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Abstract

Floer homology has grown to become a fundamental tool in a wide variety of fields in geometry and topology. Since Floer introduced his theory in the late

eighties to prove the Arnold conjecture on fixed points of Hamiltonian symplectomorphisms, there has been a steady output of results using this tool, and

new applications to geometrical and topological problems still appear.

In our project, we intend to construct a homology akin to the Hamiltonian Floer homology in the context of b-symplectic geometry, a particular family of

Poisson structures with controlled singularities in which we are often able to recover results from classical symplectic geometry.

1 Model: Morse Theory

Definition 1. A Morse function f : M → R defined on a smooth manifold is such that
all of its critical points are non-degenerate.

For such a function f and a generic Riemannian metric g we can construct a complex
CM•(M, f, g) over either Z or Z2.
• The generators of the complex are Crit(f ). Since f is a Morse function, its critical points

are isolated and, if M is compact, there is a finite number of them.

• The critical points are classified by an index. In this case, the index of p is the number
of negative eigenvalues of the Hessian of f .

• The boundary operator ∂k : CMk(M, f, g) → CMk−1(M, f, g) is defined by finding a
way to connect critical points. This is accomplished by the flow equation,

γ̇(t) = −gradγ(t)f.

A generic choice of a Riemannian metric will allow the flow of the vector field −gradf
to define a proper boundary map ∂•.

Figure 1: Construction of the Morse complex for the torus

Theorem 1. The induced Morse homology HM•(M) is independent of f and g, and
therefore it is a topological invariant. Moreover, HM•(M) ∼= H•(M), the singular homol-
ogy.

Corollary 1. Morse inequalities:

#{critical points of index k of f} ≥ βk,

where βk is the k-th Betti number of M .

2 Hamiltonian Floer homology

Definition 2. A symplectic manifold (M 2n, ω) is a smooth manifold endowed with a
closed and non-degenerate form ω ∈ Ω2(M).
In this context, for any function H : S1 ×M → R we can define its symplectic gradient
as the only vector field XH ∈ X(M) such that

iXH
ω = −dH.

In this context, there is a conjecture proposed by V.I. Arnold on 1963 (now proved) ana–
logous to Morse inequalities,

Theorem 2 (Arnold Conjecture). Let (M,ω) a compact symplectic manifold and H a
non-degenerate Hamiltonian (which is an open condition). Then,

#{1-periodic orbits of XH} ≥
2n∑
k=0

βk.

To prove this conjecture, Conley, Zehnder and Floer employed a construction analogous to
the Morse complex in infinite variables.

Definition 3. Let LM = {γ ∈ C∞(S1,M) | γ is contractible.}. The action functional
is the map AH : LM → R given by

AH(x) =

∫
S1

Ht(x(t))dt−
∫
B

u∗ω,

where u : D2 →M is such that u(eit) = x(t).

Our complex can then be defined in an analogous way to Morse theory, using a generic
choice of almost complex structure J .

• The generators of CF•(M,ω,H, J) are the critical points of AH. This is finite because
of the conditions we can impose on H .

• The groups are classified by a Conley-Zehnder index µCZ. For the particular case of
fixed points of XH, this corresponds to a shift of the Morse index of H .

• The boundary operator ∂k : CFk(M,ω,H, J)→ CFk−1(M,ω,H, J) is defined using a
connection between 1-periodic orbits. This is given by the Floer equation,{

∂u
∂s + Ju

∂u
∂t + graduHt = 0∫

R×S1

∣∣∂u
∂s

∣∣2 dtds < +∞

where u : R× S1 →M .

Theorem 3. The induced Floer homology HF•(M) is independent of ω,H and J . More-
over, HF•(M) ∼= HM•+n(M).

3 b-symplectic manifolds

Definition 4. Let M a smooth manifold and Z ⊂ M an embedded codimension 1
submanifold. We denote by bX(M) the set of vector fields tangent to Z. It induces a
vector bundle, the b-tangent bundle, denoted as bTM →M .

In this context we can define forms and the differential, so we can define the complex of
b-forms, bΩ•(M).

Definition 5. A b-symplectic manifold is a b-pair (M 2n, Z2n−1) endowed with a 2-b-form
ω ∈ bΩ2(M) that is closed and non-degenerate.
If p ∈ Z and U is a small neighbourhood in M , then we can choose coordinates such that

ω|U =
dz

z
∧ dy1 +

n∑
i=2

dxi ∧ dyi.

As with symplectic manifolds, we can define symplectic gradients for functions H : S1 ×
M → R. Then, XH ∈ bX(M).

Figure 2: A sketch of a b-manifold

4 A singular Floer homology

Conjecture 1. Let (M,Z, ω) a b-symplectic manifold and H a non-degenerate Hamilto-
nian with suitable restrictions. Then,

#{1-periodic orbits of XH} ≥
2n∑
k=0

dimHk(M,Z),

the relative homology of M with respect to Z.

The restrictions on H are designed in this case to ensure that there are no periodic orbits in
a small enough semilocal neighbourhood of Z, and that the solutions of the Floer equation
also stay away from this neighbourhood.

Definition 6. The normal vector field to Z is the symplectic vector field Xσ ∈ bX(M).
A Hamiltonian is then admissible if there exists a non-zero constant k such that

LXσH = k

and small enough so that XH has no periodic orbits.
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