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A B S T R A C T

The dynamics of wild-type (wt) RNA viruses and their defective viral genomes (DVGs) have been extensively
studied both experimentally and theoretically. This research has paid special attention to the interference
effects of DVGs on wt accumulation, transmission, disease severity, and induction of immunological responses.
This subject is currently a highly active and promising area of research since engineered versions of DVGs have
been shown to act as antiviral agents. However, viral infections involving wt, DVGs, and other subviral genetic
elements, like viral RNA satellites (satRNAs), have received scarce attention. Satellites are molecular parasites
genetically different from the wt virus, which exploit the products of the latter for their own replication in
as much as DVGs do, and thus they need to coinfect host cells along with the wt virus to complete their
replication cycle. Despite satRNAs being very common, their dynamics co-infecting with wt viruses have been
poorly investigated. Here, we analyze a mathematical model describing the initial replication phase of a wt
virus producing DVGs and coinfecting with a satRNA. The model, which explicitly considers the viral RNA-
dependent RNA polymerase produced by the wt virus, has three different dynamical regimes depending upon
the wt replication rate (𝛼), the fraction of DVGs produced during replication (𝜔), and the replication rate of
the satRNA (𝛽): (𝑖) full extinction when 𝛽 > 𝛼(1 − 𝜔); (𝑖𝑖) a bistable regime with full coexistence governed
by a quasi-neutral curve of equilibria and full extinction when 𝛽 = 𝛼(1 − 𝜔); and (𝑖𝑖𝑖) a scenario of bistability
separating full extinction from wt-DVGs coexistence with no satRNA when 𝛽 < 𝛼(1 − 𝜔). The transition from
scenarios (𝑖) to (𝑖𝑖𝑖) occurs through the creation and destruction of a quasi-neutral curve of equilibria in a global
bifurcation that we name as quasi-neutral nullcline confluence (QNC) bifurcation: at the bifurcation value, two
nullcline hypersurfaces coincide, giving rise to the curve of equilibria. In agreement with previous research
on global bifurcations tied to quasi-neutral manifolds, we have identified numerically and derived analytically
scaling laws of the form 𝜏 ∼ |𝜇|−1, with 𝜏 being the length of the transients close to the remnant curve and 𝜇
the distance to the bifurcation value.
1. Introduction

The interaction amongst full-genome wild-type (wt) viruses and
the plethora of non-standard viral genomes (nsVGs) that may coexist
within the same infected host cell is essential to forecast the outcome
of infections and their impact on virulence. Viruses infect cells and
unfold their replication mechanisms to carry out a complete infectious
cycle by kidnapping host cells’ resources. This property turns them into
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obligate intracellular parasites for their replication and further prop-
agation [1]. Particularly, RNA viruses are characterized by extremely
large population sizes and very fast rates of evolution [2]. This is due to
the high mutation rates, since the viral-encoded RNA-dependent RNA
polymerase (RdRp) generically lacks a proofreading mechanism [3,4].
Broadly speaking, nsVGs can be classified into two groups [5], (i) those
that are generated by erroneous replication of the wt genome by the
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viral RdRp and include hypermutated genomes, deletions, insertions,
and different types of reorganized genomes, collectively known as de-
fective viral genomes (DVGs); and (ii) other RNA genomes that are not
genetically related to the wt virus but coinfect with it and could encode
(satellite viruses) or not (satellite RNAs—satRNAs) their own proteins.
In common, all these nsVGs are unable to complete a replication cycle
in the absence of a wt virus that acts as a helper (HV) that provides all
the necessary factors [6]. Among the diverse types of DVGs, some can
isrupt viral replication by hijacking proteins encoded by the wt virus.

This specific type of DVGs, called defective interfering particles (DIPs),
as first identified by Huang and Baltimore in the 1970s [7].

Coinfections or superinfections1 of the HV with other subviral ge-
netic elements, such as satellite viruses and satRNAs, can have a big
mpact on virus dynamics and modulate symptomatology. Satellites
re usually non-related genetically to the HV [8], but they depend on
t for replication, infection, and/or movement, as DIPs do. Satellites
an influence viral pathogenicity and accumulation. Unlike satRNAs,
atellite viruses contain genetic instructions to, e.g., produce a protein
o encapsulate their genomes. Virus satellites and satRNAs are very
ommon in plant infections [9,10], and some satellites are known to in-

fect unicellular eukaryotic cells [11], insects [12], and vertebrates [13].
The implications of satellites in ongoing infections cover a wide range
of symptoms: from attenuation, for instance, due to a decrease of RNA
HV accumulation [14], to symptoms aggravation [15], as it is the case
for broad bean mottle virus and turnip crinkle virus [9,10], or for the
hepatitis delta virus (HDV). HDV is a virus satellite that infects together
with the hepatitis B virus (HBV), using the HBV surface antigen to form
nveloped particles capable of cell-to-cell transmission [16]. However,

it is able to replicate in the absence of HBV since its replication
is mediated by the host cell DNA-dependent RNA polymerases [17].
HDV coinfection with HBV or superinfection of HBV carriers often
results in exacerbation of the underlying HBV hepatitis [18], giving rise
o more damaging liver disease and a more rapid evolution towards

hepatocellular carcinoma. The prevalence of HDV among HBV carriers
is 13.02%, corresponding to 48–60 million infections globally [19].

Despite the large number of examples of viral coinfections with
atellites, the dynamics of these systems formed by hyperparasites
nsVGs) of parasites (HV) have been poorly studied, especially from
 dynamical perspective. In this article we investigate a mathematical
odel describing the initial phase of the within-cell replication process

f an RNA HV producing DVGs that act as DIPs and coinfecting with
 satRNA. Previous research explored a similar system considering
hese three parasitic agents [20]. Our model, as a difference from the

one presented in [20], explicitly includes the dynamics of the RdRp,
whose production depends on the amount of HV and supports the
replication of the three RNA molecular species, also introducing further
onlinearities into the system. The viral genome for positive-sense

single-stranded RNAs acts as a messenger RNA. Once it enters into the
host cell, it is directly translated by the cell ribosomes to produce the
RdRp and other early proteins [21]. RdRp will then bind the genomic

NA and generate the HV and nsVGs progenies. The studied model
hows parameter conditions for which the phase space exhibits a quasi-
eutral curve made up of equilibrium points allowing the coexistence

of the HV and the two subviral elements.
In dynamical systems, a quasi-neutral manifold refers to a set of

equilibrium points that form a continuous manifold, rather than iso-
lated equilibria. Such a continuum of equilibria leads to the appearance
of zero eigenvalues of the linearized system around them and to the
existence of an associated center manifold. Under this setting, different
initial conditions typically achieve different equilibrium values. Quasi-
neutral manifolds have been previously described in dynamical models

1 Coinfection refers to two different viral types entering the cell at the
ame time. Superinfection refers to the subsequent infection of a host already
nfected by another viral type.
2 
for viruses, including asymmetric RNA replication modes [22] and
epidemiological-like models investigating betacoronaviruses infections
in cell cultures. For this latter system, dynamics were multi-stable and
governed by quasi-neutral planes filled with equilibria [23]. Quasi-
eutral manifolds have also been found in nonlinear systems describing
he dynamics of allele fixation [24,25], in models of sexual diploid

populations [26,27], in host-parasite systems [28], in a two-species
Lotka–Volterra model [29], and in predator–prey dynamical systems
displaying quasi-neutral surfaces [30]. Quasi-neutral curves of equilib-
ria are invariant and uniparametric mathematical objects consisting of
a continuum of equilibrium points with local attracting or repelling
directions together with neutral ones [31]. They can play an essential
ole in organizing the global dynamics of a dynamical system to the
xtent that they can stand for the boundary between two qualitatively
ifferent regimes. That is to say, basins of attraction of different equilib-
ium points may change drastically in a neighborhood of the parameter
alue for which the quasi-neutral curve exists as well as the topolog-
cal structure of the phase portrait [28]. Here, we describe a global

bifurcation tied to this quasi-neutral curve that we have named as the
uasi-neutral nullcline confluence (QNC) bifurcation. This bifurcation in-
olves the creation and destruction of a curve of equilibrium points that
rises for specific parameter conditions, making two three-dimensional
ullclines coincide. This phenomenon of loss of stability inside a line

of equilibria by means of a real eigenvalue changing sign was already
described by Fiedler, Liebscher, and Alexander in [32, Theorems 1.1
and 1.2] and by Fiedler and Liebscher in [33]. In these works a 1

local conjugacy to a suitable normal was provided. The counterpart
case, where this loss of stability follows from a generic Hopf bifurcation,
was also treated by the same authors in [32] and related papers. Other
imilar global bifurcations have been described in lower dimensions by

Fontich and colleagues [28]. For an interesting example of the use of
topological techniques, based on Conley Index Theory, to investigate
invariant structures and global connections among equilibria, we refer
he reader to [34].

Our investigation focuses on the dynamics in a neighborhood of
these parameter conditions, in which nearby orbits passing close to
a remnant of the (non-existing) quasi-neutral curve remain for a long
time close to it, experiencing a kind of ghost effect that largely delays
the orbits. Ghosts and bottlenecks causing a slowing down of dynamics
have been widely studied for local bifurcations [35–38]. More recently,
this concept has been generalized by the so-called ghost channels and
ghost cycles. The implications of these ghost structures have been
iscussed in the context of stability and stochastic dynamics [39].

The manuscript is organized as follows. In Section 2 we introduce
the mathematical model describing the dynamics of complementation
and competition of a tripartite system composed of a wt virus pro-
ducing DIPs under the presence of a satRNA. Section 3 contains the
nvestigation of the dynamics’ domain, nullclines, and invariant sets.

Here, the equilibrium points and some global aspects of the dynamics
are inspected. Then, we focus on the geometry and the dynamics
tied to the quasi-neutral curve of equilibria. We also analyze a global
bifurcation involving the disappearance of this quasi-neutral curve, and
we describe a new mechanism of slowing down tied to the remnant
of this curve (a kind of ghost channel). This slowing down is shown
to be governed by scaling laws with exponent −1 with respect to a
close distance between the bifurcation parameter before and after the
bifurcation value. Some conclusions about the possible roles of these
dynamics in early viral infections are finally outlined in Section 4. In
order to ease the reading, the proofs of all the relevant results presented
in all sections are provided in Appendices A and B. In some cases, if the
proof is straightforward, it has been omitted.

2. Mathematical model

Let us define 𝑥 = (𝑉 , 𝑆 , 𝐷) as the vector of state variables containing
the population densities of the three RNA species: the HV (𝑉 ), the
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Fig. 1. (a) Schematic diagram of the main interactions modeled for the tripartite system wild-type helper virus (HV), its interfering defective particles (DIPs), and a satellite RNA
(satRNA) coinfecting the same cell. The HV RNA genome is translated into the viral RNA-dependent RNA polymerase (RdRp) at a constant rate 𝜅. The RdRp replicates the HV
genomes, which produce DIPs at a rate 𝛼 𝜔, being 𝜔 the fraction of DIPs produced by mutation during replication, and thus 1 − 𝜔 being the fraction of error-free replication. The
RdRp also supports the replication of the DIPs (at a rate 𝛾) and of the satRNAs (at a rate 𝛽). All the viral agents compete for cellular resources such as nucleotides. Panels (b-d)
display phase portraits for three qualitatively different scenarios which depend on the effective replication rate of the HV, 𝛼(1 − 𝜔), and the replication rate of the satRNA 𝛽. The
values of the parameters used to compute numerically the orbits in (b-d) are given by 𝛽 = 0.7, 𝜔 = 0.2, 𝛾 = 0.6, 𝜅 = 0.3, 𝜀 = 0.1 and 𝜀𝑝 = 0.01; with (b) 𝛼 = 0.874999, (c) 𝛼 = 0.875,
and (d) 𝛼 = 0.875001. The quasi-neutral curve 𝛤 is displayed in (c) with a red curve with locally stable (solid line) and unstable (dashed line) branches. The black dots denote
local asymptotically stable equilibrium points. White dots are equilibrium points of saddle type with three-dimensional stable manifolds and an unstable one. Blue orbits belong
to the basin of attraction of the origin 𝑄0; gray orbits to the basin of attraction of the satRNA-extinction equilibrium point 𝑄1, and the red ones to the basin of attraction of
coexistence equilibria 𝑄2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
DVGs (𝐷), and the satRNAs (𝑆). Let us also consider the viral RdRp
(𝑝), encoded by the HV and supporting the replication of the three
RNA species, as another state variable. The within-cell dynamics for
this system [schematized in Fig. 1(a)] can be described by the following
system of autonomous ordinary differential equations:

𝑉̇ = 𝛼 (1 − 𝜔)𝑉 𝑝 𝛺(𝑥) − 𝜀 𝑉 , (1)
𝑆̇ = 𝛽 𝑆 𝑝 𝛺(𝑥) − 𝜀 𝑆 , (2)
𝐷̇ = (𝜔 𝛼 𝑉 + 𝛾 𝐷) 𝑝 𝛺(𝑥) − 𝜀 𝐷 , (3)

𝑝̇ = 𝜅 𝑉
(

1 − 𝑝
𝐶1

)

− 𝜀𝑝 𝑝, (4)

with

𝛺(𝑥) = 1 −
(

𝑉 + 𝑆 +𝐷
)

.

𝐶0

3 
The model considers the processes of RdRp translation, genomes’ repli-
cation, production of DVGs, competition, complementation, and RNA
degradation. Concerning the viral RdRp, its dynamic equation describes
the processes of enzyme production and degradation. Here we as-
sume that the production of the RdRp is limited by finite resources,
e.g., available ribosomes, tRNAs, amino acids, and/or other cellular
cofactors and we model it with the logistic term (1 − 𝑝∕𝐶1), setting
the carrying capacity for the proteins to 𝐶1 = 1 for simplicity. The
other logistic-like term 𝛺(𝑥), also using a normalized carrying capacity
(𝐶0 = 1) to simplify the calculations, introduces intra- and inter-specific
competition between the viral RNAs. Such a competition is assumed
also occur due to cellular finite resources, i.e., nucleotide triphosphates,
ATP, membranes, and other cellular and/or viral cofactors. For sim-
plicity, we focus on the initial replication stages without modeling the
encapsidation and formation of virions.
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The model parameters are given by the replication rates of the
V (𝛼 > 0), the satRNA (𝛽 > 0), and the DIPs (𝛾 > 0). Despite

he replication rates for the DIPs and the satRNA being expected to
e faster than the one of the HV, owing to differences in genome
ength (see Tables 1 − 5 in [10] for genome lengths of satRNAs), we

will provide a general investigation of these parameters. The replica-
tion speed of each of the RNA species will certainly depend on the
length of their genomes, but other factors can also influence these
relative replication rates. These can include the secondary structures
of viral RNAs e.g., stem-loops can act as physical barriers slowing
down the RdRp advance over the RNA template molecule and require
unwinding [40]. Related to this unwinding process, the availability of
elicases can also be of importance in facilitating replication [41], as

well as nucleotide triphosphate availability [42]. Moreover, host pro-
teins such as heteronuclear ribonucleoproteins (hnRNPs) can influence
replication speed, either facilitating or inhibiting replication [43], or
the capability of RNAs to access the replication factories associated
with the endoplasmic reticulum [44]. Moreover, by investigating the
dynamics for arbitrary parameter values within the biological ballpark,
it may be possible to adapt these values for specific viruses, particularly
in relation to the synthesis rates of new genomes. The model also
considers that the HV produces a fraction 𝜔 ∈ (0, 1] of DIPs due to errors
during the process of HV transcription. In addition, we consider that the
RdRp is produced proportionally to the amount of HV in a meaningful
range value at a constant translation rate 𝜅 > 0. As mentioned above,
here we are limiting the production of the RdRp with a logistic function
also considering a normalized carrying capacity. Finally, the three RNA
species are assumed to degrade spontaneously at a constant rate 𝜀 > 0
while RdRp degrades at a rate 𝜀𝑝 > 0 [see Fig. 1(a)].

Generically, the timescales for the initial phases of within-cell infec-
ion dynamics of RNA viruses are on the order of minutes to hours [1].

Hence, the timescales of the dynamics of Eqs. (1)–(4) to be biologically-
meaningful would correspond to minutes (min). That is, the rate con-
stants 𝛼, 𝜖, 𝛽, 𝛾, 𝜅, and 𝜖𝑝 have units of min−1.

As we discuss below, the different dynamics of the modeled dynam-
ical system have a strong dependence on the effective HV replication
given by 𝛼(1 −𝜔), and on the replication rate of the satRNA 𝛽. This fact
is illustrated in Fig. 1(b-d).

3. Results

We first carry out an analytical description of the vector field
unfolded by Eqs. (1)–(4). To do so, we define the biologically mean-
ngful domain of dynamics, the expression for the nullclines and some
nvariant subsets. Then, we present two main results outlining different
onditions for the existence of equilibrium points different from the
rigin.

3.1. Dynamics domain, nullclines and invariant subsets

According to former considerations, the dynamics of our system are
confined to the following set in R4:

 =
{

(𝑉 , 𝑆 , 𝐷 , 𝑝) ∈ R4 |

|

|

𝑉 , 𝐷 , 𝑆 ≥ 0; 0 ≤ 𝑝 ≤ 1 and 𝑉 +𝐷 + 𝑆 ≤ 1
}

. (5)

Indeed,  is positively invariant since the hyperplanes 𝑉 = 0 and 𝑆 = 0
are invariant subsets; when 𝑝 = 0, we have 𝑝̇ > 0 and when 𝑝 = 1, we
ave 𝑝̇ < 0; for 𝐷 = 0, 𝐷̇ > 0 and at 𝛺(𝑥) = 0, 𝑉̇ < 0, 𝐷̇ < 0 and
̇  < 0 in such a way that the flow points inwards the domain from
ll its boundaries. In fact,  consists of the Cartesian product between
3-dimensional tetrahedron spanned by the three RNA populations,
ith finite faces at the intersection of planes 𝑉 = 0, 𝑆 = 0, 𝐷 = 0 and
+𝑆+𝐷 = 1; and the finite and closed real interval [0, 1], which is the

omain of the state variable 𝑝.
The 𝑉 -nullcline has two components given by the invariant set

𝑉 = 0 and the hyperquadric with expression

𝐻 ∶ 𝑝 𝛺(𝑥) = 𝜀
⟺ 𝑝(1 − 𝑉 −𝐷 − 𝑆) = 𝜀 . (6)
1 𝛼(1 − 𝜔) 𝛼(1 − 𝜔)

4 
Nullcline 𝑆̇ = 0 also exhibits two components given by the invariant
et 𝑆 = 0 and the hyperquadric embedded in the 4th-dimensional space

with the following expression:

𝐻2 ∶ 𝑝 𝛺(𝑥) = 𝜀
𝛽
⟺ 𝑝(1 − 𝑉 −𝐷 − 𝑆) = 𝜀

𝛽
. (7)

Dynamics in the invariant hyperplane 𝑆 = 0 do not modify the general
dynamics since the satRNA only depends on the amount of RdRp to
persist excluding competition processes. The nullcline 𝐷̇ = 0 is the
lgebraic surface (𝜔𝛼 𝑉 + 𝛾 𝐷)𝑝𝛺(𝑥) = 𝜀𝐷 and the nullcline 𝑝̇ = 0 is
rovided in the lemma below.

Lemma 1. Let 𝑄∗ = (𝑉 ∗, 𝑆∗, 𝐷∗, 𝑝∗) be any equilibrium point of
system (1)–(4). Then,

𝑝∗ = 𝑝∗(𝑉 ∗) = 1 − 𝜀𝑝
𝜅 𝑉 ∗ + 𝜀𝑝

, (8)

which corresponds to nullcline 𝑝̇ = 0. It satisfies 0 < 𝑝∗ < 1 and, moreover,
𝑝∗ = 0 if and only if 𝑉 ∗ = 0.

Nullclines (6)–(7) are parallel hypersurfaces that only intersect
when they coincide for 𝛼(1 − 𝜔) = 𝛽. In order for both of them to
intersect  , conditions 𝜀 ≤ 𝛼(1 − 𝜔) and 𝜀 ≤ 𝛽 must be fulfilled,
which are reasonable restrictions since degradation rates are assumed
to be much lower than the effective replication rates2 for viral particles.
Previous quantitative research on single-stranded positive-sense RNA
iruses has shown that genome replication rates are approximately one

or two orders of magnitude higher than their degradation rates [45].
When both 𝐻1 and 𝐻2 intersect  , and given their parallelism, the 4-
dimensional space is divided into three different disjoint sets. Assuming
𝜀 ≠ 0, the intersection of 𝐻1 and 𝐻2 with 𝑝 = 0 and 1 = 𝑉 + 𝐷 + 𝑆 is
empty and only the intersection with 𝑉 = 0, 𝑆 = 0, 𝐷 = 0, and 𝑝 = 1 is
nonempty.

The subsets 𝑉 = 0 and 𝑆 = 0 are invariant.
Indeed, without HV, the dynamics of the RdRp only exhibit expo-

nential decay, and thus, the DIPs and the satRNAs go to extinction.
On the other hand, the dynamics within 𝑆 = 0 are governed by the
xistence of 𝑉 -𝐷-𝑝 coexistence equilibrium points. The invariability

of 𝑆 = 0 makes the dynamics in the absence of satRNA completely
independent of those dynamics with the four variables. This behavior
is biologically expected since satRNAs are parasites of the HV3 and,
therefore, removing them just results in fewer viral agents taking profit
of the host cell resources (less competition) and the RdRp synthesized
by the HV.

3.2. Equilibrium points and non-existence of periodic orbits

This section is devoted to describing the invariant sets for Eqs. (1)–
4). Specifically, it deals with the existence of equilibrium points and

periodic orbits. The first result rules out the existence of periodic orbits
nd, consequently, the existence of limit cycles.

Proposition 1 (Non-Existence of Periodic Orbits). There are no 𝑇 -periodic
solutions of the system (1)–(4) for any 𝑇 > 0 with initial conditions in  .

An analysis of the equilibrium points of the system (1)–(4) gives
rise to the following results. First, two different conditions are given,
nsuring that the equilibrium point is the origin, the full extinction of
he populations.

Lemma 2. Let 𝑄∗ = (𝑉 ∗, 𝑆∗, 𝐷∗, 𝑝∗) be an equilibrium point of the
system (1)–(4) and 𝑉 ∗ = 0. Then, necessarily, 𝑄∗ is 𝑄0 = (0, 0, 0, 0).

2 By effective replication rate we mean the net replication rate of the HV,
iven by 𝛼(1 − 𝜔), resulting in the production of new HV RNAs.

3 satRNAs are molecular hyperparasites of the HV, which is also a parasite.
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Lemma 3. Let 𝑄∗ = (𝑉 ∗, 𝑆∗, 𝐷∗, 𝑝∗) be an equilibrium point of the
system (1)–(4) and 𝛼(1 − 𝜔) = 𝛾. Then, necessarily, 𝑄∗ is the origin
𝑄0 = (0, 0, 0, 0).

Hence, by Lemma 3, when the HV 𝑉 and its DIPs 𝐷 replicate at
exactly the same effective rate, the only possible equilibrium point is
the origin. The local stability for the origin is provided in the following
result for all values of the parameters.

Lemma 4. The origin 𝑄0 is always locally asymptotically stable for any
arameter values.

Let 𝑄∗ = (𝑉 ∗, 𝑆∗, 𝐷∗, 𝑝∗) be an equilibrium point of system (1)–
(4). Let us assume now that 𝑉 ∗ ≠ 0 and seek other equilibrium points
different from the origin. In particular, from the equation 𝑆̇ = 0 and
ssuming 𝛽 ≠ 0 one has

𝑆∗𝛽
(

𝑝𝛺(𝑥) − 𝜀
𝛽

)

= 0, (9)

giving rise to two different cases: equilibrium points such that 𝑆∗ = 0,
denoted by 𝑄1 (satRNA extinction equilibrium points); and equilibrium
points such that 𝑆∗ ≠ 0, denoted by 𝑄2 (coexistence equilibrium
points). Propositions below identify the different parameter condi-
tions that must hold for 𝑄1-equilibrium points (Proposition 2) and

2-equilibrium points (Proposition 3) to exist.

Proposition 2 (SatRNA Extinction Equilibrium Points). Let us denote by
𝑄1 = (𝑉1, 0, 𝐷1, 𝑝1) a satellite-free equilibrium point of the system (1)–(4)
i.e., with 𝑆1 = 0). Then, a necessary condition for 𝑄1 to exist is that

𝛼(1 − 𝜔) > max{𝛾 , 𝜀}. (10)

Let assume that condition (10) holds and let us define the quadratic
olynomial 𝑞(𝑉 ) = 𝑇2𝑉 2 + 𝑇1𝑉 + 𝑇0, with coefficients

𝑇2 =
𝜀𝜅(𝛼 − 𝛾)

𝛼(1 − 𝜔) − 𝛾
, 𝑇1 = −𝜅 𝜀

(

1 − 𝜀
𝛼(1 − 𝜔)

)

, 𝑇0 =
𝜀𝑝𝜀2

𝛼(1 − 𝜔)
,

and discriminant 𝛥 = 𝑇 2
1 − 4𝑇0𝑇2. Then, provided that 𝑉1 + 𝐷1 ≤ 1 and

≤ 𝑝1 ≤ 1, there are at most two points 𝑄1 = (𝑉1, 0, 𝐷1, 𝑝1) ∈  , given by
𝑞(𝑉1) = 0, 𝑝1(𝑉1) = 1 − 𝜀𝑝

𝜅 𝑉1 + 𝜀𝑝
, 𝐷1(𝑉1) = 𝛼 𝜔

𝛼(1 − 𝜔) − 𝛾
𝑉1 (11)

which are equilibrium points of the system (1)–(4). These two points coincide
hen 𝛥 vanishes.

Remark 1. From a biological point of view, condition (10) corresponds
to the fact that the effective growth rate of the HV is larger than its own
egradation and the intrinsic growth rate of the DIPs.

Proposition 3 (Coexistence Equilibrium Points). Let 𝑄2 = (𝑉2, 𝑆2, 𝐷2, 𝑝2)
be an equilibrium point of the system (1)–(4) with 𝑆2 ≠ 0. From Lemma 2
we know that 𝑉2 ≠ 0. Then, necessarily, we must have
𝛼(1 − 𝜔) = 𝛽 and 𝛽 > 𝛾 . (12)

Let us assume that conditions (12) hold. Thus, 𝑄2 = (𝑉2, 𝑆2, 𝐷2, 𝑝2) is a
coexistence equilibrium point if it satisfies that
𝑝2 = 𝑝2(𝑉2) = 1 − 𝜀𝑝

𝜅 𝑉2 + 𝜀𝑝
, 𝐷2 =

𝛽 𝜔
(𝛽 − 𝛾)(1 − 𝜔)

𝑉2, (13)

and (𝑉2, 𝑆2) belongs to the piece of the conic
𝑞2(𝑉2, 𝑆2) = −𝜅

(

1 + 𝛼 𝜔
𝛽 − 𝛾

)

𝑉 2
2 + 𝜅

(

1 − 𝑆2 −
𝜀
𝛽

)

𝑉2 −
𝜀𝜀𝑝
𝛽

= 0 (14)

that falls in ̊ .

The polynomial 𝑞(𝑉 ) in Proposition 2 is a multiple of the polynomial
𝑞 (𝑉 , 0) given by (14), as expected, if we take into account that 𝛼(1 −
2 2

5 
𝜔) = 𝛽 in 𝑞2(𝑉2, 𝑆2). Precisely 𝑞(𝑉 ) = −𝜀𝑞2(𝑉2, 0). Furthermore, if 𝑆2
atisfies that

2𝜅
(

1 + 𝛼 𝜔
𝛽 − 𝛾

)

𝑉2 ≠ 𝜅
(

1 − 𝑆2 −
𝜀
𝛽

)

, (15)

then we have that 𝑉2 = 𝑓 (𝑆2) verifies 𝑞2(𝑓 (𝑆2), 𝑆2) = 0 where

𝑓 (𝑆2) =
−𝜅

(

1 − 𝑆2 −
𝜀
𝛽

)

±
√

𝜅2
(

1 − 𝑆2 −
𝜀
𝛽

)2
− 4𝜅

(

1 + 𝛼 𝜔
𝛽−𝛾

) 𝜀𝜀𝑝
𝛽

−2𝜅
(

1 + 𝛼 𝜔
𝛽−𝛾

) .

(16)

This explicit expression has been employed throughout this work in the
numerical computation of the 𝑄2-equilibrium points.

Notice that conditions in (12) can be biologically interpreted as: (𝑎)
(1 − 𝜔) > 𝛾, the HV’s effective growth rate is larger than the DIPs’
ntrinsic replication rate, (𝑏) 𝛽 > 𝛾, that is, both the HV and the satRNAs
ust replicate at a higher effective rate than the DIPs.

The existence of equilibrium points 𝑄1 and 𝑄2 is then a consequence
f the balance between the effective replication rate of the HV (𝛼(1 −𝜔)),
he intrinsic replication rates of both the satRNA (𝛽) and the DIPs (𝛾),
nd the degradation rates of the viral populations (𝜀). The satRNA ex-
inction equilibrium 𝑄1 requires that HV replicates faster than the DIPs
nd faster than its own degradation. On the other hand, coexistence
quilibria are possible only provided that the HV and satRNAs replicate
t exactly the same pace and faster than DIPs.

3.3. Geometry and dynamics of the coexistence quasi-neutral curve

Let us denote by 𝛤 the curve of equilibrium points 𝑄2 provided by
Proposition 3. If nothing is explicitly said, we will reduce the study of
such 𝛤 to its projection on the space (𝑉 , 𝑆 , 𝐷). Moreover, along this
section, conditions (12) and 𝑉 ≠ 0 will always be assumed and, for
the sake of simplicity, we will refer to the flow induced by the system
(1)–(4) simply as the flow.

From its definition, it is clear that 𝛤 is a piece of a hyperbola in 
contained in the plane

𝛱𝐷 𝑉 ∶ 𝐷 =
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝑉 (17)

(see Fig. 3(a) for a geometrical representation). The following two
ropositions prove the invariance property for two specific subsets
ithin  , which is a crucial constraint for the dynamics of this case and
hich do not hold in the general parameter situation. Precisely, they

how that the plane 𝛱𝐷 𝑉 and any plane with expression 𝑆∕𝑉 = 𝐶,
here 𝐶 ∈ R+ is a constant value, are invariant by the dynamics
f system (1)–(4). Consequently, the intersection of both planes is a

straight line corresponding to an orbit of the system when it is projected
on the (𝑉 , 𝑆 , 𝐷)-space. The following propositions hold in the case
𝛼(1 − 𝜔) = 𝛽:

Proposition 4. The plane 𝛱𝐷 𝑉 is invariant by the flow.

Proposition 5. The function 𝑆∕𝑉 is a first integral of system (1)–(4),
hat is,
𝑆(𝑡)
𝑉 (𝑡)

=
𝑆(0)
𝑉 (0)

∀𝑡 ≥ 0.

The existence of the first integral 𝑆∕𝑉 , together with the invariance
of 𝛱𝐷 𝑉 , provides information on the geometry of the orbits when
𝛼(1 − 𝜔) = 𝛽. Indeed, in the (𝑉 , 𝑆 , 𝐷)-space, any straight line 𝜎 that is
the intersection of the two planes 𝑆∕𝑉 = 𝑐 and 𝛱𝑉 𝐷 is also invariant by
the flow: given any initial condition on 𝜎, the corresponding orbit stays
in 𝜎 for 𝑡 ∈ R and, actually, 𝜎 itself is an orbit of the system. Since 𝛤 is
a branch of a hyperbola contained in 𝛱𝐷 𝑉 , any line 𝜎 must intersect it
in two points, one point, or none. Let us assume that it does so in two
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Fig. 2. Projection of the solutions of Eqs. (1)–(4) onto the plane (𝑉 , 𝑆) for 𝛼(1 −𝜔) = 𝛽.
The arrows indicate the direction of the orbits in positive time.

points {𝑄𝑟
2, 𝑄𝑎

2}
4 that, recall, are equilibrium points. Then 𝜎 is the orbit

of system (1)–(4) connecting these two points (in infinite time) with a
heteroclinic connection. Thus, one of the equilibrium points, say 𝑄𝑟

2,
must have a 1-dimensional unstable invariant curve that coincides with
𝜎 and the other one, 𝑄𝑎

2, must have a 1-dimensional stable invariant
curve that matches 𝜎. Notice that, in particular, these point-to-point
in 𝛤 heteroclinic connections fall within the more general homoclinic
invariant manifold of the curve 𝛤 to itself.

Consequently, the curve 𝛤 splits into a stable branch 𝛤𝑎 [red solid
curve in Fig. 3(b)] and an unstable branch 𝛤𝑟 [red dashed curve in
Fig. 3(b)], both joined by orbits (in gray) whose projection on the
(𝑉 , 𝑆 , 𝐷)-space are straight lines. The point 𝑄∗

2 ∈ 𝛤 separating these
two branches [dark-green dot in Fig. 3(b)] belongs to the straight line 𝜎
in 𝑆∕𝑉 = 𝑐∗, contained in 𝛱𝐷 𝑉 , which is tangent to 𝛤 . The projection of
such orbits on the plane (𝑉 , 𝑆) is displayed in Fig. 2. The local stability
of the equilibrium points 𝑄2 ∈ 𝛤 is determined by the eigenvalues of
the differential matrix of system (1)–(4) when evaluated at 𝑄2. In its
general form, it is given by:

𝐷 𝐹 (𝑄2) =
⎛

⎜

⎜

⎜

⎜

⎝

−𝛽 𝑉2𝑝2 −𝛽 𝑉2𝑝2 −𝛽 𝑉2𝑝2 𝜀𝑉2∕𝑝2
−𝛽 𝑆2𝑝2 −𝛽 𝑆2𝑝2 −𝛽 𝑆2𝑝2 𝜀𝑆2∕𝑝2

𝐴1 𝐴2 𝐴3 𝐴4
𝜅(1 − 𝑝2) 0 0 −𝜅 𝑉2 − 𝜀𝑝

⎞

⎟

⎟

⎟

⎟

⎠

, (18)

where

𝐴1 =
𝜀(𝛼 − 𝛽)

𝛽
− 𝑝2(𝑉2(𝛼 − 𝛽) + 𝛾 𝐷2),

𝐴2 = −𝑝2(𝑉2(𝛼 − 𝛽) + 𝛾 𝐷2),

𝐴3 =
𝜀𝛾
𝛽

− 𝑝2(𝑉2(𝛼 − 𝛽) + 𝛾 𝐷2) − 𝜀,

𝐴4 =
𝜀

𝑝2𝛽
(𝑉2(𝛼 − 𝛽) + 𝛾 𝐷2).

Recall that the values of 𝑉2, 𝐷2, 𝑝2 of 𝑄2 ∈ 𝛤 are given, respectively, by
the roots of (14) and expressions in (13), for 𝑆2 ∈ (0, 1). For any 𝑄2,
the corresponding Jacobian matrix (18) has a zero eigenvalue (a neutral

4 Superscripts 𝑟 and 𝑎 stand for, respectively, repeller and attractor.
6 
direction) which corresponds to the tangent direction to 𝛤 contained in
𝛱𝐷 𝑉 . The stable [𝛤𝑎, continuous red curve in Fig. 3(b)] and unstable
[𝛤𝑟, dashed red curve in Fig. 3(b)] branches constituting 𝛤 join at the
point 𝑄∗

2 ∈ {𝑆∕𝑉 = 𝑐∗} ∩ 𝛱𝐷 𝑉 . The value of 𝑐∗ can be analytically
computed and is given by

𝑐∗ =
𝜅 𝛽
4𝜀𝜀𝑝

(

1 − 𝜀
𝛽

)2
− 1 − 𝛼 𝜔

𝛽 − 𝛾
, (19)

and its corresponding 𝑉2 and 𝑆2 coordinates are:

𝑉 ∗
2 =

2𝜀𝜀𝑝
𝜅(𝛽 − 𝜀)

, 𝑆∗
2 =

2𝜀𝜀𝑝
𝜅(𝛽 − 𝜀)

(

𝜅 𝛽
4𝜀𝜀𝑝

(

1 − 𝜀
𝛽

)2
− 1 − 𝛼 𝜔

𝛽 − 𝛾

)

. (20)

In addition to this common zero eigenvalue (associated to 𝛤 ), the differ-
ential matrix 𝐷 𝐹 (𝑄2) for 𝑄2 ∈ 𝛤𝑎 has three real negative eigenvalues
[two in (𝑉 , 𝑆 , 𝐷)], and so it is of attracting type. On the other hand,
any point 𝑄2 ∈ 𝛤𝑟 has three real eigenvalues, two negative and one
positive. So, it is of saddle type, with a 1-dimensional unstable invariant
curve. Regarding the junction point 𝑄∗

2, its differential matrix has an
extra zero eigenvalue. In some sense this fact can be seen as a kind
of transcritical bifurcation inside 𝛤 : one of the real eigenvalues of the
equilibrium points filling 𝛤𝑟 changes its sign when it crosses 𝑄∗

2, moving
along 𝛤 in the direction of 𝛤𝑎. The location of the point 𝑄∗

2 in 𝛤
depends on the rest of the parameters of the system. This is shown
in Fig. 4(a), which displays the coordinates of equilibrium points 𝑄2
in 𝛤 as a function of 𝑆∗. All these eigenvalues have been numerically
computed during the simulations.

This particular type of invariant curves (like 𝛤 ), formed by equilib-
rium points, has been usually referred in the literature as quasi-neutral
curves [22–30].

3.4. Global bifurcation associated with the breakdown of 𝛤

As seen in Section 3.2, three different kinds of equilibrium points
may exist depending on the parameter values: the origin 𝑄0 as a
coextinction state, the satellite-free state 𝑄1, and the coexistence of the
three viral populations and the RdRp, 𝑄2. The latter, which exists only
under specific conditions, leads to the following definition.

Definition 1. The critical replication rate of HV, denoted by 𝛼∗, is the
value of 𝛼 satisfying

𝛼∗(1 − 𝜔) = 𝛽 . (21)

Thus, if 𝛼 is taken as a bifurcation parameter, we denote by

𝜇 = 𝛼 − 𝛼∗ (22)

the distance to this critical value. It satisfies 𝜇 > 0 for 𝛼 > 𝛼∗ and 𝜇 < 0
for 𝛼 < 𝛼∗.

The critical rate 𝛼∗ corresponds to the precise value 𝛼 (provided
𝛽 > 𝛾 also holds) at which the curve 𝛤 of coexistence equilibrium points
𝑄2 exists, already analyzed in Section 3.3. From a biological viewpoint,
this case implies the equality between the effective replication rate of
HV and the satRNA’s replication rate.

The aim of this section is to study this global bifurcation - that we
have named quasi-neutral nullcline confluence (QNC) bifurcation - that
system (1)–(4) undergoes at 𝜇 = 0 (for 𝛽 > 𝛾). As far as we know,
this type of bifurcation has not been previously described. This change
in the dynamics is linked to an abrupt transition from a monostability
to a bistability global scenario. The relevance of this case is that
such bifurcation shows up through the exceptional appearance and
breakdown of the quasi-neutral curve of coexistence equilibria 𝛤 . Even
more, the locally attractive property of this curve for 𝜇 = 0 will make,
for values of 𝜇 ∼ 0, that nearby orbits (a remarkable domain in the
(𝑉 , 𝑆 , 𝐷)-space) will be confined in a kind of bottleneck around the
location where 𝛤 was in the phase space for 𝜇 = 0. This confinement
will result in a slowing down of the dynamics of these orbits and in the
emergence of extremely long transients.
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Fig. 3. (a) Projection of the quasi-neutral curve 𝛤 (red) onto the space (𝑉 , 𝑆 , 𝐷). 𝛤 is contained in the invariant plane 𝛱𝐷 𝑉 (blue surface) and embedded into the projection
of  onto (𝑉 , 𝑆 , 𝐷) (gray tetrahedron). (b) Schematic projection in the space (𝑉 , 𝑆 , 𝐷) of the heteroclinic connections among 𝑄2-points in 𝛤 . Notice that, in particular, these
onnections belong to the homoclinic invariant manifold of the curve 𝛤 itself. The heteroclinic connections (straight lines) go in infinite time from the unstable equilibrium points
n 𝛤𝑟 (dashed red curve) to the locally attracting equilibrium points of the piece of curve 𝛤𝑎 (in solid red color). The dark-green point in 𝛤 separates both branches, being tangent

to the plane 𝑆∕𝑉 = 𝑐∗ and having two zero eigenvalues in its Jacobian matrix. The equilibrium points 𝑄1
1 and 𝑄2

1 (in light blue color) represent the intersection of 𝛤 with the
invariant plane {𝑆 = 0}. The values of the parameters used to compute numerically 𝛤 in (a) and (b) are given by 𝛼 = 0.875, 𝛽 = 0.7, 𝜔 = 0.2, 𝛾 = 0.6, 𝜅 = 0.3, 𝜀 = 0.1 and 𝜀𝑝 = 0.01.
For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Coordinates of equilibrium points 𝑄2 filling 𝛤 (upper panels) and the corresponding eigenvalues of their differential matrix (lower panels). The parameter values used
satisfy conditions in (12) and are given by 𝛼 = 0.875, 𝛽 = 0.7, 𝜔 = 0.2, 𝛾 = 0.6, 𝜅 = 0.3, 𝜀 = 0.1 and 𝜀𝑝 = 0.01. Panels (a) and (b) are related, respectively, to the two possible
xpressions for 𝑉2 given by (16). The point (𝑆∗

2 , 𝑉 ∗
2 ), marked with a cross, is given by expression (20) and corresponds to the (𝑉 , 𝑆)-coordinates of 𝑄∗

2 .
In detail, this bifurcation takes place when the nullclines given by
he parallel hypersurfaces

𝐻1 ∶ 𝑝𝛺(𝑥) = 𝜀
𝛼(1 − 𝜔)

and 𝐻2 ∶ 𝑝𝛺(𝑥) = 𝜀
𝛽
,

coincide at 𝜇 = 0 and give rise to the curve of equilibria 𝛤 , which
only exists in such a case. To determine the role of the QNC bifurcation
7 
in organizing the dynamics, we study them in a neighborhood 𝜇 = 0.
First, we focus on the possible 𝜔-limit sets of the orbits in ̊ for
𝜇 < 0 and 𝜇 > 0. Numerical evidence discards chaotic behavior of
the system, and since Proposition 1 states the non-existence of periodic
orbits, we assume hereafter that the 𝜔-limit scenarios must be either
an equilibrium point of satellite extinction 𝑄1 ∈ {𝑆 = 0} or the
origin 𝑄 itself (total extinction). The numerical integrations to obtain
0
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the solutions of the ODEs have been performed using a Runge–Kutta-
Fehlberg-Simó method5 of order 7–8 with automatic step size control
and local relative tolerance 10−15.

The two leading parameters conducting this study are the replica-
ion rate of the HV (𝛼) and that of the satRNA (𝛽) since they establish
he progeny production pace and thereby determine the persistence of
he infection. On the other hand, DIPs are a byproduct of the HV dy-
amics, and the RdRp (𝑝) plays a role subjugated to the HV. Therefore,
or this reason, whenever numerical simulations are performed, 𝛼 and

will vary while the rest of the parameters are assumed to take the
ollowing values:

𝜅 = 0.3, 𝜔 = 0.2, 𝛾 = 0.6, 𝜀 = 0.1, 𝜀𝑝 = 0.01. (23)

These values are chosen to illustrate various infection dynamics by time
series and provide visual information on transients. That is, we use
small RNA degradation rates for the 𝑉 , 𝑆, and 𝐷 genomes compared
to the (higher) amplification rate of these genomes to ensure initial
progress of the infection. In addition, we also assume a low rate of the
RdRp degradation to ensure replication progress.

The term 𝑝 𝛺(𝑥) indeed plays a central role in the dynamics, acting
as an effective logistic-like function, encompassing available resources
for both RNA species and the amount of the RdRp enzyme. Below, we
state its value on the feasible equilibrium points.

Lemma 5. The function 𝑝 𝛺(𝑥) vanishes at the origin, i.e., 𝑝 𝛺(𝑥)||
|𝑄0

= 0.

Lemma 6. For any satRNA-extinction equilibrium point 𝑄1, we have

𝑝 𝛺(𝑥)||
|𝑄1

= 𝜀
𝛼(1 − 𝜔)

.

3.4.1. Dynamics for 𝜇 < 0
Let us consider the situation previous to the QNC-bifurcation (con-

idering increasing values of 𝛼 > 0), that is, for 𝜇 = 𝛼 − 𝛼∗ < 0 small.
emmas 5 and 6 provide insights on the possible 𝜔-limit sets in this

regime by studying the term 𝑝 𝛺(𝑥). Recall that the system does not
admit periodic solutions, and numerics do not show other situations
like chaotic or quasiperiodic behavior. Precisely, we have:

Proposition 6. Let 𝜑(𝑡, 𝑦0) be the solution of (1)–(4) with initial condition
(0, 𝑦0) = 𝑦0 ∈ ̊ . Then, its 𝜔-limit 𝜔(𝜑) satisfies that

𝜔(𝜑) = lim
𝑡→+∞

𝜑(𝑡, 𝑦0) = 𝑄0, (24)

where 𝑄0 = (0, 0, 0, 0).

Remark 2. This statement also holds for orbits with initial conditions
on {𝑉 + 𝑆 +𝐷 = 1}, 𝐷 ∈ {0, 1} and 𝑝 ∈ {0, 1}.

The studied system exhibits then monostability provided 𝑦0 ∉ {𝑆 =
0}. From 𝜇 < 0 it easily follows that
𝜀
𝛽
< 𝜀

𝛼(1 − 𝜔)
.

Taking this fact into account, Proposition 6, and Lemma 5, we get that,
for any orbit 𝜑 with initial condition 𝑦0 ∈ ̊ , there exists a minimal
ime value 0 ≤ 𝜏1 < +∞ such that

𝑝 𝛺(𝑥)||
|𝑥=𝜑(𝑡,𝑦0)

< 𝜀
𝛽
, ∀𝑡 > 𝜏1, (25)

This 𝜏1 depends on the initial condition 𝑦0. Define now, for 𝜑(𝑡, 𝑦0) =
(𝑥(𝑡), 𝑝(𝑡)), the following set:

𝐷𝜑,𝑦0 =
{

0 ≤ 𝑡 < 𝜏1 |

|

|

𝑝(𝑡)𝛺(𝑥(𝑡)) = 𝜀
𝛽

or 𝑝(𝑡)𝛺(𝑥(𝑡)) = 𝜀
𝛼(1 − 𝜔)

}

.

(26)

5 with an improvement by Prof. Lluís Alsedà.
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This set contains all the time instants at which the orbit 𝜑(𝑡, 𝑦0) inter-
ects either the nullcline 𝐻1 or 𝐻2. In the case that 𝐷𝜑,𝑦0 is non-empty,
e define 𝜏0 > 0 as

𝜏0 = sup(𝐷𝜑,𝑦0 ). (27)

Essentially, [𝜏0, 𝜏1] is the last time interval in which 𝜑(𝑡, 𝑦0) is contained
among both nullclines. These definitions provide insights on the behav-
ior of 𝑆(𝑡) before reaching its 𝜔-limit. We cannot provide any analytic
expression (in the case it would exist) for the dependence of (𝜏0, 𝜏1)
in terms of the initial conditions of the orbit. Their computation is
always achieved by numerically integrating the orbits and controlling
the nullclines crossing. In any case, the following result holds:

Lemma 7. Let us assume that for an orbit 𝜑(𝑡, 𝑦0) = (𝑉 (𝑡), 𝑆(𝑡), 𝐷(𝑡), 𝑝(𝑡))
ith 𝑦0 ∈ ̊ , the values 𝜏0 and 𝜏1 > 0 exist. Then 𝑆(𝑡) has a local maximum
t 𝑡 = 𝜏1 and it is monotonously decreasing for all 𝑡 > 𝜏1.

Notice that, from the equation satisfied by 𝑆̇, 𝑆(𝑡) grows in all the
ime intervals in which 𝑝 𝛺(𝑥) falls between 𝜀

𝛽 and 𝜀
𝛼(1−𝜔) , and not only

in the interval (𝜏0, 𝜏1). Moreover, for those orbits 𝜑(𝑡, 𝑦0) with initial
condition 𝑦0 = (𝑉0, 𝑆0, 𝐷0, 𝑝0) for which we can define 𝜏0 (i.e., those
with non-empty 𝐷𝜑,𝑦0 ), a lower bound for the length of the interval
(𝜏0, 𝜏1) can be proved.

Proposition 7 (𝑝 𝛺(𝑥) Scaling-Law for 𝜇 < 0). Let 𝜇 < 0 and 𝜑 defined
s above with initial conditions satisfying 𝑆(0), 𝑉 (0) ≠ 0 and 𝐷𝜑,𝑦0 non-

empty. Then, there exists a constant 𝐾̃, which depends on the parameters
of the system but independent of 𝜇, such that

𝜏1 − 𝜏0 >
𝐾̃ 𝛼
𝜀

1
|𝜇|

, (28)

where 𝐾̃ is given by

𝐾̃ ∶= max
{

log
(

𝑉0
𝑉1

)

, log
(

𝑆1
𝑆0

)}

, (29)

with 𝑉0 = 𝑉 (𝜏0), 𝑉1 = 𝑉 (𝜏1), 𝑆0 = 𝑆(𝜏0) and 𝑆1 = 𝑆(𝜏1).

Remark 3. In other words, 𝑝 𝛺(𝑥) remains inside
(

𝜀
𝛽 ,

𝜀
𝛼(1−𝜔)

)

for all
𝑡 ∈ (𝜏0, 𝜏1), where

𝜏1 − 𝜏0 ∼ 𝑂
(

1
|𝜇|

)

, (30)

provided that 𝐾̃ is, at least, 𝑂(𝜀).
Since the coordinate hypersurfaces {𝑆 = 0} and {𝑉 = 0} are

nvariant by the flow, the solution 𝜑(𝑡, 𝑦0) can never reach them when-
ver its initial condition falls in ̊ . The scaling law for 𝑝𝛺(𝑥) stated
n Proposition 7 can be numerically observed for all four variables,
(𝑡), 𝑆(𝑡), 𝐷(𝑡), and 𝑝(𝑡). Indeed, for small values of 𝜇, long transients
ppear when orbits 𝜑 evolve close to where 𝛤 will be located in the
ase 𝜇 = 0, when the QNC bifurcation occurs. They behave as if retained
y a kind of bottleneck or ghost curve during long time intervals. The
istance of 𝜑 to this ghost curve is represented by the red curve in

Fig. 6(a) and their dynamics are illustrated in Fig. 6. Long transients
in these temporal series must be compared with those in Fig. 5(a),

here the time spent to reach a neighborhood of the equilibrium 𝑄0
is five orders of magnitude smaller since the system is far from the
bifurcartion.

Fig. 6(a) also shows different transients experiencing these delays.
Three different orbits with different initial conditions (green colors) are
represented, also displayed in the (𝑉 , 𝑆) space. Their dynamics here
are characterized by a fast approach towards the bottleneck followed
by a very slow passage throughout it. Numerical results have revealed
that for values of |𝜇| → 0, the time needed to reach a fixed neigh-
borhood of 𝑄0 behaves like 𝑡 ∼ |𝜇|−1. This scaling law is definitely
determined by the proximity between the two nullclines 𝐻1 and 𝐻2
when 𝜇 < 0 is small. Additionally, some examples of the monostable
scenario provided in Proposition 6 are shown in Figs. 1(b) and 6(b).
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Fig. 5. Numerically computed time series for (a) 𝛼 = 0.375 < 𝛼∗ (𝜇 < 0) and (b) 𝛼 = 0.99 > 𝛼∗ (𝜇 > 0), both with 𝛽 = 0.7 and the rest of the parameters as given in (23), thus with
𝛼∗ = 0.875. Both cases correspond to a region of the space of parameters (|𝜇| > 0.1) far from the global bifurcation value at 𝜇 = 0. Each panel has been obtained with different
initial conditions. Panels in (a) correspond to monostability; panels in (b) display the bistability scenario, where both the origin and the satRNA-extinction equilibrium point 𝑄1
are locally asymptotically stable. Notice that, far from the bifurcation, transient times are short (cf. Figs. 6–8 with transients close to the bifurcation threshold).
Fig. 6. (a) Long transients around the remnant of the curve 𝛤 close to the QNC bifurcation with 𝜇 = −10−5. Here the origin is a global attractor, and the system becomes extinct
for any initial condition with 𝑆0 ≠ 0. The red line shows how the distance from the orbit to the coordinates of 𝛤 changes over time. Each panel displays the time series for a
specific initial condition, identified by a green-colored square in (b). (b) Phase portrait with several orbits shown projected into the plane (𝑆 , 𝑉 ). Here, the black and gray dots
are local attractors and saddle points, respectively. (c) Times needed to reach a neighborhood of the origin numerically computed as a function of the distance to the bifurcation
value 𝜇, which follows the scaling law 𝑡∗ ∼ |𝜇|−1. Here, we use (𝑉0 , 𝑆0 , 𝐷0 , 𝑝0) = (0.5, 0.2, 0, 0). Simulations in (a-c) have been performed using the values of the parameters in (23),
𝛽 = 0.7 and 𝛼 = 0.87499. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 7(a) displays the time series evolution for a given orbit 𝜑 and its
corresponding value 𝑝 𝛺(𝑥).

This time scaling provides analytical and numerical results that
could be related to biological chronic infections in terms of (long)
transient states. Long transients involve non-zero populations for large
periods of time in such a way that coexistence is allowed, although
9 
not being the final stable state. However, we must notice that these
dynamics may be found close to bifurcation thresholds. That is, with
parameter values far from the bifurcation value 𝜇 = 0 the transients
appear to be fast. In the long term, since the intrinsic replication rate
of the satRNA, 𝛽, is larger than the one of the HV, 𝛼, the latter is unable
to survive due to possibly a satRNA population consuming resources at
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Fig. 7. Time evolution of the four variables for two different values of 𝛼 satisfying 𝜇 ≈ 0 along with the time evolution of 𝑝 𝛺(𝑥) (red curve). The values of the parameters used
to perform numerical simulations in (a) and (b) are given by (23) for 𝜅, 𝜔, 𝛾, 𝜀 and 𝜀𝑝; by 𝛽 = 0.7 and by 𝛼 = 0.874999 in (a) and 𝛼 = 0.875001 in (b). Panel (a) displays the
dynamics for 𝜇 < 0 while panel (b) for 𝜇 > 0. Thus, both regimes are within a neighborhood of the region at which the system undergoes a global bifurcation. Long transients are
observed for both the state variables and the function 𝑝 𝛺(𝑥). Initial conditions used in time series in (a) and (b) are given by (𝑉0 , 𝑆0 , 𝐷0 , 𝑝0) = (0.3, 0.3, 0, 0). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
a higher pace and so driving the infection to the complete extinction.
The second panel in Fig. 10(b) reflects this behavior in the basin of
attraction of the origin.

The outcome differs drastically for initial conditions satisfying 𝑆0 =
0. The invariance of this hyperplane allows equilibria state combining
non-all-vanishing HV, DIPs and RdRp. In this regime, when the condi-
tion for the existence of equilibrium 𝑄1 [see Eq. (10)] is fulfilled, there
exist two non-trivial equilibrium points of this type, say 𝑄1

1 and 𝑄2
1.

Their location in {𝑆 = 0} depends on the value of the parameter 𝛼 and
is coincident for a particular value 𝛼∗, denoted by a gray dot in Fig. 9.
For 𝛼 < 𝛼∗ (i.e. 𝜇 < 0) both points are of saddle type: one with three
attracting directions and one repelling, which is the attractor for orbits
with initial conditions in 𝑆 = 0; and the other, the other way round.
The evolution of 𝑄1

1 and 𝑄2
1 for increasing values of 𝛼 < 𝛼∗ is shown

in Fig. 9. The direction of the blue arrows corresponds to growth in
the value of 𝛼. According to the second panel in Fig. 10(b), only large
values of 𝛼 satisfying 𝜇 < 0 allow coexistence of 𝑉 , 𝐷, and 𝑝 inside the
invariant set {𝑆 = 0}.

3.4.2. Dynamics for 𝜇 > 0
In this case, the effective replication rate of 𝑉 , given by 𝛼(1 − 𝜔),

satisfies 𝛼(1 − 𝜔) > 𝛽 and so HV replicates faster than the satRNAs.
Consequently, one of the two equilibria of type 𝑄1 becomes locally
stable, as well as the origin. The system exhibits bistability: total
extinction or a satRNA-extinction steady state [see the phase portraits
of Figs. 1(d) and 8(b) and in the time series of Fig. 8(a)].

For those orbits whose 𝜔-limit is an equilibrium point of type 𝑄1,
the following result holds:

Proposition 8 (𝑄1 as 𝜔-Limit). Consider a solution 𝜑(𝑡, 𝑦0) of system (1)–
(4), with initial conditions 𝑦0 = (𝑉0, 𝑆0, 𝐷0, 𝑝0) and 𝑉0 ≠ 0, whose 𝜔-limit
set is an equilibrium point of type 𝑄1. Then, for any arbitrarily small 𝜉 > 0
there exists a time 𝑇 = 𝑇 (𝜉) such that the associated function 𝑝(𝑡)𝛺(𝑥(𝑡)) is
10 
confined in
(

𝜀
𝛼(1 − 𝜔)

− 𝜉 , 𝜀
𝛼(1 − 𝜔)

+ 𝜉
)

(31)

for 𝑡 > 𝑇 .
So, in that case, the orbit 𝜑(𝑡, 𝑦0) = (𝑥(𝑡), 𝑝(𝑡)) gets trapped for

infinite time in a neighborhood of the nullcline 𝐻1. In other words,
it gets confined inside a bottleneck around the location where the
quasi-neutral curve 𝛤 emerged for 𝜇 = 0.

Further discussion can be done about this bistability scenario using
a numerical example. Consider the values of the parameters in (23) and
𝜇 = 10−5. As already known, three equilibrium points exist belonging
to {𝑆 = 0}: the origin 𝑄0, which is an attracting node, 𝑄1

1 a saddle, and
𝑄2

1 also an attracting node. More precisely, the points 𝑄1
1 and 𝑄2

1 come
from a couple of points 𝑄1 in the case 𝜇 = 0. This couple is depicted
as light blue dots in Fig. 9 and, as end-points of the curve 𝛤 , they
have a local 1-dimensional neutral direction, transversal to {𝑆 = 0}.
Once the quasi-neutral curve 𝛤 is broken, i.e. 𝜇 becomes positive and
small, the stability of these points changes: 𝑄2

1 becomes an attracting
node while 𝑄1

1 a saddle point (see Fig. 9) with a 1-dimensional unsta-
ble invariant manifold 𝑊 𝑢(𝑄1

1) and a 3-dimensional stable invariant
manifold 𝑊 𝑠(𝑄1

1). The latter is a hypersurface embedded in the 4-
dimensional space (𝑉 , 𝑆 , 𝐷 , 𝑝) and, therefore, it splits the whole space
into two disjoint subspaces, acting as a separatrix for the basins of
attraction of both points 𝑄0 and 𝑄2

1. This splitting is also preserved
by projection on the (𝑉 , 𝑆 , 𝐷)-space. While dynamics of orbits 𝜑(𝑡, 𝑦0)
have been observed numerically to be fast for those orbits with 𝜔-limit
the origin, 𝑄0, [third panel in Fig. 8(a)], for those orbits with initial
conditions 𝑦0 in the basin of attraction of 𝑄2

1, their dynamics appear to
be slow for small 𝜇 > 0 and long transients are observed, as displayed
in the first and second panels of Fig. 8(a).

In this scenario, a hypothetical infection with an initial low viral
load of the HV and a large proportion of satRNAs may be driven to
complete extinction, establishing an initial population threshold of the
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Fig. 8. Analogous to Fig. 6 with 𝜇 = 10−5, where the system is bistable. (a) The two upper plots show the satRNA extinction and the distance (red line) of the orbit to 𝛤 coordinates
(recall 𝛤 only exists for 𝜇 = 0), for two initial conditions identified with colored squares in the phase portrait in panel (b). The lower plot in (a) shows the full extinction since
the orbit starts inside the basin of attraction of the origin. (c) The same scaling law for the transients close to the bifurcation threshold is identified here numerically. Simulations
in (a-c) have been performed using the values of the parameters in (23), 𝛽 = 0.7 and 𝛼 = 0.87501. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
Fig. 9. Evolution of the equilibrium points of type 𝑄1 and their local stability in the
phase plane (𝑉 , 𝐷) at increasing 𝛼 (and so of 𝛼(1 −𝜔)) for parameter values in (23) and
𝛽 = 0.7. The blue arrows indicate the direction of increasing values of 𝛼. Light blue
dots correspond to the case 𝜇 = 0, when the system undergoes the global bifurcation.
The gray line denotes the limit of the meaningful domain in the (𝑉 , 𝐷) space. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

HV in order to achieve a persistent infection. Orbits with the origin
as 𝜔-limit [see the bottom panel in Fig. 8(a) and the fourth panel in
Fig. 10(b)] are faster in reaching a vicinity of the equilibrium state
since they are not affected by the ghost of the quasi-neutral curve 𝛤 .
11 
Orbits exhibiting long transients seem to satisfy also a scaling power
law for their time length of type 𝑡 ∼ 𝑂(|𝜇|−1). This law has been found
numerically for orbits within the basin of attraction of 𝑄2

1, see Fig. 8(c).
Furthermore, the result in Proposition 8 has been checked numerically
in this case. See Fig. 7(b), where the term 𝑝 𝛺(𝑥) gets trapped between
the nullclines 𝐻1 and 𝐻2 despite the populations keeping changing over
time.

Finally, a numerical study of the basins of attraction of the different
equilibrium points has been carried out in terms of 𝛾 [see Fig. 10(a)]. A
replication rate of the DIPs (𝛾) larger than that of the satRNA (𝛽) leads
to the total extinction of populations due to DIPs consuming resources
at a higher rate. Since they are dependent on the RdRp produced by
the HV, the exhaustion of resources causes the HV extinction and,
consequently, it halts the production of RdRp, driving the remaining
RNA molecular species to extinction.

4. Discussion

Understanding the interaction among different viral agents replicat-
ing within the same host cell is crucial to determine the fate of viral
infections. A very well-studied case is the replication of a wild-type
(wt) virus (also called helper virus, HV) together with its defective viral
genomes (DVGs) [6]. DVGs are deletion mutants lacking essential viral
genes and are spontaneously synthesized during the regular replication
of the wt virus. Some of them are usually referred to as defective
interfering particles (DIPs) when they interfere in the replication and
virion assembly of the HV. DIPs can reduce the symptoms caused
by the HV [14,15,46], modulate virulence [47] or even worsen such
symptoms [18,48]. Considerable research has been performed on wt
virus-DIPs in the last decades, including experimental [23,49–54],
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Fig. 10. Basins of attraction for different values of the parameters in the plane of initial conditions (𝑆0 , 𝑉0) (assuming HV-satRNA coinfections). The achieved 𝜔-limits for the
initial conditions are shown with different colors: full extinction (orange); HV-DI-RdRp coexistence and satRNA extinction (blue); and full coexistence (gray). (a) Basins of attraction
tuning 𝛾 with 𝛼 = 0.875, 𝜔 = 0.2, 𝜀 = 0.1, 𝜀𝑝 = 0.01, 𝜅 = 0.3 and 𝛽 = 0.7. The value of 𝛾 varies in three different regions: 𝛽 > 𝛾, for which the quasi-neutral curve exists; 𝛽 = 𝛾,
critical value for which the quasi-neutral curve disappears; and 𝛽 < 𝛾, where only the origin and the satRNA extinction equilibrium exist. (b) Basins of attraction for different
values of 𝛼 with for 𝜔 = 0.2, 𝜀 = 0.1, 𝜀𝑝 = 0.01, 𝜅 = 0.3, 𝛽 = 0.7 and 𝛾 = 0.6. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
theoretical [55–59], and both approaches together [23,60,61].
Together with the coexistence of HV-DIPs inside the host cell, other

subviral agents can coinfect or superinfect the host cells, introducing
further complexity and nonlinearity to the dynamics. For instance,
viral satellites or satellite RNAs (satRNAs) [8]. These subviral agents,
which are not genetically related to the wt virus, also kidnap the
products of the HV as DIPs do, i.e., the RdRp and the structural proteins,
competing for the cellular resources. Satellite infections, which are very
common in plant viruses [8,14], can also occur in other organisms [11–
13], including humans. For example, the hepatitis delta virus requires
the presence of the hepatitis B virus for its spread. When coinfection
of these two viruses occurs, the symptoms are much more severe,
accelerating hepatic cirrhosis [18].

While the dynamics of HV-DIPs have been widely investigated over
the last decades [49,54–56,58,59], the impact of virus satellites or satR-
NAs remains less explored. Few works have investigated the dynamics
for these multiple-virus systems. For instance, Ref. [20] investigated a
mass action model for an HV synthesizing DIPs and coinfecting with a
satRNA. In this manuscript we investigate a similar system including
the RdRp, which introduces further nonlinearity into the system. We
have identified three possible regimes as a function of parameters,
mostly depending on the balance between the effective replication rate
of the HV 𝛼(1 −𝜔) and the satRNA’s replication rate 𝛽. Here, 𝛼 and 𝜔 are
the HV replication rate and the rate of DIPs’ production, respectively.
For 𝛼(1 − 𝜔) < 𝛽, the satRNA replicates faster than HV, conducting the
infection to its demise. For 𝛼(1 −𝜔) = 𝛽, there exists a bistable scenario
with full coexistence governed by a quasi-neutral curve of equilibria.
Finally, for 𝛼(1 − 𝜔) > 𝛽, bistability is maintained, driving the system
towards either the satRNA extinction or the full extinction depending
on the initial conditions.

We show that the quasi-neutral curve, which is structurally un-
stable, is involved in a global bifurcation that we have named as
quasi-neutral nullcline confluence (QNC) bifurcation. At the bifurcation
value, two nullcline hypersurfaces coincide, giving rise to the curve
of equilibria. In the neighborhood of this bifurcation, long transients
12 
have been observed, and their duration 𝑡 is shown to follow scaling
laws of the form 𝑡 ∼ |𝜇|−1, with 𝜇 = 𝛼 − 𝛼∗, 𝛼∗ being the bifurcation
value associated to the critical replication rate of the HV. Such a scaling
law has been found numerically and derived analytically. This scaling
exponent coincides with the one obtained in a host-parasite model with
a quasi-neutral curve of equilibria [28]. Close to the bifurcation, the
orbits are strongly conditioned by a ghost quasi-neutral curve, and an
apparent state of persistent HV-DIPs-satRNAs infection arises.

As mentioned, Ref. [20] investigated the dynamics of a similar
model without including the RdRp. This model revealed three different
scenarios depending on parameter values: (𝑖) full extinction; (𝑖𝑖) HV-
DIPs coexistence with satRNA clearance; and (𝑖𝑖𝑖) HV-DIPs-satRNA
coexistence. This system revealed a very narrow region of bistability al-
lowing for scenarios (𝑖𝑖) and (𝑖𝑖𝑖) to coexist. Our results indicate that the
explicit inclusion of the RdRp involves wider bistability scenarios, and
full coexistence only governed by the quasi-neutral curve. Dynamics
governed by quasi-neutral manifolds have been identified in Lotka–
Volterra competition models [29], in strains’ competition models of
disease dynamics [62]. Within the field of theoretical virology, quasi-
neutral lines have been investigated in simple models of asymmetric
RNA replication [22]. More recently, planes of equilibria have been
identified in epidemiological-like models for coronavirus infection in
cell cultures [23].

Our results suggest that HV-DIPs-satRNA coexistence at early stages
of replication could be governed by quasi-neutral manifolds or, more
likely, by transients near the global bifurcation of the quasi-neutral
curve. It is known that virus replication can be spatially structured
within the cell. In this sense, viral replication factories could play a
key role in promoting further coexistence of these viral agents [44].
Future research should focus on the impact of space on these quasi-
neutral manifolds. To the extent of our knowledge, this topic has not
yet been addressed. Also, the impact of noise on these neutral manifolds
and on the identified scaling laws close to the bifurcation threshold
may be worth to exploring within the context of coinfections and
superinfections caused by viral satellites.
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Appendix A. Equilibrium points and general dynamics

A.1. Proof of Lemma 1

Eq. (4) at the equilibrium reads as 𝜅 𝑉 ∗(1 − 𝑝∗) − 𝜀𝑝𝑝∗ = 0. Straight-
way, it leads to expression

𝑝∗ = 𝑝∗(𝑉 ∗) = 1 − 𝜀𝑝
𝜅 𝑉 ∗ + 𝜀𝑝

. (32)

On the one hand, 𝜅 𝑉 ∗ + 𝜀𝑝 ≥ 𝜀𝑝, since 𝜅 > 0, 𝜀𝑝 > 0 and 𝑉 ∗ ≥ 0.
Therefore, 0 ≤ 𝑝∗ < 1 and 𝑝∗(𝑉 ∗) = 0 if and only if 𝑉 ∗ = 0.

A.2. Proof of Proposition 1

We prove the result by reductio ad absurdum. Let us assume there
xists a solution of system (1)–(4) that is 𝑇 -periodic with period 𝑇 > 0.
his implies that all the variables of the solution must be 𝑇 -periodic,

.e., 𝑉 (𝑡), 𝑆(𝑡), 𝐷(𝑡) and 𝑝(𝑡) are 𝑇 -periodic. Focusing on 𝑝(𝑡), we can
ewrite Eq. (4) as
𝑝̇(𝑡) = −(𝜅 𝑉 (𝑡) + 𝜀𝑝)𝑝(𝑡) + 𝜅 𝑉 (𝑡), (33)
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which is a non-homogeneous 1st order linear differential equation that
an be expressed as 𝑝̇(𝑡) = 𝑎(𝑡)𝑝 + 𝑏(𝑡), where 𝑎(𝑡) = −(𝜅 𝑉 (𝑡) + 𝜀𝑝) and
(𝑡) = 𝜅 𝑉 (𝑡). General solution for this linear differential equation may
e written as

𝑝(𝑡) = 𝑝0 exp
(

∫

𝑡

0
𝑎(𝑠)𝑑 𝑠

)

+ ∫

𝑡

0
𝑏(𝑟) exp

(

∫

𝑡

𝑟
𝑎(𝑠)𝑑 𝑠

)

𝑑 𝑟, (34)

and, plugging the values of 𝑎(𝑡) and 𝑏(𝑡), we obtain:

𝑝(𝑡) = 𝑝0 exp
(

−𝜀𝑝𝑡 − 𝜅 ∫

𝑡

0
𝑉 (𝑠)𝑑 𝑠

)

+ 𝜅 exp(−𝜀𝑝𝑡)∫

𝑡

0
𝑉 (𝑟) exp

(

𝜀𝑝𝑟 − 𝜅 ∫

𝑡

𝑟
𝑉 (𝑠)𝑑 𝑠

)

𝑑 𝑟. (35)

Defining

𝑤(𝑡) = 𝑝0 exp
(

−𝜅 ∫

𝑡

0
𝑉 (𝑠)𝑑 𝑠

)

+ 𝜅 ∫

𝑡

0
𝑉 (𝑟) exp

(

𝜀𝑝𝑟 − 𝜅 ∫

𝑡

𝑟
𝑉 (𝑠)𝑑 𝑠

)

𝑑 𝑟,

(36)

we can rewrite 𝑝(𝑡) as

𝑝(𝑡) = exp (−𝜀𝑝𝑡
)

𝑤(𝑡). (37)

Since 𝑝(𝑡) is 𝑇 -periodic, we have 𝑝(0) = 𝑝(𝑇 ) where 𝑝(0) = 𝑝0 and
𝑝(𝑇 ) = exp(−𝜀𝑝𝑇 )𝑤(𝑇 ). Then,

𝑝0 = 𝑒−𝜀𝑝𝑇𝑤(𝑇 ) ⟺ 𝑤(𝑇 ) = 𝑝0𝑒
𝜀𝑝𝑇 .

Introducing the expression of 𝑤(𝑡) given by Eq. (36) in the last equality
and rearranging terms, we obtain:

𝑝0

(

𝑒𝜀𝑝𝑇 − exp
(

−𝜅 ∫

𝑇

0
𝑉 (𝑠)𝑑 𝑠

))

= 𝜅 ∫

𝑇

0
𝑉 (𝑟) exp

(

𝜀𝑝𝑟 − 𝜅 ∫

𝑇

𝑟
𝑉 (𝑠)𝑑 𝑠

)

𝑑 𝑟.

(38)

We now consider two cases:

• Consider

𝑒𝜀𝑝𝑇 − exp
(

−𝜅 ∫

𝑇

0
𝑉 (𝑠)𝑑 𝑠

)

≠ 0. (39)

Then 𝑝0 has the following expression:

𝑝0 =
𝜅

𝑒𝜀𝑝𝑇 − exp
(

−𝜅 ∫ 𝑇
0 𝑉 (𝑠)𝑑 𝑠

) ∫

𝑇

0
𝑉 (𝑟) exp

(

𝜀𝑝𝑟 − 𝜅 ∫

𝑇

𝑟
𝑉 (𝑠)𝑑 𝑠

)

𝑑 𝑟.

(40)

This equation uniquely determines the initial value 𝑝(0) = 𝑝0
that makes 𝑝(𝑡) to be 𝑇 -periodic but there exist infinitely many
possible values for 𝑝0 on the periodic solution. Therefore, we have
a contradiction.

• Consider now

𝑒𝜀𝑝𝑇 − exp
(

−𝜅 ∫

𝑇

0
𝑉 (𝑠)𝑑 𝑠

)

= 0. (41)

Therefore,
1
𝑇 ∫

𝑇

0
𝑉 (𝑠)𝑑 𝑠 = − 𝜀𝑝

𝜅
, (42)

which provides an expression for the mean value of function 𝑉 (𝑡)
in the interval [0, 𝑇 ]. However, by hypothesis we are considering
initial conditions in  and, since this domain is positively invari-
ant, 𝑉 (𝑡) is a positive function within it. Therefore, its mean value
cannot be negative.

Both cases lead to contradictions and, therefore, 𝑝(𝑡) cannot be periodic.
Since there is a component in solution (𝑉 (𝑡), 𝑆(𝑡), 𝐷(𝑡), 𝑝(𝑡)) which is not

-periodic, solution cannot be 𝑇 -periodic.
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A.3. Proof of Lemma 2

For 𝑉 ∗ = 0 we have 𝑉̇ = 0. Assuming it, equation 𝑝̇ = 0 only has
∗ = 0 as a valid solution. Conditions 𝑉 ∗ = 0 and 𝑝∗ = 0 lead equation
𝐷̇ = 0 only to be satisfied for 𝐷∗ = 0. Finally, 𝑝∗ = 0 leads equation
𝑆̇ = 0 to be satisfied only when 𝑆∗ = 0. Thus, for 𝑉 ∗ = 0, the only
quilibrium point possible is 𝑄∗ = 𝑄0 = (0, 0, 0, 0).

A.4. Proof of Lemma 3

Equilibrium equation for 𝑉 with the constraint 𝛼(1 − 𝜔) = 𝛾 reads:

𝑉 ∗ (𝛾 𝑝𝛺(𝑥) − 𝜀) = 0, (43)

which gives rise to two different cases: 𝑉 ∗ = 0 or 𝑝 𝛺(𝑥) = 𝜀∕𝛾. Case
𝑉 ∗ = 0 is already described in Lemma 2. Assume then 𝑝 𝛺(𝑥) = 𝜀∕𝛾.
Equilibrium equation for 𝐷 reads:

(𝜔𝛼 𝑉 ∗ + 𝛾 𝐷∗) 𝜀
𝛾
− 𝜀𝐷∗ = 0 ⟺

𝜔𝛼 𝜀
𝛾

𝑉 ∗ = 0. (44)

Then, necessarily, one must have 𝑉 ∗ = 0. Lemma 2 completes the proof.

A.5. Proof of Lemma 4

The differential matrix of system (1)–(4) evaluated at the origin is
given by

𝐷 𝐹 (𝟎) =
⎛

⎜

⎜

⎜

⎜

⎝

−𝜀 0 0 0
𝜅 −𝜀𝑝 0 0
0 0 −𝜀 0
0 0 0 −𝜀

⎞

⎟

⎟

⎟

⎟

⎠

, (45)

with eigenvalues 𝜆1 = −𝜀𝑝 and 𝜆2 = 𝜆3 = 𝜆4 = −𝜀. Since we are
assuming 𝜀𝑝, 𝜀 > 0, all eigenvalues are real and negative and, therefore,
the origin is locally asymptotically stable for all values of parameters
in the Lyapunov sense.

A.6. Proof of Proposition 2

Assuming 𝑉 ≠ 0 and 𝑆 = 0, equilibrium for 𝑉 is satisfied if
𝑉
(

𝑝𝛺(𝑥) − 𝜀
𝛼(1 − 𝜔)

)

= 0 ⟺ 𝑝𝛺(𝑥) = 𝜀
𝛼(1 − 𝜔)

, (46)

which automatically introduces restriction 𝛼 > 𝜀∕(1 −𝜔) since 𝑝 ≤ 1 and
(𝑥) ≤ 1 and we only have 𝑝𝛺(𝑥) = 1 for 𝑝 = 1 and 𝑉 = 𝐷 = 𝑆 = 0,
hich is biologically impossible. From the equilibrium equation for 𝐷,
nd taking into account equilibrium condition for 𝑉 , one gets

𝐷(𝑉 ) = 𝛼 𝜔
𝛼(1 − 𝜔) − 𝛾

𝑉 > 0 ⟺ 𝛼(1 − 𝜔) > 𝛾 . (47)

Thus, in order to obtain biologically meaningful solution values, by
irtue of the former considerations, we must have

𝛼(1 − 𝜔) > max{𝜀, 𝛾}. (48)

From (46), using expressions for 𝐷 and 𝑝 as functions of 𝑉 given,
espectively, by (8) and (47) and after some trivial algebraic manip-

ulations, one gets

𝜀𝜅
𝛼 − 𝛾

𝛼(1 − 𝜔) − 𝛾
𝑉 2 − 𝜀𝜅

(

1 − 𝜀
𝛼(1 − 𝜔)

)

𝑉 +
𝜀2𝜀𝑝

𝛼(1 − 𝜔)
= 0, (49)

which gives rise to a 2nd-degree polynomial in variable 𝑉 and real
coefficients 𝑞1(𝑉 ) = 𝑇2𝑉 2+𝑇1𝑉 +𝑇0. Coefficients are labeled as follows:

𝑇2 =
𝜀𝜅(𝛼 − 𝛾)

𝛼(1 − 𝜔) − 𝛾
, 𝑇1 = −𝜅 𝜀

(

1 − 𝜀
𝛼(1 − 𝜔)

)

, 𝑇0 =
𝜀𝑝𝜀2

𝛼(1 − 𝜔)
.

(50)

By the Fundamental Theorem of Algebra, 𝑞1(𝑉 ) has exactly two roots in
C. From condition (48), we get 𝛼 > 𝛾 since 1 − 𝜔 < 1 and thus, 𝑇2 > 0.

e also have 𝑇0 > 0. Again, condition (48) leads to 𝑇1 < 0. By the
escartes’ rule of signs, since there are exactly two changes of sign in
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the coefficients of 𝑞1(𝑉 ), it contains either 2 or 0 real and positive roots.
efining the discriminant of 𝑞1(𝑉 ) as 𝛥 = 𝑇 2

1 − 4𝑇2𝑇0, we distinguish
ases below:

(a) If 𝛥 > 0, since 𝑞1(−𝑉 ) is a second degree polynomial with real
and positive coefficients, the number of negative roots of 𝑞1(𝑉 )
is zero by virtue of the Descartes’ rule of signs. Then, 𝛥 > 0
necessarily leads to the existence of two real and positive roots
for 𝑞1(𝑉 ).

(b) If 𝛥 = 0, then

𝑉 =
−𝑇1
2𝑇2

> 0, (51)

which is a real and positive root with multiplicity 2.

Then, cases (a) and (b) give, at most, two real and positive roots 𝑉1
of 𝑞1(𝑉 ). For each of these roots, there exist values of 𝑝 and 𝐷 given,
respectively, by (8) and (47).

A.7. Proof of Proposition 3

Assuming 𝑆2 ≠ 0, the equilibrium equation 𝑆̇ = 0 reads

𝑆2
(

𝛽 𝑝2𝛺(𝑥2) − 𝜀
)

= 0, (52)

where 𝑝2 is given by (8) according to the equilibrium equation for 𝑝 and
2 = (𝑉2, 𝑆2, 𝐷2). This equation leads necessarily to condition 𝑝2𝛺(𝑥2) =
∕𝛽. By substituting this expression in the equilibrium equation 𝑉̇ = 0,

𝑉2

(

𝛼(1 − 𝜔) 𝜀
𝛽
− 𝜀

)

= 0.

Since 𝑉2 ≠ 0, this equation is only fulfilled for 𝛼(1 −𝜔) = 𝛽. In particular,
for 𝛼(1 − 𝜔) ≠ 𝛽 there are no coexistence equilibrium points. Assuming
both conditions, the equilibrium equation 𝐷̇ = 0 reads

𝜔𝛼 𝑉2 = (𝛽 − 𝛾)𝐷2 ⟹ 𝐷2(𝑉2) = 𝜔𝛼
𝛽 − 𝛾

𝑉2 =
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝑉2, (53)

since 𝑉2 ≠ 0 and 𝛼(1 −𝜔) = 𝛽. The expression above is only biologically
meaningful if 𝛽 > 𝛾 and using the expressions 𝑝2(𝑉2) and 𝐷2(𝑉2), it
follows that

𝑝2𝛺(𝑥2) = 𝜀
𝛽
⇔

(

1 − 𝜀𝑝
𝜅 𝑉2 + 𝜀𝑝

) (
1 − 𝑉2 −

𝜔𝛼
𝛽 − 𝛾

𝑉2 − 𝑆2

)

= 𝜀
𝛽

⇔ −𝜅
(

1 + 𝜔𝛼
𝛽 − 𝛾

)

𝑉 2
2 + 𝜅

(

1 − 𝑆2 −
𝜀
𝛽

)

𝑉2 −
𝜀𝜀𝑝
𝛽

= 𝑞2(𝑉2) = 0.
(54)

Therefore, in order for 𝑉2 ∈ (0, 1] to be biologically meaningful, it must
be a root of the polynomial 𝑞2(𝑉2) defined above. The discriminant 𝛥2
of 𝑞2(𝑉2) is given by:

𝛥2 = 𝜅2
(

1 − 𝑆2 −
𝜀
𝛽

)2
− 4𝜅

(

1 + 𝛼 𝜔
𝛽 − 𝛾

) 𝜀𝜀𝑝
𝛽

.

Condition 𝛥2 ≥ 0 provides real solutions for the roots of polynomial
2(𝑉2). Then, by solving this inequality in terms of 𝑆2, we have 𝛥2 ≥ 0
f and only if

𝑆2 ∈ 𝐼 =
⎛

⎜

⎜

⎝

−∞, 1 − 𝜀
𝛽
− 2

√

𝜀𝜀𝑝
𝜅 𝛽

(

1 + 𝛼 𝜔
𝛽 − 𝛾

)

⎞

⎟

⎟

⎠

∪
⎛

⎜

⎜

⎝

1 − 𝜀
𝛽
+ 2

√

𝜀𝜀𝑝
𝜅 𝛽

(

1 + 𝛼 𝜔
𝛽 − 𝛾

)

,+∞
⎞

⎟

⎟

⎠

.

The value of 𝑆2 obtained will be biologically meaningful if and only if
𝑆2 ∈ 𝐼 ∩ (0, 1). Then, for each value of 𝑆2 ∈ 𝐼 ∩ (0, 1), the corresponding
values of 𝑉2(𝑆2) are given by the roots of 𝑞2(𝑉2) in the interval (0, 1). For
each of the biologically meaningful values of 𝑉2(𝑆2), the corresponding
values of 𝐷2(𝑆2) and 𝑝2(𝑆2) are obtained according to their respective
xpressions. Then, coexistence equilibrium points are given by the
-parametric family

 ∶=
{

(𝑉 , 𝑆 , 𝐷 , 𝑝 ) = (𝑉 (𝑆 ), 𝑆 , 𝐷 (𝑆 ), 𝑝 (𝑆 )) ∈ 
2 2 2 2 2 2 2 2 2 2 2
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|

|

|

𝑆2 ∈ 𝐼 ∩ (0, 1), 𝑞2(𝑉2) = 0
}

,

which corresponds to those values of (𝑉2, 𝑆2) belonging to the conic
(54) that fall into ̊ .

A.8. Proof of Proposition 4

We define the following function:

𝐻 (𝑉 (𝑡), 𝐷(𝑡)) = 𝐷(𝑡) − 𝛽 𝜔
(𝛽 − 𝛾)(1 − 𝜔)

𝑉 (𝑡). (55)

Then the surface we want to prove to be invariant is given by
𝐻(𝑉 (𝑡), 𝐷(𝑡)) = 0. Using Eqs. (1) and (3), we have:
𝑑 𝐻(𝑉 (𝑡), 𝐷(𝑡))

𝑑 𝑡 = 𝜕 𝐻
𝜕 𝑉

𝑑 𝑉
𝑑 𝑡 + 𝜕 𝐻

𝜕 𝐷
𝑑 𝐷
𝑑 𝑡 = − 𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝑉̇ + 𝐷̇

= (𝛼 𝜔𝑉 + 𝛾 𝐷)𝑝 𝛺(𝑥) − 𝜀𝐷 −
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
(𝛼(1 − 𝜔)𝑉 𝑝 𝛺(𝑥) − 𝜀𝑉 ) .

Evaluating the expression above in the surface 𝐻(𝑉 (𝑡), 𝐷(𝑡)) = 0, we
btain:
𝑑 𝐻(𝑉 (𝑡), 𝐷(𝑡))

𝑑 𝑡 =
(

𝛼 𝜔𝑉 + 𝛾
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝑉
)

𝑝 𝛺(𝑥) − 𝜀
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝑉

−
𝛽 𝜔

(𝛽 − 𝛾)(1 − 𝜔)
𝛼(1 − 𝜔)𝑉 𝑝 𝛺(𝑥) + 𝜀

𝛽 𝜔
(𝛽 − 𝛾)(1 − 𝜔)

𝑉

= 𝑝 𝛺(𝑥)𝑉
(

𝛼 𝜔 +
𝛽 𝜔𝛾

(𝛽 − 𝛾)(1 − 𝜔)
−

𝛽 𝜔𝛼(1 − 𝜔)
(𝛽 − 𝛾)(1 − 𝜔)

)

=
𝑝 𝛺(𝑥)𝑉

(𝛽 − 𝛾)(1 − 𝜔)
(𝛽 𝜔𝛼(1 − 𝜔) − 𝛾 𝜔𝛼(1 − 𝜔) + 𝛽 𝜔𝛾 − 𝛽 𝜔𝛼(1 − 𝜔))

= 0,

where the last equality follows from hypothesis 𝛼(1 −𝜔) = 𝛽. Therefore,
(𝑉 (𝑡), 𝐷(𝑡)) = 0 is invariant for (1)–(4).

A.9. Proof of Proposition 5

Assuming 𝛼(1 − 𝜔) = 𝛽, Eqs. (1) and (2) read, respectively, as:

̇ = 𝛼(1 − 𝜔)𝑉
(

𝑝 𝛺(𝑥) − 𝜀
𝛼(1 − 𝜔)

)

and 𝑆̇ = 𝛼(1 − 𝜔)𝑆
(

𝑝 𝛺(𝑥) − 𝜀
𝛼(1 − 𝜔)

)

, (56)

and therefore, assuming 𝑉 ≠ 0, one has
̇  𝑉 − 𝑆𝑉̇ = 0 ⟺

𝑆̇ 𝑉 − 𝑆𝑉̇
𝑉 2

= 0 ⟺
𝑑
𝑑 𝑡

(𝑆
𝑉

)

= 0,

which provides the condition for 𝑆(𝑡)∕𝑉 (𝑡) to be a first integral.

Appendix B. The global bifurcation

B.1. Proof of Lemma 6

From Proposition 2 we know that

𝑝1 = 𝑝1(𝑉1) = 1 − 𝜀𝑝
𝜅 𝑉1 + 𝜀𝑝

.

Since equilibrium points 𝑄1 satisfy 𝑝 𝛺(𝑥) = 𝜀∕(𝛼(1 −𝜔)), we can express
he value of 𝐷1 as

𝐷1(𝑉1) = 1 − 𝑉1 −
𝜀(𝜅 𝑉1 + 𝜀𝑝)
𝜅 𝛼 𝑉1(1 − 𝜔)

.

Substituting these values into 𝑝𝛺(𝑥) we get

𝑝𝛺(𝑥)||
|𝑄1

=
(

1 − 𝜀𝑝
𝜅 𝑉1 + 𝜀𝑝

) ( 𝜀(𝜅 𝑉1 + 𝜀𝑝)
𝛼 𝜅 𝑉1(1 − 𝜔)

)

= 𝜀
𝛼(1 − 𝜔)

.

15 
B.2. Proof of Proposition 6

Since system (1)–(4) is analytic,  is compact and positively invari-
ant by the flow and for 𝜇 ≠ 0 there are no periodic orbits, equilibrium
oints exists in the interior ̊ and numerical evidence discards the
xistence of invariant torus or quasi-periodic orbits; the only possibility
or the 𝜔-limit set of 𝜑(𝑡, 𝑦0) is to be equilibrium point on {𝑆 = 0}. By

reductio ad absurdum, assume 𝜔(𝜑) = 𝑄1. From Lemma 6 we have:

lim
𝑡→+∞

𝑝𝛺(𝑥)||
|(𝑉 ,𝑆 ,𝐷 ,𝑝)=𝜑(𝑡,𝑦0) =

𝜀
𝛼(1 − 𝜔)

> 𝜀
𝛽
, (57)

where the last inequality follows from condition 𝜇 < 0. Therefore, there
exists +∞ > 𝑡1 > 0 such that

𝑝𝛺(𝑥)||
|(𝑉 ,𝑆 ,𝐷 ,𝑝)=𝜑(𝑡,𝑦0) >

𝜀
𝛽
, ∀𝑡 > 𝑡1. (58)

Consequently, variable 𝑆(𝑡) in 𝜑(𝑡, 𝑦0) satisfies

̇𝑆(𝑡) = 𝛽 𝑆(𝑡)
(

𝑝𝛺(𝑥) − 𝜀
𝛽

)

> 0, ∀𝑡 > 𝑡1, (59)

that is to say, 𝑆(𝑡) is strictly increasing within interval (𝑡1,+∞), which
contradicts the fact that 𝜔(𝜑) = 𝑄1. Notice that 𝑆(𝑡1) ≠ 0 since 𝑆 = 0 is
an invariant manifold and we cannot reach it in finite time for initial
conditions in ̊ . Thus, necessarily 𝜔(𝜑) = 𝑄0.

B.3. Proof of Lemma 7

Assume 𝜇 < 0 and, consequently, 𝛼 < 𝛼∗. Then, for 𝜏0 < 𝑡 < 𝜏1, we
have:
𝜀
𝛽
< 𝑝𝛺(𝑥) < 𝜀

𝛼(1 − 𝜔)
⟺ 0 < 𝑝𝛺(𝑥) − 𝜀

𝛽
< 𝜀

𝛼(1 − 𝜔)
− 𝜀

𝛽
= 𝜀

𝛼 𝛽 (𝛼
∗ − 𝛼)

⟺ 0 < 𝛽
(

𝑝𝛺(𝑥) − 𝜀
𝛽

)

< 𝜀
𝛼
(𝛼∗ − 𝛼)

⟺ 0 < 𝑆̇
𝑆

< 𝜀
𝛼
(𝛼∗ − 𝛼).

Since 𝑆 > 0 in  , we need 𝑆̇ > 0 in order for the last inequality to be
fulfilled. Therefore, for 𝜏0 < 𝑡 < 𝜏1, 𝑆(𝑡) is monotonous increasing and
for 𝑡 > 𝜏1, according to definition of 𝜏1, 𝑝𝛺(𝑥) < 𝜀∕𝛽. In this case,

𝑝𝛺(𝑥) < 𝜀
𝛽
⟺ 𝛽

(

𝑝𝛺(𝑥) − 𝜀
𝛽

)

< 0 ⟺
𝑆̇
𝑆

< 0.

By the same argument as above, we need 𝑆̇ < 0 and thus 𝑆(𝑡) is
onotonous decreasing for 𝑡 > 𝜏1. Then necessarily, 𝑆(𝑡) must have
 local maximum at 𝑡 = 𝜏1.

B.4. Proof of Proposition 7

Since 𝜇 < 0, we have 𝛼 < 𝛼∗. Then, for all 𝜏0 < 𝑡 < 𝜏1, we have
𝜀
𝛽
< 𝑝𝛺(𝑥) < 𝜀

𝛼(1 − 𝜔)
⟺ 0 < 𝑝𝛺(𝑥) − 𝜀

𝛽
< 𝜀

𝛼(1 − 𝜔)
− 𝜀

𝛽
= 𝜀

𝛼 𝛽 (𝛼
∗ − 𝛼)

⟺ 0 < 𝛽
(

𝑝𝛺(𝑥) − 𝜀
𝛽

)

< 𝜀
𝛼
(𝛼∗ − 𝛼)

⟺ 0 < 𝑆̇
𝑆

< 𝜀
𝛼
(𝛼∗ − 𝛼).

Integrating the expression above in the interval (𝜏0, 𝜏1), we get:

0 < ∫

𝜏1

𝜏0

𝑆̇
𝑆
𝑑 𝑡 < 𝜀

𝛼
(𝛼∗ − 𝛼)∫

𝜏1

𝜏0
𝑑 𝑡 ⟺ 0 < log

(

𝑆(𝜏1)
𝑆(𝜏0)

)

< 𝜀
𝛼
(𝛼∗ − 𝛼)(𝜏1 − 𝜏0).

(60)

Denoting by 𝑆1 = 𝑆(𝜏1) and 𝑆0 = 𝑆(𝜏0), we have 𝑆1 > 𝑆0 > 0.
nalogously, for 𝑡 ∈ (𝜏0, 𝜏1), we can reconstruct the evolution equation

for 𝑉 and integrating the resulting expression in the inequality, we get:

0 < log
(

𝑉 (𝜏0)
𝑉 (𝜏1)

)

< 𝜀
𝛼∗

(𝛼∗ − 𝛼)(𝜏1 − 𝜏0), (61)

where we again denote 𝑉0 = 𝑉 (𝜏0) and 𝑉1 = 𝑉 (𝜏1) that satisfy 𝑉0 > 𝑉1 >
0. Then, from inequalities (60) and (61), we obtain, respectively:
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𝜏1 − 𝜏0 >
𝛼
𝜀

1
𝛼∗ − 𝛼

log
(

𝑆1
𝑆0

)

,

𝜏1 − 𝜏0 >
𝛼∗

𝜀
1

𝛼∗ − 𝛼
log

(

𝑉0
𝑉1

)

> 𝛼
𝜀

1
𝛼∗ − 𝛼

log
(

𝑉0
𝑉1

)

.

Defining now

̃ ∶= max
{

log
(

𝑉0
𝑉1

)

, log
(

𝑆1
𝑆0

)}

, (62)

which does not depend on 𝜇, we get our result proved taking into
ccount that |𝜇| = 𝛼∗ − 𝛼:

𝜏1 − 𝜏0 >
𝐾̃ 𝛼
𝜀

1
|𝜇|

. (63)

B.5. Proof of Proposition 8

Let us define

𝛿1 =
𝜀
𝛽

and 𝛿2 =
𝜀

𝛼(1 − 𝜔)
. (64)

Assuming 𝑄1 = (𝑉1, 0, 𝐷1, 𝑝1) as the 𝜔-limit of an orbit 𝜑(𝑡, 𝑦0), there
exists 𝜉 > 0 arbitrarily small and 𝑡0(𝜉) > 0 such that, for all 𝑡 > 𝑡0
|

|

𝑝𝛺(𝑥) − 𝛿2|| < 𝜉 , (65)

since 𝑄1 is found at the intersection between one of the components of
𝑉̇ = 0 nullcline (𝑝𝛺(𝑥) = 𝛿2) and the invariant subset 𝑆 = 0, according
o Lemma 6. Expression (65) follows directly from the definition of
-limit. Straightforwardly,

𝛿2 − 𝜉 < 𝑝𝛺(𝑥) < 𝛿2 + 𝜉 < 𝛿1, (66)

and 𝑝𝛺(𝑥) gets infinitely confined.
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