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Abstract. A set S of vertices of a connected graph G is conver, if for any pair of
vertices u,v € S, every shortest u — v path is contained in S. The convex hull [S] of a
set of vertices S is defined as the smallest convex set in G containing S. The set S is
geodetic, if every vertex of G lies on some shortest path joining two vertices in S, and
it is said to be a hull set if its convex hull is V(G). The geodetic and the hull numbers
of G are the minimum among all cardinalities of geodetic and hull sets, respectively.
In this work, we determine some bounds and exact values of the geodetic and the
hull numbers of strong products of graphs.
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1 Introduction

Classic convexity can be extended to graphs in a natural way by considering
shortest paths, also called geodesics: a set S of vertices of a graph is convex
if it contains all the vertices lying in some geodesic with endpoints in S and
the convex hull of a set S of vertices is the minimum convex set containing 5.
Farber and Jamison [11] characterized the graphs such that every convex set
is the convex hull of its simplicial vertices (i.e. vertices such that its neigh-
borhood induces a complete graph). This rebuilding problem can be studied
for general graphs from different points of view [15]. Geodetic and hull num-
bers give how many vertices are needed, at least, to rebuild the vertex set of a
graph by using the closed interval and the convex hull operations respectively.

Both of these sides of the rebuilding problem have been studied for different
graph classes obtained by means of graph operations. For example in cartesian
products [1,5,14], compositions [6] and joins [7] of graphs. In this work, we
develop these topics for strong products of graphs.

* Research partially supported by projects JA-FQM-305, P06-FQM-01649, 2009SGR1040,
2009SGR 1387, MTM2008-06620-C03-01, MTM2008-05866- C03-01, MTM2009-07242.



196  J. Céceres, C. Hernando, M. Mora, I.M. Pelayo, and M.L. Puertas

2 Preliminaries

In this work we consider only finite, simple and connected graphs. We denote
respectively by V(G) and E(G) the set of vertices and edges of the graph G.
We write uv € E(G) if u,v are adjacent vertices of G. Given two vertices
u,v in a graph G let dg(u,v) denote the distance between v and v in G and
diam(G) denote the diameter of the graph G. When there is no confusion,
subscripts will be omitted. For undefined basic concepts we refer the reader
to introductory graph theoretical literature, e.g., [16]. An x —y path of length
d(z,y) is called an = — y geodesic. The closed interval Ig[z,y] consists of all
vertices lying in some x — y geodesic of G. For S C V(G), the geodetic closure
I[S] of S is the union of all closed intervals I;[u,v] over all pairs u,v € S,
Le. I[S] = U, pes Lelu,v]. We omit subscripts if there is no confusion. A
set S of vertices of G is geodetic if I[S] = V(G) and convezx if I[S] = S.
The convex hull of S C V(G) is the smallest convex set containing S and
is denoted by CH(S) [10]. If we define I°[S] = S and I"[S] = I[I""![S]] for
every r > 1, then convex hull of S can be obtained as CH(S) = U,>0l"[5].
A set S C V(G) is said to be a hull set if its convex hull is the whole vertex
set V(G), i.e. CH(S) = V(G). The geodetic number and the hull number of a
graph G are respectively the minimum cardinality among all geodetic sets and
hull sets [10,12]. We denote them by g(G) and h(G). Certainly, every geodetic
set is a hull set, and hence, h(G) < g(G). It is easy to determine the geodetic
and hull numbers of certain families of graphs (see Table 1).

LG [P[CalCoia| T [Kn[ Kpg [Sip|Wis]
RG)|[2] 2| 3 [|#leaves| n 2 p |[p/2]
g(G)|[ 2] 2] 3 |#leaves| n |min{4,p,q}| p |[p/2]

Table 1. Hull and geodetic number of paths, cycles, trees, cliques, bicliques, stars
and wheels.

A vertex v of a graph G is a simplicial vertex if the subgraph induced by
its neighborhood N (v) = {u : uv € E(G)} is a clique. The set of all simplicial
vertices of a graph G is denoted by Ext(G). It is easily seen that every hull
set, and hence every geodesic set, must contain the set Ext(G).

The strong product GX H of graphs G and H is the graph with the vertex
set V(G) x V(H) = {(g,h) : g € V(G),h € V(H)} in which vertices (g, h)
and (¢',h’) are adjacent whenever (1) g = ¢’ and hh' € E(H), or (2) h =1
and gg’ € E(G), or (3) g¢’ € E(G) and hh' € E(H).

The distance between two vertices of the strong product can be determined
as follows.

Lemma 1. [15] Let G and H be graphs and (g, h),(¢',h') € V(GRH). Then,
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dG&H((gv h)7 (9/7 h,)) = max{d(;(g, g,)7 dH(hv h/)}v

and consequently
diam(G X H) = max{diam(G), diam(H)}.

The projection onto G of a subset S C V(G X H) is the set Prg(S) of
vertices g € V(@) for which there exists a vertex (g,h) € S. Similarly we
define the projection Prg(S) of S onto H. The projection onto G (resp. onto
H) of a (g,h)—(¢', ') path gives a sequence of vertices that is not necessarily
a path. If we delete possibly consecutive repeated vertices we obtain a walk

in G.

Lemma 2. Let G and H be graphs and (g,h), (¢, h') € V(G X H) such that
dexu ((g,h), (¢’ 1)) = d(g,9"), then the projection of the vertices of a (g,h) —
(¢', 1) geodesic in G H onto G is a g — ¢ geodesic in G.

Proof. Consider the projections onto G of a (g,h) — (¢', h') geodesic in GK H.
We obtain a sequence of d(g,g’) vertices such that two consecutive vertices
are equal or adjacent in G. This sequence is a g — ¢’ geodesic since it has
no repeated vertices, otherwise it contains a g — ¢’ path of length less than
d(g,d'), which is a contradiction. O

3 Geodetic and hull sets of the strong product

In this section, we study the behavior of the geodetic number with respect to
the strong product operation for graphs in terms of its factors. More precisely,
we obtain bounds, and we give some examples showing that some of them are
sharp.

Firstly, we relate closed intervals in the strong product of two graphs to
closed intervals in factor graphs, which is a key result to study both geodetic
and hull numbers.

Lemma 3. Let S1 C V(G) and Sz C V(H) for graphs G and H, then
1g[S1] x Iu[Ss] € Iemu[S1 x Sal.

Proof. It (z,y) € Ig[S1] x Ig[S2], there exist vertices g,¢' € S; and h,h/ €
Sy such that dg(g,z) + da(x,¢") = da(g,¢') and dg(h,y) + du(y, k') =
dg (h,h'). We may assume without loss of generality that dg (g, z) < dg(z,q'),
di(h,y) <dg(y,h') and dg(g,x) < dg(h,y). Hence

dG&H((gv h)7 (gv h/)) = dH(hv h/) = dH(h7 y) + dH(yv h/)
= maX{dG(gv $)7 dH(h7 y)} + maX{dG($7 9)7 dy (y7 h/)}
= dG&H((gv h)? (Z’, y)) + dG&H((‘Ta y)? (97 hl))y

implying that (z,y) € Ieru((g,h), (9,1')] € Iemu[S1 X Sa). O
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Corollary 1. Let S1 C V(G) and Sy C V(H) for graphs G and H. For every
integer r > 0,
16[51] x I7[S2] € Igrpy[S1 % S2).

Proof. We proceed by induction on r. It is trivial for » = 0. Assume now that
r > 1. By the induction hypothesis, Ij; '[S1] x I}; '[Sa] C 16%111[51 X Sa).
Hence, by lemma 3,

I5[S1] x I3[8a] = IG5 S1]] % T [13 2 [Sa])
C IerulIf '[S1] x Ij; ' [Ss])
C Tawn U my St x Sall = Iogp[S1 x Sal,

as desired. O
As a direct consequence of this corollary, we obtain the following result.

Proposition 1. Let S; C V(G) and Sy C V(H) for graphs G and H. If S;
is a geodetic (resp. hull) set of G and Sy is a geodetic (resp. hull) set of H,
then S1 X Sy is a geodetic (resp. hull) set of GX H.

Proof. Let r,s be positive integers such that I/.[Si1] = V(G) and I}[S2] =
V(H). We may assume that » < s. Then, V(GR H) = V(G) x V(H) =
15[51] X I?{[SQ] - IEIXH[Sl X 52] O

Proposition 2. Let S C V(G X H) for graphs G and H. If S is a geodetic
set of GR H, then either the projection Prg(S) of S onto G or the projection
Pry(S) of S onto H is geodetic.

Proof. Assume that neither S; = pg(S) nor Sy = py(S) is geodetic and
consider g € V(G)\I¢[S1] and h € V(H)\Ig[S2]. Since (g,h) € Igry[S] =
V(GX H), then (g,h) € Ieru((d 1), (¢",h")] for some (¢, 1), (¢",h") € S.
Hence,

dG&H((glv h,)v (91/7 h”)) = dG&H((glv h,)v (gv h)) + dG@H((gv h)? (gﬂv h”))'

On the other hand, as g ¢ I[¢’, ¢"] and h ¢ I[W', h"], we have that dg (¢, ¢") <
da(g',9) +da(g, g") and dy (b, h") <dp(h',h) + dp (h, h"). Hence,

max{dg(¢g’,9"),du(h',h")} < max{da(d', 9) + da(g,9"),du(h', h) + du(h, h")}
< max{dg(¢', 9),du (W', h)} + max{dc(g,9"), du(h,h")}
= dG&H((g/7 h/)v (97 h)) + dGK’H((gv h)7 (g//v h//))

which contradicts the previous expression for the distance between (¢, ') and
(g//7 h//) . EI



Geodetic and hull numbers of strong products of graphs 199

This property is far for being true for hull sets. For example, let C5 and C
be the cycles of order 5 and 7 respectively with vertices V(C5) = {0, 1, 2, 3,4},
V(C7) ={0,1,2,3,4,5,6,}, and edges E(C5) = {01,12,23,34,41}, E(Cy) =
{01,12,23,34,45,56,60}. It is easy to prove that {(0,0),(1,3)} is a hull set of
C5 X C7, but {0,1} is not a hull set of C5 and {0, 3} is not a hull set of C7.

Proposition 3. Let G and H be two graphs such that G has no simplicial
vertices. If S is a hull set of G and x is an arbitrary vertex of H, then S x {x}
is a hull set of GIX H.

Proof. We prove by induction on k£ > 0 that for every vertex y of H such that
di(z,y) =k > 0, then for every u € G the vertex (u,y) is in the convex hull
of S x {x}. For k = 0, the condition dg(x,y) = k > 0 implies y = z. Since
S is a hull set of G, for every v in G we have u € I"[S] for some n > 0. By
corollary 1, (u,z) € I"[S] x I"[{z}] = I"[S x {z}], and consequently, (u,z) is
in the convex hull of S x {z}.

Suppose now k > 0 and consider a vertex y with dg(z,y) = k > 0. Let
z be a vertex in H adjacent to y and at distance k£ — 1 from z. Since G
has no simplicial vertices, for every vertex u in G there exist vertices v, w
in G adjacent to u such that dg(v,w) = 2. Thus degy((v, 2), (w,2)) = 2,
(u,y)(v,2) € E(GR H) and (u,y)(w,z) € E(GX H), that is, (u,y) is in a
shortest path between (v, z) and (w, z). By induction hypotheses, (v, z) and
(w, z) are in the convex hull of S x {x}. Therefore (u,y) is in the convex hull

of S x {z}. 0

4 Bounds of the geodetic and hull numbers

Obviously, the hull number of a non trivial graph is at least 2. The following
result gives us the minimum value that can attain the hull number of the
strong product of two non trivial graphs. Although the result is very simple,
the proof is long and is omitted because of lack of space, nevertheless it can
be done by tedious case analysis.

Proposition 4. Let G and H be nontrivial graphs. Then, (G X H) > 4.
Proof. (Omitted.)

As a direct consequence of propositions 1 and 2, we obtain bounds for the
geodetic number of the strong product of two graphs in terms of the geodetic
numbers of its factor graphs.

Theorem 1. For any two graphs G and H,
min{g(G), g(H)} < g(GR H) < g(G)g(H),

and both bounds are sharp.
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Proof. First, we prove the upper bound. Let S; and S5 be geodetic sets of G
and H with minimum cardinality, that is, such that |S1| = ¢(G) and |Sa| =
g(H). By Proposition 1, S1 x Sy is a geodetic set of G X H with cardinality
|51 % Sa| = [S1]|S2] = g(S1)g(S2). Hence, g(G W H) < g(G)g(H).

To prove the lower bound, take a minimum geodetic set S of G X H.
According to Proposition 2, we may suppose, without loss of generality, that
pc(S) is a geodetic set of G. Hence,

min{g(G), g(H)} < 9(G) < Ipc(S)| < |S| = g(G X H).

To show the sharpness of the upper bound, take G = K,,, and H = K,,.
Then, g(K,, X K,,) = g(Kmnn) = mn = g(Kp,)g(K,). Finally, to show the
sharpness of the lower bound, take G = K, s a complete bipartite graph and
H = K, with r,s,n > 4. Then, g(K, ; X K,) =4 = min{g(K, ), g(K,)}. O

Theorem 2. For any two graphs G and H, we have
hMGX H) < h(G)h(H)
and this bound is sharp.

Proof. Let S7 and S5 be hull sets of G and H with minimum cardinality, that
is, such that |Si| = h(G) and |S2| = h(H). By Proposition 1, S; x Sy is a
hull set of G X H with cardinality |S7 x Sa| = |S1||S2| = h(S1)h(S2). Hence,
hMGR H) < h(G)h(H).

To prove the sharpness of this bound, take G = K,,, and H = K,, and
notice that h(K,, X K,,) = h(Kpn) = mn = h(K;,)h(K,) O

As a particular case, if a graph has no simplicial vertices, proposition 3
gives the following upper bounds.

Theorem 3. Let G and H be two graphs such that G has no simplicial ver-

tices, then
h(GX H) < h(G).

Corollary 2. Let G and H be two graphs with no simplicial vertices, then

h(G® H) < min{h(G), h(H)}.

5 Strong products of paths, cycles and complete graphs

Let P,, C, and K,, denote respectively the path, cycle and complete graph
of order n. We determine in this section the values of the geodetic and hull
number of these graphs.

First of all we consider a special class of graphs. A graph G is called extreme
geodesic if the set of its simplicial vertices is geodesic (see [9]). Since Ext(G)
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is included in every geodetic and hull set, Ext(G) is the unique minimum
geodetic set and also the unique minimum hull set of extreme geodesic graphs
and, therefore, h(G) = ¢g(G) = |Ext(G)|. Trees and complete graphs are
examples of extreme geodesic graphs. On the other hand, observe that a vertex
(u,v) is a simplicial vertex in GX H if and only if both v and v are simplicial
vertices in G and H, respectively, i.e., Ext(G) X Ext(H) = Ext(GK H). As a
direct consequence of this equality and Proposition 1, we have that two graphs
G and H are extreme geodesic if and only if GK H is extreme geodesic, which
means that W(GXR H) = g(GR H) = |Ext(GR H)| = |Ext(G) x Ext(H)| =
|Ext(G)| - |Ext(H)| = g(G)g(H) = h(G)h(H). As a direct consequence of
these facts, we obtain the geodetic and hull numbers of strong products of
complete graphs, trees and paths (as a particular case of trees). The results
are shown in Table 2.

(GNH| P, [T [ K]
P, || 4|2k|2n
Tfjl 2h | hk | hn
K,, |I2m|mk|mn

Table 2. Geodetic and hull number of some strong products. P,, denotes the path
of order m, T an arbitrary tree with n vertices and h leaves and K, the clique of
order m.

We give now some results involving complete graphs.

Lemma 4. Let G be a graph with a geodetic set S satisfying the following
condition:
Vr e S,3y,z € S\ {z} such that x € Iy, z]. (1)

Then, for every vertex k € V(K,,), S x {k} is a geodetic set of g(G K K,).

Proof. Take an arbitrary vertex (v,h) € V(G X K,,). This means that there
exist a pair of vertices s,s’ € S\ {v} such that v € I[s, s']. Hence,
d((s, k), (s', k) = d(s,s') = d(s,v) +d(v,s)
= d((s, k), (v, h)) +d((v, h), (s, k).

Hence, (v,h) € I[(s, k), (s', k)] C I[S], as desired. 0

Proposition 5. Let G be a graph with a minimum geodetic set S satisfying
condition (1). Then, for every positive integer n, g(G X K,) = g(G).

Proof. As a corollary of Lemma 4 we have that ¢(G X K,,) < ¢g(G). To get
the equality, suppose that R = {(g1, k1), (92,k2),. .., (gm, km)} is a geodetic
set in G X K, such that m = |R| < |S| = ¢(G). Consider the set R’ =
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{(g1,k1), (g2, k1), -, (gm, K1)} For every vertex (g, k) € G K K,, we have that

(9,h) € I[(gi, ki), (g5, k;)] for some 7,5 € {1,...,m}. Hence, g # ¢; # 9; # g
and

d((gis k1), (g5, k1)) = d(gi, g5) = d((9s, ki), (95, k5))

= d((gi, ki), (9, k) + d((g, k), (g5, F5))
(
(

9i,9) + (9, 9;)
(9i,k1), (9, k) + d((g, k), (g5, k1))

In other words, (g,k) € I[(gi, k1), (95, k1)] C I[R]. We have thus proved that
R’ is also a geodetic set of G X K,,. Furthermore, as a direct consequence of
Proposition 2, we conclude that the projection pg(R’) is a geodetic set of G,
implying that |pg(R')| = |R/| < |R| < |S| = g(G), a contradiction. O

Proposition 6. Let n > 4 be an even integer and let G be a graph of order
m > 2. If m > 2, then

9P, K Cy,) =g(K,,XC,) =4,
h(Pp, R C,) = h(K,, KC,) = 2.

Proof. The equality h(G K C),,) = 2 is a direct consequence of Theorem 3.
The equality g(P,, X C,) = 4 is a corollary of both Proposition 4 and the
upperbound displayed in Theorem 1. Finally, to prove that g(K,, X C,) = 4
it is enough to consider again Proposition 4 and to notice that if V(C,,) =
{u1,ug,...,u,}, then the set S = {ul,ug,u%ﬂ,u%H} is a (not minimum)
geodetic set in C,, satisfying the condition (1) pointed out in Lemma 4. O

Proposition 7. Let n > 5 be an odd integer. If m > 2, then

g(Km R Cp) =5,
WKy, ®C,) = 3.

Proof. Notice that if n = 2k + 1 and V(C,) = {co,c1,...,Co}, then
S = {co,c1,Ck,s Ckt1,Chio} 1S a (not minimum) geodetic set of C,, satisfy-
ing the condition (1) pointed out in Lemma 4, which allows us to conclude
that g(K,, X C),) < 5. To get the equality, suppose that there exist a geodetic
set R = {(j1, Cil), (j2,6i2), (jg,CiS), (Ja, Ci4)} of cardinality 4 in K,, X C,,. In
particular, {c¢;,, ¢i,, Cis, Ciy } 18 & set of vertices of C), of cardinality at least 2,
since otherwise R is a convex set of K, X C,,. Note that n is odd, so we may
suppose that ¢;, is not in any shortest path between two vertices belonging to
{¢iy, Cig, Ciy }, which means that (K, x {¢;}) N (I[R]\ R) = 0, a contradiction.

To prove that h(K,, X C,) = 3 it suffices to show that h(K,, X C,) > 2,
since according to Theorem 3, h(K,,, K C},) < h(C),) = 3. To this end, take an
arbitrary set R = {(j1,¢;,), (2, ¢iy) } of cardinality 2 in K, K C,. If ¢;; = ¢,
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then CH[R] = R, i.e., in this case R is not a hull set of h(K,, ¥ C,). Assume
thus that ¢;; # ¢;,, and w.l.o.g. that R = {(1,¢0), (j,cn)}, where j € {1,2},
n=2k+1and 0 < h < k. It is straightforward to verify that CH[R]\ R =
U?:_ll(Km x {c;i}), which means that neither in this case R is a hull set of
h(K, K C). O

Finally, we give the possible values for the geodetic and hull numbers of
the strong product of cycles by paths or cycles. The proofs of these results
are not completely included because of lack of space. We give only a sketch of
the proof.

Proposition 8. Let n > 5 be an odd integer. If m > 2, then
5<g(P,XC,) <6,
2 <hP,KC,) <3,

Proof. By Proposition 4 and Theorem 1 we have 4 < ¢g(P, X C,) < 6. It
remains to prove that g(P,, X C,) # 4. For this, we consider a set S of at
most 4 diferent vertices of the graph and find in any case a vertex that is not
in I[S] using Lemma 2. We omit details here. The lower bound of the hull
number is trivial, and the upper bound is consequence of Corollary 2.

Proposition 9. Let m,n > 4 be two integers. Then,
4<g(Cr®Cy) <7,
2 <h(C,®C,) <3.

Moreover,

9(Cr, R Cy) =4 if m,n are even,
h(Cy, X Cy,) = 3 if and only if m = n odd.

Proof. The lower bound of the geodetic number is consequence of Proposi-
tion 4. If m and n are even, consider two vertices u,v in C), at distance
m/2 and two vertices a,b in C, at distance n/2. It can be proved that
{(u,a), (u,b),(v,a), (v,b)} is a geodetic set. In the remaining cases, we give a
geodetic set of cardinality 7. The lower bound of the hull number is trivial,
and the upper bound is consequence of Corollary 2. If m is even and u, v are
vertices of Cy, at distance m/2, then Proposition 3 implies that {(u,a), (v,a)}
is a hull set for any vertex a in C,, that is, the hull number is 2. Similarly, the
hull number is 2 if n is even. For m, n odd integers such that m # n, suppose
that m = 2k +1 > 2h 4+ 1 = n. Take two vertices u,v in C,, at distance
h + 1 and two vertices a,b in C}, at distance h. Using Proposition 3 we get
that {(u,a),(v,b)} is a hull set, and hence, the hull number is 2. Finally, it
remains to see that for any 2 vertices of a product of odd cycles, there is a
vertex of the graph not lying in its convex hull. For this, we study the shape
of the geodetic interval in these graphs.

We summarize these results in the following table.
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| || geodetic number | hull number |
4, if n is even; 2, if n is even;
P B C {50r 6, if n is odd. {20r 3, if n is odd.
4, if n is even; 2, if n is even;
Kn B Cn 5, if n is odd. {3, if n is odd.
4, if m and n are even; 3 i m = n odd:
Crn XC,||{ 4,5 0r 6, if m is even and n is odd; {2’1tmh_7?o ’
4,5,6 or 7, if m and n are odd. » OLHErwise.

Table 3. Geodetic and hull numbers of some strong product graphs of the form
GXCy,.
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