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Abstract

We study elliptic lower dimensional invariant tori of Hamiltonian systems via
parametrizations. The method is based on solving iteratively the functional
equations that stand for invariance and reducibility. In contrast with classical
methods, we do not assume that the system is close to an integrable one nor
that it is written in action-angle variables. We only require an approximation of
an invariant torus with a fixed vector of basic frequencies and a basis along the
torus that approximately reduces the normal variational equations to constant
coefficients. We want to highlight that this approach presents many advantages
compared with methods which are built in terms of canonical transformations,
e.g., it produces simpler and more constructive proofs that lead to more efficient
numerical algorithms for the computation of these objects. Such numerical
algorithms are suitable to be adapted in order to perform computer assisted
proofs.

Mathematics Subject Classification: 37J40

1. Introduction

Persistence of quasi-periodic solutions has been a subject of remarkable importance in
dynamical systems for along time. Roughly speaking, KAM theory—named after Kolmogorov
[42], Arnold [1] and Moser [50]—deals with the effect of small perturbations on dynamical
systems (typically Hamiltonian) which admit invariant tori carrying quasi-periodic motion.
Nowadays, KAM theory is a vast area of research that involves a large collection of methods
and applications to a wide set of contexts: Hamiltonian systems, reversible systems, volume-
preserving systems, symplectic maps, PDEs and lattices, just to mention a few. We refer
to [2,4, 10, 16, 60] for different surveys or tutorials that collect many aspects of the theory and
cover a large amount of bibliography.
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In this work we are concerned with lower dimensional (isotropic) tori of Hamiltonian
systems. Let us consider a real analytic Hamiltonian system with n degrees of freedom
having an invariant torus of dimension r < n, carrying quasi-periodic dynamics with a vector
of basic frequencies @ € R". The variational equations around such a torus correspond
to a 2n-dimensional linear quasi-periodic system with a vector of frequencies w. For this
linear system we have 2r trivial directions (i.e. zero eigenvalues of the reduced matrix of the
system restricted to these directions) associated with the tangent directions of the torus and
the symplectic conjugate ones (these trivial directions are usually referred to as the central
directions of the torus). If the remaining 2(n — r) directions (normal directions of the torus)
are hyperbolic, we say that the torus is hyperbolic' or whiskered. Hyperbolic tori are very
robust under perturbations [19,24,27,32,45]. For example, if we consider a perturbation of
the system depending analytically on external parameters, one can establish, under suitable
conditions, the existence of an analytic (with respect to these parameters) family of hyperbolic
tori having the same basic frequencies. In the above setting, if the torus possesses some
elliptic (oscillatory) normal directions we say that it is elliptic or partially elliptic. In this
case the situation is completely different, since we have to take into account combinations
between basic and normal frequencies in the small divisors that appear in the construction of
these tori (the corresponding non-resonance conditions are usually referred to as Melnikov
conditions [47,48]). As a consequence, families of elliptic or partially elliptic invariant tori
with fixed basic frequencies w cannot be continuous in general, but they turn out to be Cantorian
with respect to parameters. First rigorous proofs of existence of elliptic tori were given in [54]
forr =n — 1 andin [21,44] for r < n. We refer also to [9-11, 28, 35, 39,40, 57,59, 69, 71]
as interesting contributions covering different points of view.

The main source of difficulty in the presence of elliptic normal directions is the so-called
lack of parameters problem [10,54,68]. Basically, since we have only as many internal
parameters (‘actions’) as the number of basic frequencies of the torus, we cannot simultaneously
control the normal ones, so we cannot prevent them from ‘falling into resonance’. This is
equivalent to say that, for a given Hamiltonian system, we cannot construct a torus with a
fixed set of basic and normal frequencies because there are not enough parameters. The
previous fact leads to the exclusion of a small set of these internal parameters in order to
avoid resonances involving normal frequencies. To control the measure of the set of excluded
parameters, typically one assumes that the normal frequencies ‘move’ as a function of the
internal parameters. Another possibility to overcome the lack of parameters problem is to
apply the so-called Broer—Huitema—Takens theory (see [11]). This consists in adding as many
(external) parameters as needed to control simultaneously the values of both basic and normal
frequencies (this process is referred to as unfolding). With this setting, we can prove that—
under small perturbations—there exist invariant tori for a nearly full-measure Cantor set of
parameters. The C*°-Whitney smoothness of this construction is also established. Finally, in
order to ensure the existence of invariant tori for the original system (free of parameters), one
can apply the so-called Herman’s method. Indeed, external parameters can be eliminated—
under very weak non-degeneracy conditions—by means of an appropriate technical result
concerning the Diophantine approximation on submanifolds (see [10, 64, 66—-69]).

Another issue linked to the persistence of lower dimensional invariant tori is the reducibility
of the normal variational equations (at least in the elliptic directions). This is usually asked
to simplify the study of the linearized equations involved. To control the small divisors of the
cohomological equations that appear in the construction of the reduced matrix, it is typical

1 As it is customary in the Hamiltonian context, the term ‘hyperbolic torus’ is not used in the sense of the general
theory of normally hyperbolic invariant manifolds. We refer to [3] for a detailed discussion of this definition in the
Hamiltonian setting.
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to consider second Melnikov conditions [47,48]. Other approaches for studying persistence
of invariant tori in the elliptic context, without second Melnikov conditions, are discussed in
remark 3.10.

Classical methods for studying the persistence of lower dimensional tori are based on
canonical transformations performed on the Hamiltonian function. These methods typically
deal with a perturbative setting, i.e. the problem is written as a perturbation of an ‘integrable’
Hamiltonian (in the sense that it has a continuous family of reducible invariant tori). They
also take advantage of the existence of action-angle-like coordinates for the unperturbed
Hamiltonian system. These coordinates play an important role in solving the cohomological
equations involved in the iterative KAM process. They also allow us to guarantee (at every
step) the isotropic character of the approximately invariant tori, thus simplifying a lot of details.
However, classical approaches present some shortcomings, mainly due to the fact that they
only allow us to face perturbative problems. For example:

e In many practical applications (design of space missions [25,26], study of models in
Celestial Mechanics [15], Molecular Dynamics [58, 70] or Plasma-Beam Physics [49],
just to mention a few) we have to consider non-perturbative systems. We can obtain
approximately invariant tori for these systems by means of numerical computations
or asymptotic expansions, but in general we cannot apply classical results to prove
the existence of these objects. In some cases it is possible to identify an integrable
approximation of the system but the remaining part cannot be considered as an arbitrarily
small perturbation.

e Even if we are studying a concrete perturbative problem, sometimes it is very complicated
to establish action-angle variables for the unperturbed Hamiltonian. In some cases action-
angle variables are not explicit, become singular or introduce problems of regularity (for
example, when we approach a separatrix). Although in many contexts this shortcoming has
been solved by means of several techniques (see for example [20, 31, 56] for a construction
in the case of an integrable Hamiltonian and [12, 41] for a construction around a particular
object), it introduces more technical difficulties in the problem.

e From the computational viewpoint, methods based on transformations are sometimes
inefficient and quite expensive. This is a serious difficulty when implementing numerical
methods or computer assisted proofs based on them.

An alternative to the classical approach are the so-called parametrization methods. They
consist in performing an iterative scheme, without using canonical transformations, to solve the
invariance equation of the torus. This scheme is carried out by adding a small function to the
previous approximation of the torus. This function is obtained by solving (approximately) the
linearized invariance equation around the approximated torus (the Newton method). We point
out that the geometry of the problem plays an important role in the study of these equations.
This approach is suitable for obtaining invariant tori of Hamiltonian systems using neither
action-angle variables nor a perturbative setting. Such geometric approach—also referred to
as KAM theory without action-angle variables—was introduced in [17] for Lagrangian tori and
extended in [24] to hyperbolic lower dimensional tori, following long-time developed ideas
(relevant work can be found in [15, 35,52, 53, 63,65, 72]). Roughly speaking, the insight of
these methods is summarized in the following quote from [35]:

“...near approximate solutions of certain equations satisfying certain non-degeneracy
assumptions, we can find true solutions defined on a large set.”

The aim of this paper is to adapt parametrization methods to study normally elliptic
tori without using action-angle variables and in a non-perturbative setting. Concretely, we
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assume that we have a 1-parameter family of Hamiltonian systems for which we know a
1-parameter family of approximately invariant lower dimensional elliptic tori—all of them
with the same vector of basic frequencies—and also approximations of the vectors of normal
frequencies and the normal directions associated with these frequencies (i.e. a basis of the
normal directions along each torus that approximately reduces the normal variational equations
to constant coefficients). Under suitable hypotheses of non-resonance and non-degeneracy,
we show that for a Cantorian subset of parameters there exists a true elliptic torus close to the
approximate one, having the same basic frequencies and slightly modified normal frequencies.
This Cantorian set has a large relative Lebesgue measure. The scheme to deal with reducibility
of the normal directions of these tori is the main contribution of this paper, and it consists in
performing suitable (small) corrections in the normal directions at each step of the iterative
procedure. We emphasize that both the preceding works [17,24] devoted to parametrization
methods considered invariant tori for individual systems (rather than parametric families of
systems). In this paper we introduce an external parameter to enjoy at least a partial control
over the normal frequencies, thus avoiding normal-internal resonances.

The setting of the paper has been selected in order to simplify some technical aspects of the
result—both in the assumptions and in the proof—thus highlighting the geometric construction
of the paper. We point out that all the basic ideas linked to parametrization methods, without
using action-angle variables, for reducible lower dimensional tori are present in our approach.
In section 3 we discuss several extensions and generalizations that can be tackled with the
method presented in this paper.

Parametrization methods are computationally oriented in the sense that they can be
implemented numerically, thus obtaining very efficient algorithms for the computation of
invariant tori. For example, if we approximate a torus using N Fourier modes, such methods
allow us to compute the object with a cost of order O(N log N) in time and O(N) in memory
(see remark 3.11). This is another advantage of our approach in contrast with classical
methods based on transformation theory. The reader interested in such algorithms is referred
to [18] for the implementation of the ideas in [17, 24] for Lagrangian and whiskered tori (see
also [13] for the case of lattices and twist maps) and to [36] for the implementation of the ideas
of [38] for reducible elliptic and hyperbolic tori for quasi-periodic skew-product maps (in this
case, which corresponds to quasi-periodic perturbations of equilibrium points for flows, the
geometric part discussed in this paper is not required).

Finally, we observe that in the presence of hyperbolic directions one can approach the
problem by combining techniques in [24] (for studying hyperbolic directions) together with
those introduced here (for studying elliptic directions). Indeed, the methodology presented
in this work can be adapted to deal with invariant tori with reducible hyperbolic directions,
but this assumption is quite restrictive (see [29]) in the hyperbolic context (reducibility is not
required in [24]).

The paper is organized as follows. In section 2 we provide some notations, definitions
and background of the problem. In section 3 we state the main result of this paper and we
discuss several extensions and generalizations of the method presented. A motivating sketch
of the construction performed in the proof of this result is given in section 4, together with a
detailed description of some geometric properties of elliptic lower dimensional invariant tori
of Hamiltonian systems. Next, in section 5 we perform one step of the iterative method to
correct both an approximation of an elliptic invariant torus and a basis along this torus that
approximately reduces the normal variational equations to constant coefficients. The new
errors in invariance and reducibility are quadratic in terms of the previous ones. Finally, the
main result is proved in section 6.
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2. General background

In this section we introduce some notation and, in order to help the reader, we recall the basic
terminology and concepts related to the problem. Thus, after setting the notation used in the
paper in section 2.1, we provide the basic definitions regarding lower dimensional invariant
tori of Hamiltonian systems (section 2.2) and their normal behaviour (section 2.3).

2.1. Basic notations

Given a real or complex scalar function f of several variables, we denote by D f its Jacobian
matrix. If f is scalar, we also use the notation grad f = Df ' for the gradient vector and
hess f = D? f the Hessian matrix.

For any complex number z € C we denote z* € C its complex conjugate number and
Re(z), Im(z) the real and imaginary parts of z, respectively. We extend these notations to
complex vectors and matrices. Note that if N is a matrix with complex entries then N* is the
matrix with complex conjugate entries without transposing.

Given a complex vector v € C' we denote by diag(v) € M;,;(C) the diagonal matrix
having the components of v in the diagonal. Moreover, given Z € M;,;(C), we denote by
diag(Z) € M;4;(C) the diagonal matrix having the same diagonal entries as Z.

For any k € Z', we denote |k|; = |ki| +--- + |k.|. Given a vector x € C!, we set
|x| =sup;_; _;lx;| for the supremum norm and we extend the notation to the induced norm
for complex matrices. Furthermore, given an analytic function f, with bounded derivatives in
a complex domain & C C!, and m € N we introduce the C"-norm for f as

Ifllene = sup  sup|D*f(2).
ke@uio)! ¢
O [kly <m
We denote by T" = R"/(2wZ)" the real r-dimensional torus, with r > 1. We use the
| - |-norm introduced above to define the complex strip around T" of width p > 0 as
A(p) ={0 € C'/2rZ)" : Im(®)| < p}.
Accordingly, we will consider the Banach space of analytic functions f : A(p) — C equipped
with the norm

Ifll, = sup [f(O)I
0eA(p)
Similarly, if f takes values in C’, we set N fll, =1l fillos -, 1 fill )] If f is a matrix-valued
function, we extend || f||, by computing the | - |-norm of the constant matrix defined by the

|| - | ,-norms of the entries of . We observe that if the matrix product is defined then this space
is a Banach algebra and we have || f1 2ll, < Il fill,ll f2ll,- In addition, we can use Cauchy
estimates
” af 11,
20

< 8 9

j=1,...,r

For any function f analytic on T" and taking values in C, C! or in a space of complex
matrices, we denote its Fourier series as

fO =) fid®" =
keZ"

and its average as [ f]r = fo. We also set f(&)) = f(0) — [f]r. Moreover, we have the
following bounds:

LIl < I, ||f||p <20 £, |fk| < ||f||pe_p|k“.

1
@m)"

/ f®)e % do
T
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Now, we introduce some notation regarding Lipschitz regularity. Assume that f(u) is a
function defined for . € I C R—the subset / may not be an interval—taking values in C, C’
or M;, ,(C). We say that f is Lipschitz with respect to p on the set [ if

Lip,(f) = sup |f(l|L2):f(M1)| - o
el 2 — 1]

H1F#Rk2
The value Lip, (f) is called the Lipschitz constant of f on /. For these functions we define
Ifllr = SUp,e; | f(w)]. Similarly, if we have a family u € I C R — f,,, where f, is a
function on T” taking values in C, C! or M;, «1,(C), we extend the previous notations as

. I fri = ful
Lip, ,(f) = sup —F—E2F I £z = sup |l full p-
[ — w1l el
ni1,pua€l
H1F 2

Analogously, given afamily u € I C R — f,,, where f}, is an analytic function with bounded
derivatives in a complex domain U C C!, we introduce form € N

. ”fu - f/l. ||C”’,L{
Lip; en yy(f) = sup ——————=, I fllremue = sup | fullem, u-
[ — wal wel
1, o€l
M7

Finally, we say that f is Lipschitz from below with respect to u on the set 7 if

lip, ()= inf W= SOl

w1l [ — w1
H1FEH2

0.

In this work we are concerned with Hamiltonian systems in R?" with respect to the standard
symplectic form Q°, given by Q°(£, n) = £ J,n where

0 1d,
= <—Idn 0 >

is the canonical skew-symmetric matrix. We extend the notation above to write J; for any
1 < j<n,andId; forany 1 < j < 2n. For the sake of simplicity, we denote J = J, and
Id = 1d,,.

Finally, given matrix-valued functions A : T" — My,,;,(C) and B : T" — My, 4, (C),
we set the notations G4 (0) = AB)"B©#), Qu.p@) = AB) JB®B), GA(0) = Ga.4(0)
and Q4(0) = Q4.400).

2.2. Invariant and approximately invariant tori

Given a Hamiltonian function 4 : U ¢ R** — R, we study the existence of lower dimensional
quasi-periodic invariant tori for the Hamiltonian vector field X, (x) = Jgrad h(x).

Definition 2.1. For any integer 1 < r < n,  C U is an r-dimensional invariant torus
carrying conditionally periodic motion with basic frequencies w € R” for Xy, if 7 is invariant
under the flow of X and there exists a parametrization given by an embedding t : T — U
such that 7 = t(T"), making the following diagram commute

Lo
™ — 1T

T

i ey

&l

4’?
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where T, ,(0) = 0 + wt is the (parallel) flow of the constant vector field

d
Ly,=01—+ +w,—
26, 26,
and ¢, is the flow of Xy,. In addition, if w is non-resonant, i.e.
(k, w) #0, Vk € Z'\{0}, @)

then we say that 7 is an r-dimensional quasi-periodic torus.

The fact that .7 = t(T") and diagram (1) commutes is equivalent to that the embedding
T satisfies

Lyt (0) = Xn(1(0)). (3)
If w € R” is non-resonant, then the quasi-periodic function z(¢) = t(wt + 6y) is an integral
curve of X, for any 6y € T” that fills densely 7.

By means of 7 we can pull-back to T" both the restrictions to .7 of the standard metric
and the symplectic structure, obtaining the following matrix representations:

Gp:(0) = DT(0)' DT(0), Qp:(6) = Dr(0)" JDT(H), 0eT.

Remark 2.2. We note that as 7 is embedding we have rank(Dt(0)) = r for every 8 € T",
so it turns out that det G p,(0) # 0 for every 8 € T". Moreover, the average [Q2p, |- is zero
since the symplectic form is exact. Indeed, if we write t(8) = (x(0), y(f)) then we have
Qp:(0) = Da(8) — Da(9) T, where a(8) = Dx(0)" y(6) and, by definition, [Da]r = 0.

Next we state a version of a classical lemma—see for example [10, 51]—which says that
any quasi-periodic torus of a locally Hamiltonian vector field is isotropic provided that the
symplectic form is exact.

Lemma23. Leth : U C R” — R be a Hamiltonian function and 7 an r-dimensional
invariant torus for X, of non-resonant frequencies w. Then the submanifold 7 is isotropic,
i.e. Qp:(0) = 0forevery 6 € T". In particular, if r = n then 7 is Lagrangian.

Remark 2.4. In the text there appear many functions depending on 8 € T”. In order to
simplify the notation sometimes we omit the dependence on 6—eventually we even omit the
fact that some functions are evaluated at 7 () if there is no source of confusion.

Proof of lemma 2.3. Here we adapt a proof given in [17] that will be useful later on. First,
we compute

L,(Q2p;) = L,(Dt"JDt) =[D(L,7)]' JDTt + Dt JD(L,7)
= [Jhess h(t)Dt]"JDt + Dt " JJhessh(t)Dt =0,

where we used that D o L, = L, o D, the hypothesis L,t(0) = X;,(7(0)) and the properties
JT = —J and J> = —Id. Then, since w is non-resonant, the fact that the derivative L,
vanishes implies that Qp; = [Q2p;]1-. From remark 2.2 we conclude that Qp, = 0. O

Finally, we set the idea of parametrization of an approximately invariant torus. Essentially,

we measure how far to commute in diagram (1).

Definition 2.5. Given a Hamiltonianh : U C R* — Randan integer 1 < r < n, we say that
T C U is an r-dimensional approximately quasi-periodic invariant torus with non-resonant
basic frequencies w € R” for X, provided that there exists an embedding t : T" — U, such
that F = t©(T"), satisfying

L,t(0) = Jgrad h(t(9)) +e(0),

where e : T" — R?" s ‘small’ in a suitable norm.
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Among the conditions needed to find a true invariant torus around an approximately
invariant one, we are concerned with Diophantine conditions on the vector of basic frequencies.

Definition 2.6. We say that w € R" satisfies Diophantine conditions of (y, v)-type, for y > 0
andv >r —1,if

[k, )] > ucL| Vk € Z'\{0). )
1

It is well known that if we consider a fixed v then, for almost every w € R”, thereis y > 0
for which (4) is fulfilled (see [46]).

2.3. Linear normal behaviour of invariant tori

In order to study the behaviour of the solutions in a neighbourhood of an r-dimensional quasi-
periodic invariant torus of basic frequencies w—parametrized by T—it is usual to consider the
variational equations around the torus,

L,§(0) = Jhess h(z(0))&(0). (&)

If r = 1 system (5) is 2w /w-periodic. Then, following Floquet’s theorem, there exists a
linear periodic change of variables that reduces the system to constant coefficients. If r > 1,
then we consider reducibility to constant coefficients (in the sense of Lyapunov—Perron) as
follows.

Definition 2.7. We say that the invariant torus 7 in definition 2.1 is reducible if there exists
a linear change of coordinates & = M (0)n, defined for 6 € T", such that the variational
equations (5) turn out to be L,n(0) = Bn(0), where B € My;,52,(C).

This property is equivalent to the fact that M satisfies the differential equation
L,M(©) = Jhessh(t(0))M(©) — M()B. 6)

In the Lagrangian case r = n such transformation exists, under regularity assumptions,
provided w satisfies (4)—see [17]. Indeed, we can take derivatives at both sides of the invariance
equation (3), thus obtaining

L,Dt(0) = Jhess h(t(0))Dt(6).

Then, the matrix M(0) can be given by the columns of Dt(f) and JDr(G)GZ)lT ) +
Dt (0)C(0), where C(0) is a suitable n x n matrix—obtained by solving certain cohomological
equation. The reduced matrix turns out to be of the form

0 B€¢
=5 %)

where B¢ € M,,(R) is symmetric. The 2n zero eigenvalues correspond to the tangent
directions to the torus together with their symplectic conjugate ones, meanwhile the matrix B¢
controls the variation of the frequencies of the torus—the twist condition reads det B¢ % 0—
when moving the ‘actions’ of the system.

In the lower dimensional case 1 < r < n we cannot guarantee, in general, reducibility
to constant coefficients (we refer to [33,34,61]). Nevertheless, if we consider a family of
quasi-periodic linear perturbations of a linear system with constant coefficients then, under
some generic hypotheses of non-resonance and non-degeneracy, we can state the reducibility
of a large subfamily. On the one hand, if we restrict M(6) to the space of close-to-the-
identity matrices, then we can prove that the reducible subfamily is Cantorian and has a large
Lebesgue measure (we refer to [37,38]). On the other hand, considering a more general
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class of matrices (see ideas introduced in [22, 23,43, 55]) reducibility can be extended to a
full-measure subfamily (this was conjectured in [23] and proved in [30]).

If system (5) is reducible, then the geometry of the problem allows us to choose the matrix
B with the following block structure:

0 B| 0
B=(0 0|0 [,
0 0 |BY

where B¢ € M, (R) is symmetric (it plays the same ‘twist’ role as in the Lagrangian case),
and BY € Ms,—ryx2(n—r) (C) can be written as BY = J,_,.S, where S is also symmetric. The
matrix BV gives the normal linear behaviour of the torus. The real parts of the eigenvalues of
B" correspond to Lyapunov exponents and their imaginary parts to normal frequencies. As
discussed in the introduction, in this work we are interested in the normally elliptic case, in
which all the eigenvalues of BY have a vanishing real part, i.e.

spec(BY) = {iky, ..., ik,_y, =ik, ..., —iAu_r),

where A; € R\{0} are the normal frequencies. Throughout the paper we assume that they have
different modulii.

In order to simplify the resolution of the obtained cohomological equations, it is convenient
to put the matrix BY in diagonal form. In the classical KAM approach—using symplectic
transformations and action-angle variables adapted to the torus—this is possible with a complex
canonical change of coordinates. This transformation casts the initial real Hamiltonian into a
complex one, having some symmetries. As these symmetries are preserved by the canonical
transformations performed along these classical proofs, the final Hamiltonian can be made real
and thus the obtained tori are real. In this paper we perform this complexification by selecting
a complex matrix function N : T" — My, u—r) (C) associated with the eigenfunctions of
eigenvalues iAq, ..., iA,—,. Itis clear that the real and imaginary parts of these vectors span
the associated real normal subspace at any point of the torus. Indeed, from equation (6), the
matrix function N satisfies

L,N(®) = Jhess h(t(0))N (@) — N(©O)A,

where A = diag(iA) = diag(i), ..., 1A,—,). Then, together with these vectors, we resort to
the use of the complex conjugate ones, which clearly satisfy

L,N*(0) = Jhessh(z(0))N*(0) + N*(0)A,

to span a basis of the complexified normal space along the torus (this is guaranteed by the
conditions det Gy _y+ # 0 on T").

As we have pointed out in the introduction, to face the resolution of the cohomological
equations standing for invariance and reducibility, we assume additional non-resonance
conditions apart from (2).

Definition 2.8. We say that the normal frequencies ). € R"™" are non-resonant with respect to
weR"if

(k, w) +X; #0, VkeZ', i=1,...,n—r, 7
and
(ko) + 1 £, #0, VkeZ\(0}, i, j=1,....n—r 8)

Conditions (7) and (8) are referred to as first and second Melnikov conditions, respectively
(see [47,48]).
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In the spirit of definition 2.5, we introduce the idea of approximate reducibility as follows.

Definition 2.9. We say that the approximately invariant torus 7 in definition 2.5 is
approximately elliptic if there exists a map N : T" — My, (1—r)(C) and normal frequencies
A € R"™", which are non-resonant with respect to w, satisfying

L,N(@©) = Jhessh(t(0))N@®) — NO)A + R(0),
where A = diag(ir), det Gy y» # 0onT" and R : T" — Moux(u—r)(C) is ‘small’ in a suitable

norm.

In order to avoid the effect of the small divisors associated with (7) and (8), we assume
additional Diophantine conditions.

Definition 2.10. Let us consider non-resonant basic and normal frequencies (w, ) € R” x
R"™" and constants y > 0 and v > r — 1. We say that A satisfies Diophantine conditions of
(y, v)-type with respect to w if

s @)+ 2] > =, (ks @) + A £ 2] > 2, )
|k|1 |k|l

Vk e ZZ\{0}andi, j=1,....,n—r.

3. Statement of the main result

In this section we state the main result of the paper. We consider a 1-parameter family of
Hamiltonian systems for which we know a family of parametrizations of approximately (with
small error) elliptic lower dimensional invariant tori, all with the same basic frequencies.
Then, under certain non-degeneracy conditions, we use the parameter to control the normal
frequencies in order to prove that there exists a large set of parameters for which we have
a true elliptic invariant torus close to the approximate one. We emphasize that we do not
assume that the system is given in action-angle-like coordinates nor that the Hamiltonians are
close-to-integrable ones.

Theorem 3.1. Let us consider a family of Hamiltonians @ € I C R +— h, withh, : U C
R?" — R, where I is a finite interval and U is an open set. Let w € R be a vector of basic
frequencies satisfying Diophantine conditions (4) of (v, V)-type, withy > 0 and Vv > r — 1.
Assume that the following hypotheses hold:

H; The functions h,, are real analytic and can be holomorphically extended to some complex
neighbourhood U of U. Moreover, we assume that ||h||; ¢+ < 0o.

H, There exists a family of approximately invariant and elliptic tori of h,, in the sense of
definitions 2.5 and 2.9, i.e. we have families of embeddings n € I C R +— 1, matrix
Sunctions p € I C R w— N, and approximated normal eigenvalues A, = diag(il,),
with A, € R"™", satisfying

L,t,0) = Jgrad h,(t,,(9)) +e,(0),
Lo,N,(0) = Jhessh, (1, (0))N,(0) — N,(O)A, + R, (6),

for certain error functions e, and R,, where v, and N, are analytic and can be
holomorphically extended to A(p) for certain 0 < p < 1, satisfying 7,(A(p)) C U.
Assume also that we have constants o, o, such that

IDTl 1, INl1.s 1Gprll1ps 1G N yellrp < 01 dist(1,(A(p)), 3U) > 02 > 0,
for every u € I, where oU stands for the boundary of U.
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H; We have diag[QNwNz]Tr =ild,_, for every u € I.
Hy The family of matrix functions
A1u(0) = Gy (0)DT,(0) ' [T1,4(0) + T2,,u(0) + T2, (0) '1D T, (0)G (0,
where
T,0) = J Thess h,(t,(0))J —hessh,(7,(0)),
T5,(0) = T1,,(0)J [DT,(0)Gpr, (0) "' D7, () — Id]Re(iN, (O)N () T)
satisfies the non-degeneracy (twist) condition ||[A1]1},l Il < o1.
Hs There exist constants o3, 04 such that for every . € I the approximated normal frequencies
Ay = Ay ooy Ayepy) satisfy

o3 Oy
0 < 5 < il < > 0<o03 <|hipEAjul

fori,j=1,...,n—r, withi # j.
Hg The objects h,, T, Nu and ), are at least C' with respect to j, and we have

< os,

d“’ IC3Z/1 dl’L Ip lp d,bL Ip

fori=1,...,n—r. Moreover, we have the following separation conditions:
o6 d d d
O<?<’aki'ﬂ s O<O’6< _M)”U«:t@)hjﬂ ,

fori,j=1,....,n—r, withi # j.
Under these assumptions there is a constant Cy such that, if

el + IRy + | H

Ex = ll€|l1,p L.p °
du |4 0 du ||, 0
satisfies e, < Cry, 8 for a given yy < mm{l V), then there exists a Cantorian subset Iy C 1

such that for every i € I the Hamzltonlan h,, has an r-dimensional elliptic invariant torus
T (c0) With basic frequencies w. The normal frequencies A, (00) Satisfy Diophantine conditions

of the form

Yo Yo
[{k, @) + Ai i 00)| 2 i [(ks @) + Aip,(00) £ Ajpuo0)| 2 " Vk € Z"\{0},
1 1
forv > v and
C28
Ihis00) = Ailliey < =5 (10)
I
fori, j =1,...,n —r. The parametrizations 7, () and normal directions N, (o) satisfy
C28* C28*
1T00) = Tlliwy02 S —5—» INoy = Nlliyor2 S —5- (1D
Yo Yo
Moreover, 1« has big relative Lebesgue measure
measg (I'\ /(o) < C370. (12)

The constants Cy, Cy and C3 depend on |w|, v, r, n, 0y, 01, 02, 03, 04, 05 and og. The constant
Cj3 also depends on p, b
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Remark 3.2. We will see that, if ||e||; , and || R]|;,, are small enough, then hypotheses H, and
Hs, together with suitable Diophantine conditions on @ and A, imply that the matrix Qy - is
pure imaginary, approximately constant and close to diagonal (see propositions 4.1 and 5.3 for
details). In order to follow our approach for constructing an approximately symplectic basis
along the torus, we assume that the average of this matrix is non-singular. According to this,
it is clear that we can assume (after a suitable choice of the sign of the components of A and
scaling of the columns of N) that diag[Q2y n+]7 = ild,_,, as it is done in hypothesis H3 of
theorem 3.1.

Remark 3.3. As it is customary in parametrization methods—we encourage the reader to
compare this result with those in [17, 24, 35]—the conditions of theorem 3.1 can be verified
using information provided by the initial approximations. This fact is useful in the validation
of numerical computations that consist in looking for trigonometric functions that satisfy
invariance and reducibility equations approximately. Concretely, let us assume that for a given
parameter (o € I we have computed approximations t,,, N,, and A, satisfying the explicit
conditions of theorem 3.1 for certain @ € R”. Then, for most of the values of u close to 1,
there exists an elliptic quasi-periodic invariant torus nearby, whose normal frequencies are just
slightly changed.

Remark 3.4. Hypothesis Hy is called twist condition because when applying this result
in a perturbative setting it stands for the Kolmogorov non-degeneracy condition (see the
computations performed for Hamiltonian (13)). Observe that in the Lagrangian case the
function A; , readsas A , = GB'T“ DrMT T, MD‘L’GBITﬂ for the same matrix 71 ,,, thus recovering
the condition in [17].

Remark 3.5. Letus assume that 0 € I and that for & = 0 we have a true elliptic quasi-periodic
invariant torus satisfying the Diophantine and non-degeneracy conditions of theorem 3.1. In
this case, it is expected that the measure of invariant tori nearby is larger than the one predicted
by theorem 3.1. Actually, it is known that the complementary set [— (19, f40]\ /(o) has measure
exponentially small when uy — 0 (see [39,40]). To obtain such estimates we would need
to slightly modify some details of the proof performed here—but not the scheme—asking for
Diophantine conditions as those used in [38,40] (which turn out to be exponentially small
in |k[p).

Remark 3.6. Theorem 3.1 can be extended to exact symplectic maps. Actually, the
parametrization approach in the context of maps is the main setting in [17,24,35]. To this
end, we should ‘translate’ the computations performed along the paper to the context of maps,
following the ‘dictionary’ of these references. Attention should be taken in order to adapt the
geometric conditions that we highlight in remarks 4.5 and 4.7, which are not true for maps,
but satisfied up to quadratic terms (this is enough for the convergence of the scheme).

Remark 3.7. It would also be interesting to extend the result in order to deal with symplectic
vector fields or symplectic maps. Let us recall that a vector field X on a symplectic manifold
with 2-form 2 is said to be symplectic (or locally Hamiltonian) if Lx Q2 = 0, i.e. if the 2-form
is preserved along the flow of X (symplectic vector fields that are not Hamiltonian can be found
for example in the context of magnetic fields). In this situation, the method of ‘translated torus’
should be adapted as it is done in [24] for the hyperbolic case. To this end, it must be taken
into account that the cohomology of the torus must be compatible with the cohomology class
of the contraction (-, X).

Remark 3.8. The scheme of the proof of theorem 3.1 can also be used for proving the existence
of reducible tori having some hyperbolic directions, under the assumption of first and second
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Melnikov conditions. In this case, we need to adapt the geometrical ideas of the paper in order
to deal simultaneously with elliptic and hyperbolic directions. However, as hyperbolic tori are
known to exist beyond the breakdown of reducibility (see [29]), it is interesting to approach
the problem of partially elliptic tori by combining techniques in [24] (for studying hyperbolic
directions) together with those presented here (for studying elliptic directions).

Remark 3.9. The scheme can be also adapted to deal with the classical Broer—Huitema—Takens
approach (see [11]) explained in the introduction. On the one hand, this allows obtaining
C*-Whitney regularity for the constructed tori, and on the other hand this permits to deal with
degenerate cases where the Kolmogorov condition does not hold. For example, if we have other
higher-order non-degeneracy conditions such as the so-called Riissmann’s non-degeneracy
condition (see [67]). These ideas could also be used to deal with resonant situations as those
considered in [7, 8], where double frequencies and in some cases also vanishing frequencies
are allowed.

Remark 3.10. After the work in [5, 6, 23, 30, 71] it is known that second Melnikov conditions
are not necessary for proving existence of lower dimensional tori in the elliptic context. For
example, Bourgain approached the problem without using reducibility, thus avoiding to ask
for these non-resonance conditions. However, cumbersome multiscale analysis is required
to approximate the solution of truncated cohomological equations, thus leading to a process
which is not suitable for numerical implementations—at each step, one has to invert a large
matrix which has a huge computational cost. Nevertheless, asking for reducibility we end up
inverting a diagonal matrix in Fourier space (see remark 3.11). Another approach to avoid
second Melnikov conditions was proposed by Eliasson in [23] and consists in performing a far-
from-identity transformation when we have to deal with such resonant frequencies. Concretely,
if L € R"™" does not satisfy second Melnikov conditions, then we can introduce new normal
frequencies X i = Aj — {mj,w/2), and we can carefully choose the vectors m; € Z" in
such a way that second Melnikov conditions are satisfied (it is also necessary to work in
the covering 2T" = R" /(4w Z)" of the torus). In this paper we study reducible tori without
using Eliasson’s method (thus emphasizing the geometric ideas linked with parametrization
methods). We ask for second Melnikov conditions paying the price of excluding a small
set of invariant tori. Nevertheless, when numerically implementing this method, the use of
Elliasson’s transformation is very useful (this was used in [29] to continue elliptic tori beyond
their bifurcation to hyperbolic tori).

Remark 3.11. All the computations performed in the proof of theorem 3.1 can be implemented
very efficiently in a computer. For example, the solution of cohomological equations with
constant coefficients and the computation of derivatives like Dt or L,,t correspond to diagonal
operators in Fourier space. Other algebraic manipulations can be performed efficiently in
real space and there are very fast and robust fast Fourier transform algorithms that allow
passing from real (or complex) space to Fourier space (and ‘vice versa’). Accordingly, if
we approximate a torus using N Fourier modes, we can implement an algorithm to compute
the object with a cost of order O(N log N) in time and O(N) in memory. We refer to the
works [13,18,36] to analogous algorithms in several contexts. Therefore, this approach
presents significant advantages in contrast with methods which require to deal with full
matrices, since they represent a cost of @(N?) in memory and O(N?) in time (we refer for
example to [14]).

Although one of the main features of both the formulation and the proof of theorem 3.1
is that we do not require to write the problem in action-angle coordinates, we think that it
can be illustrative to express this result for a close-to-integrable system, in order to clarify the
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meaning of hypotheses H; and Hy in this context. Indeed, let us consider the following family
of Hamiltonian systems written in action-angle-like coordinates (¢, y, z) € T x R" x R2"—");

hu(p, y,2) = ho(y, 2) + uf (¢, y, 2) (13)

such that for y = 0, we have that z = 0 is an elliptic non-degenerate equilibrium for the system
ho(y, z). In particular, 79(6) = (0, 0, 0) gives a parametrization of an invariant torus of /g
with basic frequencies w = grad ho(0,0) € R". By performing a suitable canonical change
of variables in order to eliminate crossed quadratic terms in (y, z), we can assume that

ho(y,2) = (@, y) + 3(y, Ay) + 3(z, Bz) + O3(y, 2)
close to (v, z) = (0, 0), where A and B are symmetric matrices, such that
spec(Jy—rB) = {iry, ..., iy, —1Ay, ..., —iAy—y}

are the normal eigenvalues of the torus T x {0} x {0}. The associated normal directions are
given by the real and imaginary parts of the matrix of eigenvectors satisfying Jo_rBN = NA,
where A = diag(i,) = diag(i},...,iA,—,). Using symplectic properties, we can select
the signs of the components of A and the complex matrix N in such a way that it satisfies
NTJo  N* = ild, .

Then, to apply theorem 3.1 to the family of Hamiltonians %, given by (13), for small ||,
we consider the family of approximately elliptic and invariant tori 7, (6) = 79(0) + O(u) with
normal frequencies A, = A + O(u) and normal vectors N, @T"=(00 N Y+ O(u), where
the terms O(u) stand for the first order corrections in t—they can be computed by means of
Lindstedt series or normal forms with respect to u—that are needed in order to check that the
normal frequencies ‘move’ as a function of . This family satisfies

Lyt (0) = Jgrad h, (t,(0)) + O2(n),
L,N,(0) = Jhessh,(1,(0))N,(0) — N, (O)A, + Or(1),

and, for © = 0, we have

Id, 0
Dry@® =0 |. No@®) =101, Gpr, (0) =1d,, Quy.n; (0) = ild, .
0 N

Moreover, it is not difficult to check that the matrix A; ,(f) in Hy at u = 0O reads as
A1 0(@) = —A, which implies that Hy is equivalent to the standard (Kolmogorov) non-
degeneracy condition for the unperturbed system.

4. Overview and heuristics of the method

In this section we outline the main ideas of the presented approach. Our aim is to emphasize
the geometric interpretation of our construction, thus highlighting the additional difficulties
with respect to the Lagrangian and normally hyperbolic cases. First, in section 4.1, we sketch
briefly the proof of theorem 3.1. Although some parts of the proof involve quite cumbersome
computations, the construction of the iterative procedure is fairly natural. In section 4.2 we
focus on the geometric properties of the invariant and elliptic case. These properties allow
us to obtain approximate solutions for the equations derived in section 4.1 associated with
approximately invariant and elliptic tori.
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4.1. Sketch of the proof

Leth : U C R — RbeaHamiltonian function and let us suppose that .7 is an approximately
invariant and elliptic torus of basic frequencies w € R" and normal ones A € R"™", satisfying
strong non-resonance conditions (4) and (9). The translation of definitions 2.5 and 2.9 into a
functional setting is

F(r) =e, G(t,N,A) =R,

with A = diag(iA), where we have introduced the following operators:
F(t)=L,t — Jgrad h(7),
G(t,N,A) = L,N — Jhessh(t)N + NA.

Then, we look for an embedding 7 : T" — U, normal directions N:T — Moy (n—r) (C)
and normal frequencies A, satisfying

F(@) =0, G(T,N,A) =0,

with A = diag(iA). Since these equations have a triangular structure, we approach first the
correction of the parametrization of the torus, i.e. we look for T = 7 + A, satisfying the above
expressions. We write the first equation as

F(t+A;))=e+L,A; — Jhessh(t)A; + O,(A;) =0.
If we neglect terms O, (A ;) we obtain the following linearized equation (the Newton method):
L,A; — Jhessh(t)A; = —e, (14)

which allows us to correct the invariance of the torus up to terms of second order in e. In a
similar way, we look for N = N + Ay and A = A + A, such that

G(T,N,A) = R+ Ly,Ay — Jhess h(t) Ay + NAx + AyA + Or(Ay, Ap) =0,
where
R=R+ Jhess h(t)N — Jhess h(T)N (15)

includes both the error in reducibility and the one introduced when correcting the torus (which
is expected to be of order of the size of ¢). Hence, in order to apply one step of the Newton
method to correct reducibility, we have to solve the following linearized equation for Ay
and A,:

LoAy — Jhessh(t)Ay + NAy + AyA = —R. (16)

For convenience, once we fix 7, N and A, we define the following differential operators
(acting on vectors or matrices of 2n rows):

R(E) = L,& — Jhess h(7)é, (17)

SE,m) =RE)+Nn+§A, (18)
so equations (14) and (16) are equivalent to invert R and S

R(A;) = —e, S(Ay, Ax) = —R. (19)

As it was done in [17], the main idea is to transform the linearized equation (14) into a
simpler linear equation. This is done using a suitable basis along the approximate torus. The
obtained equation can be approximately solved by means of the Fourier series. Indeed, an
approximate solution with an error of quadratic size in e and R is enough for the convergence
of the scheme—the Newton method still converges quadratically if we have a good enough
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approximation of the Jacobian matrix. Under suitable conditions of non-resonance and non-
degeneracy, iteration of this process leads to a quadratic scheme that allows us to overcome
the effect of the small divisors of the problem. The main contribution of this paper is to adapt
this construction (that we describe next in a more precise way) to deal with equations (14)
and (16) simultaneously.

Let us discuss the construction of the basis mentioned above. In the Lagrangian case we
only have to deal with equation (14) and the columns of the matrices Dt and J DTG} give
us an approximately symplectic basis of R?" at any point of the torus. Moreover, it turns out
that R(Dt) = 0+ O(e) and R(JDtGBIT) = DtA, + O(e), where A : T" — M, ,(R) is
a symmetric matrix. Using this basis we can write the linearized equation (14) in ‘triangular
form’ with respect to the projections of A; over Dt and J DIGBL, in such a way that the
problem is reduced to solve two cohomological equations with constant coefficients. However,
in the lower dimensional case the previous construction is not enough since we also have to
take into account the normal directions of the torus. As mentioned in the introduction, this
scheme has been recently adapted in [24] for the normally hyperbolic case, without requiring
reducibility of the normal variational equations. The main ingredient is that there exists a
splitting between the centre and the hyperbolic directions of the torus and we can reduce the
study of equation (14) to the projections according to this splitting. The dynamics on the
hyperbolic directions is characterized by asymptotic (geometric) growth conditions>—both in
the future and in the past—and the linearized equation (14) restricted to the centre subspace
follows as in the Lagrangian case (now the ambient space is R?").

In the normally elliptic context, we ask for reducibility in order to express equation (14)
in a simple form. Hence, we solve simultaneously equation (16), thus obtaining a basis that
reduces the normal variational equations of the torus to constant coefficients up to a quadratic
error. In this case, the approximately (with an error of the order of the size of e and R)
symplectic basis is obtained by completing the columns of Dt, N and iN* with the columns
of a suitably constructed matrix V : T" — My, (R). Basically, we take advantage of the fact
that V satisfies R(V) = Dt A; modulo terms of order e and R, where A; : T" — M, ., (R)
will be specified later on. Hence, we find approximately solutions for equations (19) in terms
of the constructed basis as follows:

Ar = DTtA{+ VA, + NA3 +iN*A4,
AN = D‘L'P1 + VP2 +NP3 +iN*P4,

where {A;}, {P;}, withi = 1, ..., 4, are the solutions of cohomological equations (37)-(40)
and (42)—(45), respectively. The correction A, in the normal eigenvalues is determined from
the compatibility condition of these last equations.

Let us observe that in order to correct the reducibility of the torus we have to change
slightly the normal directions and the normal frequencies. Since the normal frequencies A
are modified at each step of the process, we do not know in advance if they will satisfy the
required Diophantine conditions for all steps—unless we have enough parameters to control
the value of all of them simultaneously. To deal with this problem we require some control on
the change of these frequencies, in such a way that we can remove parameters that give rise
to resonant frequencies. Since at every step of the inductive process we are removing a dense
set of parameters, we have to work with sets of empty interior. This does not allow us to keep
any kind of smooth dependence (in the usual sense) with respect to the parameter.

There are several methods in the literature to deal with this problem. The first approach
was due to Arnold (see [1]) and it consists in working, at every step of the inductive procedure,

2 Concretely, the solutions for the equations projected into the hyperbolic directions are obtained by means of an
absolutely convergent power series. See details in [24].
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with a finite number of terms in the Fourier expansions (‘ultraviolet cut-off’). Then, since
we only need to deal with a finite number of resonances at every step, we can work on open
sets of parameters and keep the smooth dependence on these sets. Another possibility is
to consider Lipschitz parametric dependence and to check that this dependence is preserved
along the iterative procedure (this is the method used in [37—40]). Lipschitz regularity suffices
to control the measure of the resonant sets. In this paper we follow the Lipschitz approach
because it allows us to present the geometric construction in a clear way, assuming that we
have Diophantine conditions up to any order. Then, the technical details corresponding to the
Lipschitz regularity are performed separately in section 6.2.

4.2. Characterization of the invariant and reducible case

Our goal now is to formally ‘invert’ the linear operators R given by (17) and S given by (18)—
see propositions 4.4 and 4.6, respectively—when the corresponding torus .7 is invariant and
normally elliptic. In order to do this, first we characterize at a formal level some geometric
properties of lower dimensional elliptic invariant tori. Later on, the same construction provided
in this section will be used to study approximately invariant tori in order to solve equations
in (19) with a small error (controlled by the errors of invariance and reducibility).

All along this section we consider an r-dimensional normally elliptic quasi-periodic
invariant torus .7 for a Hamiltonian & of basic frequencies @ € R" and normal frequencies
A € R satisfying non-resonance conditions (2), (7) and (8), i.e. we have

L,t(0) = Jgrad h(z(6)), (20)
L,N(®) = Jhess h(t(0))N (@) — N(©O)A, @21)

with A = diag(ir). We assume also that the matrices G p, () and G y_n-(6) are invertible for
every 6 € T". Then, we claim (see the proof of proposition 4.1) that under these conditions
Qy. N+ 1s constant, pure imaginary and diagonal. If we assume that this matrix is non-singular,
then we can suppose that (see remark 3.2)

Qy.n-(0) = ild, . (22)

Proposition 4.1. Given .7 an invariant and elliptic torus as above, we define the matrix
functions

Ni(8) = N(©), N2 () =iN*(0),
and the real matrix

V) = JDI(O)GB'T 0) + Ni1(0)B1(9) + N2(6)B2(6) + DT(0)B3(0),  (23)

where
Bi(8) = Gy,.p:(0)G L (0), (24)
By(0) = =Gy, p:(0)GL(9), (25)
B3(0) = Re(Gp, 5,(9)). (26)

Then, the columns of the matrices Dt (6), V(0), N1(0) and N,(0) form a symplectic basis for
any 6 € T", in the sense that the matrices Qp.(60), Qy (0), 2y, (0), Q- n,(0) and Qy, v(0)
vanish, fori = 1, 2, and

Qu, n 0) =1d,—,, Qy p.(0) =1d,.
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Proof. To obtain the geometric properties associated with the matrices Dt, N; and N, we
proceed as in the proof of lemma 2.3, where we proved that Qp, = 0. Let us start studying
the matrix Qy, », by computing

Loy, N, = Lo(Ny JN)) = (L,N>) "INy + Ny JL,N,
= (Jhess h(t)Ny + NaA) T J Ny + N, J(Jhess h(t)N; — NiA)
= AN, JN; — Ny IN\A = AQny, v, — Q,.n, A
Then, if we expand Qy, n, in Fourier series we obtain
(k@) = & +2) Qo) =0,
where (Qy,.5,)@/ denotes the (i, j)th entry of Qpu, 5. Recalling the non-resonance
hypotheses (k, @) — A; + A; # 0 (if i # j or k # 0) we obtain that (2, v’ = 0,
for all k € Z"\{0}, and (R, 5,)5” = 0if i # j, so this matrix is constant and diagonal.
Moreover, Q;L N, = S23,.n, SO its entries are real. Finally, using hypothesis (22) we write

QN =10y 8 = _iQ—I\r/’N* =1d,_,.
To prove that 2y, vanishes we compute

L,Qn, = —AQn, — Qn A.
Now, the Fourier coefficients of 2y, satisfy
(k. ) + 2 + ) Qu) ) =0,

so it turns out that all of them vanish (using the non-resonance conditions). Moreover, taking
derivatives at equation (20) we obtain

L,Dt = JhesshDr,

that together with equation (21), leads to
L,Qprn, = —prn A

This implies that Qp, y, = 0, since the Fourier coefficients of the component functions satisfy
((k, @) + 1) @pe ) = 0.

Finally, it is easy to see that Qy, = —Q} and Qp, n, = iQ, . s0 these matrices also
vanish.

Next, we see that the columns of the (real) matrices Dt, J D‘(GBIT, Re(N) and Im(N)
form an R-basis of R?". To this end, it suffices to check that the columns of Dz, J Dt Ggi,
N; and N, are C-independent on C?". Thus, let us consider a linear combination

Dta+JDtGplb+ Nic+ Nyd =0,

for vector functions a, b : T" — C" and ¢,d : T" — C"~". Multiplying by Dt ", Dt J,
Nz-r J and N IT J and using the geometric properties proved above, we obtain the following
system of equations:

Gp: 0 Gp:ny Gpon, a 0
-1 b = 0 , 27
0 _GquDfGDt Idn,r 0 C 0
0 —Gnuop:G, 0 -Id,./ \d 0
M,

where det M; = det Gp, # 0, so we conclude thata = b =0andc =d = 0.
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To check that the matrix V is real, we use the expressions Nj' = —iN, and B = iB,.
Then, we compute N{ B} = —i2N, B, = N, B,, thus concluding that V* = V.
Finally, the following computations are straightforward:

Qpryv = —Id, + Qpr n, B + Qpr.n, B2 + Qp. Bz = —1d,,

Qn,.v = —Gn,.p:Gpl + Qn, By + Qv Ba + v, 00 Bs
= =GN, 0:Gpy — B =0,

Qn,v = —Gnyp:Gpl + B =0,

Qy =(Gp.DT"JT+B/ N[ +B) N} + B{ Dt")JV
=GprGpenBi+G .Gy, pe By + By — By
=—Gp,p +Gpp,+ B3 — By
=ilm(Gp, B, — Gp,.5,) =0.
In the last computation we used that V is real. g

Remark 4.2. Note that the matrix B3 can be taken modulo the addition of a symmetric real
matrix. This freedom can be used to ask for reducibility also in the ‘central directions’ of the
torus. Hence, instead of the matrix A, that appears in lemma 4.3 we would obtain its average
[Ai]r-. Since this does not give us any significant advantage, we do not resort to this fact.

In the invariant and reducible case, we characterize the action of R on Dt (0), N,(0) and
N, () in a very simple way

R(Dt(0)) =0, R(N1(0)) = —N1(O)A, R(N2(0)) = N2(O)A. (28)

The first expression follows immediately from equation (20)—invariance—and the other ones
from equation (21)—reducibility. Moreover, we have the following result for V (6).

Lemma 4.3. Under the setting of proposition 4.1, we have that
R(V(9)) = Dt (0)A:1(6),
where Ay : T" — M, (R) is given by the real symmetric matrix
A1) = Gph@O)DT(O)T[T1(0) + To(0) + To(0) "'1DT(0)G L (0), (29)
where
T1(0) = J Thess h(1(8))J — hess h(z(0)), (30)
T2(0) = T1J [DT(0)G p: () "' DT(0) " — Id]Re(N1(0)N2(0) ).

Proof. We only have to write the expression for R(V) in terms of the previously constructed
symplectic basis

R(V) = D‘L’Al +VA2+N1A3+N2A4, (31)
and then to show that A is given by (29) and A, = A3 = A4 = 0. First, we use (23) and (28)
to express R(V) as

R(V) = R(]DTG]__).IL.) + Ni(Ly,B; — ABy)+ N)(L,B, + ABy) + DtL,,Bs.
Then, multiplying both sides of equation (31) by V'J, Dt"J, N,'J, N J and using the
symplectic properties of the basis we obtain the following expressions:

Ay = L,B3+ VIR DTG, (32)
Ay = =Dt JR(IDTGY), (33)
A3 =L,By — AB; + N, JR(JDtG}), (34)

Ay =LyBy+ABy — N[ JR(JDTG})). (35)
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First, introducing B; = G, DTGBIT into equation (34), we obtain
A3 = L,(N, DtGp)) — AN} DTG, + NS JR(JDTGp))
=L,N, DTG, + Ny L, (DtGp)) — AN} DTG}
+ Ny JL,(JDTG ) + Ny hesshJ DTG !
= (L,N> — JhesshN, —N>A) ' DtG,. =0,

R(N2)

where we used the property (28) for N,. Recalling that N, = iN;* we observe that A} =144
so we also have A4 = 0.
Now, we expand the expression for R(J DTGBIT), obtaining
R(JDtG,l) =R(UDT)G, +JIDTL,(Gl)
= —hesshDtG ! — IDtG, (Dt Jhessh — Dt "hesshJ)DtG !
— JhesshJDtGp! = (Id, + JDTG . D" )T\ DTG,
where we used expression (30) for Tj. Then, on the one hand we have
DTtTIR(J DtGBlT) = 0—in combination with (33) this implies that A, = 0—and on the
other hand we have
VIIR(IDTG,) = (B{ D" + By N; + B/ N +G,! Dt JT)JR(IDTG))
= —B, (L,B) — AB)) + B] (L,B2+ AB>) + G, DT T\ DG},
where we have used equations (34) and (35) taking into account that A; = A4 = 0. Finally,
we introduce this last expression into (32) and recall that B3 = Re(G g, p,) in order to obtain
Ay =Re(L,(B) B))) — B) (L,B; — AB)) + B (L,B, + ABy) + G, Dt T\ DTG}
=Re(L, B, By — B) L,B, +2B) AB)) + G, Dt T\ DtG}!},
where we used that (B (L, B> + AB,))* = —B, (L,B; — AB;). Now we replace B; and B,
by equations (24) and (25) respectively, and we expand the expression for L, B and L, B; as
follows (we also use that By = —iB3):
L,By = —L,N]| DtG,! — N[ L, (DtG})
= AN, DtG;' — N/hesshJ ' DTG} — N]'L,(DtG,})
= —AB,+ N/ JTiDtG,! — N DtL,(Gp))
= —ABy+ N/ JT)DtG,! — N/ DtG,'Dt"JT\DtG}!,
L,Bi = AB, — N, JT;DtG,! + N} DtG, Dt JT DTG .
From these expressions we observe that term 2B2T ABj in A; is cancelled. Finally, since

(N\N,))* = =N,N| = (=N;N,)T, it turns out that Re(N;N, ) = Re((—N;N,)T) so we
obtain expression (29) for A;. O

Now we have all the ingredients to formally invert the operator R.

Proposition 4.4. Under the setting of proposition 4.1, we assume that the matrix A| given
in (29) satisfies the twist condition det[A|] # 0. Then, given a function e : T" — R*"
satisfying [Dt " Jelp = 0, we obtain a formal solution for the equation

R(A;(0)) = L,A; — Jhessh(t)A, = —e(0),
which is unique up to terms in ker(R) = {DtA : A € M,+,(R)}.
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Proof. We express the unknown A () in terms of the constructed symplectic basis
Ar = DtA 1+ VA + N Az + Ny Ay, (36)
expand R(A;) and project to compute the functions {A;};—;
R(A) =R(DTt)A1 +R(V)Az; + R(N1) Az + R(N2) Ay
+DtL, A1+ VL,Ay+ N L,Az+ NyL,Ay
= Dt(LoA1+ A1A2) + VL,Ay+ Ni(LyAs — AA3) + Nap(Ly Ay + AAY).

4. Concretely, we have

.....

Multiplying both sides of this expression by V' J, Dt"J, N, J and N|'J, we obtain the
following four cohomological equations:

LoAl+A Ay ==V Je, (37)
LoAs =Dt Je, (38)
L,As — AA; = —N, Je, (39)
LoAy+AAy= N Je. (40)

As [Dt T Jelp = 0, the solution of equation (38) is unique, up to an arbitrary average
[A;]1r, provided that the non-resonance condition (2) holds. Then, using the non-degeneracy
condition det[A ] # 0, we choose

[Axle = [A]p (=V T Telr — [A1As)r) (41)

insuch a way that [A; A, + VT Jelr = 0sowehavea unique solution for A up to the freedom
of fixing [A]r-. Actually, it is easy to check that (39) and (40) have a unique solution for Aj
and A4 provided that the non-resonance condition (9) is fulfilled. Moreover, since e is a real
function, we conclude that A} = iA4 and this allows us to guarantee that expression (36) is
also real. O

Remark 4.5. Later on—see computations in (93)—we show that if T also parametrizes an
approximately invariant torus and e is the error of invariance, then the compatibility condition
[DtTJelr =0is automatically fulfilled.

A

Proposition 4.6. Under the setting of proposition 4.1, given a function R : T"
My (n—r)(C), we obtain a solution for the equation

‘S(ANa AA) = R(AN) + NAA + ANA = —Ié’
which is unique for A and for Ay up to terms inker(S) = {ND : D = diag(d),d € C"™"}.

Proof. As before, we write the solution Ay of this equation in terms of the symplectic basis as
Ay =DtP+VPy+ N P+ NyPy.
Then, we compute the action of S on the pair (Ay, A,), thus obtaining
S(An, Ap) = R(AN) + N1Ap + ANA
=R(DT)P; + R(V)Py + R(N1)Ps + R(N2) Py
+DtL,Pi+VLy,Py+ N LyP3+ NoLyyPy+ NiAp
+ Dt PIA+ VPA+ N P3sA+ N, PyA
=Dt(L,Pi+ PIA+A1P)+V(L,Py + PA)
+ Ni{(LyPs+ PsA — APy + Ap) + Na(Lo Py + P4A + APy) = R.
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If we multiply this expression by V'J, Dt"J, N, J and N|'J, we end up with the
following four cohomological equations:

LoP +PiA+A P,=—V'JR, (42)
L,P>+ P,A = Dt  JR, (43)
L,P3s+ PsA — APy =—N, JR — An, (44)
L,Py+PsA+APy=NJR. (45)

Let us observe that, under the assumed non-resonance conditions (7) and (8), the only
unavoidable resonances are those in the diagonal of the average of equation (44), so we require
that the diagonal of the average of the right-hand side of this equation vanishes. This is

attained by fixing the correction of the normal eigenvalues A, = —diag[NzT JR 1. Therefore,
we obtain unique solutions for Py, P,, P3, P, and A ,—modulo terms in diag[ P;]p-—of this
system of equations. |

Remark 4.7. We will see that if R corresponds to the error in reducibility, as defined in
equation (15), then the geometry imposes that the correction A 5 is a pure imaginary diagonal
matrix, thus preserving the elliptic normal behaviour—see computations in (96).

5. One step of the Newton method

In this section we perform one step of the Newton method to correct an approximately invariant
and elliptic torus. To this end, we follow the scheme presented in section 4.2 for the case of a
true elliptic invariant torus. The main difficulty is that we have to handle with ‘noise’ introduced
by the approximately invariant and reducible character.

Proposition 5.1. Let us consider a Hamiltonian h : U C R*" — R, where U is an open set,
and a vector of basic frequencies w € R". Let us assume that the following hypotheses hold:

H; The Hamiltonian h is real analytic and can be holomorphically extended to some complex
neighbourhood U of U. Moreover, we assume that ||h| 3.y < 00.

H, There exists an approximately invariant and elliptic torus in the sense of definitions 2.5
and 2.9, i.e. we have an embedding t, a matrix function N and approximated normal
eigenvalues A = diag(ir), with A € R"™", satisfying

L,t(0) = Jgrad h(t(0)) +e(9), (46)
L,N(©0) = Jhessh(t(0))N(O) — N@O)A + R(9), 47
for certain error functions e and R, where the functions T and N are analytic and can
be holomorphically extended to A(p) for certain 0 < p < 1, satisfying T(A(p)) C U.
Assume also that we have constants oy, 0, such that
IDTllp. INlo IG ol IG Y e llp < 01 dist(t(A(p)), 0U) > 02 > 0.
H; We have diag[Qy y+]r = ild,_,.

Hy The real symmetric matrix A, given by

A1(0) = GpL(O)DT(O)T[T1(0) + T2(0) + To(0) 'IDT()G L (6),  (48)

where
T1(0) = J Thess h(t(9))J — hess h(z(0)), (49)
T(0) = Ty(0)J [DT(0)Gp(0) ' DT (@) T —Id]Re(iN(O)N*(©0)7), (50)

satisfies the non-degeneracy (twist) condition |[A1]i,1| < 0].
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Hs There exist constants o3, o4 such that the approximated normal frequencies satisfy
o3 Oy4
0<—= <Al < —,
2 2
fori,j=1,...,n—r, withi # j.
Hg The basic frequencies w € R" and the normal frequencies A € R"™" satisfy Diophantine
conditions (4) and (9) of (y, v)-type, for certain ) <y < landv >r — 1.

0 <03 <A £4],

Then, there exists a constant & > 1 depending on v, r, n, |w|, oy, 01, 02, 03 and o4 such
that if the following bounds are satisfied:

o ||€||p R inf(1 " 51
yhsi— 5 +|Rll, | <min{l, o1 — 0"}, (51)
. o
s (A o)) ) = el > o0, 52
: o lell,
)\i + A — —| — +||R , 53
1,22?' il 2520 < 3 IR, ) > o3 (53)
in |A;| — o ”@Hp + IR 2 (54)
IIliln i yzazv—l p) o] = ) )
o llell, o4
miaX |)L1| + —)/282V_1 ( 5 + ||R||p < ?, (55)

where
-1 -1 -1
o = max { 1Dzl INllp. 1G5, IG5 el 1AV,

for some 0 < § < p/4, then we have an approximately invariant and elliptic torus T for X,
of the same basic frequencies w. This means that we have an embedding T = T + A, with
7(T") = .7, a matrix function N = N + Ay, which are analytic in A(p —28) and A(p — 48),
respectively, and approximated normal eigenvalues A = diag(iL) = A + A, with A € R"™,
such that

L,Tt(0) = Jgradh(T(0)) +e(9),
L,N(0) = Jhess h(£(0))N(0) — N(O)A + R(0).
In addition, the following estimates hold:

(07
Al p—25 < W”e”pv (56)
ellyss < ———(2ele vy, Viel,, (57)
yhadv-1 s
& (lel,
[Ap] < W E + IR, ), (58)
1Al < —— (1Mo gy ), (59)
o J/454"_1 S P
_ a (el 2
IRl —as < MM( L ||R||p) : (60)
IG ot — Gprllp-3s < agat lello (61)
1G5 5. = Gty lpmss <~y (202 4 ) (62)
N, N* NN=llp=48 X yasr—1\ s e

A — A < —2 (1l gy 63)
Hr Hr S Dash—1\ 75 3k
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Furthermore, the new objects satisfy the following conditions:
dist(F(A(p — 25)), 0U) > o3, %3 <13l < %

fori,j=1,....,n—r, withi # j, and
max {1DZ -3, 1N llp-s5, 1G b -39 1G5 5. -, A1} < 01, (69)

where A\ corresponds to formulae (48), (49) and (50) for T and N . Moreover; the columns of
N are normalized in such a way that diag[Q5 z]1 = ild,—,.

o3 < A £ Al (64)

To prove this result, we first construct an approximately symplectic basis along the torus
following the ideas of section 4.2. This is done in proposition 5.3. The geometric properties
of this basis allow us to approximately invert the operators R and S—given by (17) and (18),
respectively—as it is required to obtain the iterative result of proposition 5.1. Basically, it
turns out that the solutions of the cohomological equations derived in section 4.2 are enough
to get the desired result. Before that, we state the following standard result that allows us to
control the small divisors.

Lemma 5.2 (Riissmann estimates). Let g : T — C be an analytic function on A(p) and
bounded in the closure. Given v € R"\{0} and d € R\{0} we consider the sets of complex
numbers {d Ykezr\jo {d ez given by a’O (k, w), d,l = (k, w) +d, satisfying

Q1. |dy| > v/ Ik}, Vk € Z'\{0}
for certainy > 0and v > r — 1. Then, the functions f° and f' whose Fourier coefficients
are given by

= &/d, k € Z'\{0}, =0,
£l = é&u/al, ke,
satisfy
(o)) 1 1 (o))
1£00,—s < — gl If s < (—+—>||g|| ,
7 T ? ld|  ys)

for any § € (0, min{1, p}), where oy > 1 is a constant depending on r and v.

Proof. We can control the functions f(0) = f(6) — [ f']r as

1/2 172
i |gk| k 2020k 1 —2Jk
||fl||p—a < 2 \ [1(p—38) < § ngl [kl p § |di|2e [kl ,
kezr\{0} 'k

keZr\ | k| keZr\{0}
fori =0,1, where we used Cauchy—Schwarz inequality. On the one hand, it is not difficult
to see—using Bessel’s inequality, see details in [62]—that the first term can be bounded by

D gt <2z,
keZr\{0)
and on the other hand, the second term is controlled by estimating the sum

Z |dl|2 o2lkNis Z( Z |dl|2) 28 _ =201 (66)

keZr\ =1 Nz
[kl </

Now, we study in detail the case of d,g (the case of d,({) is analogous). First, we observe that the
divisors dk' = (k, w) +d satisfy di, # di, if k1 # k>. Then, given ! € N, we define

= {k € Z'\{0} : |k|; <landd} > 0}
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and we sort the divisors accordingto 0 < dj, < -+ < dkm withk; € Dy, for j =1,...,#D,.
Then, we observe that (since |k; — k;j_1| < 2I)
1 1 _ 0
4l —dl =k — kg o) > dY . (67)

where we have introduced the notation
dj nin = min |d;].
keZr\{0}
I
From expression (67) we obtain recursively
1 _ gl 1 1 1 0 1 . 0
d, =dy  +dy, —dy | Zdy Fdy iy 2 g + (= Dy -

Then, using that d3; .. > y/(21)" and d} ;. > y /1", we have

[, min
#D; #Dy 0 2v
1 1 l a() ,
Zdlzgz dl ~_]d0 2<Z 21 '_12—1}2< 2lv’
= ( ki) = ( l,min+(] ) 21,min) =1 v+ )27Y) 14

and using a similar argument for d,!j < 0, we obtain
1 20(v
Y oom <P
|dk 2 14
keZr\(0)
[kl <!

so we can control the sum (66) as follows:

1 &) 26 1+1
Z — e 2khd < Z oeiv) / x2e % dx < &F@V +1).
1

i |2 2 2

keZr\(0) ;| T yE(28)™
Combining the obtained expressions—and using that |[ f' 11| = |8o|/|d|—we end up with the
stated estimates. O

Proposition 5.3. Under the notations and assumptions of proposition 5.1, we define the matrix

functions
Ni(8) = N(0), N2 (0) = iN*(0),

and the real analytic matrix V (0) given by (23)—(26). Then, forany0 < § < p/2 the following

estimates hold:

a
19elp-2 < el

A

o
12N, llp—s < W”R”/h

19200 s < (1l iRy ),
T &Y 1)

A

o
||QN2,N1 - Idn—r”p—& < W”RHP’

a (lell
€2y, pr —Id;llp-25 < V57 <Tp + IIRIIp),

o e
12vn 02 < —— (1 yrp, ),
SN 1P y8v 8 P

12002 < 2= (1o, gy
Vilp—2§ X )/8” s '3 K

(68)

(69)

(70)

(71)

(72)

(73)

(74)
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fori = 1,2, where & > 1 is a constant depending on v, r, n, |wl|, 0y, o1, 03 and oy.
Furthermore, if the errors |le||, and || R||, satisfy
(I k) < 2 75)
y8Y 8 2

then the columns of Dt(0), V(0), N1(0), N»(0) form an approximately symplectic basis for
every 0 € T". In addition, it turns out that the action of the operator R givenin (17) on 'V is
expressed in terms of this basis as

R(V(0)) = DT(0)(A1(0) + AT(0)) + V(O) A3 () + N1(8) A3(0) + N2(0) A (0), (76)

where Ay is the matrix (48) and AT, A3, A} and A} satisfy the estimate

At < @ (lelo e 77
” i||p—26\m S +|| ”p 5 ( )

fori=1,...,4

Proof. For the sake of simplicity, we redefine (enlarge) the constant & along the proof to meet
the different conditions given in the statement. For example, we observe that there exists a
constant & > 0, depending on r, n, |w|, o and o1, such that

| Q>

IBillo, I T11lp 1 T20lp, 1AL, IV, < @, ILoBillp-s < < (78)

fori = 1,2,3—we recall that 7} and 7, are given in (49) and (50), respectively. Now we
take derivatives at both sides of the approximated invariance equation in (46) and we read the
reducibility equations in (47) for N; and N,

L,Dt = Jhessh(t)Dt + De,

L,Ny = Jhessh(t)Ny — NiA + R,

L,N, = Jhess h(t)N, + NoA +iR*. (79)

Using the previous expressions, we compute the derivative L,, of the matrices Q2p., Qy,,
Qpe,n, and Qp, y, thus obtaining

L,(R2p:) = Qpe pr + Lpe,pes (30)
L,(Q2n,) = —AQy, — QN A+ Qg N, + Q2 r, (81)
Ly(Qpen) = —Rpen A+ Qpen, + Lpors (82)
Lo(Qn,.N) = AQN, Ny — Qny v A +1R2p: N, + R, k- (83)

First, we get estimate (68) for Qp, by applying lemma 5.2 to the (7, j)-component of
Qp, obtained from (80), i.e. taking dY = (w, k) and g = —i(Qp,.pr + RLpr.pe) ™/ that (using
Cauchy estimates) is analytic in A(p — §). Moreover, since [Q2p. ]+ = 0 (see remark 2.2), we
obtain

A

o
12pcllp—25 < W”g”p—é < llell,-

a
W
Then, we proceed in a similar way to get (69) for N;, by applying lemma 5.2 to the
(i, j)-component of Qy, obtained from (81), i.e. taking d,j = (w,k) +A; +A; and g =
—i(Qg. N, + 2n,r)"7, analytic in A(p). To bound the average of Qy,, we use hypothesis Hs
of proposition 5.1,

12, s < ! O Vel < (L4 20 ) < &y
Mlp=8 = min; j [A; + ;] y8Y Ello o3 y8v) Ty -
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Analogous computations from equations (82) and (83) allow us to obtain estimate (70) for N;
and (71). Of course, to obtain (71) we resort to the hypothesis diag[Q2y y+]1 = ild,—, in Hj3
of proposition 5.1. Estimates (69) and (70) corresponding to N, are straightforward using that
QNZ = —Q;ﬁv] and QD‘L’,NZ = iQ*Dr.Nl .

Next we show that the columns of Dt, JDt Ggi, Re(N;) and Im(N;) form an R-basis
of R?". As in the proof of proposition 4.1, we consider a linear combination

Dta+JDtGplb+ Nic+ Nad = 0,

for functions a, b : T" — C" and ¢, d : T" — C"~". We project this equation multiplying by
Dt", Dt"J, N, J and N/ J, thus obtaining

0  QpGyl 0 0 0
QDT 0 QDT N QDT N N
M, + ol 2 b 0
! Qn,, Dt 0 Qy, v, —1d,—, Qy, =10l
QN1,Dr 0 QN[ QN],NZ +1d,_, d 0
M,

where M| is the same matrix that appears in equation (27). Now, we have to invert the matrix
M, + My = M;(Id + M; ' M5), where

Gor M ~Gp:Goeny GpiGoen,
|0 ~1d, 0 0
7l 0 —GunopGpl Id,, 0 ’

0  Gn.pGpl 0 ~Id,_,

A

. -1 -1 - -1

with M1, = G, (Gpe,n,GN,,pr — Gpe,n,Gw,,Dr) Gy, SO it s clear that |M ||, < &. By
means of Neumann series we obtain

1

I(d + M M)~ p0s < — ,
: P = M Mol as

which is well posed since (using bounds (68)—(71) and applying hypothesis (75))

M Ml p—2s < @ m+||R||,, <L
y&v\ ¢ 2

Then, itmustbea = b =0and c =d = 0 along T".
Now, we consider the basis defined by the columns of Dz, V, N| and N,, where V is given

by (23)—(26), and we characterize the fact that the new basis is approximately symplectic. It
is straightforward to compute

Qpeyv = —Id; + Qpr v, B1 + Qpe n, B2 + Qpe B3,
Qn.v = —Gn,.p:Gp +Qn, Bi + Q, v, B2 + Qv pe Bs
= Qu, B + (2,5, +1d,_,) By + Qp, p: B3,
QV = B;(QDT,V +Idr) + B]TQNI,V + B;QNZ,V + GBi'QDTGZ)i’
and Qu, v = iQ}kv,.v- Then, estimates (72)—(74) follow from (68)—(71) and (78).

Let us characterize the action of the linear operator R on the elements of this basis. By
hypothesis, we immediately have that

R(Dt) = De, R(N;) = —N;A +R, R(Ny) = N, A +iR*, (84)
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and we have to see that if we write
R(V) = Dt(A; + A]) + VAT + N1 A% + N, A],

where A, is the matrix (29), then the functions A}, A7, A} and A} are small—i.e. they
satisfy (77). To this end, expanding R(V) in the previous expression as

R(V) = R(JD'L'GBII) + Nl (La)Bl — ABl) + Nz(Lsz + ABQ) + D‘L’LwB3
+ RB; + iR*Bz + DeBs,

and multiplying both sides of this equation by V'J, DtTJ, Nz-r J and N IT J, we obtain the
linear system

AN /C

At G
Id+ M 2l = 85
(Id + M3) AL a | (85)

4] \c

where
Qy pr —Id, Qy Qy N, Qy n,
—Qp. Qy pr —Id, —Qpen, —Qpen,
M; = ' ’ : 86
: Qn,, e Qy,v Qu, N, — 1d,—, Qy, (86)
_QleDf _QNI,V _QNI QNZqu _Idnfr

and the functions C;, C;, C3 and Cy4 have the following form

o

Ci= VIJRUDTG, )+ L,By — A1 +Qy n,(LyBi — ABy) + Qv n, (L, By + AB)
+VTJ(RB) +iR*B;y + DeB3) + (Qy.p: — Id,)(L,Bs — A)),
¢

Cy= —Dt"JR(JDTGp)) —Qpen, (LwBi — ABy) — Qprn, (LyBa + AB)

— Dt"J(RB, +iR*B; + DeB3) + Qp: (A — Ly B3),
c3

C3 = NZTJR(JDTGB::) + LwBl — AB] +QN2(L(UB2 + ABz) + QNZ_DT(LCUB'J' — A])
+(Qn, n, —1d,—)(LyB1 — AB)) + N;J(RBI +iR*B, + DeBy),
c;

Csy= —N/JR(IDTG,) + LBy + ABy —Qy, (L, Bi — ABy) + Qu, pe (A1 — L, B3)
— (Qn,.N, +1d, ) (LyBy + ABy) — N{ J(RB, +iR*B; + DeBj),

and we observe that C4 = —iC} and C; = —i(C3)*. Apart from C{, C;, C§ and C}, the size
of the other terms that appear in the above expressions are easily controlled in terms of |le],
and || R|| ,—using approximately symplectic properties in (68)—(74). We see next that C?, for
j =1,...,4,are also controlled in a similar way, since they are given by equations which are
close to (32)—(35) for the invariant and reducible case. For example, using equation (24) for
B in the expressions of C3+ we obtain

C$ = (LoNy — JhesshN, — N2A) ' DTGyl =iGre p. G, (87)
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where we used equation (79). To control C} and C; we have to compute the action of R on
the matrix J DTG}

R(JDtGpl) = R(IDT)G,! + IDTL,(Gpl) = (Id+ J DTG, D" )T DTGl
+JDeGp! — IDTG L [Gpe.pr + GprpelGp),
where T} is given by (49). Then, if we multiply this expression by Dt " J we get
C3 = —Gpep:Gpl (88)
and if we multiply by V' T J and use the definitions of C5, C} and C;, we obtain
C{ =(By Dt"+ By Ny + BN/ + G, ' DtTUYIR(UIDTG,L) + L,Bs — A
= —BJC;+B, (C; — L,Bi+AB))+ B/ (—Cj +L,B>+ AB,)
+Gp DT "R(JDTG ) + L,B; — A
= —B]Ci+B,C{ — B/ C{+G,Qp. G, DT IT DTG! (89)
+Gpr2e.0eGpr — G 1 Q0rGpr(Gpe.pr + Gpe.p)Gpr + CiF,
where C{* is given as
CH* =G, Dt"T\DtG,! + B/ (LB, + ABy) — By (L,By — ABy) + L,B; — A,
=G, Dt DTG +Re(L,B) By — B) L,,B) +2B; AB)) — Ay,
where we used that B; = Re(Gp, 5,) and (BIT(Lsz + ABy))" = —BZT(LwBl — ABy). By
introducing expression (48) for A, expanding L, B; and L, B, as in lemma 4.3
L,By=—AB,+ N/ JTiDtG,! — N[ DG, Dt JTiDtG!
— GrpeGpr = GNy.0eGpr + Gr, e Gy (G e pe + G e pe) G py.-
L,Bi = AB, — N, JT;DtG,! + N} DtG, Dt JT,DtG !
-1

: -1 —1 —1
+1GR*,D1:GD-L- + GNZ,DEGD-[ - GNz,D‘EGD-[(GDe,D‘L’ + GDr,De)GDra

and using that Re(N;N)) = —Re((N;N,))") and Re(Gp.rGn,p:)' =
—Re(iG pr v, G g+, pr), We obtain (after some cancellations)

CH* =Re(Tz + T;), (90)
where
T3 = =Gy (Gper + Gpen, = (Gpe.pe + Gpe.pe)GprGprn, )G, e G - 1)

Now, we control expressions (88), (87), (91) and (90) as

o ~
[ PRFES sl IC3llo—s. ICE NI p-s < @lIRIlp,

~( llell
1731 p—s I|C1++||p—aa< 3p +Rll, )

We use these bounds to control expression (89) as follows:
L llell, el
IC] 125 < a(yavf, + g IRl ).
Then we use hypothesis (75) to get rid of the quadratic terms, thus obtaining

a (el
||C-1+||p725 < )/(SU (Tp + ||R||p)

Therefore, we have

a (lell
[1Cillp—2s < vt T+||R||p ;
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fori =1, ..., 4. Finally, we obtain estimates for the inverse of the matrix Id + M3 that appears
in system (85), given by
1
IAd + M3) " p2s < ———, (92)
g L — | M3l p-2s

that, using hypothesis (75) again, is well posed since

1Ml 25 < o (1o gy, ) < 2

y8v \ 8 2

Therefore, we obtain (77) for the functions {A}};—=; . 4. O

Proof of proposition 5.1. We organize the proof of this iterative procedure in three parts.
In part I), we correct the invariance of the torus by approximately solving the linearized
equation R(A;) = —e, given by (17), as it was explained in proposition 4.4. Next, in
part IT) we correct the reducibility of the torus by approximately solving the linearized equation
S(Ay, Ap) = —R, given by (15) and (18), as it was explained in proposition 4.6. Finally, in
part IIT) we compute some additional estimates regarding the non-degeneracy conditions for
the new torus.

Firstly, let us observe that condition (51) implies condition (75) in proposition 5.3 by
taking a constant & larger than &. Then, we use proposition 5.3 to construct an approximately
symplectic basis at every point of the torus. As before, we redefine (enlarge) the constant «
along the proof to meet the different conditions given in the statement.

(I) Correction of the torus. The idea is that the solution of the equation R(A;) = —e obtained
in the invariant and reducible case—as discussed in proposition 4.4—provides an approximate
solution in the approximately invariant case. To this end, we consider the function

AT = D‘L'A] + VAZ +N|A3 + N2A4,

where A;, fori = 1, ..., 4, are solutions of the cohomological equations (37)-(40), taking
[Ai]r = 0 and [As]- given by (41). Then we claim that the new embedding 7 = 7 + A,
parametrizes an approximately reducible and invariant torus 7 with an error which is
quadratic in |le]|, and ||R]|,. Of course, first we have to check the compatibility condition
[Dt " Jelp = 0. This follows from

Dt'Je =Dt J(L,t — Jgrad h(1)) = Qp.w + grad, (h(1)), (93)

by observing that both terms at the right-hand side have zero average (see remark 2.2). It is
important to observe that A5 = iAy so the correction A is real analytic.

As far as the estimates are concerned, we have (using lemma 5.2 to control the solution
of the cohomological equations)

o o
[ALllp-25 < mllellp, 1Aillp-s < Wllellp,

fori = 2, 3, 4, so we can control the correction A; in the parametrization as follows:

o
Acllp-2s < Wllellp,

thus obtaining estimate (56). Moreover, we observe that the derivative of the new
parametrization can be controlled easily as follows:

[DTllp-35 < I1DTllp + 1DAllp-35 < |1 DTl + llell, < o1,

a
282041
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where we used hypothesis (51), and also the distance of T(A(p — 2§)) to the boundary of U
dist (T(A(p — 29)), oU) = dist (t(A(p)), OU) — | Al p—2s

2 dist (t(A(p)), 0U) — lell, > o2,

a
y252v
where we used hypothesis (52). Note that we have achieved part of (64) and (65).

Next we control the new error in the invariance. To this end, we first introduce A, into
R(A;) + e and we use properties (76) and (84) of the operator R and also the cohomological
equations (37)—(40), thus obtaining
R(A)+e=R(DTt)A1 +R(V)A; + R(N1) Az + R(Ny) Ay

+DtL, A1+ VL,Ay+ N L,A3+ NrL,Ay+e
= DeA| + (D‘L’AT + VA; + N A; + NZAI)A2 + RA3 + IR*A4
—DtV'Je+ VDt Je— NiN, Je+ NN Je+e (94)

e+
We note that the terms not included in e* are clearly quadratic in ¢ and R, since the
functions {A}};=1, 4 and {A;}i=1 4 are controlled by |le||, and ||R|,. Then, it suffices to
study the remaining part e*. To this end, we write e* in terms of the constructed basis

.....

e" = Dtej +Ve; + Niei + Naey,

to study the linear system

ET D]
+
D
ad+Mm) | 2| = L (95)
3 3
EI D4
where M3 is given in (86) and the matrices in the right-hand side are
Dy =—(Qy.p: —1d)VTJe+QyDt"Je— Qyy, N, Je+Qy N, Je,
Dy =Qp,V'Je— (Qpry+1d,)Dt" Je+ Qp.n, N, Je — Qpen, N, Je,
D3y =—Qu,p: V' Je+Qu, v Dt Je — (2,5, — Id,_ )N, Je+Qn, N Je,
Dy = —iDj3.
Now we control these functions using estimates (68)—(74) in proposition 5.3
a (el
1Dl < = ( L ||R||p> lell,.
fori = 1,...,4. We have shown in the proof of proposition 5.3 that the matrix Id + M3 is
invertible and that || (Id + M3) ™! o—25 < 2 (see (92)) so we conclude that
o (el
lle*llp—2s < 5 (Tp + ||Rllp)||e||p.
Going back to equation (94) we get
o llell
IR(AL) +ellp—3s < W(% + ||R||p> llell,,
and therefore, we conclude that R(A;) = —e is solved modulo quadratic terms in the errors.

Then, we observe that
e=1L,T— Jgrad h(7)
=R(A;)+e+ J(grad h(t) + hessh(t)A, — grad h(t + A})).
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We control the last terms by estimating the remainder of the Taylor expansion of / up to second
order, thus obtaining

llgrad A(t) + hess h(t)A; — grad h(t + A) | p—25 < ||e||f).

o
)/484”

Hence, we end up with

llell <2 (L + R, )lell
PN asi-1\ Ty o r

where we used that v > r — 1 > 1, finally obtaining estimate (57).

(D) Correction of the reducibility. To square the error in reducibility of the new torus T we
have to deal with the equation S(Ay, Ap) = —R, given by (15) and (18). As before, we solve
approximately this equation by taking (the reason of writing A y rather than Ay will be clear
later on)

Ay = DtP,+VP,+ NPy + N, P,
{P;}i=1...4 and A, being the solutions of the cohomological equations (42)—(45) for
R = R+ Jhess h(t)N — Jhess h(7)N,

and fixing diag[ Ps]» = 0. The formal solution of these equations has been discussed in
proposition 4.6 so we know that we must take A, = —diag[N;Jk]Tr.

Firstly, we claim that the geometry of the problem implies that the selected A, is pure
imaginary, so our procedure automatically preserves the approximately elliptic character of
the torus. To see that, we observe that transposing equation (83) leads to

La)QNl,Nz = —1\52[\/1’1\/2 + QNl,NzA + QR,NZ + iQNl,R*'

Since the left-hand side of this expression has vanishing average and diag[Q2n, v, ] = —1d,—;,
it turns out that

diag[QR,Nz + iQNl,R*]T’ = O,
and so diag[iQ2y, <] = diag[Qy,, R]},. Then, it is straightforward to compute
A% = —diag[N, J RY: = —diag[—iQ, - + N] (hess h(t) — hess h(T)) Nl
= diag[Qu, rl7 — diag[N, (hess h(t) — hess h(T)) N1
= diag[Qn, r — N, (hessh(t) — hess h(Z))Nily, = —Aj = —An, (96)

so A, is pure imaginary.
Now obtaining estimates for the solution of the cohomological equations is straightforward
after controlling

5 o llell, o llell,
||R||p—zsgm 5 +IRI, ) |AA|<W 5 +Rll, ),
and applying lemma 5.2
a llell » o llell,
||P1||p—45<W 5 +1RIl, |, 1Pl p—35 < W 5 +Rll, ),

fori = 2, 3, 4. With these estimates we check condition (64) for the new approximate normal
frequencies A. For example,

A £ A1 = A £ 4] —2|An] > min [h; £ 41 = 21As] > 03,
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where we used (53). Similar computations allow us to see that (03/2) < |A il < (04/2),
using (54) and (55), respectively.
We also have

~ o e
1Anlas < ——— (1o gy
P ]/484”_1 S P

and we observe that, if we introduce N=N+A N, then using (51) we obtain

. . o llell
NNl p—4s <INl + 1 AN p—ss < NI, + W( 5 %+ ||R||p> <or. 7

Now the matrix diag[$2y z.]1- is constant, diagonal and pure imaginary, but it is not ild,,_, as
we want. Nevertheless, from the following expression:

Qg g — Qe =y g+ QR R

and using hypothesis (51) we obtain

« llell
€25 5 — 2N NIl p—as < W(Tp + ||R||p>,

where we recall that diag[Q2y v+l = ild,—_,. Hence, we have that the elements of
diag[€2; 5+ ]r are of the form i(1 + d;) with

o lell
ldi| < W( Bp +RIl, |-
Hence, using again hypothesis (51), we have that |d;| < 1/2fori =1,...,n —r, so we can
normalize N in order to preserve hypothesis H3. To this end, we define the real matrix

B =diag(by, ..., b,—), with b =

1+ d,' ’
and it turns out that the matrix N = N B satisfies diag[Q5 g-]Jr = ild,—,. We observe that
the performed correction is small, since if we take N=N+A y we have that

Ay =N(B —1d,_,) + AyB,

and so

o llell
||AN||p—48 < W(% + ||R||p>,

which corresponds to estimate (59). We see that ||]\_/ l)—4s < o1 by similar computations as
in (97), thus obtaining the corresponding condition in (65). _

The rest of this part is devoted to check that the new approximately invariant torus .7 is
approximately elliptic up to a quadratic error. To this end, we compute

R =L,N — Jhessh(f)N + NA

=S(An, Ap) + R+ J(hessh(t) —hessh(T))Any + AyAy,. 98)
Now we write the action of S on Ay in terms of the action on A ~ as follows:
S(Ay,Ax)+R=S(N(B—1d,_,)+ AyB, Ap) + R

=R(N(B —1d,_,)) + RAANB) + NAy + N(B —1d,_,)A + AyBA + R

=R(B—-1d,_,) +R(Ay)B+NA, + AyBA + R

= (S(Ay,A\)+R)B+(R—R—NAA +AyA)B —1d,_,),
where we used that R(N) = —NA + R and BA = AB.
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Then, we introduce A yand A, inS (A Ny Ap)+ R and we use the properties (76) and (84)
of the operator R and also the cohomological equations (42)—(45), thus obtaining
S(An,Ax)+R=R(AN)+NiAx + AyA + R

=R(Dt)P; + R(V)P, + R(N{)P3 + R(N) P4
+DtL, P +VL,P,+ N L,P3+N)L,Py+ NiA,
+ DTPA+VP,A+N PsA+N,PyA + R

= DeP + (Dt A} + VAL + N\ AL + Ny AL Py + RPy +iR* Py
—DtV'JR+VDt"JR—N\NJJR+ NN/ JR+R.

R+

As in the case of equation (94), the terms not included in R* are clearly quadratic in e
and R. Then, we express R* in terms of the basis

R* = DtR} +VR} + N\ R} + N,R],

and for R}' we get a system like (95) for e;, simply by replacing e with R in the definition of
D;. Hence,

- 2
a llell
”R+”p—26 < W( 5 L+ IR, ) -

Therefore, we can compute a bound for the error in the solution of the linear equation that
corrects reducibility

R . a (lell, 2
”S(AN’AA)"'R”prgW s +1RIl, ) »

SO we obtain

. a (el :
IS(An, Ap) + Rl p—45 < W(Tp +[IRll, ) -

Therefore, recalling (98), we easily show that the new error (60) in reducibility is quadratic

— 2
1Rlas < —2— (1o iRy, )
N AU r

(IIT) Additional estimates. Finally, we have to check estimates that allow us to control the
non-degeneracy of the basis and the twist condition. Using that

Gp: — Gpr = Gpr,pa, + Gpa,,pz

and recalling (51) and (56), we get

@
Gz — Gprllp-3s < W”e”[r

1

Now, we observe that G,z = (Id, + G;(GD; — GD,))’IGBIT so we can compute the

following (again, we make use of (51)):
1G ot = Gprllo—3s < IGpelloll(Ady + Gt (Gpz — Gpe)) ™' —1d,ll—35 (99)
IG o 21G bz — Gprll p—3s &

< — < —onglell,
1 =G IpIGpz — Gpellp—3s  ¥V70°"*
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thus obtaining (61) and the term in (65) that corresponds to Gglf. Similar computations allow
us to control the non-degeneracy of the set of normal vectors, thus getting (62) and (65) for
G 1_§f] i+~ Now, we are able to estimate the new twist condition for

A1(6) = G L) DT(0) (T1(0) + To(0) + To(6) ) DT (6)G ().
where

T1(0) = J "hess h(Z(9))J — hess h(Z(9)),

T»(0) = T, J [DT(0)G p:(0) "' DT(H)" —Id]Re(iN(O)N*(6)").

As before, we first bound

- a llell
[Ai]lr — [Ar]r] < W( 5 L+ ”R”p)'

Now we estimate the inverse of [A; ] using the fact that A=A +A —A . Then, we repeat
the same argument used in (99), thus obtaining bounds (63) and (65) for [A 1]1}1. O

6. Proof of the main result

In this section we prove theorem 3.1 by applying inductively proposition 5.1. First, in
section 6.1 we study the convergence of the obtained iterative scheme, without worrying
about the exclusion of parameters that lead to resonances. As usual, the quadratic convergence
overcomes the effect of small divisors. Then, in section 6.2 we prove that Lipschitz regularity
is preserved along the iterative procedure. Finally, in section 6.3, we estimate the measure of
the set of excluded parameters.

6.1. Convergence of the Newton scheme

Given a parameter @ € [, we denote the objects that characterize the corresponding
approximately elliptic and invariant torus as (from now on we omit the dependence on the
parameter)

T0) = Tus Ny = Ny, Ay = Ay,
and we introduce also
0 0
e(()) = eM, R(()) = RM’ Al,(()) = Al,ﬂ, )\.(0) = ()\.( ), ey )‘1(1—)r) = )‘M'
where we recall that A ) = diag(iA(g)). Moreover, given yy > 0 such that y < % min{1, 7},
we define the following quantities (recall that 0 < p < 1):
140 S0
00 = P, do) = % Pis) = Ps—1) — 4s-1), d¢) = %
Yo = (1427,
for any s > 1, and consider the normalized error
llewll
o) = 8—% +1IR llp - (100
0)

We are going to show that, if the normalized error g is sufficiently small so that

281)71 -y 1

OE(0) . PET *% 0)

— @2 < —mln{l,al — o7, dist (1) (A(p)), 0U) — 02, 0 —03’04—2maX|k,- |},
Y080 2 J

(101)
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where
—1 -1 -1
o* = max | IDT0 g 1IN0 1G5 s 1G, vs lo 11A L0151} (102)
o** = min { min A2 + 19|, 2 min |,\<.°>|} (103)
i#j ! J i

and « is the constant provided by proposition 5.1, then we can apply recursively proposition 5.1
to the initial approximation. Thus, we obtain a sequence

Tis) = Tis—1) = Tis—1) + Ary,s €(s) = €(s—1),
Nisy = Ni—1) = Nis—1) + An Ly R = Ri-n),
Ay =Ai—1y = A—1) + Ba,y)» Ay sy = A1,-1)>

all these objects being analytic in A(p)). Note that, in order to apply s times proposition 5.1,
we restrict the parameter u to the set I,y defined iteratively by /_;y = I and

Iy = {n € Is—1y © A satisfies Diophantine conditions (9)
of (¥(s), v)-type with respect to w}. (104)

Let us observe that the basic frequencies w automatically satisfy Diophantine conditions (4)
of (y(), v)-type, for every s > 0, since they are fixed along the procedure and we have
Yo <20 < pandv > D.

Now we proceed by induction. We suppose that we have applied s times proposition 5.1,
for certain s > 0, and we verify that we can apply it again. To this end, we define &), o,
and 0’:;; as in (100), (102) and (103), just by replacing the (0)-objects with (s)-ones. First, we
observe that we have
ofy <o st (AGw). ) >0 o >on max Y] < 7
so the construction of the constant & of proposition 5.1 is uniform for all iterative steps—it
depends on the constants oy, 01, 02, 03 and o4 that remain unchanged along the procedure.
Hence, conditions (51)—(55) are fulfilled provided that the normalized error &) satisfies

o Lol *di A 9 o 2 max A"
— 7 < ;minjl, o — o, dist (t5) (A(p(s))), OU) — 02, O(5) — 03,04 — max |17 f.
v sh-1 ) ; J
($)7(s)

(105)

In order to verify this inequality, we start by computing the normalized error at the sth
step (recall that ;) < 1 and ) < 1)

”e(x)”pm 2a 5 2(371)(8v72)+10-[ )
©= "% +R o < 8 s8-2 Es-1) S —888”_2 E(s—1)» (106)
(s) Yis—1)%G-1) Y0 9(0)

where we used (57), (60) and the fact that y;_1) > . Then, by iterating this sequence
backwards, we obtain that

8 o8v—2 8v—1 = 25
Y00 2% lge
By < 22 @ (Z 2D ) (107)
200 ygé((;)_

Using this expression of the error, we verify condition (105) in order to perform the step
s + 1. For example, the first term in this condition is straightforward

- Sv—1 = 2f
A E(s) < l 4 g4v—19—(4v—1)s—8v+2 2" e ) -
4 gh—1 7 10%0 Y8582

1
Y)%s) 090 2
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recalling that v > r — 1 > 1 and (101). In order to verify the remaining conditions in (105),
we have to control also the objects || Dt ll oy, > |1 Ns)ll oy, » [Asl, €tc. For example, we obtain

£(s)

| Dz(s) ”Pm W <0
Y$)%6s)
recursively as follows:
D YEw - p DA &
1Dt ll o + —7 o7 S NPT-nllpgyy + 1D A N, + W
Y(9)°6) Vi5)%)
! ae
(s)
g ”DT(O) ”p(o) + Z ”DA'L’(]’) “,0(]41) 4 84v 1
j=() Y($)%)

Olé‘(j) 6[8(?)
||Df(0)||p<0)+z 2 621} giv—1
YO Yiode

D 0‘8(1) 108
<l T(0) ”P(o) + Z 4 ghv-1" ( )
Y (/)

Note that in the above computations we used estimate (56) in proposition 5.1 and the fact
that (), 8¢y < 1. Then, we introduce the expression for the errors &) previously computed
and use that j + 1 < 2/ to obtain

_ v—1~ 2
£(s) 4v—1H—8v+1 w-n; (2 %0
||D'L’(s) ”;O(s) —4 541) 1 < ” DT(O) “p(o) +% 8(0) 277 Z LR ( 38V -2
Y)9(s) =0 ©

4 2% aeg) \ "

1H—8v+1

S IDT0 g + 758527 Z( o 2)
J (©)

6{8(0)
4v—1
Y080,

where in the last two inequalities we have used hypothesis (101) to bound the expression by

the sum of a geometric progression of ratio 1/2. Analogous computations show that (we use
estimates (59), (61), (62) and (63), respectively)

< DTyl py + < oy,

E(s) E(s)
”N(s)”p(.;) + 4 84‘} 1 < 01, ”GD‘[(” ”,0(\) 4 64]) 1 <0y,
Y)%s) V)%
—1 &) —1 o E(s)
||GN<S)’N(*X) ”p(;) 4 84V 1 < 011 |[A(S)]TV | + 4 odv—1 < ala
Y)%(s) V)%

thus obtaining the second condition in (105). Next, to verify the inequality which corresponds
to the third term in (105) we observe that

dist (7(5) (A(ps))), OU) = dist ((s—1)(A(p—1))), OU) — [ Az, Il s

and we use again (56) and (101), thus concluding (computations are analogous to those
performed for Dt above)

. o Es . 2ae
dist (15)(A(P(o)), ) =~ > dist (70, (Ap)), 0U) = 32 = o,
V)%6) Y9%0)

Checking fourth and fifth conditions in (105)—which involves estimates (58) for the normal
frequencies—is left to the reader, since it can be performed in the same way.
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We now observe that hypotheses H;, H,, H3, Hy and Hs are automatically satisfied for the
s-objects and Diophantine conditions in He are guaranteed after defining the sets /() of ‘good
parameters’. Then, we can apply proposition 5.1 again.

Therefore, we can apply inductively this scheme. Since the sequence of normalized errors
satisfies g5y — 0 as s — oo (due to hypothesis (101)) we converge to a true quasi-periodic
invariant torus for every u in the set

Ty =) L- (109)
5s>0

Note also that

[e.¢]

. PO

Py = lim pg) = poy — 4 EO 8w = Py = 830 = =~
5=l

and that the limit objects are close to the initial (approximate) ones:

25[8(0) 20_18(0)
1700y = T0) 1oy, p0y/2 < T INwo)y = Noyll 1ieey. 0102 < T
09(0) Y09(0)
25[8(0)
1A (00) = i, 0) |10y < Y T
Y0%0)
fori = 1,...,n —r. Then, from these expressions we obtain bounds (11) and (10) in the

statement of the theorem, just observing that g9y < &./8(p).

6.2. Lipschitz regularity

As we pointed out in section 4.1, to control the measure of the set of removed parameters we
cannot use smooth dependence (in the usual sense) with respect to u, because the sets /() have
empty interior. Then, following closely [37—40], to control this measure we use a Lipschitz
condition from below with respect to i on the eigenvalues of the matrix A, fors > 0. In
order to guarantee this condition we see that A () is Lipschitz and then, using that A ) is close
to A (o), we prove that Ay is Lipschitz from below. For the sake of completeness, we provide
some basic results related to Lipschitz dependence.

Lemma 6.1. Given Lipschitz functions f, g : I C R — C, we have

(i) Lip,(f +¢) < Lip,(f) +Lip,(g).
(ii) Lip; (fg) < Lip; (/)lIglls + Il f1l: Lip; (g).
(iii) Lip,(1/f) < ||1/f||%Lip,(f), if f does not vanish in I.

Moreover, an equivalent result holds if f and g take values in spaces of complex matrices
( f must be invertible in the third item) and also for families u — f,, of functions on T", using

Lip, ,(f) and || fll1 o

Proof. The result is straightforward. |

Lemma 6.2. Given a family u € I C R +— f,, where f, : U C C' — Cisan
analytic function with bounded derivatives (that we denote D™ f,,) in U, and given families
nwel CRw gy, hy, where g,,h, : T" — U are analytic in A(p), we have

(i) Lip; ,(f o &) < Lip; o, (f) + 1 fll1.c1,u/lipy ,(8)-
(ii) Lip; ,(f o g — foh) < BV (Lip; (g — )+ llig — hll1p)-
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(iii) Lip; ,(f 0§ — f oh — Df o hlg —h]) < BPllg — hll1,,(lg — Rl +Lip; (g — h)).

The constant BV depends on Lip; o1 (), I1f lI1.c2.u0 and supgpo 1y Lip; ,(h +5(g — h)). The
constant B depends on Lip; c2 (), 11 f 1.3, and supyepo 1y Lip; ,(h +5(g — h)).

Proof. Item (i) is straightforward. Then, items (ii) and (iii) are obtained using the expressions

1
fuogu_fp.ohuzfo Dﬂto(hu+s(gu_hu))[gu_hp_]ds

and

1
fuogu—fuohy—Dfyoh,lg.—h.]= / szu o(hy+s(gu—h)lgn — hu]®2 ds,
0

respectively, and then applying item (i). O

Lemma 6.3. Let u € I C R+ g, be a family of functions g,, : T" — C that are analytic in
A(p) and satisfying Lip; ,(g) < oo. If we expand g in Fourier series

2u(0) = ) (e,

keZr

then we have

(i) Lip; (&) < Lip, ,(g)e e,
S 0g 1. .
(ii) Lip; ,_s <87> < ngpr(g),for] =1,...,r.
J
(iii) Given w € R"\{0} and a Lipschitz function d : I C R — C, we consider the sets
{d}?}kezr\{o}, {d,: Yeezr of complex functions of | given by d,? = (k, w), d,! = (k, w)+d (),
satisfying |d,?|, |d,:| > y/Ikl}, if lkly # O, for certain 1 > y > 0and v > r — 1. Then,
the functions f° and f' whose Fourier coefficients are given by

R=a/d).  kez\(0}, fi =0,
£l = &/, ke,

satisfy

Lip; ,_5(f*) < %Lip,,pﬂs(g),

Lip, ,(g) Lip, (d) 1
Li < Bo| —2=2 4 ! +Li -
ip; ,s(f) ,30< o gl VTS ip; ,(8) al,
2
b Lip;(d)llgll1.p
I

for any § € (0, min{1, p}), where ag > 1 is the constant that appears in lemma 5.2, and
Bo = o is a constant depending on r, v and o.

Proof. Items (i) and (ii) are straightforward (see [38]). Item (iii) follows from the same
arguments used in lemma 5.2 and applying the properties in lemma 6.1. |

Now, we use these elementary results to control recursively the Lipschitz dependence of
the constructed objects. To this end, we obtain an ‘extended’ version of proposition 5.1.
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Lemma 6.4 (Addenda to proposition 5.1). Let us consider a Lipschitz family of Hamiltonian
systems w € I C R > hy, where I is an arbitrary set, with h,, : U C R*" — R, and a vector
of basic frequencies w € R". Assume that there exist families j € I — 1, N, A, satisfying
all the hypotheses of proposition 5.1 for every u € I and also that

17l 1.c4.u < 00, Lip; ¢s (1), Lip; , (7), Lip; , (D7), Lip; ,(N), Lip; (A) < o5.

Then, there exists a constant > a—where & is introduced in proposition 5.1—depending on
r, n, v, |wl|, 09, 01, 02, 03, 04 and o5, such that if the condition

5A

. . . . 2
max{Llp,,p(r), Llplyp(D‘[), Llplyp(N), Lip;(A)} + W < 05 (110)
holds, where
N Lipl,p(e) . 1 ”e”I,p
8=T+Llp1’p(R)+y8” <T+”R”I’p>’ (111)

then we have that the families . — t,,, DT, N/u 1_\,“ A¢, Ay, A, obtainedin proposition 5.1

satisfy

Lip, ,_»5(T), Lip; ,_35(DT), Lip; ,_45(N), Lip,(A) < o5, (112)
. _ ke S R . P
Lip; ,25(Ar) < W’ Lip; ,_45(AN) < W’ Lip,(An) < W (113)
and
) _ BE? , . Bé?
Lip; ,_35(e) < YT Lip; ,_45(R) < ST (114)

Proof. Basically, it consists in using the properties in lemmata 6.1, 6.2 and 6.3 to control
the different functions that appear along the proof of propositions 5.3 (construction of
the approximately symplectic basis) and proposition 5.1 (iterative procedure). Since the
computations are similar to those detailed in section 5, we will omit some intermediate steps.

First, let us study the objects in proposition 5.3. To this end, we observe that there exists
a constant ,3 (which is enlarged along the proof in order to include dependence on r, 1, v, ||,
0y, 01, 02, 03, 04 and o5) such that

Lip, ,(Gph), Lip, ,(Gy'v.). Lip, ,(T)). Lip,([A1131), Lip, ,(V), Lip, ,(B)) < B,

| >

Lip; , s(LoBi) < 5

fori =1,2and j =1, 2, 3. For example, we have that
Lip; ,(Gpy) < NG li7 ,Lipy (G o)

< ||G,3‘,||%,p(Lip,,,,er)HDrn[,p + ||DrT||1,pLip,,p<Dr>)

< 4n||Gpill7 IIDT |1 ,Lip, ,(DT) < B.

Then, we estimate Lipschitz constants for the matrices Qp., Qu,, . . ., 2y that characterize
the approximately symplectic character of the basis in propositions 5.3. For example, we get
Lip, ,_»5(S2p) by applying item (iii) of lemma 6.3 to the (i, j)-component of €2p, obtained
from equation (80). Concretely, taking d) = (w, k) and g = —i(pe.pr + Qpr.pe) ™7, we
obtain

B

Lip1,p723 (€2pr) < ovH

(Lip; (&) + llell1,,)-
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Similarly, to bound Lip, ,_;(€2y,) we proceed in the same way taking dl = (k, o)+ + Aj
and g = —i(Q.n, + 2y,.z) /. We obtain

. B (.. IR,
Lip; ,_s(S2n,) < W Lip, ,(R) + v )

In this way, we have the following bounds in terms of the error & defined in (111):
. . . pe

Llpl,p_z,s (Rpr), Llp],p_a (QN[)’ LlP],p_a(QNz,Nl) < W’

Be

2

for i = 1,2. Furthermore, by performing similar computations to estimate the Lipschitz

constants of M3 in (86), C; in (89), C; in (88), C7 in (87) and (Id + M3)~!in (92) we obtain

that the functions A}, fori = 1, ..., 4, in the statement of proposition 5.3 are controlled by

Bé

)/5‘”'1 ’

Lip1,p_2(s (Qpe.n,)s LiPI,p_zs (Qv,pe)s LiP],p_zg(QV,N,-)’ Lip1,p_23(QV) <

Lipl,p—ZzS (Ai+) <

provided ¢ is small enough—indeed, under condition (51) in proposition 5.1.

Now we can estimate the Lipschitz constants of A;,i =1, , 4, defined as the solutions
of cohomological equations (37)—(40). In analogy with the notation in proposition 5.1, we
introduce a constant 8 > ,B depending on the same variables as ,3 We have

. pé . pé . pé
L1p1,p_25(A1) < m, L1p1,p_5(Ai) < W, Llpl,p_zs(Ar) < W,

fori = 2, 3, 4. In particular, we observe that condition (110) guarantees that

Lip, ,_»5(7), Lip; ,_35(D7) < o5.
Now, to control the Lipschitz constant of expression (94) we compute
pé?
W’
fori = 1,2, 3, 4. Finally, an estimate for the Lipschitz constant of e follows by applying item
(iii) in lemma 6.2 that allows controlling the Taylor remainder, thus obtaining

. N
Llp,,p_%(e) < W

Lip, ,_»5(D:), Lip; ,_»5(e”) < Bo&7, Lip; ,_35(R(Ap) +€)) <

Similarly we control the Lipschitz constant of the new normal eigenvalues of the new
reducibility error. As in section 5, we start by controlling

pé , pé

Lip],p728(R) < W’ LlpI(AA) < W’
where we used item (ii) in lemma 6.2. Then we apply lemma 6.3 in order to obtain
. Bé , B
Lip; ,_35(P) < W’ Lip; ,_45(P1) < W’

fori = 2, 3, 4. From these estimates it follows that

. A , . , pé
Lip; ,—45(An), Lip;(d;), Lip, (b:), Lip; ,_45(ANn) < W,

and we observe that condition (110) guarantees that
Lip, ,_4s(N), Lip,(A) < os.
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In order to control the Lipschitz constant of the new error in reducibility R we have to
compute

. . Be? . A L Be2
Lip; ,_»5(R") < W? Lip; ,_4s(S(An, Ap) + R) < WEFER
and
. A B&?
Lip; ,_45(S(ANn, Ap) + R) < I ETN
Finally, estimate (114) for the Lipschitz constant of R follows by applying lemma 6.2 that
allows us to control the Taylor remainder in (98). O

In order to prove that the Lipschitz dependence is preserved along the iterative scheme, we
only have to check—together with conditions for the convergence of the quadratic method—
that condition (110) is satisfied at every step of the procedure. As in section 6.1, assuming that
we have applied s times proposition 5.1 and lemma 6.4, we have to ensure that

. . . . B é (s)
maX{L]pl(.y—l)vﬂm ('L’(S)), LIpl(.v—l»ﬂ(s) (DT(S))’ Llpl(s—l),/?(,\) (N(S))’ Llpl(.v—l) (A(x))} + W <05
(8)7(s)
To this end, we compute the normalized error (111) at the sth step

Lip, (ecs)) 1 el
el + Lip[(v—l)sp(v)(R(S)) + v (” ol e
8s) o Y)8(s)

in terms of &(). Analogous computations as those performed in (107) show that

é(s) = + ||R(S) ”1@]),)0@)) (1 15)

8(s)

(s—1)(Tv=2)+v+2 3
s - 20 v v 1852
) X 75702 (s—1)
Y0 9(0)
where we used (57), (60) and (114). Then, by iterating this sequence backwards, we obtain
7 Tv—=2 8V 2 A 28
5o < Y 8(0) 2 —(s+1)(Tv=2)—v—2 2°" B (o)
&) S — 7 W
Y0 %)

The convergence of the Lipschitz procedure follows from similar computations as those in (108)
(but using (113)), asking for the condition:

28788 1

< = min{l, o5 — ¢***} (116)
Tv—2 ~ ’ ’
Vo78((;}) 2
where
o = maX{Lipl,pm) (T©); Lipl,P(m (D7), Lipl,p(o) (Noy). Lip;(A@)}-
Next, we show that the Lipschitz constants from below of the functions
w € Iy = A (1), mE L1y = A () A (1),
fori # j =1,...,n —r, have a lower bound that does not depend on the step s—note that
Lipschitz (from above) constants are controlled for every s as (112). Indeed, we have
s—1 oA
. ) 2B& )
Lip,, , (Aw — A@) < Y _Lip;, (Ax,) < T
=0 Y0°0)

where we used condition (116).
Finally, using that

lip; (ki) 2 lip; (X, 0) — Lip; | (i) — Ai0)
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and provided that (we use Hg in theorem 3.1)

2B a6
2T < 4 (117)
Yo 80y
we end up with the bounds
. 06 . O
lip;  (Ri) = T lip; (i) £ 2ji0) 2 > (118)
fori,j = 1,...,n —r, withi # j, and s > 0. Analogous computations hold for

Ai(s) () £ A 5) ().

Therefore, the quadratic procedure to obtain invariant tori with Lipschitz dependence
converges for u € I—see (109)—provided conditions (101), (116) and (117) hold.
Moreover, note that we can control the errors gy and &g (given by (100) and (115),
respectively) in terms of the error ¢, that appears in the statement of theorem 3.1 as follows:

Ex ~ Ex
£0) < P ) < T (119)
0) Y09 ()

Then we have convergence provided that ¢, < ClyOS, where C; is taken in order to meet all
the required conditions.

6.3. Measure of the set of excluded parameters

It remains to control the measure of the set /() given by (104) and (109), for which all steps
performed along the iterative procedure of section 6.1 are well posed. Let us recall that /() is
constructed by taking out, in recursive form, the set of parameters u for which (4) and (9) do not
hold at any step of the KAM process. Concretely, we bound the measure of the complementary
set I\ (), which we write as

Ny = (INI0)) U U0\ I(o0y) = (IN10)) U | Ts—1)\ -
s>1

We start by controlling the measure of I;—1)\ (s, for s > 1. To simplify the notation,
in the following discussion we consider a generic divisor of the form (w, k) — ds)(u), where
ds) () iseither A () or A j (5 (W) £A; (5)(u). For this purpose, we introduce the kthresonant
set for the divisor d(s as

S y‘v
Res,(c) = {,u € Is-1) & Hw, k) —di(W)] < #} ’
1
and we control
meas]R( U Res,(f)> (120)
}

keZr\(0
using the following two elementary results.

Lemma 6.5. In the above setting, let us assume that j € Is_y), with s 2 1. Then, there exists
K*(s) € Nsuch that u ¢ Res,(f) provided |k|; < K*(s). Concretely,

Sv—17
* _ L2l -~ 2 aE )
K (S) = |_8 v J, where &= W

Y0 %0)

(121)
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Proof. To prove this result, we observe that the correction of the normal frequencies—and
hence of d(,)(u)—is smaller at each step of the iterative procedure. Indeed, using (58) at the
sth step, (106), (107) and (119), we have that

6 o6v—1 6v—1 2 12‘1
Idis) = dis—n)lly < 201 AN 1,y < ¥e8Gy 27O D2

Then, given p € I(;_1), it turns out that . ¢ Res(“) provided the quantity

Hw, k) —d (W) 2 [tk, @) —di—1y (W] — llds) — ds—1llr,_,
Y6801~ (@v=Ds—2v+1 27!

> Yis— 1)|k|1 Yo (0)
is larger than y(y) |k|1_”. This is equivalent to ask for (recall that Y = (1 +27%) )
068?(;} 12 (6v—1)s—2v+1 2 <27s‘y0|k|1—v’

which is satisfied for every |k|; < K*(s), where K*(s) is given in (121). O

Lemma 6.6. Let us consider a vector w € R” satisfying Diophantine conditions (4) of (y, V)-
type, withy > 0and v > r — 1. Then, given J C [a, B] C R, witha >0,y >0, v > D and
K € N, we have that the measure of the set

AKz{deJ |k, w) —d| < for some k € 7, with |k|; >K} (122)

e
IkI}”
is controlled as

measg (Ax) < 2710(8 — )2 Y
14

j>K

1

jv—f)+1 :

(123)

Proof. Let us introduce the following notation:

Reskz{deJ K, ) —d| < |1i/|}
1

if |k|; > K, Resy = @ if |k|; < K, and also Resj = Ulkl . Resy. Then, we have that

measg(Ag) = measg U Res; | < Z measg (Res;),
j>K j>K

thus reducing the problem to study the sets Res j» which only contain resonances of order j.
Now, let us observe that the width of one resonant set Res; of order j is controlled by
measg(Res;) < 2yj~". Hence, it remains to estimate the number of resonant sets Resy,
with |k|; = j, that intersect J. This follows using similar arguments as in lemma 5.2.

For this purpose we introduce some notation. We define dy = (k, ), which corresponds
to the exact resonant value d € Res;, and

= [a, BN ( U {dk}>, D; =D

[kl1=j I<j
With these ingredients, we have
measp(Ax) < Y #(D; ) =2y Y #D; < ! ) <2yv #D, (124)
R(Ak - = ; ; < -
j>K j>K ]V (‘] + 1)” j>K ‘]v+l

where we used the convention Res, = @ if |k|; < K.
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In order to estimate #D j» we sort the resonances dj, for |k|; < j according to
c<dp,<dr, <0<dy, <di, <---

and we observe that dy, # dy, if k; # k;. Then, using that @ is Diophantine of (7, ¥)-type, we

have |dy,,, — di,| > 7/(2j)°. Hence
R _ 213 D
#(Dy) < P2
By introducing this expression into (124) we end up with (123). |

Now let us control (120). First we use lemma 6.5 in order to restrict the indexes in (120)
to k € Z"\{0} such that |k|; > K*(s)—see (121). Then, we use lemma 6.6 to control the
corresponding measure. To do that, we observe that lip; | (d(s)) > 06/4 by (118) and that
disy(Is—1)) C lo3/2, o4]—this follows from the fact that (64) is preserved along the iterative
procedure. Then, the Lipschitz constant from below of d(;) allows moving the measure of
the ‘resonant’ sets (122), controlled in terms of d = d;) (1), to the corresponding measure in
terms of w. Hence, we get

‘ . oy — 2 1
meas]R< U Res,i”) = meaSR( U Res,(:)> < 2”+413( 40 2 )V—AO Z =)
6

keZ\{0} k|1 >K*(s) Y J>K*(s)

where we used that y(;) < 2y,. Note that this estimate does not depend on the selected
d(s)(i). Then, we can control the measure of the set /(g)\ /() multiplying the obtained bound
by 2(n — r)? to take into account all possible combinations of normal frequencies. Concretely,
we have

Cc

a3
2

250 —r)? (0s— 2\ 1 Cro g~ 1
measg (1) \/ < = S 5 b’
R(I0)\1(c0)) 7 ( o6 > 70 Z Z ju—i+l vV—1> Z K*(s)v—"

s=1 j>K*(s) s=1

where we used v > . Then, we introduce expression (121) for K*(s) and using that & < 1/2
(see (101)) and that s < 2°~!, we have

Cy o0 Cy 0 (o

0 =D o5l 0 —s

To\ o) < o < =) 27 < 5 Y0
measg (/0)\ [ (o0)) B ;(8 ) — SZ_I: SL

Finally, we estimate the measure of the set I\ /) = I(—1)\/(0) using the same arguments,
and it turns out that it is also proportional to yy. Hence, we obtain (12) as follows:

measg (I \(«)) < measg(/\ /o)) + measg (L0)\ /(o)) < C390.
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