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Abstract
The purpose of this work is to give precise estimates for the size of the remainder
of the normalized Hamiltonian around a non-semi-simple 1 : —1 resonant

periodic orbit, as a function of the distance to the orbit.

We consider a periodic orbit of a real analytic three-degrees of freedom
Hamiltonian system having a pairwise collision of its non-trivial characteristic
multipliers on the unit circle. Under generic hypotheses of non-resonance
and non-degeneracy of the collision, we present a constructive methodology
to reduce the Hamiltonian around the orbit to its (integrable) normal form, up
to any given order. This constructive process allows to obtain quantitative
estimates for the size of the remainder of the normal form, as a function
of the normalizing order. By selecting appropriately this order in terms of
the distance R to the resonant orbit (measured using suitable coordinates),
r = rop(R) := 2+ [exp(W (log(1/R"(*1*9)))) |, we have proved that the size
of the remainder can be bounded (for small R) by R"»®/2_ Here, W(-) stands
for Lambert’s W function and verifies that W (z) exp(W(z)) = z, T = 1 is
the exponent of the required Diophantine condition and ¢ > 0 is any small
quantity. The reasons leading to this bound instead of classical exponentially
small estimates are also discussed.

Mathematics Subject Classification: 34C20, 37G05, 37G15

1. Introduction

In this paper we study real analytic three-degrees of freedom Hamiltonian systems having a
1 : —1 resonant periodic orbit. More precisely, we are considering a three-degrees-of-freedom
Hamiltonian with a periodic orbit for which its four non-trivial characteristic multipliers
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(i.e. those different from one) collide pairwise in the unit circle or, in an equivalent way,
its two corresponding normal frequencies are equal.

We note that the situation dealt with in this paper is very common in Hamiltonian
mechanics. First of all, we recall that periodic orbits are not isolated in Hamiltonian systems,
since if we have a periodic orbit of a Hamiltonian whose monodromy matrix does not have
other eigenvalues equal to one except the two trivial ones, then this orbit is contained within
a l-parameter family of periodic orbits (parametrized by the energy, see [22]). What we are
asking of this family is that when the parameter moves there is a transition from stability
(the four non-trivial characteristic multipliers are different and of modulus one) to complex
instability (one non-trivial characteristic multiplier is a complex number of modulus different
from one and the other three are the complex conjugate number and the corresponding inverse
numbers) through a pairwise collision of its non-trivial characteristic multipliers in the unit
circle (at two conjugate points different from £1). This transition is usually referred to as
the quasi-periodic Hamiltonian Andronov—Hopf bifurcation (see [18] for a broad study of this
bifurcation). Hence, the transition orbit is the one we are considering.

This simple mechanism for the generation of such resonant orbits makes this phenomenon
common in several mathematical models of science. Here we are not going to be more
explicit about the context where this transition has been detected, but refer to the introductions
of [10,16,17] for a wide description of previous works on the subject, even analytic or numeric.

In a primary classification of this resonance, we can distinguish between two cases
depending on the semi-simple or non-semi-simple character of the four-dimensional box of
the monodromy matrix associated to the non-trivial multipliers (the box corresponding to the
so-called normal directions of the orbit). Of course the generic context is the non-semi-simple
one, and it is the one we will focus on from now on. This is the non-degeneracy condition
claimed in the abstract.

Now we consider a system of symplectic coordinates in R® given by (6, x,1,y) €
T! x R? x R x R?, with the 2-form d& A dI +dx A dy, T! := R/27Z, x = (x1, x2)
and y = (y1,y2). We want 0 to be an angular variable describing the resonant periodic
orbit, so that it corresponds to the circle {I = 0,x = y = 0}. Such a (local) system of
coordinates always exists for a periodic orbit (see [2,3]) and we refer to [12] for an example
with an explicit construction of it. Using this system as a framework, we perform a Floquet
transformation around the resonant periodic orbit in order to reduce the quadratic part of the
Hamiltonian in the normal directions (the ones given by (x, y)) to constant coefficients. This
is achieved by means of a symplectic change of coordinates, linear with respect to (x, y) and
2m-periodic in 6 (see [1, 18] for the proof). The Hamiltonian expressed in the new variables
takes the form:

€ A
HO, x, 1, y) = o1 +wy(y1x2 — y2x1) + 5<y% +y) +HO, x, 1, y), (1)

where w; is the angular frequency of the orbit and w, is its (only) normal frequency,
so that the non-trivial characteristic multipliers of the orbit are {A, A, 1/, 1/A}, with
A =exp 2miw,/w;). The function H contains higher order terms in (x, I, y). The sign
€ = =1 is an invariant of the collision, but by means of a change of time, t — —f, we
exchange both contexts (see [16]). In the forthcoming, we shall assume € = +1.

A second criterion of classification for this resonance refers to the relation between w;
and w,. Hence, the resonance is called rational or irrational depending on the value of w; /w>.
Again we will focus on the generic situation and we will suppose w;/w; ¢ Q. But in this
paper we will ask for something more. As usual when working with quantitative estimates on
normal forms we will require @, and w; to satisfy a Diophantine condition (see (3)). This is
the non-resonance condition we are asking for.
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Our set up is Hamiltonian (1), with € = +1, that we assume can be analytically extended
to a (complex) neighbourhood of the periodic orbit. Since Poincaré’s dissertation [19], a
natural question arising from a system like (1) refers to its normal form. Of course, the
normal form associated to a 1 : —1 resonance has been previously investigated and the answer
to this question is known. We can quote [1] for the analogous case of a symplectic mapping
and [24] for the Hamiltonian Hopf bifurcation at equilibrium points in two-degrees-of-freedom
Hamiltonian systems (see also [14, 15,21]). In [16] the specific case of a 1 : —1 resonant
periodic orbit of a three-degrees-of-freedom Hamiltonian is considered, the normal form is
computed up to any order and a detailed analysis of the dynamics of the normal form is given.

The principal difficulties when computing this normal form come from the ‘nilpotent’
term (yl2 + y%) /2, which gives rise to non-diagonalizable normal variational equations around
the orbit, and hence, to non-diagonalizable homological equations (see (16)). This makes the
analysis of the normal form more involved than, for instance, the case of an elliptic periodic
orbit.

What we have not found in the literature are previous works where this normal form has
been studied from the ‘quantitative’ point of view, that is, by controlling how the size of the
remainder behaves as a function of the normalizing order and of the distance to the periodic
orbit. We recall that in the presence of resonances normal forms computed up to infinite order
are not convergent, in general. Thus, provided with these estimates on the remainder one can
try to optimize the order of the normal form, as a function of the distance to the periodic orbit,
in such a way that the size of the remainder becomes as small as possible. This is a classical
issue that has been worked out by many researchers (see for instance [6,7, 11,23]).

Therefore, this quantitative approach requires not only the identification of the non-
removable terms of the normal form (this can be done in a quite standard way) but also to
compute explicitly the normalizing transformation, in such a way that we can control how its
domain of definition ‘shrinks’ as a function of the normalizing order. The explicit (constructive)
computation of the normal form transformation is not difficult if the homological equations
are diagonal (which is the case in the previous works mentioned above), giving rise to simple
bounds for the normal form. Thus, one of the main contributions of this paper is to fully
develop a constructive algorithm to solve those homological equations, which allows one to
compute the normalizing transformation for the Hamiltonian (1) (for instance, by means of
the Lie series method). This algorithm can be implemented numerically using a computer
(see [12] for a numerical computation of a normal form around an elliptic periodic orbit).

The quantitative result we have obtained is stated as follows.

Theorem 1.1. We consider the real analytic Hamiltonian 'H of (1), with ¢ = +1, that we
suppose is defined in a complex domain of the form

D(po, R?) :={(6,x,1.y) € Cx C* x C x C*: Im(6)| < po,

111 < R)?, |, »)] < R 2
for certain py > 0and R© > 0, where |-| stands for the supremum norm. For this Hamiltonian
we assume that the weighted norm introduced in (9) (defined from the Taylor—Fourier expansion

of H, see (6)) is finite in this domain, so that | H|| 5, ko < +00. We also suppose that the vector
w = (w1, wy) verifies the Diophantine condition

[(k, )| =y Ikl T, Vk € Z2\{(0,0)}, ?3)

for certain y > 0 and t > 1, where (-,-) means the standard inner product of R* and
[kly := |ki| + |k2].
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Then, given any ¢ > 0 and o > 1, both fixed, there exists 0 < R* < 1, depending on
00, RO, 1Hl 5o, k0, l1l, l@2l, v, T, € and o, such that, for any 0 < R < R*, there is a real
analytic canonical diffeomorphism W™ verifying:

(i) WP is defined in D(o~%py/2, R) with ¥ B (D(c2py/2, R)) C D(po/2, 0 R).
(ii) Ifwewrite YR _Id := (@B xB TR YR thenallthe components of this expression
are 2w -periodic in 6 and satisfy

(1—0"2)p
n®“wf%pﬂ<———3———, IZ®y-2py 2.2 < (6% — 1R,
R R .
1 o222 < (@ = DR, V2028 < (0 — DR, j=12

(iii) The transformed Hamiltonian by the action of WX takes the form:
How®@,x,1,y) = Z®x, 1, y) +RP©,x,1, ),

where Z® (the normal form) is an integrable Hamiltonian system which looks like
1
Z®(x, 1, y) = o1 + wr(y1x2 — y2x1) + 5()’12 +3)

+zZ® (1 G +x)) (ym—yle))
’ 2 P} 2

with Z® (u, v, w) a polynomial of degree less than or equal to [Fopt(R)/2] (|-] means
the integer part) starting at degree two and R'®) contains higher order terms on (x, I, y).
(iv) The expression rop (R) is given by

1
Fopt(R) 1= 2+ {exp <W <10g <W>>>J

with W : (0, +00) — (0, +00) defined from the equation W(z) exp (W (z)) = z.
(v) Z® and RW® satisfy the bounds

1Z5 Nk < I Hlpy,z0 IR® 22,8 < R E2, “)
(vi) R™® goes to zero with R faster than any algebraic order, so that

”R(R) ||0'pr /2,R
lim ————2 /=%
R—0* Rn

Remark 1.2. The function W on the statement corresponds to the principal branch of a special
function W : C — C known as the Lambert W function (see [4] for details on it). Moreover,
for any T > 1 fixed, the Lebesgue measure of the complementary of the set of @ € R? for
which there is y > 0 verifying (3) is zero (see [13], appendix 4).

Remark 1.3. We have formulated theorem 1.1 in terms of weighted norms instead of the
supremum one because when working with them the proof becomes simpler. We note that
they provide upper bounds for the supremum norm (see section 2 for more details).

At this point, it is natural to compare theorem 1.1 with previous quantitative results on
normal forms. We select the case of an elliptic periodic orbit of a real analytic three-degrees-
of-freedom Hamiltonian system. After a Floquet transformation the Hamiltonian around this
orbit is

I R N < I ) 0
H(G,x,l,y)=w11+7(x1+y1)+7(x2+y2)+H(9,x,I,y)~ 5
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If the vector of frequencies w = (w1, wy, w3) satisfies a Diophantine condition of the form
[k, w)| > y|k|l_f, k e Z3\{(0, 0,0)}, with y > 0 and T > 2, then we can compute, up to
any arbitrary order r, the normal form around the orbit, that takes the form (we keep the same
name for the transformed Hamiltonian and variables)

2 +y?) (2 +y2)
2 2

HO,x,1,y) =27 (1, )+R<”<9,x,1, ),

where Z®)(u, v, w) is a polynomial of degree less than or equal to |r/2] and R contains
higher order terms in (x, I, y). What is proved in this case (under the same analyticity
hypotheses as in theorem 1.1) is that if we pick the normalizing order r = rop(R) =
Lb/R¥ D | then [|R™]| /4. < aexp (—b/R¥ V), for certain a, b > 0 independent of R
(see [11]). This implies that an exponentially small bound for the remainder is obtained in the
elliptic case, which is something very much smaller than (4). Let us try to explain briefly the
reason for this completely different behaviour (see also remark 8.2).

We recall that the non semi-simple character of the variational equations of the resonant
periodic orbit of (1) is translated to the homological equations (16). Then, when solving those
equations we find the same phenomenon as when solving an algebraic linear system with a
matrix given by a n-dimensional Jordan box, with A at the diagonal: the last component of
the solution we compute has a factor of the form 1/A". In our context, we can identify n
with the order of the normal form we are processing at the present time, so that the size of
those boxes increases with the order, and X is an integer combination of w; and w,, depending
also on the order (the so-called small divisors). But in the elliptic case homological equations
are diagonal and only one small divisor appears in the denominator of any component of the
solution. This is a colossal difference between the semi-simple and non-semi-simple context,
that is responsible for the poor estimate (4). We do not claim that the estimates on theorem 1.1
are optimal, but we are convinced that they cannot be strongly improved with the standard
quantitative approach to bound normal forms (see remarks 7.2 and A.9).

The contents of this paper are organized as follows. The first step is to introduce the basic
notations and definitions we will use to formulate and prove the results of the paper. This is
done in section 2. In section 3 we present the specific method we will use to construct the
(canonical) normal form transformation, which is based on the Lie series method. Section 4
tackles the resolution of the homological equations related to the normal form process. More
concretely, a constructive algorithm to solve the order s homological equation and to obtain
the order s non-removable terms is presented, for any s > 3. The (formal) solutions thus
obtained are studied in quantitative form in section 5. In section 6 the full normal form process
of section 3 is considered from the quantitative point of view, giving bounds for the generating
function of the transformation in terms of the order. In section 7 those bounds are converted
into bounds for the remainder of the normal form, as a function of the order and of the distance
to the resonant orbit. The optimal way to select the normal form order as a function of this
distance is discussed in section 8. The proof of theorem 1.1 is given in section 9. Finally,
appendix A is an appendix where we have compiled some technical results used in the course
of the paper.

2. Basic notations and definitions

In this section we introduce some notations and definitions to be used throughout the
paper.
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We shall denote by E the complex vectorial space of formal Taylor—Fourier series of type

E:= {f =fO.q.L.p):f =Y fermal'q"p" exp (ike) ©6)
k,l,m,n

withg = (q1,¢2), p = (p1, p2), k € Z,l € Z,andm,n € Zi, where Z, = NU{0}. Here and
throughout the paper we will use extensively the standard multi-index notation: ¢" = ¢;"'¢;"
and so on. Given a monomial o = I'q" p" exp (ik) € E, we define its adapted degree or
weighted order (so its degree from now on) as deg(«) := 2/ +|m|; +|n|;. Hence, the degree on
1 is counted twice with respect to the degree on (¢, p). The expression |u|; means the absolute
norm of a complex vector u, given by |ul; := ), |u;|. In the same way, we will write |u| for
the supremum norm of u. We will extend the same notations to denote the associated matrix
norms.

This definition of degree is motivated by the action of the Poisson bracket on E. Given
/> & € E, we define its Poisson bracket by

2
(f8) =00 f - 018 —01f - 9g+ Y (04 f - 0p& — 0 f - 05.8)- @)
i=1
Thus, if «, B € E are two monomials, then deg({e, 8}) = deg(w) + deg(B8) — 2, giving the
homogeneity of the Poisson bracket with respect to the adapted degree. Related to the Poisson
bracket, we also introduce the (linear) Lie operator associated to each u € E:

L,:E—E,
f= Luf ={f u}

During the normalizing process we will work with several subspaces of E. Thus, [E; will
stand for the subspace of £ generated by the monomials of degree s. Moreover, given k € Z
andl, M, N € Z,, we denote by E; ; s v the subspace of Ey;, .y spanned by the monomials
of the form I'q™ p" exp (ik6), with |m|, = M and |n|; = N. Hence,

Ec= & B ®)

kel
20+ M +N =5

We will also refer to general (complex) polynomials on the variables (g, I, p) or (g, p) using

the standard notations C,[g, I, p] (recall we are counting twice the degree on 1) and C;[g, p].
As we want to work with analytic functions, we are interested in convergent series

expansions. Thus, given p > 0 and R > 0, we say that f € E(p, R) if f € E and the norm

1fllpr =D |fesmal RZFH exp (k| p) ©

k,l,m,n

is finite. As we have mentioned before in remark 1.3, || f|l,, is an upper bound for

the supremum norm of f in D(p, R) (see (2) defined using (g, p) instead of (x, y)). If

Il fll,,r < +oo it implies that f is analytic in the interior of D(p, R) and bounded on the

boundary. Conversely, if f is analytic in a neighbourhood of D(p, R), then || f||,,z < +oo.

We point out that the definitions of || - ||,z and D(p, R) are coherent with the adapted degree.
In an analogous way, given f € [E; we say that it belongs to E,(p) if the norm

Iflp = Y |fermnlexp(klp) (10)

k,l,m,n
20+m+n=s
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is finite. For such s-homogeneous f we have || f|, r = | fll,R*. A very important case is
when f € Cqlq, I, p], where p plays no role. For such an f we define
Ifl= > formal (1)
l,m,n

20+m+n=s

Some basic properties of these norms are surveyed in appendix A. Those properties are very
similar to the ones for the classical supremum norm. Therefore, we have preferred to work with
weighted norms instead of the supremum norm because several estimates become simpler with
them, for instance those on small divisors. Thus, weighted norms have been widely used to
quantify the effect of small divisors in normal forms (see, e.g. [6,7,11,18,23]). Alternatively,
one can work with the supremum norm and use the estimates of Riissmann on small divisors
(see [20]).

The last definition in this section refers to the symmetries we will ask for the complex
coefficients of f € E. Insection 3 we will introduce a complexified version of Hamiltonian (1),
so that the variables (g, p) will follow from (x,y) by means of a suitable linear but
complex transformation (see (17)). This ‘complexification’ implies several symmetries on
the coefficients of the functions involved. Let S : E — E be the (linear) operator defined by

f 8= D™ oty mmm I'q" " exp(ik6), (12)

k,l,m,n

where bar denotes complex conjugation. Then, we will use the notation ES to refer to the
elements f € I such that S(f) = f. Equivalently, we will say that f € ES satisfies the
S-symmetries. We extend the S-notation to ES and Eg 1.m.n- 1t 1s important to note that if
f, g € ES, then {f, g} € ES, so that the S-symmetries are preserved by Poisson brackets.

As a final remark, we observe that the definition of IE and the related ones have been made
(for convenience) in terms of (g, p), but everything remains valid replacing (g, p) by (x, y).

3. Construction of the normalizing transformation

This section describes the specific method used to construct the normal form transformation.

A very natural way to compute the normalizing transformation is to look for it as a
composition of a sequence of canonical transformations, in such a way that the normal form is
computed ‘degree-wise’ by choosing the sth-transformation to remove the non-resonant terms
of degree s + 2 from the Hamiltonian obtained after the previous step, for s > 1. However,
if one is interested in further applications of the normal form (for instance a quantitative
analysis or a numerical implementation), it is advisable to use some ‘closed’ algorithm which
computes the normalizing transformation from a single canonical change. More precisely,
throughout this work we shall use the Giorgilli-Galgani algorithm (see [7-9,23]) applied to
formal Taylor—Fourier series in E.

Definition 3.1 (the Giorgilli-Galgani algorithm). Let G = 2323 Gy, with G, € E;. We
define the map Tg : & — E in the following way. Given f = 2121 fi, with f; € E,
then Tg f = Z.@l F,, where F;, = Y ,_, fi.s—1 and the terms f;,_; € E; are computed
recursively by

o=t =Y Hfreg Gal s> 1. (13)
j=1

Usually, the sum G is known as the generating function of the transformation.
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Remark 3.2. The very important property of the transformation 7 is that if f and G are
convergent, then 7 f = f o ®,%,, where ®_* means the flow time ¢ of the non-autonomous
Hamiltonian — x (the time is ¢), with x = 2521 §G406° 1. So, the coordinate transformation
given by ¢ = 160, J = Tgl, Q; = Tgq; and P, = Tgp; (i = 1,2) is canonical and
2m-periodic in 6. For an account of these properties, together with their corresponding proofs,
see [8].

The idea is thus to take f = H, the Hamilton function, to construct an ad hoc generating
function G and to apply algorithm 3.1 to cast H into its normal form. This reduction process
can be done recursively and the following algorithm can be given to determine both G and the
normal form.

Proposition 3.3. Consider H = 2‘92 H, with H; € E;, and the generating function
G = 293 G,. If we write TcH = 2322 Z,, with Z; € Eq, then the following relations
are satisfied:

Z2 = Hz, {GS! HZ} + Zs = Fsa s = 3a (14)
where,
F; = Hj,
s—3 . s—=2 .
J J (15)
Fy :ZSTz{Zsfj»G2+j}+ZST2H2+j,s—j727 s>4
Jj=1 Jj=1

Here, the quantities H; ; may be computed recursively from formulae (13).

The proof of proposition 3.3 is formally identical to the proof of the corresponding classical
one in [7] and [23], so the reader is referred to these.

From relation (14), it is clear that the important point is to investigate the solvability, in
terms of G and Z;, of the homological equations

Ly, Gs+Z, = F;, (16)

for a given F; € E;, in such a way that Z; takes the simplest possible form.
In order to deal with such homological equations, itis convenient to introduce the following
(complex) coordinates,

=P _ (g1 + p2) 92+ p1 _ (g2 — p1)

X1 , Xy = , yi= ; Y2 = (17)
V2 V2 V2 V2
These relations define a linear canonical change
©,x,1,y):=90.q,1, p), (18)
which transforms the Hamiltonian H of (1) into H := H o ¢, which we expand as
H.q.1.p)=Hy(q.1.p)+ Y Hi.q.1.p) (19)
>3
with H; € E;, where H, is given (for € = +1) by
Hy = w1 +iw2(q1p1 + q2p2) + @21 (20)

These kind of transformations are usual in normal forms to put the homological equations
in diagonal form. In our case this is not possible but, as we will explain in section 4, using
complex coordinates we can re-write (16) as a family of algebraic systems of linear equations
with lower-triangular matrices.
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Remark 3.4. The price we pay for these simplifications on the homological equations is that
Hamiltonian (19) is not given by a real analytic function but by a complex analytic one, so
that real values of (x, y) correspond to complex values of (g, p) such that g = —p, and
g» = pi. This is equivalent to saying that H verifies S(H) = H (see (12)), and hence
H < E°. Conversely, given any convergent series F € [ES, then F o ¢~ ! is a real analytic
function.

An alternative to the complexification of H is the chance to perform the normal form on the
real Hamiltonian and complexify the system only when solving the homological equations.
We have preferred to work with a complex Hamiltonian, but both approaches are equivalent.

4. Resolution of the homological equations

Given F € E‘f s > 3, the target of this section is to look for the simplest expression for
Zs € Ef (the normal form) in such a way that there exists G, € Ef verifying (16) (see
section 2 for notations). We recall that we know a priori how Z; looks because the normal
form around a periodic orbit with a non-semi-simple 1 : —1 resonance has been previously
investigated (see [1, 16, 18]).

Proposition 4.1. We consider H, defined in (20) with w,/w, ¢ Q and the decomposition
E, = E° @ E}, with

E = @ Eosm.n- Ef= @ Emw. 2A+M+N =s,
M=N k|+|M—N |0
so that ]Eg = {0} if s is odd. Given F; € Ef, s = 3, we write it as
Fy=F)+F}, F) ek, F} €E;. 21
Then, we have:

(a) There exists a unique G € E} such that Ly,Gt = F7. Moreover, G} € ES.
(b) If s is even, there is a real homogeneous polynomial Z;(u, v, w) of (standard) degree s /2,
which is uniquely defined in terms of F, such that if we set

i(qip1 + 612172))
— )

then Z; € ]E? N Ef and there is G? € E? (not unique) verifying LHZGE +Z, = F;).
Moreover, G_? can be chosen so that G? S Ef

Zs(q. 1, p) == 2 (1, q1P2s (22)

Consequently, if s is odd G, := G and Z; := 0 solve equation (16) in ES, and if s is even so
does G4 == G + G? and Z given by (22).

Remark 4.2. To relate proposition 4.1 with the normal form given in theorem 1.1, we observe
that if we return to real variables by means of the inverse change of (17) one gets

P _(x12 +X§)’ i(gip1 +q2p2) _ (y1x2 — }’2X1)_ (23)
2 2 2

But the statement of proposition 4.1 does not completely solve our problem, as we want

to compute constructively Z; and Gy, so that we can give precise bounds on them. Thus, from

here and till the end of section 4 we are going to perform a constructive proof of proposition 4.1.

First of all, to simplify notations, we assume degree s > 3 fixed and we skip the subscript

s of Fy, Gy and Z;. At this stage, we consider a generic F' € E;, whereas the role of the
S-symmetries will be considered later on.
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Given a monomial o = I'q"” p" exp (ik6), direct computations show that

Ly = <S2 +m 2 nzﬂ> @, (24)
q1 P2
where H, is the one in (20) and €2 has been introduced as
Q = Qp ), = 101k +iwa(Im)y — |nly). (25)

On the other hand, the quotient g, /q; does not appear if the monomial « has m; = 0. Similarly
for the quotient p;/p,. With this remark (24) is fully justified. Expression (24) implies that
all the subspaces Ey ; »r v C E; introduced in (8) are invariant under the action of Ly,. Thus,
given F' € E; we decompose it according to its projection into the subspaces Ex ; y n, so that
F = Zk’l’M’N Frimn, with2l + M + N = s, and the same for G and Z, and we investigate
separately the equations

Ly, Grimn+ Ziimun = Frimn- (26)

As will be discussed below, equations with k # 0 or M # N, so that E;; y v C EI,
can be solved by simply setting Z; ; ;. v = 0. The only possible non-removable (or resonant)
monomials are those in Eq ; ys a7, With2l+2M = s (s0 5 has to be even and then Eq 5y C EY).
The explanation of this fact is that the condition w;/w, ¢ Q implies that 24 ; » y = O if and
onlyif k =0and M = N . In sections 4.1 and 4.2 we will consider both cases separately.

4.1. The case Q2 # 0

The first point we remark is that if F € E;; y v C Es, then its coefficients are readily
determined by just a pair of subscripts. In view of (6), it is advisable to denote f,,, =
Seaimm—m N—nn, WithO <m < M and 0 < n < N (we skip k and [ since they are held fixed).
With the notation above, equation (26) can be translated into a system of linear equations for
the (complex) coefficients of Gy y v (dimc Ex ;v = (M + 1)(N + 1)). For this purpose
we introduce f = fi; m.y and g = g m.n as the arrays holding the coefficients f,, , and
&m,n, respectively. We order those coefficients through the following claim: g, g < ga.0 (8.8
precedes g,.,) if ©# > « or, when u = «, if B > o (the same for f,, ). Therefore, g takes
the form g* = (g;,l, gI/I—] e g;), still with gj-( = (gj,]v, 8iN—1>8j,N=25-++58j1> gj,()), for
j =0,..., M, where the star means transposition (and identically for f). Hence, if we set
Zi1.m.n = 0, then equation (26) is equivalent to solve Ag = f, with A = Ay y n a square
matrix of dimension (M + 1)(N + 1). It is straightforward to check that this system is written
block-wise (with M + 1 blocks of dimension N + 1) as

Dy g&m fm
Ey Dy gM—1 fu
Ey-1 Dy gu—2 | = | fu—2 |, 27)
Ey Dy 80 fo

The different blocks stand for E; = j - Idy.i, with Idy,; the (N + 1) x (N + 1) identity
matrix, whereas Dy = Q - Idy+1 — Py, with Q = Q4 y n (see (25)) and

0

Py = N-10 : (28)
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It follows from this description that the matrix A is a band lower-triangular matrix, where all
the entries different from zero are placed at the main diagonal and on two bands (sub-diagonals)
below the main diagonal. Moreover, the elements of the diagonal are all equal to €2. Hence,
if © 5 0, this specific part of the homological equations (we mean their components on the
subspace [y ; ar,x) has a unique solution which can be easily obtained.

At this point, we have proved part (a) of proposition 4.1, thus solving the projection of
equation (16) into E* by setting Z = 0. Clearly,

G'= > Guuw- (29)
20+ M+ N =35
|k|+|M — N| #0

Furthermore, G* satisfies the S-symmetries if F* does. To ensure this one can check that if
Gy m.n 1s (the only) solutionof Ly, Gy my.n = Frymn-then Ly, S(Grim.n) = S(Frimn)-

Remark 4.3. We point out that the Diophantine condition (3) is not required to ensure
convergence of G* if F* does. This is because, for a fixed s, in the divisors iw; k +iw, (M — N)
appearing in the homological equation we have that M — N ranges between —s and s, and
therefore, for all k € 7Z, these divisors are bounded from below whenever w; /w; is irrational.
But we need (3) to control the amplification factor in the norm of G* with respect to the norm
of F*.

4.2. The case Q2 =0

To complete the normal form reduction process we are forced to study the projection of (16)
into E? (i.e. we have to consider (26) with k = 0 and M = N). Then, we have to inquire
which are the terms in F° that can be eliminated with a suitable G (even though = 0), and
which ones are non-removable and have to remain as resonant terms.

To simplify notations we fix the values of / and M, with 2/ + 2M = s even, and we
denote by L the linear operator Ly, restricted to Eo g p.um, so that L : Eo om0 — Eo.0.m.1-
Thus, we observe that given F € Eg; . we can express it as F = IlI:", with F ¢
Eo.o0m.m. Then, we have Ly, F = [ ILF , and hence the expression [ s uncoupled from
equation (26). Consequently, we only have to investigate the solvability in Eg o s, for M > 1
(the case M = 0 is trivial), of

LG+Z=F. (30)

The important point now is that Ker L # {0}, which implies that Range L is strictly contained

in Eg 9,27, i What we have to do is to find a complementary subspace of Range L in Eg oy, -

A standard way to do this is to introduce a Hermitian product (-|-) in ¢ oy, s and to consider

the decomposition Eg o 3., = Ker LT @ Range L, where LT is the adjoint operator of L with

respect to (-|-). In this paper we do not consider this method because we will construct G and

Z explicitly from F, but full details of this approach in our context can be found in [18].
Given F € Eo,0,m,m We express it in the form:

M M M M—i
F=3"3"fund!' a3 "0} " 05 = (@102)" Y fui—jisi (@)™ (q2p2)’
m=0 n=0 i=0 j=0
M M—i
+ Z(Chpl)l Z Fu—i—j (@ p)™ " (qap2). (31)

i=1 Jj=0
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Now, we introduce & = (&1, &, &3, &) defined by

i(q1p1 +q2p2) (q1p1 — q2p2)
& =dq1D2, 52:512171: s3=f, %_4:#7

so that ¢; p; = —i&3 + &4 and g pr = —i&3 — &4. By replacing (g, p) in terms of £ in (31), we
obtain an expression of the form

A M . M—i A . . . M . M-i ~ . . .
F=Y"&Y fi;es el +> &Y fie e, (33)
i=0  j=0 i=1 j=0

(32)

where the coefficients {ﬁ,j}ogng_,- are easily obtained from {fu—;i+jlogj<m—i—the
coefficients in (31)—for any 0 < i < M, and the coefficients { f, ito<i<m—i follow from
{fm—i—j jlogj<m—i> for any 1 < i < M (for explicit expressions, see [18]). Moreover,
expression (33) is a real polynomial in & if F verifies the S-symmetries (check that the
components of £ are real under those symmetries: S(§) = £). Now, we look for

M M—i M M—i
) R R
G=> &> gy "TE+Y &> aiE e (34)
i=1 j=0 i=0 =0

We stress that the sums defining F and G are arranged in a different way. This will ease the
computation of the coefficients of G. At this point it is convenient to know how the operator
L acts on the £-monomials involved in G. First we have,

{61, Ha} = —2&,, {52, H} =0, {&, H} =0, (&4, Ho} =&

and hence, ifi > 1,
L(EIEYE]) = 0, (EIEVED 1, Ha) + 0, (E1EVED 83, Ho) + 3, (61606 64, Ho)
= 2ig e el + jEleeve] T = — i+ ETE e — jE ey 2]

where we have used that £& = —(£7 + £7). Analogously, L(éﬁé;a{) = jéé”é;g{_l. These
computations together on G give the following expression for LG:

M M—i M M—i
i— A . NeM—i—j j+1 o M—i—i+2 -1 . - Me—i—i.i—1
=D ET Y dl@ie pE T T TR T T Y e

i=1 =0 —0

i=0

M-1 M—v=2
= - Z 51" |:§v+1,1§3MV + Z {(2V +u+ 1)§v+1,pfl +(u+ 1)§v+l,u+l}
v=0

n=I1

XESTTIE £ (0 4+ M) ot v 28N T T 0+ M+ DG mov1E) }

M M—v
+ Z & Z (n+ 1)§v71,u+153Mﬂ7H§f. (35)
v=1 n=0

.....

play no role in equation (30). They are responsible for the non-uniqueness of G. From now on
we set them g; o = 0 (to keep the symmetries and to have minimal norm). Moreover, we also
point out that there is a small ‘abuse’ of notation for the expression inside the square brackets
when v = M — 1, because the term (v + M)§V+1,M,U,2§3$f4*”*1 has no sense and has to be
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removed. Similarly, the sum from u = ltou = M — v — 2 is empty for v = M — 2 and
v=M—1.

Now, we have to compare this expression for LG with the one for F in (33), trying to
determine the coefficients {g; ;} and {g; ;} and the resonant terms Z from (30). Our first try is
to set Z = 0. Then by comparison of the coefficients of &) §3M Mg, one gets the relations,

(e +Dgv-tur1 = fous v=1,....M, u=0,....,M—v. (36)

Hence, the coefficients {g; ;} of G in (34) are now fully determined (see also remark 4.4).

Similarly, a comparison of the coefficients of & §3M vTH éf leads to the following family of
linear systems (0 < v < M — 1 is the parameter):

— Qv+ Dgpar ot — o+ Dvst st = Fous

—W+M)Giimv2 = forvi, 37
_(V +M + 1)§v+1,M7v71 = fv,va
with u =1, ..., M — v — 2 in the first equation (see remark 4.4 to understand this system for

v=M —2and v = M — 1). Linear systems (37) are easily solved by backwards substitution
with respect to  and they determine all the coefficients {g; ;} of G in (34). In particular, for
a fixed v, the equation corresponding to ;. = 2 gives the solution for g, 1, so that the term
S 18] §3M ~” inside the square brackets of (35) cannot be used to remove fv,oéf §3M ¥ from
F. Thus, these terms have to be adjusted by taking a non-zero Z. From here it is very simple
to identify the non-removable terms, which are those given by

M M M-1
Z:=Y ZEE T = fioklE) T+ D fuantl 8N (38)
i=0 i=0 v=0
Finally, if we consider a generic F° € E? (with s even), then we express it as
s/2

F' = Z I'Fypy
1=0
/2 s/2—1 /21

2-lem s/2-1-
Yo" formsp-t-msp-i-nnd'qlay > " py P pl (39)
1=0 m=0 n=0

with Fy» ;€ Eo0,5/2-1,5/2-1. Then, we solve LGyjp 1+ Zspp1 = Fyppyin Ko 521,521 88
described above, and we get

s/2 s/2
G’ = ZIZGs/Zfls Z = lezsﬂfl» (40)
1=0 =0

solving the projection of (16) into E?. Furthermore, it is clear that if FO satisfies the
S-symmetries, then it is also true for the above-defined G%and Z.

5. Bounds for the solution of the homological equations

At this point we know in a very precise way not only the structure of the normal form but also
an effective method to compute the generating function of the normalizing transformation,
according to definition 3.1 and proposition 3.3. Now it is time to start the quantitative part of
the process. The first step is, of course, to bound the solutions for G and Z; of equation (16)
in terms of F;. This will be done by using the weighted norms introduced in section 2. The
result we have obtained is stated as follows.
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Proposition 5.1. With the same hypotheses of proposition 4.1, let F, € ES(p) for certain
p > 0 (see (10)) and consider equation (16). Then, the solutions for G and Z given by
proposition 4.1 can be chosen (as constructed in section 4) such that G, € E‘f (p) with the
following bounds (recall Z, = 0 if s is odd),

Sl

1G5, < W“EY”,O» 1Zs ]l < 22| Fyll s (4D
where
Q = min  {|{k, w)|, 1}. 42)
k € Z2\{(0, 0)}
k| <

Remark 5.2. Let us assume for a moment that w also verifies the Diophantine condition (3),
sothat Q; > ys~7,s > 1, forcertain 0 < y < 1 (see lemma A.7). This estimate on €2 is very
pessimistic for alot of values of s, but we can think that ‘morally’ itis ‘quite sharp’ for an infinite
number of them (maybe by decreasing the exponent 7). Given a generic F € ES (g, Ro)
(see (9)) for certain pg, Ry > 0, we can formally solve equation Ly, G + Z = F, order
by order, obtaining the bound (41) for the terms of degree s. However, from this bound
and the corresponding one of €2, one cannot ensure the convergence of G = ZS Gy and
hence cannot prove that G € ES(p;, R)) for any 0 < p; < ppand 0 < R; < Ry. This
makes a strong difference between the semi-simple and non-semi-simple case, where the
corresponding bounds of G in terms of F§, combined with the Diophantine condition, lead to
the convergence of G.

The proof of proposition 5.1 has been divided into two subsections according to
decomposition (21) of F; and G,. In section 5.1 we will bound G} in terms of F;' and in
section 5.2 we will bound G? and Z; in terms of FX0 (we observe that || Fy|l, = [ F; |, + |l FX0 |
and the same for Gy).

Again, as done in section 4, we will skip the subscript s everywhere to simplify the
notation.

5.1. Bounds for G*

We start considering the projection of equation (16) into Ey; v C Ef, with2l+ M+ N =5
and Q2 = Q¢ ».n # 0 (see (25)). Hence, what we have to do is to solve (27). For this purpose,
we compute explicitly the inverse of the (M + 1) (N + 1)-square matrix A = Ay y n associated
to this system. This inverse can be written block-wise as

(3o
(e (5o
o (O R R ER S

e (4o (5o (o
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where we have introduced D, = (—1)"*'(v — 1)!Dy". To compute the powers D" (for
v=1,..., M+ 1) we use the definition of Dy and the binomial formula:

Dy" = (- Idyy — Py)™"
—v N :
1 1 (=17 (=v\ ,;
—a(ldNH—ﬁPN) —IZ:(; Ly <j )PN7 44)
where we have used that the matrix Py (see (28)) is (N + 1)-nilpotent. More concretely, direct
computation of the powers P} forj=1,...,N, yields
0
0 0
j!(N ) 0 0
Pl = /
0 j!(N - 1) 0 0
J
0 0 j!({ ) 0 0
J

Hence, the only coefficients different from zero of PZ{, are those in a sub-diagonal starting at
the (j + 1)th row. Moreover,

(—.v) _ (_1)l]-v(v+1)~~~.(v+j -1 _ 1y <v+j.— 1>'
J J! J
Thus, defining

g v+

- Qvti ,] ’
and by substitution in (44), one obtains an explicit expression for these matrices

(o)

0

aj=a;(v,Q):

j=0,....,N

N
2

Dy’

(
(

N
N

N—1
WwoAN-1

(Da (%"

N-1

Jo

N -2
0

(

ar- (%é)

)

anN-2

(s

The next lemma furnishes an estimate on the absolute norm of A~! (see (43)).

)a

Lemma 5.3. With the notations and definitions above, the following inequality holds

A7, <(

1+—

1

)

|€2]

MEN (M + N
194

(45)
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Proof. From the definition of the norm | - |; for matrices, one has to look at the column of A~
with the biggest absolute norm, and it is clear that it is the first one. Then,

M M

_ M M —
A~ =Z<v) Dyeily =Z”(U> et

v=0 v=0
M N
=Y vl (Aj) > <N> laj(v+1, Q)|
v=0 Jj=0
C) (7)) e
j ] |Q|v+j+l

()

~

(M + N)! 1 \M
<— 1+_ ’
12|

where it has been used that, if 0 < v < M and0 < j < N,

v!j!(v-;1> < (M +N)\.

This ends the proof of lemma 5.3. ]

Remark 5.4. We observe that bound (45) is ‘quite sharp’ in the following sense: the most
‘dangerous term’ coming from (45) is the power M + N + 1 of the small divisor 1/|€2|, and
the coefficient of this power cannot be improved because the sum given by the expression of
|A~'|, contains a summand of the form (M + N)!/|QM+N+1,

We have opted for bounding |A~!|; because from the definition of the absolute norm we
obtain

1
N1Gkim Nl < A ynlt - NFeimnllp < e N 1 kil
with
M+N
! 1 (M + N)!
Mk, M N 2= + .
|Qem v [$2 m.N |

Therefore, summation of all those terms of G which are in E] (see (29)) yields to:

IG* 1, = > NGrumwl, < D sl Fermnl,
20+ M+ N =35 20+ M+ N =5
[kl +|M — N|#0 |kl +|M — N| #0

Sl

F*,, 46
A+M+N=s Qs+l I (46)
k| +|M = N| #0

N 2
< max  {uemnt JIF7 N, <

where €; is defined in (42).
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5.2. Bounds for G° and Z

Now it is time to bound, in terms of || F°|| (see (11) for the definition of the norm), the solutions
for the projection of equation (16) into E?, namely G° and Z.

We start bounding the solutions in Eg o .2 of (30). To do this, we find two main
difficulties. On the one hand, we have to bound the solutions for the coefficients {g;, j} in (36)
and {g; ;} in (37) in terms of { ﬁ ;) and { ﬁ i}, respectively (these coefficients give F and G
expressed in powers of &, see (33) and (34)) On the other hand we have to translate these
bounds into a bound for ||G|| in terms of ||F || (recall that ||G|| and ||F | are computed from
the coefficients of G and F expressed in powers of (g, p)).

In what concerns {g; ;}, we have from (36) (recall also that g; o = 0, see remark 4.4),

M M—i M M-—i
181 < DD 1l (47)
i=0 j=0 i=1 j=0

The control of the {g; ;} is more involved. It requires doing some work with the recursive
formula defining the solutions of (37).

Lemma 5.5. For the solutions of (37), we have

M M-—i M 1 M—i
)N TEE DI
i=1 j=0 i=0 j=1

Proof. We consider system (37) for 0 < v < M — 3 (the particular cases v = M — 2 and
v = M — 1 can be easily discussed, see remark 4.4). Thus, we obtain

N 1 . 1 .
v+, M—v—1 = U+M+1va Vs v+l M—v—2 = _v+MfV,M7v719
plus the (backwards) recurrence
N 1 f w+l ] M )
_ —_— , =1,....M—v—-2.
Sv+lu—1 = 2v+u+l o 2o+ lgv+l,u+1 M
By taking the complex modulus, we derive the recursive bounds
18v+1,u—1] < mvv,ﬂ +18v+1, 1, w=1,....M—v—-2.
Then, it can be easily checked by induction that the general term of the solution verifies:
L[(M—v—p)/2]
g 4] < | fo2jl, =1,....,.M—v.
|gv+l,;,L 1 < jz_:; 2V+/L+2j+1|fw‘+2j| w

Moreover, we note that these inequalities also work for v =M —2 and v = M — 1. Now, we
sum all those components for 1 < u < M — v, obtaining

M—v [(M—v—p)/2] M-

1 N Lo +1)/2]
Z|gv+lu 1| l; ;0 2V+M+2]+1|fv’u+21 Z vto+1 |fvo’|

M—v

o+1 1=
v,0 g_ v,ol-
<3 sagrhhel 5 2 o

The desired result follows at once by summing these bounds for0 < v < M — 1. OJ
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By combining (47) and lemma 5.5, we derive the following bound for the coefficients of
G in (34) in terms of those of F in (33):

M M-—i M M—i M M—i M M—i
ZZ|g,,|+ZZ|g,,| POV ED DI A (48)
i=1 j=0 i=0 j=0 i=0 j=0 i=1 j=0

Moreover, using lemma 5.5 we also can control the coefficients of the non-removable terms Z
given in (38), obtaining that the same bound holds,

M R M R M—1 M M-—i M—i
DNZA <Y U fiol + D 18wl DY A1+ YD I (49)
i=0 i=0 v=0 i=0 j=l i=1 j=0

The next step is to translate inequalities (48) and (49) into bounds for ||G|| and ||2|| as a
function of || F |I. It forces us to control the changes of variables that relate the coefficients of
these functions in powers of (g, p) with the ones in powers of &. It is done in lemma A.4, and
we obtain

IGII < 2" F], 1Z] < 2" F]I.

To end this section we only have to consider the expressions of F°, G° and Z given in (39)
and (40), thus obtaining

s/2 5/2 5/2
1GO = D 1Gspaill < Y22 N Eyppll <272 N Eyjpll = 272 FO)l.
1=0 =0 =0

Analogously, we derive the bound || Z|| < 2¢/?||F°||. Now, by joining these bounds with (46)
the proof of proposition 5.1 follows straightforwardly.

6. Bounds for the normalizing process

In this section we resume, from the quantitative point of view, the normalizing process for the
Hamiltonian H given in (19). The recursive formulae of proposition 3.3 provide us with a
closed algorithm to compute G, and Z; as a function of the coefficients of the Hamiltonian
H. Moreover, proposition 5.1 gives bounds for the solutions G, and Z; of the homological
equations (16) in terms of the bounds on F; which, in view of the recursive formula (15), can
be computed from those on the previous solutions.

The target of the present section is to convert those recursive formulae into bounds for G,
and Zj, for s > 3, depending only on initial data H and on s.

Proposition 6.1. We consider the Hamiltonian H given in (19), with H, given in (20). We
suppose that H € ES(py, Ro) for certain pg > 0 and Ry > 0, with || H || r, < cR(Z), being
¢ = 1. Moreover, we assume that w\/w, ¢ Q. We compute the functions Gy and Z; of
the normalizing process introduced in proposition 3.3, for s > 3, where equation (16) has
been solved as stated in proposition 4.1, according to the constructive method described in
section 4 and thus with the bounds given by proposition 5.1. Then, there exists A > 1 (universal
constant) such that,

)Ls—3cs—2 Ai—S
Ry?
2s/2)"x—3cs—2 A‘;_B

Ry?

’

1Gsli3p0/a < —(S —D!B3---Bs

1
1Zsll < E(s — DBz s
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for any s > 3, with
. i—1
27 ! 4 3
Bj ::%, Aj =4+ —
Q] €00 1=

where Q; is defined in (42).

: j=3, (50)

~| —

The proof of proposition 6.1 is a straightforward consequence of lemmas 6.2 and A.5. First,
lemma 6.2 gives more precise quantitative information on the objects involved in the normal
form algorithm of proposition 3.3.

Lemma 6.2. With the same hypotheses of proposition 6.1, let us consider a fixed integer s > 3.
From this value of s we introduce

N Lo

4353 1/1
and define the s-depending quantities 8;‘” = Ws/j, j = 3,...,8 — 1. Then, we have the
following bounds for the algorithm given in proposition 3.3,

s

o . (I+m—1)! 3mcm+1A§" 51)
Ll py—s® s S Otm =5 P3 Pmr—— 5
P0=0% 2 (7z-n! R0+
foranyl >3 andm > 0, with3 <[ +m < s, and for any k > 3 we have
ar 3k_3ck_2Af_3
Il s ..., < E(k = D!B3-- B RE2 , (52)
0
a; k=3 k=2 A k=3
||Gk||p0_(;§“>_..._,;£\jl < ?(k - DB /3ka, (53)
a 2k/23k—30k—2A1Sc—3
1Zell < Ztk = D13 B e (54)
2 R,

where B, j = 3,...,s and A, are those in (50). The quantities {a} and {b; ,,} are defined
through the following recurrences:

=2 kX_S:'('+2)!(k—')!a a4 — kf: ] buiiciz o)
T T i~ AV T,

1 m
m= i(j+2)' — Dlazsibrm— 56
L 6m(l+m_])!;f(1+ (A +m = j)larejbim (56)

withas = 1 and bjo = 1 for anyl > 3.

Remark 6.3. Again, several ‘abuses of notation’ have been done in the statement of lemma 6.2.
First, the definition of u, has no sense for s = 3, but in this case it plays no role. Moreover,
we have to understand that py — 8;3) — = (S;S) equals to pg and B3 - - - B, = 1. Finally, we
recall that Z; = 0 if s is odd, but we have not taken advantage of this fact.

On its turn, lemma A.5 gives a geometrical bound for the quantities {a} and {b; ,}, so
that a; < 23 and by < A, for certain A > 1 (see remark A.6 for a numerical value of
). From here, we deduce proposition 6.1 in an easy way, by taking A := 31 (we observe that
8 4. +8W = po/4in (53)).

Next to that, we prove lemma 6.2. The precise statement and proof of lemma A.5 is given
in appendix A.
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Proof of lemma 6.2. We keep fixed the value of s > 3 along the proof, so that we can remove
the s-dependence from the notation (u = g, §; = 8;3), A; = A and so on). Moreover, we
consider the following simplification for the notation of the domains. We define:

03 = o, oji=py—063—---—6;, j=4,...,5—1L

Now let us clarify the role of u, A and of {§;} in the proof. Let us take f; € E;(p + §;) and
fm € E,(p +38,,), for certain p > Oand [, m € {3, ..., s — 1}. Then, we have (see (7)),

m
< —_—
/e, fudllp < (2631 " 2es,,

where we have used lemma A.1 to bound the §-derivatives and the norm of the product. Hence,
by choosing the values for {§;} of the statement, we have that A acts as a homogenization
factor for the norm of the Poisson bracket with respect to the degree of f; and f,,. Finally, as
mentioned in remark 6.3, u is selected so that o,_; = 3¢ /4.

The last observation before starting the proof refers to the bound on H. The hypothesis
1 H | o, ry < cRé and the definition H; o = H; imply (recall we are using a weighted norm),

+ 4lm> I fill pssi 1 fonll oo, = L AN fill gy 1L fom ] o4, (57)

c
Hiollpy = 1Hillp < =5, 123 (58)
Ry
We perform the proof by induction on the following property:

Py :={(51) holdsforany 3 <I+m < u,m = 0;
(52), (53) and (54) hold for any 3 < k < u}.
For u = 3itis clear that P is true. Indeed, Hz o = H3, F3 = H3zpand Ly, G3+Z3 = F3. Thus,

c ¢
1 H3,0llp < R 1F3llp < R
and by applying proposition 5.1 we obtain
c
1Z5]l = 0, 1G5l < B3l F3llpy < B3
0

From here, P; follows.

Now we suppose Py true, for certain k > 4, and we want to check that P, also holds.
We start bounding H; ,,,, withl +m =k (Il > 3, m > 0). Thecasel = kandm = 0 is
clear from (58). Hence, we suppose m > 1 and we use formula (13) on H, ,,, thus obtaining
(see (57)),

m .
J . .
Iy lloyr < Y =G+ 20U +m = ) ANG2 Norssnn, | Him— oy sty - (59)
=1 "
In order to use the inductive hypothesis P;_; on (59), we have to check that the domains where
we want to control the norms of G,,; and H; ,,—;, for j =1, ..., m, are contained inside the
domains for which we have the bounds given by Pj_;. For G,,; we need,

Oms2 +08j4u0 K Oj4 & S+---+8j < B+ +8u0.
Itholds if 1 < j < m. For Hj,,_; the condition is
Omi2 +814m—j K Opjya &> 83+ +8p_ji2+8m—j <8+ -+ 8.

The worst case for [ is clearly when [ = 3 (because §; decreases with ), so that we have to
check

3+ +dm—jr2+dm—jr3 < I3+ + i
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It is obviously true if 1 < j < m. Thus,

N NNCE 3/lei AT
Hp o < Z Z(] +2)(+m — ])A%(] FDIBs e oy
j=1 RO
b (+m—j— 1)!/3 3m—j m=j+l Am=j
R N T =
(a-n! R0+ J
(l +m — ])! 3mcm+l A
X bl,mW 3. m+2W’
where we have used thatif 1 < j <mthen B3 Bos ;B3 Bu—js2 < B3 - - - Buso (We Observe

that §; is increasing as a functlon of j, see (50)) and the inductive definition of by ,, in (56).
Now it is the turn of F;. Formula (15) gives

k=2 .
J
NG oy 1 Ze i1+ 3 = I Hog 2l
j=1

k=3 2 k—
il < Zy<+n< J)
j=1

Again, to use the inductive bounds P;_; we require certain compatibility conditions on the
domains where the norms are evaluated:
Ok—1 +824j < O14j, j=1...,k=3,

Ok—1 < Ok—j, j=1,..., k=2,

which are not difficult to verify. Then, we have

k=3

: 3i-10J AJ-1
Il Fillo, Zk] 2(2"‘J)(k—])A L+ 1)1ps - “Posj Y
j=1 0

o (k—j)/23k—j—3 ck—j—2 Ak—j=3

Ak—j
X —j—2
RO

(k—=J—=D!Bs- Brj

: (k 1); 3k—j—2ck—j—lAk—j—2
+ B
Zk 22”’”2( +1)V’3 P RE2

a k=3 k=2 A k=3
<EUh-D1Bs - B s
2 R;

Here we have used, in the first sum, that B3 - Boyj B3+ -+ B j—1 25792 < By -+ By 2%/,
for 1 < j < k — 3. Indeed, the case j = k — 3 is clear and the other ones are easily proved
by observing that ;+/2 < B4 for any j > 3 (see (50)), and hence B;2¢—71=3/2 < g, ;.
The increasing character of the sequence {8;} ends the proof. Moreover, in the second sum,
we have used that A > 1,¢c > land B3--- Br—; < B3+ Pr—i for 1 < j < k — 2. Then, we
use the definition of a; in (55). Finally, the bounds on || G|ls,_, and || Z,|| are a straightforward
application of proposition 5.1. 0

7. Bounds for the remainder of the normal form

We compute a finite order normalizing process for the (complexified) Hamiltonian H of (19).
Thus, we have a generating function G’ = G3 + - - - + G,, for a certain fixed order (degree)
r > 3, and the corresponding finite order normal form Z " = 7,4+ -+ Z,, with Z, = H,,
according to the algorithm of proposition 3.3.
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Now, we consider the canonical transformation T H (see definition 3.1) or equivalently
—y . _
Ho® X, with x) = Y2 5G,,6 " (see remark 3.2), then

e=1 >
(Tow H)O, 4,1, p) = Ho .5 0,4, 1, p) = Z"(q, I, p) + R0, 4. 1, p), (60)
where from proposition 4.1 we have that Z” takes the form

i(q1p1 +quz))

> (61)

Z"(q, 1, p) = oi1 +iwy(qip1 + q2p2) + qap1 + 27 <1, q1p2,
where Z) (u, v, w) is a polynomial of (standard) degree less than or equal to |#/2] in (&, v, w),
starting at degree two.

By applying proposition 6.1 we can derive bounds for G, 3 < s < r, as a function of
s and of some initial data on H. The purpose of this section is to use those bounds on G, to
estimate the size of the remainder R as a function of r and of the distance to the resonant
orbit.

Therefore, before doing that let us return to real variables. We recall that the complexified
Hamiltonian H of (19) has been obtained from H in (1), with € = +1, by replacing the variables
(x, ¥) by (g, p) through the canonical change ¢ of (18). As the S-symmetries induced by the
complexification (see section 2) have been preserved by the normal from algorithm of section 4
(see proposition 4.1), we can go back to real variables by means of ¢! (see remark 3.4). Hence,
equation (60) is converted into the real expression

Hod W " 0.5, 1.y) =2 09 + RV 0 o7\, (62)

Then, a bound for R o ¢! is given by the next result.

Proposition 7.1. With the same hypotheses of proposition 6.1 and the notation above, we
also assume that the vector w satisfies the Diophantine condition (3). Given any o > 1 and
0 < ¢’ < &, all fixed, then there exists d > 0, depending on po, ¢, ||, |wa], ¥ , T, € and €”,
such that if we define,

" —1 7
"no__ - _ -1 2 ’_ 5r) g o R()
o” =min{l =0, (1 =075 po}, o= d+o" R = (r — 2)@H+e) =212
then, foranyr > 3 and 0 < R < ﬁ(’),
_ (r) -1
(a) The canonical transformation ® s:()]( *Visareal analytic diffeomorphism defined in the

domain D(o~2py/2, RV) (see (2)), with %" (D(o~2py/2. R)) C D(po/2. o R).
(b) If we set 75" — 14 = (©0, X0, IO, Y, then we have ©, X", T, Y
€ E(c2py/2, RD), j = 1,2, verifying

(1—072)po
10 lo-2p, /2.8 < — IZ o200 /2.8 < (02 — DR,
1 lo-2p0/2.8 < (@ — DR, 12 Nlo-2p02.8 < (& = DR.
(c) The following bounds hold for the normal form and for the remainder:
R r+l
127 047 e < UHlpry IR 097 o220 < RS (E) :

Proof. As the value of r > 3 is held fixed throughout this proof, the superscript ‘(r)’ will be
omitted in all the 7-dependent expressions.
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Now, let us start describing the main trick in the proof (it has also been used in [12]).
After we have fixed the order r of the normal form, we can use the following process to
compute the remainder: we take Gy = 0 and Z; = Fj, for s > r, as solutions of (16), and thus
R =) .., Zs, according to the recurrences of proposition 3.3. Unfortunately, the bounds on
those recurrences provided by lemma 6.2 only apply if we consider the solution of (16) given
by proposition 4.1, but not if we set G; = 0. Of course, we have the chance of still using the
recurrences of definition 3.1 and proposition 3.3 to bound the remainder, by adapting lemma 6.2
(see, for instance [7] for an example of this and [18] for the application of this methodology
to the present context). However, we have preferred to follow a different method, trying to
overcome the tedious estimates on the above mentioned algorithm.

Let us suppose it is proved that the canonical transformation @;:(),‘ ") acts as described
in items (a) and (b) on the statement. Then, by using lemma A.2 and by taking (weighted)
norms on (60), we obtain:

IH o &, % c=1Zoe i+IRoe™ ;
e=1 o~2p/2.R = Y iR @ lNg—2p0/2,R

2

< ”H”po/laé < ”H”po,Ro < CR()-

This inequality gives bounds on the transformed Hamiltonian without doing estimates on the
normal form algorithm. A priori, this bound on R o ¢! does not look quite small, but we
recall that we know by construction that the Taylor expansion on (g, I, p) of the remainder
starts at degree r + 1. It gives item (c) on the statement. This fact is another of the advantages
of working with a weighted norm. Hence, the important point is to prove (a) and (b).

From lemma A.3 we know that the action of @;:()fo‘pfl) can be discussed in terms of
bounds on the derivatives of x (6, x, I, y; &) := x o go‘l. More precisely, we have to control
x1=xG 1,

r s2
10 X1 lp0r < D2 1Gs 097" l3pysa(@ RY T,

s=3
-

- 45 B
19 51l po/2.0 <D op 1G5 0@ 3020 R)",
s=3

192, X1 ll 2ok < Y 571Gy 0 @ l3p/a(a R,

s=3

r
19y, X1 ll 2ok < D 571G 09~ 3py/a(a R)*™!
s=3

for j = 1, 2. Thus, the key expression to be studied is, forany 0 < R < R,

r r s—2
. 2 1 =2 s/28 523 s 2,53 (OR
g(@R) .=§s IGy 0 9 lI3p0/a(0 R)* <;2?/ 35183 B TETIA (R—O) .

To derive this estimate we have used the bounds on ||G;||3,,/4 coming from proposition 6.1.
Furthermore, we observe that the effect of ¢! in the bounds can be controlled in terms of
the degree of Gy as |Gy 0 9 [l3p,/a < 2°/?||G;||3p,/4- The control of the product Bs - - - By is
carried out in lemma A.8 (see also lemma A.7). Moreover, we also have (see (50)),

4 4 [1dx 4 (s —1)
Ay =d+— Y =<4+ — = —4+—log .
epo = J epo J» x €00 2
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Thus, if d. is the constant provided by lemma A.8 we obtain

! 4 -1\ , R\’
g@R) < Y d2 P25 <4+ = log (S )) (s + 1) (T2 <0—>
s=3 2 2

€00 Ry

- ~ 4 2 GR s=2
< Zd(s _ 2)(T+1+E )(s—2)7/2 (R_> ,
0
s=3

where d is the value asked on the statement, whose existence is clear because ¢’ > ¢” (compare
with the determination of d, in the proof of lemma A.8). Now, we observe that from the
definition of R we have

, , s—2
~ Tre oy (THl+E)(s—2)2/2 °

g(OR) < 23: d(s —2) ((V _ 2)(r+1+s’)(r2)/2)

S=

r /
F N2 5 O o
< E d(o’) gdl_o/_a.

s=3

Hence, from the definition of o” we obtain, for any 0 < R < R,

-2

2 5 -
max {p—||31X1||p0/2,nR, ||39Xl”p0/2.nk} <l-077,
0

(o0R)?

1 . 1 - —1
Jg}%} {E”axj'xl”po/lon ﬁ”ayj)(l”po/laR} <l—-0".

Then, a direct application of lemma A.3 gives (a) and (b), ending the proof. ]

Remark 7.2. The bound on the product B; - - - 85 provided by lemma A.8 is the key one in
the paper: it is responsible for the estimate of theorem 1.1 for the size of the remainder of the
normal form in terms of the Lambert function (instead of, for instance, an exponentially small
one). Thus, it is quite natural to wonder if (A3) can be improved. As discussed in remark A.9,
no remarkable improvement can be expected for this estimate.

8. Optimal normalization order

After section 7 we have identified the normal form up to any order and we have also controlled
the canonical normal form transformation. Hence, the only thing that remains to do before
proving theorem 1.1 is to ask the main question of this paper: we have to discuss, according
to the bound for R given by proposition 7.1, what is the ‘optimal’ choice for r as a function
of the distance, R, to the resonant periodic orbit, in such a way that the remainder of the
normal form becomes as small as possible. The answer to this question is given by the next
proposition.

Proposition 8.1. With the same statement of proposition 7.1, let us consider a fixed €, with
0 < &” < & < e Ifwe select the order of the normal form, r, as a function of R so that
r = rop(R), with

1
Topt(R) :=2+ \f:xp (W (log (W)))J’

where W (-) verifies W (z) exp (W(2)) = z, for any z > 0 (see remark 1.2), then we obtain the
following estimate for the remainder of the (real) normal form (62),

IR ® 0 9~ g2ppp < RE2, 0 < RS R,

where R* depends on pgy, Ro, ¢, w1, 2], v, T, &, &', ¢’ and o.
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Proof. By using the definition of R and part (c) of proposition 7.1, we obtain

(r _ 2)(r+l+s’)(r—2)/2R

r+l
IR 0 @ Mly-2py 2.8 < cRE ( ) , 0<R<RY.

o~ lo'Ry

Now, we define ry as the first integer such that (r — 2)¢~90=2/2 < 5-15'Ry, and thus,

if r > rg,

IR 0 ¢ o2k < eRG((r = 2)THICDRRY™ 0 < R < RY. (63)

Given any R > 0 fixed, we define the following function:

(t+l+e)(r—2)(r+ 1) o
2

which equals the logarithm of the present bound for [|R" o ¢™!||;-2,, /2 r. What we want to

do is to minimize (as much as possible) i (r). Thus, we compute its derivative,
+1+e)2r—1 +1+ +1

S 82)( T D g gy EHLEDC D ;)(r ) tlog R

and try to look for the value of r such that #’(r) = 0. It leads to a complicated expression, and
hence, we only consider the dominant part and then

(t+1+e)(r—2)log(r —2)+logR =0

h(r) :=log(cR}3) + g(r —2)+ (r + 1) log R,

W(r) =

1
< log(r —2)exp(log(r —2)) =log (W) ,

which suggests the choice r = rq,(R) on the statement. For this (integer) value of » we have
(r=2)+1*+) =2 L 1/R, giving from (63) the bound for || R 0¢™!||;-2,, /2 z on the statement
if R is small enough (we observe that the condition 74, (R) = rg means R small enough). [

Remark 8.2. Now, we can compare proposition 8.1 with the context of an elliptic periodic
orbit of a real analytic three-degrees of freedom Hamiltonian (see (5) and text below). Of
course, we do not plan to give full details for the elliptic case, but a reader familiar with bounds
on normal forms will find no difficulties in filling the gaps. Thus, in the elliptic context we
obtain the same bounds for || G;||3,,/4 as in proposition 6.1, but by setting in (50)
Bili= min{|{k o)l 1).
k € Z2\{(0,0,0)}
ko] + k3| < j

If @ is Diophantine, we have an estimate like 8; < 77'j%, j > 1 (compare with
lemma A.7). A re-formulation of proposition 7.1 using this estimate leads to an expression of
the form R = b/r™!, for certain b > 0, from which follows a bound like |R" ||, /4.8 <
a(r**'R/b)*!, with a > 0. Thus, an exponentially small estimate of the form R || 5, /4.8 <
aexp(—(c/R)"™*V) is obtained for the remainder. This result coincides with the one of [6]
for an elliptic fixed point of a Hamiltonian system (obtained also using the Giorgilli-Galgani
algorithm), but did not match the exponent 2/(t + 1) of [11], which has been obtained using a
different strategy to quantify the normal form, which cannot be applied to the present context
(read the reason in remark 5.2).

9. Proof of theorem 1.1

The last issue that remains is to prove theorem 1.1. The proof follows from propositions 7.1
and 8.1 (see also proposition 6.1). We take the real Hamiltonian H (0, x, I, y) and consider



1166 M Oll¢ et al

the complexified one H(0, q, I, p) = H o ¢ (see (18)). In order to apply the results mentioned
above, we set Ry := R /+/2 and ¢ := max{||H|| ,. g0 /R3, 1}. Hence (see lemma A.2),

2
1 H oo 8y = IH 0 @llpy.ry < Hllpg,r0 < Ry

Moreover, we choose (for example) ¢’ = ¢/2 and ¢’ = ¢'/2, thus defining R* from
proposition 8.1. Now, if we set r := ro(R) as a normalizing order, ¥®) := @;z(){(r)owl),
ZW = 70 6 o7l and R® = RM o ¢! (see (60)—(62)), we have that items (i)—(v) on
the statement of theorem 1.1 follow directly from propositions 7.1 and 8.1. In particular, we
observe that (61) gives the desired expression for the normal form if we use (23). Part (vi) is

a consequence of (v) and of the definition of ryp (R).
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Appendix A. Lemmata

In this appendix we include some of the technical results used throughout the paper that we
have preferred not to state in the body of the paper. Our idea has been to stress in the main part
of the paper the key points of the constructions we present, and to postpone the most technical
details till this section. We hope that this presentation helps to add to the readability of the
paper.

In the first three results, that are given without proof, we want to survey some basic
properties of the weighted norms introduced in section 2. The proof of lemma A.1 is quite
direct and the proof of lemma A.2 is not difficult using lemma A.1 (just expand and bound).
The proof of lemma A.3 is more delicate, but it is very similar to a result that is well known
in terms of the supremum norm (see, for instance [5]). The differences refer to the use of the
weighted norm instead of the supremum one when bounding the composition of functions (we
have to use lemma A.2) and thus we also omit the proof (just bound the integral expressions
given by the solutions of the flow). For full details, see [18].

Lemma A.1. Let f, g € E(p, R), and 0 < § < p. Then we have:
se

Moreover, analogous properties can be generalized to the norms || - ||, and || - || in Es(p) and
Cslg, I, p), respectively.

(DI -gllor <N fllo.r - IgNp.R (i) 199 fll p—5.8 <

Lemma A.2. Let us take 0 < py < p and 0 < Ry < R and consider the analytic functions
0, 7, Q; and P;, j = 1,2, all belonging to E(po, Ro) and verifying ||®|lp r, < 0 — po,
IZ1l o, Ry < R? and max ;=1 20119l po.Ry> IPjll o, 8} < R. Then, given any f € E(p, R),
the function F (0, q, I, p) defined by F := f(6 + 0, Q,Z,P), with Q = (Qy, Q) and
P = (P1, P2), is such that F € E(po, Ro) and || F|lpy.r, < I flp.5-

Lemma A.3. Let x (0, x, 1, y; €) be a real analytic function of the form

X = Z X~s+2<9S71

s>1
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with x; € E;(p), j = 3, for certain p > 0. Given R > 0, we define

||3IX|£ 1||p R>

=
1
0

1 . 1 -
o= jrer}ell,);} {E”ax/XIS—l ”p,R’ ﬁ“aijIS:l ”p.R} ,

B:

e 106 Xje=11l 0, 8

and suppose that §, o, B < 1. Then, the canonical transformation CD;’? , defined as the flow
time € of the non-autonomous Hamiltonian — x (the time is €) is a real analytic diffeomorphism,
defined in D(pe, R;), with

pe = (1 —[e]d)p and R, = min{l — |ela, /1 — [e|B}R

for any —1 < ¢ < 1, and such that @;Z(D(pg, R:)) C D(p, R). Moreover, if we set
;% — Id == (), X I Y©)) then ©©, X 7€) Y € E(p,, R), j = 1,2, with

2
101,k < leldp.  1ZNpr <BREL NX Nk <aR, [V lp.r <aR.

The remaining results of this section, lemmas A.4, A.5, A.7 and A.8, are technical lemmas
used throughout the paper.

Lemma A4. Let [ € Egoym with M € N (see section 2). We consider the following
equivalent expressions for f (see (31)—(33)),

= Zme N

m=0 n=0
Mo M- M M—i
_ M—i—j j i M—i—j_j
= E Sm—jivjns Mt ) m E fm—i—jjnz m
i=0 j= i=1 j=0

<
. o

i M M—i
N p pMeiigd (N 7 pMeiigd
& 1i.i& & + § :55 E :fi,j‘% &
, = o

Il
M=

(=}

i

Il
(=}
~

where 11 = & = q1p2, 12 = &2 = q2P1, 13 = q1P1, N4 = q2p2, §3 = i(q1p1 + q2p2)/2 and
&r = (q1p1 — q2p2)/2. Then, we have:

M M M M—i M M—i M M

£ s M
E E | fnn] < E E | fijl+ E Ifijl <2 E E | fin.nl-
m=0 n=0 i=0 j=0 i=1 j=0 m=0 n=0

Proof. We denote by f = f(n) and f = f (&) the polynomial expressions of f = f(q, p)
in powers of n = (1,12, n3,m4) and § = (&1, &2, &3, €4) as given in the statement, with
f € Cylnl and f € Cyl£]. Thus, we have that f, f and f represent the same function but
expressed in different variables. We observe that if we compute the absolute norms || f (g, p)|l,
II f ()]l and || f (&) |l (see (11)), using their expansions in powers of the corresponding variables,
we obtain:

M M-—i M M-—i

M M
1f @ I =1FDI =Y | funls HGIEDIDNVIED DDV

m=0 n=0 i=0 j=0 i=1 j=0
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Now, we consider & as a function of (g, p), & = &(q, p), so that §;(q, p) € Cslg, pl,

j =1,...,4. Thus, using the multiplicative character of the || - ||-norm (see lemma A.1) and
§;(q. pI =1,
M M—i
1@ Pl =11 E @, p)Il < Y &g, pIIF Y 1 fijllEs @, pIM ™ Eatq, pIY
i=0 j=0
M M—i
3 e P Y 1 fillEG. DI g pI = 1)1
i=1 j=0

This gives the first inequality on the statement. Now, we consider n = n(£) and compute

M M—i
IFEN = 1F@ENT <D @Y | farjiss s @1 a1

i=0 j=0

M M—i
+Z 2 ()II Z | i @I a1 < 2Y11 (g, pII,

i=1 j=0
because 1; (&) € C[&] with ||n; ()|l <2, j =1,...,4. This ends the proof. O

Lemma A.5. We consider the recurrences for {ai}i>3 and {b; ;}i>3m>0 introduced in (55)
and (56) (see lemma 6.2). Then, there exists X > 1 such that a; < =3 and by < .

Proof. We proceed by induction with respectto u = k — 3 = m, for u > 0. We observe that
this approach is coherent with the two recurrences because b; ,, (it means u = m) depends on
az, ..., amy2, bro, ..., by (itmeans u < m — 1), and a; (it means . = k — 3) depends on
az, ..., 0k—1,bk0, ..., bsr—s (it means u < k —4) and also on b3 4_3, which corresponds to
the same inductive case than a;, © = k — 3, but whose computation only requires data from
the previous cases, i < k — 4.

The case u = 0 is trivial. Let us suppose now that such a value of A exists up to order
i — 1 and we check the case u = k — 3 = m, with & > 1. We have

Tk-3 232371 = = 1!
i A NGk — — :
o 6(k—2)(k—1)!ZJ(J+ =) +k—2z(j+1)!<3x>

Jj=1 j=1
(AD)
. e L .
bin S A" | e Ty 2 U D e m = Y] (A2)
| £

Hence, the conditions that we have to impose on % become clear: we want A > 1 such that the
expressions between brackets in (A1) and (A2) are both less than or equal to one.
We consider first (A2). As we have to deal with values of [ > 3, we have:

1 m 1 m
_ G+ +m— < ——— i(J+2)!(m+3—j)l:=3%,,
m(“m_l)!;J(J M +m— ) m(m+2)!j:lj(1 )Hm W)
because the case [ = 3 is the one that gives the worst possibility for this expression. Now,
we observe that the term in the sum defining X,, corresponding to the index j contains a
product of two factorial, given by (j +2)!(m + 3 — j)!, that does not change if we replace j
by m — j + 1. This motivates us to consider a different alignment for the sum, by joining the

contribution of both terms. To do this, we have to distinguish between the cases m even and
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m odd. If m is even,

m/2 +00

LB GeDm 3= ) _ 3G+
Zn= = 2 m+2)! <2; Qi1 A=t

j=1
where we have used that the quotient (m + 3 — j)!/(m + 2)! is decreasing as a function of m,
and thus, we can bound it by replacing m in the sum by the first value of m for which the
script j appears in the sum, that is, m = 2j. Then, we only have to bound it for m > 2.

If m is odd then the indexes j = (m + 1)/2 and m — j + 1 are coincident, but we obtain
an upper bound for ¥,, counting twice their contribution. Hence,

(m+1)/2 +00

s < m+1 Z G+2)!m+3—))! <2Z(j+2)!(j+2)! .

< = B < +00,
- (m +2)! T 2j+ D) =T
J= J=

using analogous arguments as in the previous bound and that m > 1.
The control of the first sum inside the brackets of (Al) is very similar to the control of
¥, and we omit the details. We only mention that if we set C := max{(2/3)A, (3/4) B}, then

1 k-3
NGk - IS C k>4
k—2)(k—1)! ;

Finally, the second sum inside the brackets of (A1) verifies:

k—2 . j—1
ZZ J lj<fl <f(i)=9-6r=p <1 k>4
— < — | < — ] =9—06€"" = <1, =z 4,
k=24 (+1!\3% 31 3

j=1

where

+00

ST S BRI LEY

= (j+ D! X2

is positive and strictly increasing for x > 0. _
Thus, it is clear that we can define A > 1 as A := max{2*>C/(1 — D), A, B}/6. O

Remark A.6. The sums defining A and B can be expressed in terms of hypergeometric
functions so that a numerical value for them can be easily computed. Thus, we obtain the
following numerical estimate for A = 20.36207.. ..

Lemma A.7. Let v = (w1, @;) € R? verify the Diophantine condition (3), that is, |{k, w)| >
yIk|[T, Vk € Z2\{(0, 0)}. Then, we have the following estimate for the quantities Q; defined
in (42),

Q= min {[(k o), 1} >pys", s 21,

k € Z2\{(0, 0)}
k| <

where 0 < y < 1is given by y := min{(3/2 + |wa/w1]) "y, |w1], 1}.

Proof. We only have to take the minimum of the following two cases:
o If 0 < |ky| < s, then there is a sole k; € Z such that |k; + kowy/wi| < 1/2. This k;
verifies
kza)z

wi

ko,
ky + — |+
W)

|kt < )

1
< —+k
> ko |

w3
w
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Thus, using the Diophantine condition (3) we obtain,

. 1 w2 e~
mm{l(k,w)l}EV(—szI — +|k2|> 2 ylkl™" = s
kieZ 2 w1
o Ifky =0, [(k, w)| = [kiwr| = o1 = ys7"
and then the proof is complete. |

Lemma A.8. With the same hypotheses of lemma A.7, we consider the quantities B; =
ij!/Qj-H, defined in (50). Then, given any ¢ > O, there is a constant d, = d.(y, 1),
such that

By By < di(s + 1)THIHIEHD/2 5> 3. (A3)

Proof. Applying lemma A.7 on the definition of 8;,3 < j < s, we have,
ﬁ3 L ﬂ‘y g 23+--~+X)';—4 ————— (S+l)[34 L ss+l]‘t3! R
Now, we use Stirling’s formula, j! = +/27 j/*1/2e=/*:/02)) 'with 0 < &; < 1, thus obtaining:
,8’; . ,Bs < 2—3+x(s+1)/2e3—x(x+l)/2,}';6—(s+1)(s+2)/2( /271,61/36)x—2(s!/2)r+1/2[33 .. Ss]r+1.
Moreover,
s s+1 9/4 (s+1)?/2
3 s _ . . e (s+1)
3.5 = exp Z3J10g] gexp</% Xlngdx)—We(H_—I)ZM,
= :
where we have used that f(x) := x log x is increasing if x > 3. Now, if we combine all:

_ 1/2 9/4 (s+1)2/2 T+l
(2/e) 3+s(s+1)/2 1/36r52 s\ e (s+1)
ﬁ3"'ﬂx<m(v2n’e ) 3 e )

39/2° o(s+D)?/4

Then, it is clear that lim,_ o0 (B3 - - - B5) (s + 1)~ T+H*)6+D%/2 — 0 showing the existence
of d,. O

Remark A.9. As has been pointed in remark 7.2, the estimate (A3) is a very important one.
Let us define

_log(Bs---By)
o s?logs

Then, numerics suggests that for a Diophantine vector w € R? the behaviour

limsupoy, = o

§—>+00
for certain « > 0, is the correct one. Thus, no remarkable improvement can be
expected for (A3). The most simple case is when w; = 1 and w, = W5-1 /2 (the
golden mean), for which lim,_, , ¢¢; can be easily computed. Indeed, by using Stolz criteria
and Stirling’s formula we have that if

. 1 log €2
Iim —(1-—
s—>+00 2 log s

exists, then it is equal to «. To compute this limit, one proceeds as follows. Let us denote by
{Fi}x>1 the Fibonacci numbers. From the well-known Diophantine properties of the golden
mean we have that there exists y > 0 making the approximation

Qp, = |Fio1 — o Fy | ® yF),
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Figure Al. o (vertical axis) plotted with respect to s (horizontal axis in logarithmic scale).

asymptotically valid for large values of k (recall the definition of €2 in (42)). With the above
expression in mind
log Q2 log F;
lim %k _ _ jjy BTk
k—>+o00 log Fy, k—+oo log Fy

To extend this limit to non-Fibonacci numbers let Fy ) be, for a given s, the largest Fibonacci
number not bigger than s, so Fi) < § < Fy)+1. Hence,

log QFI((S)-H < log Q‘V < log QF]‘(”
log Frspr  logs — log Fig

But k(s) — oo as s does, giving o = 1 (recall we can take 7 = 1 for = (1, 5 - 1)/2).
In figure A1 we plot a; as a function of log s for values of s from 5 x 10* to 1 x 109.
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