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Sample mean and sample variance
The gaussian case

The y2-distribution

The distribution of the sample variance

The y2-density
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We have
Let X1, Xp, ..., X, be independent and identically distributed o 1
random variables with expected value p and variance o2, E (X) = " Z E(Xi) = p
i=1
Consider the sample mean and the sample variance: ’
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Sample mean and sample variance

Moreover,

n n

(n-182=>(X-X)°’=>"(Xi —u+p-X)°

i=1 i=1

=7 G = )+ = X%+ 2 = X) D% )
i=1 i=1

= Z (Xi — 1) + n(p = X)* + 2(1n = X)(nX — np)

=Y (X — p)* = n(X — p)?
i=1

Sample mean and sample variance

Thus,
E((n—1)8%) = > E((X - ) — nE (X - )?)
i=1
2
2 9 2
=no” —n— (n—1)o
Therefore

E(S?) = 02

» 52 s an unbiased estimator of 2.
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Sample mean and sample variance

Moreover,

Cov (Y, X; — Y) = Cov (Y, X,-) — Var (Y)
1 o?
= — Cov Xi+> X, Xi | - —

J#i

o2

1
= —Var(X;) —— =0
n ar(X;) n
since Cov(X;, X;) =0 for i # j.

» X and each X; — X are uncorrelated r.v.

The gaussian case

Suppose now that the random variables X1, X5, ..., X, are
gaussian.

» The sample mean X is gaussian,

2
XNN<%0>
n

» Since X; — X anj X are uncorrelated r.v. and X; — X is also
gaussian, X; — X and X are independent r.v.

» Hence, X and S? are (in the gaussian case) independent r.v.
» Which is the probability law of 52?7
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Let Z1, 2>, ..., Z, be standard normal N(0, 1) independent r.v.
The r.v.

(=2t +-+ 2

is said a chi-squared r.v. with n degrees of freedom.
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Let us calculate the moment generating function of each Z,-2.
1 o 2 2
E(etzlg) =—/ et e /2 dx
V2T J o

1 o 2 1 1

_ —x?(1-2t)/2 _
=— e dx = ———, t< =
V2 /_oo X Vv1-—2t 2

Hint: This result can be obtained letting 02 = 1/(1 — 2t) > 0 and

noticing that
e
27 J—0o
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Therefore the moment generating function of the x?(n) r.v. is
¢(t) = E (et Z?:l ZI2>

n
1 1
B (105 [
i=1

T (1-2t)2 2
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Since .
(n—1)8% =3 (X — > — n(X — p)?
i=1
we have

) $ )

i=1
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Notice that

>

(%)2 ~x*(1)

(one squared standard normal)

,-Zj; (Xi; H)2 ~x*(n)

(sum of n independent squared standard normal)
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Taking generating functions and applying the convolution theorem,

£ (etgn_;lgﬁ) 1 _ 1
(1-2t)1/2  (1-—2t)n/?

Therefore
c (etgn_lgsZ) B 1
(1-2t)"2
Hence,
n—1)82
R ET
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Let X1, X5,. .. X, be independent N(y, 02) random variables. Then
X and S? are independent and

2
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(n—1)S2
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P X (n )
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It can be proved that if Z ~ x2(n), then

0, z<0

fz2(z) = 1 1\2 . i , n=123 ...
( ) zz7te7i, z>0

» In particular, for n = 2 we have Z ~ Exp (%)
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Figure: fz(z) for n=1,2,3,4
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