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Slowing down occurs in dynamical systems close to
bifurcations or phase transitions. The time length (7)
of ghost transients close to a saddle-node bifurcation
in deterministic systems follows ~ |e —e|71/2, €
being the bifurcation parameter and e. its critical
value. Recently, we numerically investigated how
intrinsic noise affected the deterministic picture,
finding a more complicated scaling law. We here
provide a theoretical basis for this new law with
two models of cooperation using a Wentzel-
Kramers—Brillouin asymptotic approximation of
the Master Equation. A study of the phase space of
the Hamiltonian derived from the Hamilton—Jacobi
equation shows that the statistically significant orbits
(paths) reproduce the scaling function observed
in the stochastic simulations. The flight times
tied to these orbits underpin the scaling law of
the stochastic system, and the same properties
should extend in a universal way to all stochastic
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systems whose associated Hamiltonian exhibits the same behaviour. Our approach allows
to make useful theoretical predictions of transient times in stochastic systems close to a
bifurcation.

1. Introduction

Slowing down phenomena are ubiquitous in dynamical systems, both stochastic and
deterministic, approaching a phase transition or a bifurcation. Both these terms refer to a
qualitative change in the dynamical behaviour of the system as a parameter, referred to as a
control or bifurcation parameter, reaches its critical value [1-3]. In the vicinity of bifurcation
points, slowing down phenomena occur whereby the transients towards equilibrium become
much longer than those experienced far away from the critical bifurcation point [3-9].

An specific example can be found in deterministic systems undergoing a tipping point given
by a saddle-node (s-n) bifurcation. In this bifurcation, the equilibrium points collide and get
annihilated, as the colliding equilibria move to the complex domain (C) after crossing the
bifurcation [3,10-13]. Recent research has explored the dynamical mechanisms taking place at the
complex phase space (in general, in C") causing such slowdown in transients [14]. These delays
are usually referred to as delayed transitions or ghosts [3,5]. The term ghost alludes to the attracting
remnant left by the s-n collision in the region of the phase space where it occurs. This collision
produces a bottleneck which hugely delays the dynamics in the deterministic system for suitable
initial conditions.

S-n bifurcations typically arise in biological dynamical systems with strong nonlinearities such
as cooperation (both intra- or interspecific) [9,11,12,14-16]. For instance, intra-specific cooperation
is found in several species including social insects [17,18], marine species [19], bats [17] and
primates [20]. Other self-cooperative processes are found in yeast [21] and in cancer cells via
the autocrine signalling [22].

A remarkable property of slowing down behaviour close to critical points is that it is
characterized by universal scaling laws [3-7]. For the deterministic s-n bifurcation, the scaling
behaviour manifests in the form of a power law of the transient time r towards the stable
equilibrium (in many cases, the origin). Specifically, T ~ |e — ec|~1/2 holds, where € is the control
parameter and e its critical value [3,12,23]. Such scaling power law and ghosts arising after
s-n bifurcations have been identified in mathematical models of charge density waves [5],
hypercycles [13,16] and ecological systems with facilitation including semi-arid ecosystems [15]
and metapopulations with [10] and without [11,12] habitat destruction. Remarkably, this scaling
law has been clearly identified experimentally in an electronic circuit [24].

Ghosts have been thoroughly analysed in deterministic systems [3,5,12-16,24-27]. However,
recent computational studies have addressed the effects of intrinsic noise, i.e. fluctuations due
to small population sizes, on the ghost phenomenon [13,15,16]. In a recent paper [28], we
investigated, by means of extensive numerical simulations, the effects of such intrinsic noise on
delayed transitions by using a simple model for autocatalysis and a two-member hypercycle.
Somewhat contrary to intuition, we found that the ghost phenomenon was robust to intrinsic
noise. Indeed, we showed that in stochastic systems close to a first-order phase transition, the
relaxation dynamics toward the (unique) absorbing state experienced a slowing down but, being
the system stochastic, the transient times showed variability in length for different realizations.
Hence, we quantified the length of these transients by using the average extinction times T, (see
[28] for details). Extensive computational analysis of T, performed with Gillespie simulations
(GS) allowed us to ascertain that it exhibited a scaling behaviour. While the extinction time in
deterministic systems close to the s-n bifurcation exhibits a simple power law scaling, T, right
after the stochastic bifurcation follows a more complex scaling behaviour of the form

To~ 270 G(2%e — ), (1.1)
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Figure 1. (Top) Scaling of the mean extinction times T,(<s.e.m ) (computed averaging over 10° independent realizations)
obtained from Gillespie simulations (GS), shown overlapped for the Hill (black data) and the autocatalytic (blue data) models
using x(0) = 0.75 - §2. Here, ) = € — € is the distance between the bifurcation parameter, ¢, and the mean stochastic
bifurcation value, Ec“). Close to the stochastic bifurcation transients’ scaling remains flat (red rectangle). (Bottom) Scaling
obtained for the flight times computed from the Hamiltonian system, averaging over 20 different initial conditions (variances
are not shown for the sake of clarity) within the region of lowest action. In all of the analyses we used 2 = 10°. We show
different representative dynamical regimes in terms of ¢ = € — €_: (a) longer transients for ¢ = 10~>, (b) bending of the
flat scaling region at ¢ & 10~3 and shorter transients with (c) ¢ = 102 and (d) ¢ = 10~". The time scales of the GS (a)
and flight times of the Hamiltonian system (b) appeared different (not shown here) due to the rescaling of the transition rates,
equation (2.2). Such rescaling implies that the time scales associated with the Hamilton—Jacobi equation, equation (2.3), are
smaller by a factor £2 with respect to that of the Master Equation, equation (2.1). In the lower panel, we show the values of the
flight times multiplied by a factor £2. (Online version in colour.)

where §2 is the system’s size, ¢ and egs) are the control parameter and its critical value in the

stochastic system (with € 2> eés)), respectively, a and b are scaling exponents and G(-) the scaling
function. The form of the scaling function G (numerically obtained) is shown in the upper panel
of figure 1 (see also [28]). It is clear that the scaling behaviour of the stochastic ghosts is very
different from that exhibited by their deterministic counterparts given by t ~ e — ;|~1/2.

The investigation and our knowledge on scaling phenomena at the vicinity of bifurcations
related to transient times has been largely developed in dynamical systems without stochasticity.
Hence, the impact of intrinsic (multiplicative) noise in such scalings is currently poorly
understood. In this sense, a theory explaining the shape of the scaling function G numerically
identified in [28] is currently lacking. The aim of the work is to advance in this issue by
providing a theoretical framework to better understand the changes introduced by intrinsic noise
in delayed transitions phenomena. To do that, we address this problem by using the so-called
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semiclassical approximation. This approach was first introduced as a Wentzel-Kramers—Brillouin
(WKB) perturbative scheme in quantum mechanics to study the behaviour of the solutions of the
Schrodinger equation. Its name is due to the fact that the WKB analysis of the Schrodinger yields
the conclusion that the main features of the behaviour of the quantum-mechanical wave function
are contributed by the classical Hamiltonian, or, more specifically by the classical action [29].
It is also closely related to the corresponding path integral formulation [30,31]. When applied
to Markov-jump processes (M]Ps) of the type we consider here and also in [28], we exploit the
well-established analogy between the master equation (ME), i.e. the equation that dictates the
dynamics of the MJPs, and the Schrodinger equation [31]. Within this context, the WKB method
provides a solution of the ME in the limit §2 > 1. This solution, as per the WKB method [32],
is determined by the action linked to the trajectories associated with an effective Hamiltonian
[30,32-37].

As mentioned, the aim of our contribution is to provide a theoretical (dynamical) approach
explaining the origins of the scaling law caused by ghosts in stochastic s-n bifurcations. As
we will show, our mathematical approach provides a dynamical basis explaining the impact of
intrinsic noise in scaling phenomena at the vicinity of a tipping point with a discontinuity in the
order parameter (such as in first-order phase transitions) as occurs in s-n bifurcations. The theory
developed in this manuscript allows useful and accurate predictions of transient times just after
stochastic bifurcations by determining the key properties of the Hamiltonian explaining the shape
of the scaling law compared with its deterministic counterpart. The article is organized as follows.
In §2, we summarize the theoretical framework used to analyse the stochastic dynamics. Sections
3 and 4 provide a detailed account of our results and their discussion, respectively.

2. Theoretical framework

In this section, we summarize how intrinsic noise is introduced in the general context of nonlinear
birth-and-death processes. Assuming that the underlying stochastic dynamics is described by a
Markovian process, the basic description of the process is given by the corresponding ME

3
P& )= rél(Wi(X — r)P(X —rj) = Wi(X)P(X)), 2.1

where X(t) is the state variable which corresponds to the number of individuals at time ¢, P(X, )
is the probability density that the system has X individuals at time ¢, and the transition rates W;
and the stoichiometric coefficients r; are such that

Prob(X(t + Af) = X + ;| X(t) = X) = Wi(X) At + O(AL?).

In order to proceed further with our analysis, we assume that the transition rates, upon rescaling,
satisfy the following scaling relation:

Wi(X) = Qu;(x) + 0(29), 2.2)

where §2 is the system’s size and x = X/§2 is the rescaled state variable. Note that rates derived
from Law of Mass Action kinetics and Michaelis-Menten—Hill kinetics satisfy such conditions. If
the transition rates satisfy equation (2.2), we can propose a WKB Ansatz for P(X, t):

P(X, t) = exp(—2(S(x, t) + O(271))),

which, when introduced in equation (2.1), at the lowest order, i.e. at O(£229), the function S(x, ),
the so-called action, satisfies the equation

S _y (x, E) 2.3)
ot 0x
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where the function H(x, p) is given by

H(x,p)= Y (€7 — Dwi(x), (2.4)

Y,'::‘:l

p being the Hamiltonian conjugate momentum of x. The action also maps the stochastic process
to a path integral representation [31], formalism that can be studied using tools developed in
equilibrium statistical physics. The path integral replaces the deterministic unique trajectory by a
functional integral over an infinity of stochastic possible trajectories. Hence, this integral provides
a mapping U; between probability generating functions at different times and a field theory in the
continuum limit.

The transition probability of a trajectory I" connecting the point x; (at time ¢;) with the point xy
(at time #7) in phase space, can be written as

P(xf, trlxi, ;) = J drdpe~ @I pi-HEpdl (2.5)
r

where the Hamiltonian H(x, p) determines the motion of a particle moving on I". Recall that the
action tied to the path I' is given by

S(r) = jrow'c — H(x,p)dt,

which plays the role of probability measure—weighted by the system size £2—in equation (2.5).
All these possible trajectories I" are weighted by the action S, which satisfies a Hamilton—Jacobi
equation (like (2.3)) with Hamiltonian, in this case, given by (2.4). Altogether suggests a classical
mechanical interpretation where the trajectories of such a particle are given by the solutions of
the associated Hamilton’s equations:

. 0H
i=—= )" rew(),
L

2.6
oH dwi ( )

= ——— = — TP — .
P ox gl(e D dx

The Hamiltonian formulation of the stochastic processes given by equation (2.6) has been used to
study problems as the quasi-steady state distribution in connection with first passage problems
[32-37], the statistics of rare events in reaction—diffusion systems [30], and the path integral
representation of the process [31], among others. Here, we use the Hamiltonian formulation,
specifically the structure of the corresponding phase space, to determine which of its generic
features lend robustness of the ghost with intrinsic noise thus causing long transients as it
happens with the mean-field ghosts. We further investigate how the scaling form of the relaxation
time is an emergent property of such generic features showing that this mathematical formulation
allows for useful predictions of the transient times of the stochastic system.

3. Results

Using the theoretical framework discussed in the previous section, we are ready to explore
stochastic systems whose mean-field limit undergoes a s-n bifurcation. Our goal is to explain
the numerically observed robustness of the ghost to intrinsic noise and the scaling of the mean
extinction times, T, in the autocatalytic (i.e. intra-specific cooperation) replicator model, given by

i=kx’(1—x)—e€x, (3.1)

k > 0 being the intrinsic growth rate and € > 0 the decay rate (see [28] for the stochastic numerical
results and [10,12,16] for further information on the dynamics of this model). For completeness
and consistency of results, we also analyse the Hill model [38] with linear decay, which exhibits
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Table 1. Transition rates for the two specific model examples investigated in this paper: the autocatalytic model [28] and the
Hill system [38], both including growth, different saturation functions (i.e. logistic and cooperative Hill) and exponential decay.

model system transition rates stoichiometry coefficient description

autocatalyic Wy = kX n=-+1 birth
o cata|y|c .............. sz (k1/C.QZ)X(X _1)( X—2) ............................................................ competmo e
autocatalylc ............. W3=e)( ................................................................................................ o
e W1=_Q(k1X2/(QZA2+X2)) ............................................................. L
e WZ_ e R

the same mean-field bifurcation. This model is given by

PO
A? 42

Here, k > 0 and € > 0 are synthesis and degradation rates, A > 0 being a saturation constant. We
anticipate that the behaviour of these two models is similar near the bifurcation and thus our
results will be presented alternating both systems. Stochastic simulations will be carried out using
Gillespie simulations (hereafter labeled as GS) [39,40]. Together with the GS algorithms, we will
use the seventh-eighth order Runge-Kutta—Fehlberg-Simé method for numerical integration of
the differential equations (software available in [41]).

We have first computed the scaling of the mean extinction times T, with GS, for the two models
considered (see table 1 and [28] for the procedure used to compute these extinction times). Briefly
said, T, have been computed by averaging the extinction times over 103 realizations of the GS
for values of € close to beyond the stochastic bifurcation. The stochastic bifurcation point has
been computed using a fine numerical tuning of ¢, increasing its values and choosing the first
value involving extinctions in 10% realizations of the GS (setting time to 10® and x(0) = 0.75 - £2).
The bifurcation value has been chosen as the average of 50 independent replicas of the previous

(3.2)

process and is given with precision of seven decimal positions, obtaining éés). Specifically, we have
studied how T, changes as o0 = — 555’ varies. That is, the control parameter is driven beyond
this mean stochastic bifurcation value obtained numerically. From the results, the first observation
is that, close to the bifurcation, the behaviour of both models is characterized by the same scaling
function (see the upper panel in figure 1). Second, far from the stochastic bifurcation value the
scaling behaviour is lost, and T, shows model-specific features, as expected.

We will show that the scaling obtained with the GS is well captured by the semiclassical theory,
based on the dynamics’ study of the Hamiltonian systems (2.6). It is important to highlight that
both models share a similar phase space structure, which clearly determines their dynamics. Let
us present them, separately.

Let us consider first the Hill model. According to table 1, one has r1 = +1, r, = —1 and

k1 X2
Wl(X):.{2792A2+X2, Wa(X) =eX.
Taking x = X/$2, it follows that
Wi (x$2 kyx? Wy (x£2
w1 (x) = 1g )=A21ix2 and wz(x)z%)zex,

and, therefore, the Hamiltonian function (2.4) becomes

k1x2
A2 +x2

H(x,p) = (e’ — Dwi(x) + (677 — Dwy(x) = (e’ — 1) + (7?7 — 1ex.

Without loss of generality, we can take k; =1. Now, if we perform the change of variables in
space (x,p) = (y = %,p), in time t = Ao, redefine the parameter ¢ — A¢, and denote again y =x
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and o =t, the corresponding Hamiltonian system (2.6) takes the form

xZ
5c=e7’1+ 5 — e Pex,
X
3.3
. P 2x —p (3.3)
p:—(e —1)m—(e —1)6,

with associated Hamiltonian function

H(x, P) =

e’ — 1) + ex(e’ —1).
S =Dt~ 1)
The deterministic limit (3.2), obtained for p =0, has three equilibrium points: x =0 (attracting)
and xg = (1/2¢)(1 £ v/1 — 4€2), x_ being a repeller and x an attractor. The s-n bifurcation occurs
at e = €. =1/2, at which x4 collide in a non-trivial critical equilibrium point xj = 1/2¢. = 1. For
€ > €. (or, equivalently, ¢ =€ — €. > 0), its dynamics is driven by the following curves (figures 2
and 3):

— The solution of H(x,p) =0, which is formed by three curves, namely: x=0, p=0, and
p =pH(x), where

1+x?
pu(x) :=log (e . ) .

Note that pg(x) = 0 only intersects the axis p = 0 when € = .. Precisely, p = pg(x) goes to
+o0 as x — 07 and as x — +00, and it has a unique global minimum, at xmin, g =1, with
value pmin, H = PH(Xmin, 1) = log 2e.

— The x-nullcline x = 0, formed by the curves x =0 and p = p1(x) := (1/2)pnu(x), with a global
minimum at Xmin, g and p1(Xmin, 1) = (1/2) log(2¢).

— The p-nullcline p =0, given in two components: p =0 and p = p»(x), where

2\2 2
p2(x) :=log (6(124—;)> =pu(x) + log (1 —;x ) .

It has a global minimum at Xmin, p =1/ /3 with value Pmin, p = P2(Xmin, p) = log((8«/§ /9)e).
This curve p=ps(x) intersects p=0 at two points, xr(¢) <xp(e), moves upwards as €
increases and becomes tangent for € = €gng = 3(+/3/8) ~ 0.649519053. In other words, for
¢ 24 x 10~ 1. Tt is inside the region determined by the curve p = 0, the invariant axis p = 0
(a component of H=0) and p < 0 where the trajectories of our system exhibit the scaling
behaviour shown in figure 1 (lower panel).

An analogue situation holds for the autocatalytic model, where one has wj (x) =k; x% and wy(x) =
k1x® + ex. As before, we take k; = 1. The Hamiltonian function becomes

H(x,p) =2 — 1)+ (° + ex)(e ™ — 1),
and leads to the system
i =x%e! — (x> + ex)e P,

(3.4)
p=—2x(" —1)— (Bx> +€e)e? —1).

Hence, the relevant curves are
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Figure 2. Plot of the relevant curves determining the dynamics of the Hill Hamiltonian system (3.3). On the one hand, the axes
x = 0and p = 0, which correspond, respectively, to extinction and to the one-dimensional deterministic model (3.2). On the
other, the nullclines: X = 0 (given by the curve p = p;(x), in blue colour, and the axis x = 0) and p = 0 (given by the curve
p = p,(x), in red, and the axis p = 0). Recall that the intersection of the nullclines gives rise to the equilibrium points of the
system. Furthermore, they determine regions of growth/decrease of the corresponding variable, x or p. The 0-level curve of the
Hamiltonian, H = 0, has been also plotted (in green its component p = py(x), to which we must add the coordinate axes).
The Hamiltonian character of system (3.3) makes H = 0, to form a kind of barrier for the solutions with initial conditions taken
inp > 0,x > 0and H(x, p) < 0. All three plots follow the same labels as in figure 1: (a) ¢ =107, (c) ¢ =102 and (d)
¢ =10"". For a qualitative sketch of the dynamics in the Hamiltonian phase space and the bottleneck region responsible for
the long transients, see figure 3.

— The solution of H(x, p) = 0, which is constituted by three curves: x =0, p =0and p = pg(x),

where
€+ 12
pHa(x) :=log ( . ) ,

has a global minimum at Xmin 1 = /€, With Pmin, 1 = PHXmin, 1) = l0g(2+/€). The value
of € for which p =ppg(x) reaches its minimum on p=0 is € =€. =1/4, and the point is
Xmin, H = Xcrit = 1/2.

— The x-nullcline, x = 0, which has two branches: x =0 and p = p1(x), where

) = 2P

— The p-nullcline, p =0, formed by p =0 and p = p»(x), where

3x2 + e
p2(x)._log( o ),

which has a global minimum at Xmin,p =+/€/3, With Pmin, p =p2(Xmin, p) =10g V3e.
Moreover, p = pa(x) is tangent to p = 0 for € = €gng = 1/3. For € > €¢nq, one has pa(x) > 0.

x2+e

p1(x):= ;10g<

The aim of this Hamiltonian approach is to recover the qualitative behaviour for the extinction
times shown by GS (see the upper panel in figure 1) and provide a theoretical tool to make
useful predictions of transient times semi-analytically. To do so, we will compute the flight
times of orbits starting at the bottleneck (see figure 3a) just after the s-n bifurcation takes place:
€ = €. or, equivalently, ¢ =€ — €. = 0. These flight or transient times provide a qualitatively good
approximation for the extinction times given by GS. They have been numerically computed
for the Hill model, but similar results are obtained for the autocatalytic case. The values of
p considered will be close to the deterministic model, i.e., p=0. These numerics have been
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Figure 3. (a) Sketch of the dynamics for the Hill system given by equation (3.3). The Hamiltonian dynamics is ruled by the
configuration of the curves H = 0 (green), the nullclines x = 0 (red), p = 0 (blue), and the invariant line p = 0 within the
phase space. The intersections of the two nullclines give rise to two equilibria: a saddle point, close to (min, p+), and a centre
placed on the left-hand side of the region. The homoclinic connection to the saddle point around the elliptic one divides the
zone close to the bottleneck in two regions: one where the flow goes leftwards (behind the homoclinic connection); and the
other (above) where the flow goes rightwards. Some orbits (in violet) exhibiting different behaviours have been depicted. (b)
Plot of the phase space of system (3.3) for ¢ =10~>. For each point in the grid, we compute the orbit having that as initial
condition, calculating the approximate value of the action S on this orbit until it leaves the rectangle [0, 1.22] x [—0.8, 1] and its
corresponding probability (or weight), e—*?. Darker coloured regions relate to orbits with (approximately) higher probability.
The curves H = 0 (green light), the nullclines x = 0 (red), p = 0 (magenta), and some orbits (grey) are also shown.
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performed in the following way (take the sketch in figure 3a as a reference): fixed the value of
€, let ppottom (€) < 0 be the value of p such that the orbit with i.c. (x(0), p(0)) = (1., Pbottom) intersects
tangentially the curve p = p>(x) (one of the connected components of p = 0) at its minimum; take
around 200, for instance, equidistributed initial conditions (1, pg), with ppottom < P0 < |Pbottom |,
and compute numerically the corresponding orbit until it reaches the line x =0.25xr(¢) (if the
flow goes leftwards) or the line x =2 — 0.25xp(¢) (if the flow goes rightwards). This defines a
time that we denote by T(pg) or, for a generic pg in this segment, by T(¢). The point (xr(¢€), 0) is
the smallest of the two points in which the p-nullcline p = p;(x) intersects p =0, see figure 3a.
The line x =1 stands at the same x-distance of x =2 — 0.25xp(¢) as x =0.25xp(¢). There is no
significant change in T if one considers lines closer to the axis x =0. The direction taken by the
orbit (leftwards or rightwards) is determined by the location of the initial condition (1, pg) with
respect to the homoclinic connection to the saddle point, near the bottleneck. This homoclinic
connection contains in its interior an elliptic equilibrium point (figure 3a).

Interestingly, close to the bifurcation (i.e. ¢ 2 0), the behaviour of the flight time depends on
the initial condition for the momentum variable p(0) = pp but not on xq. If pg > ¢ + O(¢?) the
extinction time follows the deterministic scaling law T ~ 172 (results not shown). By contrast,
orbits with pg < ¢ + O(¢?) exhibit a scaling function whose shape is essentially the same as the
one obtained by GS. Such differences in behaviour appear to be governed by the geometry of
the phase space (x,p) shown in figure 2. When ¢ — 0 and pyp < ¢ + O(¢?), the orbits cross the
region of the phase space contained within the nullcline p =0 (precisely, p = p2(x), depicted in
blue in figure 34) and the horizontal lines p =~ ¢ + O(¢?) and p = 0 (depending on the sign of py).
This sojourn alters the properties of the slowing down, thus changing the scaling behaviour of
the flight time. An analytic proof of that has been deferred to §a. That is, a similar behaviour
to the scaling function G is obtained under both approaches, GS and Hamiltonian, close to the
bifurcation. The flat scaling law for the extinction times (which do not depend on 2 when
changing ¢, displayed in figure 1) matches the GS running close to the bifurcation threshold
(red rectangle), for £2 = 10%. Note also that the flat shape close to this threshold starts bending
at g ~5 x 10~* (for this system size). Different system sizes also drive to good matching between
GS results and the (Hamiltonian) transient times. For instance, system sizes ranging from £2 = 500
to £2 =8 x 10% show bending values of the flat region within the range ¢ € [3 x 107%,8 x 107#]
(results not shown; see also [28] to see this effect with GS).

Last, but not least, in order to shed some light onto the picture described above, we have
quantified the importance of different sets of orbits of the Hamiltonian system (2.6). According to
the path integral representation of a stochastic process, the weight (probability) of each trajectory
is determined by their associated action S (see equation (2.5)). The rationale for this quantification
goes as follows. Consider equation (2.5), which provides the path integral representation of the
propagator, i.e. the conditional probability of a transition between state x; at time #; to state x; at
time ¢ (e.g. Kubo et al. [31]). Concerning this representation, the propagator can be written as a
weighted sum over all the possible sample paths connecting the initial and final states. The weight
associated with each sample path is given by the exponential of minus the corresponding action,
S, times the system size, §2. Furthermore, given the form of equation (2.5) and that 2 > 1, we can
estimate the propagator using asymptotic arguments (such as the Laplace method or the saddle
point approximation [42]). As we are working in a regime where £2 >> 1, the main contribution to
the sum comes from the path that maximizes the action. Since the weight of all other trajectories is
exponentially suppressed and, asymptotically, their contributions are negligible, the propagator
is proportional to the weight of the path such that §S = 0. This path is the solution of the Hamilton
equations (2.6). These arguments allow us to identify the exponential weight of the corresponding
Hamiltonian trajectory as an estimator of their statistical weight.

In order to estimate approximate values for such weights, we have considered a grid (xo, po) €
[0,1.22] x [—0.8,1] of initial conditions and computed numerically their orbits until they leave
the rectangle. Let us denote by I'y = I'(xg, po) the piece of orbit with initial conditions (xo, po)
and escaping time 7(xg,pp). We have calculated the estimate value of the action S along I
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Figure 4. Weight of the regions in p along which stochastic realizations will pass (black lines) for the Hill model, and the
associated action (orange dots) computed from the initial conditions x(0) = 1and p(0) = p. The four panels show the system's
behaviour for the same labels indicated in figure 1, given by (a) @ = 107>, (b) ¢ =103, () ¢ =102 and (d) o = 10",

by approximating its line integral by the sum over the (discrete) numerically computed orbit.
Precisely, if I is approximated by the set of points {(x(t), p(tx)) | k=0 + N} then

7(x0,p0)
syy=| " pi - Hewp)di
0

N
= (p(t)i(t) — Hx(t), p8)) - /%802 + p(t)? - (b — t)-
k=1

The results are displayed in figure 3b. The colour of each point (xp, pg) denotes the weight of
its orbit I, being the green-dark blue regions those with maximum weights (lowest action).
Moreover, a similar computation has been done for those orbits starting at (xp, pg) with xg =1 and
Pbottom < P0 < |[Pbottom |- The orange data in figure 4 correspond to (po, S(I"(po))). In black colour,
their corresponding weight (probability) (2.5). Figure 4 shows that, near the bifurcation, the only
statistically significant trajectories (i.e. those trajectories with lower actions) are those with initial
condition pg < ¢ + O(¢?), as shown in figure 4a,b. These paths are the ones that contribute to the
stochastic scaling function. By contrast, as we move away from the critical point, both orbits with
positive and negative initial values of p become statistically significant, as depicted in figure 4c.
Eventually (figure 4d), trajectories with both positive and negative py have similar weights and,
therefore, the behaviour of the system becomes a mixture of both characteristic behaviours.

(@) On thescaling law for T(€)

Let us focus here on the autocatalytic model. A similar approach can be performed for the Hill
equation. We follow the procedure introduced in [12], where Residue Theorem is applied in
a convenient way for a one-dimensional system. We will see that a similar argument can be
extended to our case, with two variables x and p. From the first equation in system (3.4),

i=x2P — (¥ + ex)e ™ =:f(x,p,€),
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it follows that the time T(¢) invested by a solution with initial condition on x = xjn; to reach x =
Xend is given by

Xend 1

T(e) = J dx. (3.5)

Xini f(x/ p, 6)

Without loss of generality, we can assume that this interval is symmetric with respect to xmin, the
x-value where the s-n bifurcation occurs for p =0.

Proposition 3.1. Let T(e) be the flight time spent by a solution of system (3.4) with initial condition on
X = Xjp; to reach x = X,pg, defined by equation (3.5). Then, there exists constants p_ = O(1) < —1/4 and
p+=¢+ O(¢?) > 0, such that:

— Ifp > p4 then T(¢) behaves, in logarithmic scale, as

1
log T(¢) ~ —5 log ¢.

That is, it satisfies the expected scaling law for a s-n bifurcation in a deterministic system.
— Ifp— <p <py, there exists a constant C > 1, independent of ¢, such that

T(p) = C + O(gp). (3.6)

In logarithmic scale this corresponds to log T(¢) > log(C + O(p)).

The aim of this Proposition is to compute the first-order approximation of T(e) in terms of
¢ =€ — €. To do it, note first that

1\2
e — (3 +ex)e P =—xe P(x? —eFx+e)= (x - E) +(1—e)x+g,

where in this case ¢ = ¢ — (1/4), being €. = 1/4 the value of € at which the system undergoes the
s-n bifurcation. Recall that the corresponding x-value for € = ¢ is Xpin = xc = 1/2. If we apply the
change of variables y = x — (1/2) then y(t) satisfies the following ODE:

. 1 1
j=—eF <y+ 5) <y2 + (1 —e%) (y + E) + ga) =:f(y,p, ). (3.7)
In particular,
0 1 0 1
f(0,0,00=0 and %(y,p,q;) =—e7 (y + E) = £(0,0, 0)= —3 #0. (3.8)

So, therefore, we introduce the following lemma.
Lemma 3.2. There exists an open set U € R?, containing (0,0), and a C*°~function

g: U — R
W,p) — o=8Wp)

such that g : U — g(U) is bijective and satisfies that f(y,p, ¢) =0 < ¢ =gy, p) V(y,p) € U.
Let us denote, by commodity, ¢ = @(y, p) =gy, p). Then, ¢(y, p) admits the following Taylor expansion
around (0, 0):

oW, p)=p —y* +2py + p* + Os3(v,p), (3.9)

where O3(y, p) stands for terms of order at least 3 in y and p.
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Proof. Proof (of lemma 3.2) Conditions (3.8) allow us to apply the Implicit Function Theorem
and prove the first assertion of the lemma. Regarding the second one, we seek for

_ d¢ e
PP =900+ 5100y + 50,0

1 (8% s % g >
| =%,0 2——(0,0 —(0,0 O3y, p). 3.10
+ (3]/2( )y~ + ayap( )yp + 3p2( )p” | + O3y, p) (3.10)

2
Standard recurrent differentiation of equation f(y,p,¢)=0 - with respect to y and p -
and substitution onto y=p=0 gives ¢,(0,0)=0, ¢,(0,0) =0, ¢y,(0,0) =2, ¢y,(0,0)= -2, and
@pp(0,0) = 2. This leads to expression (3.9). |

From ¢ =p — y? + 2py + p* + O3(y, p), it follows that 0 = y? — 2py — p> —p + ¢ + O(¥>) = (y —
p)2 = 2p2 +p—9+ O(¢®) and so (using the Taylor expansion for +/1 + x with |x| < 1),

f,p9)=0y=ys=p+\/2% +p— ¢+ 0.

Note that for p=0 and ¢ > 0, one has! y+ = %i /9o + O(¢). Hence, for p ~ 0, we have that y are
close to y9. = +i,/p. Since our system undergoes a s-n bifurcation at p =0, ¢ =0, we focus our
attention in the case where 2p® 4+ p — ¢ is negative, which moves the new equilibrium points
y+ ~yY to the complex plane. This polynomial factorizes as 2p*> +p — ¢ =2(p — p_)(p — p+),

where
_—1£J/1+38p
N 4

P+ eR (since ¢ > 0).

Indeed, p— < —(1/4) and

_-1+JT+8p  —1+VT+8p 1+/T¥8p 2
P+= 4 = 4 1+VT+8s 1+VI+8g
_ 2¢ _ ®
1+(1 -4 +0@?) 1-2¢0+ 0O(p?)

= (1 +2¢ + O(p?) = ¢ + O(P?).

Roughly speaking, p— = O(1) and p+ = O(p) > 0. This factorization determines two cases to study:
on the one hand, (i) p > p+, where we have

y+=pEV2i/(p —p)p —ps) + O°),

and, on the other, (ii) p— <p < p4, in which

v+ =p£V2i/(p — p)ps+ —p) + O).

We are always assuming |p| small. Note also that Sy > 0 and Jy_ < 0. It is worth mentioning that
the value p4 = ¢ + O(¢?) corresponds approximately to the value p, appearing in the left-hand
side of the phase space figure 3a (for the analogue Hill model). Here, p, determines when the
orbit starting at the initial point with x = xpij, moves to the left or to the right. In other words,
to start behind or above (respectively) the homoclinic connection to the hyperbolic equilibrium
point, which exists close to (Xmin, p+), around the elliptic equilibrium point on the left-hand side
of figure 3a. We discuss the cases (i) p > p4 and (ii) p— <p < p+ separately.

(i) Casep > p+

As mentioned above, in this case, the orbit is located above the homoclinic connection and the
flow goes rightwards. Let us take ¢p € (0, (1/12)], where 1/12 = €gng — €c =1/3 — (1/4), the ¢-
interval for which the curve p =0 intersects the line p =0. Now fix ¢ € (0, ¢9]. From the change

ISometimes, to emphasize its dependence on ¢ we will write y+(¢).
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of variables y = x — (1/2) and having in mind that our system is autonomous, the flight time T(¢)
of trajectories starting at y = —8 and reaching y = § can be computed as

b
T+(o)= J 5 . p,0)

for some § > 0 small. Let us consider 0 < v < p4(¢p), independent of ¢, such that for (y,p) e W=
[=8,8] x (0,iv] the function f(y, p, ¢) does not vanish, except at the point y =y, (¢) ~i,/@. In other
words, 1/f is meromorphic in W and has a unique pole y; € W. Furthermore, this pole is simple.
Let us denote by y = a1t W the (positively oriented) border of W. Thus, y = y1 U y2 U y3 U 4, being
1 the segment placed on p =0, y» the one on y = §, y3 the one on p =iv and y4 the one on y = —§.
Thus,

2) dy, (3.11)

1
T(p)= J dy J J (3.12)
" n fW.p,9) f(y, P, @) dy+ Z v f(y, P, <p)
By the Residue Theorem, we have that
1 1 .. Y=Y+ 2ri
J dy =2miRes (f,y:er) =27i lim = - . (3.13)
f.p.9) f v=v+ f(y.p,¢) %(y " D,9)

Note that

Y+ =p+~2i/(p —p-)p — p+) + O@?) = V2ic1 /o + Op°),

since pr=0(p), p=0(p), P —p+=0(/9) and . /p—p_=c1=0(1). Substituting the
expression y4 = +/2ic1 /g + O(g) into

Lwpe=—? (3 +20 - (y+ %) rto), 614

leads to of
@(y+/ p/ (p) =0 1\/6 + O((p)

and so equation (3.13) becomes

1 2mi c3
= = =— +0(), 3.15
Lf(y""w) S TP N R RV (3.15)

with ¢3 > 0 a constant. Let us now deal with the computation on the curves y», y3 and y;. We
start with y», which can be parameterizated by y»(c) =68 +ive for o €[0,1]. Since f(y2(0), ) =
f(y2(0),0) + O(¢p) and by the compactness of the interval [0, 1] it follows that
1 B 1
f(r2(0),9)  f(r2(0),0)

+ O(p).

Therefore,

1 1 1 1 1
dy = do = -+ 0 do = O(p), 3.16
sz(y,p,w y Jof(yz(cr),w) Jo (/(Vz(a),0)+ “”) “tOl) (3.16)

c4 being a constant. The same argument (and similar result) applies for the integrals over y3 and
y4. In those cases, the parameterizations being y3(c) = (20 — 1)8 4+ iv and y4(0) = -8 +iv(l — o),
with o €0, 1], respectively. From these estimates and having in mind expressions (3.12) and
(3.15), we obtain that

T (p) = % +o5+ O(p), (3.17)

where c3, c5 are constants independent of ¢. In logarithmic scale, this relation reads as

1
log T+(¢) ~ 5 log ¢,

the expected scaling law for a s-n bifurcation in a one-dimensional deterministic system [12].
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(i) Gasep_ <p <ps

Contrary to what happened for p > p;, now we are behind the homoclinic connection on the
bottleneck and, therefore, the flow moves leftwards. Analogously to the case p > p., let us take
@0 € (0,1/12] and fix ¢ € (0, o]. To compute

=5 1
T_(p)= —dy,
(@) JB f(y/prw) v

we consider 0 < 1 < 1/4, independent of ¢ and n = O(1), such that f(y, p, ¢) # 0 for any (y,p) e V =
[—6,8] x [—in,0) except the point y_(¢), where it has a simple zero. As above, this means that
1/f is meromorphic in V and has a unique pole (simple) at y =y_(¢p) € V. We follow the same
argument as in the previous case: define I = I'1 U I U 317}, the positively oriented border of V.
I is the segment on p =0, I'; the one on y = —34, I'3 the one on p = —in and Iy the one on y =34.
Therefore,

1
T (¢)=— J _ 1L g J J 318
@ nfupe) T rf(y,P,w) W+ Z r,f(y,rw) G189
Like in the previous case, we compute the first line integral by the Residue Theorem:
1 . 1 y—y- 2mi
—— dy=2niRes <f, = _> =271 lim = . (3.19)
Jrf(y,w) Y Iy =y fy,pe) J;(y,,p,(p)

To do it we need an estimate of y_ =p —+/2i,/(p — p—)(p+ — p), for p € [—in,0), in terms of
¢. Remember that pL =O(¢) and p— = O(1). Given a continuous function &, we denote by

3> O(h(p)) to mean that there exists a constant d; such that g > dih(p). Likely, we write ¢ <
O(h(p)) to express that g <dyh(yp), for a suitable constant dp. In our case, these bounds can be
taken uniform due to the compactness of V. Take any (y,p) € V. On the one hand, we have
that p —p_ =0O(1) = /p — p— = O(1). Besides, it is also clear that O(p) <p4+ —p <O(1) and so
O(J/9) < P+ —p < O(1). Joining both estimates it turns out that

O(Jp) </(p —p-)p+ —p) = O(),
O(J9) <p —V2i\/(p — p)ps —p) < O(1).

That is O(,/9) <y—(p) < O(1). We will use this bound to get an estimate for

3 1
%(y—,ntp) =—e’ (3y2_ +2(1 — %) <y_ + 5) +y-+ w) .

and, since 0 < |p| < O(1),

On one side, it is straightforward to check that e™ and y_ + (1/2) are O(1). Moreover,
Ofp) <3y> <0(1), 0<2(1—e*)<0(1).
All these bounds together to the one for y_ implies that
1
O(p)<—e7F (3y% +2(1 — &%) (y_ + E) +y- + <p> <0(1).

Consequently,

1 2mi
|, 7w Tw-pe)

That is, there exists a constant ¢ > 1 such that

1
—| ————dy>cs, 3.20
Jrf(y,r’,w) V= (3.20)
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uniformly in V. The contribution of the integrals

1
—dy, j=2,3,4,
follow mutatis mutandis the same argument as employed in the case p > 0. Namely, for any
parameterization (o) of the segments 1"]-2 one can see that f(I5(0), ¢) =f(I}(0),0) + O(p). So,
taking into account the compactness of the o-interval [0, 1], it follows that

J 1 dy= Jl o do = Jl 1 + O(p) | do =cqyi + O(p), (3.21)
5 fW.p,9) 0 f(I(0),¢) 0 \f(Zj(0),0) !

for j=2,3,4. From expressions (3.21), (3.20) and (3.18), we derive the following estimate for the
flight-time,
T_(¢) > C + O(gp). (3.22)

C > 1 a constant independent of ¢. In logarithmic scale this corresponds to log T_(¢) > log(C +
O()).

4. Discussion

We have analysed the dynamical behaviour of two stochastic systems close to a tipping point
given by a s-n bifurcation (first-order phase transition) using a Hamiltonian approach, mainly
regarding the slowing down phenomena observed in the relaxation times towards their absorbing
state. We recently explored the effect of intrinsic noise in simple models with cooperation
undergoing s-n bifurcations including the autocatalytic replicator and two-species hypercycles
[28]. Somewhat counterintuitively, we found that the deterministic ghosts were robust to noise.
However, the scaling law of the mean extinction times was shown to follow a rather more
complicated scaling function than its deterministic counterpart (see equation (1.1)). This more
complex scaling law was only identified numerically using Gillespie simulations and was found
to be general (independent of the system’s size). Therefore, a theory able to explain these
numerical results was still lacking. In an attempt to provide a general theory explaining and
identifying the mechanisms underlying this change in behaviour identified by simulations, in
particular concerning the origin of the scaling function, G(-), we have reformulated the ME as a
path integral. Hence, the solution of the ME is obtained as a weighted superposition of paths in
the phase space of the Hamiltonian (2.4), which are given by the solutions of equations (2.6). Each
such path is assigned a weight that depends exponentially on the action associated with it (see
equation (2.5)) times the system size 2.

The analyses of the paths and their weights yield a number of interesting results that shed some
light onto the origin of both the robustness of the ghost behaviour in the presence of intrinsic noise
and the scaling function G. First, when the system is close to the bifurcation (¢ = € — ¢, = O(10~%)
or smaller), there is a set of solutions (corresponding to p(t =0) < ¢ + 0O(¢?)) of the Hamiltonian
system (equations (2.6)) that undergo very long transients when crossing the regions of the phase
space shown in figure 2. Furthermore, as shown in figure 1 (lower panel), when we compute how
the flight time associated with the paths varies as ¢ changes, we realize that, rather than following
the deterministic scaling law ¢~1/2, it is qualitatively the same as the one computed numerically
by means of the SSA for values of ¢ <1072 (see figure 1, upper panel). By contrast, solutions of
equations (2.6) with p(t=0) > ¢ + O(¢?) exhibit the same scaling behaviour as the deterministic
limit, i.e. flight time ~ ¢ ~1/2. Further insight is obtained from the quantification of the action and
weight associated with each path, as shown in figure 4. These results show that, for ¢ < 1073,
the only statistically significant paths are those corresponding to p(t = 0) < ¢ + O(¢?), whereas all
the paths with p(t=0)> ¢ + O(¢?) have negligible small weights. Taken together, these results
suggest that, close to the bifurcation, the only statistically significant paths, and consequently the

2We named it with the same letter since there is no problem of misunderstanding.
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only ones that will contribute to the observable behaviour, are those with p(t =0) < ¢ + O(¢?), for
which the flight time is >~ G(¢).

Our core outcome is therefore that the qualitative behaviours displayed by the paths of the
Hamiltonian equation (2.4), are thus mimicked by or translated to the observable behaviour
of the stochastic system, provided that they are statistically significant. In the specific case of
systems whose mean-field model exhibits a s-n bifurcation, the delayed relaxation and shape of
the function G are the statistically significant features that are passed on to the stochastic system.
This explains the robustness of the ghost behaviour to intrinsic noise and the scaling behaviour
of the mean extinction times, T, found numerically in [28]. It is noteworthy that, although we
have illustrated our theory with two specific examples, the same properties should extend in a
universal way to all stochastic systems whose associated Hamiltonian system exhibits the same
behaviour.

Finally, we conclude that the analysis we have put forward here can have great relevance
to analyse qualitative behaviours of complex stochastic systems, specifically, close to phase
transitions or bifurcations, in a way that does not require a substantial computational effort.
By analysing the orbits of the corresponding Hamiltonian system and the different qualitative
behaviours it can sustain, we will be able to evaluate which behaviours are associated with
statistically relevant orbits, and therefore should manifest themselves at the level of the
observable behaviour of the stochastic system. Our approach thus provides a useful tool for
predicting stochastic transients close to a tipping point.
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