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Problem 1 (2 points):

1. Define Markov chain, and time-homogeneous Markov chain (0.5 points).

2. Define transition matrix of a (time-homogeneous) Markov chain. State and prove Chapman-
Kolmogorov’s Equations (0.5 points +1 point).

Problem 2 (2 points):

1. State the Monotone Convergence Theorem (0.5 points).

2. State and prove Fatou Lemma (0.5 points + 1 point).

Problem 3 (2 points): Study Pólya’s Recurrence theorem in dimension 1 when the two
steps have different probability (p and 1− p). Is there any significant change with p = 1/2?

Problem 4 (2 points): Let {Xn}n≥1 be a sequence of random variables.

1. Show that for all ε > 0,

P (|Xn| > ε) ≤ 1 + ε

ε
E
[

|Xn|
1 + |Xn|

]
(1 points).

2. Show that Xn
p→ 0 if and only if limn→∞ E

[
|Xn|

1+|Xn|

]
= 0 (1 points).

Problem 5 (2 points): For f, g ∈ L1(R), we define

(f ∗ g)(x) =
∫
R
f(t)g(x− t) dt

We will show in this problem that there does not exist an identity element δ ∈ L1(R) such
that δ ∗ f = f ∗ δ = f for all f ∈ L1(R). Assume its existence.

1. Show that if E has finite measure, then∫
E

δ(x) dx =

{
1, 0 ∈ E,
0, 0 ̸∈ E.

(0.5 points)

2. Write E′ = {x ∈ R : δ(x) > 0}. Show that
∫
E′ δ(x) dx = 0. Prove a similar result for

F ′ = {x ∈ R : δ(x) < 0}. (0.75 point).

3. Conclude from the previous points that δ(x) = 0 for almost all x, and get a contradiction
from this fact (0.75 points).

• The time for this exam is 2 hours.

• You can solve each section (or subsection) independently.

• You should try to write and justify ALL steps.

• The preliminary grading of the subject will be available the 21st July (night) both in the webpage
and in my office.

• You can come to my office on Thursday 23rd July from 09:00 to 11:00 to see the exam.


