Problem List 6
Multivariate Calculus
Unit 4 - Integration in multiple variables

Lecturer: Prof. Sonja Hohloch, Exercises: Joaquim Brugués

1. Draw the following sets, and determine which ones are compact:

(a) A={(z1,..,zp) ER" | 23+ -+ +22 <1}
(b) B={(x1,..,tn) ER" | 23 + - + 22 < 1}.
(c) C={(z,y,2) ER3 | 22 +y?> =4, z € [-1,1]}.
() D={(z,y) eR® |z =1, 0<y <}
(e) E={(z,y) eR?* | 2> +y =5}
(f) F={(z,y) eR* | 2®+|y| = 5}.
(g) G={(x,y,2) eR® |z €[-2,1], y€[0,1], z=5}.
(h) H
i)
)

2. Argue which of the following functions are uniformly continuous in the given domains:

(a) f(&) =L in D = [1,+o0].
=z%y —xy? in E =10,2] x [0,2].
224+ y?in F = R2.

)
)
d) i(x) = cos(x) in H =R.
)
)

j(z) = cos(2?) in I = R.
E(x) =In(x) in J =]1,2].
3. Let FF: A CR™ — R" a uniformly continuous function.

(a) Prove that, if () and (yi)r are sequences contained in A such that klim (xr —yr) =0,

— 00
then lim (F(zy) — F(yx)) = 0.
k—o0
(b) Prove that if (zx)r C A is a Cauchy sequence, then (F(xy))y is also a Cauchy sequence.

4. Compute the integrals of the following functions in the given rectangles:

(a) flz,y) =y infx| <1, [y| < 2.

() flz,y) =zlyliin0<2<2 -1<y<3.

(¢) f(m,y,2) =22 +y?>+2%in -1 <2,y,2 < 1.
(d) flz,y,2) =ayz;in0<x,y,z < 1.



5. Compute the integrals of the following functions in the given sets. It might be helpful to draw
the set in each case.

(2) flz,y) =z —y;in A={(z,y) €R* |z +y <1,0>0,y >0}

(b) flz,y) =2%y* in B={(z,y) €R* | 2 >0, |z + [y < 1}.

(¢) fla,y) =ay*in C={(z,y) €R? |2? +3° <1, 220, y = O}

(d) f(z,y) = xzy; where D is the region of the plane limited by the lines {x = 2}, {x = 4},
{y =2 — 1} and {y = 2z}.

(e) f(z,y) = 2? — y; where E is the region of the plane limited by the parabolas {y = z?}

and {y = —2?} and the lines {x = —1} and {x = 1}.
(f) flz,y) =y;in F={(x,y) €R* | y >0, 2® +y*> <4, y* < 3a}.
(8) fl@,y.2)=2inG={(z,y,2) R’ | |z[ <1, [y <1, 0<2<2—2" —y°}.
(h) f(x,y7z):m,1nH—{(x y,2) ER® | w,y,2 >0, v +y+2< 1}

6. Let f:R? — R a continuous function. For each of the following integrals, draw the domain of
integration and compute the expression of the integral changing the order of the variables.

(@ -
/ / ’ fz,y)dzdy.
/ /31230 f(z,y)dydz.

7. Let ¢ : U C R® — V C R™ a change of coordinates, this means, a diffeomorphism. Let
f:K CV CR" — R a continuous function, and let us denote g = f o p and K’ = ¢~ }(K).
For each of the following changes of coordinates, find the expression of the integral

(b)

I—/ f Llyeeey T dl‘l -dz Tn

after changing the coordinates.
(a) (Polar coordinates):

0: [0,+00[x]0,27[C R? — R?
(r,0) — (rcosf,rsind) °

(b) (Cylindrical coordinates):

¢o: [0,400[x]0,27[xR C R® — R3
(r,0,z —  (rcosf,rsinf, z)

~—

(¢) (Spherical coordinates):

@: [0,+00[x]0,27[x]0,7[C R® — R3
(r,0,9) — (rcosfsing,rsinfsing,rcosd)

8. Compute the area of the following subsets of R?:

(a) A={(z,y) | 2® <y <}
() B={(z,y) |z+y>1, 2? +y*> <1}



10.

11.

12.

13.

14.

15.

16.

17.

18.

(© C={(z,y) | (@+y)°+ @2z —y+1)> <1}
(d) D the ellipse with radii a and b, this means, D = {(a:,y) | i—z +E < 1}.

Compute the volume of the following subsets of R?:

(a) A the ellipsoid with radii a, b and ¢, this means, A = {(x,y, 2) | o 4 4+ z < 1}.
(b) B={(x,y,2) | 2> +y?> <1, 1 4+22>0, y+ 22 <2}

If a,b,c € [0,1] are picked at random, what is the probability that the polynomial p(x) =

az? + bz + ¢ has real roots?
// (x2 + yz)dzdy,
D

where D = {(z,y) € R? | 2z < 22 +y? < 4}.

/ / xdxdy,
D

where D = {(z,y) € R* [ 2? +y* < 22, y* > a}.

Compute
Compute

Compute

// V1 + x22dzdy,
D

where D is the region of the plane delimited by the curves y?> —2? =1,z =0 and = = 1.

/ /D Vaydzdy,

where D is the region of R? delimited by the curves zy = 1, zy = 2, > = = and 3? = 2.

Compute

(Hint: Try to use the new coordinates u = xy,v = y—;)

Use an appropriate change of coordinates to compute

// e" Ydxdy,
T

where T is the triangle with vertices (0,0), (1,3) and (2, 2).

Use polar coordinates to compute the integral

T
//D o 7 dxdy,

where D is the region delimited by y < 22, 22 + y? <2 and y > 0.

5 2cos @
1= / / rdrdf.
0 0

Write I in Cartesian coordinates and compute it.

Let

Compute the area enclosed by a simple rose petal, described in polar coordinates by the equation
r = asinf, where a > 0.



19. Let

6 x
1= / / 6(3172y)2dydx.
0 J3z-3

(a) Write the integral after changing the order of integration.

(b) Find a suitable change of coordinates and compute the integral.

20. Let 0<a<band 0 <c<dand D= {(z,y) € R? | ax® <y < bz?, cx <y < dxr}. Compute

1
// —dxdy
DT

using a suitable change of coordinates.
21. Compute
/// V22 + y2dzdydz,
A
where A = {(2,9,2) e R® | 22 + 9?2 + 22 <1, 22 +¢y? <22, 2 > 0}.

22. Compute the volume of A, the region limited by the surfaces {(x,y,2) € R® | 2 =4 — y*} and
{(5,9,2) € B | 2= 22 + 347},

23. Let V ={(x,y,2) | x,y,2 >0, 2 <z +vy, x+y <1}. Compute the integral

J[[ wazavas.

24. Let V be the region of R? comprised between the spheres S; : 22 + 9% + 22 = 1 and Ss :
22 + 9% + 22 = 4. Compute the integral

/// Va2 +y? + 22dxdydz.
1%

25. Compute the length of the following curves using line integrals:

(a) A circumference of radius R.

(b) ¥(t) = (acost,asint,bt), 0 <t < 4m, a,b > 0 (a helix).

Wl

(¢) The astroid, which satisfies the equation x5 + y% =as.

26. Compute the following line integrals:
(a) / Va2 — y2dl, where C is the curve given by 22 + y? = a2, y > 0.
c
(b) 7{ (x% + y?)dl, where C' is the circumference of center (0,0) and radius R.
c

(c) /(xy + 2?)dl, where C is the helix arc parametrized as © = cost, y = sint, z = ¢ and
c
comprised between the points (1,0,0) and (—1,0, 7).
27. Compute the line integrals of the following vector fields:

a F-dl, where F(x,y) = (x+y,y —z) and C is a part of the ellipse z2 + ¥ — 1 oriented
1
c
from the point (1,0) to (0,2).



z—y’ y—x’

(b) / F -dl, where F(z,y,z) = ( L1 z) and L is the segment from (1,0,0) to (2,1,2).
L

(c) / F - dl, where F(z,y,2) = (2z2y,32,5yz) and C is the curve parametrized by ~(t) =
c
(t+ 1,3 — 1,#2) from (0,—2,1) to (2,0,1).

(d) / F - dl, where F(z,y,z) = (z,y,2z — y) and L is the segment from (0,0,0) to (1,2,4).
L

(e) / F -dl, where F(x,y) = (Iﬁizz, %) and C is the circumference of center (0,0) and
radius R > 0 (taken in anticlockwise direction).
() / F -dl, where F(z,y,2) = (3ry, —y?,¢*) and C is the curve defined by the equations
c
2z =0,y = 22?2 from the point (0,0,0) to the point (1,2,0).

28. Let C be a curve on the surface of a sphere {(z,y, z) € R? | 22+ 2 + 2% < R?} and in the first
octant, this means, such that x,y,z > 0. Prove that the line integral

[(EL 1)
c \yz xz' xy

for any choice of C' and R.



Solutions

1. (a) A is compact.

(b) B is not compact because it is not closed.

(
(d

c¢) C is compact.
D is not compact because it is not bounded.
F is not compact because it is not bounded.

f) F' is compact.

)
)
)
)
(e)
(f)
(g) G is compact.
(h) H is compact.
(i) I is compact.
)
) f
)
)
)
)

(j

J is not compact because it is not closed.

a

(
(b

is uniformly continuous in D.
g is uniformly continuous in F.

¢) h is not uniformly continuous in F.

(
(d

(e) 7 is not uniformly continuous in I.

i is uniformly continuous in H.

(f) k is uniformly continuous in J.
3. Use the definition of uniform continuity, convergence of sequences and Cauchy sequence.

4. (a) 22.

3
(b) 10.
(c) 8.
(d) -
5. (a) 0.
b) .
(c) 75
(a) A2,
(e) 5-
19
(f) 2.
(&) 4
) 1 (v3) -
6. (a) The domain has the following form:
11Y
x
1 1

/01 /Omf(x,y)dyder /01 /Olw F(a,y)dydz.



(b) The domain has the following form:

/048/ %f(x,y)dxdy.

1

m“d

I / g(r, B)rdrdo.
K/
(b)
[:/ g(r, 0, z)rdrdfdz.
K/
(c)
I= / 9(r, 0, ¢)r* sin ¢drdode.
(2) -
() 54
(c) 3
(d) mab.
(a) %wabc
(b) .
5 4 12~ 25.44%.

1
// (2% + y?)dady = —37r.
D 2

T 22
dedy = — — — ~ 0.1041.
[ wtet=3 -

// V 1+ 2?dedy = §
D 3



14.

15.

16.

17.

18.
19.

20.

21.
22.
23.
24.
25.

26.

o= 252 (22-1).

The change of coordinates is u = z — y, v = y — 3z. The value of the integral is

// e Ydody = e 2.
T

The integral expressed in polar coordinates is

V2
/ / cos @drdd,
0 sin 0

cos2 6

and its value is 1 — 1“72

In Cartesian coordinates the integral has the form

2 /1= (z—1)?
/ / ldydzx,
0 Jo

and its value is g

6 %y+2 N
/ / eB3=29)" drdy.
0 Jy

(b) The change of coordinates is u = 3z — 2y, v = © —y. After changing variables the integral

has the expression
6 pu 036 _ 1
/ / e’ dvdu = .
o Jo 4

A possible change of coordinates is u = %, v = £. Then, the integral has the form

b d
v 1, (1 1
I:/a /; ?d’udu:§(d —C)<a—b>
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28. If we take a parametrization of C, v(t) = (z(t), y(t), 2(t)). As this curve lies on the surface of
an sphere,

22 (t) + 2 (1) + 22(t) = R* = 2z(t)2(t) + 2y(t)y' (t) + 22()2'(t) = 0.

b 1 1 1
/ (1 171) dl / <(,,>,(z’,y’,z’)>dt
Yz xz xY to Yz xz xY

/ t1 / / /
/ (I +Z)dt:/ ad' fyy' + 22
Yyz Ty to TYz

Then,



