there exists a reversible function u which tends to 0 exponentially at infinity

and which satisfies 4
d—;‘ — DN(h,v)u = f

if and only if the function f satisfies the solvability condition

+o0
JRGCRORT (7.24)
where the dual vector r* reads
¥ (t) == (—sint, (t), cos b, (t),0,0) with 1, (t) = (¥ + av) t + 2bv tanh(t).

This solvability condition is the typical one which occurs when the linear
homogeneous system admits a pair of simple purely imaginary eigenvalues
(see Section 6.4). Moreover, observe that the above integral, is an oscillatory
integral since the dual vector rotates with a frequency of order w/v where v
is a small parameter.

In subsection 7.3.5, we prove that for each reversible v tendlng to 0
exponentially at 1nﬁn1ty it is possible to choose w(v,k,v) such that ¢ —

7.3 Persisit:ence of homoclinic connections to small periodic solutions 211

9 (t), @, kv,

) satisfies the solvability condition (7.24) provided that & is

greater than an oscillatory integral of the form

|

Iw) = / T .

-0

Using the First Exponential Lemma 2.1.1, we are able to obtain an €xpo-

nentially smali

upper bound of J(v) and thus we can take the size & of the

periodic orbit 1ka,, exponentially small.

So, finally 11(1 Subsection 7.3.6, with the above choice of (v, k, v) and with

an exponentially small k of the form k = Ke_Tw, 0 < £ < m, we transform
(7.23) into an integral equation which can be solved using the Contraction
Mapping Theq,rem in a space of reversible function tending to 0 at infinity.

Remark 7. 3 1.

take k —K—

coupled w1th t
is then far mon

For obtaining a better estimate of J(v) which allows us to

e~w"/¥  one should use the Third Exponential Lemma 2.1.21

e strategy proposed in Subsection 2.1.4. The resulting proof
e intricate than the one proposed here which is based on the

First Exponential Lemma 2.1.1. The Third Exponential Lemma is used in the

next section to
0.

For using L
to study the co

Y(6)

Thus we m
defined. This is

7.3.1 Choice

Observe that h(¢

prove the generic non persistence of homoclinic connection to

emma 2.1.1 we have to complexify the problem, i.e., we have
mplex Equation (7.10). Thus we look for ¥ in the form

= h(€) + Y, (€ + @tanh 2€) +v(€), €€C, peR.

ust restrict £, k, ¢ to have h(€), Y% ,{(¢ + ¢tanh %E) well
the purpose of the next subsection.

of the parameters

(€) = (on(£), Bn(€),0,0), tanh 3£ are meromorphic with their

poles ini(2n + 1)m, n € Z. To apply Lemma 2. 1 1, which requires holomorphic

functions (sing

plarities are not allowed), we work in a strip of the complex

field B, with ¢

<1r

Letfbeﬁxed0<€<7r Denote By :={{ e C/ E=t+in,—L<n<
£, t e R} From now on, § is assumed to lie in B,.

Now we must choose k, ¢ to have Y} ,,(5 + @ tanh 25) well defined and

holomorphic in|

Y:

Proposition 7.2,

Bg Yy, is deduced from ¥y by

;u(<€+</>tanh 16) = V(wy, (€ + ptanh 16), k,v).

1 ensures that Y} , (¢ + ¢ tanh —21-5) is well defined if
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(k /o)elFm (e, (E+etanh (/D) 1

So, from now on, we look for ¢ in [0,67v/w] and we set k
with K € [0, ko).

= Ke—lw/u’

The following lemma give an upper bound for |Zm (w k(€ + ptanh 10) 1

Observe the “bad” dependence on v coming from wy, ,,.

Lemma 7.3.2. There exists My such that

V)
|Zm (gk,,,(Ke_ew/")(g‘* wtanh,%ﬁ)) | < Mo+ 7w

holds for every v €]0,11], p € [0,6nv/w], K € [0,ko}, and € €

By.

Proof. Observe that for K € [0, ko], k = Ke~*/” ¢ [0, ko] which ensures

that wy, , (Ke™#/") is well defined.
By Theorem 7.1.4 we have

Wi,y =w/v+av+ OW®) +B(Ke /" v), 6] < CorKe /7 < Cukov.

Moreover, observing that for all £ € By, |Zm (tanh %ﬁ) | < tan —]E, we get
|Zm (¢ + ptanh L&) | < £+ 6:—1/ tan 54,

Thus,

1Zm (w,, (€ + ¢ tanh(3€))) | |

. < %_E +6mtanil+ [0+ 67:/1 tan 2¢](|a| + Mv? +§ka0]l/1.D
Finally, we can now prove:
Proposition 7.3.3. From now on let K; be fized such that Ky < kge~Mo,

dYs. Y
Yiow (€ + ptanh 36), =525 (€ + ptanh 36), —2(¢ + ptanh }

defined and holomorphic in By.

Then, for every v €]0,14], ¢ € [0,67v/w] ar;d K € [0, K1), theifunctions

£) are well

|
i
¢
i
!

Proof. Proposition 7.2.1, and Lemma 7.3.2 ensure that

~ KyeMo n
K™, (€ + ptanh 6)| < Chvm ¥ 1 ( 0 ) .
KleM° . .
But < 1 which ensures that the power series converge.

ko

dy, d?Yy,
in the same way for —= k,

& age "

!
We proceed
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Definition 7.3.4. Let A be fived such that 0 < X < 1. We define H}|,,
the set of functions v : By — C*, holomorphic, reversible, mapping R in
R* and satisfying
de
[vl,» % sup [[v(&)[* @] < 4o,
£ £eB,

Denote by BH |, x(6+/V) the ball of radius 6,/7 of H;)

IR,R 2

BH}|aa(6v9) = {v € Hlnn/Iol,y < 617}

We look for v in BH}|, .(6/7) with § < 1.

We have chosen parameters to have h(€), Yx . (€ + @ tanh %{) well defined
and holomorphic in By. Now we compute the equation satisfied by v:

Proposition 7.3.5. For every v €]0,1], ¢ € [0,6mv/w], K € [0, K]
and § € By, the function Y (£) = h(€) + Yi (€ + <ptanh%§) +v(€) is a
solution of the complex differential Equation (7.10) if and only if

j—z — DN(h,v).0 = g(u(€), 9, K, 1, £) (7.25)
with

9(v(&), 0, K, v,) =N"(v(€), 0, K, v, )+ R (v(£), 0, K, 1, £) +9®(£, 0, K, )
N'(v,0,K,v,6)= N(h + Y, +v,v) = N(h, v)—=N(Yx,,v)—DN(h,v)v,
R'(v, 0, K,v,6)= R(h + Yy, +v) — R(Ys,,),

~1 4V,
@ b ’ K’ = .
CoKV)= sl a

(€ + ptanh 1¢),

where h, v are evaluated at &, and Y. at £ + ptanh %5.

Our aim is now to transform (7.25) into an integral equation. For that pur-
pose we need estimates on N, R’, »®, as well as a basis for the homogeneous
equation

dv

3
The estimates are given in Subsection 7.3.2, the homogeneous equation is
studied in Subsection 7.3.3.

DN(h,v}v = 0. (7.26)

7.3.2 Estimates of Yy, h, N/, R/, o®

The following lemmas give bounds of Yiv, b, N', R', o®. Their proof are
elementary but must be done carefully because we want to know precisely how
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these different functions in the complex field depend on the small parameter
v. Observe that in each following lemma the constants M; do not depend on

v, K, ¢. The constants M; depend on 4, but £ is fixed in this study.
7.3.2.1 Bounds of Y%, (£ + ¢ tanh %g)

Lemma 7.3.6. There ezists My such that for every v €]0,14],
[0,67v/w], K € [0,K;], and £ € By,

|Vk,w (€ + ptanh 36)| < My K,

dv, K
l k"(§+<ptanh 5)‘ SMI?’
&Yy, K
‘dé’ (€ +otonnde)| <Mz,

and

fw -
Yk (€+ptanh 5€) = Ke'TYl(gk,u(ﬁ + ptanh $€)) + O1(€, k,v, ),
dYk ,

2V, , 2Ke™ v d2Y;
dd};’% (é+p tonh %5)=%‘" g7 (ko (Eptanh 3E)+05(6,k, v, 0),

with
‘Ol(grkv v, QD)I

|02(§a k) v, SO)I

FAN
S
3

N

S
TN

<

N

_l_

|
&q/

KZ
1036,k v,0)] < M1<K+—>

(é+ptanh 16)= L Ke~ 5 ﬁ@k‘,y(e + ptanh 16)) + Oa(6,k, v, ),

Proof. Using Theorem 7.1.4, Proposition 7.2.1 and Lemma 7.3.2 we get
Vi (€ + ptanh 38)] =¥ (we,, (€ + ptanh 5€), k)]

_nfw

S IRV IR s "Im(gkv““"a““%ﬁ))

n>1 (k )n
C’LeM0
< k K> Vn+2 ( )
0 n>0
< MiK.

The power series converge because K; has been chosen such that K; <

e~Mok, holds. Then we have

Vi (€ + ptanh 1€) = Vi (wy, , (€ + ptanh 1€)) + O,

7.3 Persii tence of homoclinic connections to small periodic solutions

; e o KieMo\™
with |01|§C (=—)*K?* > v/n+3 ( > .
ko n>0 ko
| dav @y

The proofsj for TE £ 52 are done in the same way. O

When £ =
are far better:|i

is “exponentially bounded”.

¢ lies in R the estimates of the bounds of the periodic solution
in B, the periodic solution is simply bounded, whereas in R it

Lemma 7. 3‘7 There ezists My such that for every v €]0,11], ¢ €
[0,67v/w], K €[0,K:], andt € R,

| Y, (t + @ tanh 1t)] < MpKe /v,

dYe .
’ dk (t + ptanh 3 1 < MQEe_e‘“/V’
¢ v
~(t + ptanh 1t < MK e-tory
dt2 ptanh 3t)| < 2 3¢ ,

fw ~ -
Vi, (t+ptanhit) = Ke v Y1(wy , (o tanh £t)) + O1(t, k, v, @),
dY, w dv; «
— (tHHptanh it) = ;Ke_e‘“/"&l(gk’y(tﬁo tanh £t)) + Oa(t, k, v, ),
d?Yy,, w? | _tw g2Y; «

2 (t+etanh it) =—gKe v dt; (W, (t+p tanh 11))+0s(t, k, v, ),
with

O1(t, kv, 0)| < MyK2e28/v,

IN

= 2
|O4(t, k, v, @) M, (I,Ke—éw/u + ie—wa/u> ’
! - 14

103(t, k, v, )|

IA

2
M, <Ke"e“’/” + %—e_%“’/”) .
v

Proof. The imi
teR, Im (wk

provement of the estimates comes from the fact that for every
(t + ptanh 1t)) = 0, whereas for every ¢ € By,

§’|Im (gk‘,,(f + @ tanh 55)) | < Mo+ bw/v. O
7.3.2.2 Bound:i for h(¢).

Lemma 7.3.$.

(a) There ezz'é;ts M3 such that Itanh %fl < M3 holds for every & € By.
(b) There exidts My such that

& e B,.

m < Mye=Re@ holds for every
2
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(c) There ezists Ms such that |h(£)| < Mse ROl holds
¢ € By.

for every

7.3.2.3 Estimates of N’, R’, ¢®. Let us denote

h(f) (ah(£)1 6h(£)’ 0, 0))
Yiew(€) (ak(8): Br(€), A (), Be(€)),
v(€) (@(6), B(E), A(€), B(E))-

Then, the following lemmas hold:

I

Lemma 7.3.9.
0
—Ea2 — c(A? + B?%) — 3aga — 2¢(AxA + B B) 4

N,(U7(P’ 6) = 2
~bv[Ba + ax B + Bra + Bron)

bu[Aa + oA+ Aga + Akah]

uated at £ + ptanh %ﬁ. Moreover, there exists Mg such that

estimates hold:
(2) IN"(v, 0, €)l < Mg[lv(€)]* + Klu(€)] + K[ (E)I],

+E (&) + [AE)) e —

where ayp, Bn, o, B, A, B are evaluated at €, ag, Bk, Ar, By

v €)0,u1], o,¢" € [0,6mv/w], K € [0,K1], and £ € By, theifollowing

(b) |N'(v,,€)~N'(v/, ', €)] < Ms[([v(€)] + [v'(€)] + K) Iv’(éi) —v(¢)|

- 3ap 0

are eval-
. for every

i

@wl]-

Observe that we have estimated the growth rate of N, |JY’ (v,9,8) —

N'(v, ¢, £)|, between two different values of v, and also between

two different

values of ¢. Indeed, we look for v and ¢ and this type of estim?,t(ia is required

by the Contraction Mapping Theorem.

[0,6nv/w], K € [0, K1), and & € By, the following estimates ho
(&) [R'(0,,8)] < My 2 [()] + 1RO,
(b) |R (v, 0,€) — R'(v', ¢/, )| < My [ V3[V'(€) —v(§)]

+vK (|v(€)] +1h(€)]) 1¥'

i
i
Lemma 7.3.10. There exists My, such that for every v €]0,ui], @, ¢’ €

l:d:
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Lemma 7.3.11. There exists Mg such that for every v €]0,uv1], ©,¢’ €
[0,67v/w], K € [0, K], and £ € By the following estimates hold:

(a) @& p)| < MgKe™ IR,
K
(b) [0®(&, ) = W&, ¢")| < Mg—e™ ROl [/ — ).

The proofs of these three lemmas are given in Appendix 7.A.

7.3.3 Homogeneous equation

7.3.3.1 Basis of solutions. We start the study of the linear part of (7.25)
by giving an explicit basis of solutions of (7.26).

Lemma 7.3.12. Since h satisfies (7.11), its derivative p(¢) = j—?(g) sat-

isfies (7.26). Moreover, p is antireversible and holomorphic in By, p(&) €
IT where Il = {Y/ A= B =0}, p maps R into R%, p(0) = (0, —%,0, 0)
and there exists My such that

[p(8)] < Mge~1Re(@

for every € € By. Denote p(€) = (pa(€),pp(£),0,0) = (dah d%ay, 0 )

E)d_&z'v )

Lemma 7.8.13. Let q be the solution of the homogeneous equation (7.26)
such that g(0) = (1,0,0,0). Then q(¢) € II. Thus we denote q(¢) =
(9a(€),45(£),0,0). The two components Ga;qp ore explicitly given by

1 15¢&tanh 26 1 - -
cooh %f 16 comh? %5 - gcoshf tanh® 3£ — tanh® 3¢,

4s(6) = %@_

th(g)

Moreover, q is reversible and holomorphic in By, maps R into R%,
and there ezists Mg such that

lg(€)| < Mige!®e®l

for every £ € By.

Proof. Observe that taking A(0) = B(0) = 0 for ¢(0) then for all € in By,

A(€) = B(€) = 0 for g(£). So we work with the reduced &-dependent linear
system

dq i 0 ;
- L(¢)q, with L(¢) = [ 1—-3an(€) 0 ] '
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To compute ¢ it suffices to observe that Tr(L(§)) = 0. So the Wronskian
W (€) of the reduced system is constant. Since we already know a solution p
of this system, we can compute the other one. The Wronskian equation reads

VE€ By, W(0)=—-3=W() 9e(&)pa(§) - %(E)pa(ﬁ)
9a(&)ps(§) — E —=(€)palf).

This equation can be explicitly solved to obtain ¢ with the required properties.
]

I

Finally, the System (7.26) admits two other solutions:

Lemma 7.3.14. Let r,, r_ be the two solutions of (7.26) satisfying
r4.(0) = (0,0,1,0), r_(0) = (0,0,0,1). Then r, r_ are given by

T+(£) = (0707 Co8s ¢V(£)7Sin¢u(§)))
r_(€) = (0,0, — sin 4, (§), cos Pu(§))

where 1, (€) = (w/v + av)é + 2bv tanh 3£. Moreover, 4, r— are holomor-
phic in Be; T4 (€), T_(€) € IT+; r4, r_ map R into R*; and there exists
M, such that

[re(@) =lr-(@)| =1 foreveryt €R
Ir(E)] = |r—(€)| < M11e%7" for every v €]0,11] and £ € By, (7.27)

Finally, T, is reversible whereas r_ is antireversible.

Proof. We only verify (7.27). It suffices to observe that

Zm(2)] 1Zm(2)l

VzeC, |coszj<Le |sinz] <e

and that for every £ € Be, and v €]0, 1],

lIm ((% + av)€ + 2bv tanh %é)l < wl/v + |a|v1€ + 2by tan 340
7.3.3.2 Dual basis for Equation (7.26). Let us denote by (-,-) the inner
product in C%: (Y, Y") := G/ + B+ AA'+ BB'. We identify C* and ((C4)* by
Y — (Y, ) (Y, ). With this identification, we denote by(p*,¢*,r3,7%)

the dual basis of (p,q,m.,r ) (see Definition 6.3.5). The dual basis is given
by the following lemma:

Lemma 7.3.15.

(2) p* = (295, ~200,0,0), |p*(&)] < 2MoelRe@l, Sp*(€) = —p*(-¢).
(b) ¢ = (=25, 29, 0,0), [¢"(€)] < 2Mye™ RO, Sg*(€) = g* (=)
() ri=ry, T3 € Ity il =rel, Sri(€) =ri(=4).

(d) r* =r_, rxeIl*, |r*|=|r_|, Srr(§) =—-rL(-5).

i
Since the Wronskian is constant the proof follows. I
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7.3.4 Integril equation

For all £ in By, (p,q,74,7_) is a basis of C%. We write v(€) in this basis:

§) = a(&)p(§) + 5(£)a(€) + c(€)r+ (&) + d(E)r_(€).
Then v is a solution of (7.25) if and only if

<.

@)k a0+ / (0*(5), 9(v(s), 0, K, v, )\, ds | p(€)
{0,¢]

" /<q (), 9(u(s), 0, K, v, 5)).ds | q(¢)
[0,6) ]

i e+ / (F1(5), 9(0(s), 0, K, v, ). ds | 74.(€)
[0,8]

r -

+ldot [ (1) 00(s), 0, Ko, 5)) 5| _(6).
[0.¢]
Since we requlre v to be reversible, since p, r_ are antireversible, and

since ¢, 74 are reversible it follows that ag = dy = 0.
Now, since } We require v(€)  — 0 and since

; [Re(€)|—+o0
*| i .
q ;(f) [Re(E)|—-+o00 0, |r(6) =|rt(8)] < Myjef/v,
we necessarily bave
(v, Re(§)—too
<r1<€ WO o, O
O (5»*72 (€)—+o0

This implies

‘ +o00
bo = —/0 (¢*(t), g(v(t), 0, K, I/,t)>*dt,
! 400
G = —/0 (rx (), g(v(t), 0, K, v, t)) dt,
: +00
do = —/0 (r=(),9(v(t), ¢, K, v, t)>*dt.
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. .
Moreover we choose ag which corresponds to a choice of the origin of the time
t. !
" The constant dg has to satisfy two conditions. We shall use;vthe phase
shift ¢ to solve both. The estimates of N’, R’, &, ensure that tl:;e integrals
converge for v in BHY|p 5 (6v/). |

Finally to obtain a tractable form of the integral equation we%prove

I
Lemma 7.3.16. Let [£,+00) be the half line in the complex pld‘.ne:

[€,+00) = {t+in/ t > Re(), n=Im(©)}.

For the choice of by, ¢, do just made and for every v 6]0,‘(/1], © €
[0,6mv/w], K € [0,K1], v € BH}|nx(61/7), and € € By, 1

bo + /(q*(S),g(v(S),cp, K,v,5)),ds = - / (0 (), 9(u(s), 0, K, v,}5)), ds,

[0.¢] [€,+00) _
co+ / (r1(s), g(v(s), 0, K v, ). ds = — / (r.(5), g(v(s), ¢, K, v, 5)),ds,
[0,¢) [€,+00)
do + / (r (5), 9(u(s), 0, K, v, 5)). ds = — / (r (5), 9(u(s), 0, K, vy ). ds.
[0.€] ) [€,+00)

Proof. Since we work with holomorphic functions, the integra.l5§ along the
path I'; shown in Fig. 7.9 are equal zero. ;

3 £+p !

A

Y

Re(&) +p

Fig. 7.9. Path I3.

The estimates on N/, R/, & guarantee that for y* = ¢*, r,

B

p—+o0|

!
I(p,y*)=/ (y*(s), 9(v(s), ¢, K,v,8) ), ds — 0.0
[Re(€)+p,&+0]
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We can then conclude:

Proposition 7.8.17. For every v €]0,14], ¢ € [0,6mv/w], K € [0, K4},
v € BH)| o (5v/7) and & € By, if v = Fi ., (v) with

(fK,lP,V('U))(£) = / <p* (3)7 19(”(3)7 v, K, v, S)>*ds p(&)
[0,¢]

- / (@ (), 9(u(5), 0, K, v, 5)),ds q(€)
[€,400)

= [ 600, 0. K v, ) ds rae)
[€,+00)

— / <ri(s),g(v(s),cp,K,u,s))*dsr_(g)
[6,+00)

then v is a solution of (7.25).

7.3.5 Choice and control of the phase shift

Of course, we want to prove that F,,, is a contraction mapping in
BH} | (6+/¥) for K, 6, v small enough. But in order to lie in BHY |5 x(6/7),
FK o (v) must be, in particular, reversible. For a given v in BH,)| rr(6VV),
and for a given phase shift ¢, this is generally false.

In this subsection, we prove that, for all v in BH)| rr(0V/V), there ex-
ists a phase shift (v, K,v) such that FK o(v,K,v),v(v) is reversible. More-
over, we have to control (v, K,v) precisely, and we need an estimate of
lo(v, K,v) — (v, K, V)| to be able to prove that v 1 Fr v, kv)w(V) is a
contraction in BH} |, x (64/7).

7.3.5.1 Choice of the phase shift. We start by proving that F K, (V) is
reversible if and only if “dg = 0.

Lemma 7.3.18. For every v €]0,11], K € [0,K1], ¢ € [0,67v/w] and
v E ZS"HQ\IR',R (6v/¥), Fr o, (v) is reversible if and only if J(v, ¢, K, v) =0,
. where

+o00
Top K= [0 00000 Kn0)a (129

Proof. The symmetry properties of N, R given by (7.8) and the reversibility
of h, Y. ensure that, for all v in By,
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N,(U(—§)1W7K7V7_€) = _SN,(U(§)7(p1K:Va§)7
R,(v(_f)a(Pva v, _5) = —SR/(U(§)7()07Ka Va§)1
QD@(-&,(,D,K, V) = —S((p@(f,(p, K7 U))

Now using the reversibility of ¢, 74, ¢*, r% and the antireversibily of
p, T—, p*, r* we find that

G = / (0*(5), 9(v(s), 0, K, v, 5)).ds p(€)
[0,£]

+/<ri(s),g(v(s),<p,K,z/,s))*ds r_ (&)
(0,¢]

+[bo+ /(q*(s),g(v(S),%K,V’S)L dS]Q(ﬁ)

[OYE]

ot [ (16,0009, 0, Ko, 9), ds )
[0,¢]

is reversible. Then F , ., (v) = G(¢)+dg r— (€) holds. But r_ is antireversible.
Thus Fg . (v) is reversible if and only if dy = 0. [J

Now we rewrite (7.28) in a more tractable form. We split J into two
parts, an explicit dominant part and an exponentially bounded remainder.
To achieve this, we split g in two parts, @ being explicitly known (it does
not depend on v) gives the dominant part, and N’ + R, which depends on
v can only be estimated. We conclude from the explicit form of 7* that the
integral in (7.28) is an oscillatory integral. So, using the First Exponential
Lemma 2.1.1 we obtain an exponentially small upper bound. This is why
we have complexified the problem: we want to bound an oscillatory integral
which depends on the solution of the differential equation v, and Lemma 2.1.1
only works with complex analytic functions. In this way we obtain

Proposition 7.3.19. There exists Mys such that for every v €]0, 4],
K €[0,K1}, ¢ €0,6mv/w], and v € BH}| o, (6v/V),

sin(w — 2bv
.](’U, ®, K, V) = —%Ke_ew/y(p_ﬂp__)

J: K
Wi — 200 * R ko)

with |J2(v, o, K, v)| < Mys(v? + VK)e_e"’/",

The detailed proof of this proposition is given in Appendix 7.B.
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We are now, able to prove

Proposition|7.3.20. There ezists v2 S v1 such that for every v €]0, vy,
K e 8Mi50%, Ky] and v € BH} |,z (6/V), there exists (v, K,v) such
that |

J(v, (v, K,v),K,v) = 0.

Moreover, 0 < w <o, K,v) < dry < @
1 8w w T w

Proof. Let <p0}K, v}, ¢1(K,v) be such that
|
wy, , (Ke /1o (K,v) — 2by = g-,_w_k,,,(Ke"e“’/")wl(K, v)—2bv = gﬂ'.

Recall that gkfu = L—;— + av + O(®) + G(Ke /" 1) and that |&| <
C K ve=tw/v By Theorem 7.1.4.
Then we can choose vy < min(vy, /K1 /8Mjs) such that

T W 2w
< < —fw/fv < 2
- 2’ 2 —gk,V(Ke ) =y 1

for every v €]0,12], and K € [0, K1]. This choice of v, ensures that

0<__<SDO(K,U)< S )
w

0<Z <oi(k,v) < 4y < 67ru’
w w

for every v €]0j1], and K € [0, K;]. Then using Proposition 7.3.19 and
choosing v, such that Mysve < % we get :

1
oo, ), K1) < (-2 Myt

<

(01K, 1), Kov) 2 (oK ~ MygrR)e—ter,

for every v €]0, 1}, K € [0,K}], and v € BH | rx (6v/D).

Finally considering ¢ s J(v, ¢, K, v), which is continuous, and choosing
K in [8M;512, K] we find that there exists o(v, K, v) satisfying po(K,v) <
©(v, K,v) < 91 (K, v) such that J(v, (v, K,v),K,v) = 0.0

Remark 7.3.215. We note that J(v, ¢, K, v) vanishes for ¢ such that W P~
2bv is near 7. This is in perfect agreement with the phase shift found for the
truncated System (7.14).

Remark 7.3.22, In the same way that we found ¢(v, K,v), we can find
another ¢'(v, K, v) such that J(v,¢’, K,v) vanishes. It is such that %71‘ <
Wi, — 2bv < %—g‘ﬂ' We note that wy, ¢’ — 2bv is near 2. This leads to
another reversible homoclinic solution as for the truncated System (7.13).
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aJ
To control —6—(1), ¢, K,v) we need an improvement of the previous proposi-
% .

tion.

Proposition 7.3.23. Let~y bein]0 %]. Then there exists va(7) |< 1y such
8M :
150” VK1, and v € BH|, ,(5v/7),

that for every v €]0,12(7)], K € [
there exists o (v, K, v) such that

J(v,o(v,K,v),K,v) =0.

Moreover,

4y 67r1/
< —_— < K < _ < —_—
0 8w (v v) w W

=y S w e, K,v) -2 <7+

Proposition 7.3.20 is the particular case of Proposition 7.3.23 w1th v=73
The proof of Proposition 7.3.23 is the same as that of Proposmtlon 7.3.20
except that here we work with ¢J (K, v), o] (K,v) given by

Wi, (Ke @Ml (K, v) =2t = m—7,
Wy, (Ke™®/")e] (K, v) — 2bv

T+

Kisiny
8M

[2bv] < mln( ,7) Sy, (Ke™®/) <

and we choose v5(7y) < min(vy,

) such that

2w
v
- for every v €]0,12(v)], K € [O,Kl]. J
7.3.5.2 Estimates of ¢(v, K, v). As explained in the introdudtion of this
subsection we want to control ¢ and its first derivative. For that purpose,
we want to use the Implicit Function Theorem. Thus we need to com-

aJ
pute a—(v,tp,K, v). The following proposition gives a tractable form of
p

oJ
%(v,go,K,u).

Proposition 7.3.24. There exists My such that for every vl €]0, 1],
K €[0,K:1], ¢ €[0,6mv/w], and v € BH}|, . (6/7),

2b1/)
Wi — 20V (Qk,u‘P — 2bv)?

cos(wy ,p — 2bv)  sin(wy @ 1

aJ w? _fw
S K= L Ke w[-

_EKe_gw/,, Sin(gk,u(p . 2by)

J. K
Y ﬂk,U(P_ 2by + 4(’(), ¥, 7V)a

with |J4(v, ¢, K, V)| < My, Ke &/v,
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The proof of this proposition is given in Appendix 7.C. We can now prove

Proposition 7.3.25. There exist Mlg, v3 < vy such that for every v €
10,v3], K € [Mig? K1), and v € BH}|, , (33/7), -

oJ w
J ’ 7K7 y 43y = a. 2 = Bt " .
(v, (v, K,v),K,v) =0, a(p(v,w(v,K,V%K,V) > 5o Ke >0

Proof. As in Propositions 7.3.19, 7.3.24 we denote

cosy smy siny
HQO,y) = -—=+ =7, G(0,y) = ——2
Y y2 .9 y

Observing that H(0,7) = £ and that G(0,7) = 0 we choose v €]0, Z] such
that for every y € [1 — v, 7 + 1],

H(0,y) >0, TH(0,y) + G(0,y) > .

Now set Mg = 8M15/siny and v} = ve(7y). Proposition 7.3.23 ensures that
for every v €]0,13], K € [M15v?, K1) and v € BH}|, . (6+/7), there exists
©(v, K,v) such that

J(v, o(v,K,v),K,v) =0,

with (v, K,v) > mv/8w and 7 — v < w, (v, K, v) — 2bv < 7 + .
In the following inequalities we denote y(v, K,v) = wi ,o(v, K, v) — 2bv.
Using Proposition 7.3.24 and observing that y(v, K, v) € [7r v, T+ ) we get

oJ w? ™V [ cosy(v,K,v)  siny(v, K V)
— (v, ,K, ’K’ > K, bw/v "7 | s 43y y £y
3 P Fov) Bov) 2 e [ y(v, K, v) v’(v, K,v)

_gw/,,Siny(vaKa v)

— —bw/v
y(v, K, v) Marke

% ke
14
> Kot (L[580, 000, K,)
G0,y(w, K1) - My )
And thus,

(v o(v, K,v),K,v) > Ke~&/v (F —M17)

To conclude, we choose v3 < 14 such that (L —Miz) > i, for v €]0, vs)].
0 16v 32v
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Now applying the Implicit Function Theorem we get

Prop051t10n 7.3.26. For every v €]0,v3), K € [Mig1?, K1) and v,v' €
BH; lrr (63/V), the function p(v, K,v) is in C with respect to (v, K) and

D J(v (v, K,v), KI/)'U
——('u o, K,v),K,v)

Dyp(v, K, v) v =

Moreover, there exists Mag such that for every v €]0,vs], K € [Misv?, K]
and v,v' € BHY| . (8+/V) the following inequalities
hold:
2
v
(2) 1Dup(v, K, )| < Mo o] 2 (el + K +),

2
() le(v, K,v) = o0/, K,v)| < Moo g (537 + K +v) jo = v'],

The proof of this proposition is given in Appendix 7.D.
We can sum up this subsection devoted to the choice of the phase shift
by the following proposition:

Proposition 7.3.27. There ezist Mg and v3 < vy such that for every
v €]0,v3], K € [Migv?, K1) and v € BH|,,(8+/V), there exists p(v, K, v)
such that Fo(y k0, k,(v) is reversible. Moreover, there exists May such
that for every v €]0,v3], K € [Migv?, K1) and v,v' € BH}|, . (8/V), the
following inequalities hold:

i’ 4y 6y
< —< < — < .
0< 2 <l Ky s < 2, (7.29)

2
lo(v, K, v) — (', K, )| < Mzo%(éﬁ +E+v) =] . (7.30)
£

In section 7.3.4 we have rewritten (7.25) as an integral equation v =
Fk,pw(v). Since this transformation is an integration, we had four free
constants (ag, bo, co,dp). But we want v to be reversible and to satisfy

v < é+/v, which implies that ¥ —— 0. These requirements deter-
A
Hy Re(§)—+oo

mined ag, by, co uniquely, but two a. priori different values for dy. (One ensures
that F(v) is bounded and the other ensures that F(v) is reversible). We have
chosen dy so that F(v) is bounded. Then we have an extra scalar -equation
J{(v,p, K,v) = 0, which ensures that F(v) is reversible. We have solved this
equation for each v in BH}|,,(6+/V) by an appropriate choice of the phase
shift ¢. Observe that we could not solve this equation for all (K, ). We have
solved the equation for K > Migr?, ie., for k > Migv2e %/, Whereas
for each v there exist periodic solutions of arbitrary small size (Y, (t))k>0,
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i
[Y,»| < Mok, here the size of the periodic solution has to be chosen larger

than Migv2e=8/7 to meet the extra condition.
\

7.3.6 Fixed pomt

Denote 1 _

ﬁK,V('U) = fKL&(‘U,K,V),U(U) and g(’”(&)) Kv v, §) = g(v(g)a QD(’U, K1 V)v Ka v, E)

Our aim is now|to prove that F X, IS a contraction mappmg in BH3 | (64/7)
for K, v, & small enough and satisfying K > Mygv2.

Using the estimates of N', R/, ¢®, o(v, K, v) given in Lemmas 7.3.9,
7.3.10, 7.3.11 aﬁld in Proposition 7.3.27 we estimate §:

Lemma 7.3. ’8 There exists My such that for every v €]0,v3), K €
[Migv?, K1), 9,0 € BH)|px(6/7), and € € By, the following estimates
hold:

9(u(€), K4, )] < Mar[[o()]” + (K +12) |(h + w)(€)] + K™ Re(@)],
6(u(€), K, 1,6) = 5(0'(€), K, ,€)
< Mar| (RO + 10O + K +52) foe) —v'(€)]
HEVT+ K +0) (A + [o(€)] + e Re®1) o/ — ] ,].

We must pomt out here that in Lemma 7.3.14 we checked that for every
€ € By, ]ri(§)| < Mi1e%/¥ holds. So, r, r_ are exponentially large in B,.

This may lead to a very bad estimate of }]’K ,,(U)‘ in Proposition 7.3.17.
Hy ‘
The following lomma shows that by grouping togethzer the two integrals in-

volving 4, r_,/i.e., by using the convolution kernel, the exponentially large
terms and the exponentially small terms cancel out.

Lemma 7 .3.2:9. There exists Moy such that for all functions
f : BgX]d,V3] X [M13V2,K1] —_ (C4
| (§7VaK) — ('7'afA(é-ayaK)7fB(§7y7K))

satisfying |fall, < +oo, 1fBl 5 < 400, the inequality
H2 H)
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l¢.+00) |
<M [ (falo KO +1falsv)
(€, +o0) |

holds for every v €]0,v3], K € [Migi?, K1), and & € By.

() £ KDY, 74(6) + (72 (5), £(5,, ) rL(€)] ds

K)|) ds

See the proof of this lemma, given in Appendix 7.E, to enjoy
cancellation of exploding terms. We have now enough materia

the marvelous
1 to prove

BHY| o x (03/7), f;{,,,(v) is holomorphic in By, s reversible,
in RY. Moreover, there exrists My such that for every v €
[Migr?, K1) and v,v' € BH}|, 2 (6\/V), Fr, satisfies

| Frea®)] < Mas(lolyy + (K +02)(ol,,, +1)+ K)

£

| Fro(0) = Freo ()

He
< Mo Ivlﬂ? + Iv’[H? + K 412

VTV E) (ol +1) ] o= v,y

Proposition 7.3.30. For every v €]0,v3], K € [M18u2,K1] and v €

and maps R
]0,1/3], K ¢

(7.31)

(7.32)

The proof of Equations (7.31), (7.32) is a simple applicatlion of Lemma

7.3.28, which gives the estimates of §, Lemmas 7.3.12, 7.3.13
respectively give the estimates of p, ¢, p*, ¢*, and of Lemma

Proof of Theorem 7.1.7 We conclude this section by the px

| 7.3.15 which
7.3.29.

ioof of

Theorem 7.1.7 which ensures the existence of reversible hojmoclinic con-

nections to exponentially small periodic orbits of the form
Y(t) = h(t) + v(t) + Y&, (t + ptanh 1)
where v is found as fixed point of fx,,, and where ¢ = (v,

determined in the previous subsection.

Proposition 7.3.30 ensures that f'K,,, is a contraction 1
BHy|p2(63/V) to BH}|,, . (6v/¥) if and only if

(,v) has been

napping from
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v €)0,vs3), K € [Mi51?, K1),
Mo3[6%v + (K + v?) (1 +6/7) + K] < 8/,
M[26/v+ K+ 2+ v(6/v+ K +v) (1+6/7)] < L.
We then can choose K = Mgi/?,
_ 2Ma3[2(K + v?) + K]
\/D
and v4 < v3 such that for all v in ]0, v4],
My3by/v < 5, Mys[26v/v + K +12 +v(6y/v + K +v) (14 60)] < 1.

This ensures that for all £, 0 < £ < 7 and all A, 0 < A < 1 there exist
M, vy such that for all v in |0, v4] the full System (7.5) admits two reversible
solutions of the form

)

= 2M23[3M13 + 1]1/3/2

Y (t) = h(t) + v(t) + Y. (¢ + @ tanh 1t)

where
(t)] < Me M, Ju(t)] < MvPe ™ forteR,

and where Yy, is a periodic solution of the full system satisfying
Vt € R, |Y;,(t + ptanh it)| < Mrle /v,
This completes the proof of Theorem 2.1.1 O

Remark 7.3.31. For obtaining the reversible homoclinic connections to ex-
ponentially small periodic orbits we have first chosen an exponentially small
size for the periodic orbit (k = Ke~“¥/"), and then we have computed the
phase shift ¢ at infinity. It is also possible to first fix the phase shift at in-
finity, and then to obtain an exponentially small estimate of the size of the
periodic orbits. Both approaches give the same results. The last strategy was
used by Beale in [{Be91] and by Sun in [Su98], for the water wave problem
where the resonance (0%%iw) occurs for Froude number close to 1 and Bond
number less than % (see Chapter 8 for more details about the water wave
problem).

7.3.7 Proof of Theorem 7.1.18

The last subsection is devoted to the proof of Theorem 7.1.18. For proving
Theorem 7.1.7, we have first fixed ¢ €]0, 7| and thus all the constants M;, v;
and Kj; occurring in the proof, depend on £. This last Theorem was deduced
from proposition 7.3.30 by choosing K = Mjg1? and v sufficiently small so
that Fi,, is a contraction mapping in BH}|, . (d) with d = 2Mp3[3M15+1]v/%.

Exactly in the same way, we can obtain the existence of reversible homo-
s . . 3
clinic connections to Yy, for every k = Ke %/¥ with K € [Mygv?, M1gvi)
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provided that v €]0,24(¢)]. In every cases the perturbation term v lies in
BH} |, x(d) with d < 2My3[3Mg + 13 < 1.

Looking carefully at the proof of Proposition 7.3.30 we can obtain a sim-
ilar proposition which is valid uniformly for any ¢ €]0,4], i.e. the constant
v, Mig, Ma3, K1 are the same for all £ €]0,4]. So, grouping together the
existence result obtained for each £’ €]0, £] and observing that

4 3 _p - 3
U [M18V2e—£ w/y,Mlglj“e Zw/V] — [Mlgljze Zw/u’M18V4[
o<o<e

we obtain following corollary

Corollary 7.3.32. There exists My, My such that for every £, 0 < £ <
T and every A, 0 < X < 1 there exist Mig(£), vi(£) such that for all
v €]0,v4(£)] and all k in the interval [Myg(€)v2e%/", Myg()v3], the full
system (7.5) admits two reversible solutions of the form

Y(t) = h(t) + v(t) + Y, (t + ptanh 32)
with
W@ + [v(E)] < Mie™™H, Vi, ()| < Mok forteR,

where Yy, is the periodic solution of the full system obtained in Theorem
7.1.4.

Remark 7.3.33. M; = sup |A(t)le”/* + 1 < +00 and M, can be deduced
teR

from Theorem 7.1.4.

Finally, for “¢' = 0”, i.e. on the real axis, we can make a similar proof
with continuous function on the real line instead of holomorphic function in
By, i.e. looking for v in

CUR)|, = {v : R — R* of class C°, reversible, sup (Iv(t)le’\”l) < +oo} .
tER

This way, we obtain the existence of reversible homoclinic connections of the
form
Y (t) = h(t) +v(t) + Y&, (¢ + ¢ tanh 1t)

provided that v €]0,7]] and that k& € [M v, K]. Finally choosing vs(£) <

min(vy(£),vy) such that Muvs < M 18(£)V5 we finally obtain the existence of
reversible connections homoclinic to Y, for every v €]0,v5(¢)] and every
k € [Mig(£)v2e~®/¥ K). This completes the proof of Theorem 7.1.18. 0
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7.4 Proof of the generic non persistence of homoclinic
connections|to 0

|

7.4.1 Introdu( tion

7.4.1.1 Strategy of proof. This section is devoted to the question of the
persistence of hamoclinic connections to 0 for the full system

| ay
? dt
where IV, R are eﬁned in (7.5), (7.6). For studying this question we introduce
in the previous (quation an additional parameter p € [0,1]

dy
dt

For p = 0, we get the truncated system (7.11) which admits a unique (up
to time shift) homoclinic connection £ to 0. This homoclinic connection A is
reversible and explicitly given by

h(t):=(ah(t),ﬂh(t),0,0)=( ! ,"tanh%t,o,o)

cosh? %t cosh? %t

= N(Y,v) + R(Y,v)

= N(Y,v)+ pR(Y,v) (7.33)

Now, we would ljke to understand what happens for p # 0 and in particular
for p = 1 which| corresponds to the full system (7.5). For determining the
existence of reversible homoclinic connection to 0, a classical idea is to use -
an approach of Melnikov type, which can be summarized as follows:

If the system (7.33) admits a homoclinic connection Y to 0, then the
perturbation term v := ¥ — h satisfies the equation

Z’ DN(h).w = g(v,t, p, ) (7.34)
with
9(v,t,v) = Q) + pR(h + v,v)
where

Qv,v) = N(h+v,v) = N(h,v) — DN(h,v).v.

Then, the crqcial point of the analysis, is the following : for an antire-
versible function‘{ f which tends to 0 ezponentially at infinity, there exists

a reversible functlon u which tends to 0 ezponentially at infinity and which
satisfies |
du

dt
if and only if the ffunction f satisfies the solvability condition

- DN(h,v)u=f
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+oo
/0 (r (6), £ ()t =

where the dual vector r* is given by Lemmas 7.3.15, 7.3.14 ‘

r* () == (0,0, — sin 9, (£), cos $, (£)) with 1, (t) = (£ + av) ¢ + ébutanh(% £).

This solvability condition is the typical one which occurs when the linear
homogeneous system admits a pair of purely imaginary elgenvalues (see Sec-

tion 6.4). Moreover, observe that the above integral, is an osczllgtory integral

since the dual vector rotates with a frequency of order w/v where v is a small

parameter.

Thus, if the full system (7.33) admits a reversible homoclin
Y to 0, then Y necessarily satisfies

+0oo
I(Y,p,v) = /0 (r2 (), Q(v,v) + pR(h(t) + v(t), v))dt

where v =Y — h. The usual way to study such a solvability co

ic connection

=0.

ndition is to

split the integral in two parts I(Y, p,v) = M.(p,v) + J(p,v) where Me(p,v)

which only depends on A is explicitly known
+o0
M) =p [0, RO, )t

+0o0
— /5?/ ei((“—:-+au)t+2butanh(%t)) (Rs (h(t), v)+iRy
—o0

whereas J(p,v) involves v which is only characterized by the
is a reversible solution of (7.33) which tends to 0 at infinity. T
Me(p,v) is called the Melnikov function.

When performing such a splitting of the solvability conditio:

that the Melnikov function M,(p,v) which comes from the leai
Y on R, is the leading part of the integral I(Y,p,v). So, we fi

(h(t), v))dt

;fact that it
he first part

n, one hopes
ding part of
Ist compute

explicitly Me(p,v): expanding in power series the essential singu Elarity in the

oscillatory term and computing the residues, we get

Me(p,v) = L% (41 + O (v)).

v—0

Then, classical perturbation theory enables us to bound J which
not explicitly known perturbation term v. This leads to

wn
I(Y,p,v) = %a v (A4 O () + O (pP),

iinvolves the

However, such an estimates of I(Y, p, v) is not accurate enough to determine
whether I(Y, p, v) vanishes or not, since the upper bound of the not explicitly

known part J is far bigger than the expected leading part M(p

,| v) which is
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exponentially small. This exponential smallness comes from the fact that the
solvability condition is given by an oscillatory integral.

The Exponential Tools given in Chapter 2 were precisely developed to
study such solvability conditions given by oscillatory integrals. The Third
Mono-frequency Exponential Lemma 2.1.21, coupled with the strategy pro-
posed in Subsection 2.1.4 enables us to obtain equivalents of osc111atory inte-
grals involving solutions of nonlinear differential equations.

Using these Exponential tools, we show in this section that if the full
system (7.33) admits a reversible homoclinic connection Y to 0 then

1 _wn 1
I(Y,pv) = e v (A(p) + O, (v4)),

where p — A(p) is a real analytic function on [0, 1] such that A(p) = A;p +
Oo(pz). Such an estimate of I(Y, p,v) ensures that if A(p) # 0 (which is
p—

generically the case), then for v small enough, I(Y, p, ) is exponentially small
but does not vanish and thus there is no reversible homoclinic connection to
0.

Observe that for a fized p > 0, the Melnikov function Mc(p,v) is not the
leading part of the integral I(Y, p,v) for v small. The homoclinic connection
of the truncated system h and the perturbation term v contributes to the size
of I(Y, p,v) at the same order in v.

7.4.1.2 Schedule of the proof. In what follows, we will be interested in
the holomorphy of the solutions with respect to p and we do not want p = 1.
to be on the edge of the disk. So, we work with p € [0, ps[ (instead of [0, 1])
where ps > 1 is fixed.

The exact implementation of the above strategy has to be split in several
steps:

Step 1. Real stable manifold of 0 and solvability condition for re-
versible homoclinic connections. In subsection 7.4.2, we prove the fol-
lowing proposition which gives a parameterization of the stable manifold of
0 such that if the full system (7.33) admits a reversible homoclinic connec-
tion to 0 then Y'(t) = Y;(¢) for ¢ > —1. Moreover, this proposition ensures
that any reversible homoclinic connection to 0 must satisfy the solvability
condition (7.35) which is the crucial point of our analysis.
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Proposition 7.4.1. Let Wy(p,v) be the stable manifold of 0 for the full
system (7.83).

(a) Let ps > 1 and X €]0,1[. Then, there exist v, > 0 and My > 0 such
that for every v €]0,vg], p € [0, ps[, the stable manifold W;(p, v) of 0
admits a parameterization of the form

Ws(p,v) = {Ys(t,p,v),t €] — 1, +ool},  with Y, = h(t) + vs(t, p,v)

where
sup (|vs(t,p, u)[e’\lt‘) < M, v?
t€]—1,400[
holds for every v €]0,vs;] and every p € [0, ps|.

(b) Let A be in ]0,1[. There exists ds > 0 such that for every v €]0, vq]
and every p € [0, ps[, if Y is a homoclinic connection to 0 for the full
system (7.38) such that

Y is reversible, (P1)
sup (lY(t)le’\“') < +o00, (P2)
t€R

sup |(Y - h)(t)] < ds, (P3)
teR

then Y (t) = Yy(t) for every t €] — 1,+o0].

(¢) IfY is a reversible homoclinic connection to 0 decaying ezponentially
at infinity, i.e. if Y satisfies (P1) and (P2) then it satisfies the solv-
ability condition

I(Y,p,v) =0 (7.35)

where

+o0
I(YVpv) = / (r2. (1), 9(u(t), £, p,v))dt

17 i ravytizbus h(it
= 5/ ety T v tanh(3%)) (gB +igA)(v(t)7t)p:V)dt

[o¢]

where g = (ga, 98,94, 98) 15 defined in (7.34) and where v =Y — k.
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|

 since & satisfiesisup ([A(t)]e"!) < +oo; (P3) means that h is the “principal
| teR

¢
part” of Y on th%z real axis. These three Properties characterize the homoclinic
connections to @ with only one loop (see Figure 7.5 p. 200).

which ensures t
I

Remark 7.4.2. Denote by v the “perturbation term” v = Y — h. (P1) is
equivalent to the reversibility of v since h is reversible; (P2) is equivalent to

sup (Iv(t)|e’\[t|) < 400,
tER

Step 2. Holoq

As already é
small but that i

tions. To obtain
ponential Lemm
nection admits 4
in Definition 2.1
uation of the st
Re(§) > ~v: w

|
is defined as EZ;’

S — ‘
o=év,w T BU"&

7.11). More pre:
functions restric

jorphic continuation of the stable manifold of 0

xplained, .our ‘aim is to prove that I(Y, p,v) is exponentially
t generically does not vanish. This leads to a contradiction
he generic non persistence of reversible homoclinic connec-
an exponential equivalent of I(Y, p,v) with the Third Ex-
a 2.1.21, we need to prove that a reversible homoclinic con-
holomorphic continuation in a space of type EZ,’S\ described
.17. For that purpose, we first build a holomorphic contin-
able manifold Y;. However, we are only able to do this for
> obtain a holomorphic continuation in a space SE;',’? which

g\ except that it contains functions which are only defined on
,wN{€ € C, Re(£) > —v} instead of B,_s, for Ezg\ (see Fig.

cisely, we define a first space SH;"”(?‘ analogous to HZ:? with
ted to Re (§) > ~v.

Definition 7.:

4.3, Let v, o, A be three positive numbers. Let § be in

[1, +o0]. Let SH;’,’g\ be the Banach set of functions satisfying
SHZ,'¢§\3= {fo: U B5_s, < {v} = C, f(:,v) is holomorphic in B 5, ,,
<v<vg
“f‘ lsH:‘,: < +w}
where
By, ={£€C|Im ()| <4, Re(€) > —v}
and
Wl = lsup (15621 (102 + €%, () + (1 = x, ()M ™=@ )]
HU:" 60;1/(110
€6 5.

7.10).

with x,(€) = 1 for [Re(&)| < 1 and x,(¢) = O otherwise (see Figure

|

Observe that% |€2 + 02| = |(¢ — io)(€ + i0)).
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Fig. 7.10. Description of f €°H, 25)‘

WA v,
Then, we define a second space *E]’; analogous to E7’;

(a) feHy
(b) for every v €]0,v5] and every z € 25,_,, =] = 1,07 1[><]
f reads
. L~ s
flio+vz,v) = —’Yf0 (z) + ;fl (z,v)
where fi €HI™ and fit €H™ with

sHMo= {f 2 - C, fholomorphic in 25 :=] — 1, +oo[x]
Hﬂlsgmoz sup (IF(2)llz) < +oo}
&

z€823
and

f:u (Zgﬂ, X {1/}) — C, f{-,v) holomorphic
vE€]0,10] b

|VLQ§=W$&Jﬁ0mdm)<+w}_
2€55,.

Definition 7.4.4. Let v,A > 0,0 > 0,6 > 1, mp,m > I
and 8 > 0. Denote by SEZ,’S\ (mo,m1,r,0) the set of functions

0<r«il
f such that

Rl e |

— 00, —4],

n Egmu,

(c) for every v €]0,14) and every z € —Eg’r’u f reads

. 1~ Voo
f(—io —vz,v) = u_‘YfO () + u_7f1 (z,v)

. o F3Mo,— -~ FFm,— F3Mo,— oMy, -
with fy €Hs  and fl €°H;," where Hy ' and *Hj,  are

defined as SH ™o gnd SH 5oL with —ﬁg and ”Eg,r,u instead of 55 and

26,r,5~
1o o 4 ' £ 1
P=GR i OIS s
it :
1o f ?i‘i" 11l o Re(E)
f= e R g Ve v <y

oE +io] 10]7

. L A
Fig. 7.11. Description of f €°E);

Remark 7.4.5. Statement (c) of the previous definition is more complicated
than Statement (c) of Definition 2.1.17 characterizing E’Y’a since in this later

case {25 and 25 re &re symmetric about the imaginary axis whereas -Q& and
Zgr » are not. As in chapter 2, we denote by Pi the linear operators Pr

fr— f0 They satisfy the same properties as those given in Remark 2.1.18
and in Lemma 2.1.22. Moreover as in Statement (c) of Lemma 2.1.19,if f is

real on the real axis, then P (f)(z) = P (f)(~2) holds for z € —_fg.

For p = 0, Y; = h where A is given by (7.15). Hence the stable manifold
Ys admits a holomorphic continuation which lies in

B2 (2,3,1,1)x B2} (3,4,1,1)x E2% (2,3,1, 1)x B2 (2,3,1,1

for any A €]0,1] and any &, > 1. The following proposition, ensures that it is
still true for p # 0 provided that & is large enough and that A €]0,1].
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Proposition 7.4.6. Let Y; be the parameterization of the stable manifold
of 0 for the full system (7.38) obtained in Proposition 7.4.1.

(a) There ezists vse €]0,Vs], 6 > 1 such that for every v e]'O,z/sc.] an',d

every p € [0, ps[, t > Ys(t, p,v) admits a holomorphic continuation in

r—6.,y Still denoted by Yy which satisfies for every p € [0, ps|,
2,A 11
Ols(', P ')v AS('7 |2 ')a Bs('a P ) esEﬂ—’gs (2i 3a 214/
3,
ﬁs('7 Ps ) GSEW,JS (3747 %7 %)

where Y :ZA(asa/B&As;?s)- . o .

(b) Denote by Y;{) = (asyo,ﬁs",'o, A;':O,Bio) the principal part of Yy near in

m,8s

~ = A+ —p.t Bt —p.* :
agozpr%z’é(%% 5;50:?%1_25(55), ASYO_PrSE::;s(AS), BJo=Pr.p0,(Bs)

Then, p — ?s"b(z,p) is holomorphic in D(0, ps) := {p € C,|p| < ps}
and

-~ 4 8
.Y:(-)(Z, O) = <_z_2'7z_370a0> '

For proving this proposition we follow the strategy proposed in Subsection
2.1.4. We proceed in four substeps:

Step 2.1. Continuation far away from =im. In Subsection 7.4.3, we
determine a holomorphic continuation of ¥; in the domain DS%)U where
D7, ={£€C, Re(§) > -1 |Im ()| < n}\
{€eCRe(€) < v, m— L <|Tm (&)}

(see Figure 7.12). This holomorphic continuation is found in the form Y, =
h + vs where vs is a perturbation term small with respect to & in Dﬁz_,u.

A Y5(€) = h(&) +vs(6)
imi /

!
T
|

Fig. 7.12. Step 2.1. Holomorphic continuation of Ys in 'D;U

f o

\} E . . . . .
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Step 2.2. Inner system. For determining a relevant holomorphic continu-
ation of Y, near i, we must first determine the principal part of Y near ir.
Following the Strategy proposed in Subsection 2.1.4, we introduce in Subsec-
tion 7.4.4, theltwo following system of coordinates in space and time:

~ the outer system of coordinates (Y,¢) with Y = (o, B, A, B) which is the
inijtial one, R R — :

— the inner system of coordinates (Y,2) with ¥ = (@, B, A, B) where

a =1, E: V3B, A= 1/2A,§ = 2B,

which is use%ul for describing the solution near ir.
i

13 =il7r + vz,

We also introdice the inner system (7.55) (p. 256) which is the leading part
of the system near ir. Then the stable manifold of 0 for the inner system is

a good candidzi::te to be the principal part of Y; near ir.
I

A _ ) _
D Bw=Reemy
L Y S
s, ~

|

.i

Fig. 7.13. Step 22 Stable manifold of the inner system obtained in ﬁ;}‘s in the
inner system of céordinates.

We build a parameterization of this stable manifold, in the inner sys-
tem of coordinates in the form z r— hg (2) + Wiy(2) where ki is the
principal part of A near ir. This barameterization is obtained in the do-
main 2§ :=] -1, +00[x] — 00, ~4,[ in the inner system of coordinates, i.e.
In 25 :=] — v, +o0[x] — 0o, 7 — dsv( in the outer system of coordinates (see
Figure 7.13). | '

Step 2.3 Continuation near +im: matching. Seeing the full system as
a perturbation of the inner system, we prove in Subsection 7.4.5 that Ys'ff, is
really the princiﬁal part of Y; near in. More precisely we prove that in the
inner system of cpordinates, Y; admits in E;s,%y =] —1,v7%[x] - v~%, —d[
a holomorphic continuation of the form

Yé(zapi V) =ﬂjf)(zvp)+@s(zapa’/)

= (A (2) + Wz, P) +Bulz,pv)  where |5,] = O().
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Yo=(hi + Wh) +w, i Y=hiu
/

=

i
—i7rJ;,

Fig. 7.14. Step 2.3. Decomposition of the holomorphic continuation of Y5 in 3¢

This result expressed in the outer system of coordinatels, ensureslt
of a holomorphic continuation of ¥; in I3 3 ,D_‘] -, ve[x]r —vi

the form Y;(¢) = (hb"(f) + W:O(f)) + ws(§), (see Figure 7.14).

Fig. 7.15. Step 2.4. Holomorphic continuation of Y; in 2% .

55-%;”

53.%:"'

he existence

7 — 8gv, of

Step 2.4. Continuation near —im: symmetrization. Finally?, in Subsec-
tion 7.4.6, using an argument of symmetry about the real axis fe obtain a

holomorphic continuation of Y; near —in in the domain ng, 1
7.15).

2

Remark 7.4.7. The two decompositions of Y; near and far aw

;(see Figure

fLy from the

singularities express that we have to face a relative change ofgsz'ze of the
normal form with respect to the higher order terms. Indeed, on the real axis

N(h,v) = O(1) and R(h,v) = O(v?) whereas near the singl.ﬂlarities, for

instance for £ = i(m — v), N(h,v) = O(v~*) and R(h,v) = O(v~%). Hence,

on the real axis and far away from the singularities the normal

form is the

leading part of the system and the holomorphic continuation of the stable
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manifold Y5 can be found in the form Y; = A + v, where & is the homoclinic
connection to 0 of the normal form system and where v is a perturbation
term small with respect to h. However, near the singularities N and R have
the same size. So near the singularities , N is no longer the leading part of
the system and the decomposition of Y; in the form Ys = h + v is no longer
relevant: h and v have the same size. This is why a second decomposition of
the form Y;(¢) = (h{(€) + Wo(£)) + ws(€), is required to describe Y; near
ir. Moreover, the principal part of Y; near ir is found as the stable manifold
Ys'5 = hi + Ws'fo of 0 for the inner system which is nothing else than the
leading part of the system near im (see subsection 7.4.4 for more details).

Step 3. Exponential asymptotics of the solvability condition and
generic non persistence. In Subsection 7.4.7, using the description of the
holomorphic continuation of Y; given by Proposition 7.4.6 we can show

Proposition 7.4.8.

(a) There exists M. such that for any p € (0, ps[ and any v €]0, ),
if the full system (7.83) admits a homoclinic connection satisfying
the properties (P1), (P2), (P3) defined in Proposition 7.4.1, then the
oscillatory integral I(Y, p,v) defined in Proposition 7.4.1-(c) satisfies

1 _wr

I(Y,p,v) = —e™ v (A(p) + J(p, v))

; with (o, )] < Moot

where
Alp) = Re ( / ezt 4b/2 (G, 1(2, ) + iG0,a (2, p))dz) (7.36)
"i(65+1)+]R+
with
Go,4(2,0) = ~Bio(z,0) (@0(2.0) +4/22) +p Y aamo(V(z0)™
3

fm|>

9o.8(z, ) = Aky(2,0)(@Fo(2, p) +4/2%) + ;I) lE a0 (Y o(z, o)™
>3

where Y., = (@, Ago,ﬁ;f 0, By) is defined in Proposition 7.4.6.
(b) A is a real analytic function on [0, ps| which reads Alp) = Y p™A,.
n>1
The first coefficient A; reads
A= D" bmams Amaims (7.37)

Me,maEN?
Ma+mp>3
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)n (2w) 2me+3mpg+n-—1

m +E(T—&1) = (—2b
— _ B ,
Amemo =27 (=1) 2 ;, (2mq + 3mg +n — 1) nl

and
bma,ms = GA,(ma,mp,0,0),0 T 3B, (ma,mg,0,0),0

where aame, apgm,e ore defined in (7.6) and where for z € R, E(x)
is the largest integer smaller or equal to x.

Remark 7.4.9. The reversibility properties of R given by (7.8) ensure that
QA (ma,mg,0,0),0 =0 for mg even, B, (ma,mp,0,0),0 = 0 for mg odd.

This Proposition finally gives the desired result of generic non persistence
for reversible homoclinic connections:

Theorem 7.4.10. For every p € [0,ps] such that A(p) # 0 and every
v small enough, the full system (7.83) does not admit any homoclinic
conmection satisfying (P1), (P2), (P3) (see Proposition 7.4.1 p. 234).

Remark 7.4.11. Theorem 7.1.11 follows from this theorem and from Propo-
sition 7.4.8.

Proof. Let p € [0, ps| be such that A(p) # 0. Let v* €]0,vsc] be such that
|A(p)| — Msc(V*)% > 0 where M, is introduced. in Proposition 7.4.8. Ther},
for every p € [0, ps[ and every v €]0,v*], Proposition 7.4.1 ensures that if
there exists a homoclinic connection Y to 0 satisfying (P1), (P2), (P3), then

I(Y,p,v) = 0.

However, Proposition 7.4.8 ensures that in such a case
1 _aw 1 _mw 1
I(Y;0,0) = —e~ % |4(p) + J(p,v)| > S¢™ ¥ (|A(p)] = Mac(v)?) > 0.
v

This leads to a contradiction. [

7.4.1.3 Solvability condition and symmetry defects. Looking for re-
versible homoclinic connections amounts to wondering whether the stable
manifold Y; of 0 can be continued on the whole real axis by reversibility. This
way of thinking in terms of continuation by symmetry complements fruitfully
our first approach in terms of “solvability conditions”. For that purpose we
extend the notion of reversibility on R by the notion of symmetry about the
imaginary axis in the complex field.
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fs can be !

Definition 7.4.12. Let U® be an open set in C and let us define U :=
=US. Let fs be a holomorphic function defined on US.

exists an Rolomorphic function f defined on US UUY such that

[flue=1Ffs,  5f(=Q)=f() forCeur vl

continued by symmetry about the imaginary axis when there

Remark 7/4.13. The holomorphic continuation of a reversible function

which is rea
the imagina

The follc
tion on the|

| valued on the imaginary axis is automatically symmetric about
ry axis.

wing Lemma ensures that the knowledge of a holomorphic func-
imaginary axis is sufficient to determine whether this function

can be cont:i]nued by symmetry about the imaginary axis.

|
Lemma 7

(b) UsNU,

Let fs be a
by symmet

(a) U* NIR =lia, ib] where — oo <a < b < +oo,

.4.14. Let U° be an open set in C satisfying

" is a simply connected set.

holomorphic function defined onUUS. Then, f, can be continued
ry about the imaginary azis if and only if

Sfi(in) = fs(in)  forn €la,b]

Proof. f;(¢
on s, UY, w
isolated zerci

With thi
not be contin
small, the fu

and fs(—{) are two holomorphic functions respectively defined
hich are equal on Jia, ib[ and thus also on U° NU" because of the
s theorem. O

s approach, the fundamental remark is the following :4f )7;6 can-
ued by symmetry about the imaginary azis then for v sufficiently
Il system (7.83) does not admit any homoclinic connection to 0

satisfying properties (P1), (P2), (P3)). In other words,

Lemma 7

n—

nection Y,

continued b

with v, —- 0, for which the full system (7.83) admits a homoclinic con-
oo

stable manjifold ¥,5,(-,p) = hi + Wo(p) of the inner system can be

4.15. Let p be fized in [0, ps[. If there exists a sequence (V})n>0

satisfying properties (P1), (P2), (P3), then necessarily. the

Y symmetry about the imaginary azis i.e. it satisfies

SY 5 (=in, p) = Yi(=imp),  forn>é,

This lemma is proved in Appendix 7.J

Then, I(Y;, p,v) and A(p) can be seen as two quantities which measures
respectively ta symmetry defect of the stable manifold Y. of 0 for the full
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system and a symmetry defect of the stable manifold }75*6 of 0 for the inner
system. Indeed,

— Proposition 7.4.1 ensures that if ¥; can be continued by reversibility on R
then I(Y;, p,v) = 0; : ~
— Lemma 7.4.16 below gives necessary and sufficient conditions for Y_;"b to be
continuable by symmetry about the imaginary axis. Moreover this lemma
ensures that if ?s"a can be continued by symmetry, then necessarily A(p) =
0 holds.

So, Theorem 7.4.17 says that generically Y; has a symmetry defect on
R measured by I(Y;, p,v) which is exponentially small with respect to v.
Hence, it is very difficult to detect such a defect. However, Hroposition 7.4.6
ensures that near ir }/}sj[) is the leading part of Y;. So the leading par,t: of the
symmetry defect of ¥5 near ir is given by the symmetry d ‘fect of Y:B,. ie.
by A(p). Thus, near ir the symmetry defect of Y5 is no longer exponentially
small but of order 1 and so far more easy to detect. :

Lemma 7.4.16. Let us define for n > 65 and p € [0, pq|
to(n, p) = Re (8" (=im), Wy(=im )}, ) -
Aq(n, p) = Tm ((&" (~in), Wiko(=im, ), )
Ay (n, p)=Tm (& (~im), Welo(=in, )}, ) +Re ((F2. (=in), Wiy (~in, o
(

!
A_(n;, p)=Im ((T}(~in), W (~in, p)L) —Re ((ﬁ(‘i”% Welo(=im, p

%)
)

)
)
where P*,q",T Ty are given in Lemma 7.4.40. |
(a) Let p be fized in [0, ps[. Then the following statements ﬁre equivalent
i) }”\'S"a(-, p) can be continued by symmetry about the imagidary azis,

(ii) W;’O(-, p) can be continued by symmetry about the z'm‘ag?inary azis,
Ap(m p) = Aq(n, p) = A (n, p) = A-(1,p) = O,
A+ (770, p) =

(iil) For every n > &,

(iv) There ezists mo > 65 such that Ay(no, p) = Aq(n0,0) =
A—("'}O,p) =0." i

(b) For every n > &, the functions p — Ap(m,p), p = fa(n,p), p —
Ay (n,p), pr A_(n, p) are real analytic on (0, ps[ and satisfy

dAp dAq dAy aA_, &
—— = — , O T r— ,0 = 0, —— 3 :) = A .

where Ay is given in Proposition 7.4.8.
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(c) For every p € [0, ps[, the function A(p) introduced in Proposition 7.4.8
satisfies

Alp) = A_(6s+ 1, p).

This lemma is proved in Appendix 7.J

. Gathering the results of Lemmas 7.4.15 and 7.4.16, we can prove the
following Theorem of non persistence which generalizes Theorem 7.4.10.

| Theorem 7.4.17. Let p € [0, ps| be such that there exists ng > & for
" which

Ap (10, ) # 0, or Aq(no, p) # 0, or Ay(no,p) # 0, or A_(ng, p) # 0.

Then, for all v sufficiently small, the full system (7.83) does not admit
any homoclinic connection which satisfies properties (P1), (P2), (P3).

Remark 7.4.18. Because of lemma 7.4.16, this theorem simply says that if
the stable manifold of the inner system cannot be continued by symmetry
about the imaginary axis then the full system does not admit any reversible
homoclinic connection to 0 for v small.

Proof of Theorem 7.4.17 We make a proof by contradiction: assume that
for every v# there exists v* < v# such that the full system admits a ho-
moclinic connection which satisfies (P1), (P2), (P3). Then we can build a
sequence (V% )p>0, Vn n:mo, such that the full system admits for vy a ho-

moclinic connection Y, satisfying properties (P1), (P2), (P3). Then, lemmas
7.4.15 and 7.4.16 ensure that for every > §s,

Ap(n,p) = Aq(n,0) = As(n,p) = A_(n,p) = 0.

Here is the contradiction. O

7.4.2 Local stable manifold of 0

This Subsection is devoted to the proof of Proposition 7.4.1.

7.4.2.1 Proof of Proposition 7.4.1-(a). We begin by computing a pa-
rameterization of the form Yi(t) = h(t) + vs(t) where t €] — 1, +o0[. We
choose | — 1, 400 because for later use we need an interval which contains
strictly [0, +oo[ (any interval | — T, +-o00[ with T' > 0 could be chosen). The
form of the parameterization expresses that on the real axis, the normal form
is the relevant part of the full system (7.33). It will be seen later that near
the singularities of h the normal form is no longer the relevant part of the
system and that another decomposition of Y; must be used.
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So, we fiz A €]0,1[, and we look for the perturbation term v as a solution
of (7.34) which lies in the Banach space C3 defined by

Definition 7.4.19.

CY = {v :]-1, +oo[— R, continuous, |v| , = sup [|v]e}t! < +o0}.
C/\ te]—1,+oo[

Let us denote by BCY(d) the ball of radius d of CY
BC(d) ={v e O}, Iv|, < d}.
A

Our aim is now to transform (7.34) into an integral equation which can
be solved with the Contraction Mapping Theorem. We first check

Lemma 7.4.20.  There exists 11 > 0 such that for every v €]0,v1],
p € [0,ps[, v € BCY1) and every t €] — 1,+oo|, g(v(t),t, p,v) is well
defined. Moreover, there exists My such that for every v €]0,14], p €
[0, ps[, (v,v") € (BCR(1))?, and every t €] — 1, +oo],

lg(v(t),t, p, )] < Mu(Jo(®)I? + pr®(IR(E)] + (),
lg(u(t), £, p, 1)~ g(v'(2), £, p, V)| < Ma(lu(®)] + [0/ (£)] + pv2) Ju(t) — o' (B)].

The proof readily follows from the explicit formula giving Q(v, )

0
3.2 2 2
_ | —s50® —c(A°+ B?)
Qo) = ~vbaB
vba A
and from Lemma 7.1.2 which gives the size of R. [J

Then to transform (7.34) into an integral equation, we use the variation of
constants formula with the basis (p, g, 74,7.) of the homogeneous equation

2—1} ~DN(h,v)v =0
given by Lemmas 7.3.12, 7.3.13, 7.3.14. Let us write v(t) in this basis
v(t) = a(t)p(t) + b(t)q(t) + c(t)r4 (8) + d(t)r— ().
Then v is a solution of (7.34) if and only if
v(t) = [ao + fot (p*(s), 9(v(s),s,p,v)), ds | p(
b0+ JE (a(5), 9(0(s),5,0,0)), ds | q(t)

+co +f0 (r+ (8),9(v(s),8,p, 1)), ds ] r4(t)
+

[d0+f0< (s),9(v(s),s,p,v)), ds ]| r_(2).

(7.38)
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)
If we require that v(¢) e 0 and recalling that
—+00

i L q(t) o O P @) =ri@®)] =1,
we necessarily have
(g"(t),v i)),ﬁ

This implies

0,(r} ),v(t)>*t—+> 0, <r:(t),v(t)>* — 0.

t—'+00 —+00 t— o0

| o = - /0 (g (1), 9(v(t), 8, p,v)), dt, (7.39)
1 +o0
| = - /0 (ri(t), 9(v(t),, p,v)), dt, (7.40)
i +o0

db = - /O (r2(t),g(v(®),t, p,0)), dt. (7.41)

- Moreover we choose ag = 0, which corresponds to a choice of the origin of

the time ¢.
and we can donclude that

Lemma 7.4.21. For every v €]0,11), p € [0, ps[, v € BCY(1) if v = F(v)
with

(Flo)t) = /0 (p*(s),g(v(s),s,p, 1/))* ds p(t)
+oo

[T @9, 0005),5,0), ds att
+o00

—/t (r3(5),9(v(s),s,p,v)), ds r4(2) 7

+oo
f */t (r2(s), 9(v(s), s, p,v)), ds r_(t)

then v is a soldtzon of (7.84).

\
;

Then, using Lemmas 7.3.12, 7.3.183, 7.3.14, 7.3.15, which give the size of
(myg,74,7-) and! (0", ¢ r3,r ) and Lemma 7.4.20 which gives the size of ¢

" we obtain

Lemma 7.4. 22 There ezists My such that for every v €]0,11], p €
[0, ps[ and every v,v’ € BCY(1),

(@) [F(0)l g < Mz (lvlZ, o +p1%)

) )~ F W) gg < M (lgg + ] +22) o=
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We can then conclude

i

Lemma 7.4.23. There exists vy such that for every v €]0, 1/2] and every

0 € [0, ps], the full system (7.88) admits a solution of the form }" (¢t p,v) =

h(t) + vs(t, p, v) where vs is the unique fized point of F in BCY(d) with
= 2Mp?. ‘

|

|

Remark 7.4.24. Statement (a) of Proposition 7.4.1 readily follows from this

Lemma.

Proof. Lemma 7.4.22 ensures that F is a contraction mapping in BCf\) (d) if
d <1,

Mo (2 +p?)<d, My (2d+ p?) <L

Choosing d = 2Mpv?, and
. . ~1/2 2 -1/2
Vs < min (Vl, (2Ma2ps) , ((4M3 + M2)ps) )

ensures that these three conditions are fulfilled for every v €]0,
p €0, ps [ O

For finishing this first paragraph devoted to the building of the stable
manifold, we give a uniqueness result for the fixed point of F wfhich will be
used later: ‘

v»] and every

Lemma 7.4.25. There ezists ds, v3 €]0,vs] such that for everyv €0, vg],
and every p € [0, ps[, F admits at most one fized point v satisfying
vl == sup || £ds, » (7.42)
t€[0,+o00[
sup Jv]eM < +oo,
t€[0,+o0(

I'le =

(7.43)

Proof. Like for Lemma 7.4.22, using Lemmas 7.3.12, 7.3.13, 7/3.14, 7.3.15,
which give the size of (p,q,r4,7_) and (p*,¢*,r%,r*), and Lemma 7.4.20
which gives the size of g we obtain that !

|7 (v)

= F), <M (v, + '], + pv?) fo = 2],
holds for v, v’ satisfying , |v}, <1, |v'|, <1, |[v], < +oo, V'], <

So, we choose ds, v3 €]0, v3] small enough to have

1 1
o PsV3M < 3

Hence, F is a contraction which ensures the uniqueness of the ﬁ)ﬁed point. {J

ds <1, dg <
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7.4.2.2 Proof of Proposition 7.4.1-(b),(c). Let Y be a homoclinic con-
nection satisfying the Properties (P1), (P2). Since, v := ¥ — A is a solution
of (7.34) which tends to 0 at +oo, it satisfies (7.38) where by, ¢g, dy are
respectively given by (7.39),(7.40), (7.41). Moreover v is reversible. Thus,

0= 5v(0) — v(0) = ao(Sp(0) — p(0)) + bo(S¢(0) — ¢(0))
+¢o(ST+(0) — 71.(0)) + do(ST—_(0) — 7_(0)).

Hence

ag = do = 0 (744)

since ¢, 4 are reversible, and since p,r_ are antireversible and independent.

Thus v is a fixed point of F and it satisfies the solvability condition (7.35)
which comes from the fact that dy has two necessary values given on one hand
by (7.41) and on the other hand by (7.44) . This proves (c).

Now to prove (b) we assume that Y also satisfies (P3) where ds is
defined in Lemma 7.4.25. Moreover, Lemma 7.4.23 ensures that fvsl, <
lvsl, < Jus 9 < 2Maps?. Then, we choose vg; €]0,v3] small enough to

have 2Mpsv2 < ds. For v €]0, v} and p € [0, ps[, v and vs are two fixed
point of F deﬁned on [0, +oo[ which satisfy (7.42) and (7.43). Then Lemma
7.4.25 ensures that v and v, are equal on [0, +00|. Finally, uniqueness of the
solution of the Cauchy problem ensures that they coincide on ] — 1, +oo[. O

7.4.3 Holomorphic continuation of the stable manifold of 0 far
away from the singularities

Subsections 7.4.3, 7.4.4, 7.4.5 are devoted to the construction of the holo-
morphic continuation of the stable manifold Y; of 0. We proceed in several
steps following the strategy proposed in Subsection 2.1.4. We begin in this
subsection, by a continuation far away from the singularities.

Fig. 7.16. Domain D3,
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More precisely, we want to show that Y; admits a holomorphic continua-
tion in D§ , for r €]0,1[, where D7 , is given by
={(eC, Re(§) > —v|Im(§)| <7}
{¢ € C,Re(§) < g7, m— 50" < |Im(€) |}
and is drawn in Figure 7.16.
For working in a domain which contains the intervals [0, €] and [£, +00) :=

€ + R* for all the points ¢ inside it, we work with the domain Dy, D D7,
defined as the interior of the polygon whose vertices are the points of affix

T —Liur

—yti(r = §u7), { =2 ) 3T Hilm - ), i g
1,7
T— 2V

i+ %UT’ <_—-—ﬂ_2 > %1/ —i(m — %I/T), —v —i(r — %ur).

Dy, is drawn in figure 7.17.

i+ %1/’

1 T : 1.r
T —ir gy

Fig. 7.17. Domain D},

Definition 7.4.26. For X €]0,1[, v €]0,1] and r €]0,1] we define the
Banach space

*HY* (r) = {f : D}, — C holomorphic, f|,_,,.., €R, |f| < +o0}

SH;")‘(T)
with
Slogry = 22 [AFE (7 + £11(6) + (1= x @) )]
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We can then define the Banach space

HY (r)="H3 (1) Hy (r)x SHI (r)x SH (r)

normed with

lvlsHi(T) i= ]aleﬁﬁ"\(’r‘) + |'6|SH:')‘(1‘) + IAlst,A(T) + |BISH3"\(T) (745)

where v = (a8, A, B).

’fLH;r,z\(’)

71E —in[7

IFE)] <

If LH,A(,) < (el
17(6)l < S AN <l

Fig. 7.18. Desciliption of f e3H* (r)

We look for an holomorphic continuation of v, as a fixed
A oint of F i
the ball B*H2 (r )ldv] with d < 1 where ’ "

B*H (r)[8} = {v € (r) / Vo2 0y < 63

For v € BsH)) (n )[du] €Dy, (F(v))(€) is given by

FNO = [ 600 dssle)
i [0,¢]
= [ (@ Ghotvis)s.00), ds q(6)
[,4-00)
— [ (136,000,500}, ds 7 (6)
‘ [€,+00)

- [ et ©s005),5,09), da (e

[§+00)
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where (Y,Y’) := ao/+BB'+AA'+BB'. Here again, we have identified C* and
(C*)* with Y — (Y, -), (see Definition 6.3.5). The dual basis (p*, g 75, rr)
is given by

P* = (248, —2¢4,0,0), ¢* = (—2pg, 2pa,0,0), i =rg,rl=r_.  (7.46)

Lemma 7.4.27. For every r €]0,1], there ezists v4(r) > 0 éjuch that for
every v €]0,u4(r)], p € [0, 5], d € [0,1], and v € BH} ([dv], F(o) is

%

holomorphic in Dy, and maps R in R* which is equivalent t¢

(F@)E = (F)E), foréeD;,.

Moreover, there ezists Moy, such that for every r €]0,1], v €]0, v4(r)],
p € [0,ps], d €[0,1), v, € BSH} (r)[dv],

2
o2,

A T
(a) I}-(’U)LH)‘(T) < Mous I/:( ) +p1/2_r ,
(b) If(’()) - ]-'-(’UI)IBHA(T) S
0hn ry + 10 lpn
HL () HO(m) -
Mou ( o + py2 21‘) I,U L ’UIISH:\’(T) )

The proof of this Lemma is given in Appendix 7.F.

We have now enough material to prove the existence of a holomorphic
continuation of vs in Dy . :

- Proposition 7.4.28. For everyr in |0, 1] there exists vs(r) >0 such that
for every v €]0,us5(r)], p € [0, p5], Yo admits a holomorphic dontinuation
in Dy, DD}, of the form

Y =h+ v,

We denote this holomorphic continuation by Y, too. It satz’sﬁejs
I'UslsH:}(T)=lavs L”H,a,"\(r +|ﬁvs|sH:,x(r)+|AvsIsﬁg,x(r)"‘IBvs|5H3,A(T)§42;Moutp’/2_r
for every r €]0,1|, v €]0,v5(r)], and p € [0, ps| where
Py = S50 [0£E0 (17 +€175,(6) + (1= x, (€)@

with x, () =1 if Re(€) < 1 and x,(€) = O otherwise. ’

In what follows we will use this proposition with r = % |
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C 2
’ I’USIBH,):(%—)=|avsls7'ti')‘(-%)+|ﬂvs lsHﬁ./\(%)-*_l'A‘Us laHi,/\(%)‘l—lB’Ug]ng,A(%) S2M0utpl/2

Corollary 7.4.29. There ezists v := vs(1) > 0 such that for every v €
10,v6), p € [0, psl, Y5 admits a holomorphic continuation in D‘%‘T LoDy,
: %,
of the form
Y. =h+vs.

We denote this holomorphic continuation by Y too. It satisfies

for every v €]0ug), and p € [0, ps[ where v := (e, Bu,, Aves Bu, )

Proof of Proposition 7.4.28 We proceed in two steps. We first show that
F admits a fixed point v* in BH) (r)[dv] for d small enough and then, we
show that v*|[_, 4oo[ = Vs

Step 1. Lemma 7.4.27 ensures that for r €]0,1], v €]0,v4(r)] and p € [0, ps],
F is a contraction mapping in BSH} (r)[d] if

(i) d €0,1],
d*v?
(ll) Mout(7 =+ pyz—T) S dll,
2d
(i) Mous VT” + o2y < 1
Setting d = 2Muepr' 7, (i),(ii),(iii) are equivalent to
1
1-7r <
v - 2Mout,

These conditions are satisfied for every p € [0, ps| and v €]0,v5(r)] where
vs(r) > 0 is chosen such that

L/(1er) “1/(2-2r)
(r) < min |v4(r) 1 :
vslT min | va(r), 2psMout ' pS(4M3ut + MOUt) .

To summarize, this first step ensures that for every r in ]0, 1{, v €]0, v5(r)]
and every p € [0, ps[, F admits a unique fixed point v* € BSH (r)[2Moue~7).

p(4M2E + Mow) V2™ < 1. .

Step 2. Let us define Y = v*|[0,4-00[- Observe that v maps R into R? and

that it is a fixed point of F too. Moreover, since e*t! > 1 and (72 + t?) >
2
7 2>1,

i v¥
sup v (¢)] =1 |,
t€[0,4+00]

* * * *

S |a lsHi,)\(r) + |ﬁ |5Hl4’,>\(,r) + IA lsHi')‘(T) + IB ls—'_‘i,)\(r)
*

S Wk

< 2Mou®"
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Furthermore v is a fixed point of F too and proposition 7.4.1 ensures that

sup [o| < sup (Jusledt!) < M.
te(0,+oof t€]—1,+o0]

Then, choosing v5(r) small enough to have

Msr(VS(T))Z S dsa 2Mout(y5(r))2_r S ds;

Lemma 7.4.25 ensures that v*|jp 4oo[ = v = vs. Finally, uniqueness of the
solution of the Cauchy problem for equation (7.34) ensures that v*||_,, yoo[ =

v*

v =v.. O

7.4.4 Stable manifold of 0 for the inner system

7.4.4.1 Inner system. As explained in the introduction 7.4.1, our aim is
to prove that Y; admits a holomorphic continuation which belongs to

SE2§ (2,3,1,1)x SE“Q (3,4,1,1)x SE2§ (2,3,1, Lyx SE2§ (2,3,1,1).

In the previous subsection, we proved that Y; admits a holomorphic continu-
ation of the form Y; = A + v in the domain DS . On this domain v, is small

with respect to A which expresses that the normal form is the relevant part
of the full system far away from the singularities.

Now, we want to prove that near the singularities, Y; = (as, Bs, 4s, Bs)
reads

4

, 1. vi __
as(lw +vz,p, V) = ﬁa:,_o(z)p) + ﬁag:l(zvm V)7

As(ir + vz, p,v) = ——-As tolz, 0) + 1(zp,0),
(7.47)

. ~ Vi~
Bs(m' +vz,p, V) = —23:0(2, p) + —I;EB:,_l(z7p, V)a

f
Bulim + v2,,0) = Z5Bi0(5:0) + 5 Ba(z,,0)
where
&o(ro ) Ado(op, ), Bloloo) €y, Bolp,) €H;,
Ben(+0), A21(op,) BhiCop ) €l y,  Boxlo) €Hs, 4,

Following the strategy proposed in 2 1.4, we introduce the two systems of
coordinates

— the outer system of coordinates (Y,€) with Y = (e, 8, A, B) which is the
initial one,

7.4 Proof of t
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— the inner system of coordinates (¥, z) with ¥ = @,p, A4, B) where

§=im+yz, a =1, B= P8, A= vA, B= V2B, (7.48)

which is useful for describing the solution near ix.

Moreover, ye introduce the following notation: for an orbit zZ(€) =

(), B(€), A(g

» B(£)) in the outer system of coordinates, let us denote by

E(z) = (u%a(iﬂ' +vz), VB(m +vz), V2 A(in + vz), v2B(in + vz))

the corres/pondmg orbit in the i inner system of coordinates. Reciprocally, for

an orbit Y (2) =
let us denote by

Y@=(§’

(@(z), B(z), A(z), B(2)) in the inner system of coordinates,

v v

(), 30(52). 57(59). 538()

the corresponding orbit in the outer system of coordinates.

We use the:

same notation for the vector fields: for a vector field f ex-

pressed in the outer system of coordinates by

bl

let us denote b
coordinates give

'E

=D
Il

and vice versa.

Yk

ct - ¢t
(a,ﬁ,A,B) i (fa(Y) fﬂ(Y) fA(Y) fB(Y))

Y f the corresponding vector fields in the inner system of
n by
C4 — (C4

VR fal@/v2, BV, A/v2, B/v?)

‘@,B\,A\,ﬁ) — vt fp(@/v? B/V?’ 21\/1/2 E/y)

Vifa(a/v? ,8/1/3 A/l/ B/I/Z)
v fe(@/v? ,,8/1/3 A/V2 B/u )

Finally, for a domain X of C, in the outer system of coordi-

nates, let us denote by 5= (X —im)/v the corresponding one in the inner
system of coordinates and vice versa.

With this no

with

tation, the full system (7.33) is equivalent to

,dZ=N&meMim=Yium (7.50)
B

oo 26— 382 ~ (A% + B2

N(Y,l/) - va 2 C( ) ,

‘ (w + av? + ba)

~B
A(w+a?+ box)
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Y ame P

(m,0)eT ‘

Then, for proving that Y; admits a holomorphic continuation satisfying (7.47)

near £ = im, it is equivalent to prove that ?s admits a holomorphic continu-
ation near z = 0 which satisfies

8 =y +vial,, A=A, +vid}, §s=]§;f0+‘% L
IBS _:65,0'{'1/% s, 1
or equivalently
l
Y(Z ,0,1/) sO(Z p)+ 1Y, (z 1224 ) (751)

where
~ ~ o
sO_(asovrBsmAsmB 0) Kl—(agl’ﬂs,17A::1’Bs,l)'

So the first task is to determine the principal part Y ‘0 of Y5 near im. Observe
that N N
},s+0(z’ p) = Iin})Ys(z, psv).
! v

So following strategy proposed in subsection 2.1.4, our candic‘iiate to be the
principal part of Y5 near im is the stable manifold of 0 for the inner system
obtained by setting v = 0 in (7.50). For that purpose we deﬁnj

R0 =f¥,00,  AEwp) =FT0p) - (f,p),
No(¥) =N (¥,0), MT) =NT») -8, (752
Ry(Y) =R(Y,0), Ri(Y,v) =R(Y,v)- Ry(¥).
The functions ]Vo, ﬁl, ﬁo, ﬁl are explicitly given by '
B i
= - — ¢(42 + B?) =
No(¥) = , M) = . (753
o(Y) —B (0 + b3) 1(Y,v) (7.53)
A (w + ba)
R(¥)= Y amo Y™, EB(¥,v)= Y ame : (7.54)
meN, [m|>3 (F.0eT i
- £#0 '
Then, the inner system reads
ay ~
- = = No(Y) + pRo(Y) = fo(¥, p) i (7.55)

Remark 7.4.30. By construction, the inner system does not depend on the
bifurcation parameter v but does not depend on p whereas the normal form
depends on v but does not depend on p. }
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Remark 7.4.31. Observe that the scaling (7.48) combined with setting v =
0 acts like a selector of monomials : some of the monomials of the normal
form (those in Np) still are in the principal part near ir whereas some others
(those in Nl) are now treated as perturbation terms. The same thing is true
for higher order terms.

Remark 7.4.32. Symmetries. We are only interested in solutions ¥ of
(7.33) which are real on the real axis and which are reversible. The uniqueness
of the holomorphic continuation ensures that the holomorphic continuation
of such solution satisfies

SY(-€)=Y(€), Y©E=Y{E
for £ € C. These two symmetries imply a third one with respect to the
imaginary axis .
SY (=€) =Y(§).
The change of time (§ = ir + vz) is compatible with this third symmetry.

Indeed, for ¢ = ir + vz, —€ = ir + v(~Z) holds. In the inner system of
coordinates, this solution satisfies

§Y(-2) =Y (2).

We can sum up this result with

Lemma 7.4.33. Every reversible solution Y of (7.33) which is real on
the real azis satisfies

SY (=€) =Y (8,

or equivalently

$Y(=z)=Y(2)

in the inner set of coordinates.

7.4.4.2 Construction of the stable manifold. This subsection is devoted
to the construction of a parameterization of “the stable manifold of 0” for
the inner system : we look for a solution Y O(z p) of the inner system which
tends to 0 as Re(z) — +o00. Moreover we are interested in the holomorphy
of Y ‘o With respect to p. Thus in this subsection we work with p € D(0, p;)
where D(0, ps) = {p € C/ |pl < ps}.

Proposition 7.4.34. There exists 6, >A1 such that for every § > 61, the
inner system (7.55) admits a solution Y} (z,p) continuous with respect

to (z,p) € ﬁg x D(0, ps), holomorphic with respect to z for every ﬁxed
pE D(O ps) and holomorphzc with respect to p for every fizred z € Qs
where QS is given by (2% =] — 1, +o00[x] — o0, —4].
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The function ?S";, reads }’}s’,i[)(z, p) = /hjg (2) +’VI7:0 (2, p) where the function

R reads hf (z) = (—4/22, 8/2%,0,0). Moreover there exists M such that
for every & > 61 and every p € D(0, ps),

~ 1,7
sup (238 (2, 0)]) +sup (1214318 (2,0)))
z€4% ” z€08 :
AM{ |l
Y

+sup (121 4g. (2,0)]) +sup (1214 Bg. (2,0)]) <
zeﬁj =0 z€025 N

o~ o~

W = (G~ ~ ~. B
where Wi'o(z,p) = (aW:o’ﬂW;o’AW:'o’BW:ro)'

Remark 7.4.35. As already mentioned h belongs to

2, 11 sp3,A 11 sp2,A
SEW,JS (2,3,5,;)>< E7|';5a (3,4,5,2))( E7r,55

SA
(2,3,3, )% E¥} (2,3,1,1).

and has for principal part near im the function ’l{g . Observe that Eg‘ is the
unique solution (up to time shift) of the truncated inner system

— = No(Y
dz o(¥)
which tends to 0 as Re (z) tends to +oo.

Remark 7.4.36. Since Ws.,l_o is holomorphic with respect to p for every z €
ﬁ;, it can be expanded in power series
Wi(z.0) = 0" Wik, (2).
: n>0
We check that W:O’o = 0 and using Cauchy integral for /I/I?s'f'o with respect

to p, we prove that W;O,n is holomorphic on ﬁg So Ys"a can be expanded in
power series t00,

Yh(z0) =3 0" Vi ala), (7.56)

n>0

with }A’sj[),o = /ﬁ[)" and }7:5'" = AsTO,n for n > 1. Using the notation introduced

in the previous subsection, we denote by % the transformed of A in the inner
system of coordinates

-2 1icoshivzy

. ) .
sinh? %Vz sinh® %yz

Bi= (aﬁ(z),ﬁﬁ(z),0,0) = ( ,0, o) . (15T

The first component 62/’; has a pole of order 2 and the second B’}Z a pole of
order 3. Moreover, hf = (—4/22,8/2%,0,0) is the singular part of h near 0

7.4 Proof of

whereas the singular part of ¥
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j},’n near 0 is unknown in general. However, its

general form can be computed in one particular case when the coefficient b in
the normal form (7.2) is equal to 0 and when the rest R consists in a unique
monomial, R = (0,0,0,&%) which gives after the scaling (7.4) the rescaled
rest R = (0,0, 0’,\I/3C¥3). This toy model gives an idea of the complexity of the

singularities o;i
and for the to;i)

Y5 » @s n grows: the functions 1”\'5*671 are given by inductions,
model previously described, it can be showed that every Ys'fbm

lies in A% whete A is the algebra of analytic functions given by

| S m
A= Ay, Ay = { i@ =y (%(z) + %) <1n<z>>*’}
: 0 k=0

m,q20

where ), is hd
der pole. The 8

p=

omorphic on C. The first functions 2‘5,0 = ’ﬁa'“ has a third or-

ngularities of the following ones Ysjf)m are more and more com-

-~

. K . + . .
plicated as n grows : Yoo, liesin Ay, ., and g, el 400, m, — -o00.

Remark 7.4.3
the spectrum o
eigenvalue. Hel
manifold of 0 ¢

The end of:
we look for a p
system in the f

where W lies

n—+o00

7. The spectrum of the linear part of the inner system, i.e.
f D fo(0, p) is {0, £iw} where 0 is a double non semi-simple
nce, all the eigenvalues have zero real parts. So the stable

an only have a polynomial decay at infinity.

this subsection is devoted to the proof of Proposition 7.4.34:

arameterization of the stable manifold }7;+0 of 0 for the inner
HIIn

Yhi(z,0) =R (2) + Wki(2, 0)

in the Banach space Sﬁg defined by

with

Definition 7.4.38.

sﬁg:: { W ﬁg x D(0,2ps) — C4, continuous ,

~

holomorphic on $2§ for every fized p € D(0,2p,),
holomorphic on D(0,2p,) for every fized z € (2§,

|W|“ﬁa < +o0}

_ s ([2P*2a(z,p))) + sup (214H1B(z, o))
22 xD(0,205) 22xD(0,2p,)

+sw (A=) + sup (|214B(z ).

L 23xD(0,205) 22 D(0,2p5)
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Let us denote by Bsﬁg[d] the ball of radius d of *H;
BsH;[d] := {W e, Wi, < db.

Observe that we work here with p € D(0,2p;). This will be useful for
obtaining the estimate of W "o given in Proposition 7.4.34.

The equation satisfied by W "o reads

%K ~ DNo(R).W = Go(W, 2, p), | (7.58)

where Go(W, z, p) = QO(W) + pRo(h,(J,r + W) with
0
—3a -~ ¢(A? + B?)
—baB
baA

Qo(W) = (7.59)

I

Our aim is to transform (7.58) into an integral equation and to solve it

using the Contraction Mapping Theorem. For that purpose We need a basis
of solution of the linear homogeneous equation

dw :
= - DNo(h).W = 0. . (7.60)

Lemma 7.4.39. A basis of solutions of the homogeneous equcttzon (7.60)
is (P, q, r_,.,r_.) where

(a) Pz )*( pthe 4,0 0) satisfies SB(—2) = —B(2),
(b) d(z) = (2*,42%,0,0) satisfies 5q(-z) = q(z),

(c) T+ = (0,0, cos 12?, sin{[), T_ = (0,0, —sin 4, cos {b\), J(z) =§wz+4b/z.
The functions Ty, T_ satisfy ST1.(—2) = T1(z), SF-(~2) = ~T_(2).

Let us denote by (.,.) the inner product in C?, (Y, Y’) = @a’ + BB +
AA' + BB'. We identify C* and ((C4)* by Y — (Y ), = (Y,¥). With this

identification, we denote by (p*,§*, ¥ T ,T.) the dual basis of (ﬁ, q,74,7-)
(see Definition 6. 3.5). i
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Lemma 7.4.40. The dual basis (p”,§",T},T.) is ezplicitly given by

~ 1 . ~ ~ 1, . -~
P* = 5—6(01,3, —da» 0, 0)7 Cl* = %(“pﬁypavo, O)a r, =ry,

o~k ~
r_=r_.

Then using the variation of constants formula we get

Lemma 7.4.41. There exists do such that for every § > &, every p €
D(0,2ps) and every W € BSH5[1] W = .T-'O(W)(z p) where

(B (zp) = - / (" (5),30(W, 5, ) . ds (2)
[2,400)

- / (@"(s), 50 (W, 5, 0)),ds d(2)
[z,400)

- / (&5(5),5o(W, 5, 0)) ds F.(2)
[2,400)

(F(5),50(W, s, p) ) ds T_(2)
[2,400)

then W is a solution of the inner system (7.55).

The conditions “6 > §”and “|W|»~ < 17 ensure that go(W s, p) is we]l
defined. The proof of this lemma is given in Appendix 7.G.

Lemma 7.4.42. For every § > 6o and every W ¢ BsHs[1], Fo(W) lies
n SH6 Moreover, there ezists Mg such that for every § > &y and every
W, W' e BSH,s[l]

lezﬁ + s
(a) |7'-0(W)|" <My y

\/S 3
|W|s + I |s o5
(b) 1Fo(W) = Fo(W')l, < Mg H v Ha W - W,

The proof of this lemma is given in Appendix 7.H.

We have now enough material to prove Proposition 7.4.34: Lemma 7.4.42
ensures that .7-'0 is a contraction mapping from BSH(;[d] to itself where
BsH;(d) := {W eH; / |W| a, < d}, if the conditions



262 7. The 0°%iw resonance

2
d<1, My (d \;}ps) <d, M (2d+ps> <1,

are fulfilled. Setting d = 2Mj p,/+/8 these three conditions are equivalent to

+1\2 +

which are fulfilled for every sufficiently large 6.
Thus, Fo admits a unique fixed point in BSH5(2MJ ps/V8). We denote by
W o this fixed point and we check that for p = 0, W oz, p) = 0. Moreover,

for every z € 05, p Wso(z p) is holomorphic in D(O 2ps). So, for every
p € D(0, ps) and every pg, ps < po < 2ps we have

o 2m W e
Wiz, p) = p/ o (z,up) du = / 27r/ 02, poe”) e® dodu.

(poe®® — up)2 p)? poe

<1

Thus, for every p € D(O, ps) and every po, ps < pp < 2ps

——— 1~ i
N(Wo) = sup (|z**7|@g. (2,p)]) +sup (|214+2 |8+ (2, p)])
- Ws o - Ws,o

zE€023 ! Z€(23
+sup (|2I*|4g+ (2, 0)1) +sup (|2|*By, + (z0)])
z€825 zG.QS

< _lplpo Mg ps

- |p0 - ps|2 \/S

Pushing p — 2p,, we finally get the desired estimate

—~ apMF
N(WH) < %

which holds for every p € D(0, p). [

7.4.5 Holomorphic continuation of the stable manifold of 0 near i

In this section p is no longer complez and lies in [0, ps[. Corollary 7.4.29
ensures that the stable manifold Y, of the full system (7.33) admits a holo-
morphic continuation on DS . This holomorphic continuation is computed in
the form Y;(&) = h(£) + vs (§) This construction is done in the outer system
of coordinates (see Figure 7.12 p.238). On the other hand, Proposition 7.4.34

gives a parameterization of the stable manifold Y of 0 for the inner system
(7.55) which reads

}’}Sﬁ,(z,p) = ﬁg(z) + sto(z, o), for z € 1%
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in the inner syétem of coordinates (see Figure 7.13 p. 239). To make a match-
ing we must use a unique system of coordinates. Thus, we must rewrite the
results obtain H in the outer system of coordinates in the inner system of
coordinates and vice versa. For that purpose we use the notation introduced
in the prev1ous subsection to rewrite in the inner system of coordinates ob-
jects defined in the outer system of coordinates and vice versa (see p. 255).

Hence we can reformulate the results of Corollary 7.4.29 in the inner system
of coordinates ; let us denote by Y. =h+%, with & given by (7.57) and 7, by

&, (2) V2o, (ir + vz)
. B;.(2) 3By, (im + v2)
‘vs(z) | A | T | A, (G +vz2)
; B‘f\s(z) V2B, (ir + vz)

where vs = (o), Bu,) Av, s By, ). Then, }”\'S is a solution of the full system rewrit-
ten in the inner system of coordinates

U4y ~a ~ A ~
| E;zf(Y7V,,0)=f0(Y,,0)+f1(Y,V,P)

where fo, f1 afé given by (7.52) and where z lies in ﬁj Y
I

On the other hand, Y o= h+ +W, o is a solution of the inner system of

coordinates | ~

I dY -~ & P

‘; = fo(Y,p) for z € §25. _

To obtain a holomorphlc continuation of ¥; up to a distance § of 0 (i.e. a
continuation up to a distance év of Lir in the outer system of coordma.tes)

we look for a holomorphlc solution of the full system in the form Y o + Ws
which matches Y on DS . More precisely, this section is devoted to the proof
of the followmg prop051t10n

Proposition 7.4.43. There _exists 05 and vsc such that for every v €
10, vee] and every p € [0, 05, Yi admits a holomorphic continuation in the
form

},5(27 I V) = }/;,O(Z) ,0) + @s(z’ Py l/),

on the domain 2; , Where 55 rw =) — 1 5= [X] — 5=, —6[ (see Figure

7.19). Moreo'uer there exists Mi, such that

~3 +|ﬂ

=la} 7, + Ao +|B~ o s'%’§4MinV%

et 3 e, 3

holds for everfy v €]0,vsc] and every p € [0, ps[, where

gy, = sow (If@la™).

8,
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Proof. The proof of this theorem is based on the technique of continuation
along horizontal lines described in Appendix 2.A. We must check that all the
assumptions 2.A.1, 2.A.2, 2.A.3 are fulfilled in this case. We study a complex
differential equation

d? ~o ~ 5 ~ s
- = f(},,V,p) = jb(}fvp) +'fi()fvyap)

where fo, ; are holomorphlc and where 2 lies in | - 1,+00[x] — 1/v%, —§]
(see figure 7.19).

Fig. 7.19. Holomorphic continuation of Y; in 2; 1,
%

"Theorem 7.4.34 ensures the existence of a solution 17;5 of the inner system
iy -5
= = fo¥,0) |
which is holomorphic on ﬁg D] —1,+00[x] —1/v%, —6[. So Assumption 2.A.1
is fulfilled.
Corollary 7.4.29 gives a solution Y; of the full system (7 33) on DS

Rewriting this result in the inner system of coordinates we can state : the
full system (7.50) admlts a holomorphic solution Y, (z) = s’(,(_z) + Ws(2) on

]21/ ,+oo x | — ™%, —§[ with

Dy(2) = h(z) + Bs(2) - T (2).
So Assumption 2.A.2 is fulfilled too. ;
Our aim is to prove that Y admits a holomorphic comtmuatlon on
] = 1,+00[x] = 1/v7, 4[> Z -+ As explained in the Appendlx 2.A we in-

troduce the equation along honzontal lines: s is seen as a functlon from R?
to C4 and satisfies 1|

%0 W (Bt v+ o) B (T o)

NG (7.61)
11 (Vo +1m) + (. )
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It remains to prove assumption 2.A.3 : we must show that the solution

W* of (7.61) which is equal to

h(v™% +in) + 5.(v™% +in) — V5 (v % +in)

for 7 = v™% and 7 €] — 1/v%,—6], has an interval of life which contains
] — 1,+00] for every n €] — 1/v%,—6[. If it is the case, Lemma 2.A.5 will
ensure that ©* is holomorphic on | — 1 +oo[x] —1/v1, —§[. Denoting by
@s(r + in) = @*(,7), it will also ensure that Y. o T wWs is the solution of
(7.50) on | —1, +-00[x] —1/v%, —6[ which is equal to A+7; on |1 iv=%, foo[x] -
1/vi, 4. R

So the only thing to prove is that @* is defined on Z’;) 1o For that purpose,
we rewrite (7.61) as an integral equation and we solve it using the Contraction

Mapping Theorem in an appropriate set of functions defined on E;l%’y.
We rewrite the equation along horizontal lines (7.61) in the form

ow
22 _ DNo(hE)® = G1 (@,7,m, v, p)

where
91(D, 7,1, v, p) = Qu(®, 7, m,v, p) + FL(hS + Wy + B, v, p),
Ql(w T,V p)= fo(h+ +W + W, p)— fo(ho + S,0,,0) — DNo(h$). @

Using lemmas 7.4.39, 7.4.40 and the variation of constant formula we
check that w* is a fixed point of F; with

Fi=FP+Fu
where
FA(r,m= (3" (5 +in), As(m)), Blr+in)+(&(J5+in), As(n)), &(7+in)
(FL(F5+in), As(n)), T4 (-+in)+(F2(Z5+in), As(n)), T-(r-+in)

ik Asln) = <h+vs—h0 - +) (% i ) (7.62)
and
1 u% N )
Fu@)(rm) = - / (3 (5), 5u(@(5,m), 5,1, p)), ds B(r + i)

lu%

—// (@ (5),5(@(5,m), 8,71, 7, 0)).ds Gl + i)
Tl/u%

- / (%), Ba(@(s,7), 5,1, p)), ds T (7 + i)

l/u%
- / (7 (), 51(@(s,m), 5,7, ) ds F_(r + in).
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To show that @w* is defined on 2‘; 1w it is sufficient to prove that .7?1 is a

contraction mapping in the Banach space SEg 1, Biven by
12

Definition 7.4.44. For § > 1, v €]0,1[,and r €]0,1], we define the Ba-
nach space

CM S={0: ng — C4, continuous , |ﬂ)‘|,,€g” < 400}

Ol = sup (|@(r,n)llr +inl°) + sup (l.@(T,Tl)||T+i7I|4)
> 57

8,rv

+ sup (|Amn)lir +inf) + sup (1B(r,mlir +inf?).
Z‘S

S,rv 8,7

Let us denote by BSCJTV[d] the ball of radius d of SCMV

B<CY, [ = {# €CY,,, lOln <d}.

8,7

The estimates of .7?1 are given by

Lemma 7.4.45. There exists My, and 8, > 1 such that for every v €
10,v6), p € [0, ps|, 8 € [62,1/v7], and every @, & € BSCO srulll,

o Wl | .
(@) 1@l < Min —5—+|w|cs +ut ],

LN T (e . (1 0 i’ 0 — W |
(b) [71(@) = F1(@)ley < Min (5 +lOlgy +l0'le ”) 0=y -

"The proof of this Lemma is given in Appendix 7.1.

This lemma ensures that 7, is a contraction mapping from BSEg 1 ,0d] to
Y2
itself if

(d 1
Miq <5 +d®+ V%> <4, Min (5 +2d+u> <1, d<1. (7.63)

We choose d = 4Mi,v% and we denote by & = max(dz,2M;y,). Then, we

choose v small enough to have 1/ I/sc > &3. Inequalities (7.63) are equivalent
to

1
16M2vi <1,  8Mywt + My < 5 My i<1

which are fulfilled by a choice of a sufficiently small .. This completes the
proof of Proposition 7.4.28 O
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|
7.4.6 Symm@atrization : holomorphic continuation of the stable
manifold of 0 near —im

I

Lemma 7.4.46. There ezists Vse and 8 > 1 such that for every v €
10, vsc]and e’u‘ery p € [0, ps|, the stable mamfold Y; of 0 for the full system
(7.33) a,dmzts a holomorphic continuation in Ds LY ng, 1,YU%% A (see

Figure 7.15 p 240). Moreover this holomorphzc contmuatwn satisfies

(a) Ys is syv‘limetmc about the real axis : Y;(€) = Y.(€) holds for every
¢eDy J\UES s>

5721,/

(b) On Dl v , Y. reads Y, = h + vg and there ezists Moy such that
|

3
sHﬂ A( )SQM outpV?

|a'Us|s/H3!!1)\( )+ IIB‘UELH-i A( )+ IAUBISH3 A( )+ 'B’Usl

for e’uer{t‘/ v €]0,vsc), and p € [0, ps[ where vs := (o, Bu,s Av,, Bu,)

and w

L _ ARe()]
Pl —Eesgiu[lf(s, )| (172 + €2173,(€) + (1 = 3, (€)M ==(®)]

with x, (§) =14 Re(€) <1 and x,(§) = 0 otherwise.

(c) On X} _%1”, = (s, Bs; As, B) reads Ye(€) = b (§) + WH(€) +ws ()
which isiequivalent to :

Ols(iﬂ':H- vz,p,v) = %( (4/22) +a»~+ (2, p)) + %Ei&}\s(z, o)
uim +v2,0,0) = 5 ((8/22) 4 B (2:0)) + 5P (2 200)
Alim + vz, = (R (20 o Ag (mo)
Bs(iﬁ—i- vz, p V) = % (BV?’J,O (z, p)) + ;/-2-.@\1?5 (z,p,V)

for every z € ng,%—,u' Moreover there exist MSL and M, such that

et B oo Vi g+ 1B |, e < 2052
law;jo ﬁi"'% Wih's "4+% Wik la Wi H, = /b,

1
lag, |s7’f %+|/6wﬁ|aﬁ4 %+|AA logze % + By lugs 0, g, S WMt

holds fon every v €]0, vs.] and every p € [0, ps{, where

Plpe =sup (IF@N™), 1Fgm. = swp (1F)1™)
28 s

3 8,7 v
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Proof. Modulo a rewriting in the outer system of coordinates of the results
obtained in the inner system of coordinates, Propositions 7.4.28, 7.4.34, 7.4.43
ensure that the stable manifold of 0 for the full system (7.33) admits a holo-
morphic continuation in DS SR b which satisfies (b),(c). So it remains

the problem of the symmetnzatlon

The two functions £ — Y;(¢) and € — Y; (E) are respectively holomorphic

and defined on A := D; UXi ., and A= Ds LU 25 1.0 8T8 equal on
W 5)21

] = v, +oo| since Y; is real on the real axis. Then, gl_e 1solated zero theorem
ensures that these two functions coincide on A N A. Thus we ‘can define a
holomorphic continuation of Y5 on AU A given by Y,(¢) for £ .€ A and by

Y.(€)foreed. O

We can now conclude these last four subsections devoted to the study of
the holomorphic continuation of Y; by the proof of Proposition 7.4.6.

Proof of Proposition 7.4.6. (a): Lemma 7.4.46 ensures that the stable
manifold Y; of the full system (7.33) admits a holomorphic continuation in
%VUZ’S UZ;AVDBW Savyv-
817y

It remains to check that o4(:,p,-) € SEi’,’} (2,3,3, 1) (see Definition

7.4.4). For (3, As, Bs the proof is very similar and thus left to: the reader.
From Lemma 7.4.46 we get that near im, o, reads

1

_ 1. vi_
as(it + vz, p,v) = ﬁa::()(z, p) + ﬁazl(z, psv)

with

1

&to(z0) (-(4/2) + 8 (0),  h(apv) = v iag (2 0,0)

where for every p € [0, ps] and every v €]0,vs], 2z — aW+ (2,p) and z —

a;;s(z p, V) are two holomorphic functions respectively deﬁned ‘on 95 and

X5 1, which satisfies !
6512,

i

1. 4M+p
sup (IZ|3+5|C¥V’,‘/+ (z,p)]) € —2= < 400,
zeﬁgs 0 Vs

|
sup (v ¥2%a5, (2,p,)]) < 4Min < +oo. |
VE]0,Vac] ) i
ZEE;E,&,V

Hence, for every p € [0, ps[, &y (-, p) and &; 1(» p, ) respectively belongs to
H} and H 4 3+ Thus a satisfies property (b) of Definition 7.4.4,

|
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The function oy is real valued on the real axis and thus symmetric about
the real axis. So, since it satisfies property (b) of Definition 7.4.4, it auto-

matically satisfies property (c) with B (as)(2) = P () (—2).
Lemma 7.4.46 also ensures that far away from the singularities, i.e. in
D ,, as reads as = ap + oy, with
2
() = — ]
MS = cosh?(3¢)’ Fralopgar gy =
where 0 < A < 1. Thus
lonllgas= sup [(on(€)] (17 + €712, () + (1 = 32 (€)M ] < oo

.05 UG]O Vsc]

EE’D%,

2MoutpV%

and

sup [(Joun (€ 2, 0)] (I + €22, () + (1 = x4 (€))eX1RetoN)

VE]0,Vac)

EED;,U

< sup |2Moypvd (|7r2 421y, (6) + (1 — Xl(g))exme(sn)]
v€]0,vsc]
EGD‘;’V

3
< 2Mout;os ( Use + Vszc> .
mom
Hence,

sup [ (€, 0, )1 (12 + €212, (6) + (1 = x, (€)X (@)
UG]O)SVSC]

4 ' (7.64)
< ”ah“ 20+ Mousps Lse + Vs,%c < +400.
- EHw’,ss moT

Finally, recalling that o5 is real valued on the real axis and thus symmetric
about the real axis, we check

losllpyan < sup [(les(& ) (172 + €2x, (€) + (1 = x, (£))eMReEN)]

78 y€J0,vgc)

EPL B 3
Voo | 3 as(z, p, V)
< M z 4 2 1 2 2
Hah“sH?r'x: outPs (m Vsc ) ‘i;ES]:JlI:BC] ( T+ )( ) 2
zeEa i
1z

v

S el 2,5t Moutps <i+Vsc) (4n2+1) sup | — 4+2> (@ +85,)]
™8 mom ue]O Vee)
zEE& %v
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So,
Vsc 3 2 4M6+p
”aS”BH?r',:\ssS ”ah“str'fst Moutps moﬂ_"‘l/sc (47T +1)(4+ \/6—3 +4Min) <400

since for z € fg 1,0 12l 2 |Zm(2) | > 65 > 1. So, as satisfies property (a) of
913y
Definition 7.4.4 and thus, it lies in SEfr’,’(\ss (2,3, 3, 3). with P (as) = o, =
— 2 O~
(4/2%) + O, -
(b): Statement (b) of Proposition 7.4.6 directly follows from (a) and from
Proposition 7.4.34. O

7.4.7 Exponential asymptotics of the solvability condition

This subsection is devoted to the proof of Proposition 7.4.8 which ensures
that if Y is a reversible homoclinic connection to 0 satisfying the properties
(P1), (P2), (P3) defined in Proposition 7.4.1, then the oscillatory integral
I(Y, p,v) introduced in Proposition 7.4.1 is exponentially small but does not
vanish generically.

7.4.7.1 Proof of Proposition 7.4.8-(a). For a homoclinic connection ¥
to 0 the full system (7.33), satisfying the properties (P1),(P2),(P3), we want
to compute an equivalent of the oscillatory integral I(Y, p,v) given by

1 +oo w N )
I(Ya P V) = ’2'/ el(( + +av)t+2bv tanh(}t)) (gB + lgA) (’U(t), t, 0, V)dt
—00

where g = (9, 93,94,98) is defined in (7.34) and where v = Y — h. This
oscillatory integral can be rewritten

to0
1) =5 [ ¥ 000 e
where |
f(Y)(t,p, l/) — ei(avt+2by tanh(3t))
X (bl/(a(t)-ah(t)) (A(t)-1iB(t))+p(Rp+Ra) (Y (1), 1/)) :

with Y = (o, 8, 4, B). We first check

(7.65)

Lemma 7.4.47. For every v €]0,vs| and every p € [0, ps[, the function
t— f(Y:)(t, p,v) defined in (7.65) admits a holomorphic continuation in
the strip BS which satisfies for every p € [0, ps]

T—8s1,v
FOR o) €SB, (23,1
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4ib ~ ~
Pr;;;a,x(f(ys)) z,p)=ez ((—iB::o(Z, P)-I-A;fo(z, p)) (a;"'o(z, p)+2ji2)

™85

+p Y (asmoHaamo) (Y2, P))H)
3

R ) (7.66)
where Y. = (@ 01 B0 A, B) is introduced in Proposition (7.4.6) and
where aame and apme are given in (7.7). ‘

Proof. From Pr(l)position 7.4.6 we get that f(Y;)(-, p,v) admits an holomor-
phic continuatioT in By, which reads
\
FX)(E€ p,v) =
| . .
(b (e(€)-an(©) (4<(€)-iBL(6)) + p(Re+1RA) (%(6), ).

Step 1. Study of by (0w (€) — an(£)) (As(€) — iB4(€)). Proposition 7.4.6
also ensures thaﬁ?

‘;ei(a.u§+2bu tanh(3£))

b (0s(€) 7 () (4:(€) —iBs(6)) €Br ™ (2,3,4,1)  (7.67)
|
i

and

Blbe (bv(@s(6) - an(9) (44(6) - 1B:(6)) ) )

_ = b(@0(2) +4/2)(A35(2) - 1By (2)).
Step 2. Study of R 4. Similarly, we check

RA(Ys(8),v) = Z Javy)

(m,0)eT

\
where !

| Y -

A = apmye o' P ? ATABME 2met3mp+2matimp~3 |2
with
m. mg Am m s2m +3mg+2m,q+2m3,)\ 1
agfBs PADA BB € e (2,3,5,%)_

Hence, for every (ﬁi, £) €T, Amy esEf’r’f‘ss and

Bt () = | AT @)™ Beo ™ (Ao (Bloyms for £=0,
s oo for £ # 0.

Observe that all ﬁhe monomials of any order in the expansion of R corre-

sponding to £ = O'have a non zero principal part. Modulo the problem of the
convergence of the sum, this suggests that
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Ra(Ye,v) €Ey, with B,y (Ra) = Boa(Fh) (7.68)

™6

where Ry = (0, Eo’g, ﬁo,A,ﬁo,B) is defined in (7.52), (7.54). For proving that
(7.68) holds, we proceed in 3 Substeps.

Step 2.1. With the notation introduced at the beginning of Subsection 7.4.4,
we get that near im, R4 reads

Ra(%v)= S Ra(Piv)
= SBa(R + Wiy + 0 v)
= S5 Po AT L)+ [Bo a4ty +3) — Bo a(B+ T
+Ry ARG+ W fo+,)].
The proof of Lemma 7.G.1 (see (7.92)) ensures that for z ejﬁgs,

= o~ = M
Ro.4(hg () + Woip()] < T2
and thus Ry 4(Af + Wo(0)) esﬁicsfli.
Similarly the proof of Lemma 7.1.2 (see (7.108) and (7.110)) ensures that

for z € ng,%,u"
L o lDslze !
|Ro,a(hd + W + @) —Ro,a(h§ + W)| < MBT% Si:/\4134MinW
and

B (At LT+ 4 v? v

[R1,a(hg + W+ @5)| < M13W < \/§M13|z—|&
Thus,

Roa(hS + Wy +0:) = Roa(hg + Wiy) + Rua(hi + Wiy +0,) e,
Thus R4 satisfies property (b) of Definition 7.4.4. *
Step 2.2. The function R4(Ys,v) is real valued on the real js,xis and thus
symmetric about the real axis. So, since it satisfies property (b) of Defini-

tion 7.4.4, it automatically satisfies property (c) with B (R4(Ys,v))(2) =
B (Ra(Ys, v))(-2). |

Step 2.3. The proof of Lemma 7.F.5 (see (7.77)) ensures that far away from
the singularities, i.e. in D% 1+ Ba(Ys,v) satisfies i
%

i
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|Ra(Ys,v)| = |Ra(h+ vs,v)|
3 X1 (E) AR
< Mspy (m + (1 — X, (§))eMRe®
3
v

(7rm0)3

< Msp ( e + AL X <s))e*me<€>') < +oo

and thus ||RA(YS,1/)||,3H3,A < +00. So, Ra(Y;,v) satisfies property (a) of
w,8g
Definition 7.4.4. Hence,

Ra(Ye,v) €E23 (2,3,4,1),  Pugan (Ra(Ye,v)) = Roa(V5).
w,6g

For Rp the same analysis holds. So, we finally get

(Ra(Y:,v) +iRa(Y;,v)) B>} (2,3,1,1

7,85

~ ~ ~ ~ .6
Pita (Ra(Yaw) +iRa(Ye) = (Ron(T) +iRoa(P)). (709

Step 3. Finally, observing that

elav+2iby tanh(3€) ESE?r’,%g (0, 0, %’ 1)

Pl':;o,o (elav+2iby tanh(36)y — ot (7.70)
w, g

and grouping together the previous results (7.70), (7.67), (7.69) we get that.

F(¥:)(, p, -) belongs to SE:%S (2,3, %, %) with a principal part given by (7.66).

0O

Lemma 7.4.48. For every v €]0, vy ] and every p € [0, ps[, if the full sys-
tem (7.88) admits a homoclinic connection Y to 0 satisfying the properties
(P1),(P2),(P3), then

(a) Y admits a holomorphic continuation in the strip Br_s,., which is
equal to Ys on the half strip BS _ s (S€€ Figure 7.20) and which is
symmetric about the imaginary axzis, i.e.

Y(-§) = 57 (7.71)

(b) f(Y) admits a holomorphic continuation in the strip Br_s,, which is
equal to f(Ys) on the half strip BS _ sov,w and which satisfies

F¥) (=& pv) = FY)(E p,v) (7.72)

Proof. (a): On one hand, Proposition 7.4.1 ensures that Y (t) = Y.(¢) holds
for t €] — 1,+00[. On the other hand, Proposition 7.4.6 ensures that Y,
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admits a holomorphic continuation in B3 _; , . So, ¥ admits a holomorphic
continuation in B _; , .

Considering the two holomorphic functions £ — Y (£) and £ — SY(-£)
respectively defined on the half strips B;_; ,, and —B;_,,, , which coin-
cide on | — v, | since by hypothesis Y is reversible on R, we obtain that ¥
admits a holomorphic continuation on the full strip Br_s,, which satisfies
SY (=€) =Y () for £ € Br_s,,. Moreover, Y is real valued on the real axis,
thus Y(€) = Y (¢) holds for ¢ € By_s,,. Finally combining these two last

symmetry properties, we get a third one which reads

Y(_E) = Sm for § € B7|'-—55U-

(b): (b) directly follows from (a). O

We can finally prove

Lemma 7.4.49. There ezists My such that for every v €]0,vs] and ev-
ery p € [0, psl, if the full system (7.38) admits a homoclinic connection Y
to 0 satisfying the properties (P1),(P2),(P3), then
1 _wr ) 1
I(Y,p,v) = e~ v (Ap) + J(p,v))  with |J(p,v)] < Macts

where A(p) is given by (7.36).

Remark 7.4.50. Proposition 7.4.8-(a) directly follows from this Lemma.

Proof. We cannot use directly the Third Exponential Lemma 2.1.21 since

F(Y) admits a holomorphic continuation in SEfr'zs and not in Efrfs‘s So, we

redo partially the proof the Third Exponential Lemma here.

o
e U Y =h+o

Fig. 7.20. Path I'r
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y
Lemma 7.4.48 ensures that f(Y) admits a holomorphic continuation in

31,_58,,. Using tf’he path I'r (see Figure 7.20) and pushing T' — +co we get
at

1 iwt
j(}’,p,y):—-/ ev f(Y)&,p,v).
‘ 2 ity ¥)@tp,v)

\
Then, (7.72) and the reversibility properties of g, gB and h give

|
IY,pv) =R s
py) =Te ( /( et L IO e, v)d&)
i‘

it
=R o
° (‘/i(ﬂ—(55+1)y)+m+e f(}fs)(gv P, V)df)

. \

since Lemma 7.4‘11.48 ensures that on B _; O i(m — (6, + DY) +R, f(¥) =
f(Ys) hol(?s. Theﬁn, using that f(¥5) eSEfr"ﬁﬁ and proceeding as for the pfoof
9f the Third Ex;?onential Lemma to estimate the integral along the half line
i(m — (65 + 1)v) H—R, we get (see (2.12)) <

1l _wm
1Y, p,v) = =57 v (A(p) + T(p,v))  with |J(p,v)] < Mycr}
where B
Ap) = Re ( / ST H/2(Go (2 p) 4 150, a2, p))dz)
i —i(8e+1)+R+

This complet%:s the proof of Lemma 7.4.49. [J
7.4.7.2 Proof df Proposition 7.4.8-(b). We first prove

Lemrrlxa 7451 The function A introduced in Proposition 7.4.8 is a real
analytic function on [0, ps| which reads Alp) = > p"A,.
; n>1

Proof. In subseption 7.4.4 the stable manifold of the inner system }/;;6 is
built in the form!Y,§ = hd + W where /I/I?s“f'o was found as a fixed point of

Fo which is defined in Lemma 7.4.41. Hence, for (z,p) € ﬁf; x [0, ps|

FL e =~ [ @00 e,

[z,+00)
=~ [ioos (o (¢+2)) Boa(©)sin (w (c+2)) 5.0 de,
[z, +o0)
E@ThEA. == [ E0,0Wh o)
[z,400)

- / [sin (w (C"‘%)) Go,4(¢)—cos (w (C-l—%b)) Go,5(¢)] d¢.

[z/+00)
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Thus,
A(p) = ~Re ((F(~ine), Wakp(—ine, ), + (F2 (~ime), Wilo(—ims, ),

where 75 = &, + 1. The Remark 7.4.36 ensures that for (z, p) € {25 x [0, psl,
W;’o(z, p) can be expended in power series of p

WSTO(ZMD) = Zp sOn(z)

n>0

Hence, for p € [0, ps|

Alp) == p"Re ( (B3 (—inma), Welo n(—inme)), + <?*_(—ins),‘wsfo,n(—ins))*) :

n>1

where ns = 6; +1. O

Lemma 7.4.52,
Ar= )" bmams Amaims (7.73)

Ma,Mg €N2
Ma+mg>3

with

) 3% ()" (qu)retimpint
? (2mq +3mg +n -1l nl

Amms =27 (-1

| and :
bmmmﬂ = 04,(ma,mg,0,0),0 +ap \(Mma,mgs,0,0),0 |

where aam,e, aBmme are defined in (7.6) and where for T e R, E(x) is

- the largest integer smaller or equal to x.

i
i
i
f

Remark 7.4.53. The reversibility properties of R ensures th%éut
@A, (ma,mp,0,0),0 = 0 for mg even, OB, (me,mg,0,0),0 ﬁ)r mg odd.

Proof. In this Proof, we denote by 7, = §; + 1.

|

|

|
Step 1. Permutation of lin(1) and [. First observe that ;
. p— . i

A (0) — tim 20) _ iy Re( e G(t, ;;)di)
A |

—0 p p—0

where

G(t, p) = elw(t—im)+did/(t—ine) _ (go B(t — ins, p) + iGo,a(t 11 ins, p)).
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where Gy 4, 50,5 are given by (7.36). Remark 7.4.36 ensures that

Yo =Y 0" 5 .(2),

n>0
with }7:6,0(2) = Ea'(z) = (~4/22,8/23,0,0). Thus, for every t € [0, +o00],
lim G(t, p) = e (t=imelH40/C=im) Ry p (R (¢ — i) + iRo,a (B (t ~ i};)).
Moreover, Lemma 7.G.1 ensures that

W+ 2
| 2M10 IWs,Olsﬁs +p
p (nZ2+1t%)3
< emet4lb] 2Mio (Mg )?p?/6s + p
P (2 +12)3
(MO ) ps/(ss +1
(2 +12)3

Using the dominated convergence theorem, we get

IG(t’ p)l S e"]s+4|b

< emtitia Aty

A]_ = lim —A(—p)

p—0 p
too . . ~ o~ ~ ~

= Re ( / elu(time) 44t/ i) (1R (hif (t~im)+ o, 5 (i (t=in))) dt) :
0

Finally, the symmetry properties of ﬁg and E(‘f gives

-1

Ay = —
! 2i

) (B (R (¢ )i, R - in))) .

—0o0
Step 2. Permutation of [ and 3. Equations (7.7),(7.6) ensure that

(EO,A(HS-) - iR\o’B(E(—)}')) = Z bmmmp (ﬁa')m(_i)(mﬁ'ﬂ)m‘)d?'

Ma+mg>3
Thus,
1w(t l'fls)+¢ ms (RO A(ho (t — lns)) - lRO B(h+ (t - 17]5))) _'Z fma)mﬁ (t)
ma+mﬁ>3
where

. X 4bi
fma,mp (t) = e‘w(t"l"ls)e t—ins

B m (—1) (e +Dmod2 (—_4)m (“8 )mﬁ.
= (t—ins)? (t—ins)3
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Using (7.7) we obtain

My 4 \™ 8 \™
)] < q778e4|b| B .
| frmems (D] < € rZ‘°r7@”" |t — ins|2 |t — ins|®

Recalling that |t — ins| > §s > do > 1 and that §p has been chosen in
Lemma 7.G.1 such that '

4 8 1 5 8 1
@ = max o 33 S-—2ma.x - S—)
0o GTp % TaTp 2

we obtain

1
(1+1¢2)3
Then, the dominated convergence theorem ensures that

b (_i}(mp+1)mod2 i 4ib [ —4\ M= /£ 8\ T8
/11 - _ Z ma,mp( ;i /_ elwz+ z (?) (z_3> dz.

Ma+mg23 etR

|fmmmg (t)l < ew’flse4lb|MR9ma+mﬂ—3

Step 3. Expansion of the essential singularity. We cannot compute
directly the integral involved in the previous expression of A; by using the
residues, because the term e/*?+4%/2 has an essential singularity in 0. To avoid
this difficulty we must expand e**/# as a power series. Using once again the
dominated convergence theorem we obtain

a bmmmﬂ(_i)(mﬁ+1)mod2 1 I
1 =— 2i ;_"—| Mo, MG,N
Ma+me>3 n20 "

iwz —4 e 8 ma 4lb "
o= [ (7)) (5) ()

Step 4. Computation of the residues. Using the residues with the path
I'l drawn in figure 7.21 ’

where

™

—ing—r ~in, —mgtr

Fig. 7.21. Path I

"~ that
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and pushing r to infinity we get

g = 21 (1) gimaom, (400" 3ms s
: (2me +3mg +n —1)!
Hence,
A = Z bm,,,mgAmmmg
Ma+mg>3
where

i
A =E(—l)(mﬂ+1)mod2 27ri(-1)ma22ma+3mg (4bi)"(iu;)2m°+3mﬁ+n—1
o g ~
n>0} —2i n! (2mq + 3mp + 1 = 1]

=27 (—1)ma+E(—E— ) §X (=20)" (dw)Pmetimatn-1

| n=0 (2mq +3mg+n —1)Inl"

7.A Appenhix. Proofs of Lemmas 7.3.9, 7.3.10, 7.3.11

d

Proof of Lemma 7.3.9. The explicit form of N’ can be easily computed by

using .the explir{:%t form of N given by (7.5). Estimate (a) is deduced from the
explicit form using Lemma 7.3.6. Now we prove estimate (b):

NI(U) ®, 5) - Nl(vl7 gplvél) = Al + A2
where

Al =N’ Ur(p7§) - N/<’Uvﬂp,7§)’ A = N,(Ua §017§) - Nl(vla(plaé)-

Here the ex]

: 1ci !
such that plicit form of N’ and Lemma 7.3.6 ensure that ther.e exists M

1] < M(w(E)| + 10/(€)] + K)o(e) — o' (6)|

for v €]0,1], ¢ € [0,6mv/w], K € [0, K1), and ¢ € B,.

Using Lemmas 7.3.8, 7.3.6 and studying ¢ — ¥}, (€ + ¢ tanh %&) we find

Yk, (€ +|o tanh %5) =Y, (€ + ¢ tanh %f)l < M3M1£|tp' — o
v

hol<‘is for v e]()‘, 1_;1], v €[0,6mv/uw], K € [O,Ki], and ¢ € By. Then using once
+ again the explicit form of N’, we conclude that there exists M such that

141l M)+ 0(©) + K) K pp - g

or v €]0,v1], wyu¢p’ € (0,671 /0], K € [0, K1), and ¢ € B,.

Proof of L.emmja 7.3.10. We start by observing that h(§), Yx,. (&+p tanh L)
(¢) are unlformly bounded with respect to & o, K, v, v. Ix,ldeed, we hzive’
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[h(€)] < Mse™ReOl < Mg,
Yk, (€ + @tanh $€)| < MiK < M1 K7,
Q)] < ol < 03T < By
(a): Now
R'(v(8), ¢, &) = R(h(&)+Yr(E+ptanh 3£)+v(€)) — R(Yk, (E+@tanh 1€))
1
= / DR(Yk,, (&+ptanh 3€) +u(h(€) + v(£)))-(h + v)(§) du.
0
But R and all its derivate are @(¢?). Thus there exists M- such that

|R (v(€), . €)| < Mav*([o()] + [R()))

for every v €]0,11], ¢,¢’ € [0,6mvw], K € [0, K1], v € BH}|,4(6\/V) and
£ € By.
(b): We split R’ as we split N":

R(v,0,8) - R'(V,¢',§) = A1 + 42
where
A1 = R'(v,9,€) = R'(v,¢',€), Az =R'(v,¢',&) - R'(v,¢',€).
The estimate for 4, is done as in (a). We find that there exists M such that
|4al < M [o() = /(&) ‘

holds for every v €]0,11], ¢, ¢’ € [0,6mv/w], K € [0,K], v € BH}IR'R((S\/E),
and £ € B,. . 1
 Denote Ay = Yy, (€ + ¢ tanh %5) — Y%,u(§ + ptanh 5£). Then

1
4, = / DR(h(£) +v(€) + Y, (€ + otanh 3€) + uly o). Ay o du
0 !
1
—/ DR(Yy,. (€ + ptanh %5) +uly, ). Ay o du
0

g |

Recalling that |Yy, (€ +ptanh3€) — Y, , (€ +¢' tanh 3¢)| < M3M] 7!(,0 -],

we finally obtain that there exists M’ such that \
|41 < M'Ev (jv(§)] + (&) le ~ ¢|

holds for v €]0,11], ¢,¢’ € [0,6nv/w], K € [0,K1], v € BH@‘lR_Rf(J\/ﬂ), and
¢ € By. 1

Proof of Lemma 7.3.11
(a): Lemmas 7.3.8, 7.3.6 ensure that 1
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b ~[Re(€)]
lpd(€, 0, K, v)| < —JM1M4K6

holds for every v €]0,11], ¢ € [0,6mv/w], K € [0,K1], v € BHY |2 (63/7),
and £ € B,.
(b): Here again we split ¢® in two parts:
So@(gi ©, K, U) - (pl¢(§’ (P/7 Ka V) =A4; + AZ:
where
A= (p— @8, 0, K,v), Ao =¢' [B(¢,0,K,v) — (¢, ¢, K, V).
The estimate of A; can be easily deduced from the previous estimate.

a7y ¢ + ptanh 1¢£) we finally obtain that
d¢ 2

B 0, K,v) — ¢'B(€, ¢, K, v)] < M1M45:—e"’“<f" 1+ 0] o — o

Then studying ¢ —

for v €]0,11], 0,9’ € [0,6mv/w], K € [0,K1), v € BH}|,,(5\/V), and € € B,.

7.B Appendix. Proof of Proposition 7.3.19

The proof of Proposition 7.3.19 is essentially based on the following lemma,
which is a particular form of the First Exponential Lemma 2.1.1.

Lemma 7.B.1. There exists M1 such that for all functions f satisfying
f : BeX]O, I/]_] —_— (C4

(a) (67”) i (.fa(&a V):fﬁ(é, V)afA(é-, V)7 fB(§7V))7
(b) f is holomorphic in By,
(c) lfAIH? < +o00, |fB|H2\ < +oo,

(d) §f(&v)=~f(=¢&v),
the following inequality holds

+oo
0 5] < Mgl + 1l o o o)

- Proof. The symmetry hypothesis on f is fundamental: £ is an odd function
. and fp is an even function, thus

+o0 +o0
[, £ ) a= /0 [~ falt, v) sin, (£) + fa(t, v) cos v, (£))dt

1 feo - R 1
— 5/ el(;+au)t+2xbutanh 7t[ifA(t, V) + fB(t,I/)]dt.

-0
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The integral now has the appropriate form to apply Lemma 2.1.1. Observing
that

+co 1
cos(zt + ytanh st
where G(z,y) = —/ ( y2 T 2t) dt, and Jy satisfies
0 2cosh” 5t

: : 1 1
|e1au£+21butanh 55[ < ela|u1£+2|blvtan 2! for v G]O, Vl], f € BZ,

we obtain that |71(v, 0, K, v)| < Mys(v? + vE)e= /7.

. . . 1 1
(lfA (t, 1/) + fB (t, U))euw§+21bu tanh 3¢ e|a|u1€+2|b|u tan 3 e(lfA|HA + |fB |H’~)

rHA

Proof. For obtaining this result we split J into two parts . One involves
N’ + R, which |have been already studied, and the other one is

+oo

| o000, K00t
0

For t € [0, +00o[C R, using Lemma 7.3.7 we have

(r= (1), 0®(t, @, K, ), |

Lemma 2.1.1 gives the result. O
Now we apply this lemma with f = N’ + R’ to obtain

Lemma 7.B.2. There exists Mi3 such that

‘/(r (1), N'(v(t), 0, K, v, t)+ R (v(t), o, K, v, 1)), dt‘ < My (VP4vK)e™

-1 k
=(re(t —(t+ptanh 1
for every v €]0,v1], K € [0, K1), ¢ € [0,67v/w], and v € BH}|, . (6+/7). (r), ¥ 2cosh? 1t osh®1t dt —g ¢+ ptanhgt))
1. —goKe-fw/V wdY;
Proof. N’ + R’ is holomorphic in B, and satisfies _‘<T— ®), (@, (t + o tanh ), + 4g

2 cosh? it v dt

- wKp cos(@(Ke /v vyt + (Wi, — 2bv) tanh £ t)
- vete/v 2cosh® 1t 2

S(NI + RI)(U(§)7 90:K> v, 5) = "'(NI + RI)(U(—§)7(P7K, v, _g)

Here we use the reversibility of v. To be allowed to symmetrize the reversibil-

ity condition of F, g, i.e., to obtain an integral from —oo to 400, we need with ;
that v be reversible. This is why we look for a fixed point in a space of re- A | p|£]0~2| 6rv 1 )y K2 )
versible functions, instead of computing the stable manifold of the periodic |4a] < < Moe (vK + Te— wiy.

orbits.

2dosh® 1t ~ w 2cosh? 1t
Now using Lemmas 7.3.10, 7.3.8 we obtain ‘

e tw/v

since [r* (t)| = 1| Denote M = sup ( ); then

2
|R' (v, 0, K, v,8)], » < Mav?(Ms + [o],,). velou] VY
13 2

Using the explicit form of [N'(v, ¢, K, v,£)] 4 and Lemmas 7.3.8, 7.3.6 we find

.o pt 2

:/ [4z] < OmdMa (K + KiM) vie~tlv,
0

that

w

”NI(Uv SD,K, v, g)]AIHA S Ibll/(62l/ + 2M1K + M1M5K)
£

. 2
Finally, using Lemma 7.B.2 we get My = Mys + b6 Ma(K: + K7 M) 0O
w

The same inequality holds for [N'(v,¢, K,v,£)]5. Lemma 7.B.1 gives the

result. O Proof of Proposition 7.3.19. First of all, observe that G(0,y) = —siny/y

and that there e)ﬂists Mg such that |G(z, y)~G(0,y)| < Mg|z| for (z,y) € R?.
Thus J; = J; + A with

Lemma 7.B.3. There erists My such that for every v €]0,v1], K € R w
[0, Ku], ¢ € [0,6mv/w), and v € BHY| o (6+/7), 4] = IG(w(Ke‘”“’/” V) = 2b0) = G(0,wy L0 — 2b0)| — Ke™®/vg

6wy

J(v,0,K,v) = uK /v (@ (Ke™ 7 b)Y, Wy, —2bv)+J1(v, 0, K, v) < K f“’/"—Mgku(Ke /v v)).

Finally using thé‘:estlmate of & given by Theorem 7.1.4 we get
|A| < 6rMeC, K Kve=%/v O
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7.C Appendix. Proof of Proposition 7.3.24

Lemma 7.C.1. There exists Mg such that for every v €]0,
[0,K1], ¢ € [0,6mv/w], and v € BH}|, . (5v/7),

oJ w? —fw/v o —fw/v
%(v,tp,K, v)= V—2-Ke pH(w(Ke W V), W, — 2b)
+%Ke‘£‘”/"G(G(Ke‘e“’/”, V), W — 260) + Js(v,

+°sin(at + btanh Lt)
2 cosh? %t
|J3(v, 0, K, v)| < MigKe /", (G is defined by Lemma 7.B.3.

where H(a,b) = /
0

tanh £t dt, and Jy satisfies

I/l], K e

v, K,v)

Proof.

o1 _
Op

Here again we split 8J/0¢ in two parts. We bound the patt involving

N’ + R’ and we compute the part involving ¢®. But here we
Lemma 7.B.1. Using the explicit form of N’ and Lemmas 7.3.7, 7]

, . ON’ OR'
The same inequality holds for [E;] B. Now we bound By
OR’

—5;»('0(7:), v, K,v,t) = tanh }¢

1 :
/D2R(Y}c,,,(t+<p tanh 1t)+u(h+v)(t)). [-‘-i% (t+ptanh 1t), (A4
0

Using Lemmas 7.3.7, 7.3.8 we get for every ¢t > 0
[Yi,o (¢ + @tanh 1) + u(h + v)(t)| < MaKe /¥ 4 Mge™t + [

< MoKy + Mg + 6+/v,

dYs,.

K —fw/v
}[T](t+tptanh—;—t) Snge fwfv,

[(h+v){t)| £ Mse~t + IvIHA e M.
(4

Now recalling that D?R = O(2), we obtain that there exists M|

/
ai(v(t),go, K,v,t) < MMav(Mse™ + ||, e ) Ke ™%
op H; !

+o0
/ 6_(?0[Nl(v(t)1 0, K, v, t) + R,(U(t)a(ﬁv K,v, t) + (Pds(tv‘P’ K, V)] dt.
0

do not use
.3.8 we find

< b Ma(2 |v) ” e + Mse™") Ke™®/¥ for t > 0.

such that

12%
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for v €]0,11], K € [0,Ky], ¢ € [0,6nv/w], and v € BH}| .z (6+/V). Thus,
observing that |r* (t)] = 1 for ¢ > 0, we conclude that there exists M’ such

that

holds for v €]0,14], K € [0, K1}, ¢ € [0,6mv/w], and v € BH)|, , (6/7).

+o0 6
/ £ [N'(v(t), 0, K,v,t) + R'(v(t), 0, K, v,8)] dt < M'Ke™%/v.
0

Now using Lemma 7.3.7 we compute the part coming from a—[(psﬁ]:
©

o166, K1) = -

with

Thus there exists M" such that |4A] < M”

wK 1 4y
ol — (W, (t + ptanh 1

~ 21 Lk,v ptan t))
v 2cosh” 2t dt 2
tanhit 42%;
2 cosh? %t dt?

2
w
~ps Ke /v
(pVZ e

O, tanh it .
4 = 2_0
2cosh 1t + ¥ cosh it %
Mz 6m Kl
A —_— (1 4+ — ta—tw/y —fw/v
14 '—2cosh2%t(+w)[yl+ue JKe .

Ke—lw/u
2 cosh? %t

(Wk, (t + ptanh 1)) +

A

holds for v €]0,14], K €

[0, K1], ¢ € [0,6mv/w], and t > 0. Computing the scalar product we obtain

dy;
(rx.(t), d—;(gk,,,(t + ptanh $t))) = cos(@t + (g, — 2bv) tanh 1),

%
(r=.(t), Ez—l(gk,u(t + ptanh 1t))) = —sin(@t + (Wk,, — 2bv) tanh 1t).

We conclude the proof observing that

+oo +o0
/ (ri(®), 4), < / |A] < M"Ke®/v,
1} 0

Mig=M +M" O

Proof of Proposition 7.3.24. First of all, observe that

cosy  siny
A

|H(.’E,y) - H(O,y)l < MHIml for (mvy) € RZ)

H(O1y) =-

and recall that G(0,y) = —siny/y and |G(z,y) — G(0,y)] £ Mg|z|
(m,y) € R?. Thus Js = J3 + A with

for
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w ~ -
Al =22 H@(Ke ", v), 0,0 = 26) — H(O,wy 0 — 20)|

HO@(Ke™ 1, ), we,ip = 2bv) = GO, wy, o p ~ 2b) || = Ko™t/

< %Ke—fw/v [6r My + Mg)| B(Ke4/" v)|.

Finally using the estimate of & given by Theorem 7.1.4 we get

|4] € w6 My + Mg)C,K; Ke /Y. O

7.D Appendix. Proof of Proposition 7.3.26

We start by proving

Lemma 7.D.1. There exists Myg such that for every v €]0,14], K €
[0, K1], ¢ € [0,67v/w], and v,v" € BHp|,(6v/7V),

1D (v, K, 0, ):0'| € Magw ([0l + K +9) 0]y €757,

Proof.
+oco
DyJ(v, 0, K,v)0' = / (r* (), D[N' + R)(0(t), 0, K, v,£) ()} dt.
0

Using the explicit form of N’ we get
|[Dle(v> ®, Ka v, f).’l}l]AlH? < Ibll/ IUILHZ\ (I'ULH? + MlK)

The same inequality holds for |[D,N'(v, ¢, K, v, E)'U/]BI—HA'
£
Now we bound D, R

DyR'(v(€), ¢, K,v,€).v'(€) = DR(R(€) + Yk, (€ + ptanh 3€) + v(€)).v' (€).

Using Lemmas 7.3.6, 7.3.8 we get
|R(€) + Yi,u (€ + ptanh 1£) + v(€)| < Mse‘|Re(5)|+M1K+|v|H* o= ARe(®)]
£
< My + Jol,,, + MK,
£

Recalling that DR = O(v?) we conclude that there exists M such that
|DuR (v, 0, K, v, €).0'| < MV V'],
£

for v €]0,11], K € [0,K1), ¢ € [0,6mv/w], and v,v" € BH}|, (61/V). Finally

since

f: &— DuN'(v(€), 0, K, v,) ' (€) + DuR'(v(8), 0, K, v,£) v'(€)

|
| Dyio(v, K,v).|

Denote

[€,4+00)

[£,+00) |
[€,+00)

[¢,+00)
+o0

Re(8)

IA

<

The proof of (b) 1bllows. O
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is holomorphic‘inl By, and since
Sf(—&) =—f(—¢) for £ € By, |fAIHj < +00, ]J‘BIHA < +00,
2 :
we can apply Lemma 7.B.1, which gives
1Dy J (v, K, ) 0| < Mua [20blu(lo], , + MiK) + Mv?) '], e=®/*.0
£ £
Proof of Propagsition 7.3.26. The expression of Dy is simply obtained

by the Implicit Function Theorem.
(a): Using Proposition 7.3.25 we get

|DvJ (v, p(v, K, v), K, v).0'|
aJ
|%(’U7(p(vaK’ V)aK7 V)I

Miygv (|v|H2 + K +v) |UI[H2 g=tw/v

w
- —Lw/v
321/Ke
32M19 I/2 ;
” E(MH? +K+v)|v IH? )

7.E Appendi:k. Proof of Lemma 7.3.29

9= [ (ri) £, K), me(e) + (2 (s), s, Ko ) (€)] .
Then, I(§) = (0,0, L4(€), Ip(£)). because ., r_ lie in IT+. Using the explicit
forms of ry. given|in Lemma 7.3.14 we get

14(6)= - / [fa(s, K, v) coshu(s) + fa(s, K, v)sinyp,(s)] ds cosepy (€)

+ / [—-fA‘S,K,I/)Sin’l/),,(S)+fB(S,K,l/)COS’(/JV(S)] ds sint,(€)

= = [ 7405, 1) conlihuls) =€) + i 5, K, ) sin(iu(5) = () 1

== / (fa(iZm (§) +¢t, K, v) cos 6 + Fa(iTm (€) +1, K, v) sin §]dt.



| (&) € —im| > mov™, € +in] > mor” and €2 + 72| > mom”,
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where :
o(t, v, &) = (% + av) (t ~ Re(€)) + 2bv[tanh 1 (iTm (¢) + t)i — tanh 1¢].

Now observe that | cos(z)| < elF™2) |sin(z)| < eFm) and |
[Zm (6(t,1,€)| < |Zm (2bv{tanh £ (iTm (€) + t) — tanh 1£))]
< 4}blvtan 3¢ ‘
< 4Jbjvs tan 54
Thus, there exists M such that

A©I <M [ (1l )]+ (s, K, ) .
[6,+00) 1

for v €]0,u13], K € [M1g1?, K] and € € B,. The same inequlality holds for

Ig. O

7.F Appendix. Proof of Lemma 7.4.27

To prove Lemma 7.4.27, we need estimates of h(£), p(¢), q(€); 74(€), (&),
g when ¢ lies in Dy . Since, we use it everywhere in this appendix, we recall
that x, is the function given by x,(¢) = 1 if |[Re(¢)| < 1 a'{nd X. (&) =0
otherwise. |

Lemma 7.F.1. There exists mg, Ma, My, such that for evéry re[0,1],
v€lo,1], €€ Dy,

() Jtanh (36)| < Ms | €+ (1 -, @)

()

[—

1 |
=M [mxl () + (1 = x, ())eIRe(E

1
cosh?( £8)

Lemma 7.F.2. The first solution of the homogeneous equation (7.26) is
given by p = (Do, 0, 0,0) defined in Lemma 7.3.12. There exibts My such
that for every r €]0,1], v €]0,1], £ € D*

(872

(] < Mo | o ©) + (1 -y €)e-0

—

()] < Ms | e ©) + (1=, €))7

——
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Proof. The proof directly follows from the explicit formula giving p defined
in Lemma 7.3.12 and from Lemma 7.F.1 . O

The second solution ¢ of the homogeneous equation (7.26), was built to be
reversible and to map R in R%. Another interesting solution is the one given
by Fuchs’s theory when we are interested in the singularities at i (see Section
6.2). This theory ensures that there exist two solutions of (7.26) whose first
component are respectively equivalent to (¢ —ir)™2 and (¢ — in)* when ¢ lies
near im. The first one is already known. Indeed p satisfies

_tanh(-zl-é') N -3
cosh2(%§) E—'i7r8(5 im)™

The following lemma gives the second solution

Pa(§) =

Lemma 7.F.3. Lemma 7.3.18 ensures that ¢ = 9oy 498,90,0) where

dga
as(6) = 3¢ and

15 tanh(3€ 1 5 1
o2l oshe4 oo
16 cosh®(1¢) 8 cosh¢ 8 cosh?®(1¢)

3
qcz<5) = - Za

15 a solution of (7.26).

Denote by = (ua, ug, 0,0) where u(€) = ga(€) + Birpa(¢) and us(¢) =
dua
de -’
Then, u is a solution of (7.26) satisfying:
tanh(3¢) 1 15 1

(2) ua(é) = “%(f - iﬂ)m - gcoshg—i-
2

(B) wo(6) = 5(€ = im* + O (€~ im?),
(c) there exists Mg such that for every r € [0,1], v €]0, 1, £ € Dy,
satisfying Im (£) > 0,
[wa()] < M [|€ — im|*x, (€) + (1 — x,(€))el @],

lug(€)l = Ms [|€ — imPx, (€) + (1~ x, (€))eRe@] .

y

3
8 cosh?(le) 4

Proof. . The linearity of (7.26) ensures that u is a solution given by (a).
Expending u, in power series we get (b).

(c): For [Re (£) | > 1, the estimates comes readily from (a), and for IRe (6) | <
1, (b) ensures that the functions (¢ —im)~%uq(£), (¢ —im)73u4(€) is continuous
and thus bounded. [J

One can check, using the explicit form of r, and r_ given in Lemma
7.3.14, that there exists M such that for every a €]0,1], v €]0,1], ¢ € D:

’V’
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lr+(€)] < Me*“™/¥. This may lead to a very bad estimate of F (v). The
following lemma shows that grouping together the two integrals involving
4, and r_, i.e. using the convolution kernel, the exponentially large terms
and the exponentially small ones cancel ous.

Lemma 7.F.4. There exists My such that for every r €]0,1[ and every
Sfunction

fioDrx0,1] — €
(5,”) — ('u':fA(éyV%fB(g’V))

satisfying | fa| < 400, |fB| < 400 the inequality

THP(r) I (r)

(r(s), £5,0), 74(8) + (r2(s), F(s, 1)) ()] ds

[€,4+00)
< My / (fa(s, )] + | fa(s,0)]) ds
[&,+00)

holds for every v €]0,1] and € € D},

Proof. Denote
1O =~ [ (rs(s), 56,0}, mo(®) + (2 (9), £s, ) r—(©)] ds.
[€,+00)
Then, I(£) = (0,0, I4(£), Ig(€)), because 7, r_ lie in /T+. Using the explicit

forms of r1. given in Lemma 7.3.14 we get

I8 = —/ (fa(s,v)cosy(s) + fr(s,v) sin,(s)] ds cost,(£)

[€,+00)

+ / [~fa(s,v)sint,(s) + fa(s,v) cos Pu(s)] ds sin,(€)
[€,+00)

= = [ Falo,0) con(thu(s) — (€) + Fa5,0) 0 (s) o (E))lds
[£,+00)

e

= _/*‘(”) [fa(iZm (€) +t,v) cos b + fp(iTm (€) + ¢, v) sin f]dt,
Re(g

where 6(t,v,£) = (§+au) (t—Re (§))+2bv[tanh(L (iZm (£) +1)) —tanh(3£)].

Now observe that | cos(€)| < eP™EI |sin(g)] < eZ™EN and that
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1 (0) | < 2/l (ltanh(%(iﬁ[m ©+1)|+ ’tanh(%&)[)
< bl [—” + 1]

Mo

|Z

3

<

S

| 1

blv M [—— + 1] .

! Tmo

since r €]0, 1 and v €]0, 1[. Thus, there exists M such that

1a(©)] < M / (I£als, )] + |f5(s, ) ds
! [€,400) '

golds for v €]0 51], 7 €]0,1[ and £ € D7 - The same inequality holds for I5.
i

Lemma 7.F. 5

(a) For every;r €]0,1[, there exists vy (r) such that for every v €]0, v4(r)),
P € [0pl) d € [0,1), v € BH (r)[dv], and £ € D2, g(v,é,p,v) =
Q(v,v) + pR(h(E) +v(€), p,v) is well defined. '

(b) Moreover, there exists Mes such that for every r €]0,1], v €]o, va(r)],
P €[0,ps),/d € [0,1] and v € B*H) (r)[dy]
(7') Jo =10

() los(w& o)l < M (ol +p0?) Tan(e),

(i) lga(0,&, )] < M (fofsy ) + pv?) Toa(€)

() 9506 p,0)| < Mov (ll, | + p22) Tan(€)
where v

J

1

Ta(8) = [mxl &+a- X, (5))6—/\[Re(§)'] “

(¢) There exists My such that for every r €]0 1], v €]0, vy(r)]
i ) ) ) s ,0 E O, p
€ [0,1], dnd v,o/ € BH () [a], Ol

() 198(v"\€,p,v) = gp(v, €, p,v)| <

Mo ([0l )+ Wy +027) o= wl Tor(6),
(%) 19a(v's€,0,v) — gav,&,p,v)| <

Mov (IUISHM Wy + ) o = ey o),
(ZZZ) 'gB(U‘, §’ Py V) - gB('Ua &, P V)l <

Moy (IUISH;}(T) + IUILHj(r) + pl/2") v — v’lsHi(T) Yo 0 (8).
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Proof. We proceed in three steps.

Step 1. Using the explicit expression of Q given in the prpof of Lemma
7.4.20, we check that Q(v,v) is well defined and that it satlsﬁés

Qs < Mg [ol2,, . Ton(e),
Qa(EN] < Mevbll, | Toa(®),
Q5] < Mov [oll, | To(€),
and
@6V () = Qa(U(EN] < Mo ([0hypy iy + ¥k ) ) 10 = Pl Ton(©),
QA (€)) = Qa(ON < Mo ¥ (fobypy + Wy ) o=Vl Toa(6),
1Q5('(€) = Qe < Mo v (fohypy )+ Wl ) 19— Vligs , Tor€).

Step 2. The difficulty comes from the existence and the computation of an
upper bound of the rest R. We work only with Rg. The same|study can be
done with R4 and Rp. The rest Rg(h + w,v) is given by

|
'S

Rg(h+w,v) = Z agmme (h+w)™ p2mltmet2e
(L)€L

Denote by Armp := agm,e (h+w)™ vAMI+me+2-4 They estimate (7.7)
ensures that

Iah+alma I/Bh+.3|mﬁ lAlmA lBlmB 2]Tn'|+mﬁ+2£—4

mg 24

Amel < Mg
| Amel < @ s T Tg" Y0

Using Lemma 7.F.1 we get

lon (€)] < My [ Erapa© + =) -iRe@|]

€7+
'&wﬁﬂwwhg qﬂﬁ)ﬂ—mwﬁm”ﬂ

Moreover, using the definition of |- |EH Ar) given by (7.45) and Lemma 7.F.1
we obtain that for every d,r, A € [0, 1] and every v € B°H)) (r)av],

X, (€)
€2 + 72|?
1

< [X‘—(é) +(1=x (g))e—me(fﬂ] <M4 +——

€+ x72 o

lan + | < [

[oh,,
+(1- xl(ﬁ))e'”m@"] <M4 +— ';;ﬁ—’)
0% (7.74)
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Similarly we check

ortfl [ IE2X1 (5)2|2 +(1-x, (f))e‘*'m(é)l] (

MM 1
Ms )

memy”  m2n2yT

1< | e 2pxm+u—m@m*m*ﬂmw (7.75)
|B| < [|§2 : 2|2X1(§)+(1 = Xx:(£))e —/\IRe(E)l} mon
Denote
1
6 := max Mg+ —1},
( "< m°7r) (7.76)

1 MyM3 + 1 1 1 1
T8 \ mom  mir2 )’ ramen’ rpmor’ V_g '
Then,

_ _ 7]
| O] < Mp@mI+ 201 +0-4 [Ic‘TXjr(fr_)zP . (E))e—z\lRe(E)I]

For Re(€) > 1, and (77, £) such that |m| > 1, [| + £ > 3, we get

[Am.el < MRO3L2(12@) Tl +e-3g—AIRe(€)]

For Re(£) < 1, denoting by M := sup |¢2 + 722, we get
IZm(€)|<m
Re(f)<1
OIFI+E |,2(l+£)~4
| A,

= Mr e s
MR Mey? T+
- (|§2+7r2|2)
< MR(M@)3V2 ( Mey? )'ﬁ'“*‘
T e+ a2 \ m2a2urr

since M > 1 and |€2 + 72| > mgmu”.

Then, choosing v4(r) such that

1 MO(vy(r))2a-n 1
O(va(r))? < =5 T < 5

which is possible since r €]0,1], and denoting by M’ = max (1, (MO)?) we
finally get
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|Ra(h +v,v)| < Z)( )|m|+e— MMy 2[&%6’ +(1 _Xl(g))e—,\me(g)]]
(m,0)eT

< 2°MpM'v? [—l §2X-1|-(fr)2|6 +(1-x (s))e‘*"“(@'] :
Proceeding in the same way for R4 and Rp we can finally conclude that
for every r €]0,1[, v €]0,v4(r)], d € [0,1], v € B*H}} (r)[dv] end ¢ € D,
R(h(£) +v(£),v) is well defined and satisfies

[Ra(h(€) +v(€),v)| < 28MrM' 12 X5 5(),

[Ra(h(€) +v(€),v)| < 22MpM' 13 X5 5(¢), (7.77)

[Ba(R(E) + v(£), V)] < 2°MrM' v® X5,(¢),

'I‘U’

where

X1 (6)

4oy T A xa (@) e

T‘y,A(f) =

Step 3. We must now bound Rg(k + v,v) — Rg(h + v/, v). Denote by
Zm’g = agm,e [(h + U)m - (h + ’Ul)ﬁ—] U2|Tn‘|+mg+2£—4.

The difference [(k + v)™ — (b + v')™] reads

((h+0)™ = (h+0)™) =

[(n + )™ = (an + /)] (Bn+p)™ ™4 B
+(on+ )™ [(Bn+B)™ = (Bn+ B)™] A™a B™B (7.78)
+(ah +al)ma (,Bh'l‘ﬂ’)mﬁ [AmA _ A/m,q] B™s
+(an +a)7 (Bn + )™ A4 [B™E — Bma]

Using (7.74) and (7.75) we get

Ma—1
& o—1—k
|(n + &)™ (o, + o)™ | = ’ > (on + @) (a + o)™ o |
k=0

1 Mo —1
Ma <M4 + —) la = o[ (T )™=t
moT

™ MM 1 mg~—1 ) T mg—1
(Gt 87 (3t 07| s (M) -y (T2 )™

1 mA 1
AT — Ama| < my (*) 4 — 4| (D)4,
momT

1 mpg 1
|B™B — B'"™B| < mpg (—) |B — B'| (Ta,0)™51.
mMoT
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i
Moreover, using [that i1, (8) S Ty 0 (8)/(momv™) we get,

la - of|

i v—1|
o Y () | *H) (r)
a—o| <|a—- T3y < 1oy < v
l ] = 'a ‘a L’Hi"\(r) 32> Pr— 22 > momU" 2,2
: IA_AIIS 3,2 I'U'—'U,’s A
A— Al < A_;A/ H, " (r) < Hv(")T
| I — I 'sﬂi,k(r) 3,/\7 —_ mOﬂ'UT 2,/\ —_ ’moﬂ'll" 2,)\7
1 IB_BIIS 3,2 'U_U,ls Py
B-Bl<|B4ipB T < Hy () < HZ (r)
| < Is"'l,s,’*(r) B = momyT PAS Themor 2N
|
and !
16— Bl an lv—v'],
— 8| < oo’ Tos < My o H(r)
IB-F<|a ?a LH:,A(T) 42 = (momv)2 2,4 = (momv)? 2,71
Denote by

‘ -1 -1

i3 1 1 1
M" = max | —— [ M, + , . MaMs | ) 1.

Y mom (momr) mem  mim

Then using (7.74), (7.75), (7.76), (7.78) and the above estimates, we obtain

M MI/ - S V2[ﬁ|+mﬁ+22—4 .
el £ = 0=Vl 1 O L (3
" !
MR]:I M 7] v — ILH*(T) VA4 gITl+e (7, |y

Using the bound|of v2(M+8-4 gmI+e (1, )7l established at Step 2 we
finally get that for every v €]0, vy ()]

M M//M/
[Ra(h +v,v) — Rg(h + 0/, 0)| < —RT [v— U/ISHA(T) 72 PRV
where
__ [m|+£-3 — [ +IZ — |
=2 mETS ()™ = S S () =0,
(m,£)eT (m,8)ENS 2 7ReN4

We can conclyde that for every r €]0,1], v €]0,u4(r)], d € [0,1] and
v € BSH) (r)[dv)

[Rg(h + v,v) —-j Rg(h +0',v)] <2°MpM"M' v — v'lsH,\( ) VT Yo
holds. A similar proof ensures that for every = €10, 1], v €]0, v4(r)], d € [0,1]
and v € BsH? (r)[dv]
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|[Ra(h+v,v) — Ra(h+v',v)] < 2°MgM" M’ |v — UIISHﬁ(r)
|Re(h+v,v) — Rp(h+v',v)| < 2" MpM" M’ |v — vl'“Hj(r)
hold. O

V3—r TG,/\?

VS_T TG,)U

Proof of Lemma 7.4.27 The explicit expression of F (w) ensures that it is

holomorphic in Dy, and it maps R in R* which is equivalent to

(F@)E) = FW)(E), forgeD

Hence, we can assume that Zm (£) > 0 holds, to prove the estimates (a) and

(b).
(a): In what follows, we denote by F := (Far Fp,Fa,Fg) the
nents of 7 and g = (0, gg, 94, gB) the four components of g.

Step 1. Bounds of F, and Fs. For obtaining accurate upy

four compo-

er bounds of

the two first component of F(v), the basis of solutions (p,u) of the homo-
geneous equation (7.26) is more adapted than the basis (p, ). Using the the

relationship between u and ¢ given in Lemma 7.F.3 we get
(Fa(v)) (§) =
(Fa(v)) (6) =

——17r A1 pa(f) — 243(€) pa(€) — 243(&)u

where

+o0
4y = /0 Pa(t)gp(t)dt, Ay(€) = /{;fl,g}(t)gg(t)dt, A3(€) = / Dd

04(5)7

—17r Ay pp(§) — 242(8) pa(€) — 243(€)up(¢),

(t)gs(t)dt

[§,+0)

Step 1.1. Estimates of A;. On [0, +oo|, we can compute bet|
of po and gg. Indeed, Lemmas 7.F.2 and 7.F.5 ensure that

el < M, 1gs(0] < My (1, + 07)

ter estimates

At

holds for every ¢ € [0,+4-c0[, r €]0,1], v €]0,v4(r)], p € [0, pdls d € [0,1],

v € BH) (r)[dv]. Hence,

A1l < 01 (ol +00°)

5 Mg
1407

where C} =

(7.79)

Step 1.2. Estimates of A;. Since we work with functions whnch are holo-

morphic in D}, we get

Az = Az +Agp, where Agl & = /[u;{(s)gﬁ(s)ds Ax() = /

x(8)95(s)ds.

[’RB(E),E]
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Step 1.2.1 Estimates of A, for ¢ € Dy, such that —v < Re(¢) <1

and Im (¢) > 0.
e Bound of Aj;. Lemmas 7.F.3, 7.F.5 ensure that

MeMs LGl
20O <2 (Wl +0?) [ .

[t — im|?

MsMs 2 1

el (G IsH*()“’”)F

since [€2 + 72| > 7| — in| for Im (£) > 0 and — < v < Re (¢ <1.
e Bound of Az,. Similarly,

MeM
[422(8)] < ;6 2

1ok, + %) 160

holds with Im(e) u
19 [ ; ;.
o (Re(®))+(u—m)
Then, with the help of Figure 7.17 p. 250, we check

~ if Re(£) =0, then 7 — Im (€) > v and

1 1 2
0= =5
—1,r :
—ifRe(§)7é0and—u<'Re(§)<7r 2”1 iu7, then m — Im (¢) >
1 T m —Im (€)
16 = g [ g e T &) et
= - [arctan w - arctan (O]
IRe(€) | ™ —Im(§)
_r i,z
“r—-Im() w = v’

since |arctanz — arctany| < |z — y| for (z,y) € R2.

- ifRe(£) > W—_W%i-%vr, then Re (¢) > mv™ with m = W—;—i% and

_ 1 T m—ZIm(§) T
10 = me@ [t Re@®] " TRe(®)| ]5 Smr
Thus 1
I(6) < max (2, %) =~
and
A < 22 (ol + ") max (2, 2) =

and
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We can conclude that for every T €]0,1], v €]0,u4(r)], p € [0, psl, d €
[0,1], v € B*H) (r)[dv] and every ¢ € Dy, such that —v < Re(¢) < 1 and
Im(§) =20,

14(8)] < ﬁ"%ﬁ (max (2.5) + %) (W +22) = (750

*H3(r) vr
Step 1.2.2 Estimates of A, for ¢ € ’D:,V such that Re (£) > 1 and

Im (€) > 0.
e Bound of A,;. From Lemmas 7.F.3, 7.F.5 we get that

2 —
[wa(®) < Miet,  las(t)] < My (o2, + o) e

holds for every ¢t € [0,4c0], 7 €]0,1], v €]0,v4(r)], p € [0,p5[, d € [0, 1],
v € BsH)} (r)[dv). Hence,

, NI
[A21(6)] < MMy <|v| + pv )/0 e(1=Ns g

"3 (r)
MM 1 e
ST (IULH’\(T) +p”2) olTIR®.

e Bound of Az;. Lemmas 7.F.3 and 7.F.5 ensure that

Im(e)
|Aga(€)] < MeMs (|v[3HA ” +pl/2) / -NRe(®) gy,
v 0

< 2 2) o(1=2)Re(€)
< MgMgr (IULH,*,(T) + pv ) e
We can conclude that for every r €]0, 1, v €]0,v4(r))}, p € [0,p4], d € [0,1],
v € BSH) () [dv] and every £ € D}, such that Re(¢) > 1 and Im (& >0,

MM,

!
7 6_ Tt MsMs'/r) (['v]2 + pl/z) elI=NRe(€) (7.81)

"H) (r)

Ao < (
Finally, the estimates of A, given by (7.80) and (7.81) ensures that

*H (r) vr

142(0)] < G (o, + 07) (Xl(f)+(1—x1(£>)e<1-*>"e<ﬁ>-) (782)

holds for every r €]0,1[, v €]0,v4(r)], p € [0, 4], d € [0,1], v € BSH (r)[dv]
and every £ € Dy, such that Zm (¢) > 0, where

! ’ .
Cy = max ("f‘f_";’s + MoMgr, oo (max (2 &) + i)) |

Step 1.3. Estimates of Az. Now, we want to bound Agz. As previously, we
proceed in two substeps.
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Step 1.3.1 Estimates of Aj for € € D;, such that Re(¢) > 1 and
Im (€) > 0.

For Re(£) > 1 and ¢ € [0+ o0], Re (¢ + t) holds. So, Lemmas 7.F.2 and
7.F.5 ensure that
+oo
[43(8)] < {MsMs (Ivl2 + puz) / e~ OFDRe(6+t) gy
! 0

"H) (r)
< iMsMs
P14

holds for every tj€ [0, +oo], r €]0,1[, v €]0,v4(r)], p € [0,p4], d € [0,1],
v € BSHD (r)[dv].!

(7.83)

(IUL?H’\(T) e ”2) o~ (RO

Step 1.3.2 Estimates of Az for ¢ € Dy, such that —v < Re(¢) <1
and Im (§) > 0. For —v < Re(£) < 1, we split Az in two parts Az =

f7lze(5) + [, Using the above estimate for J*° and Lemmas 7.F.2 and
7.F.5, we get :

rl +00
|43 (&)l = ’(/R (5)+/1 _>pa(t+i1m(€)) 96 (¢ +1Zm () dt

1 e=M+D)
< Ms./\"ls (I’UIsZHi(T) +,0V2) (FJ(é) + 14X )

where

! dt
J(E) = -
O [ o Tz
® Bound of J(§) for 0 < Re (¢) < 1. In this case we have

1 1 dt
MO Re@r T =T /Re(e> BT (- Im )
1 1 arc a,n—l— — arc an—%
SE-ml T=Im @ [ e TmE) ~ w—ﬂn(é)]

Then, with the help of Figure 7.17 p. 250, we check

.
—if0 < Re(¢) < 27

$V7, then 7 — Im (¢) > 1v7 and

T 1
J() < ;;I?Tﬂ_’;y

- if Re(€) > W———f—i%ur, then Re(£) > my™ with m = "—;é% and
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: 1 ; Re 3] where M =  su |€ —1i
< : fan ——2L__ P .
J(§) < =i (7= I [arc an ———— ( @) ~ arctan —- Tm( E)] Oﬁi’&(ﬁLﬂ"
1 m () J
< arctan — arctan{m — Im G together (7.83) and (7.85) we obtain the following upper bound
IE=in? (x — Im @) [ R (5) ( &) o lAr;),upmg ogether (7.83) and (7.85) w n the following upp un
7 [mE <
-1
= =7 in|7 [Re (§) 1€ —inl” lvrl7 mr ' |A3(€)] < Cs (|U|EHA 2) (gl’gf—%v + (1=, (g))e-UH)Re(E)) (7.86)
Thus, for § € Dy, such that 0 < Re(€) <1 and Im (€) > 0

which holds for every r e]O 1[ v €]

0,v4(r)], p € [0,ps], d € [0,1], v €

J(€) <max (r, 1) = = € <7 : [ (7.84) B*H, (r)[dv] and every & € D*, such that Zm (€) > 0, where
m/ yr im
B MsMsg 5 7 1 7e—(>\+1)
® Bound of J(§) for —v < Re (¢) < 0. Observing that, inthis case Cs = max< 1+ A » MsMs [ (27r( 2 ) + max (m, E))‘I'M 1+ A :
7r—Im(§)>-21-1/T, OS’Re(—Z)SVSI
Step 1.4 Bound of F,. Using the estimates of Da, ug given by Lemmas
holds, we get 7.F.2, 7.F.3, and the bounds of 4;, i = 1,2,3 given by (7.79), (7.82), (7.86)
—Re(£) dt 1 dt we get that
MGE +/ ~
Re(€) (t2 + (71' —Im (é’))z)% ~Re(€) (t2 + (7!' —Im (E))2)% ffa(v)(f)l <Cy— (lvlaHA + pv ) < X1 (é) 3 + (1_X1 (é-))e—)\Re(E)>
~Re(§) dt _ lg ﬂ'l
=2 -+ J(-
/0 (2 + (7 - Im(£))?)? FI(=¢) holds for every T 6]0 1f, v €]0,v4(r)], p € [0, p5[, d € [0,1], v € BSH (r)[dv]
9 ~Re(®) gy 1 1 and every £ € Dy, such that Zm (¢) > 0, where
= — 7 2 _ 2 'm T N _F T
(r=Zm (&))" Jo # + (m ~ Im (£)) i Co = _”clms +2C2Ms + 205 M.
2 —~Re(£) L 1
S 7 7rne arctan | ———>— |} + max (=, L) o 7
- - inally since + im T+ 2 or S suc m > an
(m—Im(§)) ™ —Im(§) v € —in[T Finall € +in]* < (4n® +1)% for € € D7, such Zm (&) > 0 and
<
< 2 1 +max (r, 1) L 1 1 IRe (€)] <1 we get that
v {m = Im (&))" e =T / 2 X () —ARe(g)
Finally, for { € D}, satisfying Tm (¢) > 0 and —v < Re (€) <0,/ we have Fa()(@)] < Carr (Ivl"H’\( )+ v )<|§2 + 723 + (1% (8)e )
3 1, (Re (£))? 1 . N with C), = C, (472 + 1)% Since F (v) is symmetric about the real axis, this
m=Im (&) > 5v", (m—Im(§))? = 4’ 1€ =il < 3 (m~ Im (), later estimates ensures
and
7 ! 2).
) < (% ()" +mox (v, 2 ) ul e 1 . | Fa®) sy < Chmr (IULHA( o+ %)
r 17[’ .
We can conclude tilat for every r €]0,1], v E]O va(r)] Cl0,1],1p € [0, pe], Step 1.5 Bound of Fp. Similarly we obtain
d € [0,1], v € BH} (r)[dv] and every ¢ € D v such that —v <|Re(¢) <1 2
and T (&) > 0 0@y < ooz (102, +002).
[A3(&)| < Ms Mg (I'UISH,\( )+ p,,Z) =TT 1 7 Step 2. Bound of F45(v). Denote by
4 im
7.85 * *
x <~1’-T <27r (é) + max (7 i)) + M7e_u+1-> o Fap()(©) = [<T+(3)79(3)>* r+(8) + (rX (8),9(s)),r-(€)] ds.
i Tm 14X

{€,4+00)
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Lemma 7.F.4 ensures that

+oo

Fan(®)(€)] < My /R 19 Tm(€) + 0] + g5 Tm €) + 1)) o

Step 2.1. Estlmates of Fup(v)(§) for Re(¢) > 1 and Im (¢) > 0
Using Lemma 7.F.5, we obtain that

Fap @)@ < Chs (ol o+ %) v e ¥Re® (7.87)

holds for every T G]O 1[, v €]0,va(r)], p € [0, ps, d € [0,1], v € BSH) ( (r)dv]
and every ¢ € Dy, such that Re (£) > 1 and Im (&) > 0 where

Step 2.2. Estimates of F4p(v)(§) for —v < Re (¢) < 1 and Zm & >
0 Similarly, Lemma 7.F.5, ensures

1 FaB(©)(§)]= My < /;:)) (lgal +1g)(iZm (&) + 1) dt

Re($)

< 2moMs (L 5t ) v (510 + )

where

! dt
K@) = > 5
Re(e) (2 + (1 — Im (£)))?
Bounding K (€) in the same way as we bounded J(£) we obtain that

K(€) < (271' (VTE)“erax(w, %)> 11

vr € —inlt

v 1
— > —.
[§ —im| = movm T mg

Observing that

v

Fan@)(©) < Chs (ol e (188)

) FE—mE
CH 1/"|§ 177]3

holds for every r €]0,1], v €]0, va(r)], p € [0, ps[, d € [0,1), v € BSH)) (r)[dv]
and every £ € Dy, , such that —v < Re( ) <1 and Zm (€) > 0 where

s = 5 (S5 o ()" e mox(rm ) 2+ ).

Gathering estimates (7.88) and (7.87) we finally get
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< 2 x.(§) B ~ARe(€)
7a(0)E)1 < G (g 07) (e + (o€

holds for every r 65]0, 1[, v €]0,v4(r)), p € [0, p5], d € [0,1], v € BH) (r)[dv]
and every £ € Dy, 'such that ITm (£) > 0, where Cap = max(Clz,C%p).
Since F is symmetric about the real axis and since 0 < v < 1, this later
estimate ensures

| 1 2
| Pas Oy < Cang (ot 077)
where Cl g = Cap(4n? +1)%).
The result of Steps 1 and 2, finally ensures that

1
F @)y < Mow (Pl

2
i) = + o)

(r)
holds for every r €]0, 1{, v €]0, v4(r)], p € [0, ps[, d € [0,1], v € BSH2 (r)[dy],
where Moy, = max(C’,, 5 CaB)

We proceed in f;he same way for bounding |F(v) — ]—'(v’)LH,\(T). O

7.G Appendix. Proof of lemma 7.4.41

We must first check that §0(/W7, z,p) is well defined and we need estimates of
IEO(W, z, p)| to prove on one hand that the indefinite integral involved in the
definition of ﬁo are convergent and on the other hand that fo is a contraction
mapping.

Lemma 7.G.1. |There ezists S0 = 1 such that_for every § > 60, p €
D(0,2p5), z € .(25 and every W e BSH(;[l] 9o(W, z,p) is well defined.
Moreover there exists Mm such that for every 6 > &, p € D(0,2ps),
z € 3§ and every W, W' € BsH;[1],

o IWlfgs + 1ol
(a) [9o(W,z2,p)| £ Mio TRE )

Wi+l
|2

L W o
(b) |90(W7Zap)_gO(WIaz’p”SMlO Hs |W—W’ Sﬂ

Proof. We proceed in three steps.

Step 1. The explicit expression of Qo given by (7.59) ensures that there
exists M such that| for every § > 1, w €5H5 and every z € -Q&
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1Qo(W)| < M ,—lf ,  (7.89)

A (U7 A (T IW’sﬁa + |W’lsﬁ5 7 T l
[Qo(W) — Qo(W")| < M o W —Wig.  (7.90)

since |z| > § > 1.
Step 2. The difficulty lies in the definition and in the upper bounds of the

rest _
Ro(ht +W) = > omo(hd + W)™

723 ‘
Estimates (7.7) implies that l
Mg
amol <
lam,o] To r;n”rzmrrga
5 9 1 1 o~ .
Let us denote © := max | —, —, —, — }. For every § > 1, W € B*Hs]1]
Te T8 TA TB
and every z € §25, observing that |z| > § > 1, we get
~ ~ - 1 |Me
G PO YA Wi T 5yme | g
Ta - T T \ra |z[2me T |z[2ma’
o~ mga
ﬂ;;g + B ems
T8 |z[3me
—~ e mA
A Wi, 1\™ 1 oma
—_ S —_ S 3
TA 12|44 TA |z[4ma = |z|4ma
B[™  oms
— < .
TB - '2,4"7’3

(7.91)
Hence, using once again that |z| > 6 > 1 we obtain

My O
|z|2mﬂ+3mp+4(m,q+m3)

|Ro(h +W)| < &

[ >3
Mg O/
T s |2A™
< MRQ(S 9|ﬁ|—3

|6 [m]>3 |2]2(m=3)"
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Let us denote 8y := max (\/2—6, 1). Then for every § > 6y, W ¢ Bsﬁg[l],
zZ€ ﬁg,
Mgp63 11 7l -3
|2]6 2 (5)
7|23

3 —
ufron o
27MRQ3
T el
Estimates (a) readily follows from (7.89), (7.92).
Step 3.We must now bound Ry (hd + W, v) — Ro(ht + W', v). Let us define

[Ro(h + W) <

<8

Ao i=amo [( + W)™ - (Bt + wym].
The difference [(EE,” + W)™ (ﬁa“ +W )m] reads
(5 +Wym - (s + W) =
(3 +2)™ ~ (@, + &)"] (B +8)™ Ama Broo
+ ( et a) (,6~+ +,8) e (33;, + E’)mﬁ] Ama Bms (7.93)

|
o +8)" (3 +2)™ [ ] 5
€

+ (aA+ + a) - o +ﬂ’) Alma {Emf* - §’m3] .

'Using (7.91) we get

(3519) = (&32)™ |

_la-a|

ma=l . LN A\Ma—1—k
> (@uta) (6 +a&
h, [

Ta - Tana k=0 0
la — & o \™m=1
<——m _—
hS T I IZIZ y
W _ T -
< IW -W lng _@_ Ma—1
ral2P* ER ’

m
Tg ? Tg |23
W -w’ e mp—1
H e
m ——
ralelttE 7 (w)
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Ao AT W -Wig, ( C )"‘"‘1
ma T )

A T rale? |2|4

mpg

Bre —Bme| W-Wig, (@™
rplz|* 2|4
Denoting

M = max (Tglarglarzli’r;l)

and recalling that |2| > § > §p > 1 we obtain

| A o] . MeMO™IHW — W'l [ma+ma
mol <

||

m m
|Z|2ma+3m3+4(m,q +mpg) tmat B]

eml-1

< MgM || P |2|ml | Wf[;gé

We have chosen §p such that &g := max (\/29, 1). Hence,

MRMQZ 1 || —3

—F ™l 5 W -Wig

| Az 0| <

Summing these estimates, we obtain

EE SH‘ZI_I( )

>3

2|A a4

|Ro(hg+ W) — Ro(hi+ W')| <
MpMO2|W-W'|~

s . jm|-1
< ST By (™ 780

o
< ouamer W,
- 2|8

Estimates (b) readily follows from (7.90), (7.94). O

Proof of Lemma 7.4.41 For every z € 25, (p(2),d(2), %4 (2),T_(2)) is a
basis of C*. Let us write W(z) in this basis

W (2) = a(2)B(2) + b(2)d(2) + c(2)F4(2) + d(2)E-(2).

Let 4,6* be such that §* > § > g > 1. Then w Esﬁg is a solution of (7.58)
if and only if
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W) = (ao+ / (5°(5).30(W(s), 5. ), ds ) B(2)

| 4 ) @
+ (co + / (t5.(5), Go(W ds) To(z
( )

dg + / (F2(3), 5o (W(s), s, p)), ds ) F_(
[—ié=,z]

For W esH;, W T

. 5 W(z) Re(z)—_:_'_ 0. Moreover, q*(z) Re(z) 0 and T (2),
r_(z) are bounded for Re (z) — +00. Thus setting z = ié* + 7 and pushing
T — +-00, we check that necessarily

@*(z),’v{?(z))‘72 <r+(z) W — 0 (T.(2), W(z)>

>"'7?.:3(2:) *Re(z)—>+ooO.
So we choose:

bp = — / (), 90(W(s), 5, p)), ds,
[-18%,2]

o = (£1(5),30(W (s),5,0)), ds,
[—i6~*,2]

d(] ’: — / <ﬁ(8)7§0(ﬁ7(3)757p)>* ds.
[—i8*,2]

Lemma 7.G.1 ensures that these integrals are convergent. Hence, W esH5 is
a solution if and only if

Il

W@ =2 (a0t [ (66,007 (),5.0), ds ) 5E)

[—i&",z]

- ([ @06 6),0), 6 ) a

[z,+00)

([ €000 050, ds ) 7102

[z:+00)

|
_\ ( / (FL(s),50(W (s),5,p)), ds)r (2).
o

z,+00)

To obtain an integral operator which does not depend on §*, we choose
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ap = - (8*(), 8o(W (), 5, ), ds.

[—i8*,+00)

Here again, lemma 7.G.1 ensures that this integral is convergent Lemma

7.4.41 follows immediately. g

7.H Appendix. Proof of lemma 7.4.42

We begin with two technical lemmas.

b
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Now observe that | cos(z)| < elTm(2)l Isin(z)| < el and that

)| e (g + ) <o

since |z 4+t > |Zm(2)[ > 6 > 1 and |2| > [Tm(2) | > 6 > 1. Thus,

4  4b

1
t+— — —
z+t

Ed

[om (49 - ) ||

+oo —~ -
Ia(2)] < &8 /0 (IFalz+t,0)| + |Fa(z +,0)]) dt

Lemma 7.H.1. There exists M1; such that for every é§ > 1 a
function

‘ holds for (z, p) € .FZ;’; x D(0,2p;). The same inequality holds for I 5. O
nd every

| Lemma 7.H.2. For everyd > 1, z ¢ ﬁg and every m > 2

F: 2xD(0,2p) — C* ~
BRI | k) ) k) + m_l
(z,p) — (4 Ffalzp), FB(2,p)) | Tn(2) :/ ¢ _d  _o« <1+ (V2) )
- - i m - _ :
satisfying  sup  |28f4] < +oo, sup  |28fB| < +oo thé inequal- o lz+t 2 z[m=1
22xD(0,2p5) 22xD(0,20,)
ity . Proof. We distinguish two cases:
Case t1>’§,e (z) > 0. Let us denote z = 7 — in with 7 > 0 and 5 > §. For
ok -~ -~ ok -~ ~ “ever; +t >
[(E5.0), Fls, ), T (2) + (7 (5), Fls, p)F-(2)] @ vy 120, o 4] 2 ] holds. Hence,
1
[z,+00) R R m(Z) 'zlm 2]2(2:). (7.95)
<M (Ifa(s, p)| + |fB(s,p)]) ds »
(2,+00) . The integral J; can be explicitly computed
holds for every (z, p) € {25 x D(0,2ps). % - %z[ for 7 =0
J2(2) = octan? (7.96)
Proof. Denote g orcten T dort > 0

I(z,p) =
[z,+00)

(56, Fls.)), Fel2) + (5 ), Fls )7 (

Using the explicit forms of Ty given in lemmas 7.4.39, 7.4.40 we ge
(0,0,14(2,p),I5(2,p)) and

+oo - "N .
Ia(z,p) =/0 [fa(z+t, p) cosPp(z+t) + fr(z+t, p)siny(z + t)]d

+00_ - R .
— [ [=Ffa(z+t, p) sinp(z+t) + fp(2+t, p) cos Yp(z+t)]dt
0

- Studying the function

f: 10,400 — R,

t I(z,p) = T 1+22 arctanl

>

-'we obtain that f(z) < % for x > 0. Thus, setting z = n/7T, we deduce that

/:oo [fA(z +t,p)cos (J(z +1) - 12)\(,2))

+7fB(z +t,p)sin (ﬂ)\(z +1) — ILZ(Z)) ]dt

p cos J(Z) 1 arctan ﬂ < 7r ! fi
i 7 5 T’nz orT>0, n>4. (7.97)
sint)(2) ence, (7.96),(7.97) ensures that
T -~
Ja(z) < P for z € (25, Re(z) >0 (7.98)

inally, (7.95) and (7.98) gives
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Im(2) < % for z € {22, Re(2) > 0. (7.99)
Case 2: Re(z) € [—1,0)]. Let us denote z = —7 —inp with 7 € [0,1], n > 4.
= [ [
o (E-7)2+n?)? Jar (E-7)2+7%)"

Setting u = t — 7 in the first integral and ¢’ = t — 27 in the second one, we
obtain
Im(z) = I (2) + Im(7 — in).

_ T du
= [ @

Estimate (7.99) ensures that

where

T 1 T 1 T 1
—in) < — = — = — 7.100
(T —1m) < 2|t —ipgim=1 " 2| -7 —ipm-1 " 2|zjm-1 ( )
Setting u = iz we get
2 /m dz 2 /1 dz T
J(2) = = < = = —-.
m(?) nm-1 (24+1)7 ~ 1™ o (224+1)T 2pm?

For0<7<1,7>6>1 0<7/n<1holds. Thus, /1+72/72 < /2
which gives n~! < +/2/|z|.Thus,

" (vD"

|7 (2)] < = (7.101)

Finally (7.100), (7.101) and (7.99) ensure that

m—1
(ﬂw—) for z€ (2.0

Im(2) < 5 [2]m1

-2

Proof of Lemma 7.4.42. Using the theorem of derivation under the integral
coming from the theorem of domlnated convergence of Lebesgue, we check
that for every W ¢ BsH;[1], Fo(W) is continuous with respect to (z,p) €
.Qs x D(0,2ps), holomorphic with respect to z for every | fixed p € D(0, 2p;)
and holomorphic with respect to p for every fixed z € .Qs. We have now to
prove estimates (a) and (b).

Estimate (a). We proceed in two steps. A first one for the two first compo-

nents of fo and the second one for the two last ones.
Step 1. Let us denote

(Fo.us(W

with

Ai(z,p)

A(2,p)

Using lemmas 7.4

|A1(

Similarly
| Aa(

Finally, there exist

_sup(jz[*+| %
£22xD(0,2p,)

and

_sup(|2]*+E|F,
22x D(0,2p,)
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N(zp) = - / (5*(), 50 (W (s), 5
[2,400)
- [ @@, 50)ds a0

[z,400)
= Az, p)P(2) + Ay(z, p)q(2)

,P)),ds B(2)

o~

: +00
_ (z+8)° .
T /0 55 D6(W(z+tp0),2+10) dt B(z),

+o00
[ e Bt o) o)

39, 7.4.40, 7.G.1 and 7.H.2, we obtain

+oo 4 IWI +2
t P

z,p)| < Mm/ |2+ 4 it

0 56 |z-l-t|6

Mlo (

IA

Wi, + 2ps) Ja(2)
ﬂ'Mlo IW|2 + 2ps

< g (T+v2) —Re — T

Mo 8\ W2 + 2,
< ™o H
2, p)| < T2 (1 + (\/5) ) h—lzls
s M such that
57704 3+1 8 2]
a(W)(z, P)I) < g\V[ sup|z|**z (|z|3+1 |z |8>(|Wl "+ps)

23 D(0,2p,)

W2 +2 w2,
< QMH«S“'OS < ISMM.
Ve v

67)(e1p)) < Meupleftsd (2L 28 )(1W1&+zps)

25 % D(0,2p,)

o
< ————= < 56M J
V6 x/E

. Step 2. Using lemh1a 7.H.1 we get
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J 105675, 1,5,00, T+ &) +E9) 50 5,5, 9F-(2)] ds
[z,+00) . !

< My / (150,.4(W (3, ), 3, 0) + [Go,8(W (5, p), 5, p)|) ds
[2,400)

+o0 |WL,2ﬁ + 2ps
< —
< Mu/o PERE

W2, +2p |

7I'M11 5 Hs !
<552 (1+(v2) E

Finally,

=~ = M 5y W12
sup  |AFou(W)(z0)] <THE (1+ (VD)) —
23 D(0,204) :

The same inequality holds f'o, B-

Estimates (b) The proof is very similar to the one of (a), and is left to the
reader. [

7.1 Appendix. Proof of lemma 7.4.45

Lemma 7.1.1. There exists M1o such that for every v €]0,vg], p € [0, ps|
and every § € [6o,1/v7],

~ 1
IffllsEO < Myvs,

&%, v

Proof. We procceed in 3 steps.

Step 1. Estimates of A, = (622!,,82!, AK,’ Ba\s).

Step 1.1. Estimates of & 4 - The first component & A reads
a5, = (5+85 - 8y - gy ) (114 +11).

On one hand scaling (7.48), corollary 7.4.29 ensure that
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2 2 Moy 14 V% < 2 Myt ps 2

s 1
Oy (1T +Hinr+-12 <
v ( 7 ) 7T3|i77V+V%I3 3

<v

-~ -1 . 2
o (o) -

On the other hand, recalling that § > 1, Proposition 7.4.34 gives

PO 4M{p 1
8,0 (1/V2 +1n)~ S \/3

o

o+ < 4Mj pg 2B+,

3+3
ll/u% +i77] :

Moreover,
(a’h‘ - Ah+) (1/1/% + i'f]) = 1/20£h ir+ % + iT]I/) - OzA+ (]_/yz + 177)
0
= 2§ (v} + i)

where f(u) = — sinh_z(%u) + 4u~2. Observing that
fa)=3+ 0 @), l<ipd, i < VB,
we obtain that there exists M such that for every v €]0, vg],
laz (1t +in) - Gy (104 + in). < MV,

We conclude that there exists M, such that for every v €]0,v6] and every
nel-1/v},-4,
185, (n)] < M, EGHD, (7.102)

Step 1.2. Estimates of ﬁ 4 « Similarly, we prove that there exists Mp such
that for every v €]0, vg] and every 5 €] — 1/u/3, -4,

—~

1Bz (n)] < Mg v3+D), (7.103)

a,°

(A; > (1/y2 +m)

Step 1.3. Estimates of A~ . The third. component AA reads

On one hand scaling (7.48),

2 2Mout p Vi < 2Mout ps 2

Ay, (i7r+i'r]u+v%) v,

“Z@ (u_%+i17)l =?

7r3]17]1/+1/2]3 - om
On the other hand, recalling that 6§ > 1 Proposition 7.4.34 gives

-~

As (1/1/2 +1n)‘ < 4M6"p !

V3 ‘1/1/% +i77|

7 < 4Mps v
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Grouping these two estimates, we conclude that there exists M4 such that
for every v €]0, 5] nd every 1 €] — 1/v%, -],

| A4 ()] < My V2. (7.104)

Step 1.4. Estimates of E A Similarly, we prove that there exists Mz such
that for every v €]0, vg] and every 7 €] — 1/1/%, -4,

1B ()] < Mp V2. (7.105)
Step 2. Estimate of .7-'1 - .7:' . Let us denote
(Fflar Ff5,0,0) = (B* (Fr#in), As(m)), B(rn) +(" (Itin), Au(n)), G(rn).

Using Lemma 7.4.39, 7.4.40 which give the explicit formula for B, q,p*,q",
we get

7 L ~ 4% 1
Fla(rm = = |4Jp+n)az (1) — (Z5+m)*Bz (n) e
1[ 3 ~ R 1 "
+z _w%s (n) + s +m)3ﬂAs(n)_ (1 +in)*.
and
= -3 ~ NN
F{e(rom) = - A(Zs+n)Paz (1) - (%‘Hﬂ)‘lﬂgs(n) Crme
4] 3 .
5 & L i) az (m+ ( e )3:8 (77) (1 +in)*.

These explicit formula combined with the estimates of & ~ and & . gives

sup (lffaHT + in|3) < M’z/%, sup (lﬁfﬂllf +i17|4) < M'vi
(7, n)EE I (r ,77)625%

since |(%+in)| 2 7= and |7+ in| < £12/ for (r,n) € 2‘;%,,,.

Step 3. Estimate of .7-'1AA, .7? . Let us denote

( 1, a F O O) =
<r+(f +1in), Ag(m)), T+ (7 +in) + (F(Z5 +in), Ay(n)), F—(7 + in).

Using Lemma 7.4.39, 7.4.40 which give the explicit formula for T4,Ty, we get

o~

Fiia = A, cos[i(r+in) — B(Jp-+in)] - By, sinfih(r+in) — H(L-+in)]

.FIB—AA siny
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—~

[¥(r-+in) ~ B(Jo-+im)] + By, cos[B(r-+in) — (L +in)]

Then, observing qhat

P(r-Hin) = B +in) = w(r~L) +

and
we get
[Zm (%(r+

and

[FLal < (|4

b
T+17; \};+in’

[T+igl>26>1, |+ (21

‘. 1
in) ~ ¢(7+ln)) | <[l (leI | 1U+in|> < 203

2l +1Bz D, 1A fel <e™(Az|+1Bz]). (7.106)

Finally (7.104), (7.105), (7.108), give

sup ('ﬁfA”T
(r, n)EE 6g v

+inf) <MA, swp (1BflIr+ nf®) < M4 O

(rm)exs

5,-%,1/

Lemma 7.1.2.
(T’ 77) € }—7; 1

Moreover there ¢
Z‘; 1w and every

(a) [g(@,7,m,p

(b) |§1 ({57 P

L ~ 1 V2 -
Mis [<|’LU|5’C\0 —i— [w/|5,€0 -ll: 1) __] Iw —'wllsz:‘o

There exist 03 > 1 such that for every § > 8y, p € [0, ps],
and every @ € BSC0 L, G1(W, 7,7, p) is well defined.

erists Mig such that for every § > 82, p € [0, ps], (1,7) €
W, € BSC0 Ll

1 V2.
<M Wlg + W — >
l 13 [( |w |"0 l | ) |T+17]]6 |T+177|2J
*§1(737I,T,7}, p)| <

fr+in]® " Jr+inf®

6,%,11

Proof. We split g; in four parts as follows

@\1 ({U\v N

where

Qf (@, 1,m)

= QF(®@,7,m)+ pQR(w,7,n)
+Ny(h§ + Wy + @) + pRy (BT + Wy + @)

Qf(@,7,m) =

= No(hd + Wy + ) - No(ht + W) - DNo(RE).
| 1’2‘ (

hi + W + @) — Ro(hg + W),
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We proceed in four steps: we compute the estimates of each part|separately.

Step 1. Using (7.53) we compute explicitly @f which reads

0 ‘
3av?,: a ZC(AA:02+§W:0§) - %622 - C(ZZ+§2)
AF (-~ _ ~ ~
Qi (W, 7,m) = —b(BW;0a+av’l75+oB) — b&EB

Recalling that |7 +in] > |7| = é > 1 and using Proposition |7.4.34 and
Definition 7.4.44 we get

—~ ~9
w
|w]s'eg,%ly I L’e(;,%'u

i
3

QF (@ <M
@@, <u| it i |

~1
w
|w|5?:\g,%,u I L’C\g-%xu

=5+ .
St +inl®  |r+in|®

[er@nn), | <M

AorB

(@@ - 2@, | <

o~ =~/
Pl | + 1@ |SEg,

1 il %"’ ~ o~
8l +in|® + |7+ in|® -y "Eg,%,u’
[@f @, -Qf @ 7], |<
AorB
. [@lszo » + |w'|s’c‘3’% N
8|7 + in|® |7 +in|® [ 1Y IB/C\?,%.V'

Step 2 : Estimates of Qf We start with the computation of an estimate
of
Ro(h + Wiy + @) ~ Ro(hf + Wi+ @) = ) amo Amo

[m|>3
where

Ao = amo (B + Wiy + D) — (b + Wy + &)™)

The difference [(E,‘," + W:O + )™ — (ﬁa‘ + W:O + ' )7”—] reads
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(B + Wiy + @)™ - (b + Wy +@)™) =
—~ —~ TR g —~ Am —~ o~ ~ANEG o~ AL A~ ~m
(Gry+Bged)"™ @yl ad) |BatBpah) (AgeA) (BB
~ - M, ~ ~ ~mg , —~ LN ~m4 -~ ~mp
et ) BoptBad)™ BrstBtB) (A4 &) (B ot B)
oy B @) BpstBasB) 1(Ag ™ (Ag a2y \(ByeB)
—~ —~ —~ Mo ~ —~ -~ 'm.g —~ ~MA —~ ~.m — —~m
+pgrBp @) BaptBa e B) (Aga &) (ByaB)™ (ByetBY
Estimates (7.7) implies that
Mg

lam,ol £ s
’ r,',""rﬂ SrATEE

Let us denote

4Mp 4Mgp 4Mg p aMg
1+ 0Fs 414 0P g 14 0P 4, 0 Ps
© := max /o1 ) o ) % ) %
Ta T8 TA TB

For every 6 > 6,, @ € Bseg,%'u[l] and every (1,7) € 22,-;—,1/’ observing that
|7 +1in| > 6 > 1, we get

S A ~ Mg {ﬁs’\ Ma
ahg+aW:0+a - 1 4 4M3'ps | |cg, .
Ta Trae\ IT+Hn2 gt T +inf
Mo
L
= I +in|2ma
~ ~ ~imp
ﬁﬁg + 'Bv’f/:O +8 ems
s |7 + in|Sma’
(7.107)
A+ A, ™ Wl ma
At g 1 (PR g
m ST\ Tl t ot
ema
T | +in|3ma’
~ ~ . mg
B+ v"}:o - ems
TB T v +inldms’
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Using (7.107) we get

Ma Ma
A - ~ A ~
- a} — oy tasy o
(55 + 80, +3) © (o5 + 35, +9)
o
~ o~ _1 k : ma—1-k
@& (o, vag, +a) (o +850 +@
R =N A h Wk

|G - @ ( o )’“"‘1
< g )

Ta |7+ inf2
~
Mq@Me1 o -o lst\g,,},u
= To |7 + in|2(ma—1)+3"

" BBoad) @ - @

A 1A 1Ry _ ~ ’ W — W e
’ (ﬂ'ﬁg"f‘ﬁwf‘!—ﬁ) (‘BES'+‘BW£’B > ma@mq—l SCG’%‘U
5" T ra T +ipPma—D+4

N ANma _ (A ATYma W — W s

VAwﬁ'FA)A o, *AT™| _mpomams 17~ Tz,
Tt - T4 |7 +in|3ma

Fa = S = o~
’(BW:O + B)mB - (BW:O + BI)mB 1 |w —w ls/eg'

%,V

mpgO™E~
—_— B )
rH? TB |7 + in|3ms

Denoting by M = max (r;l,'rgl, 3t rzl) we obtain

MRMOW—H@ - ﬁlls’@
s

3 | Mo+ Mg ma mp
IAH,0| < |T+in|2ma+3mﬂ+2(m,q+m3) [ |T+i’f)|1 |7--|-i77|m,4 + |7'+i7]|m3
@l'r_n'|—1

o~
T+ s 10~ Pl

3o
Choosing d, such that 62 := max (\/ 20, 61), we get for |m| > 3,

MgM©O?% -3 | .
R im (3™ |8 — @l

Azl < .
| Aol < |T+in|7 5%

Summing these estimates, we obtain

| Ro(hi+ Witld) —
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Ro(hg+ W ft )|
MRM@2|{17 - 117'|s€0

8, & v
b5

1
|7 +in|? s

MrMO®|T — ') (7.108)
54w Z(l)|m|—1 7] ‘
|7+ in|” 0

W — W
| Isa;,%'u

< 2 MrME?
=< TR Ir +in]?

Finally, recalling|that |7 + in| > 6§ we get

IQF(@,7,m)] < 2°MpMeO?

W
| Is’@;,,},,

3T +in|®

7.109
D~ Wl (7:109)

—~ ~ o~ —~ 6,1,1/
QF(@,7,m) - QF (@, m,m)| < °MpMO>——— "3,

S|7 + in8

Step 3: Estimates of Nj. Using the explicit expression of N; given by
(7.53) and estimates (7.107) we get

[ [ﬁl (i + Wy + @)

V2

[JV1(EH'+W:0+{D)]L?' <MY

T | +ig?’

2

—~ o~ o 1%
Ny(h§ + Wy + 9)| S
H 1(hg + Welo + @) AorB |7 +inf®’
T+ 4 T+ N, (At o+ W ———M,lﬂ '

“Nl(ho + Wlo @) — Ny(hg +Ws,o+w)]ﬁ' = |T+in|3'w"w I“%,v’

A . MIV2
- Ni(hF + W + @ } S ool -
l(ho + s'0+w) AorBl — |T+i77|3|w v IIC\Z'%"’

s

Step 4: Estimates of R;(h +- ﬁ\’-fb + W', v).

with

R,

(b + Wiy + ) = S Ay

(7|0, k70
17| +k>3

Aﬁ,k = aﬁ,k(ﬁa- + WSTO + ’Lﬁ)mllzk.

Computations made in Step 2 ensure that

[ A | <

Mgo™ ( v )”‘

> |T+in|2ma+3mg+3(m,q+m3) Vo
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Denoting by 0 = (v6/1)?> < 1 and recalling 6, has been chosen 5o that

©/682 < 1, we obtain that for k > 1 and [m]| > 1

2 ; Jm|-1
|Am,k| MR@ 14 ( @ > o’k—l

g |r+ingl? |7 +in)?

[l
< 2MR@ l/2 l i O'k—l.
v§ Ir+in2 \2

H
ence, N .
(1l —o) |t +in?

Bu(hg + Wi+ )| <
Similarly, we prove that
V2% — ')
1t ¥ e
<= -
v§(1l—o) |7 +in|3

Ry(h + Wiy + @) — RS + W + @)

We need two technical lemmas, before starting the proof of Lemma, 7.4.45.

Lemma 7.1.3. For every § > 1, (1,1) € 2‘; 1, and every m > 2
'3

u% m-—1
Kom(r,1) :=/1/ g ”(ﬂ@“).:

ls+in™ = 2\ [r +ingjm-T

Proof. oo oo
Kntrmi< [ =2 s / dt
T 0

Is + in|™ |t + (7 +in)|™
Then, since (7,7) € i; 1, C ﬁg, Lemma 7.H.2 gives the result. [
Y2

Lemma 7.1.4. There exists Myy such that for every § > 1, U €]0, vg]
and every function

f: 2';%,11 -— Ct
(7',"7) - (-7'7fA(7-777))fB(T>n))

satisfying sup |22f4] < +oo, sup |22 5| < +oo the inequality

'8
2&,%,.; E&,%—,u
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l/ué . ~
/ [(F% (s+in), f(s,m)), T4 (7+im)+(F2 (s+in), Fs,m) )\ F- (r+in)] ds
l/v% N N
< Mg / (Fals,m)| + Fn(s,m)]) ds

holds for every (r,n) € 52

1.
8,2,V

The proof of this lemma is very similar to the one of Lemma 7.3.29. So
the details are left to the reader.

Proof of lemma 7.4.45. Lemma 7.1.1 gives the estimate of |f14 |5’€° . So
6,%,1/

must now bound fll(ﬁ). We proceed in several steps.

Step 1.1: Computation of the two first components. The two first
components are given by

. —~ l/u%
(Five Fir,5,0,0) = — / (8°(5),31(@, 5,m) . ds B(r +in)

l/u% .
—/ <a (s),@‘l(ﬁ, S, 77)>*d5 a(T+177)
-
Using the explicit expressions of B, q, P*, §* given by lemmas 7.4.39, 7.4.40
we get

B 3J, 3 4K,
|T+in] |7 +in

Fia=Ja—Koy Fiip= (7.111)

where

s+in)t
Ja(T, 77) = 7/7_ ETTU]%E gl,ﬂ(w) S’U)dsa

1 /v (T +in)*
K == —— G1.a(D .
arn = [ T 51a(@, 5,
Step 1.2: Estimates of J,. Using lemma 7.1.2, we get
M13 1. ~12 i 2 0
< T 10 =
IJQI — 7|7_ + 117[3 ((lek’a;,%,v + |w]s€g,%,., Ja +v ']a

where

1/1/% 1 l/u%‘ )
J! =/ ——ds, J"=/ + in|“ds.
@ - |T+177|2 o . |7— 77| S
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Moreover, since for (7,7) € X5
2

and

Hence, there exits M such that for every v €]0, v, § € [d2,1/v%], and every

7. The 0**iw resonance

J'</+°o LI
7)o (s2419?)

(nm) e 23, ,

M;

[Ja| <

= Jr+inp

o 1TI<1/v% and 1 <6 < |n| < 1/v} holds,

400
1 3
< —_ . _—
< / CES) Rl

1, . 2 1
—| s + |w); + vz 7.112
( Py |+ 10 ) (7.112)

%-,u

Step 1.3: Estimates of K,. Using lemmas 7.1.2 and 7.1.3, we obtain

| Kol

- 7

M inl4 1.
< 13|7 + in} Lo
) Ca.-%,u

<« Musm(1+(v2)%)

4|7 4+ inj4

+ 10, ) Ks + u21C5>

5%
4
IAISED + @[, +“M137r(1+(‘/§) )2
6 G 14

Hence, there exits My such that for every v €]0, vg], § € [53,1/ u%], and every

(rmeX

WV

Kol < o (1
T lr+in4 \é

Recalling once again that 1 < |7 +in| < /20~ 7 for (7, nex

Dl + 0%, >+MKV2 (7.113)

s .
51w and using

(7.111), (7.112), (7.113) we obtain

[F11,

[+

and thus

50D | Pl ITHnl’S (Mo+Mi) (3ol + 112,

W

Similar

ly,

My+Mg (1
of s M Me (i
é 54,

M 1
~12 J 1 2
V+|’wfsfcxo ,,) -‘rmlﬂ + Mgy

5%,

(X

o s%u) (M+Mic(v2)?) 3.

- 7.J Appendix.

sup Frglir il < (3My +4Mi) (Hdle
S 67,11
6,%,:1

+ (3M + 4My (V2)3) v3.

+ |@[Z,

6,%—,11

)
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Step 2: Estimates of the two last components. The two first compo-

nents are given by
!
(F11,4, F11,p

Using lemmas 7.1.4;

1
|F11,40rB] < /
-

. 1/v%2
0,0)= - / (F(8),51(@,5,7)),ds T4 (r + i)

1/v%
- / (7(5), 5D, 5,m)),ds F_(r + in).
7.1.3 we get

%
(rg\l,A(@) $, 77)] + ].51,3(137 S, 77)]) ds

<2MizMyy (%I l’c‘cif + |02 ) Ke + 2M13 Mya2K

Cé,
MasMugm(1+ (vV2)°) (4, ~ ~9
< Ul +
- |T+i77, alwl/eg,%—,u |wlscs, v
2
+M13M147T(1 + \/_) |’7' T l’l7|

Thus,

sup |Fi1 40r8llT
e ‘
5,%,.,

+in* < MiaMagm(1+(v2)%) (%]@L’c‘g +|@|3fc~o% >
8, %,v

+F2MiaMygm(1 + (\/2_)11

Finally summing the estimates of each components of .7-'11 previously ob-

exists M, such tha

les’\o
Iﬁl(ﬁ)l{c\o \ < My, '——L + "LUl + V%
6,7,1/ N%
This ends the the proof of estimate (a) of lemma 7.4.45. The proof of estimate -

(b) is very similar.

Proof of Lemma
every ¢ €] — 7 + d,l

- tained, and the estimates of .’FlA given by lemma 7.1.1 we obtain that there

t every v €]0, vg], and every § € 02, 1/1/2],

So the details are left to the reader. O

Proof of Lemmas 7.4.15, 7.4.16

7.4.15. Lemma 7.4.48-(a) ensures that for every n, and
, T+ 8]

SYun (14) = Yun (IC)
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Limiting ourselves to §25 NiR and rewriting this symmetry condltlon in the
inner system of coordinates recalling that on .Q Y= YS o+ Ws lwe obtain

8 (¥oho(=in, o) + B(~in, p,vm)) = T (Cim,p) + Bo(—im prm)  (7.114)

for n €], 1/1/%[, p € [0, ps[, n € N. Proposition 7.4.43 ensures thiat
P 1 i
sl | < 4Minvs. - (7.115)
R 21d
Since > &, > 1, (7.115) gives

. kY
[Ws (=i, p, Un)| < AMip1sd forn > ds, p€[0,ps[, n€N. (7.116)

Now pushing 7 to infinity in (7.114) and using (7.116) we get

S (273(—177, p)) =Yh(~in,p)  forn>4, pe0,pf O

Proof of Lemma 7.4.16. (a): (i) <= (ii) and (iii)=>(iv) are clear since
h is symmetric about the imaginary axis. So we only prove (ii)=>(iii) and

(v)=>(1).

. (ii)=>(iii): (P, q,T+,T-) is a basis of C%. Let us decompose VVs+0 in this
asis,

Wio(20) = Xo(2, P)B(2) + Aa(z, P)A(2) + A+ (2, AB() +A-(z P)B(2)

where

(2, p) = (B"(2), Wiy (2, 0)),, M(z0) = (F1(2), Wiz ).,
Aq(2, ) = (" (2), Wy (z, o)k A-(2,p) = (TL(2), Wiy (z, n)),.

Lemma 7.4.14 ensures that (ii) is equivalent to

SWh(—in,p) = Wh(—in,p),  forn> 4.

Using the decomposition of W. (z p) in the basis (P, q,T4,7-) and the sym-
metry properties of the basis glven by lemma 7.4.39 we get

Re (Ap(=in, p)) = Im (Aq(~in, p)) = Tm (A (=i, p)) = Re (A~ (=i, p)) = 0
The result follows observing that

Ay =Re(Ny), A =Tm(A\y) + Re(A),
Aq=Im(N\,), A_=TIm(Ay) —Re(X).
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(iv) (i). The computations previously made ensures that (iv) implies
that SW; (i) = s‘f'o(ino). Hence, since hy is symmetrical about the imag-
inary axis,

SX* (i) = X+(im)-
Because of the symmetry properties of the inner system (7.55), the functions
X*(2) and SX+(—2) are two holomorphic solutions of the inner system

respectively defined on Q and !25 = —.Q which are equal for z = iny.
Uniqueness of the solutlon ‘of the Cauchy problem ensures that

Xt(z) = SX+(-2).

(b): The analyticity of A,, Aq, A4, A_ with respect to p follows directly

from the analyticity of Ws{,-o (see Remark 7.4.36). The computation of the
derivatives of Ay, Aq, A4, A_ at the origin is very similar to the computation
of A; in Lemma 7.4.52. Thus it is left to the reader.

(c): The proof of (c) follows directly from the proof of Lemma 7.4.51. O



8. The 0%t}
Applicatios

8.1 Introducti

Chapter 7 was d
versible families ¥
this chapter, we

parameter, revers

w resonance in infinite dimensions.
n to water waves

1on

evoted to the study of 4 dimensional, one parameter, re-
rector fields admitting a 02tiw resonance at the origin. In
study the 0%Tiw resonance in infinite dimensions, i.e. one
ible families of vector fields admitting the origin as a fixed

point, and such that the central spectrum of the differential at the origin is
{0, +iw} where 0}is a double non semi simple eigenvalues and Fiw are sim-

ple eigenvalues.
in Chapter 7 for
small periodic or
field satisfies som
One example
describing the irr
of gravity and s
number F' close
orbit is called a g
original motivatia
of homoclinic con
that there exist s

i
’

ur aim is to prove that the two persistence results obtain
eriodic orbits and homoclinic connection to exponentially

I})its still hold in infinite-dimensions provided that the vector

assumptions given in subsection 8.1.1.

of a vector field satisfying such assumptions occurs when
tational flow of an inviscid fluid layer under the influence
all surface tension (Bond number b < %) for a Froude
to 1. In this context a homoclinic solution to a periodic
eneralized solitary wave. The study of this problem was our
n for this work. The general Theorem 8.1.13 of persistence
nections to exponentially small periodic orbits ensures then
olitary waves with oscillations at infinity of order less than
%

c(£) exp <—we\/|_

satisfying w coshy
Section8.3 is

to the persistence

orbits and Sectior

8.1.1 The 0%tid

Let E be a real H
tion

Fez—T] | £ being any number between 0 and 7, and w # 0

b = (1 + bw?)sinhw.

devoted to the persistence of periodic orbits, Section 8.4
of homoclinic connections to exponentially small periodic

n 8.5 deals with the water wave problem. :

v resonance in infinite dimensions

ilbert space, with norm ||.|| ;. We study the evolution equa-

dw

= Al + fw,)

| (8.1)

in E,where 4 is alreal parameter lying in a compact neighborhood of 0 (Ju| €
[01/1'0]7 Lo > O) ‘
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A() and f(w, p) are supposed to satisty the following assumptions:

Assumption 8.1.1. A(y) is o closed, densely defined, unbounﬁed linear
operator in E with domain D independent on p. : ‘

Assumption 8.1.2. System (8.1) is reversible: there exists a feﬂection,
i.e., a bounded linear operator in E satisfying S? = Idg, such that

for every w € D, and pu € [—po, wo)-

We denote by A° the operator .A(0) and we norm D with the éraph norm
induced by A°: ‘

w3 = llwl? + | A4°w]Z,

Assumption 8.1.3.

(a) A(u) has the form A(p) = A° + pA (1) and there exists d constant
C 4 such that j

A (wwls < Ca fwl,

for every 1 € [—po, po] and w € D.

(b) The function pu — AX(u) from [—uo, uo) to L(D, E)is analyific, where
L(X,Y) denotes the Banach space of bounded linear operators from
Banach space X to Banach space Y.

Assumption 8.1.4.

(a) The central spectrum Xy = L A°NiR of A is {+iw,0}, w >0, where
0 is a double non-semi-simple isolated eigenvalue, and +iw are two
simple isolated eigenvalues.

(b) Moreover, there exist og > 0, v > 0, such that for every o real
satisfying |o| > oo, io lies in the resolvent set p(A°) of |A°, and

o —42)71], , </lol.

L(E)

For later use we denote by ¢, an eigenvector belonging to 0 (A°p, = 0),
by ;1 by a generalized eigenvector belonging to 0 (A°p; = ) and by ¢,
two eigenvectors belonging to +iw (A°py = Hiwepy ).

Since {0, +iw} are isolated eigenvalues of finite multiplicity, there exists
(5, ¢1, ¢4, p%) such that

Te(w) = (5, W) g0 + (03, w) 01 + (0%, W) w01 + (07, W) 50—
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is a projection onto the finite-dimensional subspace E, spanned by the vectors
(w0, 1,9+, p-) satisfying 7. € L(E, D) and A°m.w = A% for w € D. Let
i = Id — me, By = mpE, D = mpD, A2 = A°|g,, AL = A°|g,. We have
E=E.®&E,and D =E_. & Dy.

Throughout this section we identify F with R* x Ej, and D with R% x D},.
Moreover we use two more tractable norms on E and D which are equivalent
to the two previously defined ones :

2
|w|i = |lwe|? + ||wh||i, forweE, |u| = lwe|? + w3 for w e D.

With this notation we rewrite (8.1) as

d;l;c = Azwc + fC(w7 ,LL), (82)
d
=5 = Aun+ faw, ), (83)

where fe(w,p) = prcAl(uyw + 7of(w, 1), and fo(w,p) = prpAl(p)w +
7l'hf<’LU, /J‘)

Assumption 8.1.5.

(a) f is an analytic function from B(O, T) X [—po, o) to E where B(0,r)
s some ball of radius r in D.
(b) There ezists a constant C such that

1£(w, )l 5 < C JwllZ,

for every w € B(0,7), and p € [—po, to)-

Assumption 8.1.5(b) is satisfied by semi and quasilinear systems.

Assumptions 8.1.4, 8.1.2 ensure that necessarily Sy = +¢q. The vector
fields for which S¢pg = g are said to admit a 02+iw resonance at the origin
and the other ones are said to admit a 0%~ iw resonance. Here we assume

Assumption 8.1.6.
(a) S(pO = Yo,

(b) (%, A1(0)po) . #0,
(©) (1, D2 (0,0)[0, 9o])g # 0.

Assumptions 8.1.6 (a)—(c) corresponds respectively to hypothesis made for
the 4-dimensional cases in chapter 7. In Part 8.5, we check that Assumptions
8.1.1-8.1.6 are fulfilled for the water wave problem.

As previously mentioned, our aim is to prove that the result of persistence
of homoclinic connections to exponentially small periodic orbits obtained in
Chapter 7 still hold for the vector fields satisfying Assumptions 8.1.1-8.1.6.
Since our tool, Lemma 2.1.1 used to obtain exponential estimates requires
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analytic functions, we do not use the center-manifold reduction and conse-
quently we stay in an infinite-dimensional frame. The scheme of the proof
is exactly the same as that for the 4-dimensional system. But now, we must
control the infinite-dimensional part of the system, which comes from the
hyperbolic part of the spectrum of the differential. For that purpose, we give
the spectral properties of A7 which can be deduced from those of A°.

Lemma 8.1.7. There exist &, > 0, &, > 0, My, > 0 such that for all
0 €C, if|Re(0)| < 8 + 6u|Zm (0)], then o € p(A2)

)

_ My
H(U_‘A?L) IHL(Eh) < 1+ o]’
ll(o - AZ)_I”E(EMDM < M.

The proof of this lemma is left as an exercise (see [VIO1)).

Remark 8.1.8. Observe that for all v in ]o, 1],

A2 (AS A o A o
(5 = 22 () - ), ban(2R) = b ).

Remark 8.1.9 (Optimal resolution of affine equations). For studying
the nonlinear Equation (8.1), in particular to turn it into an integral equation

for use in the Banach Fixed-Point Theorem, we need to solve affine equations
of the form

dw
o Afw + gp(z),

with optimal regularity to compensate for the loss of regularity in the non-
linear terms f(w(z), ). Optimal regularity is not known in C*(R, E) spaces
when E is infinite-dimensional, but holds when E is finite-dimensional. This
is one of the major differences between the study of the 4-dimensional vector
field (7.1) and of the Equation (8.1). We need an optimal regularity result in
an analytic function space to study (8.1) in the same way as we did for the

4-dimensional vector field in Chapter 7. The optimal regularity results are
given in Section 8.2.

8.1.2 Direct normalization and scaling

8.1.2.1 Normalization. As already mentioned, we want to work with an-
alytic functions. Since center-manifold reduction destroys the analyticity of
functions, we do not use it. We start the study of (8.1) by a direct normaliza-
tion. The aim is to transform (8.1) into a system of two coupled equations,
one lying in E. = R*, similar to the 4-dimensional vector field studied in
Chapter 7, and another one lying in E},. This latter part can be very well
controlled. The idea is to adapt the standard Theorem 3.2.10 on normal forms
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for finite-dimensional vector fields with non fully critical spectrum to obtain
a similar one in |infinite dimensions. In the original paper of Elphick & al.
[ETBCI87], the infinite-dimensional case is mentioned but not studied in de-
tail. A first use of direct normalization in an infinite-dimensional framework -
is given in [IL90}. Following the method developed in [IL90] and [ETBCIS7]

we show

Theorem 8.1.10. Let p > 1. There exist polynomial functions of X. of
degree p whose |coefficients are analytic functions of p:

p
B(Xe,p) =) ShIXP), ¢k € £,(EE, D), (8:4)
k=1
P
QX u) =Y QF[XP)], Ok e £,(BE E.), (8.5)
k=1

satisfying ¢(0,0) = 0, Q(0,0) =0, Dx_ ¢(0,0) = d)(l) =0, Dx Q(0,0) =
Qf =0, such that, for w = X, + Xp + ¢(X., ) with X, € E., Xy, € Ep,
and for p small enough, in a neighborhood of (0,0) in E, X Ey, (8.1) reads

|

%& = AZXe+ QX 1) + Re(Xe Xny 1), (8.6)

X

% = A2Xph + Rn(Xe, Xn, 1) (8.7)
with ‘ oun

QA X,y ) = 4 QX ), fors e R, (89)

with Re, Ra, (i"re analytic functions with respect to X., Xn, p satisfying
|
‘ 1
(Re(Xer X, 1) R (X X, )= OUX, (Xl +Xnl 1) H X,
|

Moreover, reve%‘sibility 1s preserved by normalization. Indeed, for all X, €
E., ‘

SP(Xeyu) = #(SXe, 1),

SQ(Xew) = -Q(SXem),
(SRe(Xey Xnytt) = —Re(SXe,SXn, 1),
SRu(Xe, Xnitt) = —Ri(SXe,SXn, ).

Ly(E* X) isJ:he space of k-linear symmetric bounded operator from E¥
to X. In (8.8) (AA2)* is the adjoint matrix of LAS. The proof of this theorem
is given in Appe}ndix 8.A.

|

Remark 8.1.11. The normal polynomial function Q is identical to the one
obtained by theistandard normal-form theorem for finite-dimensional vector
field in Chapter|7. Thus for p = 2, setting X, = (&, 8, 4, B) we have
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[0

per (W) + ca(u)a + da(u) (42 + 52)
—B(w + puwr () + m(p)a) !
Aw + pwr (1) + m(u))

ALK+ Q(Xe, ) =

where c¢;, ¢2, dg, w1, m are analytic function of y1. Moreover cu and cqq are
given by

ci0 = (9], ANO)p0),  cz0 = (o, Dfmﬂo,onsao,wdl)

Assumption 8.1.6 ensures that ¢;o and €20 are not zero.

8.1.2.2 Scaling. Asin Chapter 7 we assume that cjou < 0. Now we perform
the scaling (the same as in Chapter 7)

i
{

~ 3 -~

& =-—12, A = 24 X, =%, t=vzx
2c99 ’

3 3 3 R 2

8 = —5-62—01/ 3, B= .%B v = ./Clofi.

As in Chapter 7 incorporating in R, the term of order Bl Xal? + 12X,
the rescaled system reads

ay, \
i = Ner)+ R Yi), (89)
ay; A

E&E = Tth-l—Rh(Yc,Yh,u), (8.10)

with R, = '(Ra,Rﬁ,RA,RB) and

1Ba(Y, )| +|Ra(Y,¥)| + [RB(Y,V)| = O@PYe|+12 X5l ),
|Rs(Y, V)| + [Rn(Y, 1), OW?[Yel + v [¥3l,),

where N has been defined in (7.5) and Y, = (a,8,A,B), Y = (Y., Y3).
The symmetry properties now read

SN(Y;,v) = —N(SY,,v), SR:(Y,v) = —R.(SY,v), SRu(Y, v} = Ry (SY,v),

with S|g, = {(o, 8,4, B) — (o, -, 4, —~B)}.
We check that Ry, R4, Rz and all their derivatives are O(v?) uniformly
for Y in a fixed ball of D, whereas Ry, Ry, and all their derlvatlves are O(v)
uniformly for Y in a fixed ball of D.
Our aim is to study (8.9) as we studied (7.5), now taking| (8.10) into
account.
The proof of the existence of a one parameter family of petiodic orbits
can be done in the same way. The only difference is that we mus%: work with

8.1 Introduction 333

appropriate Sobolev spaces instead of C* spaces, because of the unboundness
of Af. However the formalism is exactly the same.

As for the solutions homoclinic to the periodic orbits, the difference be-
tween the proofs is a little more significant, but the general scheme of the
proof is unchanged. So we will not redo the whole proof in details. We follow
the same scheme of proof, and at each step we point out the most significant
changes induced by the coupling with the second equation in e, and by the
mixed terms in the remainder R, of the first equation. So we start with the
truncated system.

8.1.3 Truncated system

Here, the truncated system reads

aYe aY¥, A}

p7 = N(Y,,v), = =,

The spectrum of A§, is bounded away from the imaginary axis. Thus for

v small, the only bounded solutions of the second equation is 0. Thus the
truncated system admits the same families of periodic orbits and of solutions
homoclinic to periodic orbits with a component Y, in Ej equal to 0. In
particular the truncated system admits one solution §) = (h,0) homoclinic
to O where h is the homoclinic orbit to 0 of the truncated system induced
by the 4-dimensional vector field (h is defined by (7.15)). Throughout this
section we do not distinguish § and h and we denote § by h.

8.1.4 Statement of the results of persistence

As in Chapter 7, there arises the question of the persistence of the periodic
orbits and of the homoclinic connections observed for the truncated system
when it is perturbed by the higher order terms required to obtain the full
system (8.9), (8.10).

In this chapter we prove that the two results of persistence obtained in the
4-dimensional case are still true in infinite dimensions: Section 8.3 is devoted
to the proof of Theorem 8.1.12 below which ensures the persistence of the
periodic orbits and Section 8.4 is devoted to the proof of Theorem 8.1.13
which gives the persistence of homoclinic connections to exponentially small
periodic orbits.

Theorem 8.1.12. There exist ko > 0, v1 > 0 such that for any v in
10,24] the real full System (8. 1) admits a one-parameter family of periodic
solutions (Y,u(t))keo,ko) with

Yi,o(t) = (o.),c Ak, v)
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Y(s,k,v) = 3 k» Fo(s,v),

n>1
(a) ?n € "ﬁn,R, }’;l,c = (0’0’ cos(s),sin(s)), ?l,h = 07
(ko)™ ‘ Y. < Cs for every v €]0,14), n > 1,
q32
where

P ={¥/¥ = 3 aycos(ps) + 3 bysinps) (ap,by) € D7,
p=0 =1

S(00) = a, S(bp) =~} 1 {7/ [ 7900, Filaas =0},

Wi, = % + Wk, v) where wp, = w + av? 4- O(*),

(b) § Wlk,v) = 3 @n(v) &,

n>1

W(k,v) < Cykv for every v €10, 0], k € [0, ko).

Theorem 8.1.13. For any £ €]0, [ and any X €]0, 1] there exist M, vy
such that for any v in ]0,v4) the full System (8.9), (8.10) admits two
reversible solutions analytic in t € R taking values in D of the form

Y(t) = A(t) + v(t) + Vi, (t + ¢ tanh 1t)

where
O, + @), =, Q_ (&),

Y, is a periodic solution of the full system satisfying

VEER, [V, (t) < My2e=®/v,

Remark 8.1.14. For system (8.1), this last theorem proves the existence of
two reversible homoclinic solutions (of size of order 1?) decaying as e~ 1=l to

an exponentially small periodic orbit of size of order y%e~—8/v (for any fixed
£in )0, 7).

As in the finite dimensional case (see Theorem 7.1.18), we can deduce
from the proof of this theorem a third one which ensures the persistence of a
one parameter family of reversible homoclinic connections to periodic orbits
the size of which are greater than My2e—&/v,
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10,v5(£)] and eve

where

Theorem 8.1.15. There ezist K,, M, such that forevery, 0 <f<m
and every A, 0 § A <1 there exist K(£), vs(£) such that for every v in

admits two reversible solutions of the form

V() = h(t) + v(t) + Yk, (t + ptanh 3¢)

R, + o), < M,e Al

and where Yy, ,, 18 a periodic solution of the full system satisfying

ry k € [K(Ov?e™/v, K, [ the full System (8.9), (8.10)

forteR,

]Yk,u(t)LJ < M.k forte R.

The proof of this theorem is very similar to the one of Theorem 7.1.18.
Thus it is left to the reader.

Remark 8.1.16.
Chapter 7 with a

These three theorems are exactly the same as those in
simple change of norm. In Chapter 7, we prove a fourth

theorem which ensures the generic non persistence of homoclinic connections
to 0. Such a theorem could be obtained with an analogous proof in infinite

dimensions.

8.2 Optimal r

As already explain
for turning it into
Fixed-Point Theor

with optimal regul

esolution of affine equations

led, to study the nonlinear Equation (8.1), in particular
an integral equation for the purpose of using the Banach
em, we need to solve affine equations of the form

dw
de

arity to compensate for the loss of regularity in the non-

Afw + gp(z), (8.11)

linear terms f(w(z), 12). Optimal regularity is not known in C*(R, E) spaces

when F is infinite-
is one of the major

dimensional, but holds when E is finite-dimensional. This
differences between the study of the 4-dimensional vector _

field (7.1) and of the Equation (8.1). We need an optimal regularity result in
an analytic functions space to prove the exponential estimates in the same
way as we did for the 4-dimensional vector field.

We start by recalling the classical solutions of equation (8.11). Then using
the optimal regularity results given by Mielke in [Mi87] we prove an optimal

regularity result in a space of analytic functions which decay exponentially

at infinity.
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8.2.1 Green’s function and classical solutions

One classical way to solve (8.11) is to construct a Green’s fuéction usin.g
the spectral properties of Af. The construction of the Green’s function is
based on the construction of two “quasi”-semigroups. Their definition and
properties are summed up in the following lemma: ‘

I

7+ I+ 7=

—6n on

Fig. 8.1. Paths Iy and ~z.

Lemma 8.2.1. Let

Iy = {Fralgl £iq, ¢ € R}, 71« = {Frnlq| £ig F 6, ¢ € R}.
Let ) y
Si(z) = —/ e’®(0 — Ap)" ! do, for £z > 0.
2miJp,

Then Si satisfies

(a) Si(x) € L(En, D), and is of class O,

(b) d;jf (z) = (A2)"Ss(), for £z >0 and n € N,

(c) A2Si(z)wy, =Sy () A wh, for £z > 0 and wy, € Dy,

(d) Sx(z+s) = Ss(x)Sx(s) for £z > 0 and +s > 0,

(€) Sy has a logarithmic estimate for z near 0, more precisely, the
M such that

Te exists

with « €]
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For any subset 12 of R,
X2(z) = 0 otherwise.

The logarithmic singularity (e) is due to
is unbounded on both sides of the im
singularity vanishes by (f).

The proof of this lemma can be easily deduced from the corresponding
proofs in [VI91], §3.

Green’s function is then defined by
Si(x
K(t) = { +(z)

-S_(z)
and the solutions of (8.11) are given by

X0 is the function defined by y (z)=1forze N,

the fact that the spectrum of Ap
aginary axis. When wp, lies in D), the

for z > 0,
for z < 0,

+oo
Sa@ = [ K- s) ds,
-0
when gy, lies in one of the two following Banach spaces:

CZ(R, Ep) = {gh :R — E}, is of class Ck,

- (8.12)
k d’gh(a:) N
= _ —afz|
e (e R !
Co*(Be, By) = {gh : Be — B}, is holomorphic in B,,
(8.13)

d’gn(£)

k
Ilgh“cz"‘(BZ,Eh) =2 sup d¢t

i=0§€B,

( e_alne<£)l) < +m},
Ep

— Ok, 8n[. More precisely the following lemma holds:

Lemma 8.2.2. Let o €] — 6h, bn[.

(a) § is a bounded operator in Cﬁ(R, EL) for all k > 0. Moreover, for
k>1, g, € CIZ(R, Ey), §(gn) is the unigue solution of (8.11).

(b) F is a bounded operator in C‘C‘:’k(Bg,Eh) forall k > 0. Moreover, for
k>0, g, € C‘;"‘(Bg,Eh), $(gn) is the unique solution of (8.11)

e~ %nlzl

|zl

1S(@)l, p,, < M = nlal)xgo(le]) + oy 1ooq ),

(f) Let Iy = /

Y+

o~ o — A) "1 A3 do € L(Dp, Ey). Then

Si(z)wy o I (wp) and (ITy + I1_)(ws) = wy, for every wy, € Dy,

8.2.1. But this lemma does
finite C_"c

Remark 8.2.3. In the previous lemma,
cise result which we shall need later (see

2

The proof of this lemma can be deduced from [HS85] by using Lemma,

not give optimal regularity, because when gp, has
norm we expect F(gp) to have a finite Ck+1 norm in the same space.

uniqueness comes from a more pre-
[HS85)):
For all o €] ~ 64,684], Equation (8.11) admits at most one solution in

(R, Ex) N CA(R, Ey).

21
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Another important property of § is that it preserves reversibility.

Lemma 8.2.4. Let & € L(E), &2
—ASBw, for w € Dy. Then
(2) S4(2)6 = &S_(—zx) for x > 0.

(b) For any g, in CE(R,Ep) or in C2F(By, By) satisfying gn(z)
_Ggh(_x)’

id. Assume that GAJw -

F(gr)(z) = GF(gn)(—2).

When we studied (7.5), we proved in Lemma 7.3.18 that the affine equa-
tion i
v

dt

induced by (7.26) can be solved in a space of reversible functions decaying

exponentially at infinity, if and only if the function g satisfies the solvability
condition

— DF(hjv =g,

+oo
[ e @.atnae=o

Observe that the solvability condition is due to the antireversible solution
r_(t), corresponding to the pair of pure imaginary eigenvalues Tiw of the
differential of our initial vector field. The two solutions p(t), g(t) correspond-
ing to the real eigenvalues £+/—ciopt + O(u?) do not induce any solvability
condition. Lemma 8.2.4 ensures that the same property holds for affine equa-
tions induced by A% whose spectrum has no pure imaginary root. As in the
finite-dimensional case, in the infinite-dimensional case there is only one solv-
ability condition due to the pair of pure imaginary eigenvalues +iw. Thus we
can study (8.1) with the same scheme of proof as for (7.5).

8.2.2 Optimal regularity

Our aim is now to prove an optimal regularity result for F(gn) when gp lies
in an appropriate space of analytic functions defined on B,, which decay
exponentially at infinity. Moreover, this space should be an algebra if we
want to use it later with nonlinear terms.

We do not give the right space at once. We construct it step by step. At
each step we modify it, so as it satisfies one additional property.

— We start with L2. Indeed, when gy, lies in L2, (8.11) is solved with optimal
regularity. The proof is elementary and based on the Fourier-Plancherel
transform and on the resolvent estimates given in Lemma 8.1.7.

— To have an algebra we work with H* instead of L2. The proof is exactly
the same.

Equation (8.11) i
the uniqueness of
Lemma 8.1.7 we hh

lfwal
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— Then to have ax
to obtain H} (
in the paper of
— Finally, we complexify th i
o , p. fy the space, to work with analytic functions defined

1 exponential decay at infinity,

< 0). These three first optim
Mielke [Mi87].

we add an exponential weight
al regularity results are proved

Let us give more detai i i
dofi ails. For any given Hilbert space A of norm HX

, we

L*(x) = ‘R —— e
(%) {f.R XA, = / _ @) ds <+oo},
HP(X) — » 2 _ P +oo dt 2
{f R— X»”f“,,p(x) _i;o/-oo “é;(ls) i ds <+oo}.
Lemma 8.2.5.

(a) For any gy, ¢
m Lz('Dh) a
such that for

3 IIZ(Eh), Equation (8.11) admits q
H'(Ep). Moreover, there erists C
every gn € L*(Ey,),

unique solution Wy,

ngh ” + ”wgh”

L2(Dy,) H1(E,)

<

( <Clarl,, -

b) Ifgn € Hl(Fh) then w, e H! .
! Dyp)NH? :

C such that for every gihe H? ((Eh’;? (51). Moreover, there caists

llw
Wl Wl < Clon]

HYE,)
|

P ] . \
roof. We give an elementary proof of this lemma to point out where the

optimal regularity comes from. As i i
. 3 . mentioned earl i
the Fourler—PlancHerel transform. We define e the proof s based on

~ 1 +o0
fu(€) = E/_m fr(t)e™% gt.

equivalent to 1wy, (i€ — Ag)-1 fh(E), which ensures

the solution. Th i i i
fhe en using the resolvent estimates given in

2
L2(By,)

)

D —

2
w2esn MR wal = ||y ||

L2(e,

+ || A2, |12
, I hwh”mwm

= |- AZ)*ﬂHl{;’ 2(i€ — A9)~1 7,

< M2 | fn

2

L2(E},)
2
L2(By)

= M |ign

2
L2(m,
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< (Mp +1) gnll

L2y LBy

Moreover = || Afwn + gn|

L2(Ey)
(b) is proved in the same way. O ‘
Now we add an exponential weight. For any Hilbert space X, 'and any real
number ¢ we thus define ‘

LX) = {f:R— X, feot e 12(x)}, IA,, = Ife s,
d'f 2 . 2 2, d'f :
D — . —_ <31 < = >
HE(X) {f.]R—aX, — € L(X), o_z_p},llflng(x) gl .

The following lemma ensures that H2(X) is composed of functions which
grow or decay exponentially at infinity, and that it is an “algebra” when o is
negative. i

Lemma 8.2.6.

(a) For any a € R and any p > 1, HE(X) is continuously embedded in
(R, X).
(b) For any Hilbert space X', any number n and any n-linear bounded
operator Q from X" to X',

Q(fh'"ifp)eHga(Xl)
for everya >0, p>1, and f; € H? (X), 1<i<p.

Then we can solve (8.11) with optimal regularity in such spaces.

Lemma 8.2.7. Let o €]0, /.

(a) For any gn € L2 (E4), Equation (8.11) admits a unique solution wy,
in L2 (Dy) N H (Ey). Moreover, there exists C such that for every
gn € L2 ,(En),

<
lwgilly o, +M0anlly < Cllrl

(b) If gr € HL,(Ey), then w,, € HL (Dy) N H2(ER). Moreover, there
“exists C such that for every gn € H: (Ey),

<
ol sy Hnll o < Cllanl,

The proof of this lemma is given in [Mi87]. :
We now have enough material to construct a space of analytic functions
defined on B; which decay exponentially at infinity, in which (8.11) is solved
with optimal regularity.
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Let X be a complex Hilbert space. For any function f : B, — X , and
for. any r'eal number 7 €] ~ ¢, £[ we denote by f|, : R — X, flo := f(-+in).
With this notation, we can now define for any number p > 1 the Banach
spaces -

EP*(X) := {f : By = X, holomorphic, fla € HE ,(X), n €] - 2,4,
f =
Il llsf,‘a(x) o, {1f1nll < 400}.

HP (x)
' (8.14
Lemma 8.2.7 readily ensures that EP"™*(X) is continuously embedded irz

CP~X(By, X) for p > 1 and that it is “ i
- ) > an algebra” in the se f
8.2.6. We can finally prove se of Lemma

ProPosition 8.2.8. Let o €]0,6,[. For any g, € Ey*(En), (8.11) admits
a unique solution wy, in £;%(Dy) N EP(By). Moreover,

+co
wm©=3@mo=[wn@%@—@w,

and there ezists C such that for every gy € Ey(Ey),

lwg,l , .
£l (D,

+ |lw <C
) ghllgf,awh) < ”g””sg'“wh) :

1,
Prot.)f. gh € E,%(En) C C(Be, Ep). Lemma 8.2.2 ensures that there exists
a unique solution of (8.11) in C‘f’g(Bg, E4) given by

+co
Wy, (€) = F(gn) = /_oo K(s)gn(€ — s) ds.

We must now improve the regularit; i i
y estimate of wy, . For any nin|—2¢ ¢
gy Iy € C° 4 (R, B) N CL(R, By) and satisfies " minl =64

dw o
Iz AW = ghln. (8.15)

Since g, e‘gel""(Eh), it follows that gil, € H.,(Ej) and we denote by
u the solution of (8.15) given by Lemma 8.2.7. This lemma ensures that

u € HL (Dp)NH?,(Ey), and that there exi i
_ ol , sts C which d
e o oes not depend on

U u — E
” ”H1 (Dn) ” ”H2 By < ( ”gh’lU”HI () .
h —a h

- Thus, u, wy, |, are two solutions of (8.15) in C° (R, Ej,) N CY(R, Ey). Then

Remark 8.2.3 ensures that u = Wy, |o. Thus

ool +lw <
gy * W00l SCloMl,, . O
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8.3 Persistence of periodic orbits, explicit form and
complexification

8.3.1 Real periodic orbits : explicit form

This subsection is devoted to the proof of Theorem 8.1.12. As in Section 7.2,
we look for a one parameter family of periodic orbits, expressed in terms of
power series, which can be extended to the complex plane and whose terms
we can control precisely. Theorem 8.1.12 is the same as Theorem 7.1.4 except
that we have changed the norm with which we control the trigonometric
polynomial functions Y. In Chapter 7, Yy is controlled with a C! norm,
whereas here, Y}, is controlled with a H'(D) N H%(E) norm. This is due to
the unboundness of A? and to the loss of regularity caused by the nonlinear
terms f, in (8.1). '

Theorem 7.1.4 is a direct consequence of the general Theorem 4.1.2 which
ensures the existence of periodic orbits bifurcating from a pair of simple
eigenvalues. The proof of Theorems 4.1.2 and 8.1.12 can be done with the
same formalism once the problem is formulated as an implicit equation in
appropriate Banach spaces : Equation (8.19) below is similar to equation
(4.10). So, we redo only the beginning of the proof to formulate the problem
of existence of periodic orbits as an implicit equation.

Using the analyticity of f in (8.1) from one space to a less regular one,
we obtain the following lemma which is quite similar to Lemma 4.A.1.

Lemma 8.3.1. System (8.1) is equivalent to

dy
o =S () + n§>22n(Y ), (8.16)

with

(a) £, = £o, +vLy1, where

0 1 0 0
Ao 1 0 0 0
- Lo (YY) = (Lg,,YC, Th Yh> with Loy = | g 0 0 wo,v
v
0 0 “’1"/’” 0
— £1, has the form £1,(Y) = (L1, Y, BL(v) V)
0 0 0 0
. (@] 0 0 O .
with Ly, = (()V) 00 0 and there exist vy < 1, Cp, such
0 0 0O
that || L1, < Cr, for every v €]0, vy].

L(D,E)

. induction of the form

- where g, depends on Uu;,
“ regularity of

i
3 - - . .
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(b) Qn(Y(” v =Qn(}fv"',y7’/)
e

s n linear symmetric from D™ ¢ B
J
n times

(c) There etists Co, 7> 0 such that

2%, Y] < oM [Yaly
.

for every v ¢ [0,0], n>2, endY; €D, 1<i<n.

(d) Denote 2, = (9, ., 0 d = (2%, 0!
penote. ;;ch tha,;,c, np) and 9, . = (27, 0%,04,05). Then, there

AW, Vo) < oy Ml aly
T r

192 (Y1, -, Yo, 0)] < Clyl_ﬂ...'Yle
T

for every v € [0,20], n> 2, andY; €D, 1< <n.
Observe the loss of regularity in (c), (d). —
As in ChaPter dweset s = w, t, w, v = Lo +@, Yt) =V )
1 ) ’ = 8) =

);’\'(_w_k‘,,t). We define Y = (

v
Yl,h =0. We ] o

S (
Yie,Y15) with Y7 .(s) (0,0,_cos(s),sin(s)) and
ook for 27-periodic solutions of the form

Y(s,k) = kP (s) + kZ(s, k).

Under a cc nvergence hypothesis, whic

(8_'16) s couian & h will be specified later, system

p+1
2 CRapn (B 20m )y (g 1)

p>1  m=0

L,(2,5) 4 5% , kP
ds

A wo u dz = %
20y ="E g7 00,
or equivalently G(k, v) ;

the extended space.

Il’l Chaptel 4 uhlS equatlon y Y -
was Solved b IISlng Cauc}l S Ineth.od Of un

h majorization of the ies i
oefiicients power series involved.
looked for u = (Z ,@) in the form u = Y- k™u, and the U, Were give‘;f(z)y‘z(:

= 0 where G was defined in Lemma 4.A.4, but now in

L,(uy) = g, (8.18)

l1<i<n-1and D, B
| < , p- Because of the loss of
pb We must now solve (8.18) with optima] regularity for all the
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U, to have the same regularity. But because of the unbounde@nes§ of A;’L,
optimal regularity cannot be obtained in C*(R, E) v‘vhel.rea.s ‘che1 Fourier ierées
and the resolvent estimates given in Lemma 8.1.7 give it in H (?) NH?*(E).

So we define the following Banach spaces, which will play the same role
as Uy, P defined in Chapter 4:

— R ‘
LA R N
% ={Y/YeH(T,D)nH¥T,E),Y revermblg},
PLr = {Y) Y € HY(T1,E),Y antireversible},

Tl

27 .
B =PEn{¥/ | (¥Y(s),Fi(s))ds =0},
0
2, ={u=F0)/7ecPiocR) |
We norm these spaces with following norms: ;
~ 12 —~ |2 )
~ |12 2m | _ 9 ay dZY - g e for , ‘132’
“Y| =/ Y + s + dsZ +‘Y|D+ 15 s B%, B
p2 0 E o . . |
2 2 S
”?’2 =/ i Y' + i ds for PLp,
pl 0 E ds .
~[12 ~
la?, =7 +10p for i,
42 n2

As in Chapter 4, we define now finite-dimensional subspaces of the previ-
ously defined ones. These are the 'trigonometric polynomial’ subspaces:

7 n
= {¥/¥= + Y bysin(ps),
Par = {Y/Y p§0 ap cos(ps) p;l  sin(
(ap, bp) € D?, S(ap) = ap, S(bp) = ~bp}
Prar = {Y/¥ = pgo ap cos(ps) + p;l bp sin(ps),

(ap,bp) € E2, S(ap) = —ap, S(bp) = by},

Bun = Foan{?/ [ (76)Filo)ds =0},

5:('17,,R = (‘BH,R X R.

Remark 8.3.2. 8% is continuously embedded in C°(T?, D). Thus, theré
exists Cyy such that

..., <ol

c®(Tl, D) p2

for every Ve PB.

Lin Chapter 4 we proceed in three steps. The study of £
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With this material we can now state: for every v €]0, 1], & satisfying

k| < L — and Z € 2 satisfying || Z]l <1, (8.1)is equivalent
R
Cua(1 + |74 »

to (8.17).
Finally the following lemma holds:

)
B2

Lemma 8.3.3. Let p € 0, be fized. For every v e

r
Co2(1 + ”?1 )
10, 0], k satisfying |k| < p and u € U} satisfying HuHuz <1, system (8.1)
reads

Gu(kyu) =0 with u=(Z,5), (8.19)
Gulbu) = > KPCpafu®) = L,(u) + kGro+ 3 kPG, [ul®),
pt+g21 p+q22
where
dZ

Go1[u] = L, (u), Go2[u®] = YS! Gog[ul®@] =0 vg >3,

1 prti-9) S ;
Vp 21, kPGpg[ul®)] = { Cor1F" Q1 (Y 2 v)if g<p+1,

ifg>p+2.
Moreover,

(a) for every (p,q), Gpq 15 q linear from (11122)‘1 to Pl p,
(b) there exists Cy, such that

Hk”gpq[m,---,uqlllml < Colluall, - llugll_, (k/p)>.

for every v €]0, 1), k satisfying k| < p, (p,q) # (0, 1), and u; € {13,
satisfying Hulﬂu2 <l,1<i<q.

Lemma 8.3.3 is the same as Lemma 4.A.5 with a change of norm. In
Lemma 4.A.5, k had to satisfy £ €]0,7/2[ and now k < p with p =
" - This difference is only due to the change of norm. Indeed,

in Lemma 4.A.5, ||¥1|| = 1 and the embedding was trivial (see Remark 8.3.2).

. So, in Lemma 4.A.5 Cys = 1 and “p= T T

11+1) 2
The end of the proof of Theorem 8.1.12 is the same as the one of 4.1.9: as

v; and in particular
he optimal regularity result is given in Appendix 8.B. The proof of the two
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last steps, (obtaining u, by induction and majorization of the power series)
are exactly the same as in Chapter 4. [

8.3.2 Complexification of the periodic orbits

As in Chapter 7, we want to extend Yy, by analyticity in the complex field.
Here again

Yi () = ?(gk‘ut,k,l/), V(s k,v) = Z kY, (s, v)

n>1

where ¥, is a trigonometric polynomial which can be extended by analyticity
to obtain an entire function. The following estimates give a lower b0}1nd folr
the radius of convergence of the complexified power series: there exists C%

such that for every k € [0, ko], v €]0, 1], the following estimates holds

. k n -
%(57’/)| < C%;TLJVZTL-I—:[ <k_> e"lz (5)]
D

: n
eC, Vizl, k| -

The proof of these estimates is the same as those of Proposition 7.2.1, using
the embedding P% C CP (T, D).

8.4 Persistence of homoclinic connections to
exponentially small periodic orbits

Now we look for a reversible solution of (8.9), (8.10) homoclinic to the periodic
orbit Yy, in the same form as in Chapter 7:
Y (t) = h(t) + Yk, (t + ¢ tanh 1t) + v(t).

For the same reason as in Section 7.3 we complexify the problem and 1we
make the same choice of parameters to have h(£), tanh %5 , kau(g. +ptanh 5¢)
well defined (see Subsection 7.3.1). The equation satisfied by v is now

dv,

d_f - DN(ha V)vc = gc(U(f),% K, I/,f), (8'20)
b A = ()0 K1), (821)
d€ v

with
gc('U(f),(P, K, V)g) = N'(’Uc(é'),(p,K, va) +Rlc(v(€)a‘pa K, V)&)
+oP.(§, 0, K, V)
gh('U(f),(P; Kv v, 5) = R;L(U(ﬁ), ©, Ka Vv&) + (Péh(g, @, K7 V)

N'(ve, 0, K, v,&) = N(h+Yk,pc +ve, ¥) —N(h,v) — N Yk e, v) — DN (h, V),
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Ré('v ©, K1 v, f) = Rc(h + Yk,u + U) - Rc(Yk,u),
R;'L(U ©, Ka v, é‘) = Rh(h + Yk,u + 'U) - Rh(Yk,u)y
-1 dYg,,

~ 2cosh? e de

where h, v are evaluated in ¢, and Yi, in & + ptanh %5.

B(¢, 0, K, v) (€ + ptanh £¢),

8.4.1 Choice of the space for v

We want to have the same scheme of proof as in Section 7.3. Thus v must lie
in a space of reversible analytic functions defined on By, which decay expo-
nentially at infinity. As in Section 7.3, we want to get v by the Banach Fixed
Point Theorem. [Here v has two components, v = (ve,vn), and vp(€) lies in
an infinite-dimensional space. The new difficulty is that (8.21) is quasilinear,
i.e., A? is an unbounded operator and gn is only bounded from Dy, to Ej.
To compensate for the loss of regularity due to g, we must look for v, in
a space where the affine equations induced by Af /v are solved with opti-
mal regularity. Proposition 8.2.8 gives a family of appropriate spaces for vy,
(E%(Dr) N EV(En))aso.

The embedding &;"*(Dy) ¢ C2(B,, D) ensures that £,%(Dy)N EP(By)
is composed of analytic functions defined on By, that decay exponentially at
infinity. For using Proposition 8.2.8, gn should lie in Sel’a(Eh). Thus v, must
lie in 821""(((34), which is embedded in C*2(8,, C*). It remains to choose a.

Firstly, observe that the Banach space where v lies in Section 7.3 is
Cf‘f (Bg, C*) with A any number in 10,1{. Secondly, in Proposition 8.2.8 «
must satisfy a <|dn(Aj,/v), where 8, was defined in Lemma 8.1.7. Remark
8.1.8 ensures that d,(A7/v) = 6,(A2)/v for any v in 10,1[. So we choose
a = Xin 0,1 an vy such that for any v in |0,5], 05(A7)/v > 1. Thus the
restriction on « i$ fulfilled for any v in )0, v,].

Let A be ﬁxej such that 0 < A < 1. We define the Banach space 9H) =
97 . X 97 5, with ?orm ||'u|]m\ = ||vc||ﬁ?c + IIUhHﬁth where

|
e = E7NCH]ns

Ivelly, = Moel 0 o

2 = EPXDw)la NEXNE - -
Pen =& h)iln e (En)le, ”vhnﬁﬁ.h th”elz'*(am+”vh”e§'*(vh)’

55’;»Q(X)|R = Ep*(X) N {f, f reversible},
gg"a(x)]m =EPX)N{S, f antireversible}.

Denote by %52\(6\/17) the ball of radius §/v of %). We look for v in
B$H(8+/v) with § < 1.

and
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8.4.2 Integral equation

In Section 7.3, the major difficulty of the study came from‘ the'falpct that for
an antireversible function g, which decays exponentially at 1nﬁn1ty, the affine
equation 0

EEE_DN(h)V)Uczgc(é) :
admits a reversible solution which decays exponentially at inﬁnity%if and only
if g, satisfies a solvability condition ‘

+o0
/ (Ti(s)7gc(s)>d3 =0.
0

This solvability condition was studied in detail in subsection 7.3.5§and solYed
by an appropriate choice of the phase shift . Here, the secoqd equation
(8.21) does not add any solvability conc.lition because Lemma 8.?.4 ensures
that § preserves reversibility. More precisely, ‘

i
T
|
f

Proposition 8.4.1. For every v €]0,15], ¢ € [0, 6—:/-], K e [OL K] (md
0 € BHIEVE), 0 = Ficpur(0), With Fitapu(®) = (Fie gy (0), Flt ()
where
Fw@NO = [ 976060005 0, K, 4 5))ds p(e)
[0,¢]
= [ @) 9lo5) 0 v 9)ds gl
[€,+00)
= [ 036 :0(s) Ko s)ds rf(6)
[€,4+00)
= [ 260000 0. K 9)ds rL(6),
[€,400)

™
~—

and F§ ., ,(v) = F(gn(v, 9, K,v,5)), then v is a solution of Egs. (8.20),
(8.21). ﬁoreover Fi (V) is reversible if and only if J(v,p,K,v) = 0
where

T(0, 0, K,v) = /0 T (0, 0 (0(6), 0, K v, 1)) .

The functions p, ¢, 74, 7-,p",¢", 7%, 72 are introduced in Subsection 7.3.3.
The proof follows readily from Propositions 7.3.17, 8.2.8.
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8.4.3 Choice of the phase shift

The study of the solvability condition can be done as in Section 7.3. The
mixed terms in the remainder R, do not pose any difficulty. Indeed, in Lemma
7.B.2, which is the cornerstone of the study we only need to bound the
remainder in C’f’,\o. The embeddings of .62\,6 in Cff(Bg,C“) and of ﬁ},h in
C (B, dp) ensure that we can do this. Thus we can prove: '

Theorem 8.4.2. There exist M, v3 < vy such that for every v €]0, v3],

K € [M1v?, K1) and v € BH)(61/7), there

exists p(v, K,v) such that FK (v, K )0 (V) is reversible. Moreover, there

exists My such that for every v €0, v3|, K € [M1? K] and v,v' €

BH (6y/V), . 6
0< = <p(v,K,v) < — <

LY
(v K,v) = 00, K] S My (V5 + K +0) o — o],
£

8.4.4 Fixed point

As in Section 7.3, we define ﬁ;{,,,(v) = FK,p(v,K,v),»(v) and we check that

Proposition 8.4.3. For every v €]0,u3), K ¢ [M1v2, K] and v e
B9, (6,/7), fx,,,(v) is holomorphic in By, and is reversible. Moreover
there exists Ms such that for every v €]0,13), K € [M1v?, K] and
v,v' € BH (6\/V), Fr., satisfies

|Frst], < atsiol, 40+ 5,

P ) - Frat)|_ < Ml ol y 40/l 460K ) o - Vil

The details are left to the reader.

Proof of Theorem 8.1.13 We conclude this section by the proof of Theorem

8.1.13 which ensures the existence of reversible homoclinic connections to
exponentially small periodic orbits.

Proposition 8.4.3 ensures that fK,,, is a contraction mapping from

BH,(5/7) to B52(8+/v) if and only if

v G]O, I/3], K e [Mll/z,K]_],
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M3[621/+1/+£] <6V, M3[26+6\/v+v+K]<1.
v
We can then choose K = M,v2, § such that

5= 2M3[i’%/"]- = OMa[M; + 1)V5

and v4 < vg such that for any v in ]0, vy,
Mabo/o < % My 26+ 637+ v + K] < 1.

This ensures that for any £ €]0, 7| and any A €]0, 1| there. exist M, vy s.uch
that for any v in ]0,u4] the full System (8.9), (8.10) admits two reversible
solutions analytic in ¢ € R taking values in D of the form

Y(t) = h(t) + v(t) + Y3, (t + ptanh 1)

where e
R, + @], =, Q_(e),

Y%, is a periodic solution of the full system satisfying

vt € R) IYk,u(t + (ptanh %t)lv < My2e_e‘“/”. 0

8.5 Application to water waves

One example of a vector field satisfying Assumptions 8.1.1-8.1.6 oceurs when
describing the irrotational flow of an inviscid fluid layer undler the influence
of gravity and small surface tension (Bond number b < 5) for 2 Fr.oude
number F close to 1. In this context a homoclinic solution to a periodic or-
bit is called a generalized solitary wave. Theorem 8.1.13 shows then that
there exist solitary waves with oscillations at infinity of order less than

c(£) exp <—w£\/rp.—%:_%r>, £ being any number between 0 and 7, and w #0

satisfying wcoshw = (1 + bw?) sinhw. Let us give more details. In [IK92],
with the stream function as the transverse coordinate, Euler equations are
rewritten as the following “evolution” equation:

= AW ) (-1 aty=1,
dz b g
oW = KW)o,w in R x [0,1],
(8.22)
where
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(z,y) e Rx [0, 1, W = (W1, Wa), B(z) = Wy(x, 1),
1+ :W1>1’ 2 Wag —g° /1
= —_— , K W = 5 W = W d .
g <1+W22 (W) g1 W W] | Wady.

We must add the boundary condition W, = 0 at y = 0 which will be
incorporated into the function-space setting.

In (8.22) bjis the Bond Number, and (1+u) = F~2 where F is the Froude
number. Throughout this section we assume that b is fixed in |0, l[ We work

with only ong bifurcation parameter p close to 0 (i.e., F close to 1). The
System (8.22)/is treated as a quasilinear evolution equation for

w=(8,W1,W:) e D=R x HY(0,1) x HY(0, 1) n{W,(0) = 0, W>(1) = B},
in the Hilbert|space

E =R x Ly(0,1) x Ly(0,1), with norm w2 = 18 + Wi |22 + [Wal2..
We rewrite (8/22) in the abstract form

dw_

4z = Aw + f(w, p), (8.23)

where A(y) is the linearization of the right-hand side of (8.22) in w =0,

‘ V(1) = (1+ )7 |
| 8, W,

We must nd:w check that Assumptions 8.1.1-8.1.6 are fulfilled by A(u) and
f. Firstly, A(uD is a closed, densely defined, unbounded operator on domain
D which does not depend on 4. So Assumption 8.1.1 is satisfied. Secondly,
observe that A(y) = A° + pAl, where A° = A(0) and that Al e L(E), the:
Banach space 6f bounded operator in E (4! does not depend on y). Thus
Assumption 8.1.3 is satisfied.

Now we ar# interested in the spectrum of A(p). For all p, A(u) has a
compact resolvent (see [IK92]). Thus its spectrum 2 A(u) consists of isolated
eigenvalues o ojf finite multiplicities. Their locations are determined by the
equation i

. ocoso = (1+p—bosino, oeC. (8.25)

|
For 1 = 0 the clbntral spectrum Xy of A%, X = L A°N4R is {0, 2iw} where 0
is a double non-semi-simple eigenvalue, and +iw are two simple eigenvalues.
The correspon ling eigenvectors and generalized eigenvectors are
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0 -1 isinhw ‘
wo=| 11, o= 0 |, oy =] —coshwy | Y =77,
0 —y isinhwy |
A%po =0, A%p1 =0, A%y =iwpy, A% = —iwp_,

and w > 0 satisfies w coshw = (1 + bw?) sinhw. Hence, Assumption 8.1.4 (a)
is satisfied. In addition, the adjoint 4°* of A° is given by (see [IK92])
-Wi(1) :
A%w = | —8,W; + Wy(1) . (8.26)
O, W ‘

-with D* =R x H'(0,1) x H1(0,1) N {W,(0) = 0, Wy(1) = —%}
We have XA = Y .A° the (generalized) eigenvectors ©3 b;elonging to
the central part of X.A%* and satisfying (5, k) = 6;4 read

0 -b
1 N 1 I
Ampor| P L wispm| 0 )
s 0 y
ibsinhw :
1 sinh g . -
* = —coshwy + y PLi= L.
o+ (b—1/w?)sinh®w + 1 q *

—isinhwy

The resolvent estimates given in Assumption 8.1.4(D), are obtajined for the
Euler equation in [IK92]. The explicit form of f given by (8.22) and (8.24)
ensures that it satisfies Assumption 8.1.5.

Now, observe that (8.22) is reversible, i.e., the right-hand side of (8.22)
anticommutes with the reflection

-1 0 0
S = 0 1 0
6 0 -1

This property results from the mirror symmetry £ — —z of the Euler
equation even in the moving frame. So, Assumption 8.1.2 is fulfilled.
To conclude, we check that Spg = g, and that

(1, A'(0)po) = ~a, (%, D2, £(0,0)[po, o)) = 30,

where 0 = (3 — b)—1 > 0.
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Thus Theorem 8.1.13 holds for the water wave problem. Returning to our
original problem we compute the modulation of the free surface S using its
expression given in [IK92]:

1
S=-1+ [E] = —[W1] + higher order terms.

Theorem 8.1.13 justifies the existence of a free surface S of the form

2
S= (—ao + ” sinh(w) U) (1+0(w), (8.27)
where
ao(z) = pcosh™? 2, U(z) = Myvte /v cos(vwy , T + ptanh(4E)),

with vw, , = w + O(¥?) and ¢ = 2v1% Jw. We recall that 4 < 0 and that
v=a/—(3-b)"1p.
We observe in (8.27) that the shape of the free surface looks like & true

solitary wave of elevation, with an exponentially small oscillating part super-
imposed and which is dominant at infinity.

Remark 8.5.1. The existence of generalized solitary wave with exponential
ripples at infinity was established by Sun in [SS93] and by Lombardi in (Lo97].
Moreover in [Su99), Sun proved the non existence of true solitary wave for
Froube number close to one and for Bond number less and close to % The
generic non persistence of homoclinic connections to 0 obtained in Chapter 7
suggests that there should not exist any true solitary wave for Froude number

close to 1 and almost all Bond numbers between 0 and %

8.A Appendix. Proof of Theorem 8.1.10

8.A.1 Substitution

We substitute the expression w = X, + Xh + ¢(Xe, 1) in (8.1) using Equa-
tions (8.4 - 8.7), and we identify monomials in Xc. We obtain a hierarchy of
equations:

(Id + ¢,)Qp + ¢,.A2 — A(u)gL = (A(k) — A%)me, (8.28)
VXer (1d+6,) QLIX P+ Dl [ X P (9L + A X, — A) gt [ XP] = Pk [ﬁré’“)]),
8.29

W}(liere Pff [Xc(k) ] only depends on f and ¢f£, © < k — 1, given by the previous
orders.
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8.A.2 Study of equation (8.28)
This equation has the form Z; (¢, Q%, 1) = 0 with
Ty: L(Ee,D)x (L(E)NN)xR —  L(Ee,E)

(¢1) Qla:u) = Il(¢17Q1hu’)

where 7; (¢!, Q% p) = (Id + ¢") Q" + ¢ AT — A(u)¢h — (A(k) — A2)m,, and
N is the set of polynomial functions satisfying (8.8).

We observe that 7;(0,0,0) = 0 and Z; is analytic in a neighborhood of
0, so we want to use the Analytic Implicit Function Theorem. Thus we must
invert the differential

DIy : L(E,Dyx (L(E)NN) — L(E, E)
(¢1’ Ql) s Ql + ¢1A<c> _ A°¢1.
So after the decomposition we must solve
QY 4wt AS — Aot =V, (8.30)
TR AL — ATt =V, (8.31)

for any V, € L{E.), Vi € L(E., E}). Equation (8.30) is the usual homological
equation solved in [ETBCI87]. Equation (8.31) is equivalent to

%(whqslemixc) — A (mpple™ e X,) = Vye" X, for z € R, X, € E,.

Since all eigenvalues of A9 are purely imaginary, z — Vie*4< X, has at
most a polynomial growth. Thus it lies in CL(R, Ey) for any « in ]0, 6x] (6
is defined in Lemma 8.1.7). Thus using Lemma 8.2.2 we get

+o0
hgt = / K(s)Vae=*ds. m, € L(E,, D).

-0

Thus DZ; is invertible and the Analytic Implicit Function Theorem ensures
that the equation Z;(¢", Q', u) = 0 has a unique solution (¢}, Q}) analytic
with respect to y, for u small enough.

8.A.3 Study of equation (8.29)

This equation has the form Ly, (¢, QF) = P* where Ly, is the linear
operator

ES(Ef,’D) X (Cs(Ef,Ec) f']./\f) - ES(Ef»E)
(¢, Q%) = {X. - (14 + 61) QX P)
+DHIXPN(A2 + $1) X — A)eH X1},

Observe that
prove that Ly o i
to u, for u small
Thus we study ]

Lk,o :

(#*, Q%) »
To invert Ly,

QF[X M)

for any W, € £
usual homologic
look for QF in N

We solve (8.3
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the functions p > Ly, p +— PF are analytic. Thus if we
s invertible, then Ly, admits an inverse analytic with respect
enough and (8.29) admits a unique solution given by L;}LP:.
&,0 Which is given by

L(E¥, D) x (Lo(E¥, E) NN) — L,(EF, E)

P {Xe = QFXP) + De*(xP) A, — Aogh[x Py,

b, We must solve

D(meg™) XPNAZX: - Asmdt (X = W [XP)],(8.32)
D(mn¢*) [ XP)AZX, — A F[X W) Wa[X P, (8.33)

((Ef, Bc), Wh € Lo(EF, Ey). Equation (8.32) is again the
equation. It admits a unique solution (7.¢*, Q%) because we
(see [ETBCI8T] or [IA92)).

8) as we solved (8.31). We get

+o0
Tk [ X)) = / K(s)Wh{(e™*4 X ) ®ds, mypF € L,(EF, D).

-0

We can then conclude that Ly ,(¢%, k) = P/j admits a unique solution
(gbf“ Qﬁ) analytic with respect to y, for 4 small enough.

Finally the re%versibility properties are proved by checking that the two
functions S¢>ﬁS, S QZS are solutions of the same affine equation as gbﬁ, QZ.
Uniqueness of the solution gives the result.

8.B Appendix. Study of £,

For studying £, we split it into two parts £, = Loy + vL1, where

w ,,dZ =~ ~
ﬁoy(u) = %d_s - Lo 2 —I—w—d?, £1,,(’LL) =-£1,7.

This appendix is devoted to the proof of the following lemma:

Lemma 8.B.1.3

(8) Loy is an isiomorphz’sm from $1%, to P .
(b) There exists Cy, v1 < vy such that “[Igul(f)” , SC ||f”ml forv e
u
10,01, f € PBp.
(c) L, s an z'so;[morphz'sm from §1%, to P p.
(d) For every v €]0, ], f € Bhp, L3R, <2601l ,.
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~

Proof. (a),(b): Let f = (f;, fa) € PLr- We look for u = (Z,d) such that
Lo, (u) = f. This equation reads

%ﬁ ddZsc - LOI/ ¢+ d?;ls = = fc, j’ (834)
~ o

Wou dZn _Aip @)
v ds v :

As mentioned earlier we > use Fourier series to solve this equatlon We define
the Fourier coefficients of Z f:

- 1 27 —~ X 1 r |
Zp = %/0 Z(s)e "™ ds, fn= o ; f(s)e™™™ ds,

with 2-,,, = (2c,n, Eh,n) and fn = (fc,n)fh,n)'
We start by the study of equation (8.35), which is equivalent to

Wo,v

Cwon s A%
in—-: Zh,n - ThZh,,n = fh,n for n € Z.
14

Using the resolvent estimates given in Lemma 8.1.7 and takjng v; small
enough to have wg, > w/2, we get

H /1)~ 1 4Mpv
(B - 2+ |nfw’
Z/I/)_l < 2Myv.

L(Ep,Dp)

It follows that there exists C such that for all v in ]0,21] (8.35) admits
a unique solution in H%(T!, Ex) N HY(T',Dy) and such that IZh <

Cv| fh||m1 holds. The antireversibility of f. induces automatically the re-
versibility of Z),.

Now we look for Z, in H (T, R%), reversible, satisfying / 21r(z;/;c, Le) =0,
and for @ in R solving (8.34) which is equivalent to ’

(inw —Lo) e = fon for m#£l,

Wwo

(i

Zc1+w(0 0,2 ,2) feq forn=1,
wo,

(i

Zc_1+w(00 -3,3)=f,-1 forn=t1.

=

Moreover, we requlre that ch is real reversible, i.e. ch = Zo-n =
Z¢, . We denote ch = (.30 mﬁl,n,AmB ) fen = (.fO,mfl,mfA,me,n)-

Since f is real antireversible, i.e., f., =7 ¢,=n = —Je,—n, elementary compu-
tations lead to
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2

—invwy,, v
Bon (nwow)2 +v2  (nwo,)? + 12 fon
for n € N, = 2 . )
ﬂl,n v —InYwWo,y fl,n

(nwo)? + 12 (nwow)? + 12

—inv v
wo (1 —n2) wo,(l—n2)

An 3 fA,n
for n # £1, = v —inv ,
Bn wO,u(l - nz) woly(l — ’n,2) fB,n

—iv —v
A 4w0,u 4w0,u fA,l
forn=1, = v iy ,
By fol
4w0,l/ 4w0,u
~ 1 ay;
w = fBl_lfAl—g (f 1)

A_l Al
forn = -1, = .
B_1 —Bl

Cl
We observe that there exists C’ such that |Z;,| < W| Jenl| for v e
10,21]. It follows that there exists C"' such that for all v in |0, 1] (8.34) admits
a reversible unique solution (Z.,®) in HZ( Z. <
m?

clifell,,

(c), (d): Observe that Ly, is a bounded operator from % to L and
that “[:1"(“)”9,31 <Cp ||u||112 holds for v €]0, 1], u € U%.

We write £, = Lo, (Id + V.C&}Ll,,) and we choose v; small enough to

Jhave 11 CyCL < % This ensures that £, is invertible and that the norm of

its inverse is smaller than 2C,. O

Remark 8.B.2. The proof of Lemma 8.B.1 ensures that £, is an isomor-
phism from i, g to B, ar.



9. The (iw

9.1 Introdug

This chapter is
one parameter fz

0)?iw; resonance

tion

devoted to the (iwg)?iw; resonance in R®: we study analytic
smilies of vector fields in R,

du
% = V(U, :u)'l U € Rsa pe [_lu’O) 1“’0]7 Ho > 0 (91)
near a fixed point placed at the origin , i.e.
V(O,u)=0  for u € [~po, po]- (H1)

In addition, the £
S € GLg(R) suc

holds. We assum
the spectrum of
wg, w1 > 0 and
+iw; are simple

arnily is supposed to be reversible, i.e. there exists a reflection
h that for every u and u,

V(Su, ) = =SV(u, ) (H2) )

e that the origin is a (iwg)?iw; resonant fixed point, i.e. that
the differential at the origin D, V(0,0) is {Ziwp, #iw; } with
vhere *iwy are double non semi-simple eigenvalues whereas
eigenvalues. We denote by (o, vg, ¥g, %5, 7T, 1) a basis

of eigenvectors and generalized eigenvectors of A = D,V(0,0)

ApE = Fiwg

such that

and by (03", 5
We also assum

wy

o, AV = iwpF +of,  AgF = tiwpE,  (H3)
Cwo=vs, Yo=Y, el =¢f,
e, s, e, o1"") the corresponding dual basis.

me that the two frequencies are weakly non resonant, i.e.

o E forp+q§5 =4 ::—;76%,%7%71)2a374, (H4a’)
L wy i P
N . = —_ > 0, H4:b
o E ©  w,=minjw; —pwo| > 0, (H4b)
fwr , 2 w1 2
dgz — 4z f .
:w0¢N < w07én crneN. (Hio)
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Hypothesis (H4a) ensures that the Normal Form of V does not admit “ex-
otic” resonant terms up to cubic terms; Hypothesis (H4b) is required to
obtain exponentially small estimates of bi-oscillatory integrals (see Lemma
2.2.1); Hypothesis (H4c) enables us to use non resonant Floquet ‘heory when
linearizing around the periodic orbits (see Theorem 5.1.1). |

Two last generic hypotheses on the linear and the cubic parts c#f the vector
field are made. The first one concerns the linear part of the vector field,

g10 = (%3, D2 V(0,0).08) # 0. | (H5)

It ensures that the bifurcation described in Figure 9.1 really occurs: we do
not study the hyper-degenerate case when the double eigenvalue 0 stays at 0
for 4 # 0.

Fiwr + O(w)) iy Filws + O(u))
o1(p) .
o2(1) X Hwo o1(p) o o 02(4)
o3(p) :
oalu) KT o) » 1 ou(w)
—i{wr + O(w)) —iwn —i(wr + O(w))
qiop <0 quop =0 qiop > 0
o5(u) = i(Fwo £ /a1 ()u + O(u)) o5{p) = £y/q(B)u £ i{wo + O(u))

Fig. 9.1. Spectrum of DyV(0, 1) for different values of qiop ( q1(u) = q10 + O(w)).

The last hypothesis,
g0 <0 (HS6)
with '
q20 = (¢3,+73Diuuv(0’0)'[¢3?’ <P(-)I-, ®o )
+(¥g', ~4DEV(0,0).[pf, $11] + 2D2,(0,0).[wg , d0l),

¢u1 = A"1DZ V(0, 0)-leeg ©ol;s
$20 = (2iwo — A)~ DZ,V(0,0).[0F, 7],

ensures that, in some sense, the cubic part of the vector field is not degener- -

ated. In particular, it ensures that the normal form systems admit reversible
homoclinic connections to 0. See (9.3), (9.4), (9.5) to identify what coefficient
of the normal form gy is.
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Finally, since we are interested in the existence of homoclinic connections
we only study the “half bifurcation” corresponding to

b

qiop >0 (H7)

for which the differential D, V(0, 1) admits eigenvalues with non zero real
parts. This chapter is devoted to the proof of the following theorem:

Theorem 9.1.1. Let V(-,u) be an analytic, reversible one parameter
family of vector fields in RS admitting a (iwp)2iw; resonance at the origin,
i.e. satisfying Hypothesis (H1), - -,(H6).

Then, there exist five constants o, K3, ko, k1 > 0, ko > 0 such that for ||
small enough with qiop > 0 the vector field V(-, 1) admits near the origin

(a) a one parameter family of periodic orbits Dr,u Of arbitrary small size
% € [0, raul3];
L Tws
(b) for every k € [rie 2VTOE ky|ul3], a pair of reversible homoclinic
connections to p,.,, with one loop;
_ T
(c) for every k € [0, kpe 2VIOR[, no reversible homoclinic connections to
Dr,u with one loop; Generically (with respect to V ), Ko 15 positive, i.e.
Ko > 0;

where w, = min |w; — pwg| > 0.
pE€EZ

More precise versions of this theorem are given below: see Theorem 9.1.4
for the periodic orbits, Theorems 9.1.8, Corollary 9.1.11 and Remark 9.1.12
for the existence of homoclinic connections to periodic orbits and Theorem
9.1.14 and Remark 9.1.20 for the non existence. '

K _ Ty
K K= Kie 2V0n

— Ml
Kk = K, e2Vaw0p
expected critical size

— Ty

K= Ko e2vawok

Il

||

nonexistence

Periodic orbits py,, Reversible homoclinic connections to p,,.

Fig. 9.2. Domain of existence of the reversible periodic orbits D, and domains of
existence and nonexistence of reversible homoclinic connections to Dr,ps
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Figure 9.2 shows in the parameter plane (%, |p|) the domain of existence
and non existence stated in Theorem 9.1.1. As for our first toy model 1.1
given in the introduction of the book, it appears a critical size K. (u) for
the existence of reversible homoclinic connections to the periodic orbits. This
critical size is exponentially small

Ny Ty
n0e~ 2Vaor < K.(u) < ,ile— 210k
We expect that generically, the critical size K (u) is given by

Tw,
K (u) = ke e 2VTor

9.1.1 Full system, normal form and scaling

Step 1. Linear change of coordinates. The Theorem of classification of
reversible matrices 3.1.10 ensures that up to a linear change of coordinates,
we can assume that Lo = D, V(0,0) and the symmetry S read

0 -wo 1 0 0 0
wWo 0 0 1 0 0
o 0o 0 —w 0 o .
Ly = 0 0 w 0 0 0 , S =diag(1,-1,-1,1,1,-1)
0 0 0 0 0 -w
0 0 0 0 wy 0

Step 2. Normal form and scaling. The previous linear change of coordi-
nates leads to a simple linear part. We now wish to obtain s quadratic and
a cubic parts as simple as possible. The theory of normal form was precisely
designed for that purpose.

Step 2.1. Polynomial change of coordinates: normal form. Identifying
R® and D where
D=DyxD.  with Dy= {Y,=(A,B,A,B)eCy A=4,B=8),
Dc= {Y.=(C,C)eC?/ C=C}
with the isomorphism T : RS — D : (a,a’,b,¥,c, d) — (A,B, ~,I§,C,(~3)
where
(A,B,A,B,C,C) = (a+id,b+ib,a—id,b— i, ¢ +id,c—ic),

the Normal Form Theorem 3.2.1 ensures that we can perform a polynomial
change of coordinates close to identity, analytically depending on Ly U =

Y + &(Y, ) such that equation (9.1) is equivalent in a neighborhood of the
origin to

%Y; =N, + R(Y,n), YeD (9.2)
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!
where A is the Irlormal form of order 2 and R represents the new terms of
order larger or equal to 4. The two vector fields A and R satisfy

’ ' iwo(1)A + B +iAP(Y, u)
" iwo (1)B +iBP(Y, p) + AQ(Y, )
~iwy(u)A + B —iAP(Y, )
NY, k)= | —iwy(u)B -iBP(Y, ) + AQ(Y,p) |»  (9:3)
iw; (#)C +1CN(Y, 1) '

~iw, (#)C — iICN(Y, 1)
with
P(Y,u) = py(u)AA + py(p)i(AB — AB) + py(u)CC

QY1) = ay(w)n+ay(p)AA +q3(p)$(AB — AB) + q,(u)CC  (9.4)
N(Y,u) = nh(p)AA +ns(u)i(AB ~ AB) + ny(1)CC

and

R(Y,p) = O(IY[*), R(D,p) CD
where Y = (A,P);,K,ﬁ, C,(~3), and Wo, @y, P;, 45, Ny, are real analytic func-
tion of u and
wolp) =wo + O),  wi(w) =wr +O(k).
Moreover hypothéesis (H5) and (H6) ensure that

q10 = q;(0) #0, q20 = q»(0) < 0. (9.5)

Reversibility 1s preserved by the two changes of coordinates. So system
(9-2) has the following symmetry properties:

SN(Y,p) = -N(SY, 1), S R(Y,p) = — R(SY, 1)

with S(A,B,K,E,C,é) = (./1, —]§,A, ——B,C~I,C). Moreover, analyticity is
preserved too. _
Step 2.2. Scaling. The last technical transformation of the system before
studying dynamigs is a scaling in space and time. We are interested in the
existence of homc?clinic connections. For giou > 0 the truncated system

' Iy

e _ MY

| 72 (Y, p)
admits reversible homoclinic connections to 0 which depend on u, whereas for
giop < 0 there is mone. Observe that gou > 0 corresponds to the half bifur-
cation where the idifferential D,V(0, 1) generates an “oscillatory” dynamics
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with a frequency of order 1 — due to two simple, opposite eigenvalues lying
on the imaginary axis— and a “slow” hyperbolic dynamics — due to the set
of eigenvalues ++/q; ()u + i(wo + O(u)). The homoclinic connections to 0
comes from the four hyperbolic eigenvalues and their two compaonents along
the oscillatory part of the truncated system are equal to 0. Since|we want to
use perturbation theory to study the persistence of the reversible homoclinic
connections, we wish them not to depend on the bifurcation parameter u.
This can be achieved by performing the scaling

A =0vA, B=01°B,
T =t/v, - - -
A =0vA, B=012B,

V2= o=
lh(#)l% q2(/14)

Since by hypothesis (H5), g1 # 0 holds, the identity

v =q(up (9.7)

can be inverted in a neighborhood of the origin using the Analytic Implicit
Function Theorem. So, for sufficiently small v, (9.7) is equivalent|to

p=06(v?%

where § is a real analytic function in a neighborhood of the origin such that
8(0) = 0, 6'(0) = (g10)~". Hence by composition, all the analyti¢ functions
with respect to u are analytic with respect to v. Setting

(9.6)

where

Y =(YaY) withY,=(4,B4,B),Y.=(c0J)

we obtain for small v €]0, 1), a rescaled full system equivalent tolour initial
equation (9.1) which reads

Y
Cth =N({Y,»)+R(¥,v), YeD, (9.8)
with
A B S
8B +iBP(Y,0) + AQ(Y,) Rb(Y,)
NED) = | g e AP0 riyy = | RiY)
~2 B — iBP(Y,v) + AQ(Y,v) F)
LW +iCN(Y,Y) Reg(Y,v)
~SOE iGNy Reo)

with
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P(Y,v)= pa(v)v AA+ps(v)v® L(AB ~ AB) + py(v)1? C&
Q,v) = 1-244+ gs(v)v L(AB - AB) + s (v)v CC
NY,v) = ny(v)v A4 + na(v)v? 1(AB - 4B) + na(v)v? CC

and
wo(v) = wo + 2wy, (v), wi(¥) = w1 + V2w, (v)

pi(V) = pjo + O(?), ¢;(v) = gjo + O@?), n;(v) = njo + O(12). (59)

where Wo1,W11.P5s 95, 5, are real bounded analytic function of v € [0,u].

The scaling preserves the stability of D by the rest, i.e.
R(D)CD
and the reversibility. So system (9.8) has the following symmetry properties:

SN(Y,v) = =N(SY,v), SR(Y,v) = ~R(SY, ), (9.10)

with S(4, B, A, B, C, 5’) = (.;f, -B, A,-B,C, C). Moreover, analyticity is
preserved too. Thus, near the origin, the components of R(Y, v) reads

— = a1 ~ 3
RAorZ(Y’V)z > Cporime ¥ y'm|+m3+m3+z(mc+mc)+22 2’
(m)eT "
m  Jml+me+m~t1(mc+m~)+2¢—3
R, (Y,)= 3 a. ~_ y7&, ™ ~+1 -
B i, b
BorB DT or B,7,8

m  |ml+mpt+m~+t i (me+m~)+26—8
Ros¥,V)= a, ~_ ym ™ B 2 c 2
CorC FHeT CorC,m,¢

y

(9.11)
where
m = (mA,mB,mZ, mg, mc,ma) 1S N6,

[ =mat+mp+mg+mg+me+mg,
T ={(m,¢) eN*xN/[m| > 4},
and
ame = (GA,m,e,aB,m,e,a;ﬁ,e,agﬁp ACmL O ,) €D,
Y™ = Ama Bme fma Bmaoms Gma
We denote by (rg,vp) (where ry = (TA,TB,TZ,rg,rC,ra) € (R%)®) the

“polyradius” of convergence of this power series, i.e. there exists Mz such
that

Mz Mg .
lamel < = = — e = for (m,) e 7. (9.12)
To Vo ,,.AA ,,.7};13 rA oy B ,,.gc r C I/g
A B C
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Using the power expansion of R and the bound of am,e given by (9.11)
and (9.12) we check that

Lemma 9.1.2. For every d > 0, there exist two positive constants Vg (d),
M(d) such that for every Y € CS satisfying Y| < d, and every v ¢
10, (d)], R(Y,v) is well defined and satisfies

IR por (Yo 0) < MV?Y]4,
R 5, V)| < My[Y[4,

R V)l < MUY

Moreover, for every (Y,Y") € (C®)? satisfying |Y| < d, |Y'| < d and every
v €]0,v, (d)], the following estimates hold:

|RAorX(Y’ V) - RAOTZ(Yly V)l < MV2|Y - YI|,
R po5(Y:v) = R, 5(Y',0)] < My|Y -V,
|RCor5(},’ V) - Rcora(ylv v)| < Myz|Y - Y|

The study of the existence of homoclinic connections requires the ex-
ponential tools developed in Chapter 2. Thus a complexification of time is
necessary. So, we shall study the following complex differential equation:

ay . )
ra =N, v)+R(Y,v) withé=t+ineC. (9.13)
This equation makes sense because N(-,v) is a holomorphic function in C8
and because R(-, ) is holomorphic in some neighborhood of 0 in C¢. Observe
that the symmetry properties (9.10) are still true when Y lies in CS.

For studying the dynamics of (9.1) near the origin, we have performed a
polynomial change of coordinates followed by a scaling to obtain an equivalent
system (9.1) for which the “linear+quadratic+cubic” part A is as simple as
possible. So, following strategy explained in Remark 3.2.7, the next step is
the study of the truncated system (9.14). This study is done in the next
subsection. The rest of the chapter is then devoted to the problem of the

persistence for the full system of the homoclinic connections obtained for the
truncated system.

9.1.2 Truncated system
The truncated system
—— =N({,v), YeD (9.14)

is not only reversible (SN'(Y,v) = —~N(SY,v)), but it is also equivariant with
respect to two different rotations, i.e.
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RIN(Y,v) =N(REY,v), REN(Y,v)=N(RSY,v) forY € CS, w e CE.

where the two rotations R? and RS read
RZ = diag(e', e, e v 1 1), R =diag(1,1,1, 1,ei"’,e_i“’) (9.15)
and satisfy for every w € C,

RE(M)cD, SRi=Rh S SJh=_gbg
R cD, SR, =R°, S SJ°=-J§

with
h C
Jh = %(0) = diag(i, i, —i, -1,0,0), J®= %(0) = diag(0,0,0,0,1, —i).

Moreover the truncated system happens to be integrable, which makes its
study far more easy. This property of integrability, is not only true for the
normal form of order 3, but it also holds for normal forms of any order. For

the normal form system of order 3, three first integrals are given by
Cl=k,  HAB-BA)=K, 019
|B)? += |AI2(1 + g3 (v)VK + qa(v)vk?) — |A]* + 2H. '

The truncated |system admits near the origin a one parameter family of
reversible periodic| orbits Y}, of size k > 0 explicitly given by

Y, (8) = (0,0,0,0, ket (4%, foivi ()
with wi(k,v) = @ () + n4(v)v2k%. In other words, the truncated system
14

admits, for each v, periodic solutions of arbitrary small size. Moreover, each
periodic orbit admits a two-parameters family of solutions homoclinic to itself

hi (1) = RERL(E) + RG Y, (t+ ¢* (k,v) tanh(n(k)t)), k0,9 € R (9.17)
with “

n(k) = /1 ‘+ aa(V)vk? =1 + O(vk?), 0"k, v) = n*Z(V)V

wik,v)’
and |
1) = (An;(t), Bn (t), Anz (£), Brz (), 0,0)
) e _ —nP(k) tanh(n(k)t) .
Anlt) = m e, Br(8) = cosh(n(k)t) e,

Ape(t) = Apz(-0), Bps (t) = —Bhz (—1)
Ye(t) = (22 + pa(v)v?k?) t + pa(v)un(k) tanh(n(k)e)
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Among these homoclinic solutions there are four one-parameter families of
reversible solutions ‘

hz,o,o, hlt,,-zr,O’ hI:,O,wl.(’;’y) ’ hz’"’w_;h' (9-18)
Observe that
hl:,O Yl:,u (t + (p*(k7 V)) .

(1]
" Re(t)—+co

Thus, the phase shift between hi0,0 and Yy, at +o00 is

2nw ‘
=" — VA ‘ 9.19
@ ‘P(k’”)+w;(k,u)’ ne | (9.19)

Finally, the truncated system admits a one parameter family of homoclinic
connections to 0 ;
hoeo=Rgh, 0O€R

where h is explicitly given by

h(t) := (Tg(t)eitbo(t)’rlll(t)eizl)o(t)’,r(l)x(t)e—iiﬁo(t),T?(t)e—izlzo(t)’o,i:o) (9.20)

where
r(})‘(t) = m, r’l’(t) = —%, Yo(t) = QOIEV) t + pa(v)v tanh(t).

Among, this one parameter family of homoclinic connections to 0, there are
only two solutions which are reversible

h,  RBh=—p.

The orbits h and REh appear to be the limit case for k — 0 of the previously
found families of homoclinic connections (9.18), since

* * *® * i _ ph
),01” = O’ hk1010 = hay()’ "(’l'J )] = h’ k,m,0 :_hkiﬂ)w_‘(.’lrc_V} - R"rh
wi (0w 1 (ks
Observe that the homoclinic connection 4 is induced by the set of hyperbolic
eigenvalues of the linear part whereas the periodic orbits are induced by the
pair of simple eigenvalues which stay on imaginary axis after bifurcation.

Remark 9.1.3. The truncated system also admits two other ¢ ass of solu-
tions : elliptic periodic orbits and quasi periodic orbits. However, this book
is devoted to the problem of the persistence of homoclinic connections. So,
we do not study the persistence of these two classes of solutions.
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9.1.3 Statement of the results of persistence for periodic orbits

There remains the problem of the persistence for the full system {9.8) of
the previously found periodic and homoclinic orbits. In other words, do the -
previously found orbits persist when the normal form system is perturbed by
the higher order terms?

9.1.3.1 Persistence of periodic solutions. For the periodic solutions the
answer is yes : the full system admits a one parameter family of reversible pe-
riodic orbits Yy, of arbitrary small size k 2 0 given by Theorem 9.1.4 below.
This result follows directly from the general Theorem 4.1.2 given in chap-
ter 4 which ensures for reversible systems the existence of a one parameter
family of periodic orbits bifurcating from a pair of simple purely imaginary
eigenvalues. This theorem gives a detailed description of the periodic orbits
which is very useful when complexifying time for studying the persistence of
homoclinic connections to exponentially small periodic orbits.

Theorem 9.1.4. There ezist ky > 0, v1 > 0 such that for all v in 10, 14]
the real full system (9.8) admits a one parameter family of periodic solu-
tions (Ykr"(t))ke[o o] with Yy, (t) = Y(wg ,t k,v) and

?(S,k,l/) =35 k" ?n(s,u),
n>1
(a) { ¥, ¢ Pr.i» 171(3) =(0,0,0,0,e,e71), ¥, =V =0
(ko)™ H?n“ < C’?l/2 for every v €]0,11], n > 2.
Pl

with Pp p = {}7 R D, Y(s) =ap + 2_ apcos(ps) + by, sin(ps),
p=1

Sap = a,, Sb, = —bp} N {?/ /272?(3),?1(3»(13 - o}

and “?' = sup |[P(s)|+ sup %(3) .
Pl 5€[0,27] s€[0,2x] | @S
weo =2 4 500), o) = 3 Gae) ke,
(b) ’ v n>2

&k, v)| < Cuk?v for every v €]0,v1], k€ [0, ko).
(©) O(=k,v) =G(k,v),  V(s+m,—kv)=P(s,kv).

The proof of this theorem is given in Section 9.2.

Remark 9.1.5. Observe that C’g;, C,, are independent of k, v. We have
constructed a particular family of reversible periodic solutions Yy, of (9.8).



370 9. The (iwo)?iw; resonance

Since (9.8) is autonomous, we can deduce from Y; ,,, other periodic solutions
by an arbitrary shift in time. Among these periodic solutions, Y .. (), Yz , (¢ +
m/wy ) are the only ones which are reversible.

9.1.4 Statement of the results of persistence for homoclinic
connections

For the homoclinic connections the situation is far more intricate. One way to
make up one’s mind is to formulate the problem in terms of stable manifolds
and to illustrate it geometrically. We denote by W (k, v) the stable manifold
of the periodic solution Y}, of the truncated system. The manifold W (k, v
looks like a three dimensional cylinder in R® (one dimension for time and
one dimension for the phase shift and a third one due to the invariance by
the rotation R, see (9.17)).The radius of this cylinder is essentially the size
of the periodic orbit, i.e. k. The fundamental remark, is that for a reversible
system, a reversible periodic solution admits a reversible homoclinic connec-
tion to itself if and only if the intersection between its stable manifold and
the symmetry space Py = {Y/SY =Y} is not empty (see Lemma 3.1.8). In
this case, P, is a 3 dimensional vector space in R®. For k > 0, the inter-
section consists of four points which lead to the four reversible homoclinic
connections to the periodic orbit Yy, For k = 0, there are two points of
intersection, which leads to the two reversible homoclinic connection to 0 of
the truncated system.

Let us denote by W, (k, v) the stable manifold of the periodic solution Yi.
of the full system. The stable manifold W;(k,v) is obtained by perturbation
of the stable manifold W (k,v) of the periodic solution of the truncated
system. On Figure 7.4 we can observe that for k = 0 the situation is not
robust since

dim W(0,v) + dimP,. =2+3=5
So, there might not exist any reversible homoclinic connection to 0 for the full
system, whereas for & large enough, the four points of intersection between
W (k,v) and P should persist since

dim Ws(k,v) + dim P, =3+ 3 =6.

Thus, there should exist four reversible homoclinic connections to Y;‘C,'l, for &
large enough. The natural question is then the following:

Question 9.1.6.

(a) Determine, for a fired value of the bifurcation parameter v, the small-
est size k.(v) of a periodic solution which admits a reversible homo-
clinic connection to itself : is it 0 or not? And if it is not 0 we would
like to compute k. with respect to v.

(b) If ke(v) > O, what is the behavior in the past of stable manifold
Ws(0,v) of 02
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Remark 9._1.7 . iWe have to face the same kind of problem as for the 02+iy
resonance (see paragraph 7.1.4 and question 7.1.6).

A more analytical approach complete usefully the geometrical approach

and points ou't that we have to face the same kind of difficulty as for our toy
model (1.2) given|in the introduction of the book: the truncated system can
be seen as a system of two “uncoupled” two dimensional systems, which have

very different behgviors. Using the three firsts integrals (9.16), the first four
dimensional systefn can be written

E = —TA+B+1AP('A'2;K7]C2¢V)$
aB igo(v)B . 2 2
@ T T, BHIBP(APR KR V) + AQUAP, K, k2, 1)

with

PIAP K k2 0) = py(u)w |A]2 + p3(v)u? K +ps(v)v? k2
Q(lA]z,K{? k2 v)y= 1- AP + (Vv K + qa(v)v k2

|
and the second system reads

E = M)C +iC 2 2 2
7 - (na(v)v |A]2 + ng(v) K +ng(v)i? k?).

The first system is| “hyperbolic and slow”. The differentia] at the origin ad-

mits ff)ur complex simple eigenvalues +1 + ) For k = 0, it admits two
reversible connections to 0 given by Y ’

=+ (rg (t);eiilio(t) , 7.{1 (t)eivzo t) , r(l)‘ (t)e_i%(t), 7.111 (t)e‘i‘/’o (t))

(see (9.20)).

. ’.l‘he se?ond is “;t)scillatory with high frequency”. The differential at the
origin adm}ts two purely imaginary eigenvalues +-21() Tp solutions of this
system oscillate rapidly along the circle [C]2 = 2. 7

, For t}21e homoclin:ic orbit h, these two systems are really uncoupled because
k*=|C)?2=0 holds for . Now, when we add the rest “R”, i.e. higher order
terms, we “couple” ‘these two systems. The question is then to determine
whether or not the homoclinic orbit & survives the oscillations induced by

the e iwy (v)
e eigenvalues :I:T? So, as for our first toy model, we expect that the

answer is no. Moreover, we expect the appearance of a critical size k (v)
which L5 ezponentially small such that for k > ke(v) there exists reverscible
homoclinic connectidns to periodic orbits of size k, and for k < ke(v) there
should not exists any reversible homoclinic connections to periodic orbits of

ts;iz% k and in particular there should not exists any homoclinic connections
0 0. k
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For our toy model (1.2) the problem of the persistence was solved by
explicit computations. Here, no explicit computation are possible for the full
system. So we use the “exponential tools” developed in chapter 2 for studying
such systems. ;

1

9.1.4.1 Persistence of homoclinic connections to exponehtially small
periodic orbits. Using the First Bi-frequency Exponential Lemma 2.2.1 we

prove the persistence of homoclinic connections to exponentiall
odic orbits. ?

y small peri-

that for all sufficiently small v, the full System (9.8) admits foiu
solutions of the form f

Y(t) = X(t) + Yk, (t + ptanh(A 1))

where

[ X (2)] < Me™xwitl fort e R;

2
size k = K(E)V%e_—t]& and where

26wy
Ak =1+ 0(k*) =14+ 0@k v )

Theorem 9.1.8. Forall¢, 0 < { < % and there exist M,K(*Z) > 0 such

Yi,w is the periodic solution of the full system given by Theorem 9.1.4 of

with w, = min lwy + pwp| > 0.
PEZ

T reversible

The proof of this theorem is given in Section 9.3.

Remark 9.1.9. To come back to our original Equation (9.1)

it suffices to

perform the scaling (9.6) and the polynomial change of coordinates given by

the Normal Form Theorem 3.2.1. The solution has the same ¢
oscillations at infinity are less than MySe—%+/v.

orm and the

Remark 9.1.10. This theorem is very similar to the one obtpined for the

0?*iw resonance (see Theorem 7.1.7). However, observe that }
quency in the exponential is w, and not w; because of the interad
the two frequencies wy and w;. This is why we need the First
Exponential Lemma 2.2.1 instead of the First Mono-frequency
Lemma 2.1.1 as for Theorem 7.1.7. Moreover the use of the First,
Exponential Lemma 2.2.1 requires the determination of the exa,
Ak, at infinity for the homoclinic connection whereas for Theor.
decay rate is A with 0 < A < 1. To determine this decay rate we
the constructive Floquet Theory given in Chapter 5.

here, the fre-
tion between
Bi-frequency
Exponential
Bi-frequency
ct decay rate
em 7.1.7 this
> have to use

As for the 0%*iw resonance, we deduce from the proof of this theorem,
a first corollary which ensures the existence of homoclinic connections to

fw
periodic orbits of size k lying in [K(E)V%e__v& , K.
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Corollary 9.1.11. There ezist M., K, >0 such that for every £ €]0, 3|,

there exist K(€),v,(€) > 0 such that v €10, v.(8)[, the full System (9.8)
admits four reversible solutions of the form

Y(t)=X(@t)+ Yo (t + ptanh(Xg 1))
with
IX ()] < My e %ltl for ¢ ¢ R, Ak =1+ O(k*v)

where Yy ,, is a periodic solution of the full system satisfying

[Yi.(t)] < Mk forteR.

Remark 9.1.12. Improvement of the domain of existence. As for the
0%*iw resonance, working in a strip B, = {¢ € C,|Im (€)| < €} of width
£ =7—4vinstead of a strip of fixed width as for Theorem 9.1.8, it is possible
to enlarge the domain of existence of homoclinic connections to periodic
orbits: there exist o, K7, vy, M’ > 0 such that for every v €]0, 1] and every

k € [Kie™3v , K,[, the full System (9.8) admits four solution of the form
Y(t) = X(t) + Ye, (¢ + ptanh Ay 1)

where Yy, is a periodic solution of the full system satisfying |V, (¢)] <
M,k for t € R. The domains of persistence of reversible homoclinic connec-
tion to Yy, are drawn in figure 9.5 p. 378.

— 4w
k= K@vie ™

0 v

Truncated system Full system (9.8)

Fig. 9.3. Domain of persistence of reversible homoclinic connections to a, periodic
orbit of size k for the full system (9.21)

Remark 9.1.13. Theorem 9.1.8, Corollary 9.1.11 and Remark 9.1.12 give
a first partial answer to Question 9.1.6: they ensure that kc(v) is at least
exponentially small.
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9.1.4.2 Generic non persistence of reversible homoclinic connection
to 0. A second partial answer which completes the previous one is given by
the following theorem which ensures the generic non persistence of homoclinic
connection to 0. To state the theorem we introduce in equation (9.8) an extra
parameter p € [0,1] '

O — N(.v) + pR(Y, ). (9.21)

For p = 0, we get the truncated system which admits two homoclinic con-
nections A and —h to 0. Now, we would like to understand what happens for
p # 0 and in particular for p = 1 which corresponds to the full system (9.8).

Theorem 9.1.14. There exists a real analytic function defined on [0,1]

OED I

n>1

and ds > 0 such that for any p € [0,1] with A(p) # 0, and for v small
enough, the full system does not admit any reversible homoclinic connec-
tion Y to 0, which principal part is £h, i.e. such that

sup |Y(¢) & h(t)| < ds. (9.22)
teR
The first coefficient A is explicitly known in terms of Bessel functions

and in terms of the coefficients of the power ezpansion of the rest R
(see Remark 9.1.19 for the explicit expression of A; ).

Corollary 9.1.15. If Ay # 0 (which is generically satisfied), there is at
most a finite number of values of p for which the full system admits, for
v small enough, a reversible homoclinic connection to 0 whose principal
part is +h.

A sketch of the proof of this Theorem is given in Section 9.4.

Remark 9.1.16. Non reversible homoclinic connections to 0. This
theorem ensures the generic non existence of reversible homoclinic connec-
tions to 0. The question of the existence of non reversible homoclinic connec-
tion to 0 remains open.

Remark 9.1.17. Equation (9.22) characterizes the homoclinic connections
with one loop (see Figure 9.4). So, Theorem 9.1.14 ensures the generic non
persistence of homoclinic connections to 0 with one loop whereas Theorem
9.1.8 ensures that there always exist homoclinic orbits with one loop con-
necting an exponentially small periodic orbits to itself. The question of the
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h 1 loop 2 loops

Fig. 9.4. Homoclinic connections with one or more loops

existence of homoclinic connections to 0 or to periodic orbits with more than
one loop is not studied here.

Rerpark 9.1.18. For p = 0, A(p) = 0. Indeed, the truncated system does
admit a reversible homoclinic connection to 0.

Remark 9..1.19;. Among the coefficients An, Ay is the only one which is
known exphcitly.f Let us denote

[ Wy = Min |w; — 1w, By = wr —
[Bad pEZI 1= D Oly % 1 — Pxy

wk.le.re P« is the ismallest integer such that the minimum is reached. The
minmmum is reached for a unique value of P when i’; ¢ N+ % and it is
reached for two consecutive values of pfor 2 e N+ % Then

H wo ’

-for 22 ¢ N+l w) —powg >0, 41 = A% (p,),
-for 2L ¢ N+ 4, wi—pawy <0, A =47 (p,), ,
- for %& EN;#— %,w1=(p*+%) Wy, Ay =/1+(p*)+/1_(p*+1)
with i
; +
A% (py) = >, aomo 4(p)
‘ MmA+mpB —m~—m~=p,
; A B
i me+m~=0
C
where
: n ma+m~+2mp+2m~+n—1
At(p) = _@)mEtmyH (P20 — Pumiag)™ wi 4 N
7 :
: n mA+m;+2mB+2mE+n—1
A%(p*) — —(iDmB+m5+1 Z (pzo —p*nzo) Wy

n>o 7l (mA+mZ+2mB+2m§+n—1)! ’

where a¢ 7 4 is the coefficient of of the power expansion of the fifth component
of the rest R, and where pyy = P2(0), n2e = n2(0) where D2, No are the
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coefficients of the normal form of order 3 (see (9.9)). So we have a generic
non existence result, but for a given system we are not able tq& determine
whether A(p) vanishes or not. However, even though all the cosfficients 4,
were explicitly known, the computation of the zeros of A(p) might be very
difficult. 1

9.1.4.3 Behavior of the stable manifold of 0 in the past Question
9.1.6-(b) remains open: when there is no homoclinic connection% to 0, what
is the behavior in the past of the stable manifold of 07 One can expect as
for Toy Model (1.1), that the stable manifold develops exponentially small
oscillations at —oo. This is what happens with the toy model

%2—/ = wpa + b/,

% = pa — wob’ — 2a(a? + a’?)

(fi_zl = pa’ +web — 2a’(a? + a'?),

%2- = —wic’ — a’P+(a? + a’?)?,

Z—Z = +wic — aP*(a? + a'?)?, |
which is a particular example of reversible family vector fields admitting a
(lwp)?iw; resonance at the origin with gp = 1 and g20 = —2. Applying the
transformation T and the scaling (9.6), we get

‘fi—':- =4+ B, |

5‘2—]5 =40pB 1 A 24(AA4),

% =-lwgy B

B By a-2d(ad),

o = SOtipr i (4dP,

% = —‘%15' — ipP+3 AP (A 4)?,
This systems corresponds to the rescaled normal form of order [three with
P =N =0, g3 =q4 =0, perturbed by a unique monomial

(0,0,0,0,ipAP* (AA)?, —ipAP+ (AA)?).
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The solutions of this system can be computed explicitly since the system is
only partially coupled. We check that the two dimensional stable manifold of
0 is explicitly given by

}/;(t, 0) = (As(ty 0), Bs(ta 9)1 As(t7 9)7 Bs(tv 9)) Cs(ty 9)7 Cs(tu 6))
with
iwgt | . iwgt | .
As(t,6) =€ v T coshTl(t),  By(t,0) = —e o+ cosh=1(1) tanh(t)

i +oo -
g dwit oo _ (w1 —pawo)s ds
Ci(t,0) = ipyPetd o v Hipe e oo 98
S() ) p ¢ (COShS)p*+4

and that Y; develops exponentially small oscillations at —oo

?

iwgt . fwgt .
Yi(t,6) ~ (0,0,0,0,1K(1/)e_7/L+"’*9,—iK(V)e__uL"‘p*a)
——00
where
+O0 wys ds 2rwl T Tw,
K(v) = m%/ e ~op T L T
(v) = pv . e v (cosh s)P«+4 P e+ 3) 7 e 2

As for the 0%*iw resonance, we also expect that for some vector fields
admitting a (iwg)?iw; resonance, the stable manifold of 0 might explode in
the past. At the present time we do not know any general criteria to determine
the behavior of the stable manifold of 0 in the past.

Remark 9.1.20. Sharper lower bound of the critical size. Moreover,
for the previous particular example we can compute explicitly the critical size
kc(v) of the periodic orbits which admits reversible homoclinic connections
to themselves : we check that each periodic orbit of size k > 1K (v) admits
four reversible homoclinic connection to itself, whereas none of the periodic
orbits of size for k < K (v) admits reversible homoclinic connection to itself.
Hence the critical size k. (v) is equal to 1 K (v). However, in general we are not
able to compute explicitly the critical size. Theorem 9.1.8, Corollary 9.1.11
and Remark 9.1.12 only give exponential upper bounds of the critical size
and Theorem 9.1.14 ensures that generically there is no reversible homoclinic
connection to 0. In fact as for the 0%Tiw resonance it is possible to obtain
a sharper lower bound for the critical size (see Figure 9.5). Combining the
proofs Theorems 9.1.8 and 9.1.14 we can check that there exists Vg, di, ag €

10,1[ such that for every v €]0, 1) and every k € [0, apA(p) e o [ the full
System (9.8) does not admit any reversible solutions of the form

Y(t) = X(t) + Y. (t + ptanh \g 1)

with
sup [X () £ A(Aeut)| < dfy,  sup | X(5)]eM¥ < oo,
teR teR
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_ Ty
e 2v
k k=Ki—
vz
K, —TW.
i e 2v
k~ Ap)—
vi
: (expected critical size)
: =Ty
3 k A( ) e 2w
. = Qg
gyt ’ I/%

0 1240} 0
nonpersistence
Truncated system (p = 0) Full system (9.21) (p # 0)

Fig. 9.5. Domain of persistence and non-persistence of reversible homoclinic con-
nections to a periodic orbit of size k for the full system (9.21) (p # 0)

9.2 Proof of the persistence of periodic orbits: explicit
form

This section is devoted to the persistence of periodic solutions. We prove
Theorem 9.1.4 which follows directly from the general Theorem 4.1.2 given
in chapter 4 which ensures for reversible systems the existence of a one pa-
rameter family of periodic orbits bifurcating from a pair of simple purely
imaginary eigenvalues.

Proof of Theorem 9.1.4. The explicit form of A/, R given respectively by
(9-8), (9.11) ensures that Equation (9.8) can be rewritten as

day
where
Ln(v) 0
= w1 (v) where
(a) L, = 0 0 ——ly— her
0 wi1(v) 0
LA(w) o _ wo(v) v
Ly(v) = [ ho ) } with L (v) = [ (;/ g (1) ] .

Thus, (9.9) ensures that we can choose v1 €]0, 1] such that

inf w;(¥) >0, sup |vwii(V)] <40, sup I Ln()| < o0

v€0,u] v€j0,11) v€|0,m]

Finally, since
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(

-
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oo (L))" o 20

wy(v) Bv) «a)
with : )
o) —1_ isin(2r 2ocs) |
2 9 (cos(QW%) - cosh(;l’z,’j) )
— sinh(-28%
B = (&)

hypothesis (H4a
so that there ex

@, () @, ()

) and (9.9) ensure that 14 can be chosen sufficiently small
ists M such that for every v €]0, 1)

(e (55))

2 (cos(27rﬂ’(—z)) — cosh -2z )) ’

<M< +oo.

(b) the nonlinear pgrf Q satisfies Q(0,v) = DyQ(0,v) = 0; it is analytic

in D(0,r) = {Y]
and satisfies

sup |v
[Yi<r, v€]o,m]

Thus hypothesis
follows directly from
of “Yn” , ie. (ko)

1

Theoren;: 4.1.2, has t

1. Here, ”(I4 — exp

e C5 Y] < r} with 0 <r < min(rA,rB,rZ, TE 7‘077”5)

sup  |Q(Y,v)| < +oo0,
[Yl<r, v€)0,m]

1O (Y, V)] < +oo, sup  |v1Qp(Y, V)| < +co.

Y|<r, v€]0,11]

(i) and (ii) of Theorem 4.1.2 are fulfilled. The result
1 this last theorem. The improvement of the estimates
nl.?n“,,l < C?V2 instead of (ko)"|?nl < C'?, for
WO origins

()"

21(’/)

p1

is bounded by M and not by —C,-}l as for

Theorem 4.1.2;

2. When looking fori f in the form ¥ = k?l + kZ and when rewriting the
equation for u = (Z,®) as an implicit equation G(u, k) = 0 (see equation

(4.10)), we check

P
I, -l < o -l (%)

by explicit computation that

2k

Here again the estimates are better than the ones obtained in Lemma

4.A5.

Finally, to check that Vo = }73 = 0, we simply put the expansion of ¥ in
powers of k in the equation satisfied by ¥ and we identify the coefficients of

the powers of k. O
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9.3 Proof of the persistence of reversible homogclinic
connections to exponentially small periodic solghtions

A preliminary idea to find a reversible solution Y of the full systezin homoclinic
to the periodic orbits Yy, is to look for Y in the form ;

Y(t) = Yiu(t + ptanh(5) - h(t) +0(t),  teR, b

where h is the homoclinic connection to 0 of the truncated syste%n and where
v is a perturbation term which is reversible and which tends to|0 at infinity.
This choice of the form of Y is motivated by the form of the solutions of the
truncated system homoclinic to the periodic orbit given by (9.17). We also
used such a form for the 02*iw resonance (see Section 7.3). To b;'uild solution

of this form, a natural idea is the following :

First rewrite the equation satisfied by v in the form
% — DN (h,v).v = g(v, 0, k,v).

To transform this equation into an integral equation which cs
with the Contraction Mapping Theorem, we must invert the li
(9.23). The crucial point of our analysis is the following : for an 4
function f which tends to 0 ezponentially at infinity, there exist

function u which tends to 0 ezponentially at infinity and which
Z—? —~ DN (h,v)u=f

if and only if the function f satisfies the solvability condition

+co
)= [ G f0), =0
where the dual vector r* reads
Ti (t) = (0, O, 0’ 07 _%e—i¢r(t), %ei¢r(t)) with wr(t) = g]é”_)t + Ng

This solvability condition is the typical one which occurs when t

(9.23)

i be solved
near part of

5 a reversible
satisfies

(9.24)

v)v tanh(t).

he linear ho-

mogeneous system admits a pair of purely imaginary eigenvalues (see Section
6.4). Moreover, observe that the integral I {9,v), is a bi-oscillatory integral
since the dual vector rotates with a frequency of order w; /v wheré v is a small

parameter and since g involves a second fast oscillation with a
order wy/v due to the terms coming from . So, for studying th

frequency of
is solvability

condition, we have to use the Bi-Frequency Exponential Lemmas given in

Section 2.2. For using these lemmas, we must find solutions v
the form v(t) = v(¢t,*2%). For an antireversible function f : (€,
which tends to 0 at infinity, Proposition 6.5.4 gives solutions u
equation

of (9.23) in

ﬁ) = f(£> S)a
of the affine

ntireversible-

9.3 Persistence of homoclinic connections to small periodic solutions 381

Z—? — DN (h,v).u = f(t, “8t)

of the form u(t) = u(t, %) provided that f tends to 0 exponentially fast
with an exponential decay rate larger than the one of h. To obtain such an
exponential decay rate for g(v, p, k, v, t) we need it to be quadratic in v. This
can be achieved by use of the constructive Floquet Theory given in Chapter 5.
Before applying this Floquet Theory to the equation linearized around Y,
it is more convenient to have a family of periodic orbits written as simply as
possible. So finally the plan of the proof is as follows:

1. Using Theorem 4.3.1, we perform an analytic change of coordinates close
to the identity, Y = ©,(Z) to obtain an equivalent equation

dz

i (Z,v)+R;(Z,v) (9.25)
where A is the normal form of order 3 given by (9.8) and where R,
represents new higher order terms such that Zyy =07 (Y, is a family
of periodic solutions of (4.3.1) which are circles.

2. 'We look for an homoclinic connection Z to Z, of the form

Z(t) = Zk (t+ptanh(Ag 1))
HId+Q1 (t+p tanh Mk, ,1))] (R ) 0" (O ut)

where the decay rate Ay, =1+ O(k*v) and the Matrix @1 are obtained

by the constructive Floquet Theory given in Chapter 5 applied to the

equation linearized around Z;;,,, and where &’ has the same form as k

except that wy(v) is replaced by wp(k, v) = wo + OW2 + vk?).

So from now on, we look for the phase shift ¢ € R and for a perturbation

term v’ which is reversible and which satisfies sup(fv(7)|el™) < +o0. The
TER

(9.26)

equation satisfied by v’ reads

!
2—1:_ = DN'(W())v' = g'(v', p, k,v). (9.27)
"This equation is very similar to (9.23) : A7 and A’ have the same form as A’
and h except that w(v) is replaced by wj(k, v). Moreover g’ is quadratic
with respect to v whereas g contains linear terms in v. This is why we
performed the linear time depending change of coordinates given by the
Constructive Floquet Theory.

As already explained the crucial point of the analysis is the study of the
solvability condition that g’ should satisfy to belong to the range of £ with

LE) = C(ii—’j_l — DN'(R'(1)) ..
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This solvability condition is given by a bi-oscillatory integral, the analysis
of which requires the Bi-Frequency Exponential Lemmas given in Section
2.2 and thus requires solution of (9.27) of the form v’ (1) = V/(1,%2T). So
we proceed as follows:

3. Using the inversion of affine equations with partially complexified time
given in Section 6.5, we build an inverse of £ for functions f : By xR — C¢
with B, = {¢£ € C, |Im(¢)| < £}. More precisely we prove that there
exists a linear operator T such that for any antireversible function f’ :
By x R — C® satisfying sup (|f'(¢, 5)|eMRe®l) < +o0 for some A > 1, the

£EB,

function v'(7) = v/(7, ¥2%) with v/(£,s) = T(£}(&, s) is a solution of
L) = f'(r, 221)

provided that f satisfies the solvability condition

+oo
| e o ) =0 (9:28)

where '~ has the same form as r* except that w;(v) is replaced by
wi(k,v) = wy + O(V? + vk?).

4. Using the First Bi-Frequency Exponential Lemma, 2.2.1, we prove that for
each reversible function v/ : By x R — C8 which tends to 0 at infinity, there
exists an appropriate phase shift p(v/, k, v) such that ¢'(V', o(V', k, ), k, V)
satisfies the solvability condition (9.28) provided that the size of the peri-

wi b

odic orbit k is larger than K (£)e™ v .

5. Finally, using the Contraction Mapping Theorem we build a reversible
solution v/ : By x R — CS of

u'=T(g'(u', p(u', k,v), k, )

which tends to 0 at infinity. Then , v/(r) = v/ (7, #2%) is a solution of (9.27).

For summarizing, for k > K (E)V%e—ﬂvd, this proves the existence of a
reversible solution of (9.25) given by (9.26) and homoclinic to the periodic
orbit Zx , of size k. Coming back to our original equation (9.8) with the
analytical change of coordinates ¥ = O(Z) close to identity, this ensures
the existence of reversible homoclinic connection to the periodic orbit Y,

+£

of size k provided that k > K (£)v5e” %

9.3.1 Analytic conjugacy to circles

As previously explained, we first perform an analytic change of coordinates
close to the identity to obtain an equivalent equation for which the periodic
orbits are circles.
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Proposition 9.3.1. There exists k; €10, ko[ and an analytic diffeomor-

phism ©, close to identity such that setting Y = O,(Z), the equation
(9.8) is equivalent to :

Z
CZE =N(Z, v) +Rz(Z,v), Z = (2n,2.) €D, (9.29)

with

(a) Fork €]0, k1, v €]0,11], the periodic orbits Yy, of (9.8) reads Yy, =
Ou(Zk,.) where Zy ,(t) = (0,0,0,0,ke'ﬂk»vt,ke_lgkvvt) i a periodic
solution pf (9.29).

(b) S6,(Z) =06,(52), e,(D) c b.
() 18u(Zn, Zo)| = (Zn, Z) + 0L(2.), where O} : (- k1, k1))? — D
satisfies

0(Ze)] < Mal?|Ze|*,  |DOY(Z.)| < Mor?|Z.J?,

for v €]0j11] and Z, € (D(0, k1))? where D(0,k) = {¢ e C,|¢] < k}.

(d) N is the mormal form of order 8 given by (9.8) and R, is a reversible
analytic Yector field which satisfies R(D) ¢ D and

RZ,Aor;(Z’ V) = O(U2|Zhl 'Zl3)7

} Rz,BO,E(Zv V) = O(VIZhI ’Z,s)’
| 5(Z,v) = O(W3|Z|* + v| Z|9).

é 7?'Z,Col-c

Proof. This proposition is a direct consequence of Theorem 4.3.1 since the
periodic orbits% Y, have been obtained by Theorem 9.1.4 which is a con-
sequence of Theorem 4.1.2. Moreover, the proof of this Theorem gives an
explicit formuleja, for &, which reads in this particular case

0,(2) =2+ 6} (Z) (9-30)

n>4

The polynomials O} .(Z;) are derived from the coefficients Y., of the power

expansion of Y ,(t) = ?(gk Jtk,v) with Y (s, ko) =Y + >k Yo(s,v)
: ’ n>4
and

n_
% _ by ips T ips ~ —ips T —ips ~ ips ~ —ips
Ya(s,v) = E K™ (Gn,pe™, b p€'°, B e TP0, by, e s Cn,p€T?, Cp pe P,
p=—n

where (@, bn.p» & p), R x iR x R. More precisely, we get
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1 . —~ ntp ~nh=p T ntp Xn—-p .
OpnlZe) = X (“n,pc 0T b, O O
p=-n
~ n—p Sn+p n—p n+p
p+n even an,pC P C 5 y—bn,pc 5 Z

—~ ntp n=P o~ n~p ~~nip
CnpC 2 C7,0,,C7 C2

Since }72 = }A’g = 0, the power series in (9.30) starts with n = 4. Hence, when
performing the changes of coordinates Y = 6,,(Z ) in (9.8), the térms of order

less than 3, i.e. the normal form’s terms, are kept unchanged. [.

i
i

9.3.2 Equation centered on periodic orbits '

As already explained in the introduction of this section, using the

constructive

Floquet Theory given in Chapter 5 for computing the Floquet exponents ),

of Z,,, we can look for reversible homoclinic connections to Z,
Z(t) = Zi (t+o tanh(Ak,t)) + [Id+ QL (t+p tanh(Ay . 2))]

where Q) is a 27/w k,»-Periodic matrix-valued function given by

ory. We look for the phase shift ¢ and for w’ € D which is reversib

satisfies sup(|w'(r)|el™) < +o00. We perform the Floquet linear ¢
TER

ordinates to remove all the w’'-linear terms in the “hyperbolic
R, of the rest R’. More precisely, we obtain

of the form
"(Akwt)

'loquet The-
le and which
hange of co-

component”

Proposition 9.3.2. There exist Ve, ko > 0, a numerical coeffici

1+ O(vk?) and an analytic matriz valued function é}, reading

IO — i 59 with 101 Mg v
QL(C,C) = ,,+2q;2 (V)OO with @ (| < S for

setting
Z(t) = Z,, (t+p tanh Ay, 1)
+[Id+é}, (Ze . (t+ptanh ,\k,,,t))] ' (Mg ut)

with Zi,(t) = (0, Zck,u(t)) € Dy x Dy, the equation (9.29) is
to

d !
= = N'@W/(r), 1) + R (w(r), 2., (+¢/ tanh ), )

+o'¥ (1, k,v, ')

with §Q (v) = Q} ,(v)S, such that for every v €0, v5] and K € [0, k3),

ent )\k,v =

v E]O, 1/2]

(9.31)

equivalent
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(a) N is derived from N by substituting wi(k,v) with w;(v) where

g—:(k7 V) =Wy + Ug;ll(k7u)7 Q;l(kﬂl) = O(V =+ kz), fOT'i = 0, 1,

where wi; are real analytic function of (k,v) € [0, ks] x [0, ).
(B) 7=Aksty &' =Dewip, 2, (7) = (koo™ ke ™) yhere

o Qll(kyu)

W = =+ &' (k,v), W'k, v) = Ok?v).

(c) The rest R! = (RiuRe) € Dy x D 45 an analytic reversible vector

field satisfying for Z[ € (D(0,k))2,
R£(w':Zé)=(9(VlwﬁlIwéIIZé|+V|w1'1llw'l(lw'l-l-lZé|)2+k21/lw£llw'|2),
Re(w', Z) = O(V%Iw'l(lw'l+|Zél)3+l’lwél(lwél+IZé|)3+V|w£I2|Zé|

+V21wé|IZél(lwé|+|Zél)+V2k2|wélIw'lz)-
where D(0,k) = {¢ € C, €] < k}.
(d) & = ($},8.) € Dy x D, satisfies SO'(~7,k,v,¢') = ~& (7, k, v, @)

and reads
1
Op(1,k,v,¢") = _mrﬁ (Zé,k,,,(T-l-(p' tanhr))
1 /dzZ, N\
¢£(T) kv v, <PI) = _COSh2(T) ( ;;_k’ ) (7'+(,DI tanh T)

where ¢y is an analytic function satisfying 1y (Z() = OW|Z.?) for
7, € (D(0,k»))". c "

The proof of this proposition is given in Appendix 9.A. O
The truncated system

dw’
F = N’(w', l/), w’ eD (933)

admits the same families of solutions as the truncated system (9.14) modulo

the substitution of w!(k,v) with w;(v) for i = 0,1. In particular, it admits

two reversible homoclinic connections to 0
R, . RRMH.
where h' is explicitly given by
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K(r):= (TS(T)ei%(T),Tll‘(T)ew"’(T),r(])‘(T)e"i%("),r{’(T)e_i%(T),O,O) (9.34)

where

r(})‘('r) = @t—('r—)’ 'rll‘(T = —%, Po(7) = g@ T+ po(V)v tanh(r).

Observe that A’ is holomorphic in C\ (*F + inZ).

Then, we look for homoclinic connection to 0 of (9.32) in the form
w'(r) = K (1) + /(7).
the equation satisfied by v’ reads

!
C(% = DN (K, v)v' =g (v'(7),¢, kv, 7) (9.35)

with
g, kv, ) =N, ¢ kv, T) + RI(W 4, Ze ki V) + ' (1,0 k,v)

and
2V 0, kv, )= N'(B + ', v) =N'(R',v) = DN (W, v) v,

where 1/, v’ are evaluated at 7, and Zg 1, 26 T+ tanh T,

The classical way to find solutions of (9.35) is to transform (9.35) into
an integral equation which can be solved using the Contraction Mapping
Theorem. To perform such a transformation, we need to invert the corre-
sponding linear part, i.e. to solve the corresponding affine equations. As we
shall see in the following subsection, the inversion of such affine equations
lead to a solvability condition given by a bi-oscillatory integral. The analysis
of this solvability condition is the crucial point of the proof. As we shall see,
it requires a partial complexification of the time.

9.3.3 Inversion of affine equation with partially complexified time

For solving affine equations, the first step is to compute a basis of solutions
of the linear homogeneous equation. For describing the properties of such a
basis we introduce the following spaces of functions:

Definition 9.3.3. Let A\¢ R, £ > 0.

He)\lR,n) = Hé\(CG) N{f:C— C5/ f is reversible and maps R in D}
Hé\|AR,D = H}(C®)N{f:C — C8 f is antireversible and maps R in D}

where H)(C") is introduced in Definition 6.3.10.
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Lemma 9.3.4. The homogeneous equation

d’UI i 14 /
e — DN'(K,v)v' =0

admits a basis of solutions (Po, D1, 90,44, 7'y ) satisfying
(a) P} ¢} € C* x {Ocz} and for every ¢ €]o, Z[,

v/ Vi

i ph / 1 h -1
P; =|R? worp; € Hy|upy, 9; = R wyr q; € H; lrp
14 v

where RY is the rotation given by (9.15).
(b) 7. =(0,0,0,0, ei’/’;,e_i”’;), r_ =(0,0,0,0, iei“’;,—ie"w;) where

_wi(kv)

¥ (7)

T+ ny(v)vtanht

which ensures that 'rg_ 18 reverstble whereas ' is antireversible.

(c) The dualibasis (py",pi",qb", @)%, 7%, 7" (see Definition 6.3.5) sat-
isfies
vl * !
| ph * —1 4 *
P; = Rﬂglp; € H, ,AR,ID7 q; = Rhﬂgi‘];‘ € HEI'R,W
and

. =(0,0,0,0, 1e7¥r, %ew’;), % =(0,0,0,0, —%e_i’l’", %ew’;).

Remark 9.3.5. Observe that the four first vectors of the basis are induced
by the eigenvalues il&l’,i + 1. So, p} and P tends to 0 at infinity with an
exponential decay rate equal to 1 and with a fast oscillation equal to £2,
The two next vectors (gf,q}) go to infinity at infinity with an exponential
growth rate equal to 1 and a fast oscillation equal to “2. Finally, the two last

vectors /. are irduced by the pair of purely imaginary eigenvalues :i:g(f%").
So, these two vectors are purely oscillatory with a frequency of order “,

Proof. This lerhma is a direct consequence of Lemma 6.3.11 since DA/’ (W' (1))
as the form |

| DM{(K(r)) 0 0
DN'(K(r)) = 0 i2(r) 0 (9.36)

|
| 0 0 —in(r)
!
i

with ,
Aty = B0 4y ()2(rl (r))?
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and where DN/ (R’') satisfies all the hypothesis of Lemma 6.3.11

modulo the

identification of R* and Dy. In particular the explicit formula (9.34) giving

h' enables to check easily that
vl
h (Tw V) = Rllmhl(T: V) € HEIIR,D'

for every £ €]0, 5.

Observe that the symmetry of reversibility S is self adjoint,
vectors are reversible or antireversible with respect to § = S.

In fact since the truncated system (9.33) is integrable, it is
compute explicitly the basis of solutions and its dual basis. O

Using the above basis of solutions and the variation of const
we get

so the dual

possible to

ant formula,

Lemma 9.3.6. Ifv' is reversible and tends to 0 at infinity ther
!

tion f' = %_— — DN'(W).v' is antireversible and satisfies

+oo N
/0 <r'_ (T),f’(T)>*dT =0

1 the func-

(9.37)

This solvability condition is the typical one which occurs when the linear

homogeneous system admits a pair of simple purely imaginary

eigenvalues

(see Section 6.4). So if (9.35) admits a reversible solution v/ which tends to

0 at infinity, then necessarily

+o0 .
/0 (r” (T),g’('u’(_'r),cp', k,v, T)>*dT =0

The analysis of this solvability condition, is the crucial point d
Observe that the above integral is an bi-oscillatory integral sin
vector rotates with a frequency of order w; /v where v is a smal

and since ¢’ involves a second fast oscillation with a frequency o

due to the terms coming from h’. Hence, to study this solvabilit

we want to use the First Bi-Frequency Exponential Lemma, 2.2.
this lemma, we must find solutions v, of (9.35) in the form v'(7)
So the first step is to solve the corresponding affine equations w

(9.38)

f the proof.
ce the dual
I parameter
f order wo/v
y condition,
1. For using
= v/ (T, “2L).

ith partially

complexified time. For that purpose we introduce the following Banach spaces

of functions with partially complexified time :

Definition 9.3.7. Let £ > 0 and A\, \p, \c € R.
MY o = HICE) N {f : By x R — C8/

Sf(—¢,—s) =f(,s), f(r,2%) € D for 7 € R},
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T4 ACIAR,D = /\h((c‘i) XbHec(Cz)ﬂ{f:ngRaCG/
Sf(—¢,—s5) = —f(¢,s), f(r,9%) € D for T € R},

Anse An,Ae
bHeh i-n,nz el IAR,]Dn{fZBZXR—)(CG/
+o0 ’
/ (rL(7), (7, %07)) dr = 0}
0

where "H3 (C™) is introduced in Definition 6.5.1.

Proposition 9.3.8. Let £ €]0,Z{. For every v €]0,v5] there erists a
linear operator T, which maps "H?’lll to "H}3|R|D such that for every

91 AR,D
' € My i‘P_D the function

ve(7) = To(f') (7, 2~

15 a solution of
d /
—dj — DN'(W',v).0' = f/(r, £T). (9.39)

Moreover, the family of operators T, is uniformly bounded, i.e. there exists
M+/(£) such that

T < Mr() [Fla forf € ML, L, v €0, ).

Proof. Modulo the identifications of R* with Dy, and of R? with Dy, the proof
of this proposition follows directly from Propositions 6.5.4, 6.5.7 and Lemma
6.3.11, observing here again that DA”(h') has the block diagonal form given
by (9.36). (0

Remark 9.3.9. This proposition ensures that if f is partially complexified
and satisfies the solvability condition (9.37), then the affine equation (9.39)
admits a solution with partially complexified time. Moreover, observe that
this only works for functions f € ”H?’ll ar,p 20d not for functions f € bH;[ ARD:
In other words. it only works for functions f with an exponential decay rate
corresponding to the four first components of f equal to 2 and not to 1. In
fact, it would work for any decay rate A > 1. The constraint A\ > 1 comes
from Proposition 6.5.4. For obtaining a nonlinear term g’ = (g, 8.) satisfying
this constraint we had to perform the Floquet linear change of coordinates
which removes in gj all the terms linear with respect to v’
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9.3.4 Partial complexification of time and choice of the
parameters.

As already explain, the crucial point of the analysis is the study of the solv-
ability condition (9.38) the study of which requires the Bi-frequency Expo-
nential Lemmas given in Section 2.2. For that purpose, we look for solutions
of (9.35) in the form v'(1) = v/(r, #9T). So we introduce below the function
g'(v',¢', k,v) such that

gV, @' kv)(r, 90) = ¢'(v' (1), ¢, k, 1, T) (9.40)
where v/(7) = v/(r, “2T). In this subsection we check that g’ (v, o', k,v) be-

longs to bH?’ll arp- LThen, in Subsection 9.3.5, using the First Bi-frequency

Exponential Lemma 2.2.1, we prove that for every v/ € b, , every suffi-
2IR,D

Wyl Wa
ciently small v and every k € [K (Z)V%e__;—, Ke™ v, there exists an appro-
priate phase shift ¢’ such that g’(v/, ¢/ (v/, k, v), k, v) satisfies the solvability
condition

+o00
/o (r (), g' v, ' (v, ), K, v)(r, %)) dr = 0. (9.41)

Hence, g'(V', ¢'(V', k,v), k,v) belongs to bH?’l i—R'D. Then, Proposition 9.3.8
ensures that if v/ satisfies

vVi=T'(g'(V,¢'(V, k), k, v)).

then v'(7) = v/(7, “27) is a solution of (9.35). Finally, in Subsection 9.3.6, we
solve this equation using the Contraction Mapping Theorem.

So, from now on, we fiz £ €0, %[ In what follows, all the constants M;
depends on £ even if we write M; instead of M; (£).

Moreover, we expect to find homoclinic connection to periodic orbits of

Wil
size k of order e™ v .

wil
So, we set k= Ke™ v with K € [0, ka); we look for the phase shift ¢’ in
[0, i’)’—l"] and we look for v in BbHEIR'D(dx/E) with § <1 and

1 1
BbHZIR,]D(5) = {V/ € bHelR,n): |VI"’H} < 5}'

As already explained, our aim in this subsection is to define g'(v', ¢ k,v)
such that (9.40) holds. Observe that g'(v/, ¢, k, ) involves RI(W+v', Z 4 ,,v)
where R/ (w’, Z.,v) is well defined for Z € (D(0, k2))?. If we complexify “the

—fw,

full time” in Z;k,,,(T + ¢’tanh ), then for every £ > 0, k = Ke v and
' €0, Z¥], we get

w1

9.3 Persistence of homoclinic connections to small periodic solutions

Z¢ k(i€ + ¢’ tanh if) ~ VaIKe X

391
£gw1 —wy, )

with w, = min |dy:— pwg|. Generically, w; > w, and the norm of Z;,,W(g +

PEZ
¢'tanh €) on B,
perform a partia

diverges when v tends to 0. So to avoid this difficulty we
complexification of time for Z":' ko

with

where

Definition 9.3.10. Denote
Ze (&8, ) = Ke™v ™ (eWelboe), gihilene)
W ~
Ye(€,s,¢") = (7* +wi (K, v) + &' (K,v))€ + w), ¢ tanh & + p, s

W, = min —
* pElZ |(4J1 pwola

where p, is the smallest integer such that the minimum is reached.

—Lfw,

Wy = W1 — Prlp

Remark 9.3.11.
“L¢N+1andi
Tixen, we readily

The minimum is reached for a unique value of p when

b is reached for two consecutive values of p for %(’; e N+ %
check

(a) There exits
e By sel

Ke [0, K1],

[0, K3], Z

Lemma 9.3.12

(b) Let K; be fized in 10, kae=Mo[. Then for every v €]0,va],.¢' € [0 bmy

(c) There exists My such that for every v €]0,15], ¢’ € [0,812] K €
ek (s 5 ¢") belongs to ngIR'D and ’

Mo such that for every v €]0,15), ¢’ € |0, %f_:’],K € [0, k2],
R, [Tm (WL(€, 5,9)) | < Mo + 22 holds.

)wl ’

§€ BZ: s € R) Z::,x,u(fasa(pl) lies in (D(07k2))2

,wl

1Z¢.x

1
ZC,K:

/
’f’(.’ Y )Img)'r{,m <MK
(d) For every v €]0,v3], ¢’ € [0, %22] K € [0, K] and every 7 € R,

- —fw
‘ .
where k = Ke v .

%"(', .,(pl) — Z:;,K,l/(',‘y(pé))lb}.tglRD S Ml%l(p/ _ Qoé)l-

wi

| Zlen (78T, = 21, (7 + ¢ tanh T)
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We can now define

Definition 9.3.13. For every v €]0,14], ¢’ € [0, %r;’i],K €10, K], let us
define g'(v,¢', K, v) by

gl(vla <P17 K, V) = le(V, V) + RI(Vy 99’: K, V) + ‘Pl¢(¥’/, K, V)

where
Nj(v, ) = N"(RER (€) +V/(€,5)) — N"(REN, (€)) — DAY(BE} ().,
R'(v,¢', K,v) = RI(RER (€) + V/(£,8), Zerse (£, 5,0)),

and ¢' = (¢}, ¢¢) € C* x C? with
1

) 6s) = gy Fen & 00)
—fw, Ly B sk ’
(K, v, ) (€, 5) = ——;'2(5) Kuwy e7v (ie¥el6sel) _jemie(gisen)
cos ' '

where J, (€) = R W(€).

v

v’
Remark 9.3.14. The explicit formula (9.34) giving »/ ensures that , be-

longs to Hjly, for £ €]0,%], i.e. once the rotation is factorized but of A’
!
}/L is holomorphic in the strip B, and decays exponentially to 0 uniformly

!
with respect to v, when £ tends to infinity. Thus, (¢, s) — RIp, (§) belongs
to bH;|R'D. Using Propositions 9.3.2 and Lemma 9.3.12, we obtain

Lemma 9.3.15.

(a) For every v €]0,1n], ¢ € [0, §w’r—1”],K € [0,K;] Iand every v/ €

BbH}]R‘D (0/V), g'(V,¢', K,v) belongs to ng’l|AR,ID.

(b) There exists My such that for every v €]0, vy), o, 0 € [0, 6—-;‘11], K e
[0, K1] and every V', vh € BHy o (6/9),

'|g;1(vl7 QDI7K7 V)leivl < M2 (IVII(?H; + V),

gl (v, ¢’ K, l/)lb}tf.l < M, (I/IV' EH: +uvi 4 K):

8.0V, K, v) = g (v, 0, K, 1)
< My (Vs + Mol + 1)V ~Volugs + Kl — ),
lgtl:(vl’ ¢ K, v) - gé(\/(), w0, K, V)lef-l

S My ((U1V g + W) + vE + 0K v/ Vol + £’ = 0}

(C) For every v G]O 1/2] (pl S [0 22X K €10 K] d S 7{1
) ) ) 3 , ) 13 5
} w1 ] [ ] v é'n,n)( \/17)

gV, K v)(7, 98T) = g/ (v (1), k,v,7)

where v'(1) = v/(r, “T) and k = Ke =5

9.3.5 Choice and control of the phase shift

We now look for an appropriate phase shift ¢ (v/, K, v) such that the function

g' (v, ¢'(V,K,v), K, v) belongs to b2t L i.e. that g’ satisfi i

ity condition (9.41), i.e. ¢ s § sofisties the solvabil-
J(V, o', K,v) =0

with

+o0

J(V, ¢, K, v) =/0 <r'_*(7),g'(v',gp',K, V)(T,ﬂyﬁ»*dr.

This equation has exactly the same form as the one obtained for the 02+iy
resonar.lce (see Lemma, 7.3.18) except that here we have a bi-oscillatory in-
tegral instead of an oscillatory integral. So, as for the 02 iw resonance (see
Proposition 7.3.19) we can show

!Teznma 9.3.16. There exists M3 such that for every v €]0,v5], ¢ €
0, 5L K € [0, K1), v' € By, (5v/7)

J(V, o' K v) = —ﬂKe_%ﬁwlsm(%’”(p/ ~ra))
v Wi, ¥’ — na(v)y

+ JZ(VI)QDI)Ka 1/)

with |Ja(V/, ', K, v)| < Mg(l/% + I/K)e—iw .
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Proof. The explicit leading term of J comes from ¢, which is explicitly
known and the perturbation term J2 can be bounded using the First Bi-
frequency Exponential Lemma 2.2.1. The proof is exactly the same as for the
0%*iw resonance (see the proof of Proposition 7.3.19) except that in the later
case we use the First Mono-frequency Exponential Lemma. 2.1.1 instead of
the Bi-frequency corresponding one. So the details are left to the reader. O

Then as for the 02+iw resonance (see Proposition 7.3.20) the above esti-
mate of J ensures

Proposition 9.3.17. There exzists v3 < vy such that for every v €]0,v3),
K € [8My?, Ky} and V' € B”H,}IR,D(J\/U), there ezists ¢’ (V', K,v) such
that

JV, o' (v, K,v),K,v) = 0.

4 6
Moreover, 0 < ;—V <V, K,v) < kAP L
Wi

wy w1

For using the contraction Mapping Theorem, we need an estimate of
lo'(v', K, v) — ¢/ (v}, K,v)|. Here again the computation of the estimates is
very similar to the one obtained for the 02*iw resonance (see paragraph
7.3.5.2 and Proposition 7.3.27). So we skip the details and we can finally
conclude

Proposition 9.3.18. There exist Ms and v4 > 0 such that for every v €
10,v4), K € [Msv?, K1) and v’ € B'H;]R.D(éﬁ), there exists @' (v/, K', V)
such that g'(v', ¢’ (V', K,v), K, v) belongs to bH?’lﬂ-R,m, ie.

JV, o'V, K,v),K,v) = 0.
Moreover, there exists Mg such that for every v €]0,v4), K € [Msu%, K]
and vV,vj € BbH}IR'D(J\/l_/),

4
0< ;—” <oV Kp) < TV L B (0.42)
W1

w1 w1

2
/(v K, 0) — ¢ (v, K, )| < Moz (037 + K + VD)V = Viluys. (9.43)

9.3.6 fixed point

We recall here that we look for a solution of (9.35), i.e.

!
C(% ~ DN(K v)v' =g (W' (), ¢, k,v,T)
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of the form v'(7) = v/(7, “21) with v’ € bH;[R'D. In subsection 9.3.4 we have
introduced g'(V', {¢’, K, v) such that

&'(V, ¢ K, v)(r, #20) = ¢'(v/(7), ¢, kv, 7)

—bwy
where /(1) = V/(r,“2T) and k = Ke™ v = (see Lemma 9.3.15).
In the previous subsection we have shown that for every v €]0, i)
3
K € [Msv2,K;) and V' € B%j]mm(aﬁ), there exists ¢'(v/, K, v) such that

g'(V,¢'(V, K,v),|K, v) belongs to "H?’IHR o+ Then, Proposition 9.3.8 ensures
that if v/ satisfies '
Vi=Fep(V)  with  Fy (V) = TV, ¢'(V,K,v), K, v)),

then v'(7) = v/(7,87) is a solution of (9.35). So our aim is now to solve this
later fixed point equation using the Contraction Mapping Theorem. Using
Propositions 9.3.8, 9.3.15 and 9.3.18 we get

Len}ma 9.3.19, For every v €l0,u], K € [Msv? Ky and v/ ¢
By |0 (33/7), Frw(V') belongs to "H;lR'D. Moreover, there exists My

such that for eveiry v €]0,v4], K € [Msv3, K1] and vy € B"H;lnm(é\/ﬂ),
Fr,v satisfies '

‘ |]:K’U(Vl)ll’7-[2 < M7(|V’IZH: + K+ I/),

[ Fies (V') = Fre (Wp)lirgt < Mr([V'lygs + Vs + ) Jo = Vo

We can ﬁnally% conclude

Proposition 9.8.20. There exists vs > 0, My such that Jor v €]0,u5),
the equation (9.82) centered on the periodic orbit Zy, , admits for k =
3 —wif 3 '
Msvze v an homoclinic connection to 0 of the form
\‘ ' oyt ’
w'(7) = (1) + V/(r, 42t

with v/ € bH;lm, iand [v’]sz < Mg,

Remark 9.3.21. %Coming back to our original equation (9.8), this proposi-
tion ensures the egistence of an homoclinic connection to Y%, of the form

Y(t) =Y, (t+<p tanh )\k,,,t) +X(¥)
.
with k = Msz/%e_%h%t, Ak =1+ O(vk?) and

X(t) =8, 0 (Id+é,1, (Ze k. (t+ptanh Ak,ut))) ' (At).
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Hence,

|X(#)] < M(£)e 11 forteR.

Proof of Proposition 9.3.20. Lemma 9.3.19 ensures that Fy
1 .
traction mapping from Bl’H;|R'D(5\/l7) to B, |, o (61/V) if

v €)0,vy], K € [Msv?, K],
Mz(6% + K +v) <6V, M;(25/v +v) < 1.

is a con-

We then can choose K = M5V%, 6 = 2Myz+/v, and vs €]0,v4] such that for

all v in ]0, vg),

4(M7)3\/v + Msv < My, (4(M7)2 + M7)1/ <1.0

This completes the proof of Theorem 9.1.8.

9.4 Generic non persistence of reversible homocli
connections to 0

nic

This section is devoted to the question of the persistence of homoclinic con-

nections to 0 for the full system

B N+ REY)
where N, R are defined in (9.8), (9.11). For studying this questiox
duce in the previous equation an additional parameter p € [0, 1]

Y

B N W)+ oR(Y,)

For p = 0, we get the truncated system (9.14) which admitg
homoclinic connections h, —h to 0 where A is given by (9.20). Now
like to understand what happens for p # 0 and in particular i
which corresponds to the full system (9.8). For studying the pers
h, a classical way is to use an approach of Melnikov type, whi
summarized as follows:

If the system (9.44) admits a homoclinic connection Y to 0
perturbation term v := Y — h satisfies the equation

% — DN (h)v = g(v,t, p,v)

with

we intro-

(9.44)

only two
we would
for p = 1
sistence of
ch can be

then the

(9.45)

9(v,t,v) = Qv) + pR(h + v, )
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where

Qv,v) = N(h+v,v) = N(h,v) — DN(h,v).v.

Here again, the crucial point of our analysis is the following: for an an-
tireversible function f which tends to 0 exponentially at infinity, there exists
a reversible function u which tends to 0 exponentially at infinity and which
satisfies du

= ~ DN(h,v)u=f

if and only if the function f satisfies the solvability condition

+o0
I(f,v) = /o (r* (&), £(t)).dt = 0 (9.46)
where the dual vector 7* reads

rZ(t) :=(0,0,0,0, —ie ¥t 1e () with Pe(t) = gﬂ@t + no(v)v tanh(t).

Thus, if the full system (9.44) admits a reversible homoclinic connection Y
to 0, then Y necessarily satisfies

+o0
Ip,v) = [ (r(2), Q(v,v) + pR(A(E) + o(t), 1) )dt = 0
0

where v = Y — h. The usual way to study such a solvability condition is to
split the integral in two parts I(p,v) = Me(p,v) + J(p,v) where M,(p,v)
which only depends on h is explicitly known

~+o0

Mo) = o [ (0, RO, 1)

whereas J(p, v) involves v which is only characterized by the fact that it is a
reversible solution of (9.44) which tends to 0 at infinity. The first part M, {p,v)
is called the Melnikov function. Observe that the Melnikov function is a bi-
oscillatory integral since the dual vector 7* rotates with a high frequency of
order “X and h rotates with a frequency of order e,

When performing such a splitting of the solvability condition, one hopes
that the Melnikov function M, (p, v) which comes from the leading part of Y
on R, is the leading part of the integral I(p, v). So, we first compute explicitly
Me(p, v): expanding in power series the essential singularity in the oscillatory
term and computing the residues, we get

Me(p,v) = See 3" (4 + O (v).

Then, classical perturbation theory enables us to bound J which involves the
not explicitly known perturbation term v. This leads to

Ipv) = Le™ B (4 + 0 (1) + O (p22).
Ve v—Q v—0



398 9. The (iwo)*iw; resonance

However, such an estimate of I(p,v) is not accurate enough to determine
whether I(p, v) vanishes or not, since the upper bound of the not explicitly
known part J is far bigger than the expected leading part M, (p, v) which is
exponentially small. This exponential smallness comes from the fact that the
solvability condition is given by a bi-oscillatory integral.

The Exponential Tools given in Section 2.2 were precisely developed to
study such solvability conditions given by bi-oscillatory integrals. The Third
Bi-frequency Exponential Lemma 2.2.9, coupled with the strategy proposed
in Subsection 2.1.4 enables us to obtain equivalents of oscillatory integrals
involving solutions of nonlinear differential equations. Indeed, combining the
strategy of proof used for the 02+iw resonance (see section 7.4) and the partial
complexification of time used for the proof of Theorem 9.1.8, we get that if Y
is a homoclinic connection to 0 of (9.44), then it admits a holomorphic con-

6 .
tinuation in a space of type [] bE;’Yg where bEZ';\ is introduced in Definition
i=1 '
2.2.6.

So using the Third Bi-frequency Exponential Lemma. 2.2.9, we get that if
the full system (9.44) admits a reversible homoclinic connection Y to 0, then

1 _Aws 1
Hp,v) = —e™ 2 (Ap) + O (v))
vz v—
where p — A(p) is a real analytic function on [0,1] such that A(p) =
Ap+ Oo(pz). Such an estimate of I(p,v) ensures that if A(p) # 0 (which is
p—

generically the case), then for v small enough, I(p,v) is exponentially small
but does not vanish and thus there is no reversible homoclinic connection to
0.

Observe that for a fized p > 0, the Melnikov function Me(p,v) is not the
leading part of the integral I(p,v) for v small. The homoclinic connection of
the truncated system h and the perturbation term v contributes to the size of
I{p,v) at the same order in v.

9.A Appendix. Floquet linear change of coordinates.
Proof of Proposition 9.3.2

In this section, it is more convenient to rewrite the system (9.29) under the
following equivalent form for Z = (Zy,, Z.) € D = Dy, x Dy,

dz

thh = LhyZn + Th(Zn, Ze,v) + Rz n(Zn, Ze, v),

e (9.47)
d—th = LC,VZC+’2::(ZthC7U) +RZ,C(Zh’ZC’U)'

where the higher order terms reads R, = (Rzn,;Rzc); the linear part are
given by
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1%%'-2 1 0 0
1] i 0 UL
B 0 -ie® o = < 0 —ita )
o] 0 1 —j%®
and the cubic terms by
IAP(Z,v)
RN B ol I CPR (P G

ST

~iBP(Z,v) + A(Q(Z,v) - 1)

where Z = (Zy,,Z,)=(4, B, 4, B, C, 5) and P,Q,yjre given by (9.8). Sim-
ilarly, we rewrite 5 as S=(Sy, S;) with Sy(4, B, 4, B)=(4, —E,A, —B) and
S.(C,C)=(C, ).

For determining the existence of homoclinic connections to the periodic
orbits Zy , we first study equation centered at these periodic orbits. It is
explicitly given by

Lemma 9.A.1.|Setting Z(t) = Zy,(t) + X(t), ie. Xp = Zy, X, =

ek + X, with Zg i ,(t) = (keigkwt,ke_iﬂk-"t) € D¢, system (9.29) is .
equivalent to

dX;
Wh =Lh|VXh+'AAh)V(ZC,k,U)'Xh+7’l‘l (‘Xl’h XC) V)+Rx,h(Xh, XC7 Zc,k,uv l/),
dx. . (9.48)
dt =Lc,uXc + 7 (Xh'y X, V) + Rx,c(Xh, X, Zc,k,m V),
where

(a) M (Z:) is a4 x 4 complex matriz which reads

~ . M
M (Z) =Z My, a(V)CPCY with | My 4(v)| < (kl”)‘—pfq for v €]0,14].

and satisfies for every Z. = (C, 5’) e D,
Mh,,,(Z’c).]D)c C DC, Sth,,,(ZC) = —Mh’,,(Sch).Sh.
(b) Rxn and Rxc are analytic functions which satisfies

Rx,h(D, ]Dc’ V) - Dh» ShRX,h(Xa ZC)V) = "Rx,h(SX1 SchV),
Rx,c(Da D, ‘ ) C D, ScRx,c(X7 Zc,V) = _RX,C<SX1 SCZ07V)7
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Rocp(X, Ze) = O (VIXl|Xel|Ze+1 X X 11X |+12])?)

Roxo(X, Ze) = O (v} X1 X+ Zel P +0|Xel (1 Xe 2] )?

PP Zel 402 Xl Ze (Kol 1 Z)))

Using the constructive Floquet Theory given in Chapter 5, wel

prove

ordinates Xp = [Id + Qh (&, k)] wn such that for every v €]0)
k € [0, k], the equation

dX
dth LhpXh + My (Ze k). Xn
is equivalent to .
| B (I
where

(a) Qf, satisfies Qf ,(t,k).Dy C Dy, SpQf ,(t,k) =

reads Qf (¢, k,v) = é,ll,,,(Zc,k),,(t)) where

i) ab() . 0 0
Lo | @ Bhe 0 o
n . 0 0 —iwl, (v) o} (v)

0 0 a%n(y) _iw%n(l/)

with o3, (v),ws, (v) € R.

o (2 ;zg L()CPCT with |Q} ( )| < (k )M forl/
pta
(b) Li (k) commutes with Ly,, satisfies SulLy, (k) = —L§
Llll,,,Dh C Dy, and reads
2n ith |LL ()] < MLV
Liw(B) = D K" Lan(v)  with |13 ()| < o forv &
n>1

Proposition 9.A.2. There exists v, ky > 0 and a linear change of co-

v) and

(9.49)

Q}II,V(—t, B)Sy and

€]0, va).

u(k)Sh)

]0, 1/2],

(¢} Moreover, for every n > 1 and v €]0,v5), the matriz L}, (v) reads
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Thus, L}lw(k) has the same form and we denote by

o (k) = 3K ag,(v) = O(k%), wh, (k) = 3 k¥l (v) =

n>1 n>1

ponents of the matriz Lh v+ M (Zog,y).

O(k%v).

Observe that £(1+of ,(k)) + 1(ﬁ(L +wy (k) are four Floguet Ex-

Proof. (a),(b) : For working with functions with a fixed period, we
the scaling of time :
S =w k,Ut)

with X () = Xp(wy, ,t)-
‘Then, (9.49) is equivalent to

dXh Lh e Mh u(chU(s))
ds wk v Wiy

where Z . w(8) = (ke'*, ke™'*). From Theorem 9.1.4, we get that

14 ~
Qlu ) + szn(y)k2n

n>1

L L

where iy, (V)| < (ISL); Thus we can rewrite (9.51) in the form

Xh
dds = L, Xn + M, (ke®, ke™i9) Xy,
where
(V) v
v/ B o S 0
Lwy (V)
Eh — VLh,V — .“llz’/) 1%1(”5 0 0
Y w () 0 0 —i%® v |’
w1(”) ‘-_'-’.1(”)
v s we(v)
o0 g i
and
/T/(\h,u(C, C) = Y - Ly,

wi(¥) + X v, (v)CrCn wi(v)
n>1

v My, (C,C)
w1 (¥) + 3 vdan(v)CnCr
n>1

perform

(9.50)

(9.51)

(9.52)
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Hence,

2

Mh.(C,C) = > My, (1)CPCT with | M, 4(v)] <

p+g22

< k”+q for v €0, v1].
Now we want to apply Theorem 5.1.1 and Lemma 5.1.2 to (9.52). For that

purpose, we must check that the eigenvalues (5)1<j<a of Eh,,, satisfies the
non resonance criteria

o — 0o €17\ {0} (9.53)
The eigenvalues of Eh,,, are :t1ﬂ% + ——. Thus , the possible differences
of eigenvalues are
0, +-2¥_ . 1o (i—w—"(") + 7 ) i)
wy(v) wi(v)  wi(v) wy (v)

Then , the hypothesis of non resonance (H4c) ensures that the non resonance
criteria (9.53) is satisfied for every v € [0,15] for some sufficiently small
vz > 0. Moreover, Sy is an orthogonal symmetry and

Snlhy = —LnySn,  SuMy, (ke i, kel®) = — M, (ke's, ke™19) ).

Thus Theorem 5.1.1 and Lemma 5.1.2 ensure that there exit k» €]0, k] and

2 pair of matrices Lh v Qh v(8, k) 27m-periodic such that for every v €]0, ;]
and every k € [0, ks, setting

Zn(s) = 1+ G}, (5, k) Bns),
the equation (9.52) is equivalent to
dd—{ih = (Eh,u + E%l,u(k))ﬁ}\h
where
(a) @11“, satisfies Q\}llyu(s,k).]D)h C Dy, Sh@}l,u(s,k) = Qf ,(~s,k)Sh and
reads Q}lw(t, k,vy = éllw(keis, ke=1s) where

Qh,,(C'C > ol q(u )CPCY with |Q}
p+9>2

<< (k )p+q for v €]0, v5].

(b) L}, (k) satisfies SuLi , (k) = —L} ,(k)Sn, L} Dy, C Dy, and reads

L, (k) =Y kI3, (v)  with |I},(v)| < T2

P ) ) for v €]0,vz].

and for every n > 1, f%n(u) commutes with wa
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i

Since Eh,,, and Mh v are smooth with respect to v, we check that all the
estimates made ip the proof of Theorem 5.1.1 and Lemma 5.1.2 are uniform
with respect to # €]0, 1) and thus we get that the constant my does not
depend on v.

Observe that Lh v commutes with its adjoint Lh " thus it is diagonalizable
in an orthonormal basis. Moreover, since it has only simple eigenvalues, we
check that commuting with Lh v 18 equivalent to commuting with L - Herce,

h)

2n(u)Lh,u - Lh’uLQn(V) =0, forn > 1.

Finally, to come back to our original equation, we perform the scaling

(9.50): setting

Xn(t) = (1d + Qf, (@i t, ))wn(t) = (1 + O, (Zeo (8))n(2),
equation (9.49) isj equivalent to

dwh

dt (Lh v+ Lh ,,(k))

with

= k) (QIIE") +G§(k,u)) i, (k)

w; (v)

and where L, (k) and é,ll,,, satisfies the statements (a) and (b) of Proposition
9.A.2.

(c):The above prdof ensures that

Ly, (k) =) kL4, (v)

n>1

where L}, (v) commutes with Ly, which is diagonalizable with simple eigen-
values. Hence

3
Lin(v) = 3_ a;(v)(In,v)’.
; 7=0
Moreover, L, (v) antlcommutes with Sy and satisfies L3, (v)Dy, C Dy,. Thus,
LG(l/) = al(V)Lh vt aa(V)(Lh 1/)3

with ay(v),as(v) E R. Computing explicitly (Ly,,)? we check that L (v)
has the form

(E0) ) o 0
mei ) ) 0 o |
0 0 —iwi, (v) o, (v)
0 0 o3, (v)  —iwi (v)

with o, (v),w},, (1) € R. This completes the proof of Proposition 9.A.2. O
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