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Abstract

In this paper we introduce the pseudo-normal form, which generalizes the notion of normal
form around an equilibrium. Its convergence is proved for a general analytic system in a
neighborhood of a saddle-center or a saddle-focus equilibrium point. If the system is
Hamiltonian or reversible, this pseudo-normal form coincides with the Birkhoff normal form,
so we present a new proof in these celebrated cases. From the convergence of the pseudo-
normal form for a general analytic system several dynamical consequences are derived, like the
existence of local invariant objects.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Since normal forms were introduced by Poincaré they have become a very useful
tool to study the local qualitative behavior of dynamical systems around equilibria,
see for instance [1,3,8] and references therein. In a few words, given a system

X=F(X)=AX+F(X), (1)
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around an equilibrium X = 0, where F(X) denotes terms of order at least 2 in X, a
general normal form procedure consists on looking for a (formal power series close
to the identity) transformation X' = @(y) =y + 5(7) in such a way that the new
system y = ®*F(y) =: N(y) = Ay + IV(,() becomes in normal form, that is, when N
contains only the so-named resonant terms, monomials whose powers are intimately
related to the vector A = (41, Ao, ..., Ay) formed by the eigenvalues of the matrix A of
system (1).

In this work, we will focus our attention on analytic vector fields and will be
specially concerned with the convergence of the normalizing transformation ®. There
are two well-known cases where the convergence of the normalizing transformation
follows just from the properties of the vector of characteristic exponents A (see, for
instance, [1, Chapter 5, Section 24]):

(1) when A belongs to the Poincaré domain, that is, the convex hull of the set
{1,722, ..., Am} In the complex plane does not contain the origin;

(i) when /1 belongs to the complementary of this domain, the so-called Siegel’s
domain, and satisfies a Diophantine condition.

In the first case, the Theorem of Poincaré—Dulac ensures the convergence of a
normalizing transformation conjugating the original system to a system having only
a finite number of resonant terms. In the second case, the Diophantine condition
permits to bound the small divisors appearing in the normalizing transformation and
its convergence is also derived (Siegel’s Theorem). The original system is conjugated
to its linear part.

Notice that in both cases of convergence the normal form is a polynomial or, in
other words, the number of resonant terms is finite. However, non polynomial
normal forms do arise in some important families of dynamical systems, like the
Hamiltonian or the reversible ones, where the characteristic exponents always belong
to the Siegel’s domain since they come in pairs {4+ 1}. In these cases, convergence
results depend not only on the location of the characteristic exponents and their
arithmetical properties but also on the kind of formal normal form they exhibit.

In 1971, Bruno (see [2, Chapter II, Sections 3, 4]) provided sufficient and, in some
particular sense, necessary conditions ensuring this convergence. He denominated
them condition w and condition A. The condition w depends on arithmetic properties
of the vector of characteristic exponents A, and can be checked explicitly. On the
contrary, condition 4 imposes a strong restriction on the normal form forcing it (up
to all order!) to depend only on one or two scalar functions.

We refer the reader to Bruno’s paper [2, pp. 173-175] for a detailed account of
these conditions. For the purpose of this paper, it is enough to notice that there are
very few cases where the fulfillment of condition A4 follows from the nature of the
original system. The most famous case is provided by the framework of the
Hamiltonian systems, where the normal form is called the Birkhoff normal form (BNF
in short). Among them, condition w is trivially satisfied when there are no small
divisors between the main characteristic exponents, but this only happens for
Hamiltonian systems with one or two degrees of freedom.
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Indeed, consider a 2-degrees of freedom Hamiltonian system and denote by
{+1, A2} its characteristic exponents at the origin. The condition for the non
existence of small divisors between 4; and 4, is that 1;/4,¢ R, and this condition is
satisfied only when the origin is

® a saddle-focus, if {+ 1, +2,} = {++ia} with 1>0, «>0, or
® a saddle-center, if {+211, 4} ={+4, +ia} and 1>0, a>0.

In these two cases, N can be written as
Ear (En, ) ay (En, 1 +v?)

—nay(&n, pv) —nay(&n, 1> +?)

b 2

®) paz (En, pv) (b) vay (&n, 12 +v?) @
—vay(En, pv) —pay (&n, 12 +v?)

respectively, where ¢;(0,0) = 4;, j=1,2and y = (&,n,u,v)eC?,

The existence of an analytic transformation leading an analytic Hamiltonian
system in the neighborhood of a saddle-focus or a saddle-center into BNF was
provided in 1958 by Moser [14], extending the famous Lyapunov theorem [11].
(Recently, a new proof of this theorem has been provided by Giorgilli [9] putting
special emphasis on the Hamiltonian character of the system—a characteristic which
does not appear in Moser’s proof.)

At this point, it seems natural to wonder about the convergence of a normalizing
transformation @ in the case of a general system. The analogy with the Hamiltonian
case suggests to consider two-dimensional and four-dimensional systems with
characteristic exponents at the equilibrium point of the form (i) +4, Ae C\{0} and
(i) { £ 41, £ 42}, respectively, to avoid small divisors. Case (i) was studied in [5]. The
aim of the present work is to deal with case (ii), a general analytic system (1) with a
saddle-focus or a saddle-center equilibrium point at the origin.

Let us be more precise. As it has been said, it is well-known in the saddle-focus
or saddle-center Hamiltonian cases the existence of a convergent transformation
X = &(y) leading system (1) into BNF, that is, the transformed system being of the
form

7= (PF)(z) = N(x), (3)
where N is one of the two types in (2). Notice that Eq. (3) is equivalent to
DON = Fod.

Our approach, which comes from ideas of Moser and DeLatte [4], consists on
looking for a remainder term of the form

&by (&, wv) &by (En, 12 +V?)

@ B |M™Emm) |y o [ e ) | @
b (En, ) by (En, 1> +v?)
vha (1, 1v) vhy (&, 12 +v?)
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depending if we are considering the saddle-focus or saddle-center case, respectively,
satisfying b (0,0) = 1;2(0, 0) = 0 and such that the equality
DON + B = Fod (5)

holds. Note that (5) is equivalent to saying that the new system is of the form
7=N@) + (DP(x) ' B(x)

which is not, as a rule, a normal form. Thus, we will say that X = @(y) transforms
system (1) into pseudo-normal form (WNF in short).

The interest of this construction lies in the following facts: first, it constitutes an
extension of the BNF and, therefore, in the contexts where BNF converges they must
coincide; second, this procedure is convergent in some situations where BNF does not
apply and, thus, it translates the problem of the existence of a convergent
normalizing transformation to the one of determining if some analytic scalar-valued
functions 1;1 and 132 vanish. Finally, even in the case that these functions do not
vanish, some interesting dynamical consequences can be derived from this pseudo-
normal form.

Theorem 1 (Main Theorem). Given a four-dimensional system

X=F(X)=AX+F(X), (6)
analytic around the origin, where F (X) denotes terms of order at least 2 in X, and with
characteristic exponents {+ 11, + 22} equal to

o {+Aitia} with >0, a>0 (saddle-focus case), or
® {+, tia} with A>0, a>0 (saddle-center case),

there exist an analytic transformation X = ®(y) = y + @(/) and analytic vector fields
N, as in (2), and §7 as in (4), in such a way that the equality

DON + B = Fodb
holds. Moreover, if system (6) is real analytic, @, N and B are also real analytic.

Section 2 is devoted to the proof of this theorem, which is constructive. It is based

on a recurrent scheme which provides the coefficients of @, N and E, order by order.
Moreover, a condition for determining the radius of convergence of these vector
fields is provided in Eq. (64).

A first consequence of Theorem 1 is that for an initial Hamiltonian system, YNF
becomes BNF.

Proposition H1. System (6) is Hamiltonian in a neighborhood of the origin if and only
if B vanishes (and, therefore, YNF becomes BNF).
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The proof is given in Section 3. In the case that system (6) is a 2-degrees of
freedom Hamiltonian, this proposition provides a new proof for the celebrated
Moser’s-Lyapunov theorem.

Corollary H2 (Lyapunov, Moser). For an analytic Hamiltonian system around a
saddle-focus or a saddle-center equilibrium, BNF is convergent.

Some other consequences can be derived from a partial reading of Theorem 1.
Namely, a linear center can be seen as a particular subsystem of the general saddle-
center case. Indeed, if we write explicitly system (6) as

{x = Ax+fi(x,,4,p), { qg=oap+fi(x,y,q,p),

S ~ (7)
y = =4y +f2(xayaqap)a p = —ouq +f4(x7y7 q7p)

forfl(O, 0,9,p) :fz(O, 0,¢,p) = 0 and fix x = y = 0, we obtain the following planar
system:
{ q=op+f3(q,p), ®)
p=—oq+falq,p).
Hereﬁ(q,p),j =3,4 denoteﬁ-(O, 0, ¢,p). This is the framework where the celebrated
center-focus problem takes place. In this case Theorem 1 provides the existence of a

transformation (g,p) = ®(u,v) and vector fields N(u,v) and B(u,v), of the form

o va(pt +v?) - ub( +v?)
V= (—ﬂa(u2+v2))’ - <V5(u2+v2)>’ Y

analytic in a neighborhood of the origin, with a(0) = «, 5(0) =0, and satisfying

D®N + B = F,o®, where F.(p,q) = (ap —&—ﬁ(q,p), —og +f4(q,p)). The following
corollary is a reformulation of Proposition H1.

Corollary H3. Assume f3, ﬁ analytic at the origin. Then, the following statements are
equivalent:

(1) System (8) is (locally) Hamiltonian.
(1) The origin is a center.
(i) 7he Sfunction lA)(uz +v?) in (9) provided by Theorem 1 vanishes identically.

On the other hand, assuming /?3 = f4 = 0 in system (7) (that is, the origin is a center
in the (¢, p)-variables), taking polar coordinates, scaling time if necessary and fixing
an invariant cycle, we have a system of the form

X = )“x—i_g]\l(xayag)a

y:_ﬂty+§2(xd’,9)» (10)
0=1,
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where y = {x = y = 0} is now a hyperbolic periodic orbit (of characteristic exponents
+/, 2>0) and g, g> are analytic functions of x, y and 0. For such a system we have
from Proposition H1 the following result.

Corollary H4 (Moser [13]). Assume (10) is an analytic Hamiltonian system. Then,
there exists a convergent transformation leading system (10) into ¥YNF in a
neighborhood of vy and this YNF coincides with the BNF.

It is worth noticing that the original result due to Moser is also valid assuming
only g and g to be %' with respect to the angular variable 0. With a similar scheme
to the one presented in this paper, Corollary H4 can also be proved under these
weaker assumptions.

Up to this point, the results already presented follow from a suitable reading of
Theorem 1 in a Hamiltonian framework. However, this is not the unique context
where they can be applied. Namely, these results have a counterpart in the well
known setting of the reversible systems.

We say that a system X = F(X) is G(time-)reversible (or simply, G-reversible) if it
is invariant under X — &(X) and a reversion in the direction of time 7 — ¢, with ®
being an involutory diffeomorphism, that is, ®* =id and ®#id. From this
definition, it turns out that F satisfies

&' F=—F, (11)

where ®"F = (D) ' F(®). The diffeomorphism ® is commonly called a reversing
involution of this system and is, in general, non linear. In this work we are dealing
with analytic systems, so we will consider analytic involutions ®. A set S which is
invariant under the action of ® (that is, ®(S)<S) is called G-symmetric or, simply,
symmetric if there is no problem of misunderstanding. Since we are dealing with
systems in a neighborhood of an equilibrium point or a periodic orbit, from now on
we will assume always that these elements are symmetric with respect to the
corresponding involution ®.

Important examples of reversible systems are provided by the BNF (2). For
instance, the BNF around a saddle-center equilibrium point (case (b) in (2)) is R-
reversible, R being the linear involution (&, u,v)+— (n, &, 1, —v). Analogously, the
BNF around a saddle-focus equilibrium point (case (a) in (2)) is reversible with
respect to the linear involution (&, #n, 1, v)— (1, &, v, 1).

Proposition R1. System (6) is reversible in a neighborhood of the origin if and only if B
vanishes (and, therefore, YNF becomes BNF).

We recall that the Reversible Lyapunov Theorem was proven by Devaney
[7] in both the smooth and the analytic case, using a geometrical approach.
An alternative proof for this theorem is due to Vanderbauwhede [17]
(see also [16,10], for an extension to families of analytic reversible vector fields).
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The proof of this proposition is provided in Section 3. Notice that, in particular, it
implies that locally Hamiltonian and locally reversible is the same around this
equilibrium point. As in the Hamiltonian case, we have

Corollary R2. Corollaries H3 and H4 also hold substituting Hamiltonian by reversible.

From these results, it seems natural to look for a summarizing statement
connecting both contexts, the Hamiltonian and the reversible. Indeed, we can
summarize the previous statements in the following theorem.

Theorem 2. Let us consider an analytic system
X=F(X) (12)

and assume that one of the following three situations holds (corresponding to
dimensions 2, 3 and 4, respectively),

() X = (q,p)eR? and the origin is a linear center equilibrium point (like in system
(8)).
() X = (x,9,0)eR* x T and y = {x = y = 0} is a hyperbolic periodic orbit (like in
system (10)).
(i) X = (x,y,q,p)€R* and the origin is a saddle-center or saddle-focus equilibrium
point (like in system (7)).

Then, in a neighborhood of the corresponding critical element, the following statements
are equivalent

(1) System (12) is Hamiltonian (with respect to some suitable 2-form o).
(i) System (12) is reversible (with respect to some suitable reversing involution ®).

(i) The analytic vector field B (as in (4)) provided by Theorem 1 vanishes.

This local duality around critical elements between Hamiltonian and reversible
systems is quite common. As an example, see for instance [12], where it is proved this
equivalence in the case of a nonsemisimple 1 : 1 resonance, which occurs when two
pairs of purely imaginary eigenvalues of the linearized system collide. Nevertheless,
there exist also counter examples of such equivalence. For instance, see the one given
at [15], where it is given a class of area preserving mappings, with linear part the
identity, which are not reversible.

Beyond the consequences provided by Theorem 1 in the Hamiltonian or reversible
frameworks, this YNF-approach can be useful to find out isolated periodic orbits
and related invariant manifolds in other situations. For instance, in [5] it is shown
that for the center-focus problem (case (i) in Theorem 2) each zero of the analytic
function I;, defined in (9), gives rise to a limit cycle of system (8) close to the origin.

Now, consider system (12) with the origin being a saddle-center equilibrium point

(case (iii) in Theorem 2). Let N and §, as in (2b), (4b), be the analytic vector fields
provided by Theorem 1. Assume this system (12) is not locally Hamiltonian (neither
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reversible, therefore). Equivalently, functions 51, b, in Eq. (4b) do not vanish
simultaneously. Then the transformed system becomes of the form

i=N() + (DD(2))"'B(x)

or, more precisely,

¢ Ear(En, 12 +?) f[/J\l(én, W +v?)
*af,2+v2 - 55,2+v2

i _ | —na(én 121 : ) + (Do) nbi(&n u2 2) (13

g vaz(er i+ v uba (&n, 1> + )

v —,llaz(f’th—i-vz) vAz(fr],,uz-&-Vz)

Assume that 52 does not vanish identically but there exists, at least, a non-zero value
I, >0 satisfying 52(0,1*) =0. If we take initial conditions & =»° =0 in (13) it
follows that &(¢) = n(¢) = 0 Vt and, therefore, u> +v> = I, becomes a limit cycle of
the restricted system

{ﬂva2(071*)a (14)

V= 7“‘12(07[*)7
where, for small enough values of I,, we have a,(0,,) = o + O(L,) #0. That is,
r,={@+v=1}

is a hyperbolic periodic orbit of system (14) with period 27/a»(0,1.) and
characteristic exponent a;(0, I,) = 4 + O(I,). Consequently,

I'=®(T,) ={®(0,0,u,v): Mz 42— L)

is a hyperbolic periodic orbit of system (12). It is also straightforward to
parameterize the corresponding (local) stable and unstable invariant manifolds of
I'. Namely, there exists 6 >0, given by the radius of convergence of the YNF, such
that

we () = {(D(O,noe"‘”(o"’*)’u, v): |n0|<5, W= L},
Wi (D) = {@(% ) 0, 1, v) + [n°| <5, p? +v* =L} (15)
We finish this introduction summarizing this result.

Corollary 3. Consider system (12) where the origin is a saddle-center equilibrium point
(case (i) in Theorem 2) and let N and E, as in (2b), (4b), be the analytic vector fields

provided by Theorem 1. Assume that the (analytic) function Il—>i)\2(0, I), defined in a
neighborhood of the origin, does not vanish identically (so system (12) is neither

Hamiltonian nor reversible). Thus, every positive zero of by(0,%) gives rise to a
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hyperbolic periodic orbit of system (12). Moreover, parameterizations for the (local)
stable and unstable invariant manifolds associated to this periodic orbit are given

by (15).

2. Proof of the main theorem
2.1. The formal solution: a first approach

It is worth noting that both cases, the origin being a saddle-focus or being a
saddle-center, can be treated formally with the same argument. Moreover, we will
deal first with the case of a complex WNF and will derive subsequently the case of a
real YNF. Indeed, let us assume that we have complexified the original variables in
such a way that the new (complex) matrix A is diagonal. Under this common
approach, we will refer often to {+4;, +4,} as the characteristic exponents of the
origin, meaning {+A+in} in the first case and {+4, +ia} in the second one,
respectively, always with 4, 0> 0. Moreover, it is not difficult to check that with such
unified notation the vector fields N and B take the same form (2a) and (4a),
respectively, in both cases. This will be their formal aspect along this proof if nothing
against is explicitly said.

The sketch of the proof follows the standard pattern: first, we will look for a
formal solution of equation

D®N + B = Fodb (16)

by means of a recurrent scheme, that will consist on two steps, an initial approach
and a final refinement. Later on, it will be introduced a norm which will allow us to
establish the convergence of the functions involved.

Thus, let us start with the first part. We recall that G denotes that G is formed
by formal power series beginning with terms of order at least 2. Now, since the
linear part of F(X)=AX+ ﬁ(X) (or shorter, F = A+ F) is in normal form, we
have that the linear part of N is just A (notice that A represents also the complex
matrix of eigenvalues + Ay, /). Writing @ = id + dand N=A+ ]V, equation (16)
becomes

D®N — AP = Fod — N — B. (17)

Assume that we already know dAi, N and B up to some order K and let us see

which difficulties involve the computation of the terms of order K+ 1 of ®. From
Eq. (17) we realize that we only have to consider the terms up to order K+ 1 of
equation

DON — AD = H, (18)
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where H = Fod only contains terms up to order K of ®. The terms in N and B of
order K + 1 will be determined later. By direct computation, writing

o= (¢, 87,4, ¢Y),  H=(HY 1D 1D HY)
with
SV (E ) = P I, DE ) =D g, & v,

for i=1,...,4, and using that N starts with (41, —niy, uda, —v2,) the terms up to
order K+ 1 of Eq. (18) come from the system,

(Y —nd\Myar (En, uy) + (u@fj’ - vaﬁ,i)>az(5n7MV) — 2 =,

for i=1,2,....,4 and 1},25,43,4; equal to 4;,—A;,4, and —Z,, respectively.
Therefore, the terms of order K+ 1 of ® come from

Iy
(1) _ ikt m i 1
¢]k/m ;Ll(j_k_l)+ﬂz(f—m) 1 ]#k“r or /#m,
@) hy)
Jkim . .
¢jk/m 11(/—k—|—1)+/12(/—m) if k#j+1 or /#m,
() he)
N — jC//m 'f . 1
¢_/k/m /Ll(]fk)‘i’/lz(/*mfl) 1 ]#kor/#m—i— s
(4) hj(lfz’m [
Pjetm = if j£k or m#A/ + 1. (19)

Km0 — k) + Aa(f —m+ 1)

It is clear from these equations that terms of the form

> ¢k+1 Jomm (€ )" (uv)”
. d)j:/-H‘,// (577)] (#V)/

Y ¢/(3c),m+1,m &)k (uv)™
v (EnY ()

cannot be determined and remain in principle arbitrary. In terms of simply linear
algebra this amounts to say that the transformation @ is completely determined once
it has fixed its projection on a suitable vectorial subspace, called resonant subspace.

2.2. Definition of the projections

The type of coefficients appearing in expression (20) and the remarks above
motivate the following definition.
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Definition 4. Given a formal series (&, 1, 1, v) = 3 hyrm@n u/v™, we define the
projections

Plh = f Z hk+1,kmm(€'/’)k(:uv)m7

k=0, m>1

Ph=n Z th+l,//(é"I)i(NV)(7
j=0, 71
Psh=p hkk,m+1ﬁm(57])k(lﬂ’)m7

Pih = v hir.o1(En) ()’

Moreover, if H= (h'"Y), h® h®) h#) is a (formal) vector field we define
2H = (PihV, P,h» Psh® P, %H = H — 2H.

As it has been noticed before, 2 corresponds to the terms which remain arbitrary

from the solution of Eq. (18). Moreover, vector fields N and B are invariant under
the action of Z. This property will be used in the solution of Eq. (17). In this sense,
we have the following lemma, whose proof is omitted since it consists on
straightforward computations.

Lemma 5. Given N= A+ N of the form (2a), the operator £y defined as
LN = D¥YN — AP (1)
satisfies the following properties:
(1) LNY is linear with respect to ¥ and N, that is

LN+ V)= LNV + LV, LV =LV + Ly

(il) Ly preserves order, that is, NV and ¥V start with terms in (&,n,u,v) of the
same order.
(iii) The projections 2 and # commute with ¥y, that is,

P(LNY) = Ly(PP), RLNP) = LN(RYP).
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2.3. The recurrent scheme

Let us come back to the solution of Eq. (17). Having in mind the definition of the
operator % it can be written as

PNy®=Fod— N — B, (22)

which is of type (18) provided we take H=Fo®— N — B.Ina first approach to this
kind of equations we have shown that they could be solved recurrently for those

terms in ® = id + ® of type 2P, remaining those of the form PP arbitrary. This fact
suggests the idea of splitting the transformation we are looking for, @, into id +
29 + 9?5, to determine #® from Eq. (22) and to choose a suitable value for 2.

Remark 6. In Normal Form theory it is standard to set 2@ =0 in order to simplify
the computations. However, it could be useful to take advantage of this freedom in
some concrete situations.

Applying # onto Eq. (22),
R(LNP) = R(F (D)) — ZN — AB,
using Lemma 5 and taking into account that ZN = #B = 0 if N and B are assumed
to be of the form (2a) and (4a), respectively, we obtain the equation
LN (RD) = R(F(D)). (23)
On the other hand, applying now £ onto (22), taking again into account Lemma 5,
the fact that N = ]V, #B = B and choosing PP = 0, it follows that
N+ B=2(F(®)). (24)

A usual way to deal with such kind of equations is to consider it as a fixed point
problem. Thus, we can set 2% = 0, take initial values

o) =id, NU =4, BY=0 (25)
and obtain, recurrently,
(p(KH) —id+ %(/IB(KH), N(K+1) —A Jrﬁ(KH)’ E(KH) (26)
from equations
2y (ADE) = (F(9X))), (27)
N 4 BE) — p(F(0K)y), (28)

We will see now how these two equations can be solved formally.
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2.3.1. Solution of a .,?N(R@) = @I—AI-type equation
Assuming that we know the coefficients of N and #H up to a given order K, the
coefficients of 2% of the same order will be determined from

LN(RP) = #H. (29)
Indeed, writing
AY = (b V203 00),  2H = (b hohs ),
where
V(e y) = S Wi Gt v Gy =Y R, Ikl v

for w=1,...,4, and taking into account that N(&,#, u,v) has the form (2a), with
a;(én, ) = A + a;(En, wv), it follows that the left-hand side of (29) is equivalent to

(G —k = D)2y + (£ —m)ha) + (& — my,)ar + (b, — vy,)as
(G —k+ D)2 + (£ = m)ha) + (Ey e — ma, a1 + (s, — s ,)as
(= K)o+ (£ = m—=1)da) + (Hs e — b, )@ + (s, — w3, )
(= k)ha+ (£ = m+1)i) + (&g e — mba,)ar + (why, — Viby, )@

We can refer to this vector field, in short, as

7 2)7 37 4HT
(Lg\l)l//]aL§V)¢27L§V>‘//37L§V)l//4)

and write its components, in formal power series expansion, as

LYY (E i) = Z g]k/m(én uV)xﬁ]k,mé’ UNTR%S (30)
JHk+l+m=2
being
Fon(En ) =350 () + G — k) (&n, wv) + (£ — m)aa(En, w),
with
G—k—DA+({—m)iy ifw=1,
() G—k+ DA+ —m)iy if w=2,
njk/m(;t) =

G—k)+({—m—1)), if w=3,
Gk + (£ —m+ 1)y if w=4.

Notice, from Eq. (30), that ¥y acts on R»Y multiplying each coefficient i, by a
function of the products £n and uv. To take advantage of this feature we will express



A. Delshams, J. Tomas Lazaro | J. Differential Equations 208 (2005) 312-343 325

our formal series expansions in a more convenient way which will highlight those
terms of the form (&n)” and (uv)?. A similar idea was suggested in [6]. In our case it

works as follows. For any component x// of #¥ we have

V(& v) = Sl Sty = 3"yl d ke ). (31)

Defining p =j— k, ¢ =/ — m and taking into account that j+k+/+m=2, p+
k>0 and ¢ + m=>=0, this expansion is equivalent to

>yl (En, uv)Eul, (32)
PqeZ
where
W[(,‘;)(f”aﬂv) = Z W/(;:—>kkq+m m(fr]) (u y)" (33)
(ke,m) e Opq
and
kzmax{0, —p} Pty
= N 2. >1-=—=
0 = {tkmevotop®s 2 ez <201
In the same way, for #H we get
ho(Enpv) =S W) (&n, uv)& e,
Pqel
where
B Gy = 37 W g () )" (34)
(k;m)e Oy

With this notation formula (30) becomes

D gl En )l (En, wn) &,

PYeZ

where now
g (En, w) = T (2) + pay (&, wv) + gz (En, )
being
(p—Dh+qi ifw=1,
') = (p+ DA +qho if w=2,

1)

)
v pl+(g—1l if w=3,
pl+(g+1)ly if w=4
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Thus, equality (29) gives rise to the equations

o~

Lg\‘f)l//w(fa n, W, V) = Itl\w(é? " H V)

or, in formal series expansions,

D gh(En ) (Eny ) Eut =Y B (En, )l

PYEZ Y XyA

whose formal solution is given by

Uu(Emy) =3yl (en, pv) &t (36)

pgel

with the functions zﬁé‘y(én, wv) coming from

7 (Cn ) Iy (En, )
Yo (En, uv) = ,, ’ , — — : (37)
: g (&g, wv) TS (2) + par (En, wv) + qaa(Eén, )

forw=1,2,...,4and p,qe Z. With this notation coefficients with p = +1 and g =0
or p=0and ¢ = +1 are those belonging to the projection PV

2.3.2. Solution of a N+B= Pﬁ-type equation
As it has been done for equations of type JN(,@@) = #H we are going to prove
that equation N+ B=2H determines uniquely the coefficients of N and B

provided they are of type (2a) and (4a), respectively, and that H is known. Thus,
writing

PH = (Ehy,nha, whs, vhy), (38)
where }TW are functions of &n and pv, for w = 1,2, ..., 4, the solution of this equation

is given explicitly by

~

=1 — ), by = %(}71 +hy),

I\)I—'

a), = %(/’l3 /?4), 52 = %(23 + il\4) (39)

2.4. The recurrent scheme: an improvement

One of the features of this procedure is that it provides a constructive (and,

therefore, implementable on a computer) way to determine 35, N and B. To do it we
need to define (and allocate memory for them) data vectors representing these vector
fields. Unfortunately, the scheme above implies to handle (and to recompute) the

complete vectors storing dA5, N and E, at any step of the process. This makes it slow
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and not much efficient. In this sense it is easy to refine it by paying attention on the
order of the solutions of Egs. (27)—(28).

Before going on with this refinement, let us introduce some notation. We will
denote G = Uk if G is a homogeneous polynomial in the spatial variables &, n, i, v of
order exactly K. Besides, we will write G = 0Ok if G contains only terms of order
greater or equal than K in these variables and G = (¢ if all the terms in G are of
order less or equal than K. Thus, we have

Lemma 7. At any step K =1 of process (25)—(28), the terms
@K _pK) &+ _ N(K) - BKHD) _ BK)

are all three Ok, .

It is not difficult to prove this result inductively, applying the properties in Lemma

5 and using the Taylor expansion of F (D).

An important consequence of this lemma is the reduction of the computa-
tional effort of the recurrent scheme: in the Kth step of our recurrent scheme
the coefficients of order less or equal than K computed from the previous
iteration will remain invariant. Therefore, from now onwards we will
consider

S5 = O gy, NEV =0 gy, BEY = 0 gy,

obtained from Egs. (27)—(28) taken only up to order K + 1

{ Ly (BOFN) gy = {REF@ X))} g, (40)

N 4 B — {2 (F(09))} gy (41)
In particular, we will denote
oK) — pK) L A@K)  NIEHD — N(K) L ANTK)
B&HD — BK) L ABK), (42)
where A®K) ANK) and AB®) are O(x+1)- From a computational point of view, at

any step K of this recurrent scheme it would be just necessary to compute these

incremental terms. Besides, since N®®) and BX) contain only terms of odd order, it
follows that

ANGI-D _ AB@I-1) _ 0, J=2. (43)
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2.5. Convergence of the recurrent scheme

2.5.1. Definition of the norm, estimates and technical lemmas
The domains we consider are those of type

Yo ={z= (21,22, ..., 20)€C" 1 |zj|<0 j=1,2,...,n},

where >0 and | - | denotes the standard modulo. By an analytic function f(z) on Z,,
we mean a function with Taylor expansion

= 5 (44)

e(Nu{o})"

(absolutely) convergent for any ze€ %,. We use the standard multi-index notation.
Given a function f analytic on %, we consider the following norms:

oo = sup | S 1Sl =D 1Sl

z€D, lo| =0

the supremum norm and the 1-norm, respectively. For a vector field F=
(flaf% ceey n) 397(;2([71'—’@” we define

1
1Fllog = sup llfilloe  [IFlle = Z Lfill1 6 (45)

i=1,...,n i=1,...,

and analogously if F: %, <=C"+M,,,(C"). The next lemma list some properties of
these norms. We omit its proof since it is standard.

Lemma 8. Let [ be an analytic function on 9,, satisfying that f(0) = 0 and assume
0<0,<0y. Then, the following properties hold:

(ONIVA|PSEN VAL TP
(1) Let ® = (¢, ¢, ..., 0,) : Do, =C"—C" be analytic on %,, and satisfying that
I|®|], 5, <01 (that is, (D ,) = D,). Then we have

@l o, <116,

If F=(fi,....[,) is an analytic vector field on %,, the same estimate holds for

|E=@] 5,-
(i) Let g be an analytic function on %, satisfving that |g(z)| > CVze %,. Then, one
has that
1 1
— <_
g C
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(iv) If Gix) = Oy and Hip) = Oy are homogeneous polynomials of orders K and L,
respectively, with K # L, then

Gk + Hlly 4, = |Gkl o, + [[Hizl]; 4,

From this point up to the end of this section we will prove some technical results
which will be used during the proof of the convergence of the recurrent scheme
introduced in Sections 2.3 and 2.4. In particular, next lemma provides a lower bound
for |¢141 + ¢242| which works in both cases, when the equilibrium point is a saddle-
center or a saddle-focus (whose characteristic exponents are given by {4/, iz} and
{ £ A+ia}, respectively).

Lemma 9. Let us define
Wo = W (A) = min{i, o}, (46)

where we assume A,0.>0. Then, we have that

lg1/1 + q2l2| = (\/ qi + qg)”w

for any q\,qr€Z.

Proof. We proceed separately. Thus,

® Saddle-center case: As it has been mentioned above, we have A =/ and
Ay = 1o SO

121 + q2la| = \/q%)»2 + 307 > <\/q% + q%) min{Z, o} = (\/q% + Q%>G)w-

® Saddle-focus case: Now we have 1; = A+ i and 1; = 4 — ia. Then,

lqi21 + 22| = [(q1 + @2)A + (q1 — q2)ie| = \/((11 + @)’ + (g1 — )’

If ¢1g>>0, using that |q1| + |q2| > 1/47 + ¢3, one obtains that

V(a1 + a2 + (@1 — P23\ (a1 + )72 > (wﬁ + q%)@w

On the other hand, if g;¢> <0 then

\/(fh +q) 7+ (1 — )2 > \/(q1 — )= (\/q% + q%)wﬂ O
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Remark 10. In fact, w,, constitutes a lower bound for the values w; introduced by
Bruno in condition w (see Section 1). Moreover, notice that, in the saddle-center case,
one has that

p(A™h) = o

where p(M) is the spectral radius of the matrix M, defined as the maximum of the
modulus of their eigenvalues.

Now, we present a basic result which provides estimates for the vector fields 92"?,
N and B that are solutions of the equations

N+B=2H, Zy(2P)=2H (47)

and whose formal approach has been derived in Sections 2.3.2 and 2.3.1,
respectively.

Proposition 11. Let us consider a vector field H analytic on 9, and let AP and N , B
(of the form (2a) and (4a), respectively) be the solutions of Eqs. (47), (formally) derived
in Sections 2.3.2 and 2.3.1. Then, the following estimates hold.

(1) First, we have
IVl g 1Bl o <[|ZH]|, ;-

(i) Moreover,
| I«%H I

(1= ll2A)), )

provided we assume that the following bound is satisfied:

1291l ;<

oW

#H
12H]]; <~

(48)

Proof. (i) From (38) and (39) it follows that ||]V||10 and ||§||1(7 are both bounded by
|2H||, -

(i1) The second equation in (47) was solved in Section 2.3.1. From there it follows
that

Wiy = > Ihmlo™

Jrk+{4+m=2

_ E E w p+q+2(k+m)
- |hp+k k,q-+m,m | o

pqeZ (k, m)eQM

=3 (I En, ) ), (49)

PgeZ
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From that section we also know that the solution Z¥ = (@M/A/z, ey %) is given, in
terms of formal power series by (32) where lp[(,‘;)(én, uv) are obtained from

w h(W) En, py
‘Péq)(fﬂ,ﬂ") = () qu,,< ) Py ) (50)
Iy (2) + pay (&n, pv) + qaa (En, p)
forw=1,2,....,4, p,qeZ and the coefficients F;‘('{")(i) as defined in (35). Notice that

the functions wl(;;’) in (50) are rational functions of &y, uv. Therefore, expression (32)
is not a standard representation in power series, that is, formula (34) does not apply
to l//(n

To estimate the 1-norm of 2% on 7, we have to bound their components. Taking
into account Lemma 8(i) we have

||l/’u||10\ Z ||l//(u &7 MV 5[7 q||lr7

PYe”L
s hby) (En, )&t
S || TS(2) + pa (én, ) + qa(én, )

1

h 2
< 2 Mg @n )&l Ly (4) + pay (&n, w) + qaa(En, )

PYEZ

(51)

Next lemma gives an upper bound for the second norm appearing in this formula

(s1).

Lemma 12. Consider Fl(,‘g)(/l) as defined in (35) and a,(&n, wv), ax(En, pwv) coming from

)

(2a). Then, for any p,qeZ and (¢,n, u,v)€Y,, we have that

T (2) + pay (En, ) + q@a(En, wv)| = 0, (1

provided estimate (48) is satisfied.

Proof. We will distinguish two cases:

o If |p| + |¢|=1 it follows that
(T (2) + pai + qax| =Ty ()| = [lpar + qaal| - (52)
From the definition of I’ §,‘q”) in (35) and applying Lemma 9 it turns out that

T8 (2)] > My,
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where we define

My, = mind /Ol = D227+ (0l <17},

We recall that the terms h;,'qv)(fn,uv) with [pj=1and g=0o0rp=0and |g| =1

vanish since they belong to the projection 2H so, in particular, this implies that
My,>1. (53)
Moreover, it is clear that
Pl 1g| <2Mpg. (54)
Coming back to Eq. (52) we have that
| T30 (2)] = |lpar + q@al ., ,|

>Mpq0)oc 1 — ||Pal +qa2||oo,a

4 .
>wm(1——|%mlg),
0w i

where it has been taken into account assumption (48) and, from (54), (39) and
Lemma 8(i), the estimate

pqg@P oo

a, + qa:
Mpqwoc ||p 1 q 2||o:u,ri

p| lq| 2 R
<a)<Mpq|| ||v U+Mpq|| 2||@,g g@i@](”d]”@ﬁ«k”é&”@ﬁ)

2 . N 4 ~
= ool + Nl ) < 12 o<

0]

® If p = ¢ =0 one has that
TS (2) + pay + qaa| = [Ty (2|2 0, (55)

and, in particular, assuming again (48),

IS (D= ow =0, (1 -

This concludes the proof of this lemma. [J

Since we are assuming that (48) holds, we can apply this lemma together with
Lemma 8(iii) and, therefore, it follows that

1
Iy (2) + pai (En, wv) + gax (En, w)||

1
oo (1= 2|28,

<
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Thus, estimate (51) jointly with (49) gives

1 :
= > IS En, wv)E ],
Sz, s

oW o

||¢w||l‘0<
[ (l —

i,
o (1= 2-l\2A]), )

for w=1,2,...,4. Finally, using (45), it turns out that

|2H]|, ,

; — O
ou (1= 1A, )

IEZ4IIPES

2.5.2. Proof of the convergence
To ease the reading of this proof, let us recall briefly the problem we are dealing
with. Let consider a system

X=F(X)=4+F(X), (56)

where F is analytic on a domain % and having at X = 0 a saddle-focus or saddle-
center equilibrium point with characteristic exponents {+41;, +4,} equal to
{+A+ia} and {+4, +ia}, respectively. As it has been seen at the beginning of
Section 2.1, we can assume the matrix A to be written in (complex) diagonal form.
This allows us to deal with both cases using a unified approach. We also recall that,
again in Section 2.1, we introduced the notation A to denote both the matrix A and
the vector field Aid. We will only use explicitly the second expression in cases of
possible misunderstanding.

Our aim is the following: we are looking for an analytic transformation X =

®(y) = 1 + ®(y) and analytic vector fields N and B (that we can assume to be of the
form (2a) and (4a), respectively) such that the equality

D®N + B = F(®) (57)

is satisfied. We say in that case that ¢ leads system (56) into ¥NF. To get such
transformation and vector fields we have developed in Sections 2.3 and 2.4 the
following recurrent scheme to whose convergence proof is devoted this section.

Setting the following condition on dAi,
29 =0, (58)
we take initial values

o =id, NU=4 BY=0 (59)
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and obtain, recurrently,
¢(K+1) — ld + %a(ICH)’ N(K+|) — A +N(K+|)’ E(K+l) (60)

with

S5 = O gy, NED =0cgyy, BEY = 0y,

from equations

{ Ly (2SN} gy = {R(F(@5)} g, (61)

NED 1 BED — (p(F(0))} gy (€2)

Let us start with the proof. First, let us consider a positive constant 0<y<1 (in
order to simplify the estimates, we can assume y>1/2, which is not restrictive).
As it is commonly done in Normal Form Theory, we can scale our system by means
of a change X = aZ, where a>0 is a constant to determine. Thus we have a new
system

Z=F,(Z)=A+o'FaZ), (63)

with F, analytic on &,, where r =« 'R. Let us consider a positive constant
0<y<l1. In order to simplify the estimates, we can assume 7y>1/2, which
is not restrictive. Then, since E starts with terms of order at least 2, we can

choose o big enough (so r small enough) in such a way that the following estimate
holds:

181, < (=) (64)
Calling again Z and F, as X and F, respectively, we can assume our system (56) to be
analytic on Z, and satisfying (64). We are going to prove that the limit vector fields
@, N and B obtained from this recurrent scheme satisfy (57) and are analytic on Z,,
(and therefore, reversing the scaling, on Z,z).

We will itemize the proof in several parts: the first one will provide some estimates
on the approximations provided by the recurrent scheme; in the second one, their
convergence will be derived.

(i) Consider system (56) having F analytic on a domain &, and satisfying the
assumption (64). Apply onto it the recurrent scheme (58)—(62) and consider the
sequences

{e™ Je NS de 1Bk (65)
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defined for K>1 and being s = yr. Then, the following properties are satisfied:
(a) They increase monotonically, that is,

[ =[],

NI = INE g (BRI = (1BR])
(b) All these sequences are uniformly upper-bounded. Precisely, for all K>1 we
have that
[@E]],  <r (66)
and that
N [1BEN < F1 - (67)

Let us prove these assertions.
(a) From Lemma 7, expressions (42), (43) and taking into account Lemma
8(iv), it turns out that

|9y, = 1105 + 2800 )), = |9W||,  + (|28 D], = |[@F)]] .

The result for ||[N&tD]|, “and ||§<K“)|||7S can be derived analogously.
(b) To see it we proceed inductively. Thus, for K = 1 equation (61) becomes

{Zyo(#9D)}, = {R(F(@"))} .

Having in mind that N() = A (so NO = 0), ®") = id and definition (21) of
the operator #, this equation is equivalent to

D(#DD)A — ARD? = RFyy

and to

(4,29 = Fy,

where [H,G] = (DG)H — (DH)G stands for the Lie bracket of the vector
fields H and G. Now, from Proposition 11(ii), taking into account that
a(11) _ A(l

follows thdt

= 0 (the functions appearing in NG )) and using estimate (55) it

il
128 ||, < .
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and, in particular,

IF,
18 <,

(68)

o0

Thus, applying Lemma 8(iv), the assumption 2¢ = 0 and estimate (64), one
obtains that

1 —
|| ||13<S+|| ||1r<W+ !
o 8

r<yr+(1=y)r=

Concerning vector fields N and B® we have that
N =NO =4 BO =BV

and, therefore, estimate (67) satisfied. By induction hypothesis, let us now
assume that bounds (66), (67) hold. We are going to show that they are also

true for K + 1. In fact, Eq. (61) is of type JN(.%@) = #H provided we take
N=NX 29 =205 gH=(F®X))
and consider just terms up to order K+ 1. Setting ¢ =s and taking

into account estimate (64), the induction hypothesis and Lemma 8(i, ii) it
follows that

" " s (=70
el = A E @, <1, < ()

Using that 1/2<y<1 and that s = yr, this estimate reads

~ (1 =)oy y SWo  SW o
< i — <— ) = — —_—
HQHHLS ( g r 8(03@;’ g < 4

which is assumption (48). Applying Proposition 11(ii) and that

4
PFO o

-~ 4 o~
— (K) —1—
1 IAE@S) 1y =1~

()i

we obtain

I E@ ),
Lyr = ~
o (1= R E@O)],)

VFW o

|3

1-p)o,
<( s)w V:(l—y)r
W /2 4
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Finally, from Lemma 8(iv) one obtains that

15D, =11 @5V, = Hlidlly, + (1285,

(1=

<W+Tr<ﬂ/r+(1—y)r:r.

Concerning N5+ and 1§<K+1), having in mind the induction hypothesis
||<;D(K>||11S<r, Eq. (62) and Section 2.3.2, one obtains that

INEOU<NF s BN < IFI, <IF,-

Since N&+D) — 4 + N+ and F= A + F it turns out that

NN <IIE,

which concludes the proof of (b).
(i1) At (i) it has been proved that the sequences

{10l de: NS e LIBR ks

increase monotonically and are uniformly upper-bounded. Applying onto
them the Ascoli-Arzela theorem it follows that they admit convergent
subsequences

(™ NES, BRI

Therefore, if we define a vector field @ given by

@(z) = lim @) (y)

for any ye %, it follows that the limit

1]l = Jim [|2]],,

exists and is finite. From Weierstrass theorem it follows that @ is an analytic
vector field on ¥, = &,,. Moreover, since the recurrent scheme (58)—(62) and
Lemma 7, provide vector fields @X*1 of the form

KD = oK) 4 AP K pAPE) = Ok 1y
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it can be derived that the subsequence {||®X/)||, }, is, in fact, the complete

sequence {H(I)(K)HLA.} k- In a similar way one obtains N and B, analytic vector
fields on Z,, defined as

N =1lim N® B =1lim B®.
K K

Together with @, they satisfy Eq. (57) and, therefore, they lead system (56)
into YNF.

3. Proof of Propositions H1 and R1

3.1. Proof of Proposition HI

It is clear that if B=0 then WNF is just BNF so, let us consider the converse
situation. To fix ideas, let us deal with a four-dimensional Hamiltonian system with
the origin being a saddle-center equilibrium point. The saddle-focus case can be done
in a similar way. Assume moreover that the center variables have been complexified
(becoming complex conjugated). Applying Moser’s Theorem [14], we know the
existence of an analytic convergent transformation ¥, close to the identity, leading it
into BNF,

¢ = &ay(én, p),
1= —na(én, w),
f= pax(Sn, p),
V= —vay(&n, wy)

(69)

with ap(én,uwv) =2+ - and ay(én,puv) =ia+ ---. It is clear that 7 (&n) =
Enai(&n,0) = Aén+ --- and h}(uv) = pvay(0, uv) = ioapv + --- are independent first
integrals of system (69) and, therefore,

hy=hoW ™ =dxy+ -, hy=hoP ! =iouw + -

are independent first integrals of the original one. Let @ be the convergent analytic
transformation leading the initial system into ¥NF, that is, such that the new system
is of the form

7= N@) + (DD(1)” B(x), (70)

where y = (&, n, 1, v) denotes now the WNF-variables. Since @ starts with the identity
and &y, hy are independent first integrals of the original system, it follows that

hy = hyo® and iy = hyo® are first integrals of (70) and, moreover, they begin with
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Aén + -+ and iouv + -+, respectively. Indeed, they satisfy
Dhj(N + (D®) 'B) =0 (71)

for j=1,2. Assume now that B+#0 so its minimal order terms are

with bV #0 or bﬁ?j,;éo (and r + s not necessarily equal to ' + §). Using that /i, =

ién+ - and (D®)"' =1— (D) + ---, the term of type (&7)"(uv)” of minimal
order corresponding to the left-hand side of Eq. (71), for j = 1, is given by

223, (En)" ()" + -+

Since 2#0 it implies that b,(,;) = 0. Applying the same argument to Eq. (71) with
Jj =2, and using that o #0, it follows that bfi), = 0, which contradicts the assumption
of B#0. Consequently, B vanishes.

3.2. Proof of Proposition Rl

The problem of the convergence of the ¥NF (and BNF) around an equilibrium is
certainly a local problem. In the reversible setting, this implies that both the
linearized system and the reversing involution can be taken in suitable way. Namely,
we have the following lemma whose proof is essentially contained in [16].

Lemma 13. Let us consider a system X = F(X), analytic around the origin, a saddle-
center or a saddle-focus equilibrium, and assume it is reversible with respect to an (in
principle, nonlinear) involutory diffeomorphism ®&. Suppose that the origin is a fixed
point of ®. Then there exists an analytic change of variables X+ Z, defined in a
neighborhood of the origin, such that in the new coordinates the linearized system
becomes Z = A, with

A = diag(4, —4,1a, —ia)Z (72)
or
A = diag(A +io, A —io, — (A + i), — (1 — ia)) Z, (73)

depending if we are in the saddle-center or in saddle-focus case, respectively,
and assuming A,0>0. In such coordinates and in both cases, the symmetry ®
can be taken of the form Zw—>RZ, where R is the matrix associated to the
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linear involution
(X1, X2, X3, X4) > (X2, X1, X4, X3). (74)

Therefore, it is not restrictive to assume that our system is written, in a
neighborhood of the origin, in the form

X=F(X)=A+F(X), (75)

with A as in (72) or (73) and that is (locally) reversible with respect to the linear
involution R defined in (74). Thus, the reversibility condition (11) reads

RE(RX) = —F(X). (76)

Once we have set the linear framework, we present a property which characterizes
those transformations that preserve a given linear reversibility.

Lemma 14. Let 'V be a diffeomorphism satisfying
R (Ry) = ¥ (1) (77)

Then the transformation X = ¥(y) preserves the R-reversibility, that is, the new system
=G = (Y F)(x)

is also N-reversible.

The proof of Proposition R1 is based on the following two points:

® Applying Theorem 1, there exist an analytic transformation X = &(y) and

analytic vector fields N(y), B(y) leading the original system into WNF, provided
the origin is a saddle-center or saddle-focus equilibrium point. That is, satisfying
equality (57).

® The vector fields obtained from the recurrent scheme satisfy: (a) the transforma-
tion X = ®(y) verifies relation (77), so it preserves R-reversibility; (b) N and Bare

R-reversible. This last property will imply that B has to vanish and, therefore,
YNF will become BNF.

Lemma 15. Let us consider an R-reversible system (75), analytic on a neighborhood of
the origin, a saddle-center or a saddle-focus equilibrium point. Let us take @), NK)

and BX) | the vector fields provided by the YNF-recurrent scheme (58)—(62). Then, the
following assertions hold.

() For any K=1, the vector field %) satisfies (77) and the vector fields N5 and
BX) are R-reversible, that is,

ROE) (Ry) = 2D (y),
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and
RNE () = -NB(z), RBX(Ry) = -B)(x).

L

(1) The vector fields ®, N and B provided by Theorem 1 and defined as

&= lim &, N= lim NX, B= lim B®,
K— oo K— o K— o
verify the same properties as %), NK) and BX) given above, respectively.
(iii) Consequently, since B is R-reversible it must vanish.

Remark 16. Like in the Hamiltonian case, @ is not completely determined. Namely,

any choice for 2@ being convergent and satisfying (77) gives rise to a different
transformation @.

Proof. It is based in some statements that we list and whose proof can be obtained
straightforwardly. Namely,

(a) If a vector field H is R-reversible then its projections ZH and #ZH are also R-
reversible.

(b) Let 2% be the solution of an equation of type (29). Then, if ZH is R-reversible
it follows that #%¥ satisfies (77) and, therefore, the transformation X =
1+ %@(y) preserves the R-reversibility.

To see it, let us denote 2% = (1}1,@2,1}3, V.), where
bl = D W, (78)

Jrk+{+m=2

forw=1,2,...,4. Itis not difficult to check that if RV satisfies Eq. (29), whose
explicit solution is given in Section 2.3.1, then the coefficients in (78) verify that

@ _ ., m @ _ 0
l//jk/m - l//kjm/’ lpjk/m - lpkjm/

and, consequently, AP satisfies relation 7).
(c) If H is R-reversible then Hk (constituted by its terms of order less or equal
than K) is also R-reversible, for any K>1.

We are now in conditions of proving assertions (i)—(iii).

(1) From its form, it is clear that N®&) and NX) are R-reversible vector fields, for
any K>1. Now, we are going to prove that @) verifies condition (77)
and BX) is R-reversible using an inductive argument.
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For K = 2 (the case K =1 is trivial) we have that
(Lo (@)}, = (2(F (@)},
or, simplifying,
L A(AD?)) = Fy.

Applying properties (c) and (b) above one obtains that 29 preserves R-

reversibility. On the other hand, B® =050 it is trivially a R-reversible vector
field. Assume now, as induction hypotheses, that for a given K>1,

e pK) = id + 28X satisfies (77) (so it preserves R-reversibility),
® BK) is a R-reversible vector field.
Applying properties (a), (c) and (b) on Eq. (61) it follows that APE+Y)
and, therefore, @51 = id + APEKHD preserve R-reversibility. Moreover,
from Eq. (62) we have

BE = (2(F(@X))} gy — NED.

Thus, since ®'X) preserves R-reversibility, N®&+1) is R-reversible and taking
into account properties (a), (c), it turns out that BE+D) i also R-reversible.
(i1) It follows from (i) letting K tend to infinity and applying the (analytic)
convergence of &) N&) and BK),
(i) From the R-reversibility of E,
RB(Ry) = —B(x),

L

it turns out that
by (En,wv) = —bi(En, ) and  ba(En, uwv) = —ba(En, ),

o) Bl(én,ﬂv) = gz(fn,uv) =0 and the lemma is proved. O

From this lemma the proof of Proposition R1 follows straightforwardly. The
transformation @ preserves R-reversibility, the vector field N is R-reversible and

B=0 so, in fact, the YNF is nothing else but the BNF.
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