Codes and Cryptography

Jorge L. Villar

MAMME, Fall 2015

PART IV

Jorge L. Villar CODES & CRYPTO



Transmission Channels

Outline

Q Transmission Channels

Jorge L. Villar CODES & CRYPTO



Transmission Channels
90000000

Transmission Channels

Source —é) Trans. Line >—> Dest.

1

r—1 > r—1

r-ary perfect channel: no transmission errors
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Transmission Channels

Source —€> Trans. Line >—> Dest.

r-ary symmetric channel = ;%

Jorge L. Villar CODES & CRYPTO



Transmission Channels
0e00000

Transmission Channels: The Model

Input and output alphabets: {0,1,...,r—1}

Transmission probability matrix:
o -+ lor1
T= : : where t; ; = Pr(receive j | send i)

fr10 0ttt
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Transmission Channels: The Model

Input and output alphabets: {0,1,...,r—1}

Transmission probability matrix:

o -+ lor1
T = : : where t;; = Pr(receive j | send /)
fr10 0ttt
Properties:
eT>0
1 1
oT|:]=1:
1 1

@ If p; = Pr(send j) and qg; = Pr(receive i),
(G - 9r—1)=(Po .- Pr—1)T
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Channel Capacity (l)

X
Source >®:>—YY> Cy = Zy
Z
> {Cxy=ytyey > 7y

L(Cx,v,Sx,y) = L(Cy,Sy) + Y Pr(Y = y)L(Cxjy—y Sx|v—y)
yey
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Channel Capacity (l)

Source PO:)—Y> Cy

— 7y

P

{CXI Y:y}yey

> 7y

L(Cx,v,Sx,y) = L(Cy,Sy) + Y Pr(Y = y)L(Cxjy—y Sx|v—y)

yey

If all (binary) codes are optimal then

H(Y) < L(Cy,Sy) < H(Y) +1

HIXTY = y) < L(Cxiy—y: Sxiy—y) < HX| ¥ = y) +1
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Transmission Channels
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Channel Capacity (l)

Source PO:)—Y> Cy

— 7y

P

{CXI Y:y}yey

> 7y

L(Cx,v,Sx,y) = L(Cy,Sy) + Y Pr(Y = y)L(Cxjy—y Sx|v—y)

yey

If all (binary) codes are optimal then

H(Y) < L(Cy,Sy) < H(Y) +1

HIXTY = y) < L(Cxiy—y: Sxiy—y) < HX| ¥ = y) +1

Thus,

HX,Y)=H(Y)+ HX|Y)< L(C)Qy,SX,y) <HX,Y)+2
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Channel Capacity ()

With extended sources,

X Y
SourceX >o:>—Y> Cy = Zy
b4
> {Cxv=y yeyr > Zx

L(Cxv: Sk y) = L(Cy,8%) + > Pr(Y = y)L(Cxv=y, SKjv—y)
yeyk
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Channel Capacity ()

With extended sources,

X Y

SourceX >o:>—Y> Cy = Zy
b4

> {Cxv=y yeyr > Zx

L(Cxv: Sk y) = L(Cy,8%) + > Pr(Y = y)L(Cxv=y, SKjv—y)
yeyk

Now,
HX,Y) = H(Y) + HX|Y) =KkH(Y) + kH(X | Y) =
KH(X,Y) < L(Cxy, Sk y) < HX,Y)+2=kH(X,Y)+2
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Channel Capacity ()

With extended sources,

X Y

SourceX >o:>—Y> Cy = Zy
b4

> {Cxv=y yeyr > Zx

L(Cxv: Sk y) = L(Cy,8%) + > Pr(Y = y)L(Cxv=y, SKjv—y)
yeyk

Now,
HX,Y) = H(Y) + HX|Y) =KkH(Y) + kH(X | Y) =
KH(X,Y) < L(Cxy, Sk y) < HX,Y)+2=kH(X,Y)+2

1
Therefore, asymptotically H(X, Y) = RL(CX,Y; S)lg,y)
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Channel Capacity (lll)

Regarding entropies,
X Y

Source DO:%Y Cy = H(Y)
H(X,Y)

> H(X | Y)

e | {Cx| Y=y }ycy

The information about X conveyed by Y is
HX)—HX|Y)=HX)+H(Y)—H(X,Y)=I(X;Y)
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Channel Capacity (lll)

Regarding entropies,
X

Y

Source PO:%Y Cy

— H(Y)

—|

{Cxiy=y}yey

The information about X conveyed by Y is

> H(X | Y)

H(X) — H(X | Y) = H(X) + H(Y) — H(X, Y) = I(X; Y)

Definition (Channel Capacity)

H(X,Y)

where the maximum is taken over all possible sources Sx
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Capacity of the Binary Symmetric Channel

1—«
0 0
ag_a - X 4
1 1

For Pr(X =1) =p, H(X) = h, = —plog, p— (1 — p) log,(1 — p)
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Capacity of the Binary Symmetric Channel

1—a
0 0
e X Y
1 1
ForPr(X =1) =p, H(X) = hp = —plog, p— (1 — p) log,(1 — p)
Pr(Y =1)=p(1 —a)+ (1 = p)a, H(Y) = hp(t—a)+(1-p)a
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Capacity of the Binary Symmetric Channel

1—a
0 0
Z = : X 4
1 1
For Pr(X =1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 - p)

Pr(Y =1)=p(1 —a)+ (1 = p)a, H(Y) = hp(t—a)+(1-p)a
Conditionedto X, H(Y | X=0)=H(Y | X =1) = h,.
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Capacity of the Binary Symmetric Channel

1—«
0 0
ag_a - X 4
1 1

For Pr(X =1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)
Pr(Y =1)=p(1 —a)+ (1 = p)a, H(Y) = hp(t—a)+(1-p)a
Conditionedto X, H(Y | X=0)=H(Y | X =1) = h,.

I(X; Y) = H(Y) = H(Y | X) = Bpt —ay+(1—p)a — ha
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Capacity of the Binary Symmetric Channel

1—«
0 0
ag_a - X 4
1 1

For Pr(X =1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)
Pr(Y =1)=p(1 —a)+ (1 = p)a, H(Y) = hp(t—a)+(1-p)a
Conditionedto X, H(Y | X=0)=H(Y | X =1) = h,.

I(X; Y) = H(Y) = H(Y | X) = Bpt —ay+(1—p)a — ha

The maximum occurs at p(1 — @) + (1 — p)a = 3, i.e., p
(the uniform source).

1
2
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Capacity of the Binary Symmetric Channel

1—«
0 0
ag_a - X 4
1 1

For Pr(X =1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)
Pr(Y =1)=p(1 —a)+ (1 = p)a, H(Y) = hp(t—a)+(1-p)a
Conditionedto X, H(Y | X=0)=H(Y | X =1) = h,.

I(X; Y) = H(Y) = H(Y | X) = Bpt —ay+(1—p)a — ha

The maximum occurs at p(1 — @) + (1 — p)a = 3, i.e., p
(the uniform source).

The capacity of the BSC is Aggc =1 — h,

1
2
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Capacity of the Binary Channel With Erasures

0
s X—)ESEC
-
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Capacity of the Binary Channel With Erasures

0
s X—)ESEC
-

—_—
For Pr(X =1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)
Pr(Y=0)=p(1 —7), Pr(Y=1)=(1-p)(1 —1),
H(Y) = hy + (1 =7)hp
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Capacity of the Binary Channel With Erasures

0/“;’.0
. ? X BSEC Y
1 21 () BSEC )
For Pr(X =1) = p, H(X) = hp = —plog, p— (1 —p)log,(1 — p)
Pr(Y = 0) p( ) r(Y=1)=1-p)(1-1),
H(Y)=h,+ (1 —7)hp

Condmoned toX, HY | X=0)=H(Y | X=1)=h,.
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Capacity of the Binary Channel With Erasures

1—v 0
/
0 v
>= ? x =) BSEC y
1 -
—
For Pr(X = 1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)

Pr(Y =0) = p( ) r(Y=1)=0-p)(-7),
H(Y) = hy+(1=)hp

Conditionedto X, H(Y | X =0)=H(Y | X =1) = h,.
I(X; Y) = H(Y) = H(Y | X) = (1 = )hp
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Capacity of the Binary Channel With Erasures

1—v 0
/
0 v
>= ? x =) BSEC y
1 -
—
For Pr(X = 1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)

Pr(Y =0) = p( ) r(Y=1)=0-p)(-7),
H(Y) = hy+(1=)hp

Conditionedto X, H(Y | X =0)=H(Y | X =1) = h,.
I(X; Y) = H(Y) = H(Y | X) = (1 = )hp

The maximum occurs at p = % (the uniform source).
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Capacity of the Binary Channel With Erasures

1—v 0
/
0 v
>= ? x =) BSEC y
1 -
—
For Pr(X = 1) = p, H(X) = hp = —plog, p— (1 — p)log,(1 — p)

Pr(Y =0) = p( ) r(Y=1)=0-p)(-7),
H(Y) = hy+(1=)hp

Conditionedto X, H(Y | X =0)=H(Y | X =1) = h,.
I(X;Y)=HY)=HY | X) =00 =7)h
The maximum occurs at p = % (the uniform source).

The capacity of the BSEC is Agsec = 1 —
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Decision Rules

Source PO -1 A |=—p| Dest.

Decision rule A: Guess the symbol sent from the received
symbol
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Decision Rules

Source PO -1 A |=—p| Dest.

Decision rule A: Guess the symbol sent from the received
symbol

@ Ideal Observer: On receiving i, choose j that maximizes
Pr(send j | receive i)

@ Max. Likelihood: On receiving /i, choose j that maximizes
Pr(receive i | send j)
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Decoding
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Decision Rules

Source PO -1 A |=—p| Dest.

Decision rule A: Guess the symbol sent from the received
symbol

@ Ideal Observer: On receiving i, choose j that maximizes
Pr(send j | receive i) (Optimal, but depends on the source)
@ Max. Likelihood: On receiving /i, choose j that maximizes

Pr(receive i | send j) (Not optimal, but independent of the
source)

Jorge L. Villar CODES & CRYPTO



Decoding
00000

Decision Rules

Source PO -1 A |=—p| Dest.

Decision rule A: Guess the symbol sent from the received
symbol

@ Ideal Observer: On receiving i, choose j that maximizes
Pr(send j | receive i) (Optimal, but depends on the source)

@ Max. Likelihood: On receiving /i, choose j that maximizes
Pr(receive i | send j) (Not optimal, but independent of the
source)

Both are equivalent when the error probabilities are small and
the source is balanced enough

Jorge L. Villar CODES & CRYPTO
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The BSC Case

Transmission matrix: T = (1 e« >
« 1 -«

Max. Likelihood:
Y=0 — if1—a>a«a then
Y=1 — if1—a>a then
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Decoding
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The BSC Case

Transmission matrix: T = (1 e« >
« 1—-—a

Max. Likelihood:
Y=0 — if1—a>a«a then
Y=1 — if1—a>a then

Ideal Observer: R
Y=0 — if(1—-a)(1—p)>apthen X=0
Y=1 — if(1-a)p>a(l—-p)then X =1
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Decoding
[o] lelele]e]

The BSC Case

Transmission matrix: T = (1 e« >
« 1 -«

Max. Likelihood:
Y=0 — if1—a>a«a then
Y=1 — if1—a>a then

INIA
Nl = Nl =

Ideal Observer: R
Y=0 — if(1—-a)1-—p)>apthen X=0 (o <1-p)
Y=1 — if(1—-a)p>al—-p) then X =1 (< p)
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Decoding
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The BSC Case

Transmission matrix: T = (1 e« >
« 1—-—a

Max. Likelihood:
Y=0 — if1—a>a«a then
Y=1 — if1—a>a then

INIA

pcorr — Pr(} — X) — maX(O{,1 — Oé)

Ideal Observer: R
Y=0 — if(1—-a)1-—p)>apthen X=0 (o <1-p)
Y=1 — if(1-a)p>a(l—-p) then X =1

Pcorr = Max(a, p,1 —p,1 —a)
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Decoding
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The BSC Case

Transmission matrix: T = (1 e« >
« 1 -«

Max. Likelihood: R
Y=0 — if1—a>athen X=0 (a
Y=1 — if1-a>a then X =1

INIA
Nl = Nl =

pcorr — Pr(} — X) — maX(O{,1 — Oé)

Ideal Observer: R
Y=0 — if(1—-a)1-—p)>apthen X=0 (o <1-p)
Y=1 — if(1—-a)p>al—-p) then X =1 (< p)

Pcorr = Max(a, p,1 —p,1 —a)

Both differ only when the channel is useless!

Jorge L. Villar CODES & CRYPTO



Decoding
[e]e] lele]e]

Improving Channel Reliability (1)

GOAL: Make pcor as close to 1 as possible maintaining an
information transmission rate close to the theoretical channel
capacity
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Improving Channel Reliability (1)

GOAL: Make pcor as close to 1 as possible maintaining an
information transmission rate close to the theoretical channel
capacity

Intuitively, one has to add redundancy to the source to be able
to correct all errors introduced by the channel.
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Decoding
[e]e] lele]e]

Improving Channel Reliability (1)

GOAL: Make pcor as close to 1 as possible maintaining an
information transmission rate close to the theoretical channel
capacity

Intuitively, one has to add redundancy to the source to be able
to correct all errors introduced by the channel.

E.g., the information rate of the uniform binary source is
H(X) = 1, but the capacity of the BSC is Agsc = 1 — h,.
Therefore, we need to expand X to a length of at least /\;sc to
make pPeorr — 1.

Jorge L. Villar CODES & CRYPTO
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Improving Channel Reliability (l1)

Source —E) Improved Channel )—> Dest.
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Improving Channel Reliability (l1)

Source —E) Improved Channel )—> Dest.

Channel replication = Repetition code

) >
Source ) > A3z = Dest.
) >
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Improving Channel Reliability (l1)

Source —E) Improved Channel )—> Dest.

Channel replication

Repetition code

) >
Source ) »| As = Dest.
) >

“Encode then Transmit”

Source = Enc(:) =0 =p| Ac = Dest.

Jorge L. Villar CODES & CRYPTO
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BSC Replication (or Repetition Code)

Each source symbol is sent n = 2¢ + 1 times.
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BSC Replication (or Repetition Code)

Each source symbol is sent n = 2¢ + 1 times.
Max. Likelihood Decoding Rule: (Assume a < %)
Y — decide X by majority vote among Yi,..., Y

Jorge L. Villar CODES & CRYPTO



Decoding
0000e0

BSC Replication (or Repetition Code)

Each source symbol is sent n = 2¢ + 1 times.
Max. Likelihood Decoding Rule: (Assume a < %)
Y — decide X by majority vote among Yi,..., Y

Definition (Hamming Distance)

Given two words x, y € {0,...,r — 1}", the Hamming distance
d(x, y) is the number positions in which they differ.
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BSC Replication (or Repetition Code)

Each source symbol is sent n = 2¢ + 1 times.
Max. Likelihood Decoding Rule: (Assume a < %)
Y — decide X by majority vote among Yi,..., Y,

Definition (Hamming Distance)

Given two words x, y € {0,...,r — 1}", the Hamming distance
d(x, y) is the number positions in which they differ.

L

Peorr = PI(X = X) = Pr(d(Y. x"><f)=Z<7>o/(1 —a)
i=0

For o = 0.1, Aggc = 0.531 but for peorr > 0.999 we need n =9

Jorge L. Villar CODES & CRYPTO
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“Encode then Transmit”

We use a constant-length binary code Cx C {0, 1}" for the
extended source S¥ and send the codewords through a BSC.
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Decoding
O0000e

“Encode then Transmit”

We use a constant-length binary code Cx C {0, 1}" for the
extended source S¥ and send the codewords through a BSC.

Max. Likelihood Decoding Rule: (Assume a < })
Y — decide X by the codeword in Cx nearestto Y
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Decoding
O0000e

“Encode then Transmit”

We use a constant-length binary code Cx C {0, 1}" for the
extended source S¥ and send the codewords through a BSC.

Max. Likelihood Decoding Rule: (Assume a < })
Y — decide X by the codeword in Cx nearestto Y

Poor =Pr(X =X)= Y Pr(X=x|X=x)Pr(X =x)
xc{0,1}k
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Decoding
O0000e

“Encode then Transmit”

We use a constant-length binary code Cx C {0, 1}" for the
extended source S¥ and send the codewords through a BSC.

Max. Likelihood Decoding Rule: (Assume a < })

Y — decide X by the codeword in Cx nearestto Y

Poorr =Pr(X =X)= > Pr(X=x|X=x)Pr(X =x)
xc{0,1}k

Pr()A( =X | X =x) =Pr(Y € neigh(Ec, (x)) | X = x) where

neigh(w) = {y € {0,1}" : Vz € C¢ \ {w}, d(y,z) > d(y,w)}
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“Encode then Transmit”

We use a constant-length binary code Cx C {0, 1}" for the
extended source S¥ and send the codewords through a BSC.

Max. Likelihood Decoding Rule: (Assume a < })

Y — decide X by the codeword in Cx nearestto Y

Poorr =Pr(X =X)= > Pr(X=x|X=x)Pr(X =x)
xc{0,1}k

Pr( =X | X =x) =Pr(Y € neigh(Ec, (x)) | X = x) where

neigh(w) = {y € {0,1}" : Vz € C¢ \ {w}, d(y,z) > d(y,w)}

pr( =x|X=x)= Z adWEe (X)) (1 — o)1= d0y:Ec, (X))
yeneigh(Ec, (X))

Jorge L. Villar CODES & CRYPTO
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Shannon Theorem
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The Rate of a Constant-Length Code

Definition (Code Rate)
The rate of a constant-length r-ary code C C {0,...,r—1}"is

Aic) = 29:)
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Shannon Theorem
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The Rate of a Constant-Length Code

Definition (Code Rate)
The rate of a constant-length r-ary code C C {0,...,r—1}"is

Aic) = 29:)

For the r-ary repetition code Crep = {0”,...,(r —1)"}, |Crep| =1
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Shannon Theorem
000000000

The Rate of a Constant-Length Code

Definition (Code Rate)
The rate of a constant-length r-ary code C C {0,...,r—1}"is

Aoy — o8]

For the r-ary repetition code Crep = {0”,...,(r —1)"}, |Crep| =1
For a constant-length r-ary code Cx C {0,...,r — 1} for an
r-ary extended source S¥, |Cx| = r¥ and R(Cx) = &

GOAL (restated): Given an r-ary channel with capacity A, find C
with peorr = 1 and R(C) log, r ~ A.

Jorge L. Villar CODES & CRYPTO
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Shannon’s Theorem

Theorem (Shannon)

Given an r-ary channel (stateless and source independent)
with capacity N, for any positive ¢,5 € R™ there exists ng € Z*
such that for all n > nq there exists an r-ary code C of
constant-length n, and a decision rule for it such that

AN—e<R(C)log,r <A Pcorr >1—16
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Shannon Theorem
0®0000000

Shannon’s Theorem

Theorem (Shannon)

Given an r-ary channel (stateless and source independent)
with capacity N, for any positive ¢,5 € R™ there exists ng € Z*
such that for all n > nq there exists an r-ary code C of
constant-length n, and a decision rule for it such that

AN—e<R(C)log,r <A Pcorr >1—16

The proof builds on the idea that random codes behave well
with high probability, but it is not constructive.

Jorge L. Villar CODES & CRYPTO



Shannon Theorem
00e000000

Sketch of the proof for the BSC (I)

Consider a random binary code C of constant-length n and rate
R (i.e., |C| = 2"R). Now a random codeword X = (Xj,..., X,) is
sent through a BSC with error probability o < }. The word at
receptionis Y = (Yi,..., Ya). We use the nearest-codeword
decoding rule.
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Shannon Theorem
00e000000

Sketch of the proof for the BSC (I)

Consider a random binary code C of constant-length n and rate
R (i.e., |C| = 2"R). Now a random codeword X = (Xj,..., X,) is
sent through a BSC with error probability o < }. The word at
receptionis Y = (Yi,..., Ya). We use the nearest-codeword
decoding rule.

The expected value of peorr is

1
E(Pcorr) = on Z tx,yPcorr (x,y)
x,ye{0,1}"

Pcorr(X,Y) is the probability that vz € C \ {x}, d(z,y) > d(x.y).

Jorge L. Villar CODES & CRYPTO



Shannon Theorem
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Sketch of the proof for the BSC (1)

ASs Peorr(X,y) only depends on d(x,y),

n

E(peor) = 3 ()a?(1 = )" 9peonta)

d=0

and

[C]—1
1+n+...+ (]
pcorr(d) = (1 - on (d)>
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Sketch of the proof for the BSC (II)

ASs Peorr(X,y) only depends on d(x,y),

n

E(peor) = 3 ()a?(1 = )" 9peonta)

d=0

and

[C]—1
1+n+...+ (]
pcorr(d) = (1 - on (d)>

Recall that |C| = 2"R. Then, for large enough nand d < J

pcorr(d) ~ e—2’7(R*1)(1 +n+...+(g))

Jorge L. Villar CODES & CRYPTO
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Sketch of the proof for the BSC (lII)

Foranyd <2, 1+n+...+ () <2 where
h, = —alog, a — (1 — a)log,(1 — «)
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Shannon Theorem
00000000

Sketch of the proof for the BSC (lII)
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Sketch of the proof for the BSC (lII)

Foranyd <2, 1+n+...+ () <2 where
h, = —alog, a — (1 — a)log,(1 — «)

n(R—1+hy /)
Thus, for d < 2, peorr(d) > €72 an

Let vy < % be such that h, =1 — R. If nis large enough, for all
d < ~yn, pcorr(d) =1 and then

E(Peorr) = % <Z) (1 — )

d=0

that is, the probability that a binomial(n, o) random variable is
less than yn, which tends to 1 whenever v > «. Equivalently,
R=1 _h'y<1_ha:/\BSC
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Theorem (Fano Bound)
For any channel, r-ary source and decision rule

H(X | Y) < hpcorr + (1 - pCOI’I’) IogZ(r - 1)

Fano bound is equivalent to

— Pcorr

H(X | Y) < —Pcorr 1095 peorr — (1 — Peorr) Iog2 ——1

Let’s write (/,j) € A for the decisionrule maps Y =jto X =
1y

Then, Peorr = Z pit; and H(X|Y)= Zp,t,,logz p:q”

(ij))en (i) !

orHIX|Y)= > p,t,,log2 + Y pitijlog, C;
(ij)ea i (ea Pitis
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- X 1Y) = S pitiilogy 3+ S L9
Peorr “%Am} HX | Y) HﬁAp,f‘/\ogL vy \ ”ﬁ:AD,IU\OgL o
— Pcorr
Q= H(X|Y)+ pcor 1095 Pcorr + (1 — Pcorr) |ng _1 =

Z pitijlog, iPeorr + Z pitijlog, M
(i)eA pili (iDeD pitij(r—1)

Jorge L. Villar CODES & CRYPTO



Shannon Theorem
000000e00

Fano Bound (I1)

. R i q; Z—1
Peorr = > Piti j HX|Y)= Z piti j logp f’ - piti j logp f’ logo Z < ———

(i.jyen (i,j)ea Pilij  (ijyza Pili,j In2

Q H(X | Y) + pCOI’I’ IOQZ pCOI’I’ + (1 — pcorr) |ng ﬂ =

—
Z p/t/,j |092 q/P;:orr + Z p/t/,j IOgZ qj(t(rpco-lrr))
(ij)ea Pilii (ipen Piti;
1 —
QIN2 < peorr > G— > p,-t,-,,-+ p“”) > g piti
(i)ea  (ij)ea (inga  (ij)ga
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Fano Bound (I1)

Peorr = z piti,j HX|Y)= Z piti,j109o 9 } Z piti jlog, 9 log, Z < Z-1

ea i5ea ity ihma Pl In2
Q= H(X|Y)+ pcorr 1095 Pcorr + (1 — Pcorr) 1092 # =

aip
Z p/t/,j |092 ! ;:orr + Z p/t/,j IOgZ qj(t(rpco-lrr))
(ij)en Pitii (ipen Piti
1 _
QIN2 < peorr > G— > p,-t,-,,-+ p“”) > g piti
(iNea  (ij)ea (h)gA ()gA

But > g =1and ) g =r—1 bothimply Qin2<0
(ij)er (i)ga
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Converse of Shannon’s Theorem

Given an r-ary channel (stateless and source independent)

with capacity \ and a uniform source, for any Ay > N> > A there
exists no sequence of codes {Cn}n>n, Of constant length n and
rates R, such that Ny > Rplog, r > N and peorr — 1 @s n — oo.
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Given an r-ary channel (stateless and source independent)

with capacity \ and a uniform source, for any Ay > N> > A there
exists no sequence of codes {Cn}n>n, Of constant length n and
rates R, such that Ny > Rplog, r > N and peorr — 1 @s n — oo.

For X uniformly distributed in C,,, using Fano bound

nRplog, r=HX)=HX|Y)+I(X;Y) <

Hpeorr + (1 = Pcorr)NARR10g, r+ NN < 14 (1 — peorr)NRR 109, 1+ NA
14+ nA < 1+ nA

nRplog, r — nhz

Thus, peorr <

Ao — A
2N,
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. 2
Finally, for n > ———, pcorr cannot exceed 1 —
Ao — A\
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Remarks

A transmission channel has a maximum transmission rate, the
channel capacity A.

Large codes with pcorr ~ 1 and a rate close than
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based on the properties of random codes.
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Remarks

A transmission channel has a maximum transmission rate, the
channel capacity A.

Large codes with pcorr = 1 and a rate close than exist,

log, r
based on the properties of random codes.

Still, these optimal codes have inefficient decoding.

There are also some combinatorial bounds limiting the
existence of codes with practical lengths.

The goal is now build not-too-large efficiently decodable
codes with good p..,r and rate.
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Proof of the Lemma

Foranya < tandd <n
n

(oo ()2

~

i=0 i=0
> (1 _a)nl_gdo: <7> (1 iya>d ~ o1 _a)ndizi; (7)
Thus, Zdz <7) < a—d(1 . a)—(n—d)
i=0

Now, if d < g we can set a = %, that is d = na, and then

Zd: <7) < (ao(1—a)i=) " =2

i=0
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