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ABSTRACT

It is well known that, during replication, RNA viruses spontaneously generate defective viral genomes (DVGs). DVGs are unable to complete an
infectious cycle autonomously and depend on coinfection with a wild-type helper virus (HV) for their replication and/or transmission. The study
of the dynamics arising from a HV and its DVGs has been a longstanding question in virology. It has been shown that DVGs can modulate HV
replication and, depending on the strength of interference, result in HV extinctions or self-sustained persistent fluctuations. Extensive experimental
work has provided mechanistic explanations for DVG generation and compelling evidences of HV-DVGs virus coevolution. Some of these observations
have been captured by mathematical models. Here, we develop and investigate an epidemiological-like mathematical model specifically designed
to study the dynamics of betacoronavirus in cell culture experiments. The dynamics of the model is governed by several degenerate normally
hyperbolic invariant manifolds given by quasineutral planes - i.e., filled by equilibrium points. Three different quasineutral planes have been
identified depending on parameters and involving: (i) persistence of HV and DVGs; (ii) persistence of non-infected cells and DVG-infected cells;
and (iii) persistence of DVG-infected cells and DVGs. Key parameters involved in these scenarios are the maximum burst size (B), the fraction of
DVGs produced during HV replication (), and the replication advantage of DVGs (6). More precisely, in the case 0 < B < 1 + f§ the system displays
tristability, where all three scenarios are present. In the case 1 + f < B < 1+ f + 6 this tristability persists but attracting scenario (ii) is reduced to
a well-defined half-plane. For B > 1 + f + 6, the scenario (i) becomes globally attractor. Scenarios (ii) and (iii) are compatible with the so-called
self-curing since the HV is removed from the population. Sensitivity analyses indicate that model dynamics largely depend on DVGs production
rate (f) and their replicative advantage (6), and on both the infection rates and virus-induced cell deaths. Finally, the model has been fitted to
single-passage experimental data using an artificial intelligence methodology based on genetic algorithms and key virological parameters have been
estimated.
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1. Introduction

RNA viruses can quickly adapt and trigger epidemics by crossing species barriers due to their high mutation rates, fast replication,
and large population sizes [1-3]. However, a high mutation rate is a double-edge sword, as many mutations during infection result
in defective viral genomes (DVGs). DVGs cannot complete the infectious cycle by themselves thus depending on the viral proteins
synthesized by a wild-type helper virus (HV). The generic term DVG includes point mutations, hypermutated genomes, deletions,
insertions, and genomic reorganizations [4]. Huang and Baltimore coined the term defective interfering particles (DIPs) for viral
particles containing DVGs and normal structural proteins encoded by the HV [5]. DIPs were first identified in the late 1940s by Von
Magnus and Gard [6] based on the negative impact they exerted on virus accumulation. DIPs rely on a HV for replication, disrupting
HV accumulation and impacting viral pathogenesis [7,8]. Several studies have shown that viruses rich in DIPs reduce virulence [9],
induce high interferon levels [10], aid viral persistence [11,12], and modulate infection capacities as shown for different SARS-CoV-2
strains [13].

Recent high-throughput sequencing techniques have uncovered the emergence of a plethora of DVGs within a single infected
host [14-17]. Notably, these studies have shown that distinct subsets of prevalent DVGs recurrently appear along time, suggesting
intricate dynamics within the viral population. These dynamics encompass competition, and possibly compensation or cooperation,
among various DVGs. Positive selection favours the most competitive DVG variants, indicating their relative fitness concerning the
HV and other DVGs. Despite the generation of hundreds or even thousands of distinct DVGs during infections, the majority are lost
due, among other factors, to population bottlenecks occurring during in vivo transmissions among individuals [18] or during in vitro
diluted serial passages [19]. However, DVGs might persist for long periods of time in immunosuppressed hosts or in those with
comorbidities [20], or if a high ratio between viral particles and susceptible cells (a parameter known as the multiplicity of infection,
MOI) is experimentally imposed [21-23]. During infections of in vitro cell cultures, as those that have motivated this modelling work,
DVGs accumulate when viral populations are repeatedly passed at a high MOI, while they do not accumulate if MOI is low or strong
bottlenecks are imposed at each transmission event [21,22,24]. The higher the MOI, the more likely DVGs and HV would coinfect the
same cell and thus persist in the population [21,22,24]. While the molecular recombination mechanisms by which DVGs are generated
are well understood, their role in modulating the outcome of viral infections is sometimes unclear. Understanding the characteristics
and functions of DVGs is thus crucial for comprehending the complexity of viral infections and for developing strategies to control
or mitigate their impact.

DIPs act as true hyperparasites interfering with the HV replication [23,25], competing for resources and reducing its accumu-
lation and transmission efficiency [5,22,26-28]. Experimental in vitro studies with cell cultures have shown that DIPs may engage
in an arms race with the HV [29-32]. Shorter genomes earn an advantage in terms of replication speed compared to the HV [33].
Additionally, there is evidence of a stronger form of interference in which the DIPs compete more effectively for the viral replication
machinery [30,34]. Since their discovery, and given their effect on the accumulation of the HV, DIPs have attracted the attention
of researchers as potential antiviral candidates [28,35,36], known as therapeutic interfering particles (TIPs). Following this idea,
Xiao et al. created a TIP by deleting the capsid-coding region of poliovirus [37]. Remarkably, the administration of this TIP to mice
triggered a broad antiviral response against diverse respiratory viruses, including enteroviruses, influenza A virus, and SARS-CoV-2.
The broad-spectrum antiviral effects of this synthetic TIP was attributed to local and systemic type I interferon responses. Notably, a
single dose not only safeguarded animals from SARS-CoV-2 infection but also stimulated the production of SARS-CoV-2 neutralizing
antibodies, protecting against reinfection [37]. Another successful application of TIPs was reported by Chaturvedi et al. [38]. Fol-
lowing a synthetic biology approach, these authors generated artificial particles that had significant anti SARS-CoV-2 effect in cell
cultures and primary lung organoids, reducing viral accumulation 10- to 100-fold. Furthermore, intranasal application of these TIPs
in infected hamsters suppressed the virus by 100-fold in the lungs, reduced pro-inflammatory cytokine expression, and prevented
severe pulmonary edema [39]. Interestingly, the prediction of SARS-CoV-2 inhibition by a single TIP administration was obtained
from a within-host mathematical model based on differential equations [39].
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Fig. 1. (a) Experimental setup for coronaviruses HCoV-OC43 and MHV in cell 6-wells plates [15]. (b) Passage dynamics for helper virus (HV) and defective viral
genomes (DVGs), with large titer fluctuations for the experiments performed in [15]. DVG abundance estimated using [63]. (c) Schematic diagram of the dynamical
system modelling within- and between-cell virus dynamics for the cell culture experiments performed in [64] (see Section 2 and [15]). The model considers infection of
a susceptible population of host cells, C, by HV (red) and/or by DVGs (yellow), producing HV only-infected cells C,, DVGs only-infected cells C , and double-infected
cells C_ . Within-cell replication involves the amplification of viral genomes, which produce DVGs at a rate . Infected cells are lysed releasing HV and DVGs to the
medium. (d) Time series for HCoV-OC43 viral particles infecting BHK-21 cells with different MOIs in cell cultures. (e) State variables of the model.

Mathematical models describing trans interactions between viral genomes are found in the literature [40,41]. The dynamics of
DIPs have been extensively studied as an extreme case of complementation [41-48]. For example, the early work by Szathmary [43],
presented structured deme models to provide a description of the coexistence of virus segments considering HV and DIPs, sensitive and
resistant viruses together with DIPs, covirus pairs (i.e., virus that exist as two or more separated particles all of which must be present
for the complete replication cycle to occur), and virus—covirus systems. A deeper analysis of the model with HV and DIPs was later
developed in [44] by considering cell populations infected by particles differing in number. Different dynamics, such as stable fixed
points, periodic orbits, and strange chaotic attractors were identified with this model. Later, Kirkwood and Bangham [49] developed a
differential equations model to analyze a system consisting of well-mixed host cells, HV, and DIPs under serial passage dynamics. The
model successfully explained various dynamic behaviours observed in cell culture experiments: fluctuations in virus accumulation
during successive passages and self-curing involving the simultaneous extinction of the HV and DIPs as shown experimentally [46,50].
More recently, passage experiments of baculoviruses in moth larvae have also provided experimental evidence of chaotic dynamics
between HV and DIPs containing long genomic deletions [32].

Among coronaviruses, deletions are the most common type of DVGs [13,15], formed through recombination due to conserved
homology in specific regions and/or RNA structures [51-54]. Indeed, SARS-CoV-2 deletion DVGs have been pervasively found both
in cell cultures and in patients [13,20]. In this regard, asymptomatic patients tended to have lower DVG loads than symptomatic
ones, and highly diverse populations of DVGs were observed after long-term COVID-19 in an immunosuppressed patient, suggesting
arelationship between interferon responses and DVGs [20]. Given the pervasiveness of DVGs in betacoronavirus populations [20] and
the lack of evidences supporting their sustained interference activity (and hence their potential development as TIPs), Hillung et al.
[15] performed long-term in vitro evolution experiments to explore the role of DVGs in betacoronaviruses dynamics of diversification
and evolution. Two virus models were chosen for this study, the human coronavirus OC43 (HCoV-OC43) and the murine hepatitis
virus (MHV).

To better understand the population dynamics for this experimental system, here we develop and investigate a mathematical model
gathering key interactions at the level of within-passage infection dynamics (Fig. 1). The model shows the presence of degenerate
normally hyperbolic invariant manifolds (quasineutral invariant manifolds). The existence of such manifolds implies that the orbits
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in the phase space reach planes of equilibria, depending on parameters. That is, orbits are strongly attracted to a given equilibrium
population which is not a single point attractor but a curve or plane filled with equilibria and different initial conditions reach different
equilibrium population values. Research on quasineutral planes is rather limited. These neutral surfaces have been characterised in
predator-prey models with Holling type III functional responses [55] and in socio-economical models [56]. Moreover, quasineutral
states governed by lines or curves of equilibria have been identified in prey-predator models given by differential [57] and partial [58]
differential equations, in Lotka-Volterra competition models [59], in strains’ competition models of disease dynamics [60], and in
models of RNA genomes replication [61]. More recently, a quasineutral curve was found in a mathematical model for an autocatalytic
replicator with an obligate parasite [62]. For this later case, a bistability mechanism determined whether a given initial condition
achieved the quasineutral curve or co-extinction. The model investigated in here exhibits a variety of quasineutral objects (mainly
planes) displaying, for some parameter combinations, tristability between different scenarios as a function of the initial conditions.

2. Summary of the experimental results

To investigate the dynamics of defective viral genomes (DVGs) accumulation, we performed serial passages with two betacoro-
naviruses: HCoV-OC43 in either baby hamster kidney cells (BHK-21) or human large intestine carcinoma cells (HCT-8), and MHV
in murine liver cells (CCL-9.1). Passages involved stochastically varying inocula size within two wide but disjoint intervals that can
broadly be defined as low and high multiplicity of infection (MOI). At every passage, infectious viral titer (defined as concentration
of plaque forming units, PFUs/mL) was measured as a proxy to helper virus (HV) accumulation by plaque assays, while the amount
and type of the DVGs component of the evolving populations was evaluated at four equidistant passages by high-throughput RNA
sequencing (RNA-seq). For illustrative purposes, here we will focus in the case of HCoV-OC43 in BHK-21 cells. In this particular
combination, 49 serial passages were performed, and the DVG component evaluated every 12 passages. Fig. 1c shows the dynamics
for the first 50 passages. For the high MOI treatment, the median MOI at the onset of each passage was 25 PFU/cell (IQR: 131.94),
while for the low MOI treatment, it was 3.75 X 10~* PFU/cell (IQR: 0.025). See Hillung et al. [15] for more experimental details.
Each passage involved the replication of the HV and DVGs in a cell culture dish with susceptible host cells. In order to characterize
the infection dynamics in the cell culture and test the validity of the model here investigated, a second set of experiments was per-
formed by Hillung et al. [64]. Specifically, the dynamics of virus accumulation was monitored within a single infectious passage. To
do so, three independent confluent monolayers of BHK-21 cells were inoculated at two viral MOI in the order of units per cell with
HCoV-0C43. Then, HV accumulation was evaluated as above at the time points indicated in Fig. 1b.

3. Mathematical model

In this section we introduce the dynamical system modelling experiments by Hillung et al. [15,64] summarised in Section 2. The
model describes the infection dynamics taking place within a single cell culture dish (Fig. 1a), considering a helper virus (HV), which
infects and replicates within a population of susceptible cells, and produces defective viral genomes (DVGs). By assumption, a DVG
can only infect a cell but cannot replicate or lysate cells on its own, since it needs the products from the HV. It is also assumed that
DVGs have a replication advantage in cells coinfected with the HV. The presence of a DVG inside a cell, by contrast, hinders the
replication of the virus, resulting in a fitness penalty. An important assumption made is that viral accumulation dominates against
virus’ particles decay, i.e., the rate of genomic RNA synthesis is much greater than its degradation rate (previous research on RNA
viruses supports this assumption [65]). Furthermore, the model does not consider spontaneous cells’ decay and presumes that cell
death is driven by virus-induced lysis. All these assumptions are consistent with the experimental time scale (see below) and aim to
focus on the dynamics that arise from the infection process.

The state variables of the model are given by infecting particles, the HV (V') and DVGs (D), and four different types of cells,
including susceptible (C) and infected cells Cp, where the subscript indicates the particle (or particles) that has (have) infected the
host cell, p € {V, D, DV} (see Fig. 1e). Without affecting any theoretical conclusion and to avoid the use of large numbers (for
instance, the number of cells moves around 10°) in the propagation of numerical errors, we have scaled all state variables by dividing
them by C(0), the initial number of cells. The resulting system is dimensionless and it gives rise to cell variables ranging in the interval
[0, 1], with C(0) =1, and viruses and DVGs taking values in an interval that depends on some parameters of the system.

The infection process is modelled as follows. When a C encounters a V' or a D it becomes an infected cell Cor C_, respectively.
This process happens at an infection rate : whose inverse could be considered as the average time between infections. Each type
of these infected cells can be coinfected or superinfected with the alternative particle type, resulting in a double-infected cell C, -
C cells, as the DVG is not replicating itself, will remain in the same stage until a superinfection with V' occurs, if so. The next
process will be the replication of HV and DVGs and the lysate of the infected cells. C, will be lysed resulting into 7 new HV particles
and pn DVGs as a result of errors during the replication process. The total number of particles released from the lysis, or burst
size, is B =n(1 + p). If replication occurs inside a C_ cell, then the DVG will use the replication machinery of the HV to replicate,
competing for common resources and resulting in a decrease of the HV accumulation. The viral production after the C lysis will
be reduced to n/x with k¥ > 1. On the other hand, as DVGs have a replication advantage denoted by 4, if the virus offspring after
lysate C_ is 5 /x then the DVGs produced will be #(§ + f)/k. This latter term accounts for the HV replication errors resulting
into additional DVGs. Thus, the total offspring of the coinfected cells CDV is 7(1 + 6 + p)/x. Under the assumption that the total
burst size of CV and CDV is the same, as both are the same type of cells, one could derive the penalty coefficient as k =1+ 6/(1 +

p).
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Table 1
Model parameters. All parameters are dimensionless except the infection and lysis rates with
inverse time dimensions. HV: helper virus; DVG: defective viral genomes.

Parameter Description Range
B Number of particles released after cell lysis (burst-size) >0

n Number of HVs produced per cell >0

p Fraction of DVGs produced per HV due to erroneous replication [0,1]
K Replication penalty for HV in cells coinfected with DVGs >1

1) Replication advantage of DVGs >1

1 Infection rate >0

a Virus infection-induced cell death rate >0

m Multiplicity of infection (MOI) >0

For the sake of clarity, the previous processes are represented stoichiometrically with the set of reactions

C+V—C,. m

C+D—C,. @)
1

CV+D—>CDV, 3
1

C, +V-—C,. “

G, —>nV +npD. ®)

c My 1B+, 6
K K

DV

From these reactions, and using the law of mass action, the following set of autonomous ordinary differential equations (ODEs) is
derived:

C=-1C(V + D), (7)
C,=1CV -C,(tD+a), (€)]
C,=1(CD-CV), 9

¢,, =t(C,V+C,D)-aC,, (10)

. C

V=a11(C +ﬂ>—1V(C+C), an

|4 K D
o CDV CDV
D:aﬂn(Cy+—>+a511——1D(C+CV). (12)
K K
Here, @, f, 6, and 1 are independent parameters, while # and x are derived from the stoichiometric relations through
B o
=— and k=14+——. 13
T=1+p 1+ (13)
Notice that the replication advantage of the DVG versus its HV, §, appears in the term aéyC_ /x. We assume f € [0,1], 6 > 1, and

DV
B,1,a > 0 (see Table 1). The assumption f € [0, 1] relies on the biological implausibility of g > 1, since DVGs arise due to deletions

of the HV genomes. Hence, f can be interpreted as the fraction of DVGs produced from HV during cell infection. As we mentioned
above, the model assumes that the amplification of both HV and DVGs dominate over their degradation within the experimental
time-scales. This assumption is grounded in the experimental measures of accumulation and degradation rates for HCoV-OC43 done
in a single passage by Hillung et al. [64]. As it can be seen from this system, the scaling performed to the state variables formally
affects only the expression of the parameter . These data show that during the first 60 hours post-inoculation (hpi), the effect of
degradation was negligible compared to that of production. Only after exhaustion of productive cells, degradation becomes relevant,
though the rate of degradation was still 78.14% slower than the rate of production [64]. In any case, the possible consequences and
impact on dynamics of relaxing this assumption are discussed below.

4. Results

In the following sections, we compute the equilibria of system Egs. (7)-(12) and discuss their stability. Phase diagrams for relevant
biological parameters are numerically obtained.? Then, the basins of attraction of equilibria are numerically computed (Section 4.1).

2 Numerical integrations of the ODEs have been performed using the Runge-Kutta-Fehlberg-Simé method of 7"*-8"* order with automatic step size control and local
relative tolerance 10713,
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Section 4.2 provides further results, including those cases with the degradation of viral particles. Section 4.3 explores the particular
case of multiplicity of infection (MOI) > 1 where most cells get infected simultaneously. Next, Section 4.4 contains a sensitivity
analysis of the solutions with respect to parameters and to initial conditions. Last but not least, in Section 4.5 the experimental time
series of the HV dynamics in cell cultures generated by Hillung et al. [64] have been fitted with the mathematical model using
artificial intelligence.

4.1. Planes of equilibria, stability and basins of attraction

As it is commonly done in Dynamical Systems Theory, the study of the dynamics of system (7)-(12) is first based on the computation
of its equilibrium solutions and the analysis of their local stability.

Lemma 1 (The origin and its local stability). The origin © =(0,0,0,0,0,0), the full extinction of all the populations, is always an equilibrium
point of the system (7)-(12). Moreover, for any value of the parameters, the eigenvalues of its jacobian matrix at the origin O are 0 (with
multiplicity 4 and semisimple) and —a (double and semisimple as well).

Besides the origin, other equilibria are found and discussed in the following proposition.

Proposition 1 (Planes of equilibria). System (7)-(12) has three planes formed by equilibrium points (i.e., all the points forming the planes
are fixed by the dynamics) that we label as Hch’ I and I1, . The origin O trivially belongs to all of these planes of equilibria, but it

CDD’
does not share their biological interpretation. Because of this, when we refer to these planes the origin will not be considered a part of them,
but studied aside. These planes involve different biological equilibrium scenarios and are defined as follows:

(a) Persistence only of non-infected cells and defective viral genomes (DVG)-infected cells:
Hch ={(C.C,.C,.C, .V,D)=(C,0,C,0,0,0) | C,C, >0, (C,C))#(0,0)}

The spectrum of the jacobian matrix at these points inside the planes is

{0 (double, semisimple), —a,—I1C, ¢} a4
where
1(C + CD) +a 2 4aCDn1
£+=—fi§ 4aCnt+<t(C+CD)—a) + . (15)
* K

For any value of the parameters, the discriminant of (15) is always non-negative, and so all the eigenvalues, for any pointin II .,
D

are real. This means that ., isa so-called normally hyperbolic invariant manifold (NHIM). This plane involves no population of HV
(either free or inside cells) or double-infected cells, i.e., a situation of self-curing driven by the quick and efficient outcompetition of the
HV by the DVGs. Non-infected cells still remain in the system.

(b) Persistence only of DVGs and DVG-infected cells:

—

I'ICDD ={(.C,.C,.C,,.V,D)=(0,0,C_,0,0,D) | C,,D >0, (C ,D)#(0,0)}.
The spectrum of the jacobian at any of its points is

{0 (double, semisimple), —1D,—(D + @), A, }, (16)

where

iIC +a 4aC i
—___7D 2 — )2 D
A= 7 2\/(1CD 0+ ——. @a7)

As in the case above, the discriminant is also non-negative for any choice of the parameters. Hence, all the eigenvalues are real and, thus,
.  is also a NHIM. This plane also involves self-curing since, asymptotically, no HV are found as DVGs have steadily and efficiently

¢
D
displaced them from the system.

(c) Persistence only of free HV and DVGs:

—

1, ={(C.C,.C,.C,,.V.D)=(0.0,0,0.V.D) | V.D >0, (V.D) # (0.0)}, (18)

involving no cells and only HVs and DVGs in the medium. The spectrum of the Jacobian at these points is given by

{0,0,—1V,—a,—1(V + D),—(1D + @)} (19)
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The two (semisimple) 0-eigenvalues come from the fact that, for any (V, D) the point (0,0,0,0,V, D) is an equilibrium point. All the
eigenvalues are non-positive (and semisimple) and so 11 is locally attracting for any (V, D) # (0,0). This plane represents the most
common outcome in which HV ends up killing all cells and DVGs are unavoidably present as byproducts of HV replication.

It is not difficult to check that there are no other equilibrium solutions out from the origin and these three planes.
Let us discuss in more detail the local stability of the equilibrium points contained in the planes. Regarding those on I1 , , notice

D
that their local stability depends on the sign of the eigenvalue A, (the rest are all negative, except those 0 coming from the fact that
any point on it with arbitrary C , D is also an equilibrium). Hence, the expression

4aCDi11
A4 2061C +a< (tCD—O!)2+T

can be squared (no spurious solutions are introduced since the discriminant is always non-negative), and it leads to

4aCDi11 40(CD111
(C 4+’ —(C, —a)) < —2— o 4C a<
D D K D

E

_B
1+p

srkinel+ <

1+

=

That is,

Ay 20 B>14+f46. (20)
So, if B> 1+ f + 6 all the points on Hc , are unstable and if B < 1+ f + 6, then they are all locally attracting.
D
Concerning the equilibrium points forming IT .~ we have, like in the previous case, that their stability depends only on the sign
D

of the eigenvalue €. Thus, squaring again, we obtain

2 4aCDm 2
£, 20 4aCmi+ (z(C+CD)—a> +—2> (1(C+CD)+a)
K

4aCDr]1 2 2
& daCri + Z(z(C+CD)+a> —<1(C+CD)—a)
K
4aCDnt n
& 4a(C+C.) < 4aCni + @(n—l)Cz(l——>C.
D K K D
Since
bl B i, _B
1+ " 1+5+5

it follows that

B B

From conditions (20) and (21) three possible cases arise (summarized in Table 2): (i) B> 1+ f+6; (ii) | + < B< 1+ f+6; and
(iii) 0 < B < 1+ p. It is worth remarking that B is one of the parameters that can be better inferred experimentally by counting PFUs
as described in Section 4.3. The plane of equilibria I (taking out the origin) is locally attracting in all three cases, so the following
discussion will concern only the planes of equilibria IT and IT, .

CCD CDD
(i) Case B> 1+ f+ 8. On one hand, this case involves 4, > 0, and so all the equilibrium points forming I, , are, simultaneously,
D
unstable. On the other, B> 1+ f+6> 1+ f and so
i—1>0 and 1—L<0.
1+p 1+p+6
This implies condition (21) and so all the equilibria forming I become unstable. Biologically, this is the most commonly
D

expected situation: B contains both HV and DVGs; the greater f+ 6, the more DVGs are produced at the expense of HV production.
(ii) Case 1+ B < B <1+ f+ 6. From (20) it follows that A, < 0 and, consequently, all the points constituting . , are locally
D

attracting. Moreover, one has that

i—1>0 and 1—i>0.
1+p 1+p+6

Thus, from expression (21), it derives that the points (C, 0, CD,O, 0,0) e HCC are:
D

7
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Table 2
Stability analyses: attracting planes in terms of the values of the parameters B,
p, and 8.

Case Locally attracting equilibrium points

B>1+p+6 o

1+p<B<1l+p+56 I, , points in IT__ such that (22) holds and m

b b
0<B<1+p I , I andIT
v’ e, 0

(iia) locally attracting if they belong to the half-plane
B
Ul v

B
D m—l

C
- < , 22
C (22)

(iib) or unstable (precisely, a saddle) if they fall in

B

1—- B
€7 s (23)
C B

D 1+p

Notice that condition (22) can be equivalently written as

1-1
C< =C,
n—-17,

with 1 < # < k. Since C.C, are positive, any choice (1, k) inside the open sector bounded by the lines # = 1 and 5 = k (with
1,k > 1) gives rise to a region of (C,C,) € (0,+00) X (0, +00) of attracting equilibrium points. Such regions vary from the void
situation (for # = k), with no point inside, to the one where all the points are attractors (for  — 17). In the extreme cases where
1 =k, the production of virus per cell would be compensated by the penalty that the HV receives by infecting a C, cell.

(iii) Case 0 < B <1+ B. Clearly, B < 1+ f + 6 and therefore all the equilibrium points forming HCDD are locally attracting. Besides,

one has that £, in equation (15) is strictly negative and, consequently, all the points in I . are also locally attracting.
D

Remark 1. From Proposition 1 and its local stability analysis above, the following statements should be highlighted:

1. Recall that the planes I1, , O » and ., are highly degenerate in the sense that they are formed by equilibrium points. This

fact implies the existence of a couple of zero eigenvalues of the jacobian matrix at any of the equilibrium points.

2. The equilibrium points (0,0,0,0,V, D) constituting the plane II ' are all locally attracting for any value of the parameters and
for any value of V' and D. HVD is a NHIM (attracting in this case).

3. The local stability of the equilibrium points (C, 0, CD,O, 0,0) e Hch depends on the sign of its eigenvalue £, = ¢, (C, CD). In

particular, as seen in (ii) above, there exists a line on HCC , namely
D

1— B _
C _ 1+4+6

c B _
D 1+8 1

>

separating those points that are stable from those that are unstable.
4. The local stability of the equilibrium points (0,0, CD,O, 0,D) e HC b depends only on the value of CD. Precisely, it is attracting
D

if and only if its eigenvalue 4, = 4,(C) <0< B <1+ + 5, a condition that relies only on the parameters of the system.
Moreover, one has that A +(CD) =¢€,(0, CD).

5. Since all the eigenvalues of all the jacobian matrices around the equilibrium points are real, the bifurcations (in stability) that
these points undergo are always of transcritical type, that is, given by a change in the sign of a real eigenvalue.

The results shown in Table 2 lead to some multistability scenarios that can be numerically analysed in terms of the parameters.
For example, let us consider the orbits of system (7)-(12) with initial conditions

(C(0),C,(0),C,(0),C,,(0), V(0), D(0)) = (1,0,0,0,mqVy, m(1 — qV;)), (24)
and where
_V(O)+ D) _
m= o - V(0) + D(0)
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W W Vo Vo

4

Fig. 2. Phase diagrams in the plane (¢V}), B). The (approximate) w-limits are numerically obtained for an orbit with initial conditions (1,0,0,0, mqV,, m(1 — qV;)) in
terms of B and the ratio ¢V, = V(0)/(V (0) + D(0). Different colours show the -limit given by: an (blue), n (olive), and HCC (black). An equilibrium is assumed
D D

to be reached when || F||, < 10~'2, where F is the vector field of system (7)-(12). Dashed lines correspond tol B=1+p and B=1+ f+ 6. The results are displayed
for different values of m: from left to right m =0.01, m=0.1, m=1, and m = 10. In all the panels, we have used f =0.2, 6 =2, and 1/a = 10.
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Fig. 3. (a) Same as in Fig. 2 but fixing B=1.5, §=0.2, 1/a = 10, and tuning é. (b) Phase diagrams in the plane (¢V,, ) for fixed m = 0.5 and different values of B:
from left to right and top to bottom B=1.1, B=1.5, B=2 and B = 3. The other parameters are the same as in (a). (c) Examples of trajectories with variables larger
than zero at the three planes of equilibria. Numerical values for the different graphs: (i) (¢V;), m) = (0.85,0.1); (ii) (¢V;, m) = (0.85,0.5); (iii) (¢V, m) = (0.45,0.1); (iv)
(qVy,m) =(0.45,0.5); ) (qV,y, m) = (0.15,0.1); (Vi) (qV;y, m) = (0.15,0.5). The labels (i),...,(vi) of the time series (at the bottom) correspond to locations in the attraction
basin diagrams (top). Other examples of trajectories for all the variables can be found at Fig. A1 in Appendix A.

is a fixed MOL Observe that, in this sense, the parameter gV{, provides the virus proportion with this MOI, that is, the ratio V' (0)/(V (0)+
D(0)). For any choice ( qVy. B ), we compute the approximate o-limit® of its corresponding orbit and assign it a colour depending on

the plane of equilibria (HVD, l'IC p» OF HCC ) it achieves. This study leads to different diagrams in terms of the values of m. Some

of them have been depicted in Fig. 2. Diagrams computed under changes in # of around a 10% — 30% provide qualitatively similar
results to the ones in Fig. 2. On the contrary, an increase in the value of 6 (from 1.02 to 5 in these examples) exhibits substantial
growth of the region with final points on the plane I1 . (results not shown).

Similar explorations can be carried out by setting the values of § and B and studying the behaviour when 6 > 1 varies. As a
sample, some of these plots and diagrams are depicted in Fig. 3 for fixed values of the parameters and varying §.
It is noteworthy to analyse the evolution of the basins of attraction of the planes I1 . , IT , and I = of Table 2 and their
D

D
biological interpretation in terms of B, 1 + , and 1 + f + 6. For instance, the case B < 1 + f +  exhibits tristability, in which self-

3 Recall that, roughly speaking, the w-limit of an orbit y(r) can be defined as w(y) = lim,_, , ., w(?).
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Fig. 4. Quasineutral multistability for Egs. (7)-(12) with parameters (a) B =10, #=0.5 and 6 =20 and 1/a =100 and (b) B=1.5, f=0.75 and § =2 and i/a = 100.
The colours show the basins of attraction of each quasineutral plane in the space of initial conditions (¥}, D,): I (blue), . . (olive) and H (black). The initial

conditions for the cell populations are set to zero except for C, = 1. Lines with constant multiplicity of infection (MOI) are shown in white. (c) Tlme series showing
the self-curing dynamics for three different initial conditions: (i) (V;, D) = (0.10,0.32), (i) (V;, D) = (0.001,0.920) and (ii) (V;, D,) = (0.1,0.1).

curing and infecting final states simultaneously take place, depending on the initial conditions. The size of the corresponding basins
of attraction notably depends on the value of B (with respect to 1 + f), the parameters f and 6 and the initial infection conditions
(V. Dgy). Recall that cell initial conditions are taken, otherwise indicated, C(0) =1 and C, )= CD )= CDV (0) =0. As an example,
two different cases are plotted in Fig. 4, one of them satisfying 1 + f < B <1+ f+ 6 (a) and the other 0 < B < 1+ g (b), for different
initial conditions. Notice the disparity in the dimensions of the self-curing (both, I, , and .. ) basins of attraction.

Aside from the dynamical interest of the precedent case, the most biologically frequent scenarlo is certainly the situation where
B> 1+ g+, in which a unique globally attractor plane of equilibria I1 = exists. It is not difficult to prove that any initial infection
condition (V;, D)) - and cell initial conditions as above - gives rise to a solution which ends, as t - +oo0, into a final state (Vf, Df) € l'IVD.
Clearly, all the cells disappear as the infection-lysis process goes on. In Fig. 5, examples of this final infection state (V}, Dy) for different
values of MOI and gV}, are shown.

The existence of these (effective) attracting planes of equilibria in our model is crucial. As already mentioned, this is a consequence
of the assumption that virus and cell degradation is much smaller than the amplification of HV and DVGs, and thus can be neglected.
Considering degradation of cells and viral particles involves the origin (i.e., total extinction) to be a globally asymptotically stable
equilibrium: cells are lysed and degrade, and viral particles will also vanish since no new susceptible cells will remain available for
further virus production. After a few hundred hours post-infection (hpi) nothing measurable would remain on the cell culture dishes.
Besides, from a mathematical viewpoint, cases with extremely low degradation would be close to the parametric condition involving
invariant quasineutral planes. Being extremely close to the structurally unstable condition giving place to the quasineutral objects
may involve extremely slow dynamics when the orbits lie close to them (before ending at the origin). Since experimental passages
take place during a finite, short time window (between 24 and around 72 hpi) the observed solutions may correspond to a point on
some of these three attracting planes or to solutions being trapped in long transients close to these manifolds. As mentioned, one
may expect this to occur when parameter values are slightly close to those values giving place to the quasineutral manifolds (see e.g.,

[62D.
4.2. Cell culture dynamics: estimation of the amount of infective particles

In this section, we focus our attention on the dynamics leading to asymptotic states, which contain both HV particles and DVGs.
Let us assume that B> 1+ § + 6 and so the unique attracting plane (filled with equilibrium points) is IT = (see Eq. (18)). As already

10
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Fig. 5. (Left) Equilibria on the plane I for B =100, #=0.01, 6 =1.2, and 1/a = 10. It can be seen that for m>> 1 both V" and D positively correlate with m. However,
for m < 1 this positive correlation with the multiplicity of infection (MOI) disappears as the system becomes more sensitive to parameters and initial conditions. (Right)
Selected set of final (V, D)-points for six different gV}, values to visually enhance this effect.

mentioned, we aim to provide estimates for the final quantity of HVs and DVGs obtained after inoculating a new cell culture dish in
a given passage. This is the most common experimentally observed case.

Mathematically, the time needed by an orbit to reach an equilibrium e.g., (0,...,0,V,,, D) is infinite, experiments show that at
around 72 hpi [15] cells C,C,,C , and C have become extinct and thus one can obtain a good approximation for the equilibria
(Voo =V, Dy, = Dy). Strictly speaking, in the model, both ' and D would exponentially decrease due to spontaneous degradation.
Numerically, inspired by what one can measure in the laboratory, we will consider extinctions if, in absolute value, they are below
a (quite small) threshold, say 10~!9 This simplification does not produce relevant numerical consequences (remember that we are
computing them for a finite time interval) and accelerates the stabilisation of the values of V' and D (as observed experimentally).
The orbits we are considering are those having initial conditions of the form

(C(0),C,(0),C,(0),C,,(0), V(0), D(0)) = (1,0,0,0, Vy, Dy),

at time t =0 and MOI m = V;; + D,. The integration time is expected to be around 72 hpi, the time invested for a one-passage
experiment.
Virus infection in a culture dish experiment complies (at any passage) with the following three processes:

1. Infection. This is the initial state. A certain quantity of viral particles infects the cells. This is noticed in the experimental data
(and in the simulated model) by a decrease in the number of PFU/mL observed in the supernatant (outside the cells).

2. Cell lysis. We assume that cells only die as a result of HV infection and replication. The cellular lysis releases HVs and DVG
particles into the medium; HV can be counted from the supernatant by plaque assays (as PFUs). The cell dies afterwards. One
could expect the PFU-curve to reach a maximum when all the cells have lysed if m > 1 or to exhibit several waves in the case of
m< 1, as seen e.g., in [66].

3. Degradation. Although its effect is not implicitly considered in our model, degradation affects both cells (of any type) and
infective particles (V' and D). For simplicity, one can assume all of them follow a similar exponential law of the form e~7’, where
y is the degradation rate. For example, in the case of HCoV-OC43 one has y = 0.021 + 0.006 h~! in media containing cellular
debris [64]. From the experimental point of view, it is important to notice that for m > 1 the degradation process affects the
infective particles in two ways: (i) affecting the newly released particles after cell lysis and (ii) affecting, from the beginning of
the experiment, the (m — 1)C, particles which do not invade any cell. They constitute a sort of reservoir. Since degradation is not
taken into account in our model, the final (Vf, Df) should be taken as an overestimation. It is not difficult to see that this difference
is of the same order of magnitude as the reservoir’s size. For instance, in the case of the HCoV-OC43, only a tiny amount of the
initial reservoir would remain infectious after 72 hpi. This would not change either the order of magnitude of such amounts nor
their qualitative behaviour. Examples for low and high MOI time series are shown in Fig. 6. The effect of degradation at a ratio
of y/a =0.01 is represented by dashed lines. As said, with a large MOI, the effect of deterioration is greater.

Remark 2. The planes of equilibria o, and o, . are found when decay rates for both viral particles and cells are

cc,’
neglected. However, for very small values of such decay rates the dynamics close to these manifolds is extremely slow and thus
the orbits remain close to them for a large amount of time. This involves that, despite the planes no longer exist, the orbits still
get trapped there for a long, finite amount of time. See Ref. [62] for an example of this phenomenon for a quasineutral curve.

4 Notice that only C =0 constitutes a (mathematical) barrier for the values of C. It is an invariant manifold and so it cannot be crossed by the flow. This is not the
case for the rest of the cell types. This means that at some very particular moments during the numerical integration of the system, a value of C , C_or C_ could be
(tiny) negative.

11
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Fig. 6. Examples of time series for cells and infective particles (IP) at (a) low (m = 0.01 and gV}, = 0.75) and (b) high (m = 100 and ¢V}, = 0.75) multiplicities of infection
(MOISs). Recall that the quantities are given in units of 10° particles (that is, in such a way that C(0) corresponds to 1). The extinction times 1., and 1, satisfy
0<1 <t <t _.The parameters used are B =500, f = 107%, =10 and 1/a = 0.1. Dashed lines represent the effect of small degradation with y /a = 0.01.

The remark above highlights that if the values of the degradation of viral particles and cells remain very low, the orbits may still
spend large times close to the regions of the phase space where the planes of equilibria existed. This may involve that such ghost
manifolds may be also (temporarily) detected for very small values of decay rates (see e.g., time series with dashed lines in the
lower panels of Fig. 6).

As mentioned above, the aim of this section is to derive insights on the values of (V}, Dy) provided by numerical solutions of the
model. Such approximate values become crucial when the inverse fitting problem is tackled: from the quantities of 1 and D measured
at some given times, to estimate the value of some of the parameters of the model providing ‘good’ fittings of the experimental data.
We begin with a more general framework, and afterwards, we perform a second analysis for the particular case of m > 1.

Since in the numerical simulations, whenever C, CV,CDV, and CD are smaller than 10~10 they are taken as O (extinct), one can

define times L S S and 1 such that
Ct)=0.  G)=0.  G,,)=0. GC,1,)=0. (25)

DV * DV

(see, for instance, Fig. 6). Together with the fact that IT  is a globally attracting plane for B> 1+ f + 6, one can expect these times

to be ordered as 0 <7, <1, <7, with 7 moving around _ and 7, . This has been verified in most of the numerical simulations and

it will be assumed hereafter.
To get estimates on V; and D, we compare the time evolution of C with the ones of CV and va' We write:

C, =(CD—-C, V)=1CD+iCV —iCV —iC,V
=1C(V + D)=V (C+C)), (26)

and

CV =1CV—1CVD—0¢CV =1CV+1CD—1CD—1CVD—aCV
=1C(V+D)—1D(C+CV)—aCV. 27)
From (7) and (26) it follows that

C
: s P v
C+CD —V—an <CV +T>
and, integrating in [0, 7], that
t t

C(t)—C(O)+CD(I)—CD(O):V(Z)—V(O)—om/CV(s)ds—%/CDV(s)ds. (28)
0 0

12
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If we introduce the notation

8 t

|4 DV
Ivz/aCV(s)ds, IDV :/aCDV(s)ds, (29)
0 0

evaluate (28) at t = o take into account that 1, <t_, and use that CD 0)=0, CD (tDV) =0, we obtain

V@, )=V@©0)-CO) +nl, + gIDV. (30)

Notice that for ¢ > 1, we have that C(t) = CD = CDV (t)=0 and so V =0, which makes V(1) = V(IDV) Vit > L Therefore, we have
Vf = V(IDV), where Vf =lim,_ ., V(¢). Analogously, from equations (7) and (27), we get

5 s A CDV CDV
C, +C=D-apn <CV + —) —afn— —aC,
K K

and

C, (1)~ C,(0) + C(1) - C(0) = D(t) — D(O0) — a(fn +1) / C,(s)ds - %(ﬂ +6) / C,, (5)ds.
0 0

As before, evaluating at 1 = L having in mind that <t and that CV 0)= CV (IDV) =0, C(IDV) =0, it follows that

D(1,)= D)~ CO)+(Bn+ 1)1, + g(/}+5)1w. 31

In a similar manner to the precedent case, we get Dy=1lim,_, ,, D(t) = D@, ).
Let us define the total number of cellsas C; =C +C, +C, +C, . Itis straightforward to check that it satisfies the ODE

Cr=-a(C,+C,) (32)
and so
IDV rDV tDV
—C(0)=—-C1(0) + CT(tDV) = / %(x) ds=—-a / CV (s)ds + / CDV (s)ds|= —(IV + IDV),
0 0 0
from where
I, +1, =C©0) (33)

follows. That is, the initial number of susceptible cells C(0) has been at the end of the process infected either by V" or by V and D.
From this expression, the viral infection-induced death rate a can be estimated as

C(0)
a=
tV IDV
/Cy(t)dt+/CDV(t)dt
0 0
or, equivalently,
C(0)

tDV
/(CV(I)+CDV(1))dt

0

A large a means that the sum of the two accumulations I, and I, is low, meaning that C_lyse quickly before defective particles
D have time to superinfect them and give place to C . On the contrary, a small means that the sum of accumulations is large. One
way for this to happen is that cells infected by V' (which have already contributed to the accumulation sum I, ) are superinfected by
a D so that they also contribute to the accumulation /.

Following a similar argument, we have that
CV + CD + CCDV =1C(V + D) - a(CV + CDV).
Hence, integrating in [0, 1, ], and having in mind that
CV (IDV) = CD (tDV) = CDV (ZDV) =0, CV 0= CD 0= CDV =0,

13
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and relation (33), it turns out that the infectivity rate : is given by
c©

- 9
"oy

/ CHV (1) + D)) dt
0

where it gets explicit now that : can be interpreted as the inverse of the mean time among infections.
Combining the expressions above for « and : as

! —_—

IDV
/ (C, () +C,, (t)dt
> (34)

a DV

/ COHV (1) + D) dt
0

helps to get an interesting insight regarding DVGs accumulation. The greater the ratio i/, the longer C, cells are available for
superinfection by D, whereas if HV Kkills cells quickly (big a) and the superinfection is slow (small i), D has fewer chances to
superinfect and replicate. Therefore, the :/a can be seen as the efficiency of DVG production i.e., efficiency of generating virus-
producing infected cells in presence of D.

From relation (33), expressions (30)-(31), the definitions of B, k, and denoting Cy = C(0), V, = V(0), and D, = D(0), we get

n
Vi+Ds=Vy+ Dy —2Cy+((B+Dn+ l)IV + E(ﬁ+5+ l)IDV
=(m-=2)Cy+(B+ l)IV + BIDV
=(m—2)C0+B<IV +IDV) +1,
=(m-2+B)Cy+1,.
That is,
Vi+Dy=(m—2+B)Cy+1,. (35)
Equivalently, if in (35) we use equality (33), it follows that
Vi+ Dy=(m-1+B)Cy+1, . (36)
Moreover, from the inequalities 0 < IV < IV + IDV = C,, it turns out that
(m—2+ B)Cy <V;+ Dy <(m—1+ B)C,
or, equivalently,

Vi+ Dy

B+m-2< <B+m-1. (37)

0
Notice that (V;+ Dy)/C, would correspond to the expected next-passage MOI in the case passages are sequentially concatenated, with
the same number of initial cells C, and no dilution applied.

4.3. Case m > 1: all cells are simultaneously infected

The expressions obtained in Section 4.2 for V; and Dy can be slightly complemented in the case where the MOI is m > 1. This
assumption makes reasonable to expect a unique wave of cell infections: no HV or DVGs released after the first cell lysis wave will
have chances of infecting new cells (of types C and C), since the latests will all have vanished. Here we present a simplified approach
under this assumption, which accounts for the resulting particles. Despite the fact that degradation is not taken into consideration
either, the particles’ reservoir is explicitly computed.

The results are illustrated with a couple of scenarios, which depend on the relative proportion between initial HV and DVGs. It is
not pretended (by far) to be exhaustive and to cover all the possibilities, but to compute approximate expected values for V; and Dy.
Remind that Vj, Dy, and C; denote the initial conditions V' (0), D(0), and C(0), respectively, and that we study the case C(0) = C,
and CV 0)= CD 0)= CDV (0) =0. Furthermore, we assume that B > 1 + f + 6 holds and that, consequently, the w-limit of such orbits
fallsinto IT .

As mentioned above, since m > 1 not all HV and DVGs are statistically expected to invade a cell. This means that a certain
amount of both could (hypothetically) remain outside the cells, without undergoing any infection. This set constitutes a reservoir.
We will distinguish between those HVs and DVGs released from infected cells after lysis (V, D), and those staying in the reservoir

14
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(Y™, D). Moreover, both types of particles should infect with the same probability (the difference is in their replication speed).
Thus, we obtain the following cases:

1. Case V> Cy, D, = 0: this case corresponds to the very first step of the experiment. We assume an initial population of HV
particles and no DVGs in the cell culture. Since m > 1 one can expect a one-infection wave. The new particles V', D come from
two sources: ) )

(@) Infection plus lysis: V;, = C; and so V)}(') =nCy, D}') = pnC,, the latter one obtained from replication errors of the HV. This
process of infection and lysis is assumed to happen almost simultaneously and instantaneously.
(i0) From the reservoir: V" =¥ — Cy = (m — 1)Cg and D}’ = 0. Thus,
V=V 4+ v =t +m-1)C, D= DY = pnC,
=Y fi n 0> 'f f o,
and therefore

Vi+ Dy=(B+m—1)C, (38)

where we have used that B = (1 + ). Notice that in this case we have always Vi > Dy. Indeed, by reductio ad absurdum,

D> V& pnCy> (n+m—1Cys (f—Dn>m—1.

Since m > 1 this implies that # — 1 > 0, which is a contradiction with the fact that g € [0, 1].

2. Case V> Cy > D, > 0. As mentioned, HV and DVGs would enter the cells with the same probability. We detail this time evolution
in several steps.
(a) V and D particles infect the C = C;, initial cells proportionally to their density, producing C, and C_, respectively. Hence,
after this first invasion, we get

4 o D, D,

CZO, C = Ch= . C =———(C,
Y Vo+Dy O m DT Vo+Dy 0 m

with

1 1
I/,,:VO(l—;)>o, Da:DO(l—;>
remaining in the medium. Notice that the number of remaining viruses V, is greater than the number of D-infected cells C, .
Indeed,

vsc ev(1-L)s2 oy s
> C e 0( —;>>7© 0> Co.

(b) In the second step, C, cells become C, through the invasion by HV and C, become C , by the one of DVGs. Moreover, a
reservoir (constituted only by V') remains. That is,

1 1
(b)) C,+V,—C_, (by) ¢, +D,—C,.
The performance of (b;) leads to CD =0, C;l/) = CD = Dy/m and a remainder of HVs

D, Vo+D,
Vl(r)=Va—CD=VO<l—$>——O=VO——O o _

Vo — G-
m 0~ %o

Regarding (b,), C, -cells become C  (by the invasion of defectives) or remain C, . Precisely, it gives rise to

V 1
D _p = _1 @_ (20 _ _2))=cCc. -
c —Da_DO(l ) o _< D0<1 )) =C, — Dy,

with no reservoir of DVGs.
So, at the end of steps (a) — (b), regarding cells, we have C=0, C, =0, C, = lez) =Cy— Dy >0, and

D 1
—c 2 - 20 L
CDV_CDV+CDV_ m +DO<1 m)_DO'

Concerning the remaining reservoir, we have Vf(r ) = Vl(” ) = Vy — Cp and D" =o0. Finally, we can approximately determine the
amount of V' and D coming from infection and lysis processes plus the reservoir. From the process of infection and lysis, from
C‘Ez)-lysis we obtain 7(Cy — Do) HV and fn(Cy — Dy) DVGs. Likewise, from C,_, nD,/x HV are produced and nDy(f + )/«
DVGs. Lumping both expressions together, it turns out that the quantity of particles derived from the infection plus lysis process
is given by
i n
v =n(Cy— Do) + Dy,
i n
D= pn(Cy = Do)+~ (f +)Dy.
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Thus, adding both contributions, one obtains
V=V 4V =0(Cy— Dy) + LDy + (Vy - Cy)
=7 o =M= Lol Lo 0~ Co

Dy=D+ D = pn(Cy - Dy) + g(ﬂ +6)Dy.
and its sum

1+p+6
Vpk Dy= V= Cy)+ (L4 (G = Do)+ 22Dy =y .y (B - 1),

where it has been taken into account that B = (1 + f)n and that

1 )
D~ pm=5.

4.4. Sensitivity analysis

A crucial piece of information that mathematical models provide, beyond predictions and qualitative interpretations, is to get in-
sights into the relevance of their parameters determining or affecting its dynamics (sensitivity). It is well known in Dynamical Systems
Theory that this information can be obtained from the so-called variational equations. In its general form, they supply information
about the dependence of any particular solution with respect to its initial conditions. But besides, variational equations with respect
to parameters provide knowledge on the sensitivity of such solutions with regard to these parameters. These two complementary
sources of information can be both computed using a similar procedure. Let us first introduce the study regarding parameters and
show, afterwards, the one corresponding to the initial conditions.

A practical way of getting variational equations in the first case is to differentiate Egs. (7)-(12) with respect to the chosen parameter,
to commute such derivative with the one with respect to the time variable 7, and to solve the resulting differential equation. As an illus-
trative example, we detail the case of the variational with respect to the parameter f. Let us denote by (C(z; f), CV ; By)s - D(t; By))
the solution of equations (7)-(12) with initial condition (Cy, ..., D). Let now (C(z; f), CV (t; B), ..., D(t; B)) be the solution of the same
Cauchy problem but for a parameter f§ close to f,. We wonder how close the solution (C(t; f), ..., D(t; f)) will evolve (in time) with
respect to (C(t; fy), ..., D(t; fy)). To do it, we compute the variational equation with respect to f along (C(t; f), ..., D(t; fy)), given
by the following system of ODEs:

4 <a—c)=iC=—l(V+D)a—C—lCa—V—lCa—D

ai\op )" op o8 ' op o’
Plel . aC
AV =2¢ w2 _(ip+a—~ +1cY _ic 22,
FTANE) op v =" op op op  "vop
d (9C, P oc 9C, oV D
4 =2¢ =p% _w—2_1c 2 41022,
at\op )" ap =5 T op o T Gp
aC P Plel c
4 w)_ 9 _p Ly 2 g 0 V09D
dr \ op op v op op op " oap T ap
d oV 0 on v an ok
L A P 7 e 4 222 )L %K
dt(aﬂ) o (“aﬁ< v T ) 2 9p DV)
Plel AC an OC oV
v L -y —2+Y > _crc)Z,
Vs o o Tk TS
d (oD\ 0 , on Cow\ apn . oc . .onCy afn . ok
4(22) -2 p- w5 (c + )M 9K | a2 Tv PN 0K
dt<aﬂ> op <a<” ﬂaﬁ)<v X 2 o TP T2 Svap
oC, oC
aC .1 - oD
-p% ) A —c+c )22,
1 aﬂ+(0!ﬂ'7 l )aﬂ +K(0(ﬂ'1+0!ﬂfl) 37 1(C+ V)aﬂ
with
Mm___ B 9k ___ S
B 1+ o (A+p?*

and where the variables C, CV, ..., D are evaluated at (t; ;) and f = f,. The initial conditions of this system are

oc._9C, 9C, 9C, sy op
ﬁ(O)—W(O)—W(O)— 5 (0)—ﬁ(0)—ﬁ(0)—0-
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Fig. 7. Time solutions of the variational equations with respect to parameters f, 5, and 1/« (top) and initial conditions C(0), V' (0), D(0) (bottom) for high multiplicity
of infection (MOI) (m = 100) around the solution plotted in Fig. 6 with no degradation and values gV, = 0.75, B =500, =107, § =10, and 1/a =0.1.

The solutions dC(t)/dp, 0CD t)/0p, ... dD(t)/dp of this system provide the (first order) time evolution of the variation of the variables
C’Cv’ ..., D for p close to f,. Thus, for instance, in the case of V'(¢; ) we have

oV (t;
V(t;B) =Vt By + % (B=Bo)+0O((B-By)).
and therefore, for small values of | — |, we get that
v (t,
Vg~V by + % (B — Bo),

where ‘;—;(t; Po) has been obtained solving the variational equation above.

Large values (positive or negative) of oV (t; f))/0f at a time, say, t = t* would correspond to significant variation (growth or
decay) in the value of V' (; ) with respect to V (¢; f,) for f ~ f,. A similar sensitivity analysis can be performed for the rest of the
state variables and with respect to the parameters B, §, and :/a. Furthermore, since the experimental data measurements are reduced
to values of C,V, and D, we focus our attention only on the variation of these variables with respect to the selected parameters. An
illustrative example of the solution of these variational equations (with respect to the parameters B, f, §, and 1/«) can be found in
Fig. 7. On one hand, the variationals for V' are always in the negative domain, suggesting that increases in three parameters always
translate in reductions of HV accumulation. On the other, the variationals for D are always in the positive domain, indicating that
increases in the magnitude of any of the three parameters result in more accumulation of DVGs at the cost of the HV. Interestingly,
the variational equations with respect to § show a small range of values, thus suggesting a weak dependence of the dynamics on
the advantage DVGs have on HV in terms of replication. In sharp contrast, the dependence on f is strong and even stronger in
the case of 1/a. Together, these observations support the idea that DVGs mostly gain advantage by interfering with the virus (via
6) and, interestingly, reducing the efficiency by which free virus results in virus-producing infected cells (see (34) and discussion
therein).

Variational analysis can also be extended to the initial conditions of the system. The derivation of the variational equations of a
solution with respect to its initial conditions is deferred to a brief explanation in Section B in the Appendix. As in here, our analysis
only focused on the variables C, V', and D. Fig. 7 illustrates the effect of C(0), 1 (0) and D(0) on the result of the process. Here, the
situation is more complex than in the case of parameters. The number of available cells at the beginning of the infection has a strong
positive effect both in the V" and D, although the accumulation of DVGs is remarkable more sensitive to C(0) than the accumulation
of HVs. In contrast, the effect of the starting number of HVs and of DVGs has minor effects on the outcome of the process. As expected,
starting with more V' particles slightly benefits the HV and weakly penalizes the DVGs. This has to be understood in a situation in
which m =100 and gV;, = 0.75. Likewise, increasing the number of D particles in the inoculum slightly penalizes the HV in the same
small magnitude that favours DVGs accumulation.

4.5. Model fitting to HCoV-OC43 data: parameters’ estimation

To assess the accuracy of the model in reproducing real time-series data and to estimate model parameters, we have fitted the
model using artificial intelligence to the data reported in Hillung et al. [15], shown in Fig. 1b. The aim of such work was to compare
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Table 3
Ranges of the parameters of the model explored by the genetic al-
gorithm.
Parameter
B e [10',104
Vi e [1078,10°]
5 € [1,200]
a e [107%,10")h7!
1 € [107%,10°] h™!
y € [0.01,0.10] h7!
Vy € {[10°,107] for m, = 1.8 || [10°, 10%] for m;, =3.8}
D, € {[1,107] for m, = 1.8 [1,10%] for m, = 3.8}

the decay of the HCoV-OC43 in cell culture lysates and in fresh media. For this reason the experiment was conducted for several
hours after cellular extinction, including degradation processes in our model. A genetic algorithm (GA) has been used to estimate the
vector of parameters (B, f,6,a,1,7), and the initial conditions V{), D, better fitting the experimental data. The size of the population
of vectors of parameters was fixed at 600, and the number of generations was set to 10*. The exploration of the parameter space was
refined through successive searches, and the parameter’s range constrained by biological and experimental considerations. Within
each generation, the 5% of the parameters with the lowest 7 values (see below) were designated as the elite population, remaining
constant for the next generation. The next-best 80% underwent parameter crossover, while the remaining 15%, representing the least
favourable parameters, experienced random mutations. The parameter space was subdivided into a logarithmic scale to ensure a
more balanced exploration, given that the intervals spanned several orders of magnitude. Exceptions were made for § and y, where
linear scale searches were performed due to the nature of their intervals. Concerning the degradation rate, y, a narrow interval was
chosen around the reported values at [15]. The explored parameter ranges are listed in the Table 3.
The cost function used to compute the differences between the experimental and the simulated data is defined as follows:

N 2 4
F =log < D <1og(V,. . 17,.—1)) + 0'< log )" C;(t=65);k, x*,p>> (39)

i=1 j=1
with

p

1+ e—kGa=—x*)" (40)

o(x;k,x*,p)=

Here, {1,,V;} ,]1 , represent the experimental data and 17, denotes the values for the viral population obtained with the mathematical
model for a given set of parameters. Additionally, Zj ¢ (= 65) corresponds to the total number of cells at 7 = 65 hpi, a time point

estimated to have a low remaining cell count. The function F is formulated as the logarithm of a y2-function for the logarithm of the
experimental data, augmented by a penalty term. The penalty term takes the form of a sigmoidal function with adjustable parameters
and is incorporated to account for the approximate time of cell death on the culture, enhancing alignment with the experimental
dataset. The parameters of the penalty term have been empirically adjusted to guide the GA in selecting parameter families where
the numerical integration of the model significantly reduces the cell count at r = 65 hpi (with k =5, x* = -1, p = 10). External
estimates of the cell count over time would enable the removal of this penalty term. To assess the robustness of the final result, it
was decided to conduct five identical batches, thereby obtaining five distinct populations of optimized parameters. While performing
this procedure, we observed that after 10* generations, the parameters of the elite population were nearly identical. Consequently,
we opted to extract the parameter vectors from each batch and compute the mean and standard deviation across batches.

For the dataset obtained from inoculation at viral MOI = 1.8, the estimated parameters that best fitted the experimental data
were found to be B=78, f=10"%, 6 =1, a =0.1827 h™!, 1=0.0027 h™! and y =0.0154 h~!, with corresponding initial conditions
Vy =1,516,364 and D, = 1. Similarly, for the ones obtained at viral MOI = 3.8, the estimated parameters yielding the optimal
reproduction of experimental data were identified as B =523, f = 1078, 6 =200, a = 0.1898 h! , 1=0.0006 h~! and y =0.0361 h! s
with corresponding initial conditions V;, = 3,676,350 and D, = 1. The standard deviation of the optimal parameters in both cases
was less than 0.005% in all cases. The fittings of the mathematical model to the experimental data using the parameters obtained
with the GA are displayed in Fig. 8.

The optimal combination for both datasets, as evident from the resulting optimal combination, shows that # and 6 do not find an
optimal value within the search range. However, examining the value for §, it is noteworthy that under such similar experimental
conditions, their results are remarkably different. Consequently, we decided to analyze how the function 7 behaved while keeping the
remaining parameters fixed and varying both f and § (Appendix Fig. C1). As a result, we found that the F function hardly changed its
value within the parameter search range for f and 6. This observation arises because one of the parameter combinations optimizing
F is the absence DVGs (note that D, does not also find an optimal value within the search range). In the nearly DVGs-free scenario
(small § and D), the value of 6 becomes irrelevant.

These results underscore the flexibility of the model and the necessity of acquiring additional data for the fitting process for a
rigorous interpretation of the parameters. Measures that could prove helpful would include, for instance, counting total cell numbers
over time using life imaging techniques and teasing apart infected from non-infected cells by using viruses tagged with fluorescent
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Fig. 8. Experimental data (circles) and the corresponding fitting of the mathematical model (solid lines) using the parameters values optimised by the genetic algorithm.
We show the cases for inoculation conducted at viral multiplicity of infection (MOI) 1.8 (blue) and 3.8 (red).

proteins and living from dead cells by using dead-specific dyes such as trypan blue or propidium iodide. Lastly, to precisely estimate
the amount of DVGs, it would be essential to extract total RNA from the cultures at various time points, subjecting them to RNA-seq
analysis followed by bioinformatic analyses using tools such as DVGfinder [67] to identify different DVGs and estimators as described
in [63] to quantify their abundance.

5. Discussion

Defective viral genomes (DVGs) have been often viewed as replication byproducts, stemming from cell culture passaging con-
ditions. However, a renewed interest in this fraction of the total viral population suggests that their existence might have more
functional or biological significance than previously thought [4]. Given the notably high recombination rates seen in some viruses,
including betacoronaviruses, it is plausible that DVGs could influence the adaptive evolution of the viable virus population [13]. The
question of whether DVGs confer or not a selective advantage to the viral population and if the conditions of high multiplicity of
infection (MOI) or localized co-infection hold biological relevance beyond cell culture remains to be explored.

Serial passage experiments serve for many different applications in Virology, not only studying in vitro evolution [68]. The two
most common applications are (i) the maintenance and amplification of viral stocks in the laboratory and (ii) the classic way of
producing attenuated life vaccines by adapting the target virus to cells from a host as different as possible from the one to be
immunised. DVGs have been found in live-attenuated vaccines for polio, measles and influenza viruses (reviewed in [4]). However,
their impact on the development of protective immunity and vaccine efficacy has not been formally evaluated. Given their potential
to interfere with and stimulate the immune system, there is speculation that DVGs could improve vaccine efficiency while ensuring
virus safety by limiting its replication and spread. If this hypothesis holds true, it becomes crucial to carefully control the amount
of DVGs in vaccine preparations to prevent complete interference and a significant reduction in the virus’ effectiveness. Our results
suggest that the number of DVGs generated from helper virus (HV) replication (#) and the replicative advantage of DVGs (6) are the
two more relevant parameters to be manipulated in order to optimize the ratio HV:DVGs in terms of vaccine efficiency.

Multitude of mathematical models for HV-DVGs have been investigated at different scales [32,38,40-48]. Interestingly, these
models have reproduced experimentally observed dynamics such as deterministic chaos [32] and self-curing [46,49], which involves
the simultaneous extinction of the HV and defective interfering particles (DIPs), result that was observed in vitro by Jacobson et al.
[50] and Stauffer Thompson and Yin [46]. Our model also identifies combinations of parameters in which self-curing arises: large &
values would in turn allow for the relationship 1+ 4+ 6 > B to be fulfilled, shifting from the scenario of a single attracting plane IT |
to a more complex scenario with three attracting planes and tristability, including the planes I1_. and HCDD (being these planes

degenerate NHIMs) representing virus-free self-curing solutions.

Model predictions are as valid and realistic as the assumptions from which they build up. Our first strong assumption, already
discussed at large, was that at the time scales of the evolution experiments, virus production over-weights virus degradation. This
assumption is well supported by experimental data (see [64] and references therein as well as [65]). Our model was designed to
shed light on the dynamics of betacoronavirus populations during serial passages and thus could not be applied to a much more
complex in vivo situation. For example, we are collapsing all possible DVGs into a single category, while in reality, viral populations
contain a large fraction of very diverse DVGs that are in a dynamic equilibrium, with some appearing and disappearing at every
transmission event and others persisting for long periods of time [15-17,20]. Our approach aligns with the current mathematical
models mentioned in the previous paragraph that typically focus on a single dominant DVG. Further developments to incorporate the
potential cooperation and competition among multiple types of DVGs are needed.

Our model is similar to those proposed by Frank [45] and by Liang et al. [48] in the sense that they incorporate V', D, C, CD,
C,,,and C, as state variables. However, there are two major differences. Firstly, their models consider a spatial distribution of cells
and thus use reaction-diffusion systems. Secondly, they incorporate an additional category of cells, namely C;‘, considered as cells
that were infected by V' some time ago, becoming C , and are already producing HV but cannot be superinfected by DVGs. In this
case, the fate of C; is to die out after some time producing only V. This makes a notable difference with our model, as we opted for
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simplicity by suppressing this category as the modulation of the quotient 1/ embeds the scenario in which C, lysates previous to
superinfection with D (Appendix Fig. D2). Although we recognize that superinfection exclusion [69] might be a relevant process for
many viruses, it is not a universal one, and no evidence of such process have been reported for coronaviruses.

The model presented here provides two new results in theoretical Virology: (i) HV-DVGs replication and infection dynamics
governed by quasineutral planes (degenerate 2D NHIMs formed by equilibrium points in this case); (ii) scenario of tristability formed
by these degenerate NHIMs. Concerning point (i) and, as far as we know, quasineutral dynamics in RNA virus dynamics have been up
to now found in degenerate one-dimensional objects [61]. Hence, our findings extend this result on degenerate manifolds to planes.
Concerning point (ii), these mentioned one-dimensional manifolds are usually found in scenarios of monostability and bistability. We
here provide an example where three different quasineutral planes can be achieved depending on initial conditions. The existence of
these degenerate planes is subject to non spontaneous degradation of viral particles and cells (y = 0), scenario that may seem unlikely
in a real experiment. However, experimental estimates have indicated that degradation remains very low and that the dynamics
within the time scale used in the experiments is dominated by virus replication over degradation [64]. Hence, we conjecture that the
long time delays arising with parameter values close to the ones at which these degenerate NHIMs are found [62] could be observed
in real experiments. Moreover, the passage experiments showed extremely large fluctuations between passages (some of them of
about 1-2 orders of magnitude), as we show in Fig. 1b (see [15] for further details). These extremely large fluctuations could be due
to the combined effect of stochastic sampling between passages and the dynamics tied to degenerate NHIMs. Under this scenario,
different initial conditions (stochastically varying at each passage) may give place to different stationary values of HV and DVGs due
to influence of NHIMs or to their remnants for those cases with some (and small) contribution of degradation.

In conclusion, the mathematical model studied in this manuscript fits well the dynamics of virus accumulation within single-
passages i.e., within- and between-cell dynamics in a cell culture, in cell cultures of betacoronaviruses. Our parameter sensitivity
analysis also suggests that the most relevant parameters to explain the observed dynamical patterns are the production of DVGs
from the HV (f) and the infection to lysate rates (1/a). The combination of experiments and biologically inspired modelling provides
a powerful tool to identify parameters to be optimized for future developments of DVGs as therapeutic interfering particles or as
adjuvants in life attenuated vaccines.
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Appendix A. Time-series examples for the II__, Il and IT
12)] CpD cc,
a R o Y e
10° 10° 10° —_—
|
2
T 107° 10°? 1073
O
10°9 M 10° 10°9 |
10! 100 10!
& 1072 1073 1072
107° 10°¢ 107°
107° 107 107! 10! 10°° 10 107t 10t 107° 107  107' 10!
t t t
c Cy Cp Cpy 14 D
Fig. Al. Time series to extinctions for cells (end state at | Im) and for viral infective particles (IP) (end state at ) and double extinction (end state . ) Parameters:
b

B=10, #=0.5 and 6 =20 and 1/« = 100. Initial conditions: (a) ¥, = 1073 and D, = 1073; (b) ¥, = 10~* and D, =0.9; and (c) ¥, = 107> and D, =0.5. C; = 1.

Appendix B. First order variational equation with respect to initial conditions

In this section we present a well-known derivation of the so-called first variational equation with respect to initial conditions. To
this end, let us consider the following Cauchy problem:
d

x = f(x), x(0) = x, xeR", = i (B.1)

which, without loss of generality, we can assume autonomous and satisfying all the required conditions of smoothness and derivability,
ensuring the existence and uniqueness of solutions. We denote by x(#; x) its unique solution. We are interested in the computation
of the first-order (in €) variation of the solution x(t; x, + €) of the Cauchy problem

x=f(x), x(0) =x +¢, (B.2)

where, abusing of notation, x( + € = x, + €Id, Id being the n-dimensional identity matrix. If ¢ is small enough, we can write, using
Taylor,

dx(t; x)

+O(?). (B.3)
dx

x(t;xg+€)=x(t;x9) + €
Differentiating this expression with respect to t we get

d

X(t; x0 +€) = X1 x0) +€— <M

0x0

2
- ) +0O(Ed). (B.4)

On the other side, using that x(f; x, + €) is a solution of (B.2) and using Taylor again, we have that

af (x(t; xp))
0x

%(t;x0 + €) = f(x(t; xg + €)) = f(x(1; X0)) + € +0(%)

ox(t;xq) 2
= f(x(t;xp)) + €D f(x(t; x()) Sy O(e”),
0

where Df denotes the differential matrix of f with respect to x = (x;, x,, ..., x,,). Equating terms of order £! in the latter expression
with those in (B.4) it turns out that 0x(z; x,)/0x satisfies the ODE

9x(t;xq)

d [ 90x(t;xg)
d <_ T (B.5)

o oxg ) = D f(x(t;x¢))
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Regarding its initial condition, we know that (substituting ¢ = 0 in expression (B.3))
9x(0; xq) 9x(0; xq)
0x 0x

x(0;xg +€) =x(0;xg) + € + (‘)(52) S xgteE=x)+e + (‘)(52),

from where, equating again powers in ¢, it follows that
0x(0;
x(0; x¢) —1d, (B.6)
6xo

where Id is the identity matrix. Equations (B.5) and (B.6) are usually called first variational equations around a solution x(f; x).
They provide information about the local dynamics (tangential and normal) around a solution x(t; x,) of (B.1). This first variational
equation is linear and homogeneous. Recurrently, one can compute the variational equations of higher order (in €). All of them are
also linear but non-homogeneous.

Appendix C. Additional fittings results
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Fig. C1. (a) Mean (solid line) and minimum (doted line) value of F at each generation for data from inoculation at viral multiplicity of infection (MOI) 1.8 (blue) and
3.8 (red). (b) Value of F for different (f, 6) combinations being the rest of the parameters selected as optimum at the genetic algorithm. The same study has been
performed with D, = 0 for both datasets obtaining the same results.
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Appendix D. Model solutions for some 1/« values
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Fig. D2. Some numerical integrations of the systems for B =100, # =0.01 and 6 = 10. From left to right the 1/a quotient is 0.01, 0.1, 1 and 10. This figure aims to
illustrate how the result depends on these parameters, both in terms of cellular type abundance and the helper virus (HV) - defective viral genomes (DVGs) final ratio
(IP: infective particles).
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