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G = (V, E) is a simple connected graph.
Definition

A set D of vertices in G is a dominating set if, for every u € V(G) \ D:

N(u)yn D # 0

Definition
The domination number of G, denoted by ~(G), is the minimum
cardinality of a dominating set of G.

Definition
Aset D= {xq,..., X} is a locating set if, for every pair u,v € V(G),

(d(u,xq),...,d(u,xx)) # (d(v, x1),...,d(v, Xk))-

Definition
The metric dimension (also called the location number) 3(G) is the
minimum cardinality of a locating set of G.

v
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G = (V, E) is a simple connected graph.

Definition
A set D of vertices in a graph G is a locating dominating set if it is both
locating and dominating.

Definition
The metric-location-domination number n(G) is the minimum
cardinality of a locating dominating set of G.

Proposition
Let S1. S, € V(G). If Sy is dominating and S; is locating, then Sy U S,
is both locating and dominating. Hence,

max{y(G), 5(G)} < n(G) <~(G) + 5(G)
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4\

y(G) =2 p(G) =3 n(G) = 4

In this example: max{~(G),3(G)} =3 < n(G) =4 <~v(G) + B(G) =5

I. M. PELAYO (U.P.C.) Locating and dominating sets in graphs 15 OCTOBER 2009 7119



Summary

@ BAsIC

@ Locating-dominating sets

1. M. PELAYO (U.P.C.) Locating and dominating sets in graphs 15 OCTOBER 2009 8/19



G = (V, E) is a simple connected graph.

Definition
A set D of vertices in a graph G is a locating-dominating set if for every
two vertices u,v € V(G)\ D, 0 # N(u)n D # N(v) N D # (.

v

Definition
The location-domination number A\(G) is the minimum cardinality of a
locating-dominating set of G.

Proposition
Every locating-dominating set is both locating and dominating. Hence,

max{(G), 5(G)} <n(G) < A(G)
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In this example:

max{y(G), 5(G)} = 3 < n(G) =3 < min{A(G),~(G) + 5(G)} = 4
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| G [+ [ 8 1 n [ X |
P> 1 1 1 1
P3 1 1 2 2
Pn, n>3 31 ] 1 (3] Ed
C4, Cs 2 2 2 2
Ce 2 2 3 3
Cn,n>6 3] 2 EE
Ky, n > 1 1 n—11| n—1 n—1
Kin—1,n>2 1 n-21| n-—1 n—1
Kin-r,r>1,n>4 2 |n—2| n-2 n—2
Wi 4 1 2 2 2
Wi s 1 2 3 3
Wi 6 1 3 3 3
Win-1,n>7 IR

Table: Domination parameters of some basic families
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T = (V, E) is a tree other than a path.

Theorem
B(T) =4(T)—ex(T)
n(T) =(T)+ UT) —su(T) =~(T)+ B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T) +~(T) iff every support vertex of T is strong.
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T = (V,E) is a tree other than a path.
> A vertex of degree 1 is called a /eaf.

Theorem
B(T) =4(T) —ex(T)
n(T) =(T)+ UT) —su(T) =~(T) + B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T)+~(T) iff every support vertex of T is strong.
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T = (V, E) is a tree other than a path.

> A vertex of degree 1 is called a /eaf.
> The number of leafs of T is denoted by /(7).

Theorem
B(T) =4(T) —ex(T)
n(T) =(T)+ UT) —su(T) =~(T) + B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T)+~(T) iff every support vertex of T is strong.
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T = (V, E) is a tree other than a path.

> A vertex of degree 1 is called a /eaf.
> The number of leafs of T is denoted by /(7).
> A major vertex is a vertex of degree at least 3.

Theorem
B(T) =4(T) —ex(T)
n(T) =(T)+ UT) —su(T) =~(T) + B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T)+~(T) iff every support vertex of T is strong.
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T = (V, E) is a tree other than a path.

> A vertex of degree 1 is called a /eaf.
> The number of leafs of T is denoted by /(7).
> A major vertex is a vertex of degree at least 3.

> An exterior major vertex is any major vertex v such that at least
one component of T — v is a path.
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T = (V, E) is a tree other than a path.

> A vertex of degree 1 is called a /eaf.
> The number of leafs of T is denoted by /(7).
> A major vertex is a vertex of degree at least 3.

> An exterior major vertex is any major vertex v such that at least
one component of T — v is a path.

> The number of exterior major vertices of T is denoted by ex(T).
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T = (V, E) is a tree other than a path.

> A vertex of degree 1 is called a /eaf.

> The number of leafs of T is denoted by /(7).
> A major vertex is a vertex of degree at least 3.
>

An exterior major vertex is any major vertex v such that at least
one component of T — v is a path.

> The number of exterior major vertices of T is denoted by ex(T).

> A support vertex is a vertex which is adjacent to a leaf.

Theorem
B(T) =4(T) —ex(T)
n(T) =(T)+ UT) —su(T) =~(T) + B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T)+~(T) iff every support vertex of T is strong.
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T = (V,E) is atree other than a path.

A vertex of degree 1 is called a /eaf.
The number of leafs of T is denoted by /(T).
A major vertex is a vertex of degree at least 3.

An exterior major vertex is any major vertex v such that at least
one component of T — v is a path.

vV vV .V V

\YARY

A support vertex is a vertex which is adjacent to a leaf.
> The number of support vertices of T is denoted by su(T).

Theorem
B(T) =4(T) —ex(T)
n(T) =(T)+ UT) —su(T) =~(T) + B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = B(T)+~(T) iff every support vertex of T is strong.

The number of exterior major vertices of T is denoted by ex(T).
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T = (V,E) is atree other than a path.

> A vertex of degree 1 is called a /eaf.

> The number of leafs of T is denoted by /(7).
> A major vertex is a vertex of degree at least 3.
>

An exterior major vertex is any major vertex v such that at least
one component of T — v is a path.

> The number of exterior major vertices of T is denoted by ex(T).
> A support vertex is a vertex which is adjacent to a leaf.

> The number of support vertices of T is denoted by su(T).

> A strong support vertex is a vertex which is adjacent to at least

two leafs.
Theorem
B(T) = €(T) — ex(T)
n(T) =(T) + &T) —su(T) =~(T)+ B(T) — [su(T) — ex(T)]
n(T) =~(T) iff T has no strong support vertices.
n(T) = p(T)+~(T) iff every support vertex of T is strong.
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Theorem

Given three positive integers a, b, ¢ verifying that

max{a, b} < ¢ < a+ b, there always exists a graph G such that
v(G) = a, B(G) = b and n(G) = c, except for the case
1l=b<a<c=a+1.

ANANANNA

- -

2a—c

c—a

Case:2<a=b<c<=<2a
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Theorem
If G is a graph of order n, diameter D > 2 and location number /3, then

B
p+D<n< (2] +1) + 5z 2i- 1)
and both bounds are tight.

Theorem

If G has order n, diameter D > 3 and metric-location-domination
number ), then

n+ 2] <n<n+n- 30

Theorem

If G is a graph of order n, diameter D > 2 and location-domination
number )\, then

A+ (3B <np< A+ 22—
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Theorem

If G is a graph of order n > 2, then
() B(G) =1 G= P,

(in(G) =1 NG =1G=~FP;

Theorem

If G is a graph of order n > 2, then

() B(G) =n—-1< G =Ky,
(i)n(G)=n—-1<XNG)=n-1<G=Kip10rG=K,

Moreover, the set of all connected graphs satisfying one of the
following conditions has been completely characterized:
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Theorem

If G is a graph of order n > 2, then
() B(G) =1 G= Py,

(in(G) =1 NG =1G=~FP;

Theorem

If G is a graph of order n > 2, then

() B(G)=n—-1< G= K,
(i)n(G)=n—-1<XNG)=n-1<G=Kip10rG=K,

Moreover, the set of all connected graphs satisfying one of the
following conditions has been completely characterized:

> B(G) =n-2, 3(G) = n— diam(G)
> (G =n-2<\NG) =n-2
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Theorem

If G is a graph of order n > 2, then
() B(G) =1 G= Py,

(in(G) =1 NG =1G=~FP;

Theorem

If G is a graph of order n > 2, then

() B(G)=n—-1< G= K,
(i)n(G)=n—-1<XNG)=n-1<G=Kip10rG=K,

Moreover, the set of all connected graphs satisfying one of the
following conditions has been completely characterized:

> B(G) =n-2, 3(G) = n— diam(G)
> (G =n-2<\NG) =n-2
> n(G) =2
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Theorem

If G is a graph of order n > 2, then
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